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Abstract

Classically, in reduced form default models the instantaneous default intensity A
is the modelling object and survival probabilities are given by the Laplace transform
of A; = fg Asds. Instead, recent literature has shown a tendency towards specifying
the process A directly. We will refer to A as the cumulative hazard process.

We present a new cumulative hazard based framework where survival probabilities
are still obtained in closed form but where A belongs to the class of self-similar
additive processes also termed Sato processes.

We analyze two specifications for the cumulative hazard process; Sato-Gamma
and Sato-IG processes where the unit time distribution A; is described by a Gamma
law and Inverse Gaussian law respectively. The models are calibrated to data on the
single names included in the iTraxx Europe index and compared with two Ornstein-
Uhlenbeck type intensity models. It is shown how the Sato models achieve similar
calibration errors with fever parameters, and with more stable parameter estimates
in time.

Key words: CDS, Credit Default Swap, Lévy process, reduced form model,
cumulative hazard, Gamma process, Inverse Gaussian process, self-similar additive
process, Sato process.
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1 Introduction

The market for credit derivatives has exploded during the last 10-15 years
and along with this the academic research concerning the modelling of corpo-
rate default risk. The estimated total value of the credit default swap market
in the US has risen from $900 billion in 2000 to the breathtaking number of
more than $45.5 trillion today - roughly twice the size of the entire US stock
market. In contrast to this growth in literature recent credit crises have shown
that still much remain unsolved.

In this paper a new default modelling approach will be presented. The model
belongs to the reduced form class first introduced in Jarrow and Turnbull
(1995), Jarrow, Lando and Turnbull (1997), Lando (1994, 1998), Duffie and
Singleton (1997, 1999) and Madan and Unal (1998) among others. In this
framework the time of default of a firm is modelled as the first jump time of
an underlying counting process, classically described by a Cox process, with
stochastic intensity rate A. The survival probabilities up to time ¢ are then
given as

Q(r>t)=E [e‘At} (1)

with the process A defined as the integrated instantaneous intensity

t
A, = /0 Aods 2)

and with intensity rate A\ typically described by a positive and stationary
affine process. This intensity based modelling approach has been quite suc-
cessful in the pricing of univariate instruments such as credit default swaps.
However problems are still present when considering parameter stability over
time, leading to large variations in sensitivities and hedge parameters. This is
evidently problematic from risk management perspectives.

Recent literature in the context of modelling default correlation has shown
a tendency towards specifying directly the process A in (1), which we will refer
to as the cumulative hazard process, as opposite to the instantaneous intensity
rate A\. From the theoretical point of view, this modelling approach has been
analyzed e.g. in Elliot and alt. (2000) and Jeanblanc and Le Cam (2007) while
cumulative hazard processes displaying jumps have been adopted for concrete
applications by Joshi and Stacey (2006), Di Graziano and Rogers (2006) and
Hull and White (2007).

Within the cumulative hazard based framework, we present a new model
where survival probabilities are still obtained as in (1) but where the cumula-
tive hazard process A belongs to the class of self-similar additive processes also
termed Sato processes as they were introduced and thoroughly studied in Sato
(1991,1999). A Sato process is defined as an inhomogeneous Lévy process with



the added feature of self-similarity, i.e. for a given exponent of self-similarity
v > 0 and any « > 0 it satisfies

{Ag it >0 £ {a7A, : t >0} (3)

implying that any change in the time-scale has the same effect of a change in
the spatial scale. Sato processes have been successfully employed both in the
context of equity option pricing and interest rate modelling (see Carr, Geman,
Madan and Yor (2007) and Skovmand (2008)). This family of processes is in-
deed extremely convenient for a number of reasons. It displays enormous flex-
ibility in terms of distribution-modelling as for any possible self-decomposable
law X there exists an additive process satisfying (3) and having unit time
law given by X. Sato processes are also analytically tractable as they allow
for closed form expressions for default probabilities hereby enabling straight-
forward calibration to credit default swap prices. Finally they allow for more
flexibility and non-linearity in the long term behavior of the cumulative hazard
as opposite to the classical framework described in (2) where, if the intensity
A is ergodic, it holds that

t _
t’l/)\sds—ﬁx as t — oo
0

with A denoting the long-run average of \.

In this work we analyze two concrete specifications of Sato processes for
the cumulative hazard A, namely the Sato-Gamma and the Sato-1G processes
where the unit time distribution A; is described by a Gamma law and Inverse
Gaussian law respectively. The models are calibrated to weekly observations on
the single names included in the iTraxx Europe Series 8 index in the period
from September 17, 2007 to March 14, 2008 (total of 26 weeks). For each
observation the models are calibrated to spreads for maturities 1,3,5,7 and
10 years. Their performances are then compared with those of a number of
benchmark processes listed below.

(1) Lévy-Gamma: Here A is given by a Gamma process, i.e. a subordinator
with Gamma law at time 1.

(2) Lévy-IG: Here A is given by an Inverse Gaussian process, i.e. a subordi-
nator with Inverse Gaussian law at time 1.

(3) Gamma-OU: Here the cumulative hazard process is given as in (2) with in-
stantaneous intensity A\ described by a Gamma-Ornstein Uhlenbeck type
process.

(4) IG-OU: Here the cumulative hazard process is given as in (2) but with A
described by an Inverse Gaussian-Ornstein Uhlenbeck type process.

The choice of the perhaps unusual Integrated-OU processes as benchmark
models has been dictated by the work of Cariboni and Schoutens (2006) who



demonstrated their superior performance compared to the classical CIR spec-
ification for the intensity .

The Lévy-Gamma and the Lévy-1G specifications perform very poorly. This
it not surprising since only constant spreads across maturities can be achieved
using a time homogeneous cumulative hazard process. On the other hand, the
calibration errors produced by the two Sato processes are comparable with
those of the Ornstein Uhlenbeck models. However, this in itself favors the two
Sato models since they are more parsimonious in the number of parameters.
Moreover, the calibrated parameters in the Sato models display a more stable
behavior in time.

The paper is structured as follows: Section 2 describes the general cumu-
lative hazard modelling framework. Section 3 gives an introduction to Sato
processes and two specifications for the cumulative hazard are described. In
Section 4 the benchmark models are introduced. In Section 5 the models are
calibrated on iTraxx Furope market data and last, Section 6 concludes.

2 The General Cumulative Hazard Modelling Framework

In the classical intensity based reduced-form modelling approach introduced
by Lando (1994, 1998), the default time 7 of a company is modelled as the
first jump-time of a Cox process N with intensity rate A

r=inf{t > 0| N, >0}, (4)

or equivalently as
t
T:nﬁ&>0|/A¢szE&, (5)
0

where F; is an exponential random variable with mean 1 independent of the
process A. The survival probabilities are then given by

Q(r>t)=Ele” Iy Asds)

The intensity rate A represents the instantaneous probability of default. In-
tuitively, this can be realized by noticing that, the probability of defaulting
during the time interval (¢,¢+ At] given that default has not occurred at time
t, can be approximated as

Q(r <t+At|7>1t) =~ MAL,
when At is small.

More recently, a number of authors have proposed reduced form models
where the default time is described, similarly to the classical framework in



(5), as the first time an increasing process A reaches or is above a level of
an independent exponential random variable, with the exception that A is no
longer constrained to be absolutely continuous w.r.t. the Lebesgue measure. In
what follows we describe and examine in some details this this new modelling
approach, also known as Cox construction of default time. For a rigorous
theoretical analysis of more general reduced form models we refer the reader
to Jeanblac and Le Cam (2007).

We start by considering a filtered probability space (Q, G, (F) >0 @) which
is large enough to support a cadlag, adapted process A and a mean one ex-
ponential random variable F; which is independent of F,. Furthermore we
assume that the process A, which we will refer to as the cumulative hazard
process, has (strictly) increasing paths and is such that Ay = 0. The default
time 7 is then defined as follows

T=inf{t >0| A, > E1}, (6)
and the conditional survival probabilities are then given by
Q(T>t‘ft) :e*At.

Notice that the default time 7 may still be related to the first jump-time of
a process N. In fact, if the probability space is large enough to support a
standard unit rate Poisson process N independent of A and defining N as

]’\\ft = NAt (7)
i.e. by subordination of N to A, we see that

T:inf{t>0:]vt>0}. (8)

The process N jumps only when the Poisson process N jumps, and that it
displays jumps of size one (or zero) when the cumulative hazard A has con-
tinuous trajectories. However, under the rather general assumptions on A, we
can only state that N takes values in the non negative integer numbers, but
is not necessarily a counting process.

The directing filtration (F),,, can be seen as carrying the default-free in-
formation while the knowledge about whether default has occurred or not is
contained in the enlarged filtration

G =FVH

where H; = o{l;<qy : 0 < s < t} is the filtration generated by the default
process (H; = li;<). If the compensator A (w.r.t the filtration (G);o) of



the process H is absolutely continuous w.r.t the Lebesgue measure
e,
AG = / ACds,
0
the time of default is said to have intensity rate \° and it holds that
2 = liml(@(t <7<t+h|G)
t h—0 h -

(see e.g. Jeanblanc and Le Cam (2007)). The compensator A“ can be related
to the cumulative hazard process A as follows

where the process C' is the (F);>o-compensator of the process 1 —e~“. Hence,
if C' is absolutely continuous w.r.t. the Lebesgue measure, C; = [; c,ds, the
time of default has intensity

A =1\ with A=

©
and with a slight abuse of terminology, the (F);>o-adapted process A" is also
referred to as the intensity process. Notice that if the cumulative hazard A
is specified as in the classical intensity based approach described in (5), i.e.
Ay = [ Nids, then \F' = .

For the actual computations, it is more convenient to express the intensity
process AT in terms of the compensator of the cumulative hazard process A
itself. Few simple calculations, which can be found in Appendix A, lead to the
following result.

Proposition 1 Assume that the cumulative hazard process A is integrable and
it has (F)i>o-compensator Y; = f(f ysds which is absolutely continuous w.r.t the
Lebesgue measure. Assume furthermore that the random measure pu(w,dz, dt)
associated with the jumps of A has compensator

v(w,dz,dt) = K(w,dx, t)dt

which is also absolutely continuous. Then the time of default defined in (6)
admits intensity \*' which is given by

+oo
A =y, — /O (€ — 1+ 2)K (w, dz, 1) (10)

When the cumulative hazard A is modelled as an integrable additive process,
i.e. a process continuous in probability with independent but not necessarily



homogeneous increments, then the random measure v as well as the com-
pensator Y are deterministic and absolutely continuous, with y = ZE[4,].
Moreover, by the Lévy-Khintchine formula we have that

Ele~] = exp (— /Ot Ysds + /Ot /()+Oo(e_’” —1+2)K(dx, s)ds> (11)

from which it follows immediately that the (deterministic) intensity A s given
by
Y log E[e™]
¢ dt ’

We conclude this section by recalling the so-called hazard based pricing rule
(see Elliot et al. (2000)): given a claim X € Fr, it holds that

EXLir<ry| G = Lirane™Ele 7 X | F).

In particular, assuming that the instantaneous interest rate process r is adapted
to the default-free filtration (F);>0, we obtain that the price B (0,7T) of a cor-
porate bond is given by

B(0,T)=E [e(AT”OT“dS)] .

By assuming independence between A and the instantaneous interest rate
process r, the expression further reduces to

B(0,T)=p(0,T)E [e 7]
=p(0,7)Q(r>T1),

where p (0,7 is the price of a risk-free zero coupon bond with maturity 7.

3 Cumulative Hazard as Sato processes

In this section we introduce the main modelling idea of the paper, namely
the choice of specifying the cumulative hazard as a self-similar additive process.

We start by recalling that a stochastic process {A; : ¢ > 0} is called self-
similar if for any o > 0 there is a > 0 such that

{Ag :t >0} £ {BA, : t > 0}, (12)

implying that any change of time scale has the same effect of a change in the
spatial scale. From the definition (12) it follows that there exists a v > 0,



the exponent of self-similarity, such that 5 = o and we say that A is -self-
similar. A well known class of self-similar processes is given by the strictly
stable processes, i.e. processes with independent and homogeneous increments
with law at unit time described by a strictly stable distribution. Sato (1991)
introduced the broader class of self-similar additive processes, here termed
Sato processes, as processes satisfying (12) and with independent but not
necessarily homogeneous increments. More precisely, Sato (1991) showed that
for any given self-decomposable law X and an exponent v > 0 there exists a
~v-self-similar additive process A with law at unit time A; given by X. (For
more information on Sato processes see Sato (1991, 1999)).

By choosing for the unit time a self-decomposable law X on the positive
real line, we obtain that the corresponding ~v-self-similar additive process A
has increasing paths and therefore suitable to describe a cumulative hazard.
As observed in Section 2, if X has finite first moment then the cumulative
hazard has compensator

Y; = E[A,] = E[X]t”

allowing for a flexible behavior of the growth rate accordingly to the choice of
exponent of self-similarity ~.

Denoting by
px () = log Ble™]
the cumulant generating function of the unit time law, the unconditional sur-

vival probabilities are then given by the following simple expression
Q (7_ > t) — E |:€7At:| — E |:eft7Xi| — 6I€X(*t7)’ (13)

i.e. they are determined by the Laplace transform of the unit time law X com-
puted at value t7. Therefore, if the cumulant generating function xx is known
explicitly, the survival probabilities can be computed in closed-form enabling
straightforward calibration of the model to credit default swaps. Notice that,
by Proposition 1, the model allows for the existence of the intensity rate A*
which is deterministic and given by the following expression

d
N = vtw_lﬁnx(—ﬂ).

In this paper we calibrate two concrete specifications of Sato processes for
the cumulative hazard A to market data:

(1) The Sato-Gamma process, where the unit time distribution X is described
by a Gamma law I (a,b) with density function
b(l

fx(z) = I (a) v le™™ >0, (14)




,Var (X) = {z and cumulant generating function

SaliS]

o (1) = log <(1_ulbl>> | (15)

(2) The Sato-1G process where the unit time distribution X is described by
Inverse Gaussian law IG (a,b) with density function

fx (z) = \/C;—W etbyE e WPHta/n/2 0 s (16)

E[X] = ¢, Var (X) = {5 and cumulant generating function

kx(u) =ab—aVb? —2u . (17)

Both the I' (a,b) and the IG (a,b) distributions are self-decomposable (see
e.g. Sato (1999)) and therefore the corresponding Sato process specifications
are meaningful. Both these distributions are well known in the financial lit-
erature and have been widely used both in the context of econometrics and
derivative pricing by Madan and Seneta (1990), Rydberg (1999), Barndorf-
Nielsen and Shephard (2001), Nicolato and Venardos (2003) among others.
Our choice to examine these distributions as specifications for self-similar ad-
ditive cumulative hazards has mainly been motivated by the work of Cariboni
and Schoutens (2006) who, as we shall see below, have introduced the Gamma
and IG laws in the context of credit derivatives as building blocks for intensity
rates of default times.

a
b

4 The Benchmark Models

In this section we introduce and briefly illustrate the models which will be
used as benchmark in order to assess the performances of the model based on
Sato processes illustrated above.

4.1 The Ornstein-Uhlenbeck type intensity rates

Cariboni and Schoutens (2006) have recently proposed a new default model
where the intensity rate is governed by a positive process of the Ornstein-
Uhlenbeck type (OU type process henceforth). Recall that a positive OU
process {\; : t > 0} is defined as the solution of the stochastic differential
equation

ANy = =0 dt + dZy, Ao > 0, (18)



where 6 is a positive real number and Z is a subordinator, i.e. a purely jumping
process with independent, positive and stationary increments which is often
termed the Background Driving Lévy Process (BDLP henceforth). The process
A is mean-reverting, it increases only by jumps and between jumps it decays
exponentially. This might be considered a natural property in the credit mar-
ket if we think of the jumps as the arrival of new bad information, which drives
the intensity process up, while during periods with no arrival of bad informa-
tion the intensity decays. Under (mild) integrability conditions on the BDLP
Z, the OU process A described in (18) is also stationary with invariant distri-
bution X which is self-decomposable and, due to the unusual timing Zy,, does
not depend on the mean reversion parameter 6. In fact the converse statement
is also true in the sense that for any given self-decomposable distribution X,
there exists a Lévy process Z such that for any # > 0 the corresponding OU
type process driven by Z as in (18) has invariant law given by X. Moreover
the cumulant function xx(u) of X and the cumulant function kz(u) of Z; are
related by the formula
dk X

kz(u) =u T (u). (19)

For further details and a thorough analysis of OU processes see Sato (1999).

Cariboni and Schoutens (2006) examine the two concrete stationary OU pro-
cesses, denoted by 1G(a, b)-OU and Gamma(a, b)-OU, characterized by having
invariant (self-decomposable) law given by the I' (a,b) and the IG (a,b) dis-
tributions respectively.

From expressions (15) and (19) it follows that the Gamma(a, b)-OU speci-
fication is obtained by choosing the BDLP Z as a compound Poisson process
with Lévy density

w(z) = abexp(—bx) , (20)

i.e. Z is a process with jumps arriving at the same jump times of a Poisson
process with intensity ¢ and having jump-size distributed according to an
exponential law with parameter b.

Analogous derivations imply that the I1G(a,b)-OU process is obtained by
specifying the Lévy density of Z as

w(x) x_%(l + b%)e‘éb%. (21)

a
C2V2r
In this case Z is not a compound Poisson process, since the density in (21)
is not integrable. In other words, Z (and therefore \) jumps infinitely often

in finite time intervals. For a complete derivation of the results above see
Barndorff-Nielsen and Shephard (2001).

Both in the Gamma(a, b)-OU and the IG(a, b)-OU case, the Laplace trans-
form of the cumulative hazard A; = [; \,ds is available in terms of elementary



functions and thereby provides explicit expressions for the survival probabili-
ties in (?7). Having specified A as a Gamma(a, b)-OU process with dynamics
as in (18), one obtains

Ble" ] = exp (“20(1 — ") + - f“eb (blog (b — u9—1?1 — 6_9t>> - ut))
(22)

while for the IG(a,b)-OU specification for A the Laplace transform takes the
form

Aol 2au
wAel L _ —0t =
Ele ]_< ; (1—e )+ beB(u,t)> (23)
where
1—/14+v(l—e?
B (u,t)= Vit ) (24)
v
1 \/1+U(1—€_9t) 1
tanh — arctanh
—i—\/m (arcan ( \/m arctan ( 1+U>
_—2u
V= 20

For the derivation, see Nicolato and Venardos (2003) or Cariboni and Schoutens
(2006). However, Cariboni and Schoutens (2006) find that while both the
Gamma(a, b)-OU and IG(a,b)-OU processes provide accurate fits to the in-
ferred survival probabilities, the results obtained in the Gamma(a, b)-OU spec-
ification are more stable. Moreover, the Gamma(a, b)-OU process allows for
exact and fast simulation, due to the fact that it is driven by a compound
Poisson process Z. This is a very convenient feature if portfolios of credit
derivatives has to be priced.

Finally, Cariboni and Schoutens (2006) compare the performance of OU
type intensity processes to other intensity models and find that Ornstein-
Uhlenbeck type processes exhibit the most stable parameters and are able to
fit market prices as good as the classical CIR process. These findings motivate
our choice to include only Ornstein-Uhlenbeck type processes in our analysis.

4.2 The simplest model with jumps

Specifying the cumulative hazard A as a subordinator gives rise to the sim-
plest model with jumps. If A has finite first moment then the cumulative
hazard has compensator

Y, = B[4 = E[A]t

10



i.e. the growth rate of A is constant. Moreover, the default time admits an
intensity which is also constant and, by Proposition 1, is given by

A = —ra(-1)

with k4 denoting the cumulant generating function of A;, the subordinator
at time one. The analogous model in the classical intensity based approach is
where the default time is given by the first jump of a standard Poisson process.

The survival probability equals
Q(r > 1) =E[e ] =B [e"= Y] (25)

and we analyze the models where A is either a Gamma or an Inverse Gaussian
process with unit time densities given by (14) respectively (16). For these
two models the survival probabilities are given by (25) with the appropriate
cumulant generating function taken from either (15) or (17).

5 Calibration of the models

In this section the models are calibrated and it is shown how well they
match the credit default swap spread curves.

A credit default swap (CDS) provides the protection buyer insurance against
default of the underlying company in exchange for a stream of payments to the
protection seller. The payments continue until the maturity of the contract or
the underlying company defaults. In case of default the contract is terminated
prematurely and protection seller pays the face value of the corporate bond
minus an eventually recovery on the bond to the protection buyer.

Calibration of the model is performed by matching the market inferred
credit default swap spread on each name from liquidly traded credit default
swaps to the model inferred spread.

Assuming independence between the cumulative hazard process and interest
rates the price of a CDS with maturity 7" is given by the difference between
the discounted protection payment and the discounted continuously paid CDS
spread c

CDS:(1—R)/0Tp(0,s)d@(s)—c/oTp(O,S)Q(T>s)ds,

where Q(s) = Q(7 < s) is the default probability up to time s, R is the
recovery on the bond and {p(0,s),s € [0,T]} the observed default-free zero

11



coupon bond prices. From this we get the par spread equal to

o 0= R) [ p(0.9)d0 (s
fOTp(O,s)Q(T > s)ds

(26)

For any of the models described in Section 3 and 4 the survival probabilities
are given by an analytically closed expression and the parameters can be
calibrated from the spreads observed in the market by inversion of (26).

In the calibration we minimize the average relative percentage error (arpe)
given by

1 3 | Market spread - Model Spread |
Market Spread

arpe =
P number of CDS prices

using the Nelder-Mead simplex algorithm.

Standardly, the recovery is set to 0.4 and the interest rate r is chosen de-
terministic and constant equal to 4 percent (i.e. p(0,s) = e "*).

The models are calibrated to weekly observations on the single names con-
sisting the iTraxx Europe Series 8 index in the period from September 17,
2007 to March 14, 2008 (total of 26 weeks) in order to check both the calibra-
tion/pricing capabilities of the models and the stability of the parameters over
time. ! The models are fitted to the weekly spreads for maturities 1,3,5,7 and
10 years, which gives a total of 25 market prices for each company per obser-
vation. The calibration is initialized each week with the estimated parameters
from the previous week. A total of six models are compared: 2

(1) Lévy-Gamma: Here the cumulative hazard process is given by a Gamma
process.

(2) Lévy-IG: Here the cumulative hazard process is given by an Inverse
Gaussian process.

(3) Gamma-OU: Here the cumulative hazard is continuous and given by an
integrated Gamma-Ornstein Uhlenbeck type process.

(4) IG-OU: Here the cumulative hazard is continuous and given by an inte-
grated Inverse Gaussian-Ornstein Uhlenbeck type process.

(5) Sato-Gamma: Here the cumulative hazard is given by a Sato process,
where the self-decomposable law at unit time is given by a Gamma dis-
tribution.

1 September 17th was the first Monday after the roll over of the index and March
14th the last Friday before the next roll over.

2 For the two integrated intensity models the calibration for all the companies and
for a given point in time (i.e. one week) takes less than one minute. The calibration
is even faster for the two Sato models, approximately 30 seconds.

12



(6) Sato-IG: Here the cumulative hazard is given by a Sato process, where
the self-decomposable law at unit time is given by an Inverse Gaussian
distribution.

The performance of the models is illustrated by focusing on three companies:
Banco Espirito Santo SA, Endesa SA and Deutsche Post AG.

In Table B.1 and in Figure C.1 the calibration performance of the models
based on a single day is shown. Models 3 to 6 all perform satisfactorily, with
an error below 2% for all the models. The Lévy-Gamma and the Lévy-1G
specifications perform very poorly. This it not surprising since only constant
spreads across maturities can be achieved using a time homogeneous cumula-
tive hazard process. Based on this observation, we focus at the other models
in the remaining.

In Figures C.2 to C.5 in Appendix C the calibrated parameters for the 26
weeks and the stability of the parameters can be seen for the four models. For
all the models one of the parameters have been fixed on the basis of identifica-
tion considerations. For example, in the Gamma-OU model an increase in the
intensity a of the jumps can be offset by an increase in the exponential jump
distribution parameter b. Even though the pricing errors are reduced slightly
without this fixation, the stability of the parameters are severely reduced.

Comparing the two continuous Ornstein-Uhlenbeck models with the two
Sato process models it is seen from both Table B.2 and Figure C.6, where
all the 3250 (26 - 125) calibration errors have been collected in histograms
for the different models, that the performance is similar with respect to the
error. This in itself favors the two Sato process models since they can achieve
this with only two parameters, where the two OU models have three free
parameters. The Sato processes are favorable when the focus is on stability
over time of the calibrated parameters, and especially the scaling parameter
~ behaves very stable in time for all three companies. For both Sato models
the Gamma parameter is roughly constant until week 11-12 where it drops to
a lower level. From then onwards it displays a stable behavior again.

Similarly to Cariboni and Schoutens (2006) we conclude the stability analy-
sis by comparing the lag-i autocorrelation of the parameter time series for
the various models. Recall, that the lag-i autocorrelation for the time series
X ={Xi},_, n is given by

p; = I KXt —E [Xt]) (Xt+i —E [Xt])]
\/E {(Xt —E [Xt]ﬂ E [(Xt-‘ri - E [XtDQ}

Y

showing that p, is the correlation coefficient between X; and X;,;. The auto-
correlation is thus a stability measure of the calibrated parameters. In Figure

13



C.7 the lag-1 autocorrelation coefficient for the 125 parameter time series are
collected in histograms for each parameter and each model. As also indicated
from Figures C.2 to C.5 it is observed that the two Sato models give rise to
lag-1 autocorrelation distributions shifted to the right compared to the bench-
mark models. Finally, Figure C.8 shows that the autocorrelation is also higher
for the two Sato models, when higher lags are considered.

All the Ornstein Uhlenbeck models share the property that % fOT Ads — 7
This linearity in the long term behavior is not present in the Sato models.
The natural question then, is if the data confirms that the cumulative hazard
is best described by an integrated Ornstein-Uhlenbeck process. In Figure C.9
the speed of the convergence of %E [ f(;‘F /\Sds} towards the long run mean \ is
depicted for the Gamma-OU model. As input the average of the 26 calibrated
parameter values are taken for the three companies. The same graph is shown
but with two different time horizons. It is only for Banco Espirito Santo that
%E [ fOT )\sds} gets close to the long run mean within a horizon of ten years,
which is the maximum maturity for credit default swaps in the market. For
the other companies we need to go beyond approximately 20 years before it
closes in on the long run mean. This stems from the fact that the speed of
the mean reversion 6 is relatively low for these companies. This indicates that
mean-reverting intensities are not supported by the data. Furthermore, for all
the 3250 calibrations not a single of them result in a starting intensity value
Ao above the long run mean of the intensity. This stems from the increasing
CDS spread property of the firms constituent in the iTraxx index, which again
implies increasing risk neutral intensities. > This has the consequence that the
classical intensity models will predict increasing risk neutral intensities because
of the mean reversion. This behavior is naturally present for ~-parameters
greater than 1 in the Sato models.

6 Conclusion

A framework was described in which the cumulative hazard A is modelled
directly as opposed to the classical instantaneous intensity based models. This
approach encompasses recently proposed models in the context of default mod-
elling.

In this paper a new specification was proposed, where the cumulative hazard
belongs to the class of Sato processes. Two specific Sato cumulative hazard
models were analyzed and compared to four benchmark models; two Lévy
models and two Ornstein Uhlenbeck models. All the models were calibrated

3 Increasing spreads over time to maturity is not a general quality, but almost
always the case for the firms that constitute the iTraxx index.
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to weekly market data on credit default swaps constituting the iTraxx Europe
series 8 index. The two time homogeneous Lévy models were immediately
discarded, since they can only achieve constant spreads across maturities.
With respect to fitting the market the remaining four models are comparable.
However, the Sato models can achieve this with one less parameter.

Our stability analysis favors the two Sato process models, since the cali-
brated parameter estimates in these models display more stable behavior than
in the two Ornstein Uhlenbeck models.

A possibly controversial issue in the Sato process models is the fact that the
risk neutral dynamics of the intensity is not mean reverting as is the classi-
cal case in intensity models. Even though the mean reverting property of the
intensity process is appealing it might not be the case implied by the data,
since the calibrated parameter controlling the speed of the mean reversion is
typically very low or even imply an explosive behavior. An analysis concern-
ing this issue was performed and preliminary results indicate that the mean
reversion property is not supported by the data.
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A Proof of Proposition 1

First, we compute the compensator C' of the process 1 — e~“. By change of
variable formula, we obtain that

1—e At =e A [,
with
Lt :At_ (e_x— 1+.T)*/L

By canonical representation (see Jacod and Shiryaev, 11.2.38 and Lemma
[.4.14), we can rewrite L as follows

t
Lt:x*(u—y)—i—/ ysds — (™" =14+ x) %
0
t
:—(e’x—l)*(u—y)—i—/ ysds — (e —1+x)*v

0

from which it follows that
t +o00
Cy = / e (yg — / (e =1+ 2)K(w,dz,s))ds
0 0

and the result (10) now follows from expression (9) O
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B Tables

Company Model 1YR 3YR bHYR 7YR 10YR | arpe
Banco Espirito Market 37.90 45.00 51.50 54.20 55.00
Santo SA Lévy-Gamma | 51.50 51.50 51.50 51.50 51.50 | 12.33
Lévy-1G 51.50 51.50 51.50 51.50 51.50 | 12.33
Gamma-OU | 37.90 46.55 51.35 54.20 56.65 | 1.35
IG-OU 37.90 46.79 51.50 54.19 56.45 | 1.33
Sato-Gamma | 37.90 46.88 51.33 54.20 57.04 | 1.65
Sato-1G 37.90 46.55 51.07 54.20 57.59 | 1.80
Endesa SA Market 44.40 63.70 74.50 81.30 88.30
Lévy-Gamma | 63.70 63.70 63.70 63.70 63.70 | 21.49
Lévy-1G 63.70 63.70 63.70 63.70 63.70 | 21.49
Gamma-OU | 4440 63.26 74.50 81.50 &7.77 | 0.31
IG-OU 44.40 63.10 74.50 81.73 88.30 | 0.29
Sato-Gamma | 44.40 63.64 74.18 81.30 88.51 | 0.15
Sato-1G 44.40 62.88 73.55 81.30 90.02 | 0.90
Deutsche Post AG | Market 12.50 24.80 37.20 45.30 55.00
Lévy-Gamma | 24.80 24.80 24.80 24.80 24.80 | 46.38
Lévy-1G 24.80 24.80 24.80 24.80 24.80 | 46.38
Gamma-OU | 12.50 25.10 35.63 44.43 55.00 | 1.47
IG-OU 1250 26.04 36.77 45.30 55.00 | 1.23
Sato-Gamma | 12.50 26.45 36.76 45.30 55.66 | 1.72
Sato-1G 1250 26.11 36.52 45.30 56.50 | 2.00
Table B.1
Calibration results of the models on Thursday, January 3, 2008.
Model | Lévy-Gamma | Lévy-IG | Gamma-OU | IG-OU | Sato-Gamma | Sato-1G
arpe 38.71 38.71 4.99 5.01 5.79 6.08
Table B.2

The average error in percent accross all firms and all weeks for the different models.
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C Figures
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Fig. C.1. Calibrated spreads for the various models to the market on January 3rd,
2008.
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for 8 different companies. The intensity of the jumps a is fized to 100.
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Fig. C.3. The calibrated Ao, 0,b parameters and the arpe in the IG-OU model for 3
different companies. The intensity of the jumps a is fixed to 100.

22



2 1000

8007

6001

gamma

4007

200

0.12

BES

Endesa

—— Deutsche Post

0.10

0.081

arpe

0.061

0.04¢

0.021

Fig. C.4. The calibrated ~v,b and resulting arpe in the Gamma self-similar additive
model for 3 different companies. The parameter a is fixed to 1.

23



800r

6001

gamma

4007

200

0.12

BES
Endesa

Deutsche Post

0.10

0.08y

0.06

arpe

0.04f

0.021

Fig. C.5. The calibrated 7, b parameters and the arpe in the IG self-similar additive
model for 8 different companies. The parameter a is fived to 1.

24



200

1501

100}

501

0 0.2

400

30071

20071

100}

0 0.1

300

20071

100}

0 0.1

0.4 0.6
Lévy - Gamma

0.8

0.2
Gamma - OU

0.3 0.4

0.2 0.3
Sato - Gamma

0.4

200

1501

100}

50

0 0.2

400

3007

20071

1007

300

200r1

100}

0 0.1

0.4 0.6 0.8

Léwy - IG

0.2 0.3
IG - 0OU

0.4

0.2
Sato - IG

0.3 0.4

Fig. C.6. Distributions of the arpe in percent across companies and weeks for the

different mo

dels.

25



40

20

Gamma - OU

.

40

20

IG-0U

.
.

40

20

Sato - Gamma

.

40

20

Sato - IG

-

0 0.5

lambda

-

40

20

.

o
o
(&)]
Ay

theta

0 0.5
lambda

I

40

20

o
o
)]
-

theta

0 0.5

gamma

-

40

20

_

o
o
&)]
-

0 0.5

gamma

[E

40

20

L,”

o
o
)]
-

40

20

40

20

Fig. C.7. 1-lag autocorrelation distributions for the parameters in the different mod-

els.



0.9r

0.8

0.7

Autoorrelation

0.6

0.5

0.4

—M&— Gamma-0U, y
—W¥— Gamma-0U, lambda
—@— Gamma-OU, b
1G-0U, y
1G-0OU, lambda
1G-OU, b
—M—— sato-Gamma, gamm
+ Sato-Gamma, b
—— Sato-1G, gamma

—@— sato-IG, b

1

Fig. C.8. The average across firms of the autocorrelation for each parameter as a

function of lag for the different models.

27



0.030

0.025[ i

0.020[ N
0.015
0.010

0.005

0.030

0.025[ A

0.020[ i

0.015 B

0.010[ i

BES

0.005 N

Endesa

Deutsche Post

\ \ \ \ \ \ \ \ \
0 5 10 15 20 25 30 35 40 45 50
Years

Fig. C.9. The convergence of %E [fOT /\sds} in the Gamma-OU model towards the

long run mean given by ¢. The average of all the calibrated parameters for the three
companies are used as input. The parameters are

Banco Espirito Santo SA: Mg = 0.0059, 60 = 0.5499, b = 7350, a = 100.

Endesa SA: Ag = 0.0046,60 = 0.2789,b = 4256, a = 100.

Deutsche Post AG: Mg = 0.00062,6 = 0.2027,b = 3553, a = 100.

28



