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Abstract

We study the hedging of synthetic CDO tranches in a dynamic portfolio credit risk
model which incorporates spread risk and default contagion. The model is constructed and
studied via Markov-chain techniques. We discuss the immunization of a CDO tranche against
spread- and event risk in the Markov-chain model and compare the results with hedge ratios
obtained in the standard Gauss copula model. Moreover, we derive model-based dynamic
hedging strategies using the concept of risk minimization. Numerical experiments are used
to illustrate some of the properties of the risk-minimizing hedging strategies.

Keywords: Dynamic hedging, portfolio credit risk, credit derivatives, incomplete markets,
default contagion.

1 Introduction

The risk management for books of synthetic CDO tranches has become an issue of high concern
for many investors on credit markets. Typically an investor has taken a protection-seller position
in one or several CDO tranches and tries to offset the ensuing risk by taking an opposite
(protection-buyer) position in the single-name credit default swaps (CDSs) or in the CDS-
index underlying the tranche. In practice, the size of the hedging positions is determined by a
pragmatic approach, akin to the use of duration in interest rate risk management: in order to
protect a CDO tranche against fluctuations in credit spreads (spread risk) the tranche is first
priced via the Gauss copula model, using observed CDS (index) spreads and implied-correlation
methodology to determine the model parameters. Next one varies the swap spread of one of the
underlying names (name k, say) and defines the so-called spread delta of that name as the ratio
of the change in the market value of the CDO tranche and of a CDS on name k. The hedge
ratios immunizing the tranche against a change in the index spread are determined in a similar
way. Sometimes investors also seek to protect their position against defaults in the underlying
reference pool (hedging of event risk). The hedge ratio immunizing a CDO tranche against the
default of, say, name k (the default delta) is taken to be the ratio of the loss in the tranche and
in a CDS on name k given that firm & defaults. In computing these losses it is assumed that
the credit spreads of the surviving firms are not affected by the default event. Further details
on market-standard hedging practice can for instance be found in Neugebauer (2006).

This pragmatic approach has a number of problems: first, the standard way to compute
default deltas neglects contagion effects (the fact that on real markets spreads of surviving
firms often jump in reaction to default events); second, there is no theoretically consistent
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dynamic-hedging methodology supporting the definition of spread- and default deltas. These
deficiencies are not just of a theoretical nature. To begin with, there is widespread evidence
for default contagion on credit markets (see for instance Collin-Dufresne, Goldstein & Helwege
(2003)) and, as shown below, neglecting contagion effects may lead to inappropriate hedge
ratios. Moreover, it is well-known from markets for other types of derivatives that ad-hoc
hedging strategies frequently lead to unaccounted drift- and time-decay effects (see for instance
El Karoui, Jeanblanc-Picqué & Shreve (1998)). The lack of a sound hedging methodology for
portfolio credit derivatives is of course closely related to the fact that the market-standard
copula models are static, so that theoretically consistent dynamic hedging strategies cannot be
derived in the copula framework ]

In this paper we make a first attempt to address these issues. In Section 2, we propose a
dynamic credit risk model which allows for the explicit modelling of default contagion and spread
risk, and which is therefore an ideal workbench for analyzing the hedging of CDO tranches. The
model belongs to the class of models with interacting default intensities such as Jarrow & Yu
(2001), Davis & Lo (2001) or Giesecke & Weber (2006); it is particularly close to the Markov-
chain models proposed by Frey & Backhaus (2006) or by Arnsdorf & Halperin (2007). In
Section 3 we give a formal description of the gains process (the cash-flow dynamics) of CDSs and
CDOs; this is a necessary prerequisite for the ensuing analysis. In Section 4 we compute default
deltas and spread deltas for the Markov-chain model and compare the results with the values
obtained in a Gauss copula model via the standard approach. It turns out that in many cases
the hedge ratios differ substantially; as we will see below, this directly linked to contagion effects.
In Section 5 we study the dynamic replication of CDO tranches using martingale representation
results for marked point processes. With both, spread risk and event risk, markets are typically
incomplete, so that we resort to the concept of risk-minimization introduced by Follmer &
Sondermann (1986). Numerical experiments illustrate some of the properties of risk-minimizing
hedging strategies. In particular, it turns out that risk-minimizing hedging strategies interpolate
between the hedging of spread- and default risk and that deviations from the popular assumption
of a homogeneous portfolio can have a sizeable impact on the form and on the performance of
hedging strategies.

The dynamic hedging of credit risky securities is studied among others by Bielecki, Jeanblanc
& Rutkowski (2004), Elouerkhaoui (2006) and Laurent, Cousin & Fermanian (2007). The latter
paper - which was written independently - is closely related to our contribution: similar to
us, Laurent et al. (2007) study the hedging of CDO tranches via dynamic hedging with CDS
indices in the Markov-chain model of Frey & Backhaus (2006). However, they concentrate on
the case without spread risk and hence on complete markets. Since the hedging against random
fluctuations of credit spreads is an issue of high concern for many practitioners, we believe
that the inclusion of spread risk and the application of incomplete-market methodology is an
important extension over their paper.

2 The model

Notation. Fix some filtered probability space (2, F,(F;), Q). The o-field F; represents the
information available to investors at time ¢; all processes introduced below will be (F;)-adapted.
We consider a fixed portfolio of m firms, indexed by i € {1,...,m}. The (F;)-stopping time 7
with values in (0,00) represents the default time of firm i. The default state of the portfolio

2This deficiencey is inherent in the copula framework; it cannot be rectified by using more sophisticated
copulas than the Gauss copula.



is thus described by the default indicator process Y = (Yi1,...,Yim)i>0 where Yy ; = Lir<t)s
note that ¥; € {0,1}™. Since we consider only models without simultaneous defaults, we can
define the ordered default times Ty < 11 < ... < T, recursively by Ty = 0 and, for 1 < n < m,
T, =min{r;: 1 <i<m, 7 >T,_1}. By & € {1,...,m} we denote the identity of the firm
defaulting at time T),, i.e. &, = i if T,, = 7;. We use the following notation for flipping the
ith coordinate of a default state: given y € {0,1}™ we define y* € {0,1}™ by y! := 1 — y; and
y; =Y, J € {177m}\{7’}

The model. We assume throughout the paper that the default-free interest rate is determinis-
tic and equal to r(t) > 0; po(t,T) = e~ J7(9)ds denotes the price of the default-free zero-coupon
bond with maturity TE| Moreover, we assume that the measure () represents a risk-neutral
measure used for pricing so that the price of any Fr-measurable claim H is given by

Hy:=po(t, )EC(H | F), t<T. (1)

It is standard practice in the literature to construct portfolio credit risk models directly under
a risk-neutral measure (), because pricing and calibration is done under ) anyhow.

Next we turn to modelling the ()-dynamics of the default indicator process. For this we
introduce an (F;)-adapted state variable process ¥ representing for instance the macroeconomic
environment. For tractability reasons ¥ is modelled as a finite-state Markov chain with state-
space SY = {¢1,...,¢¥K}. We assume that the default intensity of firm 7 is given by some
nonnegative function \;(t, ¥4, Y;). In this way fluctuations in ¥ will lead to random fluctuations
in credit spreads (spread risk). Moreover, since A; depends on the current portfolio state Yz, the
default intensity of a firm may change if there is a change in the default state of other firms in
the portfolio, so that default contagion can be modelled explicitly.

The overall state of the economic system is described by the process I' := (Y3, ¥4)¢>0, mod-
elled as a finite-state Markov chain with state space S* := {0,1}™ x SY. The next assumption
summarizes the mathematical properties of I'.

Assumption 2.1 (Dynamics of I'). Consider bounded functions ); : [0,00) x S¥ x {0,1}™ —

(0,00), 1 < i < m and a generator matrix q¥ = (q‘l’(wi,wj))lsmg(. We assume that the

process I' is a Markov chain on (2, F, (F;), Q) with state space S' and transition intensities
given by

) " (1h,1)), if j =y and v # ¢,
th((y, Q;Z))7 (ga ¢)) = (1 - yz) /\i(ta way)7 if ¢ = w and ?j = yi for some 1 << m, (2)
0, else.

We discuss some of the implications of Assumption [2.1I] First, simultaneous defaults of several
firms are excluded by assumption. Second, suppose that firm ¢ is in a non-default state at time ¢
(Y:,; = 0). The probability that the firm defaults in the small time interval [t, ¢+ h) corresponds
to the probability that I'; = (Y, U;) jumps to the new state (Yti, \Ift) in this time period. Since
such a transition occurs with rate \;(t, ¥4, Y};), it is intuitively clear that under Assumption
Ai(t, ¥y, Y;) is the default intensity of firm ¢ at time ¢; a formal argument involving the generator
of I is given in Frey & Backhaus (2006). Third, the form of the transition intensities in
implies that the process ¥ is individually Markov with generator matrix ¥ and that there are

3The assumption of deterministic interest rates is routinely made in the literature on portfolio credit deriva-
tives, essentially since the additional complexity of stochastic interest rates is not warranted given the high degree
of uncertainty in the calibration of the model parameters related to default dependence.



no joint jumps of Y and ¥. From a mathematical point of view this assumption could be relaxed
without major difficulties; it reflects the fact that we interpret ¥ as an exogenous factor process
whose dynamics are not affected by defaults in the portfolio.

Homogeneous-portfolio model. In numerical examples we restrict our attention mostly to
homogeneous models where the default-indicator processes of all firms are assumed exchange-
able. As discussed in Frey & Backhaus (2006), in that case the default intensities necessarily
take the form

m
Ai(t, Wy, Yy) = h(t, Uy, M), with My =) Y4, (3)
i=1
where h is a function from [0, 00) x S¥ x {0, ..., m} to (0, 00). With default intensities of the form

([3), the process I = (M, U,)i>0 is a Markov chain with state space S* := {0,...,m} x SY; see
Lemma 2.4 of Frey & Backhaus (2006) for a formal proof. This has two important implications:
first, for m large, |SF‘ is much smaller than |SF , which facilitates the numerical treatment
of the model. Second, with deterministic and identical loss given default § the cumulative
portfolio loss L; = Zﬁl 0Y;; is proportional to the number of defaults M;. Hence in the
homogeneous-portfolio setting the Markov chain T' can be viewed as a self-contained model
for the evolution of the portfolio loss L;; it is not necessary to model the evolution of the
default state of the individual firms. This modelling philosophy is adopted in the so-called
top-down-approach to credit portfolio modelling; see for instance Giesecke & Goldberg (2007),
Schénbucher (2006) or Arnsdorf & Halperin (2007). In fact, the homogenous-portfolio version
of our model is mathematically equivalent to the Markov-chain model of Arnsdorf & Halperin
(2007). Hence the sophisticated calibration methodology developed by Arnsdorf and Halperin
applies to the homogeneous-portfolio version of our model in a straightforward WayE| From
a practical viewpoint the homogeneous-portfolio setup is thus the most useful variant of the
Markov-chain model. Nonetheless the theoretical analysis will be carried out for the general
model introduced in Assumption 2.1 This permits us in particular to study the impact of
portfolio-heterogeneity on the form of the ‘optimal’ hedge ratios in Section

In our analysis we will typically use the following parametric form for the function h, labelled
convex counterparty risk model (Frey & Backhaus (2006)),

h(t,,1) = Aoy + %(eXp (Ao lutel™y 1) ;A0 >0, A, A2 > 0. (4)

Here 1(t) is some deterministic threshold measuring the expected number of defaults up to time
tﬂ The first summand of the intensity function, Mg, gives the linear dependency on the factor
process; the parameter \g mainly determines the credit quality of firms in the portfolio. The
second term models contagion effects: for [ > u(t) the default intensity h(t,,1) is larger than
Aot. The parameter \; gives the slope of function [ +— h(t,4,1) for I | u(t) so that A\; models
the strength of the default contagion for a ‘normal’ number of defaults. Note finally that h is
convex in [; this implies that a large number of defaults leads to very high values of default
intensities, thus triggering a cascade of further defaults. The parameter \s controls the degree
of convexity of h and hence the tendency of the model to generate default cascades; as shown
in Frey & Backhaus (2006), the calibration of the model to observed CDO tranche spreads
typically leads to relatively large values of Ao.

40Of course homogeneous (top-down) models can be cannot be calibrated to single-name CDS spreads as the
model-implied spreads are by definition identical for all firms. Hence these models are usually calibrated to
observed index- and tranche spreads.

*Typically p(t) is obtained by calibration to an observed CDS index spread.



Example 2.2. In the numerical experiments we mostly work with the following parameteri-
zation of the homogeneous-portfolio model. Default intensities are given by the convex coun-
terparty risk model . We have chosen four different grids of different coarseness for SY,
generating different levels of spread-volatility: S(‘)I’ corresponds to a constant factor process,
Sf’ corresponds a low spread volatility, SEI’ to a medium volatility and Sél’ to a relatively high
volatility of credit spreads. Throughout we take ‘SZ‘I’ ‘ = 11 and ¥y = 0.005; moreover, it is
assumed that ¥ can only jump to neighboring states with transition intensity v¥ = 5.0, i.e. the
generator matrix q¥ of VU is tridiagonal with off-diagonal elements equal to v¥. In order to
obtain reasonable parameter values the model was calibrated to the index-level and to observed
tranche spreads of the iTraxx with a maturity of 5 yearsﬁ The sets 5’61' yeees S:})I’ and the cor-
responding parameters of the convex counterparty risk model are given in Table Note
that with increasing spread volatility the contagion parameter \; is reduced in the calibration
procedure, as a large part of the dependence between defaults is generated by fluctuations in
the common factor V.

SY Ao A A2

S¥ = {0.0050,0.0050, . .., 0.0050, . ..,0.0050,0.0050} 0.85910 0.18803 22.125
S¥ = {0.0045,0.0046, ..., 0.0050, . ..,0,0054,0.0055} 0.85827 0.18789 22.126
S¥ = {0.0025,0.0030, . ..,0.0050, . ..,0.0070,0.0075} 0.87052 0.16363 24.372
S¥ = {0.0005,0.0014, . ..,0.0050, . ..,0.0086,0.0095} 0.89696 0.11306 30.538

Table 1: State space of ¥ and corresponding model parameters.

Remark 2.3. Semi-analytic and numeric methods for computing prices of credit derivatives in
Markov-chain models similar to the model introduced in Assumption [2.1] are discussed among
others in Frey & Backhaus (2006) or in Herbertsson (2007). It turns out that for homogeneous
portfolios analytic approaches based on the Kolmogorov equations or on matrix exponentials
work quite well even in large portfolios; for large inhomogeneous portfolios one has to resort to
simulation approaches, essentially for combinatoric reasons.

3 Credit Derivatives

In this section we discuss the payments, the market value and the gains process of CDSs and
CDOs; this serves to set up the notation and is moreover a necessary prerequisite for studying
the dynamic hedging of portfolio credit derivatives. The gains process of a security/position
is the sum of the current market value and of the cumulative cash-flows associated with the
position (spread-, interest- and default payments). Since we are mainly interested in the case
where an investor tries to hedge a protection-seller position in a CDO tranche by taking a
protection-buyer position in the CDSs or in the CDS index underlying the transaction, we
model the cash flows of the CDO tranche from the viewpoint of a protection seller and the cash
flows of CDSs from the viewpoint of a protection buyer.

In the following we denote by T the maturity of all credit derivatives considered. For
simplicity we normalize the nominal of each CDS to one; moreover, we assume an identical

5The market-observed spreads used in the calibration were as follows: the index spread is 36 bp; the upfront
spread of the equity tranche equals 26% (4500bp running spread); the (running) spread of the [3,6]-tranche
is 84bp; the spread of the [6,9]-tranche is 25bp; the spread of the [9,12]-tranche is 12bp; the spread of the
[12-22]-tranche is 6 bp.



deterministic default payment of size § € (0,1) for each contractm The spread payments of all
credit derivatives are scheduled at N payment dates 0 < z; < --- < zy = T. We define z5 := 0,
Azy =z, — 2p—1, and, for t > 0,

:‘{izl,...,N:ziSt}‘; (5)
note that nj is the number of the spread payment dates up to time ¢.

CDS
Vik

Single-name CDSs. The market value of a protection-buyer position in a CDS on firm

k with fixed spread s* is given by the difference between the value of the default payment and
the value of the future premium payments (regular and accrued). Hence we get

V&DS :1{7k>t}EQ <5p0(t, Tk)l{TkST}
(6)
_ Sk Z ((Azn)PO(t, Zn)1{7k>zn} + (Tk — anl)po(t, Tk)1{2n71<’rk§zn}> )]:t) ]

In the Markov-chain model the Markov-property of I implies that VCDS = vIDS(¢,Y;, Uy) for
some function #¢P5: [0,7] x {0,1}™ x S¥ — R. Note that at a spread payment date z, < 7}
there is a jump of size As®*Az, > 0 in the market value and that VCDS =0fort > 7. The
gains process GSDS has dynamics

dGEPS = — M {(Az,:)(1 — Vi) } dni + (5 — skt — zn§)>dYt,k +dVSPS, t<T. (7

For convenience premium payments are sometimes modelled by an absolutely-continuous pay-
ment stream with rate s*. In that case simplifies to

dGER® = —s(1 = Vyg)dt + 6dY, o + dVSPS, t < T. (8)

CDS indices. The payoff of a CDS-index with fixed spread s™4 on the reference pool equals
the payoff of a portfolio consisting of one single-name CDS per name with identical spreads s* =
smd k =1,...,m. Denote the cumulative portfolio loss up to time t by L; := Yo, 8Y:; and
define the remaining notional of the index at time ¢ as N* := m — M; (the number of surviving
firms at time t). The future cash-flow stream of the default-payment leg is then given by ftT dLsg;
the future regular premium payments can be written in the form s™d ZnNznf 4+1(Azy)N. ;Ed and
the accrued premium payments are given by s™d ™7 (T, — Zn—1)1{z_ <Ty<zn} -

The market-value and the gains process can be computed as in @, or . It will
turn out that in a homogeneous portfolio the hedge ratios of a CDO tranche with respect to
the individual CDSs are identical, 6, = 0; for all k. In that case a hedging strategy can be
implemented by taking a protection-buyer position of size 6; directly in the CDS index, which
is much easier than running a dynamic portfolio strategy in, say, m = 125 single-name CDSs.

"The extension of our analysis to firm-specific but deterministic loss given default 6;, 1 < ¢ < m involves only
notational changes; random recovery rates on the other hand would lead to significant complications. Note that
the recovery rates used in the definition of the payoff of CDO tranches and CDS indices are deterministic and
identical across firms by market convention.



CDO Tranches. A synthetic CDO tranche on the reference portfolio is characterized by fixed
lower and upper attachment points 0 < [ < u < 1. The tranche consists of a default payment
leg and a premium payment leg. Define the cumulative tranche loss L[,f’u] by

= (1 i) (), "

i.e. the part of L; falling in the layer [[,u], and denote the remaining notional of the tranche by
Nt[l’u] =m(u—1)— Ly’u}. At a default time T}, < T there is a default payment of size

Lul  llu lu
ALl =l i

The premium payment leg consists of regular and accrued premium payments. The regular
premium payment at date z, is given by s[l’“}(Azn)Nt[l’u}, dbul the annualized tranche spread.
The accrued payment at a default time 7 € (2, 2,11] equals % (7 — zn)ALg’u]. For the equity
tranche there is moreover an upfront payment at ¢ = 0, quoted in the form S“prg’u}, s"*f the
so-called upfront spread. The market value of a protection-seller position equals

T N
ylbul _pe ( - / polt, )ALl 4 sld 37 Lo (t, z)(Azp) N
t

n=nj+1

m
+ > polt, Ti) (Tr — Zn—l)AL[%;u]1{zn,1<Tk§zn}} | ft) :
k=1

Note that in the Markov-chain model V4 = /bu(t,y;, W) for some function 4, u]: [0,T] x
{0,1}™ x S¥ — R. The gains process G{éu} has dynamics

dG = dbel( Az ) NP dng + (¢ — 2,2yl — a4 qvi, (10)
If spread payments are modeled as an absolutely continuous payment stream, becomes
A = dbel gy — a4 qvt, (11)

Market values at a default time. At a default time T}, the market value of a CDO tranche
changes for a number of reasons: first, the increase in L; at T} makes it more likely that a
tranche with ml > L; will be hit in the future; second, if ALL};:L} > 0, there is a change in
the remaining nominal of the tranche affecting the size of future premium payments (direct
effects); third, with default contagion, the default event impacts the default intensities of the
surviving firms and thereby the market value of the tranche (indirect contagion effect). The
contagion effect also has an impact on the market value of a non-defaulted CDS. Table [2| shows
that the indirect contagion effect can be quite substantial. In this table we compare the change
in market value of a non-defaulted CDS and of various CDO tranches at a default time a) in a
Gauss copula model and b) in the homogeneous Markov-chain model described in Example
In case a) we follow standard market practice and assume that the default event has no impact
on the default probability of surviving firms. It turns out that the change in market value is
much larger for the Markov-chain model with contagion effects than for the Gauss copula model.
Moreover, the change in the market value decreases with increasing spread-volatility and hence
decreasing interaction-parameter A;. It will turn out below that this has a substantial impact
on the form of the ensuing hedge ratios.



Product CDS  [0,3] [3.6] [6,9] [9,12] [12,22]

Gauss Copula 0.0000 -0.001 -0.103 -0.014 -0.0049 -0.0062
Markov chain, SY 0.0179 -0.369 -0.388 -0.163 -0.1101 -0.3018
Markov chain, S¥ 0.0114 -0.233 -0.252 -0.091 -0.0645 -0.1939

Table 2:  Change in market value AV,SPS and AVil’u] at t = T1. Model parameters are given in

Example The opposite signs in AV,SPS and AVt{l’“] are due to the fact that we consider a protection-
buyer position in the CDS and a protection-seller position in the CDO tranches.

4 Sensitivity-based hedging with default contagion

In this section we consider the sensitivity-based hedging strategies used in practice (see for
instance Neugebauer (2006)) in the context of the Markov-chain model with spread risk and
default contagion. These strategies are not based on any kind of model dynamics; rather one
simply attempts to immunize the portfolio against (small) changes in key input parameters.

Immunization against default risk. The default delta of a CDO tranche with respect to
name ¢ (Aff;ff) gives the number of CDSs of firm 7 one has to hold at time ¢ in order to immunize
the portfolio against the change-in-value occurring in the hypothetical scenario where name 4
defaults at time ¢. As just explained, in the presence of default contagion the default of firm ¢
impacts the market value V;SDS, J # i. Assume for simplicity that 77 > t (no defaults in the

portfolio up to time ¢). In that case the vector (Agﬁf, . Adef) thus has to solve the following
system of m linear equations, indexed with i € {1, ... ,m}
! l
0 = G{ u]|T e+ ZAdef CDS|T¢:t
_ AG{;7U]|Ti:t + A?}(;f((s _ SiCDS(t —z, CDS + ZAdef AV;CDS|TZ-:t ) (12)
k#i

If firm k has already defaulted we set A?f = 0 and omit the kth equation in the system .
Note that AG[Z’U] |-,=¢ consists of the change in the market value

AV = db v o) — S Y 0y

and of the default- and the accrued premium payment due to the default event.
In a homogeneous portfolio Ad°f is identical for all firms; the system reduces to
Adl’/u{] ‘Tl'_t Adl,U] |Ti_t

A?ef - _ 13 — = — L — ) (]‘3)
(’I’)’L — Mt - 1)AV;CDS|TZ~=t - ‘/;CDS + 0 — SCDS(t - znf) AGind‘Ti:t

and the portfolio can be immunized by taking a position of size A% directly in the index.

Numerical results. Next we compare A as obtained using the Markov-chain model from
Example (for deterministic ¥) with A%f as obtained from a homogeneous Gauss copula
model with tranche correlations and default probabilities calibrated to the same iTraxx data.
In the Gauss copula model A{ef is given by the ratio —AG{f’"]ln:t/AGE?SIH:t where AG[;’UHTZ.:t
is computed under the assumption that the fair swap spread of all non-defaulted firms remains
unchanged. Table [3|gives the Ad°f-values for both models The differences between the models

8 Here, as in all our numerical experiments, wehave set § = 60% (the standard on the market for synthetic
CDO tranches); moreover, we have set » = 0 for simplicity.



can be explained by the indirect contagion effect discussed above. Consider first the equity
tranche. In the Markov-chain model a protection-buyer position of roughly one CDS per name
generates a substantially higher profit than in the copula model, overcompensating the change
in the market value of the tranche. As a result the A% in the Markov-chain model is lower than
in the copula model. For the senior mezzanine and the senior tranches on the other hand, AGHY
is significantly higher in the Markov-chain model than in the Gauss copula model, leading to a
higher A% for the former model class than for the latter.

In interpreting the results from Table [3] one should keep in mind that the numbers have
been computed for the case where the factor process ¥ is deterministic. In that case the
default contagion in the model is quite strong as the default correlation necessary to explain
the observed CDO spreads is generated entirely by contagion effects. With weaker contagion
effects the differences in the Ad®f generated by the two models is somewhat smaller albeit still
substantial.

Product 03]  [3.6] [69 [9,12] [12,22]

Gauss Copula 1.002 0.171 0.023 0.008 0.010
Markov chain  0.344 0.138 0.058 0.039 0.107

Table 3: Comparison of At as obtained by the Markov-chain model and the Gauss copula model.

Immunization against spread risk. Market practitioners frequently immunize a protection-
seller position in a CDO tranche against fluctuations in the spread of the underlying CDS index.
Following market practice (Neugebauer (2006)), we define the index spread delta of a CDO
tranche in a homogeneous Gauss copula model at a given spread-level s as

l, l
- Vt{ U]‘sh’d:s-l—lbp - Vt{ U]‘sh‘d:s

Ind Ind '
‘/t ‘sh’d:s-i-lbp - ‘/t ‘sh’d:s

A:pread7 Gauss — (14)

In the homogeneous Markov-chain model of Example we have two possibilities for mimicking
this definition, both of course somewhat ad hoc. First, we can define the spread delta as in ,
i.e. by recalibrating the Markov-model; in that case V;U’u} |snd—s 4 1pp 1S computed by calibrating
the level-parameter Ao to the spread s™ = s + 1bp, leaving all other parameters unchanged.
Second, and perhaps more naturally, the spread delta can be defined as

l, l,
. Vi U]|‘Ift:¢i+1 - Vi U]"I’t:wi—l
V;flnd‘\l’t=¢i+1 - V;Ind "I/t=wi71

In Table [4 we compare the spread deltas for the Markov-chain model of Example and the
homogeneous Gauss copula model. We observe that the two different definitions of AsPread ip
the Markov-model give very similar results. The Gauss copula model leads to larger values for
AsPread than the Markov-model, but the differences are less striking than for Adef,

Aspread, Markov |
: =

(15)

5 Dynamic risk-minimizing hedging strategies
5.1 Risk-minimizing hedging strategies

In this section we study the hedging of credit derivatives for the Markov model introduced in
Assumption [2.1] using model-based dynamic hedging strategies. We use one CDS per under-



Tranche 03]  [3.6] [69 [9.12] [12,22]

Gauss Copula 0.564 0.295 0.082 0.042 0.081
Markov model, recalibrated parameters 0.535 0.141 0.044 0.027 0.070
Markov model, varied ¥, (for S¥) 0.526 0.128 0.038 0.025 0.074

Table 4: Comparison of A®Pr¢ad in the Markov-chain model and in the Gauss copula model.

lying name in the portfolio as hedging instrumentﬂ With default- and spread risk, that is for
stochastic ¥, we expect the market to be incomplete, so that a typical CDO tranche cannot
be replicated perfectly by dynamic trading in the hedging instruments. In order to deal with
this problem we use the concept of risk minimization as introduced by Follmer & Sondermann
(1986). Denote by G{tlu] and C;’g,?s the discounted gains processes of the CDO tranche and of the
kth CDS. A dynamic hedging strategy @ = (01, ..., 0:m)o<t<T is an (F;)-predictable process
so that 0;; gives the number of CDS on name £ in the portfolio at time ¢; the description of
the strategy is completed by specifying the cash position given by some (F;)-adapted process
0. For any choice of a dynamic hedging strategy we have a representation of the form

0=Gb — glbvl Z/O 0,1, dGDS + G, 0<t<T. (16)
k=1

Here the process G+ - which obviously depends on the hedging strategy 6 - represents the
hedging error of the strategy. According to Follmer & Sondermann (1986), a strategy 6 is called
risk-minimizing if the the so-called remaining risk (the conditional variance of the hedging error)
given by

E9((GF(0) - G(0))* | ) (17)

is minimized over all suitable strategies @ simultaneously for all 0 < ¢t < T'. It is well-known,
that a risk-minimizing strategy exists and that it can be computed from the Kunita-Watanabe
decomposition of the Q-martingale GI** with respect to the Q-martingales CNJ%DS, 1<k <mg
see Follmer & Sondermann (1986) for details. In particular, the process G+ must be orthogonal
to the hedging instruments, i.e. <GL,C~J$DS>,5 =0, k=1,...,m,. Using this result we can
derive from the system of equations

m
(G, GFPS) = = 0,5 d(GEPS, GSPS), j=1,...,m, (18)
k=1
from which the processes 01, ..., 0,, can be determined. The cash-position 6y of the strategy is

finally determined by the requirement that the discounted market value of the overall portfolio
has to be equal to zero,

m
Bro+ > 0, V5P + VM 20, 0<t<T.
k=1

In the remainder of the paper we show how to compute the risk-minimizing strategy 6 and
study some of its properties. We begin with the case where U is deterministic; in Section [5.3]
we discuss the general case where U follows a (non-deterministic) Markov chain.

9This is a starting point; the methodology applies to other sets of hedging instruments with identical compu-
tations.
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Remark 5.1. There are a number of alternative concepts for hedging in incomplete mar-
kets including local risk-minimization (Follmer & Schweizer (1991)); variance-minimizing hedg-
ing (see for instance Schweizer (2001)); superhedging (see for instance El Karoui & Quenez
(1995)); and finally utility-based hedging (see for instance Delbaen, Grandits, Rheinlénder,
Sampieri, Schweizer & Stricker (2002) and Becherer (2004)). We have chosen the concept of
risk-minimization both because of its intuitive appeal and for tractability reasons.

5.2 Constant factor process

Computation of the hedging strategy. If ¥ is constant, ¥; = ¢, the underlying filtration
can be taken to be the default history (F) ) with F} = o(Ys: s < t) (as the gains process of
all securities involved are (F} )-adapted in that case). Moreover, we expect the market to be
complete, as the number of driving risk factors (the default indicator processes Yi,...,Yy,) is
equal to the number of hedging instruments. In this case there is a direct way for computing
the hedging strategy 6 which is not based on the system : Define the compensated default
indicator processes by

Ti N\t
Nt,i == Y;,i _/ )\i(37w7Y:9)dsa 1 S { S m. (19)
0

Since there are no joint defaults in our model, the default history (FY) is generated by the
marked point process (T, &n)1<n<m With mark space {1,...,m}. By standard results from
stochastic calculus - see for instance Brémaud (1981), Chapter VIII, Theorem T8 - every (F})-
martingale can therefore be represented as stochastic integral with respect to the m martingales

Ni, ..., Ny, ie. there are predictable processes qﬁ[t“f], e tl:;] and ¢,’§1, el (ﬁﬁm, 1<k <m,
such that .
L l
dG =S" g ang,  aGeps Z¢“de, k=1,...,m. (20)
i=1

In order to determine the hedging strategy @ we argue as follows: From we get, as G+ = 0,

G = ZetdeCDS Zetkd<2¢md1\7m) = fz (Zetm“) dNi.  (21)

=1 k=1

Denote by A :={i=1,...,m: Y,_; = 0} the set of non-defaulted firms immediately prior to
time ¢. Comparing with the first equation in , it is immediately seen that a hedging
strategy 0 exists if and only if the following system of equations has a solution:

S Owet, = —d), i€ A 0<t<T; (22)
keAq

for k ¢ Ay we let 6, = 0. Note that is a linear system of | A;| equations for |A;| unknowns

with coefficient matrix ®, := (gf){i)ijeAt.

It remains to determine the integrands ¢f’i and &ff] in the martingale representation .
If (20) holds, we have AGH" = 3> gAY, ; and AGEPS = S| ¢k AY;;. Hence

i) =1, ()AGH o and 6f; = 14, ()AGTPS . (23)

Summing up, we have the following result.
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Proposition 5.2. If the matrix ®; has full rank for all t € [0,T], the gains process Glhul
(and in fact every fr}/—measumble claim H ) can be replicated by dynamic trading in the savings
account and the m CDSs. The trading strategy 0 is given as solution to the linear system
(22) with coefficients given in ; the cash-position Oy is determined by the equation 0o +

ey 00k ViSPS + v =0

If we plug the expressions into the linear system , it is immediately seen that this
system reduces to the system for the spread delta (Adef) in the Markov-chain model. Hence
in the absence of spread risk the dynamic hedging strategy is given by 8 = (A?ﬁf, .. Ad © Jo<t<T-
This is quite intuitive as in that case the portfolio is only exposed to default risk.

In a homogeneous portfolio we obviously have 6; ; = 0;, Vj = .m and gbt = GCDS|T2 —t —

GEDS, Vk # j, ¢k, = GEPS|, _, — GEPS, il — Gl _ t—c;““] 3—1 ,m, and we obtair]/

G{l,u} A l,u}
0 = — CDS |gD:St CDS CDS) (24)
(m — 1)(GEPS =t — GEPP) + (GEPS| = — GEPY)

Note that the discount factor cancels, so that is in fact equivalent to .

Remark 5.3 (The full-rank condition). Conditions ensuring that the full rank condition
on ®; holds (and hence market completeness) are discussed in Frey & Backhaus (2006). In
particular, it is shown that ®; is complete if the contagion effects are not too strong or if the
time to maturity T — t is not too large. A risk-minimizing strategy can of course be computed
even if ®; does not have full rank. The necessary computations are a special case of the
arguments used in Section below, and we omit the details.

5.3 V¥ as Markov chain

If ¥ is random, the gains processes of all securities involved are adapted to (F}) (the filtration
generated by Y and W) so that we may choose (F}) as underlying filtration. In that case we
moreover expect the market to be incomplete. The derivation of the risk-minimizing hedg-
ing strategy is hence based on the system . The main task is to compute the quadratic
covariations (G4, GEPS); and <C~¥]CDS, GCPS),. This is done in two steps.

Step 1: martingale representation. In this step we represent all gains processes as stochas-
tic integrals with respect to the compensated jump measure of the Markov chain I' = (Y%, Uy )s>0.
Recall that ST = {0,1}™ x SY, and denote by

B' = {(y1,72) € S x 8" 11 # 72}

the set of possible transitions of I'; elements of E' are written in the form e = (y1,72). The
counting measure p' associated with the Markov-chain T' is a measure on [0,00) x E'; see
Section VIII.1 of Brémaud (1981) for the general definition. According to standard measure
theory, p! is uniquely defined by its values on sets of the form [0,¢] x {(v1,72)}, (71,72) € ET,
t > 0; here we have

1 ([0,8] x {(71,72)} Z L1, =y Te=s)} - (25)

s<t

OFor notational simplicity we restrict ourselves to the case ¢ < T7.
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The predictable compensator of ub is a measure ' on [0, 00) x ET' such that for any bounded

predictable function Z: Q x [0,00) x E' — R the process

t
Z — w; s, e F—VF S e
= [ [z el —vds x de

r

is a martingale. In our case v" is given by

t
V[0, 4] x {(v1,72)}) :/0 Lir, = 3@s (1.72)ds . (y1,72) € BNt >0, (26)

L (71,72) the transition rates of I' as introduced in Assumption It is well-known that every
(F})-adapted martingale M has a representation of the form

t
M = My —i—/ / ZM(w: s, e)(ut — vh)(ds x de)
0 JET
for some predictable random function Z*; see Brémaud (1981), Chapter VIII, Theorem T8 for

details. Applying this result to the discounted gains processes G-, GSDS, we get the existence
of predictable functions ZIb, ZEDS such that

Gl = Gl 4 / t /E ZMwis @)t — vV )(ds x de) (27)
GiRS = GeRs + / /E ) ZEPS(wy s, e)(ul — 1) (ds x de) ; (28)
the computation of ZIb¥ and Z,SDS is discussed below.
Step 2: computation of the quadratic covariations. We concentrate on computing
<(~}{l’“],é,gDS)t; the predictable covariation between the discounted gains processes of the CDSs

can be computed analogously. As all processes involved have trajectories of finite variation, we
get that the pathwise covariation [GI, GEDS] is given by

¢
(GU,GEPS) = [ [ 25,1267 (s, e) (s x de).
0 JEr
Since [GIh¥, GUPS], — (Gl GUPS), is a martingale we thus have
(Gl GEDSy, / / 215, &) ZEPS (s, &) 1 (ds x de) (29)
ET

[ A ) 2 (s ) (T ds. (30)

yEST y#T s

In differential notation we therefore have d(é{l’u], GgDs>t = f[tl bk gt where the predictable pro-
cess dhubk g given by

gt = ST AN (T ) ZE0S (1 (Tem ) af (Tee ).

yeST y#T -
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Using the special form of the transition intensities of I' we get
& =D =Y N e, Y ) (28 ZEPS) (8, (Ve ), (Y, W)
i=1

+ Y @ (W) (2 ZEPS) (8 (Ve W), (Yie 1) (31)
YeSY AW,

Similarly we get for the gains processes of two CDSs d<C~r’]CDS,C~¥SDS>t = f{’kdt, where ft',k is
given by with Zb¥ replaced by Z]CDS,

Computation of ZI"*l and Z,?DS. It is immediate from (27)) and (28 . ) that Zhv! (w t, (71,72 )

and ZEDS (w;t, (71,72)) are given by the jumps AG[t and AGtCES given that (I'y—,T)
(71,72), i-e. given that T' jumps from 71 to v2 at time ¢. recall that by the Markov property of
I' we have for the discounted market value

Vi = gl (4, v;, W) and VGDS = 0758, Ya, W)

for functions @ and #¢PS: [0, 7] x {0,1}™ x S¥ — R. For notational simplicity we model
spread payments by an absolutely continuous payment stream and work with the gains processes

and (LI). Hence we get for (y1,72) = (v, %), (¥',%)),

Z54 (Wit (y1,72)) = p(0, )AL |y T4 (2,4, ) — #4(8y, ) (32)
ZCDS( s (715 'yg)) = 14i—iyp(0,1)0 + UCDS(t, Y ) — ngs(t,y, V). (33)

Similarly we obtain for (y1,72) = ((y, ¥1), (¥, ¥2))

28 (wit, (1, 72)) = 3 (8, y, o) — (L y, ) (34)
ZEPS (wit, (v1,72)) = 05 5 (b, y, b2) — T 0 (£, 401) 5 (35)

note that in all four cases the right-hand-side is independent of w.

Summarizing we have

Proposition 5.4. The risk-minimizing hedging strategy 6@ = (041, ...,0¢m)o<t<T 1S given as
solution of the system

G = =30, j=1,...,m 0<t<T, (36)

with coefficients &I and €9 defined in and to .

Proof. Tt is well-known that a risk-minimizing strategy 0 exists and that it is a predictable
process solving the system ; see for instance Follmer & Sondermann (1986). Since all
quadratic variations involved are absolutely continuous with respect to Lebesgue-measure, the
system reduces to and the claim follows. O

Note that we have determined all ingredients necessary to set up the system , so that
0 is easily computed. In the homogeneous-portfolio case things simplify further since 6; solves
the one-dimensional equation f[tlu] = —Qt((m — l)ftl’2 + Stl’l).
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5.4 Numerical experiments.

We conclude this section with a small numerical study. Here we focus on two issues: first we
compute risk-minimizing hedging strategies for the case when W is a non-deterministic Markov-
chain and study the impact of the spread-volatility on the form of the hedging strategy; second
we look at the impact of portfolio-heterogeneity on the form and the performance of hedging
strategies.

Risk minimization when U is a Markov chain. In order to illustrate the results of Sec-
tion we compute risk-minimizing hedging strategies for the homogeneous models introduced
in Example[2.2] Table 5] gives the value 6 of the risk-minimizing hedging strategy and compares
with Adf (the immunization-strategy against default risk) and with AP (the immunization
strategy against spread risk). As expected, with low spread volatility (small range of the factor
state space) the risk-minimizing strategy is close to A%f; with increasing spread volatility @
comes closer to ASP™2d Hence the risk-minimizing strategy provides a model-based endogenous
interpolation between the hedging against spread-risk and the hedging against default risk.

Hedging in heterogenous portfolios. In practice, hedge ratios are frequently computed
under the homogeneous-portfolio assumption. This holds true in particular for all hedging
studies in top-down-models such as Laurent et al. (2007). It is therefore interesting to study the
impact of heterogeneity in the portfolio on the form of the ensuing hedge ratios. For simplicity,
we assume that ¥ is deterministic, so that dynamic hedging strategies coincide with the Adef
as computed in Section |4, We consider a portfolio with two (industry) groups of varying credit
quality. The default intensity of firms from group x is modelled by a function hy(t,l., ) which
depends on time ¢, on the number of defaults in group x, denoted [, and on the overall number
of defaults [. Denote by m, the number of firms in group s and by u,(t) the expected number
of defaults in group «. In our simulations we take

+ +
B (£, 1y 1) = Ao + %{ exp (mﬁm + (1 — %)M) -1}, 60
2 s m
with parameters A9 > 0, Ay > 0, A2 > 0 and v, € [0,1]. The first term in the argument of
the exponential function in reflects the interaction between firms from the same group; the
second term captures the global interaction between defaults in the entire portfolio. The relative
strength of these effects is governed by the parameter ~,: for 7, close to one, firms from group s
are mainly impacted by defaults within group «; for v, close to zero, the global (portfolio-wide)
interaction dominates. In our analysis we compare three different portfolios/parameterizations.

A) Here we consider a homogeneous portfolio of 125 firms with fair CDS spread equal to
s® = 73bp for all k.

B) Here we consider a portfolio consisting of 100 ‘good’ names (Group 1, s* = 20bp, k =
1,...,100) and 25 ‘bad’ names (Group 2, s* = 317bp, k = 101,...,125); the spread of
a CDS index on the whole portfolio is s™4 = 73bp so that the average credit quality is
the same as in Portfolio A. Moreover, we put 73 = 2 = 0 so that there is only global
interaction between defaults. Intuitively, this parameterization corresponds to a portfolio
with one-factor structure.

C) Here the portfolio consists of 25 good names (Group 1) such as financial firms with s* =
17.5bp and 100 medium-quality names (Group 2) with s* = 88bp; again s™! = 73bp.
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We assume that there is a strong interaction within the group of good firms and put
v1 = 0.7; 2 is set to 0.2 so that the medium-quality firms are mainly affected by the
global portfolio state. Intuitively, this parameterization corresponds to a model with two
industry factors, one global factor, and a very strong inter-industry correlation for Group 1
(the good names).

The remaining parameters in have been chosen so that we get (roughly) the same CDO
spreads in all three parameterizations.

Recall that for a deterministic factor process the hedging strategy 6 solves the linear system
and that the coefficients of this system are given by the change in the gains process of the
tranche to be hedged and of the CDSs used as hedging instrument. Hence these changes are
largely responsible for the form of the hedge ratios. Numerical values are reported in Table [6]
in the appendix: we see that the results for Parameterizations A and B are roughly similar.
Note however, that under Parameterization B the default of a bad name (a firm from Group 2)
always leads to a smaller absolute change in the gains process than a default of a good name (a
firm from Group 1). The reason for this is that in the former case the quality of the remaining
portfolio is higher than in the latter case. The results for Parameterization C on the other hand
differ widely from the homogeneous-portfolio case. In particular, for the given parameters the
default of a good name leads to a substantial deterioration of the credit quality of the overall
portfolio, as can be seen from the huge change in the gains process of the index. The hedge ratios
for all three parameterizations are given in Table|[7| (for t = 0). As with the changes in the gains
processes, for Portfolio A and B the ensuing hedge ratios are qualitatively similar. However,
there are substantial quantitative differences. For Portfolio C on the other hand the strong and
asymmetric contagion effects lead to qualitatively different hedge ratios. In particular, in order
to hedge the equity- and mezzanine tranches one has to take a protection-seller position in the
CDS issued by the good names in Group 1.

An alternative way to assess the robustness of hedging strategies with respect to the as-
sumption of a homogeneous portfolio is to look at the performance at a default-time 77 of
the homogeneous-portfolio strategy, assuming that the actual change in the gains processes
corresponds to an inhomogeneous situation. More precisely, we consider a portfolio consist-
ing of a protection-seller position in a CDO tranche or in the CDS-index and of an offsetting
protection-buyer position in the CDSs; the size of this protection-buyer position was computed
using Parameterization A (see the Portfolio A row of Table [7). Next we compute the hedging
error (the change in the gains process of this portfolio) at the first default time 77, assuming

that AG{ZTU] and AGCDS are generated by Parameterizations B or C (see the Portfolio B and the
Portfolio C row of Table @ The results of this exercise are contained in Table [ I We report the
relative hedging error for each tranche (the hedging error normalized by the overall notional); in
this way results for different tranches can be compared. We note the following: in case where the
actual gains processes are generated by Parameterization B, the homogeneous-portfolio strat-
egy performs quite well. On the other hand, if the actual gains processes are generated by
Parameterization C the performance of the homogeneous-portfolio strategy is poor, at least at a
default of a firm in Group 1. In fact, the hedging error for the equity- and the junior mezzanine
tranche is in the order of 50% of total notional. These findings suggest that hedging strategies
based on the assumption of a homogeneous portfolio - and in particular all hedges computed
within the top-down approach - might perform well if the real portfolio is heterogeneous with
respect to credit quality but relatively homogeneous with respect to the interaction between
firms; on the other hand, if the real portfolio exhibits strongly asymmetric contagion effects the
homogeneous-portfolio assumption might lead to poorly performing strategies.
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6 Conclusion

This paper has studied the (dynamic) hedging of CDO tranches in a portfolio credit risk model
with default contagion and random fluctuations in credit spreads. This model was constructed
and analyzed with Markov-chain techniques. From our analysis the following findings emerged.
First, we studied the impact of default contagion on the market-standard sensitivity-based
hedging strategies. It turned out that even a small amount of default contagion has a substantial
impact on the form of the ensuing hedge ratios, essentially because of the impact of the default
event on the quality of the remaining portfolio. Second, we showed how to compute theoretically
consistent dynamic hedging strategies using incomplete-market theory, more specifically the
concept of risk-minimization. The main tool in the derivation of these strategies is stochastic
calculus for marked point processes. Third, we carried out numerical experiments to study the
properties of these strategies. It turned out that risk-minimizing hedging strategies interpolate
between the hedging of spread- and default risk in an endogenous fashion. Moreover, we showed
that deviations from the popular assumption of a homogeneous portfolio can have a substantial
impact on the form and on the performance of hedging strategies.

These are important results on dynamic hedging in credit markets. In particular, the sizeable
differences between the market-standard sensitivity-based hedging strategies computed in the
copula framework and the dynamic hedging strategies derived in our setup with spread risk and
default contagion show that the current hedging practice is subject to a substantial amount
of model risk. A systematic study (both simulation-based and empirical) of the model risk
associated with the hedging of credit derivatives, perhaps building on the insights from Cont
(2006), is therefore a logical next step. Due to its versatility the Markov-chain model proposed
in the first part of the present paper could be a useful tool in this analysis. However, such a
study is a major undertaking and is therefore deferred to further research.
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A Tables

Al. Risk-minimization when V¥ is a Markov chain

[0,3]-tranche [3,6]-tranche [6,9]-tranche
0 Adef Aspread 0 Adef Aspread 0 Adef Aspread
S(‘)I' 0.344 0.344 - 0.138 0.138 - 0.058 0.058 -
SII' 0.348 0.345 0.476 0.138 0.138 0.143 0.057 0.058 0.049
Sﬁp 0.414 0.366  0.491 0.136 0.134  0.138 0.050 0.053 0.045
S§I’ 0.469 0.414 0.526  0.127 0.126  0.128 0.041 0.045 0.038
[9,12]-tranche [12,22]-tranche
0 Adef Aspread 0 Adef Aspread
S(‘)I’ 0.039 0.039 - 0.107 0.107 -
Sf’ 0.039 0.039 0.031 0.106 0.107  0.082
Sﬁp 0.033 0.037 0.029 0.093 0.103 0.079
S;}I’ 0.028 0.032 0.025 0.084 0.096 0.074

Table 5: Comparison of the risk-minimizing hedging strategy 6 with Ad°f and AsPread for different
choices of the state spaces S¥; AsPread hag been computed using

A2. Hedging in heterogenous portfolios

AGCDSl AGCDSz AGInd AG[073] AG[S,G] AG[G,Q] AG[9’12] AG[12,22]

Portfolio A 0.0161 0.0161 -2.600  -0.471 -0.582 -0.236 -0.134 -0.315
Portfolio B

default in Group 1 0.0177 0.0234 -2.752  -0.525  -0.772  -0.387 -0.233 -0.474
default in Group 2 0.0149 0.0197 -2.201 -0.467  -0.645 -0.322 -0.193 -0.392
Portfolio C

default in Group 1 0.1386 0.1019  -13.451 -0.660 -1.295 -0.929 -0.807 -2.355
default in Group 2 0.0083 0.0146 -1.617  -0.466  -0.558  -0.211 -0.113 -0.258

Table 6: Changes due to a default in the gains process of the non-defaulted CDSs,
various CDO tranches for Portfolios A, B and C. The numbers were computed for ¢ = 0.

of the index and of

Product Index 0, 3] 3, 6] [6,9] [9,12] [12,22]
Portfolio A~ Adef 1.000 0.181 0.224 0.091 0.051  0.121
Portfolio B A¢*f (good firms) 1.029 0.155 0.237 0.119 0.072  0.146
Agef (bad firms)  0.802 0.168 0.185 0.090 0.053  0.108
Portfolio C A (good firms) 1.039 -0.575 -0.514 -0.043 0.084  0.370
Agef (bad firms)  0.979 0.286  0.325 0.108 0.049  0.088

Table 7: Hedge-ratio (or equivalently Ad°f) for the CDS index and for various CDO tranches at t = 0,

assuming that 77 > 0.
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Product Index [0,3] [3,6] [6,9] [9,12] [12,22]

AG as in Parameterization B
Rel. hedging error at default in Group 1 0.1%  0.2% -3.0% -3.2% -2.2% -0.9%
Rel. hedging error at default in Group 2 0.3% -0.1% -1.9% -24% -1.7% -0.7%

AG as in Parameterization C
Rel. hedging error at default in Group 1 0.5%  50.5% 49.8% 9.5% -2.3% -5.2%
Rel. hedging error at default in Group 2 0.5% -1.6% -14% -02% 0.1% 0.1%

Table 8: Performance at t = T of the hedging strategy computed for Parameterization A, assuming
that the actual change in the gains processes is generated by Parameterizations B or C. The hedging
error is represented as percentage of the total notional of the tranche. The latter equals 125 for the
index, 3.75 for the [0, 3] up to the [9,12] tranche and 12.5 for the [12,22] tranche
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