SIAM J. MATH. ANAL. (© 2003 Society for Industrial and Applied Mathematics
Vol. 35, No. 4, pp. 868883

DISPERSION AND STRICHARTZ INEQUALITIES FOR
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Abstract. In this paper we prove the global dispersion and the Strichartz inequalities for a class
of one-dimensional Schrédinger equations with step-function coefficients having a finite number of
discontinuities. The local and global dispersion and Strichartz inequalities are discussed for certain
Schrodinger equations with low regularity coefficients oscillating at infinity.
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1. Introduction. Strichartz estimates [7], [11] are an important tool for the un-
derstanding of nonlinear evolution equations. In the study of the dispersive properties
of the Schrodinger equation with variable coefficients, the absence of the property
of finite speed of propagation raises more difficulties than in the case of the wave
equation. A way to “replace” this property is to impose a nontrapping condition
on the trajectories. There are many results of wellposedness and smoothing effect
for Schrédinger operators with smooth coefficients which are asymptotically flat and
satisfy a nontrapping condition [4], [5], [8]. Staffilani and Tataru [10] proved the
Strichartz estimates under the same conditions, but for lower regularity coefficients,
only of C?-class. However, in order to have wellposedness for nonlinear Schrédinger
equations (NLS), the nontrapping condition can be dropped. In their recent paper
[2], Burq, Gérard, and Tzvetkov have obtained Strichartz estimates with fractional
loss of derivative for metrics on R? with uniformity assumptions at infinity, without
geometric conditions. These new dispersive estimates imply local and global existence
results for the Cauchy problem.

In this paper we study the dispersion property and the Strichartz inequalities for
the one-dimensional Schrodinger equation

g (1 0y + Orza(x)0y) u(t,z) = 0 for (t,2) € (0,00) X R,
(8) { u(0,z) = up(z) € L*(R)

for certain rough coefficients a(x) without any geometric nontrapping condition.

In section 2 we prove global dispersion in the case of positive lamina coefficients,
i.e., step functions with a finite number of singularities. Let us note in this situation
the existence of trapped trajectories.

THEOREM 1.1. Consider a partition of the real axis

— 0 =20 < L1 <T2 << Tp-1<Tp =0
and a step function
—2
a(z) =b;° for x € (x—1,2;),
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where b; are positive numbers.
The solution of the Schridinger equation (S) satisfies the dispersion inequality

Cn
u(t, ) ||lLo(r) < —=||u
[[u(t, )l r) \/i” ollLi(®)
and the Strichartz inequalities

lullLe ®,La®)) < CnlluollLz(r)

for every pair (p,q) verifying

1
p q 2
The proof consists of writing the solution by using the resolvent of the operator
—0ga(x)0,. The resolvent is calculated and expressed in terms of series of exponen-
tials. In order to get global dispersion, we discuss these series within the framework
of the theory of Wiener’s almost periodic functions.
We can also prove a similar result for the operator
1
p(x)
where p(x) is a step function of the same type as a(z).
Moreover, if v(t, z) is the solution of the associated wave system

(0} — 0a(z)0;) v(t, ) =0 for z € R,
(0) v(0,7) = up(x) € L*(R),
Ow(0,x) =0,

10y + Oza(x)0y ,

the same method gives us the following estimate:

oo
sup/ lo(t, z)|dt < Cpllugl|Lr(r)-
zeR J -0

Dispersion is not satisfied if the step function coefficients are periodic. In section 3,
by using the Kronig—Penney model, we show that the local dispersion fails in the case
of 2-valued periodic step function coefficients.

THEOREM 1.2. Let xg € (0,1) and let by, by be positive numbers satisfying
boro = b1(1 — xg). Consider the 1-periodic function

bo? forx e [0, z0),
alz) = { b(%Q forz € [:co,i).

The local dispersion estimate fails for the Schridinger equation (S).

The proof is based on the representation of the solution by its Floquet decompo-
sition.

The fact that the coefficient a is not very oscillating at infinity seems to be
essential for having dispersion. Applying the method used by Avellaneda, Bardos, and
Rauch in [1], we can construct counterexamples for global dispersion and Strichartz’s
inequalities in the case of certain continuous coefficients oscillating at infinity.

Also, as Castro and Zuazua have recently shown in [3], even if the coefficients
are flat at infinity, but rough (C%®) and locally very oscillating, the local Strichartz
inequalities fail.

All these results suggest the conjecture that the one-dimensional Schrodinger
equations with strictly positive BV (bounded variation) coefficients satisfy the dis-
persion property.
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2. Laminar media.

2.1. Representation of the resolvent of —9,a(x)d,. The operator —9,a(x)0,,
defined from

{h € H'(R),a 0, h € H'(R)}
2 . . . . . . .
) = . = W
to L#(R), is self-adjoint. For w > 0 let R, be its resolvent
R,g = (—0ya(x)d, +w?I) 1g.

In order to obtain the expression of the resolvent on the intervals where a is constant,
the second-order equations

1
b—z(ng)” =w?Rug—yg

must be solved. Then, for z € (z;_1,x;), we have

oo

g(y) bie—wbﬁx—y\dy.

R,g() = coi_1€%% 4 coje b 4 /
2w

—0o0
Since R, g belongs to L?(R) the coefficients co and ca,,_1 are zero. The conditions of
continuity of R,g and of a d, R, g at the points x; give a system of 2n — 2 equations
on the ¢;’s. The matrix D,, of this system is

ewblzl 7ewb2z1 767Wb211 0 0 0 0 0
bpewt1®1 _p ewbamip o= wb2m1 0 0 0 0
0 ewbgzg efwbgzg _ewbgzg _67wb312 0 0 0
0 ()36“1172%2 —b367Wb2z2—bzeWb3w2b267Wb3w20 0 0
6 0 0 O 0 .6an—11‘71,—1 é—wbn,lzn,l ;e—wbnzn,l
0 0 0 0 0 bne"-)bn—lzn—l7bnef“-’bn—lzn—1bn7167anIn—l
The right-hand side of the system is

i

T, = : ,

tnfl

with
o g(y) —p,e—whilzi—y| + b, e—whitilzi—yl)g
ti = o g(y_)oo QW( ’L—wb,-|;r,-—y| —::I:l |z —y| Vo ) g !
oo 2 bigrbi(—emerilTi Yl 4 emw b iV sign (1 — y)dy

Therefore the resolvent on each interval (x;,x;11) is a finite sum of terms

etwbiy

1 y _ w,@(z)/ g(y) d /oo g(y) b; 7wbi|m7y\d
1) Rog(z) Z Ce I(z;) 2w det Dy (w) v oo 2w ¢ 4

finite

where 3(x) are real functions depending on {z,x;,b;}, C is a constant depending of
{b;} and bounded by (maxb; ?)", and I(z;) is either (—oo,x;) or (z;,00). Let D,, be
the same matrix as D,,, with the last two terms of the last column replaced by

—eWbn®n—1
_bn_leanxn—l :



DISPERSION ESTIMATES FOR SCHRODINGER OPERATOR 871

The development of the determinants of D,, and l~)n with respect to the last column
gives the following induction relations:

—_—~

det D, = e~ <bnon-1 {(bn,1 ~by)e“bn1n1 det Dy —
— (b1 + by )ebn-17n-1 det Dn,l},
det D,, = e“bnin-1 [(bn_1 ~ by)e@bn17n-1 det Dy, g —
—(bp—1 + by ) e Wbn-1n-1 det 5,:]

Let us define for n > m > 2

%wb s, det D,,,

Qm(w) = e det Dy’
By denoting
bmfl - bm
dppy = 22 0m,
' bm—l + bm

we have for n > 3

(2) det Dn(w) _ (bl + b2)efw(b27b1)z1 H (bz + bi+1)ew(bi*bi+1)mi(1 _ dez(w))’

i=2..n—1

and for n =2
(3) det Dz(w) — (b1 + b2)e—w(b2—b1)r1.

Also, we obtain an induction formula on the Q,,’s:

_ _ _dm— + Qm—l (W)
— 2wb (T — T —1) 1
@ Omlw) =e = dpr 1 Q@)

Note that a Mobius transform on the unit disc occurs in this expression.
Let €, > 0 be such that for every complex w with

Rw > —e,,
the estimate
Qa(w)] = ldye=2262=1)| < 1
holds and gives by induction

|Qum (w)] < 1.

Hence (det D,,(w))~! is uniformly bounded and well defined in this region, which
contains the imaginary axis. Therefore wR,ug(z) can be analytically continued, and
we can use the following spectral theory lemma.

LEMMA 2.1. The solution of the Schrodinger equation (S) werifies

(5) u(t,x) = / e“TZTRiTuO(x)d—T.
T

— 0o
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2.2. The algebra of Wiener’s almost-periodic functions. Let us recall the
structure of the Banach algebra of Wiener’s almost-periodic functions:

B = {h tR C, h(t) =Y e(N)e™ with [|hllg = Y |e(V)] < oo} .

AER AER

We define for h € B

[[Plloc = sup [A(t)]
teR

and
p(h) =inf{r >0 | 3C, >0forallk e N, |h*|p < C,r*}.
The following classical result, which is a consequence of Theorems 6§4 and 2§29 of

[6], will be used.
THEOREM 2.2. For all h € B we have

p(h) = |[loo-

COROLLARY 2.3. Let h € B with |h||ss < 1 and let o be a complex number on
the open unit disc. Then

also belongs to B and

Proof. The function @h belongs to B and
lah| e < |af < 1.
By using Theorem 2.2 we have
I@h)*||e < Clal*.
Since

h—« =
0 = (b o) Y (@),
k=0

it follows that g belongs to B. Moreover, by the maximum principle,

[9lloo < 1.

By again applying Theorem 2.2, the corollary is proved. 1]
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2.3. The dispersion inequality. The Q,,(i7)’s are series of complex exponen-
tials. In this subsection we will show that they belong to B with respect to the real
variable 7. The estimates of their norm in this algebra will imply the dispersion for
the Schrodinger equation (S).

Let us define

_ |dm71| + Tm—1

To = |d1|, T'm = W.
m— m—

Obviously @2 € B and
1Q2lloc = T2
Therefore Theorem 2.2 gives us
p(Q2) =1y < 1.

By using Corollary 2.3 and the Mobius transform which occurs in formula (4), one
can show by induction that Q,, € B and

p(Qm) S Tm < 1.
Then formulae (2) and (3) lead us to the estimate
(6) [(det Dy (i7) M| < Ko,

where K, is a constant depending on b;.
In order to prove dispersion, it is sufficient, using (1) and (5), to estimate terms
of the following type:

s . FiThiy dr
T (t — i o z'rﬁ(z)/ uo(y) € dy T— .
() / o 1wy 207 det D(im) ™ T 2n

— 00

By performing a change of variable in 7,

s i (B)Lbi)
|Ji(t,z)| < C [uo(v) / 2 ———ds|dy
I(x;) 477\/'E —o0 detDn(Z%)
< Ml ® ot (i)

- Vi
Then (6) implies that

||u0||L1(R)

\/i )

so the dispersion inequality for the Schrodinger equation (S) is satisfied.

Remark 2.4. The finite sum in (1) contains n2" terms. Therefore, by estimating
the solution as above, term by term, we cannot obtain the dispersion for equation (S)
if a(x) has an infinite number of steps. Therefore the method is too rough to prove
dispersion for an arbitrary strictly positive BV coefficient a(x).

sup | J;(t,2)| < K,
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Strichartz inequalities follow from the dispersion inequality by the classical duality
argument TT* [12], so the proof of Theorem 1.1 is complete.
Since we can express the solution of the wave equation (O) as

Rl _dr
v(t,x) = /_Oo e’”RZ—Tuo(x)zT%,

the property

sup / lo(t, 2)|dt < Clluollis g

x€R J -

follows similarly to the dispersion inequality for the solution of (S).
3. Periodic laminar media.

3.1. General theory of periodic-coefficient equations. Let 6 be a number
in [0, 2] and consider the operator on L2(S!)

Ag = — (10 + O0r)a(x)(i0 + 0).

This operator is self-adjoint with a compact resolvent, hence the eigenvalues form a se-
quence of strictly positive numbers {Wgyn}neN- Moreover, the set of the corresponding

eigenfunctions p,, (6, ) is an orthonormal basis of L2(S!).
Let us provide a way to construct the elements of this basis. Finding the eigen-
function p, (6, x) is equivalent to finding the function

U, (0,z) = ep, (6, 2)
that satisfies
(Hp,n) —0,a(2)0, Y, (0, 2) = wj ,, Vn(0, ).
Note that this new function has the quasi-periodic property
U, (0,24 1) =", (0,2).

Equation (Hy ) is of the type

(H) —0,a(2)0, ¥ (z) = \2¥(x)
{\II € Hlloc(R)7 aaﬂ\Ij € HZIOC(R)}

This equation can be treated similarly to Hill’s equation [9]. Let T' be an operator
acting on the solution space as follows:

On the one hand, the eigenvalues of T' verify

x? — 2Tr(T) +det T = 0.
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On the other hand, the generalized Wronskian
W =W1a0,¥s — Y500,V
associated with (¥, ¥3), a normalized basis of solutions of (H), i.e.,
U1(0) = (a0:¥2)(0) =1, (a0, ¥1)(0) = ¥2(0) =0,
is constant. Therefore
detT =W(1)=W(0) =1,

and the eigenvalues are €’ and e~% for some complex &. If |Tr(7)| is larger than 2,
then £ is purely imaginary and there exists a basis of solutions of exponential growth.
In this case A? belongs to an instability interval of the equation. Otherwise, if |Tr(T')|
is less than or equal to 2, ¢ is real and A\? belongs to a stability interval. Moreover, if
¢ € 7Z, periodic solutions exist. If £ € R\7Z, the existence of a basis of quasi-periodic
solutions is assured.

So, the eigenvalues of Ay are exactly the values A\? for which the operator T
associated with (H) admits ¢ and e=% as eigenvalues. If § € (0,7) U (,27), then
these eigenvalues are simple. Therefore, in order to construct the L2(S') basis made
of the eigenfunctions of Ay, one has to find all A for which the operator T associated
with (H) verifies

TrT = 2cosd.

For such a A\, we consider (¥, ¥5) a normalized basis of solutions of (H). If U(1) #£ 0,
then

_ Wl(l) - ew

\Ilg(x)

is a solution of (H) and an eigenfunction of T for the eigenvalue e?’. Finally,
plx) = W(x)e "

is an eigenfunction of the operator Ag, associated with the eigenvalue \2.

3.2. Representation of solutions. In order to find the representation of the
solution of (S), we decompose the initial data as follows:

1 oo - 1 2(k+1)m ot
w(e) = 5= [ e m(es - o) | e
1 27 .
==Y / ¢! CRT 0T T 2k + 6)dO.
2 kez 0

Thus ug can be written

ug(x) = ! /OWU(Q,.Z‘)dQ,

2
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with
(8) v(f,x) = Z ¢! RTHOT T (ke + 0).
kEZ
Moreover,
1 k+1 27
HuoHEQ(R) = %Huoﬂiz( o Z/ [to () |2dx = Z/ [ao( 2km + 0)|*do
keZ kEZ

27 1 ) 27 1
_ / / e~ (9, ) [2dardd = / / 10(0, )2 do.
0 0 0 0

Since v satisfies the quasi-periodicity property
v(f,2+1) = ev(8, z),

then v(6,z)e~%% is 1-periodic. Therefore we can decompose it with respect to the
L2(S!') basis of eigenfunctions of the operator A, introduced in section 3.1. If 6 €
(0,7) U (m, 2), the eigenvalues of Ay are simple and we can write

11(9,33)@‘“91c = Z cn(0)pn (0, 2);

neN
that is,
(9) v(0,7) =Y en(0)Tn(0, ).
neN

Finally,

1 [ Lo
(10) u(t,z) = / S €t (0) 0,00, 2)d0

2m 0 neN

is the solution of the Schrédinger equation (S). Moreover, using the above link between
the L2 norms of the initial datum ug and of v,

luoliE2qmy = Y _ llenliEz0,2m)-
neN
Let us now express the solution u in terms of the initial datum ug. By using the

definitions (8) and (9),

cu(8) = (0(6,), Ua(6,)) = Y ug(2km + O) (T W, (6, ).
kEZ

Since e~*W,, (0, x) is 1-periodic, its Fourier decomposition contains only even expo-
nentials:

7201’\117) 0 l‘ E dnk 7,271‘]{21’.
kEZ
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Therefore

= S @(2kr + 0)d,a6) = [ waly)e Y e G, 4 (0)dy

kEZ keZ

_ / " o (y) T (6, y)dy

In conclusion, for any initial datum wg, the solution of the Schrédinger equation

(S) is

u(t, z) = / / " 3 bW, (0,2) W, (0, y)dody.

neN

3.3. Explicit solutions for the Kronig—Penney model. Let

| by for x € [0, x0),
a(z) = { by 2 for z € [x0,1)

as defined in the statement of Theorem 1.2. Fix 6§ € (0,7) U (r,2n7). Following
the approach presented in section 3.1, in this subsection we will explicitly find the
functions ¥, (0, x).

The basis of normalized solutions associated with the (H) is

a

1 1>\b0m 1 —1)\boz
¥,(2) 5€ + 3 for z € (0, z9),
}e”‘blz + b1 —\z for o € (20,1),
ibg LiAbox ibg ,—iAbox
— e + e for x € (0,2
Uy(x) = { 2 2 (0:10)

a?eMblx + bie*i/\blf for € (w0, 1)

with
a]l @[(bo +b)e iAzo(bo—b1) | (bo — by)e —1)\900(170-"-171)]7
b} — ﬁ[(bo + bl) 'L)\io(bo b1) + (bO _ bl)el)\io(bo-‘rbl)]
JQ L)\[ (bO + by ) iAzo(bo—b1) | (bO _ bl) *Mfﬂo(boerl)]
b? L)\[(bo + bl) Z}\Io(bofbl) _ (bo _ bl)eZAIo(b0+b1)]'

The trace of the shift operator T is
TT = (1) + %@%(1)-
One can calculate
Te(T) = (r+ 1) cos[A(zobo + (1 — xg)b1)] — (r — 1) cos[A(zobg — (1 — z0)b1)],

where

_ b +b]
2bpby
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By setting the conditions
Tr(T) = 2cosf, zobg = (1 — )by,
it follows that
2cosf = (r+ 1) cos(A2xpbg) — (1 — 1).

Hence we have

)\G{W,jGZ},

2.’L‘0b0
where f(0) is the analytic function

r—142cosf

f(0) = arccos ]

As the solutions ¥y and ¥y are the same for A and for —\, we have to check if
there exist different integers j and k such that

21 + f(0) = 27k + f(6)).
If this is true, it follows that

j+k=@.

Since r > 1 gives f(0) < 7 and 0 # 0 gives f(0) # 0, then j and k must satisfy
0<|j+kl <1

In conclusion, the values

2l‘ob0

2mj + f(H)‘

are different, so we can consider the eigenvalues of the operator Ay indexed by j € Z
as follows:

21+ f(9)
(11) we,j; = 2170b0 .

Note that since 6 has been fixed in (0,7) U (7, 27),
wg,; 7 0 for all j € Z.

By using (7), we obtain a quasi-periodic solution for equation (Hy ;):

(12) Ej](aam) = <; + hJ(Q)) eiwe,jbow + <; _ h](@)) e*iwehjboz or (0,$0)
with
h;(0) = i(bo + b1) cos(2wp, jboxo) + (bo — b1) — 61‘9.

(bo + bl) sin(2w9,j bol‘o)
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The definition (11) of wy ; gives

_ _ (bo+by)cos f(8) + (by — by) — €
h;(0) = h(0) =i s )

Then we can calculate for x € (0, x¢)
\le(& x) = cos(we,j box) + 2h(0) sin(wg,; box),

and for z € (x0,1)

~ 2wg 1 : . . 2w9 1 i .
_ 1 2 ¥ iwg,jb1x 1 32 5] iwg,jb1x
U;(0,z) = (aj —aj h(ﬁ)iib0 ) eiwo b1z 4 (bj b h(@)iibo ) e~ two,ib1

_bo+ b1
T 4b

bo — by

1—2h(0 —iwe j(xo(bo+b1)—bix)
4b, ( (0))e

(1 + 2h(9))eiw9,]‘(wo(bo—b1)+b1ﬂl) +

120011 g g))eivns oottty B0 OL (g o gy i oot iz,
4b, 4bg

It follows that

7(9)

/O |\I’7(67.’1?)| dx = Oéj(@) == ﬁ(@) + m,

with (8(6) strictly positive. Let ¥;(6,z) be the L? normalization of \T/j(ﬁ, x):

\I/j(ﬂ, Z‘) =

We are now in the context described in section 3.2.

3.4. The failure of local dispersion. Let X be a 27-periodic function whose
restriction to (0,2m) is C§°. One can write

X = Z spetks.

keZ
Let vy be the Fourier localization outside 27Z points of the initial data ug
90(§) = uo(§)X(E).

By applying Plancherel’s theorem one has

wiw) = [ THOXOF = Y uole -+ Hsi

kEZ

Since X|(g,2x is in C§°,

D skl =S < o,

kEZ
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so the localization preserves the regularity L'(R) N L2(R) with

{ lvollLi gy < ClluollLi(ry,
lvollL2r) < ClluollLe(r)-

For such an initial datum v, the coefficients c;(¢) defined in section 3.2 are

c;(0) =Y o(2km + 0)X 2k + 0)d; 1 (0)

keZ
~x0) | T oy S e G, (6)dy — X(6) / " o (y) T (y)dy.
—o0 kez —o0

Then, by the representation formula (10), the solution v(t, z) of the equation (S) with
initial datum vy can be written as

oft,z) = / " oy Ko, y)dy,

where
]‘ ’m itw? . TJr
Kt(x,y):% i Ze 05Uy ;(2)Wg ;(y)X(0)d6.
JEZ
Since

lvollLi )y < ClluollLi (),

in order to have the dispersion inequality
c
[[o(t; e m) < W”UOHU(R%
the dispersion kernel must satisfy

1K illuoe @y < 2
We will show that there exist times ¢, arbitrarily small, for which K is not an L>°(x, y)

function.
Let us change ¢ in g7z— and z in 720 By using definition (11) of wp,; and formula
o0

(12) for {Iv/j (0, x), we have that K(z,y) is, for x < g, equal to
1 o t(2mg 2 wx(2mg —ix(2my
EZ/O (it(2mi+£(6)) (6 (@ri+10)) (1 4+ 21 (9)) + e~ =R+ O) (1 _ Qh(g)))
ez

X(0)
a; (0)

It follows that the kernel is the sum of four terms of the following type:

de.

x (7RI O) (14 2R(9)) + e O (1~ 2R(9)) )

1 me > , _ X8
Ji(z,y) = Ez /0 et 2mIHfO)7 i@ =) 2mi+f(0) (1 1 2k (0))(1 + 2h(0)) 4( ))da.
jEZL
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In view of the forthcoming applications of the stationary phase formula, we can con-
sider that Ji(z,y) is, modulo an L function, the same sum as above, with «q replaced
by a;. Since |f(6)] < m, one can choose a function a¢(#) which is strictly positive,
bounded, and C*° with respect to the variable £ such that

()

ag(0) = B(9) + £+ 70 for |&] > 7.

This allows us to apply the Poisson formula, so Ji(x,y) can be written as

1 ) o] 27 ) 5 B X
5 D e / / HEFIO)" i e=v)(EHT 0D (1 4 20(0)) (1 + 2h(6)) ((?) dbde.
€7 —o0 J0 Q¢

By changing £ + f(6) into ¢,

1 2 )
Jt(xay) = §ZA e_lf(e)lll(tax_yve) d97
€Z

where
T e io—ytne 4
Li(t,z —y,0) = X(0)(1+2h(9))(1 + 2h(6)) et etmyre =
oo ac—s(9)(0)
verifies

|00% 1) (t,x — y,0)| < C for all k € N.

The only critical point of f[( 2x) is 7, which is nondegenerate, so we can apply the
stationary phase formula for large . In view of the definition of a¢(w), Ji(z,y) is,
modulo an L°° function,

Ty =3 (e”(””m ) 2 (1 -+ o)) (1 + 2 >>+0<lll‘°’>>

with

0 d
Li(t,x —y) = / e'te e’(xfyﬂ)gic e
—oo Alm) + ¥
We have used the known result that the sum of exponentials

—ial

(13) F(a) = ¢
2

blows up as
1
Vlal

if o tends to zero, and otherwise the sum is finite. Here f(7) € (0, 7).

By changing ¢ in If\/y;l and by considering that (x,y) lies in a compact set, we

have
Ltz —y) = —2° _}H eyt (E+ ) —dﬂ(ﬂm .
bt Bm) + w=yric
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The stationary phase formula applied again for ¢ = —2%/{ gives
1 eoyin? 1 O((x —y+1)72?)
L{t,e —y) = e H S .
Vi B(r) — 2t Vi
Thus, modulo an LL*° function, we obtain that
7”0 ﬂ—)l -(w7y+l)2
o = 30 O e
leZ*
with C' # 0. Let t verify
1
— € 2nZ.
1 Sy
Note that ¢ can be chosen arbitrary small. Also,
Ot *1<”2f’+f(7f))l

Jt(xvy) =

S

ez

It follows then that K;(x,y) is, modulo an L*° function,

e‘i(mzty)2 x
—F (W F
Vi (1 (

(T+y)

2t

Vit

(77)) +Cy F <_

L (ch(“Mf(w)) +C4F(

)

z;yw(w))).

Since f(m) # 0, in view of the behavior of F' presented above (see (13)), the kernel
Ki(x,y) is not in L*°(z,y). Therefore the local dispersion for the Schrédinger equation

(S) fails and Theorem 1.2 is proved.
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