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Modeling of individual defaults

Exponentially distributed default times T1, . . . , TN

Qi (t) = P(Ti ≤ t) = 1− e−λt

with default intensity λ.

Risk neutral estimation of λ

λ =
sa

(1− R) · 10000

sa = average CDX or iTraxx spread in basis points

R = recovery rate
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Modeling of portfolio dependence

Xi state variable for credit i (1 ≤ i ≤ N)

Xi =
√

ρ M +
p

1− ρ Zi , 0 ≤ ρ ≤ 1,

where M and Z1, . . . , ZN are iid

M systematic factor, Zi idiosyncratic factors

classical approach: M, Zi ∼ N(0, 1)

−→ Xi ∼ N(0, 1), Corr(Xi , Xj) = ρ

Time dependent threshold

d(t) = Φ−1(Q(t))

Individual default time

Ti := inf{ t ≥ 0 | Xi ≤ d(t) }

−→ P(Ti ≤ t) = P
`
Xi ≤ Φ−1(Q(t))

´
= P

`
Φ(Xi ) ≤ Q(t)

´
= Q(t)
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Portfolio loss distribution under
normality (1)

Conditional on M default times are independent

P(Ti < t |M) = P(Xi < d(t) |M) = Φ

„
d(t)−√

ρM
√

1− ρ

«

Dt number of defaults up to time t

Dt |M ∼ B
`
N, P(Ti < t |M)

´
Consequently Zt = Dt

N
has distribution function

FZt (q) =

∞Z
−∞

[Nq]P
k=0

“
N

k

”
Φ
“

d(t)−√ρ u√
1−ρ

”k “
1− Φ

“
d(t)−√ρ u√

1−ρ

””N−k

dPM(u)
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Portfolio loss distribution under
normality (2)

Define pt(M) := Φ
“

d(t)−√ρM√
1−ρ

”
with df Gpt , then

FZt (q) =

1Z
0

[Nq]P
k=0

“
N

k

”
sk(1− s)N−k dGpt (s)

By the strong law of large numbers

[Nq]X
k=0

“
N

k

”
sk(1− s)N−k −→

N→∞
1I[0,q](s)

which allows the approximation

FZt (q) ≈ P

„
−
√

1− ρ Φ−1(q)− d(t)
√

ρ
≤ M

«
= Φ

„√
1− ρ Φ−1(q)− d(t)

√
ρ

«
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Structure of CDO tranches

Attachment points 0 = K0 < K1 < . . . < Kn ≤ 1

Ki−1, Ki lower/upper attachment points of tranche i

Zt relative number of defaults up to time t

Li
t = min[(1− R)Zt , Ki ]−min[(1− R)Zt , Ki−1]

loss of tranche i , expressed as a fraction of the total notional
value NL

ri annual fair spread of tranche i

0 = t0 < t1 < . . . < tn payment dates

β(0, tk) discount factor for time tk
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Derivation of fair spread

Premium leg of tranche i

PLi (ri ) =
nX

k=1

(tk − tk−1)β(0, tk) ri E
ˆ`

Ki − Ki−1 − Li
tk

´
NL
˜

Default leg of tranche i

Di =
nX

k=1

β(0, tk)E
ˆ`

Li
tk − Li

tk−1

´
NL
˜

Fair spread: PLi (ri ) = Di

Consequently

ri =

Pn
k=1 β(0, tk)

`
E
ˆ
Li

tk

˜
− E

ˆ
Li

tk−1

˜´Pn
k=1(tk − tk−1)β(0, tk)

`
Ki − Ki−1 − E

ˆ
Li

tk

˜´
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Implied iTraxx correlations
im

pl
ie

d 
co

rr
el

at
io

n

0.
0

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

  5 years
  7 years
10 years

0−3% 3−6% 6−9% 9−12% 12−22%
equity junior mezzanine mezzanine senior super−senior

Implied correlations from DJ iTraxx Europe tranche prices at November 13, 2006



CDO structure
and classical
modeling

Modeling with
advanced
distributions

Calibration of
the DJ iTraxx
Europe

Pricing nth to
default CDSs

Conclusion
and
References

10

Advanced distributions

Generalized hyperbolic distributions

dGH(λ,α,β,δ,µ)(x) = a(λ, α, β, δ, µ)
`
δ2 + (x − µ)2´(λ− 1

2
)/2

eβ(x−µ)

×Kλ− 1
2

`
α
p

δ2 + (x − µ)2
´

with norming constant

a(λ, α, β, δ, µ) =
(α2 − β2)

λ
2

√
2παλ− 1

2 δλKλ(δ
p

α2 − β2 )

Parameters: α > 0, 0 ≤ |β| < α, δ > 0, µ ∈ IR, λ ∈ IR

Special cases

λ = 1 Hyperbolic distributions (HYP)

λ = −1/2 Normal Inverse Gaussian distributions (NIG)

Limiting cases

λ > 0, δ → 0 Variance Gamma distributions (VG)

λ < 0, α, β → 0 scaled t distributions (t)
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Hyperbolic distribution (λ = 1)

dHYP(x) =

p
α2 − β2

2αδK1

“
δ
p

α2 − β2
” exp

“
−α
p

δ2 + (x − µ)2 + β(x − µ)
”

Eb., Keller (1995); Eb., Keller, Prause (1998)

Normal inverse Gaussian (λ = −1/2)

dNIG (x) =
αδ

π
exp

“
δ
p

α2 − β2 + β(x − µ)
” K1

“
α
p

δ2 + (x − µ)2
”

p
δ2 + (x − µ)2

O. E. Barndorff-Nielsen (1997)
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Variance-Gamma distribution (λ > 0, δ → 0)

dVG (x) =
(α2 − β2)λ |x − µ|λ−

1
2

√
π(2α)λ− 1

2 Γ(λ)
Kλ− 1

2
(α|x − µ|) eβ(x−µ)

Madan, Seneta (1990); Madan, Carr, Chang (1998)

scaled t distribution (λ < 0, α, β → 0)

dt(x) =
Γ(−λ + 1

2
)

δ
√

πΓ(−λ)

„
1 +

(x − µ)2

δ2

«λ− 1
2
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Variance-Gamma distribution (λ > 0, δ → 0)

dVG (x) =
(α2 − β2)λ |x − µ|λ−

1
2

√
π(2α)λ− 1

2 Γ(λ)
Kλ− 1

2
(α|x − µ|) eβ(x−µ)

Madan, Seneta (1990); Madan, Carr, Chang (1998)

scaled t distribution (λ < 0, α, β → 0)

dt(x) =
Γ(−λ + 1

2
)

δ
√

πΓ(−λ)

„
1 +

(x − µ)2

δ2

«λ− 1
2
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Influence of β
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Influence of λ
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GH Lévy process with marginal densities

GH Levy Prozess mit Marginalverteilungen
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Generalized factor approach

State variable for credit i

Xi =
√

ρ M +
p

1− ρ Zi , 0 ≤ ρ ≤ 1,

M, Z1, . . . , ZN independent,

M ∼ GH(λM , αM , βM , δM , µM), Zi ∼ GH(λZ , αZ , βZ , δZ , µZ )

Distribution of the relative number of defaults

FZt (q) ≈ 1− FM

„
F−1

X (Q(t))−
√

1− ρ F−1
Z (q)

√
ρ

«
Computation of quantiles of Xi via Fourier inversion
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Generalized factor approach (2)

Special case NIG

NIG(α, β, δ1, µ1) ∗ NIG(α, β, δ2, µ2) = NIG(α, β, δ1 + δ2, µ1 + µ2)

Assumption: Both M and Zi are NIG.

Then choose αZ := αM

√
1− ρ
√

ρ
, βZ := βM

√
1− ρ
√

ρ

−→ Xi ∼ NIG

„
αM√

ρ
,
βM√

ρ
,

δ̄M√
ρ
,
µ̄M√

ρ

«
Similar for VG case

VG(λ1, α, β, µ1) ∗ VG(λ2, α, β, µ2) = VG(λ1 + λ2, α, β, µ1 + µ2)

Conclusion: The distribution of the idiosyncratic factor is uniquely
determined by the systematic factor.
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Factor scaling

State variable of credit i

Xi =
√

ρ M +
p

1− ρ Zi , 0 ≤ ρ ≤ 1,

Preserve the role of ρ as correlation parameter:

Var(M) = Var(Zi ) = 1

E(M) = E(Zi ) = 0

Choose λ, α, β as free parameters (tail behaviour, shape, skewness)

Derive δ̄ and µ̄ by

Var
`
GH(λ, α, β, δ̄, µ̄)

´
= 1 and E

`
GH(λ, α, β, δ̄, µ̄)

´
= 0
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Factor scaling (2)

To obtain δ̄, solve numerically the equation

1 = Var(GH) =
δ2

ζ

Kλ+1(ζ)

Kλ(ζ)
+ β

δ4

ζ2

„
Kλ+2(ζ)

Kλ(ζ)
− K 2

λ+1(ζ)

K 2
λ(ζ)

«
where ζ := δ

p
α2 − β2.

Then choose µ̄ such that

0 = E(GH) = µ̄ +
βδ̄2

ζ̄

Kλ+1(ζ̄)

Kλ(ζ̄)
where ζ̄ := δ̄

p
α2 − β2.

For NIG distributions this simplifies to

1 = Var(NIG) =
δα2p

α2 − β2(α2 − β2)

0 = E(NIG) = µ +
β(α2 − β2)

α2
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Calibration of the 5y iTraxx
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Calibration of the 7y iTraxx
tr

an
ch

e 
pr

ic
es

 in
 b

p 
(e

qu
ity

 in
 %

)

0
50

10
0

15
0

20
0 market

normal
t
NIG
HYP
VG

0−3% 3−6% 6−9% 9−12% 12−22%

Comparison of calibrated model prices and market prices
of the 7y iTraxx at November 13, 2006



CDO structure
and classical
modeling

Modeling with
advanced
distributions

Calibration of
the DJ iTraxx
Europe

Pricing nth to
default CDSs

Conclusion
and
References

22

Nelson–Siegel spread curve (1)
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Nelson–Siegel spread curve (2)

Consistent calibration over several maturities:

Introduce time-dependency of default intensity

λ = λ(t) =
r̂NS(t)

(1− R) · 10000

r̂NS(t) = Nelson–Siegel spot rate curve fitted to average iTraxx spreads

rNS(t) = β0 + (β1 + β2)
τ1

t

“
1− e

− t
τ1

”
− β2e

− t
τ1
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Simultaneous calibration over all
maturities (1)

Tranches Market VG Market VG Market VG

5Y 7Y 10Y

0–3% 13.60% 13.60% 28.71% 28.72% 42.67% 42.67%

3–6% 57.16bp 53.30bp 140.27bp 132.27bp 360.34bp 357.60bp

6–9% 16.31bp 17.19bp 41.64bp 41.83bp 105.08bp 111.17bp

9–12% 6.65bp 8.23bp 21.05bp 19.90bp 43.33bp 52.00bp

12–22% 2.67bp 3.05bp 7.43bp 7.34bp 13.52bp 18.97bp

Estimated parameters: λM = 0.920, αM = 5.553, βM = 1.157,
λZ = 2.080, αZ = 2.306, βZ = −0.753,
ρ = 0.321
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Simultaneous calibration over all
maturities (2)
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Graphical representation of the differences between model and market prices
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CDO senior tranche structure under Normal distribution
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CDO senior tranche structure under GH distributions
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CDO senior tranche structure under GH distributions
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Modeling of individual defaults
(N small)

Exponentially distributed default times T1, . . . , TN

Qi (t) = P(Ti ≤ t) = 1− e−λi t

with individual default intensities λi .

Risk neutral estimation of λi

λi =
si

(1− R) · 10000

si = individual CDS spread in basis points

R = recovery rate
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Modeling of portfolio dependence

Xi state variable for credit i (1 ≤ i ≤ N)

Xi =
√

ρ M +
p

1− ρ Zi , 0 ≤ ρ ≤ 1,

M, Z1, . . . , ZN independent,

M ∼ GH(λM , αM , βM , δM , µM), Zi ∼ GH(λZ , αZ , βZ , δZ , µZ )

Time dependent thresholds

di (t) = F−1
X (Qi (t))

Individual default times

Ti := inf{ t ≥ 0 | Xi ≤ di (t) }

Dt number of defaults up to time t
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pdf of the nth default time

The conditional probabilities of exactly k defaults up to time t are

P(Dt = k|M), k = 0, . . . , N.

Let Sk
N := {σ ∈ SN |σ(1) < · · · < σ(k) and σ(k + 1) < · · · < σ(N)}, then

{Dt = k} =
[

σ∈Sk
N

 
k\

i=1

{Tσ(i) < t} ∩
N\

i=k+1

{Tσ(i) ≥ t}

!
, k = 1, . . . , N.

By the definition of Ti we have

P(Ti < t|M) = P(Xi < F−1
X (Qi (t))|M)

= FZ

 
F−1

X (Qi (t))−
√

ρM
√

1− ρ

!
=: Hi (t, M)



CDO structure
and classical
modeling

Modeling with
advanced
distributions

Calibration of
the DJ iTraxx
Europe

Pricing nth to
default CDSs

Conclusion
and
References

32

pdf of the nth default time (2)

The conditional independence of the Ti implies

P(Dt = 0|M) = P

 
N\

i=1

{Ti ≥ t}
˛̨
M

!
=

NY
i=1

(1− Hi (t, M))

P(Dt = k|M) = P

24 [
σ∈Sk

N

 
k\

i=1

{Tσ(i) < t} ∩
N\

i=k+1

{Tσ(i) ≥ t}

! ˛̨̨̨
M

35
= P(Dt = 0|M) ·

X
σ∈Sk

N

 
kY

i=1

Hσ(i)(t, M)

1− Hσ(i)(t, M)

!

If all default intensities λi and hence all Qi coincide, then

P(Dt = k|M) =

„
N
k

«
H(t, M)k (1− H(t, M))N−k
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pdf of the nth default time (3)

The time of the nth default is given by

Yn(ω) := inf

(
t ∈ IR+

˛̨̨̨ NX
i=1

1l{Ti <t}(ω) ≥ n

)
, n = 1, . . . , N

For t ∈ IR+ we have

FYn (t) = P(Yn < t) = P

 
NX

i=1

1l{Ti <t} ≥ n

!

=
NX

k=n

P(Dt = k) =

Z
IR

NX
k=n

P(Dt = k|M = x) fM(x) dx
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nth to default CDS

Consider a portfolio of N bonds with nominal L and recovery rate R.

A
-fixed periodic payments

�
loss of A

B

Assume the riskless interest rate r to be constant over [0, T ]. Let

u(t) the discounted value of the premiums paid up to time t,

fYn (t) the density of the nth default time Yn,

rn the swap rate of the nth to default CDS.

If the nth credit event occurs within [0, T ], A receives (1− R)L.

A pays a fixed premium of 0.25rnL quarterly and in case of the nth default

an accrual premium to cover the time since the last fixed payment.
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The swap rate rn

The discounted value of the premium leg is

En(rn) = rn L

Z T

0

u(t)fYn (t) dt + rn L u(T )(1− FYn (T ))

For the discounted value of the default leg we have

Dn = (1− R)L

Z T

0

fYn (t)e
−rt dt

The no-arbitrage condition En(rn) = Dn implies

rn =
(1− R)

R T

0
fYn (t)e

−rt dtR T

0
u(t)fYn (t) dt + u(T )(1− FYn (T ))

=
Dn

En(1)
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Numerical calculation of rn

Divide ]0, T ] in equidistant parts ]ti−1, ti ] where ti = 0.25 · i , i = 1, . . . , 4T .
At the end of each subinterval A pays 0.25 (assume L = 1).

If the nth default occurs at time t ∈ ]ti−1, ti ], A additionally has to pay a
final premium of (t − ti ) · 0.25.

Therefore u(t) is given by

u(t) =
4TX
i=1

1l]ti−1,ti ](t) ·

 
iX

j=1

0.25 · e−r·0.25·j + (t − ti−1) e−rt

!
u(0) = 0

The density fYn is discretized by f s
Yn

, where s ∈ { 1
m
|m ∈ IN}, z = T

s
and

f s
Yn

(t) :=
1

s

z−1X
k=0

[FYn ((k + 1)s)− FYn (ks)] · 1l]ks,(k+1)s](t), t ∈ [0, T ]
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Computational assumptions

We consider an nth to default CDS with time to maturity T = 5 years.

The underlying portfolio consists of N = 10 firms (bonds, references).

The intensity parameter λi is the same for all underlyings.

The recovery rate is R = 0.4 for all firms.

The riskless interest rate is r = 0.05.

The discretization parameter is s = 1
12

, i.e. the densities fYn are evaluated
on a monthly time grid.
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Numerical results for NIG
ρ = 0.3, λi ≡ λ = 0.01

αM/βM Normal 25/0 8/7.5 8/7.5 8/− 7.5 1/− 0.7
αZ/βZ 8/7.5 25/0 8/7.5 8/− 7.5 1/− 0.7

n swap rates (basis points p.a.)

1 441.12 198.03 551.16 391.97 467.60 447.70
2 139.45 133.35 122.13 162.97 95.29 84.99
3 53.33 98.87 23.50 67.59 32.83 30.66
4 21.42 71.67 3.51 25.22 18.94 20.81
5 8.56 49.93 0.40 8.11 13.94 17.53
6 3.28 32.49 0.02 2.17 11.31 15.64
7 1.15 19.01 0.00 0.47 9.62 14.21
8 0.35 9.42 0.00 0.05 8.39 12.89
9 0.08 3.54 0.00 0.01 7.36 11.40

10 0.01 0.76 0.00 0.00 0.32 9.14



CDO structure
and classical
modeling

Modeling with
advanced
distributions

Calibration of
the DJ iTraxx
Europe

Pricing nth to
default CDSs

Conclusion
and
References

39

Conclusion

Implementation of heavier tailed and skewed distributions in the factor
model

Completely different distributions for systematic and idiosyncratic factors
possible

Much more flexible pricing formulas for nth to default CDSs and CDOs

Consequences for CDO calibration:

Perfect fit to market data

Flat correlation structure over all CDO tranches and even maturities

No base correlation framework needed

More complex dependence structure



CDO structure
and classical
modeling

Modeling with
advanced
distributions

Calibration of
the DJ iTraxx
Europe

Pricing nth to
default CDSs

Conclusion
and
References

40

References

• E. Eberlein, R. Frey, and E. A. v. Hammerstein: Advanced credit
portfolio modeling and CDO pricing. In: W. Jäger, H.-J. Krebs
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