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Introduction

Setting

An intensity-based model in an incomplete information
framework J

Interest rate and default intensity as affine functions of a
stochastic factor process that is not fully observable.

1

Information-driven default contagion J

Dynamic generalization of the frailty-based approach
(Schénbucher-03, Duffie et al.-06, Azizpour,Giesecke-08)



Introduction

Goals and challenges

@ Main goal: valuation of illiquid credit risky products
(corporate bonds, Credit Default Swaps,...), for which the
values can be expressed as functions of the factors
(pricing measure)

@ Additional goal: computation of (real-world) default
probabilities and other quantities related to risk
management.

Problems to be solved:

@ The factors are not observed directly

@ The calibration of the parameters that characterize the
model is not straightforward in this incomplete information
setting



Introduction

Main contribution

An unified methodology for dealing with both these problems

@ based on linear filtering

@ leading to a valuation procedure that is coherent with
market data

@ avoiding standard calibration techniques (that may
lack stability)

@ Parameter estimation via Expectation Maximization (EM)
algorithm, which is well suited to the filtering framework

@ The parameters are continuously updated, thus allowing
the model to track the actual market situation



Introduction

Outline

e The underlying model

e The incomplete information framework
e The filtering problem

e Parameter estimation via EM algorithm

o (Risk premia and rating-based information)



The underlying model

Intensity-based model

A framework with a number m of defaultable firms

@ 7;: random time of default of firm j, j=1,--- , m;
Qo H{ = 1{7,51‘}; H; = (H;,--' HM);
° Ht :O—(HSNSS t)

@ (Ft)o<i<T @ given background filtration. The underlying
filtered probability space is (2, G, G, P) with
Gi=FitVH:, t€[0,T], Gr =G (full information filtration);
@ P martingale (pricing) measure, numeraire:
B(t) = B(0) exp [fot rsds]

@ Assume 7; conditionally independent, doubly stochastic

random times w.r.t. F; and with intensities )\’; given by the
F-conditional hazard rate process (F;—intensity) of 7



The underlying model

Intensity-based model

The default intensity process

In fact, according to the definition, for )\’t' € Ft and for
independent exponential random variables ¢/ (parameter = 1
and independent of F..) one has

t ,
T = mf{tzo: /)\fsdssz}.
0

Consequently (with T > t)
_
P{T] > T|gt} = 1{Tj>t}E |:e— ft /\/SdS|Ft]

and ~ .
P{T/ (¢, T]|g,} (T—tT) )\jt(T—t)



The underlying model

Affine credit risk model

Interest rate and default intensity as linear functions of a stochastic factor process

@ Consider a stochastic factor process V; € R” such that:

dv; = (C = A\Ut) dt + Bdw; J

where w; is an (F;, P)-Wiener process.

@ Define interest rate (r;) and default intensity ()J,') as:

rr=a+ bv;
N=d+dv, j=1,..m

Correlation between interest rate and default intensity is a
desirable property for a credit risk model.



The underlying model

Affine credit risk model; Bond prices

Default-free 0-coupon bond

Mor(t, T) = E [e™ i |G| = exp[A(t, T) - B(t, T) W]

<

Defaultable 0-coupon 0-recovery bond

neT)=E {9_ i rsds1T>T | gt} = 1T>tE{6‘_ S (rs+2s)ds | j:t}

—1,.cexp [Z\(t, T)— B(t, T) \ut]

A\

@ A(t,T),B(t, T),A(t, T),B(t, T) satisfy ODEs with
coefficients depending on those of the factor dynamics and
in X, =c + dv;.



The underlying model

Affine credit risk model

Bond prices

Example : for scalar V; with
dv; = (C — AV;) dt + Bdw;

and rr = V;, A\t = AV; one has

Bt,T) = WA (1 AT-D)

~ B(t, T)—(A+A(T-1)][AC-LB2(1+A 2 52
ALT) = [B(t, T)—(1+A)( AZ)][ 3B2( )]_334%7)



The underlying model

Affine credit risk model

Bond prices

@ More generic credit-risky products, such as corporate
bonds and CDS spreads, can be expressed by means of
these two basic elements.

@ Viceversa, a default-free and a defaultable term structure
can be reconstructed from the more liquid corporate bonds
prices and CDS spreads.

@ Example: (fair) spread of a CDS (Recovery of Par scheme)

(1-9) (1 —N(t,T) - ft (t,s)M(t, s)ds)
>kt (b — teq) TV(E, 1)

S:



The underlying model

Affine credit risk model

General products

@ Price of a corporate bond with recovery and coupons
nee(t,7) = S c(t—t)N(t4)+N(tT)

+ 0 (Vg =06 T) = [T F(E )N (8,5) 05)

f(t, s) denotes the forward rate (for deterministic r;, f(t, s)
is replaced by rs).

@ (Fair) spread of a CDS (payment in arrears)
(1-4) (1 —n, T - [T s)n(t, s)ds)

5= ST (b=t )N )




The underlying model

Affine credit risk model

Yields and credit spreads

Yield of a 0-coupon default-free bond

1 ALT) BT

Spread of a 0-coupon, 0-recovery defaultable bond w.r.to a default-
free bond (same face value and maturity)

o 1 n(t, T)
CS(t,T) :=— T3 log [”DF(L T)]

= Tt + T_¢ W, t<tAT

Wy

@ Yields and credit spreads are affine functions of ;.



The incomplete information framework

Incomplete information

The investor filtration

Assume, w.l.o.g., that all components of the factor process WV;
are unobservable (not precisely known). J

@ However, the investor can observe market data, in part.
the interest rate (proxy), a number p of yields and a
number q of credit spreads.

@ The default indicator process (H;) is indirectly contained in
the credit spreads.

Investor filtration

Vi =o{rs, YL(s,T;),CS(s, T)): s < ti=1,--- ,p;j=1,-- ,q} VH;

and thus H; C Yt C Gy.



The incomplete information framework

Incomplete information

A filter-based pricing model

@ Objective: evaluate an OTC credit risky-product, the price
of which under complete information is given by I (¢, T; ;)

@ Main tool: filter distribution of W; with respect to the
investor filtration ); and under the pricing measure P

Price in the investor filtration

N(t, T)=E[N(t, T; V) | V]

e [1(t, T) is an arbitrage-free price, since r; € )

e 1(t, T) is coherent with the observations of market data,
since the latter are the input to the filtering problem



The incomplete information framework

Incomplete information

Noise terms affecting the observations

@ All observable processes are linear functions of the
unobserved factors.

@ Therefore, if 1 + p+ g > nthe values of the factors can be
determined from the observations.

This setting is not very realistic: yields and credit spreads are re-
constructed from corporate bonds and CDS spreads and, there-
fore, cannot be considered as perfectly observable.

!

Introduce (Gombani, Jaschke, R.-05) ¢ further unobserved fac-
tors, on which r; and )Jt do not depend, but which represent
additive noise terms affecting the observations YL(t, T;) and
CS(t, Tj)and suchthatn+/¢>1+p+q.




The incomplete information framework

Incomplete information

The observation system

@ Augment V; (dim. n) to Vi (dim. n+ /) by adding the ¢
noise factors to W;:

Observation system

rr=a+ bv;
YL, Ti) = /() + 5()W;  i=1,...,p
CS(t, T) =~ () +d(V;  j=1,....q

where o/(t), 5/(t),¥/(t), ¥ (t) depend on the model parameters.
@ The observation system is a linear system

@ The dynamics of the unobserved and noise factors are
linear and Gaussian



The filtering problem

The filtering problem

@ The unobserved factors are W; and all the observations
are linear with respect to them
—  The filter distribution degenerates.

@ Defining observation vector Y; as
Yt = [I’t7 YL(t, T1), ey YL(t, Tp), CS(t, T1), ey CS(t, Tq)]
the observation system can be rewritten as

Yt = e + My

with M; of full rank (only non-redundant observations)

@ One can find a surrogate/auxiliary state process X; of
lower dimension (next Proposition) and solve equivalently
the filtering problem for X; and Y;.



The filtering problem

Proposition
The filtering methodology

One can choose (non-uniquely) a time-varying (n+¢—p—q—1, n+¢)

matrix L; such that ( AL”’ > is invertible. Defining X; := L;V7, for
t

the pair (X;, Y:), one has

aXy = (Rt + Fi X; + G Yt) dt + Didw;
ay; = (Vt + CiX; + K; Yt) at + E;dw;

with appropriate coefficients that all depend on the parameters of
the given model. This state-observation system for X; and Y; is of
the type of a non-degenerate, linear conditionally Gaussian system.
Furthermore, there exist time varying matrices I';, A; and a vector
& such that

Ve =Xt + DAY + &t




The filtering problem

The filtering methodology

@ The state-observation system for X; and Y; leads to the
following Gaussian filter distribution:

PxFy =N (Xt mt, Pr) ’

with m; and Py recursively computed via Kalman filter.

e F, differs from Y only at the default times and we can
solve as follows the pricing problem:

A(t, T) = E{N(t, T; TeXe+ AtYe+ &) | FY)
_ /n(t, T Tex+ AcY; + &) Py v (0)

@ Moreover, since 0-coupon bond prices 1 (t, T; V;) are
exponentially affine in W;, we can obtain (¢, T) directly
from the conditional moment generating function of X;.



Parameter estimation via EM algorithm

Parameter estimation and EM algorithm

General description of the EM algorithm

@ Let 6 be the vector of the model parameters

The EM algorithm is based on the iterative maximization, w.r.t 6
for a fixed ¢’, of the following function Q:

ap?
Q (9,0/) = Ey |:|Og dPB/ |fl‘ :|

The EM algorithm iterates through the two following steps

@ (Expectation): compute Q (6,6’) for given ¢’ (a conditional
expected value)

@ (Maximization): maximize Q (6, 6') w.r.t

@ The maximization step leads to a system of equations
obtained by putting ao 9 9000.0) _



Parameter estimation via EM algorithm

Parameter estimation and EM algorithm

General description of the EM algorithm

@ At every iteration one obtains non-decreasing values of the
conditional log-likelihood function ¢ (0) = log E5 [dpg a2 ]
In fact (Campillo, Le Gland-89),

apb’  dP

{dP9 P |7, }
(0)—¢£(0) = log L = log £y {dpg/ | Y }

EP{ dP9 I]:Y}

> E, {log o | FY }_ Q0,0

@ This guarantees the convergence of the EM algorithm to
stationary points of the log-likelihood function



Parameter estimation via EM algorithm

Parameter estimation and EM algorithm

An alternating iterative EM algorithm

@ A direct application of the EM algorithm to the filtering
system for X; and Y; leads to various difficulties.

Our approach:

@ Perform a time-discretization of the system (actual
observations are anyway in discrete time)

© Apply an alternating iterative EM algorithm to several
simpler parallel systems

Advantages:

@ Diffusion coefficients can be easily estimated also by EM

@ Parameter estimates as functions of the filter solution, no
need for smoothing (Elliott, Krishnamurthy-99)




Parameter estimation via EM algorithm

Alternating iterative EM algorithm: an example

@ letn=3,p=qg=1,(=1
O W= (ViR WY i W= (VW)

Qv = (o= AV o+ oidw] (1=1,2,3)
dvt = aw}

o w; = (w],w?, w w}) Wiener with independent

components.
{ rr = \U; -I-W?
Moo= A ()

° \U;‘ is a noise term that, multiplied by v and p, affects the
observations of yield and credit spread respectively

@ Parameters: 6 = ((11,“‘31,01 yee .y, 03,03, A, 7, p)



Parameter estimation via EM algorithm

Alternating iterative EM algorithm: an example

After a time discretization with constant step size A we have,
with ej ~ N (0,1) i.i.d.:

Vi1 = ad+ (1= BA) VY +oiVAel, ., i=1,2,3
=V} +w2
Y} = ax + blv] + b2VE LUt (yields)
Y2 = & + b2VE + BV + pwi  (credit spreads)

@ Sincen+/¢—p—q—1=1,canreduce WV, to a scalar Xj

@ Any of the three components of ¥, can be chosen as X
and thus we obtain three parallel linear Gaussian systems.
In each of these system consider only the observations
which depend on the chosen Xy = Wi.



Parameter estimation via EM algorithm

Alternating iterative EM algorithm: an example

@ Three systems obtained from putting X; = Wi, i=1,2,3
respectively — EM estimation of «;, 5, o

@ Consider two additional systems composed respectively by
(Wi, V) and (W2, w3, Y2) — EM estimation of v and (), p)

@ Each of the systems is of the linear-Gaussian type and we
can apply the Kalman filter

!

Instead of a global application of the (filter-based) EM algorithm
to estimate all 12 parameters simultaneously, alternate the it-
erations between individual systems or subgroups of systems,
while keeping fixed at their previously estimated values all the
parameters that are not being currently estimated.




Parameter estimation via EM algorithm

Alternating iterative EM algorithm: an example

Putting
Vi~ N(mi, Vi) U=V —ml ~N(0,V)), i=1,2,3
the three parallel systems are

Vi =a1A+ (1= B1A) V) + oV Ac) 4
e =V + mg + ug

Y} = a + byVj + bEmE + +b2uZ + 4V

(0 = (o1, B1,01); 0" = (aj, Bi, 00,7, p, N)i=2,3)



Parameter estimation via EM algorithm

Alternating iterative EM algorithm: an example

W2 = a4 (1 — foA) V2 + opV/AL2
re =V2 + ml + u}
Y} = a + bim} + b2VZ + blu} + AV}
Y2 = 2 + bRV2 + BEm3 + biud + pVk
(0 = (a2, B2,02); 0" = (i, Bi,0i,7, ps A)i=1,3)

WP =asA+ (1 - BsA) V3 + a3VAS]
Y2 = & + b2m2 + bPV3 + BEuZ + pVf
(0 = (a3, 83,03); 0" = (aj, Bj,0i,7, p, N)i=1,2)



Parameter estimation via EM algorithm

Alternating iterative EM algorithm: an example

@ Consider also the two additional systems (for the
estimation of (v, p, A)):

Vi =a1A+ (1= B1A) Vi + o1V Ae)
{ Vi = ac+ Brc+ (b — b]) Wl + vk
O =7; 0" = (i Bi0i)i=123)
V2. = aA + (1 — BeD) V2 + opV/ Ak
VUi = a3A+ (1= B3A) W} + 03V AL}
Y2 = & + B2V2 + B3 4 purf
0 =(p,\); 0" = (e, Bi, 01, )i=1,2,3)



Parameter estimation via EM algorithm

Alternating iterative EM algorithm: summary

Numerically the most efficient way is to alternate between the
group of systems 1,2,5 and the group 3,4.

Procedure of the algorithm:

0. Initialize the algorithm with a guess 6, for the
entire vector 0 of the parameters.

1. Apply in parallel on each of the systems 1,2,5 the
EM algorithm to estimate («;, 5, o)i=1,2 and (p, \)
while keeping (a3, 33, 03,) fixed at their previous
levels. The algorithm iterates through the two EM
steps (expectation and maximization) until a
stopping criterion is met, thereby producing
estimates (6[,‘, B,‘, 6’,’),':1 25 ﬁ, 5\




Parameter estimation via EM algorithm

Alternating iterative EM algorithm: summary

2. Apply in parallel on each of the systems 3,4 the
EM algorithm to estimate (as, 3, 03,7) keeping
(6&,’, B,‘, 6‘,’),':1 25 0, 5\ fixed at their previously
estimated values. The algorithm iterates through
the two EM steps until a stopping criterion is met,
thereby producing estimates (s, B3, 63, 4).

3. Reset 6 at the most recently estimated levels and

return to step 1. Terminate the entire algorithm as
soon as a global stopping criterion is met.




Parameter estimation via EM algorithm

Alternating iterative EM algorithm

Simulation results

Maturity T = 5 years, both for default-free and defaultable
bonds

A = 0.02 (weekly observations)

For “true” 6 generate (V}, W2 W3 . Y] YZ) for
k=0,---,250.

Generate randomly 6y

Stop individual iterations as soon as the difference
between successive values of all the parameters < 10~
up to a maximum of 1000.



Parameter estimation via EM algorithm

Alternating iterative EM algorithm

Simulation results: parameter estimates

| Parameter | True value | Initial condition | Estimate |

a 05 0.5870 0.5082
B 0.3 0.1588 0.3091
o1 0.01 0.1282 0.0081
az 05 0.6374 0.5082
Ba 0.3 0.4136 0.3089
o2 0.01 0.1778 0.0081
as 05 0.6583 0.5009
Bs 0.3 0.5019 0.3412
o3 0.01 0.0703 0.0218
~ 0.05 0.0453 0.0518
p 0.05 0.1530 0.0527
Py 0.2 0.2674 0.2070




Parameter estimation via EM algorithm

Alternating iterative EM algorithm

Simulation results: convergence of the parameters a1, 81,01, A
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Risk premia and rating-based information

An extension of the model

Risk premia as further unobserved factors and rating-based information

@ Consider the model under the physical-historical
probability measure.

@ Specify the risk-premia, which characterize the change of
measure, as further unobserved stochastic processes to
be included in the filtering system.

@ In this setting we can consider also the information coming
from the rating scores, which represent historical
information.

@ We can compute filtered estimates of default probabilities,
on the basis of the information deriving from both the
financial market and the rating score.
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