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General Introduction.
• Default risk computations are directly involved in three, closely con-

nected, but still separated areas:

• First, the pricing of single and multiname credit derivatives (ABS,
CDS, CDOs...)

• Second, risk valuation for regulatory, risk management and economic
capital valuation purposes

• Third, rating assignements.

• The present presentation is focused mainly on the first two aspects
of risk valuation. Notice however that the next generation of rating
methodologies will most probably have to include advanced correla-
tion tools such as the ones considered here.
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General Introduction (2).
• Although deriving new formulas for credit derivative transactions on

two assets, our main interest will be on counterparty risk.

• Once again, this is a central argument, both for regulatory purposes
(counterparty risk was already a key issue in the Basel 1 agreements,
but its relevance and complexity was emphasized by the later im-
provements of the set of rules), and also for practical risk manage-
ment.
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Lessons form the subprime crisis.
• Concretely, the “subprime” crisis has emphasized how a mispricing of

counterparty risk could be dangerous. Before the crisis, financial in-
stitutions engaged heavily in credit derivatives transactions for hedg-
ing purposes.

• One of the main side effects of the crisis has been to reveal that credit
risk counterparties were not reliable: monoline insurers (who act tra-
ditionaly as guarantees for municipalities-type bond emissions but en-
gaged more recently in the ABS business) faced downgrades and/or
bankruptcy, whereas some companies offering CDS protection have
also been on the wedge of bankruptcy due to spread widenings and
collateral agreements.

• In spite of these facts, in the present state of the art quantitative coun-
terparty risk assessment is still largely in infancy.
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Some classical insights on C.R.
• The example of Basel 1

• Ratings, netting agreements and Basel 2

• Time-dependence of expected exposure for swaps

• Emphasizing Correlation issues
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Modelling C.R. on single-name credit derivatives
• We label 1 and 2 the two default-prone entities. The counterparty will

be labelled 2.

• We writeτ1 (resp. τ2) for the random time when the first (resp. sec-
ond) entity defaults.

• We work in a structural model: defaults are triggered when two log-
normal processesV1 andV2 fall below a barrier processvi(t) := Kie

γit

where
dVi(t)

Vi(t)
= (r − ki)dt + σidBi(t)

• r is the constant short-term interest rate andBi, i = 1, 2 are two
correlated Brownian motionsCov(B1(t), B2(t)) = %t. The coefficient
ki is a payout ratio representing net payouts/inflows by the firm.
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Modelling C.R.
• We follow standard market practices. Namely, we assume that the

CDS contract has a notional valueC and that, if the underlying entity
defaults, the buyer of protection receives(1− Ru) · C from the seller
of protection, whereRu stands for the recovery rate of the underlying
entity.

• Similarly, if the counterparty (the protection seller) defaults att on
the CDS contract, we assume that the buyer of protection receives
(1 − Rc) · V +

t , whereV +
t = sup(0, Vt) stands for the positive part of

the market value of the CDS contract att, and whereRc stands for the
counterparty recovery rate.
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Counterparty default leg
• The coupon payments rate (CDS spread) by the protection buyer is

writtens. We assume continuous payments of the fees.

• First, the theoretical counterparty default legDc is given by

Dc = (1−Rc) · E[e−rτ2 · sup(0, p(V1(τ2), τ2))1τ2<(T∧τ1)]

wherep(V1(τ2), τ2) is the market price of the CDS contract att = τ2

(whenτ1 ≥ τ2).
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Counterparty default leg (2)
• The valuep(V1(τ2), τ2) is obtained as the difference between the de-

fault and fee legs, that is:

p(V1(τ2), τ2) = Dl(V1(τ2), τ2)−
sC

r
· E[(1− e−r((T∧τ1)−τ2))1τ1≥τ2|Fτ2]

where we writeFt, as usual, for the natural filtration of the probability
space underlying the two Brownian motionsB1(t), B2(t).

• Remark : a Monte Carlo approach would require approximating a
conditional distribution w.r. to default timeτ2 !!
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Counterparty default leg (3)
• Now, the value ofDl(V1(τ2), τ2) is given by:

Dl(V1(τ2), τ2) = E[C(1−Ru)e
−r(τ1−τ2)1τ2≤τ1≤T |Fτ2]

• The counterparty default legDc is given by:

Dc = C(1−Rc)

∗E
[
1τ2<(T∧τ1)

(
e−rτ2(1−Ru +

s

r
)
(
e−µτ2(β−α)N(

−µτ2 − α(T − τ2)√
T − τ2

)

+e−µτ2(β+α)N(
−µτ2 + α(T − τ2)√

T − τ2

)
)
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Counterparty default leg (4)

−s

r

(
1− e−r(T−τ2)(1−N(

−µτ2 − β(T − τ2)√
T − τ2

)

−e−2µτ2βN(
−µτ2 + β(T − τ2)√

T − τ2

))
))

+

]
where

ν1 := r − k1 − γ1 −
1

2
σ2

1

α :=

√
ν2

1

σ2
1

+ 2r, β :=
ν1

σ1

µτ2 :=
ln(V1(τ2)

v1(τ2)
)

σ1
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Explicit formulas (see article for other formulas)
• Recall thatτi = inf{t, Vi(t) ≤ Kie

γit}.

• The conditionVi(t) ≤ Kie
γit can be rewritten:Wi(t) ≥ yi

0, where
Wi(t) = ln(Kie

γit

Vi(t)
)− ln( Ki

Vi(0)) andyi
0 = ln Vi(0)− ln Ki.

• Equivalently,Wi(t) is the diffusion process:

dWi(t) = −νit− σidBi(t),

with Wi(0) = 0 andνi := r − ki − γi − 1
2σ

2
i .
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Explicit formulas (2)
Let us defineZ(t) by:

Z(t) = (Z1(t), Z2(t))
∗ =

1√
1− %2

(
σ−1

1 −%σ−1
2

0
√

1− %2σ−1
2

) (
y1

0 −W1(t)

y2
0 −W2(t)

)
.

We get:

dZ1(t) = φ1dt + dX1(t), dZ2(t) = φ2dt + dX2(t),

whereX(t) is a standard planar Brownian motion and

φ1 =
ν1σ2 − ν2σ1%

σ1σ2

√
1− %2

, φ2 =
ν2

σ2
.
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Explicit formulas (3)
• In particular, Z(t) is a 2-dim. Brownian motion with drift and

the barrier conditionsVi(t) = vi(t) now read: Z2(t) = 0 and√
1− %2Z1(t) + %Z2(t) = 0.

Applying the Girsanov theorem,(Z1(t), Z2(t))
∗ is a classical Brown-

ian motion for the probability lawQ:

dQ

dP
= e−φ1X1(T )−φ2X2(T )−[

φ2
1
2 +

φ2
2
2 ]T Pa.s.
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Explicit formulas (4)
Let r0e

iθ0 := Z1(0) + iZ2(0) =
y1
0σ2−%y2

0σ1

σ1σ2
√

1−%2
+ i

y2
0

σ2
.

Lemma 1 We have, for(a, 0) ∈ R2 s.t.a > 0 :

P(τ2 ∈ dt, τ2 = τ2 ∧ τ1, Z1(τ2) ∈ da) = eφ1(a−r0 cos(θ0))−φ2r0 sin(θ0)−
||~φ||2t

2

π

α2ta
e−(a2+r2

0)/2t
∞∑

n=0

n sin
nπθ0

α
Inπ/α(

ar0

t
)dadt.

where ||~φ||2 := φ2
1 + φ2

2, α := arcsin(%) + π
2 and Inπ/α is the modified

Bessel function of indexnπ/α.
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Explicit formulas (5)
Key argument: computation of the density of a 2-dimensional BM in a
wedge, with an absorbing boundary together with computation of corre-
sponding absorption probabilities (to be explained later):

f (a, b, t)dadb = Q(Z(t) ∈ (da, db), τ1 ∧ τ2 > t)

=
2µ

αt
e−(µ2+r2

0)/2t
∞∑

n=0

sin
nπθ

α
sin

nπθ0

α
Inπ/α(

µr0

t
)dµdθ,

whereθ := arctg( b
a), µ :=

√
a2 + b2.
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Explicit formulas (6)
Theorem 2 The counterparty default legDc of the CDS is given by:

Dc = C(1−Rc)

∫ T

0

∫ +∞

0

h̃(µ, t)eφ1(µ−r0 cos(θ0))−φ2r0 sin(θ0)−
||~φ||2t

2

π

α2tµ
e−(µ2+r2

0)/2t
∞∑

n=0

n sin
nπθ0

α
Inπ/α(

µr0

t
)dtdµ.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

Explicit formulas (7)
Where the functioñh is obtained from the computation of the theoretical
counterparty default legDc.
h(x, t) := (

e−rt(1−Ru +
s

r
)
(
e−µx,t(β−α)N(

−µx,t − α(T − t)√
T − t

)

+e−µx,t(β+α)N(
−µx,t + α(T − t)√

T − t
)
)

−s

r

(
1− e−r(T−t)(1−N(

−µx,t − β(T − t)√
T − t

)

−e−2µx,tβN(
−µx,t + β(T − t)√

T − t
))

))
+
,

µx,t := σ−1
1 (ν1t + σ1x + ln V1(0)− ln K1)

and

h̃(z, t) = h(
−y1

0 − ν1t

σ1
+

√
1− ρ2 · z, t).


