MINIMAL BLOW-UP SOLUTIONS TO THE MASS-CRITICAL
INHOMOGENEOUS NLS EQUATION

VALERIA BANICA, REMI CARLES, AND THOMAS DUYCKAERTS

ABSTRACT. We consider the mass-critical focusing nonlinear Schrédinger equa-
tion in the presence of an external potential, when the nonlinearity is inhomo-
geneous. We show that if the inhomogeneous factor in front of the nonlinearity
is sufficiently flat at a critical point, then there exists a solution which blows
up in finite time with the maximal (unstable) rate at this point. In the case
where the critical point is a maximum, this solution has minimal mass among
the blow-up solutions. As a corollary, we also obtain unstable blow-up solu-
tions of the mass-critical Schrodinger equation on some surfaces. The proof is
based on properties of the linearized operator around the ground state, and on
a full use of the invariances of the equation with an homogeneous nonlinearity
and no potential, via time-dependent modulations.

1. INTRODUCTION
1.1. Setting of the problem and main result. We consider the equation
(1.1) i+ Au — V(z)u+ g(@)|u/*u =0, =eR
Ujp—p = Up € H! (Rd)
where d =1 or d = 2, g and V are real smooth functions on R%, bounded as well as
their derivatives, and ¢ is positive at least in an open subset of R?. We investigate
blowing up solutions to (1.1). One of the application that we have in mind is the

study of finite time blow-up for solutions to the nonlinear Schrodinger equation on
surfaces. The link between these two problems is detailed in §1.3 below.

First, let us recall some classical arguments (see e.g. [15]). The nonlinearity
is energy-subcritical, so for any initial condition 1wy € H', there exists a maximal
interval of existence |T—_(ugp), T+ (uo)[, and a solution u of (1.1) such that

u € C(}vaTJr[v Hl)
Furthermore if T} < +o00, then lirjr} [Vu(t)||L2 = +o00. The mass M = ||u(t)||3-
t—T4
and the energy

1 1 !
B / (2|Vu(t,x)|2+ oV @Mt 2) — g

g<x>|u<t,x>ﬁ+2) dx

are independent of t €]T_, T4 .

We consider the ground state @), which is (up to translations and sign change)
the minimal mass real-valued solution of the equation

AQ+ Q4 =Q, zeR™L
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2 V. BANICA, R. CARLES, AND T. DUYCKAERTS

Recall that Q) is C°°, radial, and exponentially decreasing at infinity. Furthermore,
Q@ is the critical point for the Gagliardo—Nirenberg inequality ([33])
2+4/d 4/d
(1.2) IIEET < Vel lelgs', Ve e B (RY).
In the homogeneous case V =0, g = 1, the equation
(1.3) i0pu 4 Au+ |u|¥u =0

is stable by the pseudo-conformal transformation: if u is a solution of (1.3), so is
v(t, z) defined by

|z|2

(1.4) Bt 2) = (Tu)(t,2) = etha (1 f) .

Applying this transformation to the stationary solution e¥(Q, one gets a solution of
Equation (1.3)

that blows up at time ¢ = 0, and such that ||Vu(t)||r2 ~ 1 as ¢t — 0. A classical
argument shows, as a consequence of (1.2) that this is the minimal mass solution
blowing-up in finite time (see [33]).

When equation (1.3) is perturbed in such a way that the pseudo-conformal trans-
formation is no longer valid, there are only few known examples of blow-up solutions
with the same growth rate. Consider the same equation (1.3) posed on an open
subset of R? (with Dirichlet or Neumann boundary conditions) or on a flat torus.
Then one can construct blow-up solutions as perturbation of S(¢, z) with an expo-
nentially small error when ¢ — 0: see [26] for d = 1 and [12] for d = 2. The proof
relies on a fixed point argument around a truncation of S(t,z). The linear term
is considered as a source term, and is controlled in spaces of functions decaying
exponentially in time.

The recent work [20] is devoted to a 4 dimensional inhomogeneous mass critical
Hartree equation. In the corresponding homogeneous case, a pseudo-conformal
transformation similar to (1.4) is known, yielding a blow-up solution analogous to
S(t,x). Under the assumption that the perturbation vanishes at some large order
at the blow-up point, a pseudo-conformal, minimal mass blow-up solution of the
perturbed equation is constructed. In this case, the solution is only a polynomial
perturbation of the explicit ground state pseudo-conformal blow-up solution, and
the proof of [26] and [12] is no longer valid. The construction of [20] relies on an
adaptation of an argument of Bourgain and Wang [10].

In the general setting of (1.1), the strategy of [26] and [12] does not work neither
unless both g and V' are constant around the blow-up point. The argument of
Bourgain and Wang is easy to adapt and gives, as in [20], a minimal mass solution
under strong flatness conditions on g and V' at the blow-up point (see Remark 1.5
and Section 2). Our goal is to weaken as much as possible these conditions: we
construct blow-up solutions for any potential V', assuming only a vanishing condi-
tion to the order 2 on g — g(z¢) at the blow-up point zy. We assume for simplicity
that o = 0 and that g(0) = 1, the general case zo € R?, g(x¢) > 0 follows by
space translation and scaling. For s > 0, we denote

= {v e Bt (R |lafw e 2 (RY) | = 1 (RY) 0 7 (7 (RY))

and we shall drop the index for ¥'. Our main result is the following:
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Theorem 1.1. Letd =1 ord =2 and V,g € C*(R%R). Assume that for all ,
0%g,0*V € L™ and

Jg 0%g .

1.5 =1 ; Y= 0)=0, 1<jk<d

(1.5 s =1 G0 = 50 =0 1<

Then there exists T > 0, uw € C(]0,T[,X) solution of (1.1) on |0,T[ such that

sl _ig(1)
s . S(ta)=e VO (2
(1.6) Hu(t) S(t)HZ o 0, where S(t,z) =e Py Q (t) ,

where 0 is a continuous real-valued function such that (1) = 7+ o(7) as T — +00.

Remark 1.2. As can be easily guessed, we do not really need the boundedness of
0%g,0*V for all o’s, but for a finite number of mutiindices, which we do not wish
to make explicit.

Remark 1.3. The pseudo-conformal blow-up regime of Theorem 1.1, where the
blow-up rate ||Vu(t)||z2 is of order 1/t around ¢ = 0, is unstable and non-generic,

1/2
as opposed to the blow-up regime at a rate (M) highlighted (in space

dimension 1) by G. Perelman [27] (see also [25]). This log-log regime was shown
to be generic in all dimension, under a spectral assumption if d > 2, in a series of
papers of F. Merle and P. Raphaél (see e.g [24, 30]). This assumption was checked
in the case d < 4, and the main properties of the log-log regime persist for d = 5
(see [17]). Theorem 1.1 may also be seen as a structural stability property for the
pseudo-conformal blow-up regime: this regime persists under some perturbation of
the equation.

Remark 1.4. Note that (1.6) implies that ||u(t)||3 = ||Q||3. If we assume further-
more that |g| < 1, the solution constructed in Theorem 1.1 has minimal mass for
blow-up. This is consistent with the conjecture that the non-generic blow-up occurs
at the boundary of the manifold of all blowing-up solutions. Note also that g may
not remain everywhere positive: we consider a localized phenomenon.

Remark 1.5. Establishing Theorem 1.1 is much easier if we assume that V' —V(0)
and g — ¢(0) vanish to high order at © = 0. This is the analogue of Theorem 1 of
[20] in the context of Hartree equation. In Section 2, we give, in this less general
setting, a quick proof of (1.6) which is an adaptation of [10] and simplifies the
argument of [20]. In this case we can assume that 6(7) = 7, but we do not know if
this holds in the general context of Theorem 1.1. The main difficulty of the proof
of Theorem 1.1 under the general assumption is to combine the strategy of [10]
with modulation theory to relax the high order flatness assumption to the weaker
assumption (1.5).

We next discuss two particular cases. If g = 1, our theorem shows that for any
real-valued smooth potential V' which is bounded on R? as well as all its derivatives,
for any point zq € R?, there exists a solution of

iy + Au — V(z)u+ [u[*?u =0

blowing-up at zg at a pseudo-conformal rate. Little is known about blow-up so-
lutions for this equation, except in some particular cases (where V' is unbounded)
where algebraic miracles provide a good understanding: if V' is linear in , Avron—
Herbst formula shows that V' does not change the blow-up rate ([14]). If V(z) =
+w?|z|?, V changes the blow-up time, but not the blow-up rate ([13]). Our result
shows that the S(t) blow-up rate remains for any bounded potential (e.g. obtained
after truncating the above potential).
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Equation (1.1) in the case V' = 0 was studied by F. Merle in [23]. Assume for
the sake of simplicity that

g(0)=1 and Vz#0, |g(z)] < 1.

In this case, g attains its maximum at 0. In [23], it is shown, assuming g € C1, V =
0, and an additional bound on g and its derivative, that for any mass M > [|Q||%,
and close to [|Q||% there exists a blow-up solution w of (1.1) such that |lugl|?, = M.
It is also shown that a critical mass blow-up solution must concentrate at the critical
point 0. Furthermore, if there exists o €]0, 1[ such that g satisfies

(1.7) V() o <~z

for small x, then there is no critical mass solution. Note that this assumption
implies that ¢ is not C2. The existence of minimal mass blow-up solutions for g
which do not satisfy (1.7) is left open in [23]. Theorem 1.1 answers positively to this
question for smooth g, except in the critical case Vg(0) = 0 and V2¢(0) # 0, which
includes the case @ = 1 in (1.7). We conjecture that non-generic minimal mass
blow-up solutions of (1.1) may exist in some cases, but with a distorted blow-up
profile S. This distortion is suggested by the fact that the modulations used to
construct the blow-up solution become larger when g — g(0) and V' — V(0) vanish
to lower order at 0.

We do not address here the question of the existence of non-generic blow-up
solutions of (1.1) with supercritical mass. This existence was proven for equation
(1.3) in [10] in space dimensions 1 and 2. See also the refinement of J. Krieger and
W. Schlag [21] in space dimension 1, and [20] for the case of Hartree nonlinearity
in space dimension 4. Let us also mention the conjecture, stated in [27], that there
is a codimension one submanifold of initial data of equation (1.3) in H! leading
to pseudo-conformal blow-up. Another interesting but difficult issue that is not
treated here is the uniqueness (in some sense to be precised) of the minimal-mass
solution constructed in Theorem 1.1, in the spirit of the work of F. Merle [22] on
equation (1.3) (see also [18], and [2] for partial results in the case of a plane domain).

1.2. Strategy of the proof. The key ingredient of the proof is a result of M. Wein-
stein [34] on the properties of the linearized NLS operator around the ground state,
which implies that the instability of the linearized equation is only polynomial, not
exponential.

We first consider, as in [10] the pseudo-conformal transformation (1.4). Thus u
is a solution to (1.1) on 0,7 if and only if ¥ is solution to the following equation

on]%,—ﬁ—oo[:

(1.8) 105 + AT — t%v (3)o+9(5) I =0.

Intuitively, for large time, the potential term is negligible (it belongs to L} L2°, hence
it is short range in the sense of [16]), and the inhomogeneity can be approximated
by its value at the origin. Therefore, a good asymptotic model for (1.8) should
be given by the solution (with the same behavior as ¢ — 400) to the “standard”
mass-critical focusing nonlinear Schrodinger equation (1.3). As in [33], we want to
construct a blow-up solution to (1.1) by constructing a solution v to (1.8) which
behaves like the solitary wave e®*Q(x) (which solves (1.3)) as t — +oo. In the
case ¢ = 1, there is a huge literature concerning the existence and stability of
solitary waves associated to (1.8) when the potential 1/t?V (x/t) is replaced by a
time independent potential: therefore, these results seem of no help to study the
blow-up phenomenon.
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In a first approximation, we look for a solution of the form
(1.9) v =e"(Q+h).

Therefore v is a solution of (1.8) if and only if

1
almi@h+Ah_h_ﬁv(§)«g+m+g(?MQ+mM%Q+hy—QHMd:a

Consider the linearized operator near @)
2 2 _
(1.11) Lf:=—-Af+f— (d—H) Q4/df_gQ4/df.

In [34], it is shown that the semi-group e** is bounded in the orthogonal space of a
2d-+4 dimensional space S, the space of secular modes, where it grows polynomially.
This allows us to construct the solution h of (1.10) as a fixed point in a space of
functions that decay polynomially as ¢ — 4o00. Namely, we can write (1.10) as

(1.12) id,h — Lh = R(h),

where R(h) is, roughly speaking, the sum of a source term involving @, V and g,
of a similar linear term where @ is replaced by h, and of a term which is nonlinear
in h. The latter is essentially harmless, since we expect h to be small. The first
two terms can be proved small provided that we require a sufficient vanishing for V'
and g — 1 at the origin to balance the polynomial growth of the semi-group e¢*** on
S. This approach is sketched in §2 below. Note that even though intuitively, it is
natural to expect 1/t2V (z/t) and g(z/t) — 1 to be negligible for large time, proving
this requires fine spectral properties of L, since the S(t) behavior is unstable. In
the case where V and g — 1 are not too flat at the origin, we need even more

information.

In order to loosen the assumptions on the local behavior of V and g near the
origin, we use all the invariances associated to (1.3) to neutralize as many secular
modes as possible. There is a 2d + 3 dimensional family of modulations, given by
the scaling, space-translation, gauge, Galilean, and conformal invariances. By mod-
ulating the function v thanks to these transformations, we can eliminate all secular
modes but one, limiting the growth of the operator e’*. This allows us to decrease
the order to which V' and g—1 vanish at the origin, so as to infer Theorem 1.1. This
approach is quite similar in spirit to [21] for L?-critical Schrédinger equation, and
to [7, 8], where an L2-supercritical Schrodinger equation is considered, for which
the invariances are therefore fewer.

One of the difficulties of our proof is to include the choice of the modulation
parameters in the definition of the operator defining the fixed point. In this context,
the contraction property seems hard to check and we bypass this difficulty by using
the Schauder fixed point theorem. A key step is to obtain energy estimates on
an evolution equation with a time-dependent operator, which is the sum of the
linearized operator L and a time-dependent perturbative term which is given by
the modulation.

1.3. Application to NLS on surfaces. Let us first recall that the other known
blow-up regime, the log-log regime, is not only more stable on R?: it is structurally
stable, in the sense that it persists in other geometries. The case of a domain was
settled by F. Planchon and P. Raphaél [29], and the one of a general Riemannian
manifold by N. Burq, P. Gérard and P. Raphaél [11].

As a consequence of Theorem 1.1, we are able to construct blow-up solutions —
with 1/t blow-up speed, and with profile related to @ — on surfaces flat enough at



6 V. BANICA, R. CARLES, AND T. DUYCKAERTS

the blow-up point. To this purpose we consider rotationally symmetric manifolds.
Such a manifold M is a Riemannian manifold of dimension 2, given by the metric

ds® = dr? + ¢*(r) dw?,

where dw? is the metric on the sphere St and ¢ is a smooth function C*°([0, co]),
positive on ]0, o[, such that ¢ (0) = 0 and ¢'(0) = 1. These conditions on ¢
yield a smooth manifold (see e.g. [25]). For example, R? and the hyperbolic space
H? are such manifolds, with ¢(r) = r and ¢(r) = sinhr, respectively. The volume
element is ¢(r), and the distance to the origin from a point of coordinates (r,w) is
r. Finally, the Laplace—Beltrami operator on M is

¢'(r) 1
" ¢(r) $2(r) 7
Now, if we consider @ a radial solution of NLS on M (recall that d = 2)
(1.13) 10yt + Apnti + @ = 0,

then the radial function w defined by

a(t,r) = ult,r) (qﬁz;))m

satisfies Equation (1.1) with

_ 1) L (N L
=550 4<<¢<r>) ) 1900 =50y

Therefore we are in the framework of Theorem 1.1, up to conditions of flatness of
the metrics at the blow-up point and of boundedness of V' and g at infinity. These
boundedness conditions corresponds to conditions on the growth of the unit ball
volume of the manifold at infinity.

This proves the existence of a blow-up solution of speed 1/t and critical mass
for such surfaces. Notice that the hyperbolic space ¢(r) = sinhr correspond to
the borderline case 92g(0) # 0, which we do not reach with our method. The
motivation for this case would be to complete the available information: the virial
identity yields a sufficient blow-up condition which is weaker than in the Euclidean
case ([3]), and for defocusing nonlinearities (or focusing nonlinearities with small
data), the geometry of the hyperbolic space strongly alters scattering theory, since
long range effects which are inevitable in the Euclidean case, vanish there (see
[5, 19, 1]; see also [6, 4]).

We conclude this subsection by giving explicit examples of surfaces satisfying
the above assumptions.

Example 1.6 (Compact perturbations of the hyperbolic and Euclidian planes).
Let ¢o,dp € R and consider ¢ € C*°([0, +o0[) such that ¢(r) = r + cor® + O(r") as
r — 0, and ¢(r) = sinh(r) + dy or ¢(r) = r + dy for large r. Then there exists a
solution @ of (1.13) that blows up at time ¢ = 0 at the origin r = 0, and such that
[[Va(t)|| 2 =~ 1/t as t — 0. An example of such a surface in the case ¢(r) = r + dy
for large 7 is given by the surface M of R3 equipped with the induced Euclidean
metric and defined by the equation z = f(y%+22), where f : Rt — R¥ is a smooth
nondecreasing function such that f(0) = f/(0) =0 and f(s) = x¢ > 0 for large s.

Remark 1.7. Many simple manifolds do not enter in our framework, as they do not
satisfy the boundedness conditions on V and ¢ at infinity. Examples are given by
the surfaces of R? defined by the equation 2 = (y? + 2%)*, k > 2, with the induced
Euclidean metric, which are spherically symmetric manifolds such that g = r/¢(r)
satisfies assumption (1.5), but grows polynomially at infinity. We do not know if
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this is only a technical point and it would be interesting, in view of these examples,
to relax the boundedness conditions on V and g at infinity to a polynomial growth.
The case of non-flat compact surfaces, even with strong symmetry assumptions, is
also completely open.

1.4. Structure of the paper. In §2, we sketch the proof of Theorem 1.1 under
strong flatness assumptions on V' and g near the origin. The result then follows in
a rather straightforward fashion from a standard fixed point argument, relying on
estimates on the linearized operator L due to M. Weinstein. In §3, we introduce the
full family of modulations, in order to reduce the proof of Theorem 1.1. In §4, we
recall some more precise properties on the linearized operator L, which are crucial
for tuning the modulation, as presented in §5. Once the modulation is settled, we
study the non-secular part of the remainder in §6. The proof of Theorem 1.1 is
then completed in §7, thanks to compactness arguments. Minor technical results
are detailed in two appendices, for the sake of completeness.

2. PROOF OF A WEAKER RESULT

In this section, we sketch the proof of Theorem 1.1 under the

Assumption 2.1. Letd =1 or 2, and V,g € C°(R% R). Assume that for all a,
0%g,0%V € L, and that there exist my > 7 and my > 9 such that:

VBl <my, 0%V (2)] < Cpla™ Pl if |2 < 1,
VIBl < myg, |0°(g(z) — 1) < Cgla|™ 1Pl if 2] < 1.

We will need the following property of L, which is a consequence of [34] (see also
[9, Proposition 1.38]). Recall that the linearized operator L is defined by

Lf=-Af+ [~ (3 + 1) QYef — 2@4/67.

Proposition 2.2. One can decompose H* (Rd) as H* = S & M, with S (of finite
dimension) and M stable by e®** and such that, if Py and Ps denote the projections
on M and S, respectively, the following holds. If s > 1 and ¢ € H?®, then for all
t>1,

e Py, < C (14 £) / (@) |e=cllda,

e Prr(¥)]] o < Cllp ] are

Also, if 8 > 1 and ¢ € ©%', then for all t > 1,
H|x‘8/6itLPS(w)HL2 <C (l +t3) / ‘q/;(:v)\e—c\xld%

1ol e =P ()|, < Clllal vllas + € (14¢7) [l

In particular, we have for all s > 1 and ¢ € H® (Rd),
(2.1) e[| o <O (1 + 1t) el ae,
and for all ¢ € X,

(2.2)

|lzle™ ]| . < Clllzlll e + C (L +[t) [¥lla-
In order to prove Theorem 1.1, we need to find a solution of

i0th — Lh = R(h) 5 |[h(t)lls,— 0.
t—+o0
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We now give the expression of R(h): R(h) = Rnr(h) + Rr(h) + Ro, with

Ryi(h) =~ () {'Q +AMHQ + h) — QU (Z + 1) QY — chdh} 7

=15 ()] [(er) v+ 50 v (),

) = -0 ()] @+ A () ato

We construct a fixed point for the functional
—+oo
(2.3) M(R)(t,z) = / e TOLIR(B) (7, x)dr,
t

that we decompose as M(h) = Myr(h) + Mp(h) + My, in accordance with the
decomposition of R. Let s > d/2 with s > 1, T > 1, and 4 < b < a real numbers
to be chosen later. We can prove that M is a contraction on the ball of radius one
Bg 1 of the space

Eopr ={¥ € O[T, +oc; H N D) | [[¢] 5 < oo},

where
[l == sup (t* [ ()| as +° |2 V()] 2) -
t>T

In the sequel we will denote by C' a positive constant, that may change from line
to line and depend on a, b, and s but not on 7.

Since the assumptions made in this paragraph are not as general as in Theo-
rem 1.1, we shall only sketch the main steps of the arguments which lead to the
conclusion of Theorem 1.1.

Bound on the nonlinear terms. There exists C' > 0 such that
C
Vh,f € Bapr, [[Mnr(h)=Myr(f)llp < m”h —flle.

This estimate follows from (2.1), (2.2) and the definition of E,;p, which is an
algebra embedded in L>®(R%). Note also that 4/d > 1, so Ry, contains nonlinear
terms which are at least quadratic in h.

Bound on the first linear term. There exists C' > 0 such that

C
VhafEBa,b’to’ HMi(hJ_MlL(f)HES W|'h_f||E7

where
M (h) (¢ x):/+<><>ei(f—t)Li[g (E) _1} 2+1 Q4/dh+2Q4/dE dr
L ) \ p P p :

The key remark is that @ decays exponentially. If || < 7, by assumption on g,

o) -] <cp(£) 1] < S

T

~lel

(&
Mg

If |x| > 7, in view of the boundedness of g and the exponential decay of @,
Hg (f) — 1] Q(m)‘l/d‘ < Celfl < e 3752l
.

Hence the bound
veeR: vr>1, [[o(2) -1 Q@) < O sial,
T T

g

Proceeding along the same lines, we infer

2.4 o) 1)@ ], < 5
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and we get by (2.1) and (2.2), the bound on the first linear term.

Bound on the second linear term. There exists C' > 0 such that for all h, f € By T,

1 1 1
M2 = MY < € (s + 7+ s ) 10 e

where .
> i(rT— i T
M2 (h)(t,z) = /t eiTtL <T2V (;) h(r, m)) dr.
We have, for 7 > 1,
Hv () H < C, hence Hv (2) h” < C|hllas.
T/ s, T Hs
Like above, we also have
TN e—clel
s v ()-

By decomposing M2 (h) on its M and S components, we can use the estimates of
Proposition 2.2 to get the desired bound on the second linear linear term.

C

He TV

Bound on the source term. There exists C > 0 such that

1 1
||M0||E' < C (ng—a—4 + vaa2> :

This follows easily from (2.4) and (2.5).

Conclusion. Gathering all the previous estimates together, we have:

Vf,h € Bopr, [M(h)—M(H)lg<Cu(T)|h— fllg, where
(2.6) 1 1 1 1 1 1 1

w(T) = Ta—1 + Tmg—4 + Tmyv—2 + T + Ta—b - Tmg—a—4 + Tmy—2—a”
Therefore, for my > 6 and my > 8 (this corresponds to the assumption made in
this paragraph, since my and mg, are integers, by regularity of V' and g), we can
choose a,b with 4 < b < a such that all the powers of T in (2.6) are positive. Hence
we can pick T large enough such that

(27) VEhE Bayr, IM(B) = M(Dllg < 5l

Taking f = 0in (2.7), we see that M maps By 1 into B, 1. Furthermore, (2.7)
shows that M is a contraction on B, 5 7, which concludes the proof of Theorem 1.1
under Assumption 2.1.

3. INTRODUCING A MODULATION

We now wish to replace the assumption made in the previous section by the
assumptions of Theorem 1.1, which we rewrite:

Assumption 3.1. Let d =1 or 2, and V,g € C°(R% R). Assume that for all a,
0%g, 0%V € L*°:
VBl <1, 197V ()] < Cala 1 if o] < 1,
VI8l <3, [0°(g(z) — 1) < Cpla* 71 if o] <1
At first sight, the above assumption on V' is stronger than in Theorem 1.1. This
difference is irrelevant though, in view of the following remark. For a potential
V as in Theorem 1.1, replacing u(t,z) by u(t,z)e’*V(®) amounts to changing V
to V' — V(0), a potential which satisfies the above assumption. This explains the
presence of the factor e~V () in the statement of Theorem 1.1.
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3.1. Modulation and linearization. As explained in the introduction, we want
to obtain a solution to

1 _ i _ }
(3.1) i(?tv—i—Av—t—QV(%)v—kg(%) B =0 ; |[5(t) - e?DQs — 0,

t——+oo

where (t) =t + o(t) as t — +o0. Introduce the following modulations:

. P 1 T
3.2 (t,z) = ei(a1 (D) +as () atas(t)|z|*) " ( £, - gt > ’

with ¢1,q4,¢5,7 € R and ¢, ¢z € R?. The functions v and ¥ have similar properties
as t — o0 if, morally,

(3.3) ai(t),q2(t),q3(t),q5(t) — 0 5 qu(t) — 1 ; ~(t) ~ ¢t

t—+o0 t——+o0 t——4o00

We give a rigorous meaning to this line below. Note that the second point implies
the last one if we assume

1
C(4) —
From now on, we define v as
Lo
3.4 t) =7 —|—/ ——do,
(3.4) v(t) 0 - q4(0)?

where 7y is a large time to be determined later. We introduce the new time and
space variables

it) —q (t)) , or, equivalently

) = (200 5

(to)= (7 (7)) (e (7H(D)) ).
With our choice for v, (3.1) is equivalent to
(3.5) 100 4+ Av = Vv — g, |v| Y% +iZ,(v),

where we have denoted, for p(7) = (p1,p2,p3,P4,05) € R x R x R? x R x R
. 2 . . d
iZp(v) = (pr+ps -y +pslyl’) v +ips - Vot+ips (5 +y-V v,
_o(ry [y +ge)

= %i’v (%) - W%)QV (q:(ijTq)z)) '

The parameters g, and q4 are assessed in y~!(7) and substituting = = q4(y + ¢2),

p1=aidn+ @ds - @2 + qidslael® + 6F |as + 204a502)°
P2 = q3d> + qudage — 2q1a — 443450,

p3 = qids + 2454502 + 4439305 + 8412 o,

p1 = quds — 44503

Ps = dids + 4442
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The following rewriting essentially block diagonalizes the above system:
P4 = qa (41 — 4q5q4) -
ps = dqi (45 +443) -
P2 = qid2 — 24443 + paga-
p3 = ¢ (43 + 4g395) + 2q2ps.
P1=p3-q2 — pslga® + a5 (G + lgs[?) -
Note that we have not examined the asymptotic condition as ¢t — +o00. We analyze

this aspect more precisely below (see §3.3). We write v = '™ (Q+w): Equation (3.5)
is equivalent to

(3.6) 10;w — Lw — iZy(w) = iRp(w) + 1Z,(Q),
where L is the linearized operator (1.11), and R,(w) = Ryr(w) + Rr(w) + Ry
iRyp(w) = —gp x (F(Q+w) - F(Q) — {(w)),
(3.7) iR (w) = (1= gp) x l(w) + Vpw,
iRy = (1 —gp) x F(Q) +V,Q,

with
2 2
F(z) =z t(w) = (d + 1) QY 4w + 8Q4/dﬁ.

As we will often write the equation (3.6) as dyw + iLw = (...), we also forced a
multiplication by ¢ in the definition of R,. Note that Ry, Ry and Ry also depend
on the parameter p, although we will usually not indicate it with an index.

The sequel of this section is as follows. In §3.2, we show that one can recover
the modulations g¢1,...,q5 and the original variables ¢ and x from the parameters
P1,- - -,p5 and the modulated variables 7 and y. In §3.3, we reduce Theorem 1.1 to
the proof of an existence theorem in the modulated variables 7 and y.

3.2. From p to the modulation. From now on, we will work only in the modu-

lated variables 7 and y, and consider, by abuse of notation, the modulations g as

functions of 7. Denoting by ’ the derivative with respect to 7, that is f = q% /', the
4

above system reads:
/

q
pa = % —4gsq;.
q4

Ps = diqs + 44163

P2 = G — 24443 + Paga.

P3 = qaqs + 49343q5 + 2q2ps.
p1=ps- a2 —psla® + & + ailas]®.
Recall that we seek g4 = 1 + qq4,, with

q1,92,43, qar,q5s — 0.

t——+oo

Consider these functions as unknowns, to be sought, for ¢ > 0, in
(3.9) W(e,70) ={f € C(lro,00[), |[flle.ro := sup 7°[f(7)[ < o0}

T>To

Our main assumption here is p; € W(c(p;), 1), for 1 < j <5.

Lemma 3.2. Let c(p3) = c(ps) > 2, c(p1) > 1, c(p2) = c(ps) > 1. Then if 1o is
sufficiently large the following holds. Let p; € W(c(p;),70), 1 < j < 5 such that

Vj € {1,...,5}, ||pj||c(pj);rg < 1.
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Then there exists a unique family of parameters q1, gz, q3, Gar, g5, such that the sys-
tem (3.8) holds with

® q2,q1r € W(c(q2),70) with ¢(g2) = (min (c(ps) — 2, c(ps) — 1))
e q3,q5 € W(c(gs), 7o) with c(g3) = c(p3)/2.
e q1 € W(c(q1),70) with ¢(q1) = min (c(p1) — 1, ¢(p3) — 1),

and

qu”c(lh)m) + ||q2||0(q2)77'0 + HQ3||C(Q3)7TO + Hq47“||0(q2),‘ro =+ ||Q5||c(q3),‘ro <L
Finally, the variables (1,y) and (t,x) are uniformly equivalent:
1 dr 1
5SS, <2 5 (o)< < 2(z).
3 () < ) <2(a)
Remark 3.3. Under the assumptions of the lemma, we can define implicitly the
variable ¢t from the variable 7 in view of the formula (3.4).

Proof. The first two equations in (3.8) determine g4, and g5. Then the next two
yield g2 and g3, while we infer ¢; from the last equation. Thus we first consider

@or — 4g5 = pa(1 + qar) + 4q5qar (3 + 3qur + ¢2,),

(3.10) ’ Ps 2 2
= — —4(1 + .
q5 (1 q4r)2 ( q47") q5

Introduce the corresponding homogeneous system:
i q4r — 0 4 q4r
dr \ ¢ 00 s )

The square of the above matrix is zero, and we infer:

o3 4)-(2 1)

Duhamel’s formula for (3.10) thus reads:

(7)== [ [p1(0) (14 00 (0)) + 445(0)a10(0) (3 + 3010 0) + . (o) o

_ too g ps(U) . oN2a2 (o o
[0 o) (2 - a1 o)) o

“1__ps(o)
0= [ [~ 40+ 4o ao
Denoting N (k) = ||kl|c(k),, the first right hand side is controlled by

/ (J*C(m)  o=e(a1)=e(85) N (g4 )N (gs) + ro—°®5) 4 ro—2e(a) N(q5)2) o
< pl=epa) 4 pl=clqar)—cles) 4 p2—min(e(ps).2¢(gs))

The second right hand side is controlled by 7'—min(c(ps).2¢(e))  We can solve the
above system by a fixed point argument in the class that we consider, provided that
Tp is sufficiently large, as soon as

c(gar) +1 < c(pa) ;o L<clgs),
¢(qar) + 2 < min(e(ps), 2¢(gs)) ; c(gs) + 1 < min(c(ps), 2¢(gs)).
This boils down to
clpsd) >1 5 c(ps) > 2,
in which case we may take

c(gar) = (min (e(ps) = 2,¢(pa) = 1))~ 5 clgs) = 5(ps)-
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Note also that 7y can be chosen independent of p such that N(p) <1
The system yielding (g2, ¢3) is similar (the constant 4 becomes a 2):

@5 — 2q3 = P2 + 2qurq3 — Pago

/

P3 — 2q2ps
q3 = 74(1 + Q4T)QQ3Q5 +

1+q4r

Under the extra assumption ¢(ps) = ¢(ps) and ¢(p3) = ¢(ps), we may take
c(gz) = claar) 5 clgs) = c(gs).
It is clear that we may choose ¢(¢1) = min (e(p1) — 1,¢(p3) — 1).

The inequalities:

d 1
dt(T_ﬂ‘ qZ_l‘:‘(”q‘” 1| % gy
1 1
lyj — 25 = ‘ <Q4 - 1> T2 tC(qz) (Jj +1)
imply the last part of the lemma. O

The following lemma is a direct consequence of the proof of the previous result:

Lemma 3.4. Let p and p satisfy the assumptions of Lemma 3.2. Assume in addi-
tion that for all k, c(pr) = ¢(pr) = c(p) > 2. Denote by q and q the corresponding
modulations provided by Lemma 3.2. We have

g4(7) = Ga(7)| + lg2(7) — G2(7)| S X ||k — Prlleep

7o) -2 1<k<s
Proof. Subtract the Duhamel’s formulations to systems (3.10) associated to p and
D, respectively. Denoting e,(7) = |q4 — Ga| + T|¢5 — G5/, we have immediately

& 1 1 1
< - - - ~
eq(T) S T/T <<Jc(p) + 01+C(q5)> eq(o) + <) 1<k<5 X ||pr — Pk”c(p),m) do

e 1 1
< L ~
~ T/,_ (0'1"!‘(1(%) 6,1((7) + O'('(p) 1<k<5 ”pk pk”c(p),To) do

From Lemma 3.2, ¢(¢5) = ¢(p)/2 > 1. We can then apply Gronwall lemma to
€q(7) = eq(7)/7, and the first estimate follows. The estimate for g proceeds along
the same lines. ]

3.3. Reduced problem. In the rest of this paper, we show the following:

Theorem 3.5. Let Assumption 3.1 be satisfied. There exists 1o > 0, a modulation
p such that p; € W(c(p), 10) with c(p) > 2, and a solution w € C([19,00[;X) to

(3.11) 10;w — Lw —iZy(w) = iRy (w) +iZ,(Q),

such that
C C

lw(llm < = Iy wr)llz: <

.
Theorem 3.5 implies Theorem 1.1. Writing v(7,y) = € (Q(y) + w(7,y)), we first
see that Theorem 3.5 implies the existence of p = p(r ) like above, and a solution

v € C([19,00[; X) to
0.0 4+ Av = Vv — g, |v| Y% +iZ,(v),
iT C i C
lo(r) = €7@l < gm0 1) (o() ~ €7 @)llz2 < o=

T
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If this holds, then Lemma 3.2 yields a modulation ¢ such that

C
(3.12) a1 (®)] +la2(®)] +laa(t) =1 —— 0, las(®)] +las ()] < 5,

and a solution of (3.1),
1 T
MOLE (7@)7 MO Q2(t)> :

In view of the behavior of the H' and FH' norms via the pseudo-conformal trans-
formation, the only point we have to check to get Theorem 1.1 is that indeed,

Bt 2) = el(DO+a-atas )l

() — DO . S0y i0(t)
t[(t) = e DQll g, — 0 and Hv(t) ¢ QHFH”:OOO

for some 0(t) = t + o(t). We choose 6(t) = v(t): (3.4) and Lemma 3.2 show that
indeed, v(t) =t + o(t) as t — oco. We readily verify that it suffices to prove

) 1 ; z i

i eia@ra@atampr) L ( — ot ) _ o) — o

Q4(t)d/2 Q Q4(t) QQ( ) Q( ) 1 t—-+oo

and
; 1 . T .

i@ (O +as(O)-a+as (D)al?) S (0) ( it ) e O0(x 0.

q4(t)d/2 Q q4(t) QZ( ) Q( ) p— t:oo
This in turn can be checked by elementary computations, in view of (3.12), and
since Q € S(RY). O

As suggested by the statement of Theorem 3.5, we construct simultaneously
the modulation p and the remainder w. We will see in Section 5 that these two
unknowns are related through a nonlinear process.

4. THE LINEARIZED OPERATOR

To prove Theorem 3.5, we need more precise properties concerning the linearized
operator L than those recalled in Proposition 2.2. We use again refined estimates
proved in [34] (see also [10]).

As in [34], we identify C with R?, and the space of complex-valued functions
H'(R?, C) with the space H'(R?,R)x H!(R%, R), considering the operator £ = iL
as an operator on L? x L? with domain H? x H?:

c=in=(_0 M) L= avi-(Ze1)QY Lo=-At1-Q
—L+ 0 d

Note that £ is not self-adjoint. We denote by

<f,9>:/Rdf191+/Rdf2927

the scalar product on L2(R?) x L?(R%). The space of secular modes is defined by
S:=|J N,
k=1

where N(A) is the null-space of the operator A. We next specify the space S and
the dynamics of e’*” on S. Note that by direct calculation,

L (ja?Q) = —4 (;’Q o vcz) L LQ=0,
(4.1)

L4 (5040 vQ) =20

(4.2) L (3?@@) = —20,,Q, LJr(an) =0.
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Furthermore, there exists only one radial function Qv such that
LyQ = —[z*Q.
Consider for 1 < /¢ <d

ny = _Zaale n?,f = _ﬂ()_laweQa 7137( = Zﬁo_leQ
1 (d (1 1=
ng =oag’ <2Q +x- VQ> ., ng = —iog " <2|93|2Q +70Q> . ne=0p Q,
(where ag, 8o, Yo are normalization constants, «g, 39 > 0). Then
43 Enl = Engyg = 0, £n4 = 72711, Engl = 277,2,2,
( ’ ) Lns = 2ny4, Lng = —2ns5 + 2v9n1.

This shows that all n;’s are in the space S. By similar computations, the following
functions are in the space S* = J,.o; N ((£*)"):

mp = Z@u may¢ = x€Q7 msye = _iaa?gQ7
1 d _
m4=—§\$|2Q—VOQ, ms =1i5Q iz VQ, me=—Q.
Moreover, M = (S*)*, and (ny, m;) = &, so that

Psh = E vjnj, where vj = (h,m;).
1<5<6
itL

As a consequence, in view of (4.3), the exact dynamics of e*** on S is obtained.

Proposition 4.1. Let G € C(R; H' x H'), and W such that

(4.4) oW +iLW =G

Denote v; = (W, m;) and d; = (G, m;). Then,
vy = 2uy — 2706 + di yé,e = —2u3 0+ day V{M =dsy
vy = —2u5 +dy ve = 2ug + ds vg = dg.

5. TUNING THE MODULATION

Our approach consists of a careful examination of (3.11). As we have seen in the
previous section, we can write H' = M @ S. Recall that S, the generalized kernel
of iL, is a finite dimensional space, and that the group e®” is bounded on M. To
construct the wave operator of Theorem 3.5, we have to control the secular part of
w (its S component). We decompose w into w = wg + wys. By noticing that

) d
(5.1) Zp(Q) = —i(p1+ps-y+pslyl*) Q +p2-VQ+ ps (2 +y- V) Q
= pragni — p3fons + 2psap(ns — Yon1) — p2fo - N2 + aona

is in S, we deduce the projected equations on S and on M. Namely, we want to
construct a solution to the system

(5.2) Orwg + iLwg = Pst(w) + PSZp(’LU) + Zp(Q),
(53) Orwyr + iLwpr — PMZp(wM) = P]\/I-Rp(w) + PMZp(ws).

We introduce
oo

g M@= [T PR )+ PsZy () + 2(@))do + b))
= 04 (w)(r) + B2()(r),

where ®5(w) = ¢ is the solution (in M for all 7) of the equation
8—,—¢ + ZL¢ - PMZP((Z)) = PMRp(w) + P]\/[Zp(’u)s).
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The existence of ®(w) will be shown in §6. In the present section, we define the
modulation parameter p, and estimate ®;(w). The main point in our approach is
that p depends on w, and is chosen so that the secular part ®;(w) of ®(w) belongs
to span(ng). As p also appears in the definition of ® in (5.4), the dependence of ®
upon w is more implicit (and more nonlinear) than it may seem.

As it is standard, we shall construct in Section 7 a fixed point for ®. However, we
shall not use Banach—Picard result (based on contractions), but rather the Schauder
fixed point argument (based on compactness).

The modulation parameter p is defined from w in Proposition 5.3 of §5.2. To
implement this idea, we first prove some a priori estimates for arbitrary p.

5.1. General estimates.
Lemma 5.1. Let Assumption 3.1 be satisfied, and
Hpk”c(p)n—o < 17 ”ﬁk”c(p),‘ro < 1a ke {L .. '75}7

where c(p) €]2,3[. Then, for every fized w, we have the pointwise estimates

(5.5) |Ryvp(w)| SQuwl*+ Y |wf,
3<i<1+4/d
W’ . Lo W)
(5.6) [Bu(w)| § e | 4+ = min (1,2 )ul,
1 - _ 3 4/d
(5.7 By(w) = Bp(w)| £ —rrplp = Bllgn (70 + @) fwl (w)**)
1 . _
(58)  [Byrp(w) = Rep()l € —grprlle =Bl )7 [wf? ()

1 -
(5.9) R p(w) = Rep(w)] S —grer D = Bleco.no (0} ]

Proof. Estimates (5.5) and (5.6) follow from the definition of Ry and of Ry, (see
(3.7)), and, for (5.6), from Assumption (3.1).
Next we estimate |g, — g5|. Notice that

‘ . :’a-lm—w—lm
v ) AT YTy H(T)
We have

dy~(7)

0 () = (140 ()
Therefore, by Lemma 3.4:
d . —1 ~ 1 <
G710 =7 0)] S laar (1) = G ()] S =5 1P = Bllecorn
Integrating between 19 and 7 and using that () = J(79) = 70 we get, since
c(p) <3,

1
~—1 _1 ~
’7 (1) =~ (T)| S m”p —P||c(p),70-
This rather poor estimate yields the more interesting one

1 1 < 1 -
7_1(7_) ;3/_1(7_) ~ Tc(p)il ”p p”c(p),TU'

, and \ its counterpart associated to p. We can write

Denote A = g4 /v~ !

9p(1,9) = 95(T,y) = g0y + Agz2) — g(Ay + A2).
Note that Assumption 3.1 implies
l9(a) = g(b)] S la — 0] (|a]* + [b?) .
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Invoking Lemma 3.2 and Lemma 3.4, we deduce
90(7,9) = 957, 9)| S (1A= Myl + ez = Adal) (A2 + 32) (9)?

1 N 1 2
S WHP —pHc(p),ro (y) x P (y)

1 . 3
S P = Bllew)m ()" -

We have a similar estimate on V, — Vs = A2V (A(y + ¢2)) — A2V (A(y + G2)):

1 _
Va(m,y) = Va(m.9)l S m“p — Pllegp).o (Y) -
By definition, we have (without splitting the terms as in (3.7))
iRy (w) = gp ¥ |Q +w|(Q +w) =V, x (Q +w) = F(Q) — £(w).

We also have
Q4w YL QU fu T,

and the estimate (5.7) follows.
Estimates (5.8) and (5.9) of the lemma are a straightforward consequence of the
definitions (3.7) of Ry, and Rnp p, and of the above estimates. O

We introduce the notation, for 1 < j < 6,
(5.10) Dj(p)(7) = (PsRy(w) + Ps Zp(w), my;) .
For p = (p1,...,p5), ¢ > 0, denote, once and for all,

PO = max [pe(r)l, [Pl = max, 12l

Lemma 5.2. Let Assumption 3.1 be satisfied. If
”pHc(p),To < 17

where ¢(p) > 2, then we have for all T > T,

144/d 1
1D;(p) (0] S Mwll3 ™+ [wl 2 + p”wllL2 + [p()[[[wl[ L2

+1/rtHe® 1/t ifj=1,5
1/73 if j =3.

Proof. Taking the L?-norm in y in the pointwise estimate (5.5), Sobolev embedding
yields:

IRve (@)Dl S D w®)l

2<k<1+4/d
By the pointwise estimate (5.6) we get

1
I1RL(w@)(M)lz2 S Sl
These estimates yield, since m; € & (Rd),

RAGIGIEEY Hw(T)II’?p+%Ilw(7)HL2+\<R07mj>|+IP(T)|IIw(T)HL2,
2<k<14+4/d

Notice that Ry is purely imaginary, that ms, my4 and mg are real, and thus
V] S {2,4, 6} <R0,mj) =0,
which yields the first case in (5.11).
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By Assumption 3.1, the Taylor expansion of g near the origin reads:
g(z) =1+ Z car® + O(|z]h).
|a|=3

In view of Lemma 3.2, we infer

3 . n 4
ap(r) =1+ — s 3 ca (y+ ) w(w)

(v=1(7)) || =3
4
— 14+ et |Z|: Caly™ +O< 312((12)) +0 (%)
a|=3

Notice that if j € {1,5}, m; is a radial function. Thus if |o| = 3,

/y"‘mj =0.

Arguing similarly on V| we infer
1 1

|{PsRo,mj)| = [(Ro,ms)| = [{(1 = gp)F(Q) + Vu@mo)l S s + 3

Lemma 3.2 then yields the second case in (5.11). To prove the third case, we use

the pointwise estimate

|R0| N < > Q1+4/d 72 (1|y|>T + <:7y_>1|y§7> Q

Since ) decays exponentially, this yields

1
1Ro()lze S =

and the third case in (5.11) follows.

O

5.2. Control of the secular modes by projection. Our approach consists in

defining ® so as to limit the role of the secular modes (to the sixth mode).

Proposition 5.3. Let ¢ €]0,1/3[. Then if 19 > 0 is large enough we have the

following property. Let w € C([ry,00[; H') with
(5.12) sup 72 ||w(7) || g1 < 1.

T2>To
There exists a unique modulation parameter p = p(w), such that, for T > o,

1
(5.13) Ip(7)] < P P

and
Dy (w)(7) = /C>O e 7= (P R(w) 4+ PsZ,(w) + Z,(Q)) do € spanng.

Furthermore, for this choice of p

C
(5.14) vr 210, [(@1(w)(7),me)| < =5,

where C' does not depend on w.

Proof. We introduce, for arbitrary p,
(5.15)  d;(p)(1) = (PsRy(w) + PsZp(w) + Zp(Q), m;) = (Dj(w) + Z,(Q),

di(p) = D1(p) + aop1 — 2c0070ps,  da(p

(p) = Da(p) — Bop2,  dz(p) = D3(p)
ds(p) = D4(p) + aopa, ds(p) = Ds

(p) + 2a0ps,  de(p) = De(p),

( mg).
By the explicit expression (5.1) of Z,(Q) we get the relations between d; and Dj:
— Bops
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where ag, 8o, Y0 are real constants, g, Sy > 0. From (5.12), we know that w tends
to zero as 7 — +o00. Recalling that Z,(Q) € S for any parameter p, the stability
of S by el shows that ®;(w) € S. Denote, as in Proposition 4.1,

1 (w)(r) =) vi(r)n;.

j=1
By Proposition 4.1,

—+oo +oo
wir)=— [ do== [ Dulo).
which is well-defined in view of (5.11), (5.12), (5.13). We want v; to vanish, for
1 < j <5, so in view of Proposition 4.1, we would like to impose
do=d3=dy=0 ; ds=-206 ; di=2vvs.

The proposition follows if we get a fixed point p in the unit ball of (W (3 — 3¢, 7))
(the space W is defined by (3.9)) for the operator ¥(p) = p = (p1, D2, D3, Da, D5):

1 o0 1
ps = —(—-D 2| D . py=-——D
Ps 2a0< 5(p) + /T s(p)> i Da - 4(p)
~ 1 . _ 1 Yo
— —D. =92.3 - =——D ——D .
Pj =75 i(p), 7=2,3 5 m ” 1(p) ” 5(p)

Let B be the closed unit ball in (W (3 — 3¢, 79))°. We first show that B is stable by
U. By (5.12), and since 0 < & < 1/2, we have, for 7 > 79 > 1,

1+4/d 1
(516) ol Hiwlis + glelze + pr)llw]
< 1 1 1 1 < 1
~ 7—(1+4/d)(275) + 7-4726 + 7—476 + 7—5745 = 7-4725'

By definition of ¥, (5.16) and the estimates (5.11) on Dj, we get, for j € {2, 3,4}

~ 1+4/d 1 1
15;() S 105 @)()] S Il + Jwll3 + —lwllzz + =5 + p()lwll 2
C 1
X ; X m’

if 7 > 79 and 79 is chosen sufficiently large. In view of the estimates (5.11) and
(5.16), we have

+oo too g 1
(5.17) /7— |Ds(p)(0)|do 5/7 gi—2e do S F3-2¢°

provided 79 > 1. By the estimate (5.11) (second case) and (5.16) we get, taking
again 7 = 19 > 1,

+oo
~ 1 1 1 1
‘p5(7-)| S ‘D5(p)(7)| +/ |D6(p)(a)|d0 5 F4—2¢ + 43¢ + F3—2¢ < 73—3¢’

T

and similarly
_ 1
pr(T)] S 1Du(p)(7)] + [Ds(P)(T)] < 5=

As a consequence p = ¥(p) € B, and the stability property of ¥ is settled.
It remains to prove the contraction property of W,
(5.18) W (p) — V(D) l3-32,70 < KllP — Dll3-3¢,705

for all p,p € B, with K < 1. In view of the definition of ¥, it is enough to show
that if ¢ is small, and 7y is chosen large enough, we have, for 7 > 7,

(5.19) 1D5(p) = D;j(B)ll3-3¢m < tllp = Bllz—3e,70
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for 1 <j <5, and
(5.20) |1 Ds(p) — Do (D) |la—3e,70 < tllp — Dll3—3e,70-
Recall that by definition,
Dj(p) = (PsRp(w) + PsZp(w), my) .
We have
[(Ps Zp(w) = PsZp(w), m;)| < pr(7) = pr(T)[[w(r)] 2

1 _ 1 -
S G Ipk(7) — Pr(7)| S EHP*PHB—&,TO.

By the pointwise estimate (5.7) we get

1 -
[(Rp(w) — R(w), myj)| S EHP — Pll3—3e,70-

Taking 7y larger if necessary, we deduce the estimate (5.19).
To prove (5.20), we argue as in the proof of Lemma 5.2:

Dﬁ(p) = <RNL(w) + RL(’LU) + PSZp(w),mG) s

that is, the contribution of Ry vanishes, since Ry is purely imaginary and mg is
real. We then invoke inequalities (5.8) and (5.9) of Lemma 5.1, to infer:

[{Rp(w) = Ry(w), me)| S ﬁllp = Blla=e,mlw(™) a1 () ]ss) "

1 _
S e X ﬂ”p — Dll3=3e,70>

which gives (5.20) and concludes the proof of the contraction property (5.18).
Therefore there exists a fixed point p € B for ¥. For this p, we have v;(7) = 0,
for 1 < j < 5. Moreover, since

©1(w)(7) = v6(T)n6,

it remains to show (5.14), that is, to check that |vg(7)| < 1/7372¢. This follows
immediately from (5.17) and the fact that v§ = De. O

6. THE NON-SECULAR PART

As announced in the previous paragraph, we now study the M-component of w,
which has to solve (5.3). For this, we consider the operator ®o, that is, we study
the equation

(6.1) Or6+iLé — PuZy(@)=F ; [6(r)ls — 0,

where F' € C([ro, 00[; M).

6.1. Energy estimates. Recall the important property, established in [34]: on M,
the H' norm ||-|| g+ is equivalent to ||-||as, where

I¢l3; = Re (Lo, ¢).

Lemma 6.1. Let k € {0,1,2}, and F € L'([rg,00[; £2*"1). Suppose that ¢ €
C([r0,00[; M N £25+1) solves (6.1) and tends to 0 in X221 as 7 — +o0o. There
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exists C' > 0 such that for all T > 19, the following holds:
)z <€ [ (1@
()| (1602 + 1| ) (V) 6(0) 12 ) ) dor
n@fmlwwm@<c[ﬁ0um%“mem+nwﬂwwwmm+|w@u2

+ ()l )" (02 ) do-

Proof. We begin with the first inequality in the case x = 0. Multiply (6.1) by L,
integrate with respect to y and consider the real part:

Re 8T¢L$—Re/ Py Z,() L@:Re/ FL.
Rd Rd Rd
We readily check the identity
_ 1d
Im/’a¢L¢=5gwwL.
Rd T

A straightforward integration by parts yields

/ FL3

Rd

It remains to estimate

©2) e[ PuZ@)Li=Re[ 2,)L5-Re | Pez,0)L.
Rd Rd Rd

We start with the first term. Recall that

d
Zp(@)=—i(pr+ps-y+pslyl’) o+ p2-Vo+ps (2 +y-V> o}

S Nl ar-

and
— R — 2 - 2
Lo=—-Dd+6- (d + 1) QY19 - SQYs.
We have, by elementary integration by parts:
Rei [ moaG=o.
Rei [ 50| =i [[opa- V8| < all sl

pﬂm/¢yv4<2%mMmH@¢L%

Rei / p5y|2¢A¢‘ .

Re/p2 -VoAp =0,
d _
Re/p4 (2 +y. V> 67D = —py / VP,

e [ 2,(6)83] < Clm + sl + pallollan | 6) ol

We infer:

We easily deduce that the first term in (6.2) is controlled by

[Re [ 2,6)L3] < Clpllélm (I6]m + 1| ) ol12).
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For the remaining second term in (6.2) we use the structure of the space S,

’Re/PSZp(@ L¢‘ =1 > <Zp(¢),mj>Re/nj Lo|.

1<j<6

Integrating by parts both in the scalar product and in the integral, we get

‘Re [ P70 quy < Clpllol2..

Summarizing, we have obtained

d
ol < ClIEl el + Clplllla (181 + 11 (v) 6ll22)-

Since the M-norm and the H'-norm are equivalent on M, the first inequality of
the lemma follows in the case k = 0.

Let & > 1. We write (6.1) as
0r¢ +iLd — Zp(¢) = F — PsZy(9).
Applying the operator (iL)" we get
07 ((iL)"¢) +iL ((iL)"¢) — (iL)"Zy(¢) = (iL)"F — (iL)" Ps Zp(¢)-
Hence
Or ((iL)"¢) +iL ((iL)"¢) = Zp(iL)"¢ = (iL)"F + [(iL)", Zp] ¢ — (iL)" Ps Zp(¢),

where [(¢L)", Z,] denotes the commutator of the operators (¢L)" and Z,. By direct
computation, the commutator [iL, Z,] is an operator of order 2 in ((y), V), which
is only of order 1 in (y) and whose coefficients are multiples of p,. .. ,ps:

. . d
[iL, Zp)p = [UL —i(p1+p3-y+pslyl®) +p2- V4 ps (2 +y'V>} ¢

= —i[A, —i(ps-y+pslyl®) +pay - V] o
(2 .2 3
—i (d+1) [Q4/d7pz -V+p4y-V] ¢ — i3 {Q4/d7p2-v+p4y-v} ¢
= —2(p3-V +2psy -V +dps +ipsA) ¢

+i (2+1) (pQ-V(Q“/d) +p4y-V(Q4/d))¢

d
Furthermore
r—1
[(GL)", Zy) = > (LY [iL, Z,) (iL)" =31
j=0

Hence

NG, Z) s < Ip| (Il e + || () (7))
Notice also that

1GLY“Ps(Zp( @Dl = || D2 (Zo(6).my) (L),

1<j<6
Denoting ¢, = (1L)"®, we see that ¢,.(7) € M and that it solves
Or + il — PrZy(dn) = (iL)"F + [(iL)", Zp| ¢ — (iL)" Ps Z(¢) + Ps Zp(dx)-

)

<
L S1llee,
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From the case k = 0 and the previous estimates, we get:

+oo
1620 S [ (IF@laess

+1p(@)] (60 2+ [| () (V)" 6(0)] ) ) o
Noting that for a large constant K, we have for all f € M,
IGL)* fll g + K[ fll e = 1 f || pr2ssa

and using the case k = 0 to bound ||¢(7)|| g1, we get the first estimate of the lemma.
To conclude, we estimate the momenta: for s € N, we compute more generally
1d 2s 2 _ 2s - 2s . -
Sdr ()7 10" =Re [ (y)” 0-0¢ =Re [ (y)™ (—ild + PryZy(¢) + F)o

—t [ )" L5+ Re [ )" PuZy()5 + Re [ () 5,
By a direct integration by parts
03 [0 208 1) Vollual )" olus + 1o
Furthermore,
Re [ ()% PuZy(0)3=Re [ (1) 2,(6)5— Re [ ()" Ps2,(0)5

On the one hand,

2s - 2s - 2s d -
Re [ (% 2,0)8] =R [ W V654010 (5 +3-7) 03]

< S b2
mae el [[4)° 61

On the other hand,

Re [0 Pzy0)3| = | (orm e [ n; )| < ool

1<j<6

Hence

(6.4)

Re [ () Puz,(0) ¢] < ol ) 61,

Combining (6.3), (6.4), we obtain the second estimate of the lemma, concluding
this proof. O

6.2. Refined a priori estimates. In the sequel, we consider 0 < ¢ < 1/3, and
extra smallness assumptions will be precised when needed.

Lemma 6.2. Let 79 > 0 and p € C([r9,0[)® such that

1
V1 =10, |p(7)| < e
For a,b> 0. Let

X(a,b,6) = {qb € C([rg,00[; M N Z‘s), 1Pl x (6,5 < oo}, where

[6lx (a8 = sup 7 [9(7) | s + sup 7| 3)° 6(7)|

T2>To T2>To
Assume that F € X(a+14+n,b+14n,9), withn >0 and
(6.5) §<a—b<d(2-3), 1<6<5.

Lz’
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Let > 0. If 79 is sufficiently large, every solution ¢ € X (a,b,0) of (6.1) satisfies

(6.6) 191l x (a,8,6) < BIF Nl X (at14n,5414n,5)-

Proof. We prove first the lemma in the cases § =1 and § = 5.
First case: § = 1. Denote by

My = [|F||x(at149,b+14n,1)-

The H'-estimate and the momentum estimate with x = 0 of Lemma 6.1 read, along
with the assumption on p:

nmwm\c/wGﬁgg ez (160 e + 11 9) 60 52) ) o
Il ol <€ [ (ittss + samsell ) 60 + olo)lan ) o

We apply Lemma A.1 with the following data:
ap=01=0; e=0e=1;a1=0a2=b=2-3¢; by =—

This is possible under the assumptions a,b > 0 and 1 < a — b < 2 — 3¢, which are
fulfilled in the context of Lemma 6.2. We then have

D1l x (a,b,1) < BIF (X (@r14n,b+14n0,1)5
for 7y sufficiently large.

Second case: § = 5. Denote by

Ms = || F||x(at149,b+141,5)-

To proceed in a similar way as in the first case, we use interpolation estimates (B.8)
and (B.9). By Lemma 6.1 in the case k = 2, we obtain

ool < [ ( UHHU
+ gz (160 + 11 )" 9@V 937 ) o

1) 6oz < [ (HHWw<><>WwMMWVwmwmz

+ 3135”<> (U)HLZ)dU.

We apply Lemma A.1 with the following data:
1
=P3=0; f2=1; 04225123 ;a1 =ay=b3=2-3c; by =by=—1.

This is possible under the assumptions a,b > 0 and 5 < a — b < 10 — 15¢, which
are fulfilled in the context of Lemma 6.2. We then have

H¢||X(a7b,5) < M|\F\|X(a+1+n,b+1+n,5)’

for 7y sufficiently large. Summarizing, we have obtained the lemma in the following
cases:

l<a—-b<2—-3sand § =1,
b5<a—b<5(2—-3¢) and § =5.

By complex interpolation, the lemma follows under condition (6.5). O
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6.3. The Cauchy problem on M.

Proposition 6.3. Let 7 > 0 and p € C([r,0[)® such that

1
73=3¢e’

V727, [p(7)] <

Assume that F € X(a+1+n,b+1+n,8), with a,b >0, n >0 and
d<a—-b<d6(2—-3), 1<6<5.
where the space X was defined in Lemma 6.2. Then (6.1) has a unique solution
)

¢ € X(a,b,0). Furthermore, this solution satisfies (6.6).

Proof. The proof is set up in the same spirit as the existence of Mgller’'s wave
operators. Let x(7) = 1— H (1), where H is the Heaviside function, be the function
equal to 1 for 7 < 0 and 0 for 7 > 0. We first consider the case where F €
LY ([0, 00[; M N ¥?). For (7,,), a sequence going to +oo, consider

(6.7) Orbn +iLdn — Py Zyp(dn) = X(T =) F 5 dpjr=14s, = 0.
To begin with, we remove the projection Py, from the left hand side, and consider
(6.8) OrOn +iLpp — Zp(fn) = X(T =) F 5 @pjr=14r, = 0.
We show that for every n, (6.8) has a unique solution ¢,, € C([r, 0o[; £?). To see
this, remove the modulation by reversing the approach presented in §3: recalling
(3.2), define ¢,, by

x

Py _ il () +as(t)-z+gs(t)|z)? 1 -
Gultoa) = el Ot ' )(14(t)d/2 on (ﬂt)’ qa(t) q2(t)> 7

where v is given by (3.4) and the g;’s are well-defined function of the p;’s in view
of Lemma 3.2. We check that (6.8) is then equivalent to an equation of the form

Zat%n + Agn = Wl(gn + WQQEn + ﬁn 5 $n|t=tn =0,

where the notation f‘n is obvious, t,, = v~ (7, + 1), and the potentials are given by

O O e

2 z Y i@ s s 0lel?)
Wal(t,x) = — Q( qt) 2\ (t)+as(t)-otas (D))
200 =~ gap e

We note that W; € L*([tg, oof; W5 (R%)), j = 1,2. We can then construct ¢,
in C([tg,o0[; L?): a fixed point argument yields ¢, on small time intervals (with a
non-trivial initial data in order to repeat the process), and we can split [to, ¢,] into
finitely many time intervals on which we can control the L L2-norm of ¢,, by the
L{ L2-norm of F, on the same time interval. We can proceed along the same line
to construct ¢, in C([to,c0[; H?), and then infer that ¢, is also in C([to, co[; £°)
(with qﬁnh?t” = 0). We skip the easy details.

We deduce that (6.8) has a unique solution ¢,, € C([r,oc[; £°). The case of
(6.7) follows easily, by rewriting it as

a'rgbn + ZLan - Zp(¢n) = _PSZp(¢n) + X(T - Tn)F ; ¢n\r:1+‘rn = 0,
and by recalling that

1
PsZy(én) Z p(¢n),mj) nj, hence [|PsZy(¢n)(7) 25 S —5=5z16n(7) ] 2.

Jj=1
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The important point which we must note now is that ¢, € C([to,o0[; M N X5),
which is compactly supported in time, has no secular part. This is so thanks to
Proposition 4.1, and the integral formulation of (6.7), which can be written as:

1471,
bn(7) = / 0L (x(0 — 1) F(0) + PruZy(60)(0)) do, 7 70,

Since x(- — 7,)F € L([r9, 0o[; M N %), Proposition 4.1 shows that the right hand
side of the above equation has no non-trivial S-component. Therefore, ¢, (1) € M.

To conclude, we note that under the assumptions of the proposition, x(- — 7,)F
converges to F'in X(a+1+1n/2,b+1+n/2,6). Since (6.1) is linear, Lemma 6.2
shows that ¢,, is a Cauchy sequence in X (a,b,d), thus it converges in this space to
¢ solution to (6.1) which satisfies (6.6).

By density, we can also assume F € X(a+1+4n,b4+1+mn,0). Uniqueness follows
also from Lemma 6.2. O

7. FIXED POINT ARGUMENT
In this section we show Theorem 3.5.
Recall that we have defined the operator ® as follows:
D))= [ T PRy ) + PsZylw) + Zy(Q) o+ alu)()
= &1 (w)(7) 4+ P2(w)(7),
where ®o(w) = ¢ is the solution (in M) of the equation
0-¢ +iLd — Pr Zp(¢) = PrRp(w) + P Zp(Psw).

The modulation p is a function of w itself, defined in §5, Proposition 5.3. To prove
Theorem 3.5 (hence Theorem 1.1), we show that ® has a fixed point in a suitable
space. Consider for 0 <e < 1/3 and 1 <4

Y (8,,70) = {w € O (fro,00: M1 5°) + C (fro, oo spanne) : ]l 5., < o0}
where ||wls¢ -, is defined as

_ 99— ) _
sup 72 ||Pyyw(7) || s + sup 70727 (y)° Prw(r)|| 22 + sup 707 [(w(r), me)|.
T>To TZ2To T2To

7.1. Stability. The main result of this section is the following:

Proposition 7.1. Let § €]1,2[, and 0 < e < 1/4 so that e <1 — /2. There exists
70 > 0 such that ® maps the closed unit ball of Y (6,e,70) to itself.

Proof. For w € Y (4,¢, 7)), Proposition 5.3 yields a modulation p such that

sup 7373 p(7)| < 1.

T2To0
By Proposition 6.3, Ps®(w) = ®;(w). Since by Proposition 5.3, ®; (w) € span(ng),
the secular part of ®(w) has the suitable structure for Y. Moreover, by (5.14), for

7—27—07

|<Il(w)(‘)7 ”‘6>|< 3_92¢ <
T

€ .3-3¢"
TO T

Therefore, increasing 7 if necessary,

sup 72| (@(w)(7), me)| <

T>To

Thus ®;(w) is in the 1/2-ball of Y (4, ¢, 79).

N =
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To control the non-secular part Py ®(w) = Po(w), we apply Proposition 6.3 with
F = Py Ry(w) + Py Z, (Psw) .
We look for a and b such that F' € X(a+ 14 n,b+1+n,6). We note that
P Zy, (Psw) = (w, mg) Py Zp(ne),

so we have the estimate

1 1 1
||PMZP (PS’LU) (T)||Z‘5 S/ ‘<w(7—)7m6>||p(7)| 5 73-3 X 73-3¢ =

—9oE&

76—6¢ "

The delicate term, which explains the assumption ¢ < 2, is the last one, Py Ry (w).
We treat separately the contributions of Ry, Ry and Ryr. Since d < 2 and 6 > 1
H°(RY) is an algebra, and we infer

| P Byr(w)l| s < [[Byp(w)||gs + [[PsRyr(w)| gs

1
1+4/d
5 ||w||§{5 + ”wHHo / 5 F2(2-¢)"

)

From the pointwise estimate (5.5),
(

5 5 5
[ ()" PuRnr(w)|lrz <[ {y)" Byo(w)l[zz + ([ ()" PsRyr(w)| e
5 j 1
Sl + 10wl S Tl S sy
2<;5<4/d

We next treat the contribution of Ry. Using that 7'2Vp is bounded in the Sobolev
space W2 uniformly for 7 > 1, we get
1

rd—e’

~

1
| PrRr(w)| s S ﬁHWHH5 <

Denoting 3 = 2 — 2¢ — ¢ €]0,1[ the decay rate of the J-momentum of w in the
definition of Y (4, ¢, 79), and using simply the boundedness of the external potential
V', we infer
s 1 1 s 1
)" PuRs()lze S ol + 5 1) vl S e
The term Py Ry can be estimated in a similar way, up to the fact that the H°-norm
and the momenta of ) do not decay in time:

1 s 1
1PaRollns S —5 5 19)" ParBollzz S -

Summarizing, we have obtained

1 1 1 1 1
[El s < 76— 6¢ + Fi2e + R + 73 N 737

s 1 1 1 1 1
|| <y> FHLZ g 7—6—68 + 7_4_2E + T2+ﬂ ﬁ ~ T2+B’

meaning that F' € X (3,24 3,d). We can then apply Proposition 6.3 provided that

there exists a, b, > 0 with

d<a—b<d(2-3e),

such that F € X(a+1+n,b+1+n,9). We take a + 14+ n = 3 (note that this
constraint comes from Rg). This requires a = 2 — 7 (n > 0 can be arbitrarily
small), and since on the other hand, we must have a > 9, this explains why we have
assumed 0 < 2. By taking n = 5 and b= 8 + 5, we get as a constraint
0<2—e—F<d(2-3¢e).

As e < 1/4, this condition is fulfilled by the choice § = 2 — 2¢ — 4. Therefore, by
Proposition 6.3 ®3(w) € X (2 — 5,8+ 5,0). By increasing 7o if necessary, ®»(w) is
also in the 1/2-ball of Y'(§,¢, 79), and the proposition follows. O
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7.2. Compactness. We recall the following compactness result, which is a partic-
ular case of [31, Corollary 4].

Theorem 7.2 (From [31]). Let X C B C Y be Banach spaces such that X is com-
pactly embedded into B, and B is continuously embedded intoY . Let 1o < 1 and F
be a subset of L([ro, ]; X) such that {32, v € F} is bounded in L=([r9, 1];Y).
Then F has compact closure in C([ro,m1]; B).

Fix €, ¢ as in Proposition 7.1. Let K be the closed unit ball of Y (d,¢,79). By
Proposition 7.1, the operator ® maps K into itself. Notice that K is closed into
Y(8,¢e,70)if 6’ < §,& >eand 2¢ + 6 < 2¢' + §'. In this subsection we show the
following lemma.

Lemma 7.3. Let 0 <e <&’ and 1 < < § <2 and assume 2e +§ < 2¢' +§' < 2
(this implies that Y (6,¢, 7o) is continuously embedded into Y (8',e',79)). The image
®(K) of K has compact closure in Y (8',&',79).

Proof. 1t is sufficient to show that for all » > 0, there exists a finite number N of
functions in v¥,, € Y(¢',¢’,79), such that

(7.1) Y eDK)=Ine{l,...,N}, ||[v— d’””é/,s’,m <r.
Recall first that ®(K) C K. Thus for ¢ € ®(K),
_ _ ’ _ r_ st 5/
T2 N Pty (D)l o + 7272 (0 (1), me) | + 7772 0 (1) Patd(7) 2
< Ts—s’ + 7_36—36/ + 7_26“1‘(5—26,—5/.
Let 71 such that 79 < 71/2 and
Tl e—¢’ T 3e—3¢’ T 2e+5—2e’ —&’ r
z) +G)  +E) <3

From the two preceding inequalities, we get that for ¢ € ®(K),

(7.2) T>%=$
o _a.t ol st 5’ r
T2 P (1) o + 70 (7),me) | + 72 0 () Partd(7) L2 < 2’

Next, consider the set
F = {@(w)’[mn], w e K} .
We will show that the assumptions of Theorem 7.2 hold with
X=% B=%, y=x"72
where we define (as § < 2) 2072 = H°~2 + F(H’2). Note that 0 < ¢’ < 4, so
that X is compactly embedded in B. The fact that ®(K) C K shows that F is a
bounded subset of C ([TO, T1); 25). Furthermore if ¢ = ®(w) € K then ¢ = ¢p+ ¢g
where
a‘r¢5 + ZL¢S = PSRP(U)) + PSZP(w) + ZP(Q)v
87—(]5]\/[ +tLon — PMZp(¢M) = PMRp(w) + PMZp(’ws)
Using that ¢ and w are in K, we get that 9,¢ € C ([ro, +oo;£°?) and that
O7@|[ro,7,] 18 uniformly bounded in ¥9-2 with a bound which is independent of ¢.
By Theorem 7.2, F has compact closure in C' ([r9, 71]; £%). As a consequence, there

exist 1;1,. .. z/;N such that
(7.3) Vi) € F, In e {1,...N}, sup 1/;(7')—15,1(7')’
ToKTETL

where kK = max{2 —¢&’,3 —3¢/,2 — 2¢' — §'} > 0.

r

s’ GTf’
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Let x € C°°([r9,+00[), supported in [rg, 71], such that 0 < x < 1, and x =1
on [19,71/2]. For 1 < n < N, let ¥, = x¢,. We show that the v,,’s satisfy (7.1),
which will conclude the proof of the lemma. Let ¢ € ®(K). By (7.3), there exists
n € {1,... N} such that

X9 = Yll e o) < [0 =

r

< —
Lo (70,71,25’) 14’7-{6 ’

where A is a large universal constant to be specified later. And thus, using that
X% is supported in [, 71],
r

VT =10, [IXP(T) = Yn(T) s < T
This implies, if A is large enough,
T2 IXPatb(7) = Parton (7)l|rsr + 7275 | (0tb(7) = (), )|
o s/ ’ T
+ 722 () (X Part (1) — Pagtbn (7)) |12 < 3
Furthermore, by (7.2),
721 = ) Prtp (7)o + 7273 |(1 = x) (9(7), m)|
+ 7772 (1= x) ()" Pud(7) e <

N =3

Hence (7.1). The proof is complete. O

7.3. End of the proof. The following proposition will allow us to use Schauder’s
Theorem in order to prove Theorem 3.5.

Proposition 7.4. Let 6,8 €]1,2[, and 0 < €,&’ < 1/4 so that 2e+6 < 2¢' +§" < 2.
The closed unit ball K of Y (8,¢,79) is closed in Y (&',€',70). In addition, the map
o : K — K is continuous for the topology of Y (8’ &', 79).

Proof. In view of Proposition 7.1, we need only prove the continuity. We start
with an estimate of the difference of two parameters p, p defined from two different
functions w,w € Y (6’,¢’,79). Recall that the existence of p was proved in Proposi-
tion 5.3 as a fixed point of the operator ¥(p) = ¥,,(p), and that w € Y (¢’,¢’,79)
implies ||p||3—3e/,7, < 00. We have

Ip(7) = B(7)| = [Pu (p)(T) — Ta (P)(7)]
< W (p)(7) = Vu (D) ()] + [V (P)(7) — Vs (P)(7)]
By the contraction estimate (5.18) on ¥,,, we get
||p - ﬁ||3—38',7’0 < 2||qu(ﬁ) - \ij(ﬁ)H?)—&s’,ro-

Therefore, in view of the definition of ¥,

lp = Plls—ser.70 S Y (D5 (B)(w) = D3 (B)(@)l5 s,

1<5<5

+oo
/ (Do(5)(w) — Do(5)(@)

(p
(

+

3-3¢',70
By the definition (5.10) of D;(p), one has

|D;(p)(w) — D;j(p)(w)| < [(Ps(Rp(w) — Rp(w)), m;)| + [(Ps Zp(w — ), my)|
< HByrpp(w) = Ry (@), my)| + [(Rep(w — ), my)| + [(Ps Z(w — w), m;)] .
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In view of the explicit formulas for Ry and of the pointwise estimate (5.6) on Ry,
we infer, since w,w € L H:

[(D;(p)(w) = D; (p)(@))(7)| S [lw(T) = @(7) || 2 (Jw(m) [ ez + (|0 (7)[| 0

1 . B N 1 .
+ Sllwm) = @)l + [pDw(r) = d(D)lm S =z lw = @lls e n-

In conclusion,

- 1 .
(7.4) 1P = Blls—se,70 S —7llw — Wll5r e ,7-
To
Also, since
+oo
Py (w)(7) = —ne Di(p)(w),
we get

. 1 .
121(w) = 21(@D)l5r.er,70 S = llw = Dllrer,70-
0

Therefore ®; is (Lipschitz-)continuous on Y (¢',¢’,79). It remains to show the con-
tinuity of ®s.

Let w € K and w, € K such that w, — w in Y(¢§',&',79). Denote by ¢, =
Dy (wy) = Py®P(wy), and ¢ = Po(w). By Lemma 7.3, $(K) is relatively compact
and there exists a subsequence of ¢,, which converges in Y (¢’,¢’, 79) to some ¢ € K.
It remains to show that ¢ = ¢. By (7.4) we have

lim ||pn _p||3735’,7'0 = 0.
n—oo
By definition of ®9, we have
a'r(bn + ZL¢n — Py Z n(¢n) =PyR n(wn) + PuZ n(PSwn)~

Letting n tends to oo, we get that ¢ satisfies the following equation in the sense of
distributions

8+¢ + iLd — PrrZy(¢) = PaRy(w) + ParZp(Psw).
Using that ¢ is, by definition, solution to the same equation, we get
0r(9 = ) +iL(9 — ¢) = PuZy(é — ¢) =0,
which implies, by Lemma 6.2, that ¢ = & The proof is complete. U

Proof of Theorem 3.5. By Proposition 7.4, ® is a continuous map from K into itself.
By Lemma 7.3, ®(K) is relatively compact in Y'(6’,¢’,79). As K is a convex closed

subset of Y (¢',¢&’,70), we can apply Schauder’s Theorem (see e.g. [32, Corollary
B.3]) which implies that ® has a fixed point w € K. By the definition of K and
Proposition 5.3, Theorem 3.5 follows. (]

APPENDIX A. A DIFFERENTIAL INEQUALITY

Lemma A.1. Let ;1 >0 and m € N. Let (aj)j=1..m, (bj)j=1...m, be real constants,
a,b,n >0, and (a;)j=1..m, (Bj)j=1..m be constants in [0,1]. Assume

Vie{l...m}, a;j+(b—a)a; >0, bj+(a—0)3; >0.

There exists 7y such that for any M > 0 and any nonnegative continuous functions
z1 and z9 on 19, +oo| such that

sup |7%z1(7)| + sup |7'b22(7')| < 0.
T>To TZ=To
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and satisfying the following differential inequality on [ro, +00[:

& M " 21 (o) % 2y (o)
21(7) < / gatitn +CZ ga+1 do,
T =1

(A1)
)1=5s

00 ﬁ
21 JZz
22(7) </ b+1+n CZ py +1 do,
T

we have

sup |7%21(7)| + sup |Tb2’2(7')| < uM.

TZ>To TZ>2To
Proof. Denote by
Zi(1) =1%1(7), Za(r) = TbZQ(’T).

Let a; = (1 — aj)a+ ajb+aj, Ej = Bja+ (1 — 3;)b+b;. Using Young’s inequality,
717078 < (1 —0)Z, + 0Z,, (A.1) and Hélder inequality yield

21(7’) <M

H gatl+n I

- 1
#0311k +1Z0) | 5
£

where the Lebesgue norms correspond to integration over [r,00[. Similarly,

2(0) <M | i | +C§jl(|zl||Lw+||Zz||L |
J
For any ¢ > 0,
1 _
o i (froop €T

and hence (with a constant C' depending only on the parameters 7, a, b, a;, gj)

C " Z ([T oo + Z (|7 oo
zlmgfmcz” i e + 12l rosoct)
TN -

Taj—a

‘X’T [e'e] + Z ([T [e'e]
Zo(r) < CM+CZ” || Lo ([ro, + )b |l 2|l Lo ([ro 4 D

Jj=1 T
By assumption, a; —a and Zj —b are positive. Taking the sup norm of the preceding

inequalities and using the triangle inequality, we get

||Z1 ILOO T0,+00 +||Z2HLoc 70,400
||Zl||L°°([TO,+oc \ M + CZ ([ro D 5 a ([7o D
To

c 1 Z1 1 Loo (170,400 T 1221l Loo (0,400
1 Z2|| Lo (frp,4+-00]) < M+CZ (o, oo — (rotool)
Jj=1 TOJ

Taking 7 large, we obtain

1 Z1 1| Lo (fro, +o0l) < M+ H21||L°° ([rortool) T HZzllLoo([ro,Jroo[w

u
1 Z2| Loo (frg, 00D < M+ HZ1||L°°(TO +ool) ZHZQHLOO([TOHrOOD'

Summing up, we get the announced result. O
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APPENDIX B. SOME INTERPOLATION INEQUALITIES

Lemma B.1. Let d > 1. There exists C > 0 such that for all f € S(RY),

(B1) 0) fle < ) 1”3 1712,

(B.2) H 2l < e s,

(B.3) 1l < IS 1157

(B.4) £ 2 < 11525 ||fui/f’,

(B.5) ) V£l 2 < C <x>3f P,
(B.6) [ vs| <l | nsns.

B.7) )2l < | | s,

(B.3) l@) 94, < € [ @ 1 /stIIZ/?,
(B.9) [eartws| <l | usn.

Proof. To prove (B.1), use Holder’s inequahty'
2 6 2/3
o 513 = [ (@°1@F) " (@) ds
1/3
<[ (@)™ farom*|
.3
Inequality (B.2) follows the same way:

2271, =/ (<x>6|f<x>|2) (1 @)P) Y da
<[teren],, Jueon

Inequalities (B.3) and (B.4) then follow from (B.1) and (B.2), respectively, and
Plancherel formula.
Integrating by parts, we have

@) V72, = - /f V() da
S [ @) @) 9 fade + / @) () |Af (2 da
S Wad Pl 1l + @)% £, 161

e an”s \ il

where we have used (B.1)—(B.4). Inequality (B.5) follows.
Integration by parts also yields

[ s, == [ 7@ (@*Vs@)a
NHx L2||f|\H1+H<x>3fH Iz} V21 .
S@? ]|, (IR + 12 V2] ) -

13/2 ’

s’

<], WNEANFS
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On the other hand,

@211 =~ [ 97 (@07 721(@) do
1@) V1 1l + || (@) 95|, 151
(B.10) s ([0 ]

We infer, for instance,

A

IS + @)

)

|2 vs|, <l s |f||1/3\|f||1/2+H o (2o T
<Ol 1 N1 12 + < | v
v (@ o] )™

where we have used Young’s inequality, with (4,4’) = (4,4/3). Taking £ < 1 yields
(B.6), and (B.7) then follows from (B.10).
The proof of (B.8) and (B.9) is similar, and we omit it. O
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