REMARKS ON THE BLOW-UP FOR THE SCHRODINGER
EQUATION WITH CRITICAL MASS ON A PLANE DOMAIN

VALERIA BANICA

ABSTRACT. In this paper we concentrate on the analysis of the critical mass blowing-up
solutions for the cubic focusing Schrodinger equation with Dirichlet boundary condi-
tions, posed on a plane domain. We bound the blow-up rate from below, for bounded
and unbounded domains. If the blow-up occurs on the boundary, the blow-up rate is
proved to grow faster than (T —t)~!, the expected one. Moreover, we show that blow-
up cannot occur on the boundary, under certain geometric conditions on the domain.
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1. INTRODUCTION

Let us first recall the known results for the R™ case.
Consider the nonlinear Schrédinger equation on R”, for p > 1,

(9) { i0u + Au + |u|P~tu =0,

u(0) = up.
The associated Cauchy problem is locally well posed in H' for p < 1+ -4 ([8], [10], [5]).
In the endpoint case p =1+ —5, the local well-posedness was treated in [6].

The Gagliardo-Nirenberg 1nequahty

p+1

24+(p—1) )
HUHp+1<Cp+1||U|| " )2

e

implies that the energy of the solution u of the equation (),
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Eu) == Vul?de — —— ulPde,
=3 [ wupd—— [

is bounded from below by

+1 2+(p—1)2 (p—1)2 -2
IV |r2(—— Ly 70 g )

As a consequence, if p < 1+ %, since the mass is conserved, the gradient of u is controlled
by the energy. Therefore the solution does not blow up and global existence occurs.
The power p =1 + % is a critical power, in the sense that the nonlinearity is strong

enough to generate solutions blowing up in a finite time. However, even in this case, we
1
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have a global result for small initial conditions.
Indeed, in the case p =1+ %, if the mass of the initial condition is small enough so that

02+ 4 4
el <

then the energy controls the gradient and again, the global existence is proved for the
equation (95).

For this particular value of p, Weinstein has given a sharpening of the Gagliardo-
Nirenberg inequality ([27]). By variational methods using Lions concentration-compacity
lemma ([13], [14]), he obtained the existence of a minimizer () for the optimal constant
of Gagliardo-Nirenberg’s inequality

4
o gVl
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Cop 1 veH!R")
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This minimizer satisfies the Euler-Lagrange equation

2

AQ+Q"r =2Q.

n

Such a positive function, called ground state of the nonlinear Schrodinger equation, is
radial, exponentially decreasing at infinity and regular. Recently, Kwong has shown that
it is unique up to a translation ([12]). Moreover, it verifies Pohozaev’s identities

244
IV — llQll,, & + 2RIl =0,
n2 " 2+%
(n=2IVQI; - ZzllQl,, i + 2l =0,

which lead to the following relations between the norms of )

2+4
) {H@@gZ%%@@
IVQI3 = QI3
Then the optimal value for the constant of the Gagliardo-Nirenberg inequality is
2 1
Copa = nr i
"oells

In conclusion, if p = 1+ %, the solutions of the equation (S) with initial condition of
mass smaller than the one of the ground state

[ullz < 1€z,

are global in time.
The mass ||Q]|2 is critical, in the sense that we can construct as follows solutions of
mass equal to ||Q]|2, which blows up in finite time. Since p = 1+%, the pseudo-conformal

transform of a solution u of (9)
1 =2 1
e U R B
t2 t 1



BLOW-UP FOR NLS ON DOMAINS 3

is also a solution of (S) ([4]). So, from a stationary solution on R"™
" Q(z),

for all positive T,

er-t —iﬁ X
t - Y= ’
i) = e T Q(755)

is a solution blowing up at the time 7. Moreover, Merle proved in [17] that all blowing-
up solutions on R™ with critical mass ||Q||2 are of this type, up to the invariants of the
equation. The proof is based on a result of concentration of Weinstein ([28], see Lemma
1.2) and on the study of the first order momentum

f() = / fu(t, o) Pade,
and of the virial
olt) = / fu(t, @) 2| *de

associated to a solution u of the equation (S). The conservative properties of these two
quantities on R", in the case of the critical power 1+ %, play an important role in Merle’s
proof. The derivative of the first order momentum is constant in time

Ef =0,
and ¢ satisfies the virial identity ([4])

M/ luP e = 16 E(u).
p+1 n

In certain cases of initial conditions with mass larger than ||@Q||2 recent achievements
were done by Merle and Raphaél, concerning the blow-up rate and the blow-up profile
([19], [20]).

For the equation (S,) with p > 1+ 3, Zakharov [30] and Glassey [9] had obtained
that the solutions of negative energy are blowing up in finite time. The same result for
solutions of nonnegative energy is valid under certain conditions on the derivatives of the
virial ([25]). The proof is based on an upper bound of the virial in terms of its first and
second derivative, which implies the cancellation of the virial at a finite time 7. Since
the mass is conserved, it follows that the solution must blow up at the time 7.

07g = 16E(u) — 4

In this paper we are concerned with the nonlinear Schrodinger equation posed on a
regular domain €2 of R, with Dirichlet boundary conditions

i0u + Au + |ulP~u =0,
urxan = 0,
u(0) = uy.
The Cauchy problem is locally well posed on H? N H}(2) in dimension 2 and 3. In
dimension 2, for nonlinearities less than cubic, Vladimirov [26] and Ogawa and Ozawa
[22] have shown the well-posedness of the Cauchy problem on H}(€2), but without the
uniform continuity of the flow on bounded sets of H}(Q2). For nonlinearities stronger
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than cubic in dimension 2, or for any power nonlinearity p, in dimension higher than 2,
the Cauchy problem on H} () is open.

For the equation with power p < 1 + %, one can show as for the case R™ that the
H(€2) solutions are global in time. For the equation with power p > 1+ %, posed on a
star-shaped domain of R", Kavian has proved the blow-up in finite time of the H*NH} ()
solutions of negative energy or of positive energy but under some conditions on the first
and second derivatives of the virial ([11]). His proof follows the one on R"™ ([9]), by
estimating via the geometric condition on 2 the boundary terms which appear in the
second derivative of the virial.

From now on we will analyze the cubic equation on {2

i0pu + Au + |ul*u = 0,
(Sa) Urxon = 0,
u(0) = uo.

Let us first notice that the conservations of the mass and of the energy of the solutions
are still valid. The Cauchy problem is locally well posed on H? N H}((2), and also on
H} () apart from the property of uniform continuity of the flow, not known to hold. The
usual Strichartz inequalities are no longer valid and the loss of derivatives is stronger
than in the case of a compact manifold ([3]).

As in the case of the plane, for initial conditions with mass smaller than the one of
the ground state, the Cauchy problem is globally well-posed on H? N H}(€2). The proof,
given by Brézis and Gallouét, is based on logarithmic type estimates ([2]). This result
has been extended to the natural space H} (), apart from the uniform continuity of the
flow ([26],[22],[4])-

The critical mass for blow-up is ||@||2, as in the case of the equation posed on R
More precisely, the following result holds.

Theorem 1.1. (Burg-Gérard-Tzvetkov [3]) Let Q be a reqular bounded domain of R?.
Let xy € Q and ¢ € C*(Q) be a function equal to 1 near xoy. Then there ezist positive

numbers k and og such that for all o > «aq, there exists a time T, and a function r,
defined on [0, T,[xS2, satisfying

Ira()llse@) < ce” ™,

such that

60‘2(’1::4*0 i \zfzo\z xr — X
———¢ 4a(Ta-t) - - + T t’ €T ,
o, 1 (5t ) * e

is a critical mass solution of (Sq), blowing up at xy at the time T, with the blow-up rate
1
Tt

u(t, z) = ¥(x)

The proof, following an idea of Ogawa and Tsutsumi ([23]), is based on a fixed point
method which allows to complete the cut-off of the explicit blowing up solution on R?
at xp to a blowing up solution on  at xzy. Theorem 4.1.1 implies in particular that
at every point of {2 there are explosive solutions. Moreover, the proof is still valid for
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the torus T? and for a larger class of subsets of the plane, which satisfy the property of
2-continuation, from H? NH}(Q) to H?(R?), and for which the Laplacian domain

D(—Aq) = {u € H}(Q), Au € L*(Q)},

is H? N H}. Such subsets are for example the domains with compact regular boundary
and convex polygons bounded or unbounded.

As in the R™ case, the following lemma, due to Weinstein, will give us the general
behavior of a blowing-up solution of critical mass on a domain.

Lemma 1.2. (Weinstein [28]) Let uy, € H'(R™) be a sequence of functions of critical
mass satisfying

{ Br = ||Vuk||2 — 00,
k—oo

E(uyg) e <o
Then there exist points x;, € R? and 0, € R such that in H'(R™)

ek T 1 T
55 O k—oo w2 w

k

where w = ||VQ|2.
Let u be a solution of (Sq) that blows up at the finite time 7, that is

[Vu(®) |l
AMt) = ==+~ — o0.
= NQl
Consider u to be extended by zero outside 2. By combining Lemma 1.2 for families
up = u(ty) with ¢ sequences convergent to 7' with the result of Kwong on the uniqueness
of the ground state ([12]), there exist 6(¢) real numbers and z(¢) € R? such that in H'(R?)

oi0(1) "
2) YOR (t, O x(t)) Q).

t—T

Then, in the space of distributions,

(3) Jut, - + (@) — QI3 do-

In this paper we concentrate on the further analysis of the blowing-up solutions with
critical mass on a plane domain. The results are the following.

Theorem 1.3. Let u be a C([0,T[,H}) solution of the Schridinger equation (Sq), which
has critical mass and blows up at the finite time T
i) For bounded domains, the blowing-up rate is lower bounded by
1

T 1 S [[Vu(@)]fa.
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i) If there exist solutions u of critical mass blowing up at a finite time T on the
boundary of 2, that is if the concentration parameter x(t) converges as t—T to a point
on the boundary, then the blowing-up rate satisfies

i (T = )[[Vu(t)|s = co.

The main difficulty for the Schrodinger equation posed on a domain is that the con-
servation of the derivative of the first momentum and the virial identity fail.

In order to avoid this difficulty, we shall use systematically in the proof of Theorem
1.3 a Cauchy-Schwarz type inequality derived from Weinstein’s inequality. Precisely, we
show that if v is a H'(R?) function of critical or subcritical mass, then

< (2E(v)/|v\2\V0|2da:)2

for all real function #. This inequality allows us to estimate the virial, that we shall
assume to be localized if €2 is unbounded (see Remark 1.6). The lower bound for the
blowing-up rate is the same as the one found by Antonini on the torus ([1]).

By following the approach of Weinstein in [29], and the recent results of Maris in [16],
we analyze the convergence to the ground state of the modulations of the solutions (2),
and we obtain, for bounded domains, the following additional informations.

' / I(vVT ) Vhda

Proposition 1.4. i) The blow-up rate verifies

2l —x 296%71
e Ple = st~ e

it) The concentration parameter x(t) can be chosen to be as the first order momentum

N o lu(t, z) Prde
O =""1aR

Corollary 1.5. If Q is a disc centered at 0 and if equation (Sq) is considered to be
invariant under rotations, then x(t) can be chosen to be 0, and we have

1
10~ T

Remark 1.6. For unbounded domains, it is expected that a blowing-up solution of crit-
ical mass concentrates at one point, that is the concentration parameter x(t) converges
as t—T. Under this assumption, the first assertion of Theorem 1.3 is also true for un-
bounded domains, and so are the assertions of Proposition 1.4, for the virial and the first
order momentum localized at the blow-up point (see §4).

There is no known example of a solution of nonlinear Schrédinger equation with a

blow-up rate larger than ﬁ, neither in the case of supercritical mass, nor in the case of

supercritical nonlinearities.
Therefore we expect that the blowing-up rate grows exactly like ﬁ and that the
profiles are the ones on R? modulo an exponentially decreasing in H' function.
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Since it is not likely that the blowing-up rate at the boundary grows strictly faster
than ﬁ, we also expect that there are no solutions blowing-up on the boundary of a
domain. This is confirmed for certain simple cases by the following result.

Theorem 1.7. If Q2 is a half-plane or a plane sector, then there are no solutions blowing-
up in a finite time on the boundary of the half-plane or in the corner of the sector
respectively.

Indeed, under these geometric hypotheses on €2, the boundary terms which appear in
the second derivative of the virial associated to a blowing-up solution of (Sq) cancel, so
we have, as on R", the virial identity

02g = 16E(u).

The proof then follows the one by Merle in [17] for the equation posed on R", and we
obtain that all explosive solutions on €2 must be of the type

eT—t _; = T
- T—0)
(T —1)5 " Q(T—t)’

up to the invariants of the equation. Therefore we arrive at a contradiction by looking
at the support of the solution.

Remark 1.8. The results of this paper are valid also in higher dimension, but are pre-
sented in the 2-dimensional case. The reason is that the only existence result of blowing-
up solutions with critical mass on a domain is Theorem 1.1.

Remark 1.9. In the case of Neumann boundary conditions, the situation changes radi-
cally for blow up at the boundary. For blow up inside the domain, the situation is expected
to be similar to the Dirichlet case.

Blow-up can appear at the boundary of a half-plane, as it can easily be seen by taking the

restriction to the half-plane of the explicit solution on R?, blowing-up at zero. Notice also

o ' : Qi3
that this is a blowing-up solution of mass 5=

lQll3
n

. By the same method one can construct

solution of mass , blowing-up at the corner of a plane sector of angle 27” So for
unbounded domains the critical mass for blow up on the boundary probably depends on
the domain.

By using the techniques of Theorem 1.1, blowing-up solution of this mass % can
be contructed to blow up on the boundary of a bounded set, in a point around which the
boundary is locally a line. For bounded domains, we expect that the critical mass for blow
up on the boundary should be %

One of the difficulties is that the best constant in the corresponding Gagliardo-Nirenberg
inequality

lvlls < Al 31Vl + Bllvl3),
1s not known for the case of Neumann boundary conditions.
The paper is organized as follows. Section §2 contains some results on general domains.

We prove a Cauchy-Schwarz type inequality for critical and subcritical mass functions,
which we will use to show Theorem 1.3. The nature of the convergence to the ground
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state of the modulations of the solutions is analyzed, by spectral theory techniques given
in the Appendix. These concentration results will be used later to prove Theorem 1.7
and Proposition 1.4. Moreover, we calculate the derivatives in time for a virial type
function. In §3, by studying the virial, the lower-bound of the blowing-up rate is proved
for bounded domains €2. In this section, we also give the proof of Proposition 1.4. In §4,
by introducing a localized virial, we find the same lower-bound for the blowing-up rate
for unbounded domains (see Remark 1.6). Section §5 contains the results regarding the
explosion on the boundary of €.

Acknowledgment. [ would like to thank my advisor Patrick Gérard for having
introduced me to this beautiful subject and for having guided this work. I am also
grateful to Mihai Maris for useful discussions concerning the Appendix.

2. RESULTS ON GENERAL DOMAINS

2.1. A Cauchy-Schwarz inequality for subcritical mass functions.

Lemma 2.1. Let 0 be a real valued function. All v € HY(R?) with critical or subcritical

mass satisfy
< <2E(v)/\v|2\V8|2dx) |

Proof. The precised version of the Gagliardo-Niremberg inequality, presented in the in-
troduction, is, for function w in H!(R?),

(%)

/%(UVE )Vldx

2
lwils < WHUJII%IIV@UII%
2

As a consequence, if
[w]l2 < |Q]2,

then the energy of w is nonnegative.
Therefore on the one hand,

0 < E(e™)

for every real number o and for all real function 6, since ’*%v is still a function of critical

or subcritical mass. On the other hand

E(e%) = %/\iaV@v + Vo|*dz — i / lv|*da

2
=< / (o [?|V6|2dz — a/%(UVE)V(‘)d:U + E()

Thus the discriminant of the equation in a must be negative or null and we obtain the

claimed Cauchy-Schwarz type inequality (x).
O
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2.2. The concentration of the solution. In this subsection we shall give a refined
description of a critical mass blowing-up solution u of (Sg), by following the approach
of Weinstein in [29].

In order to deal with real functions, we shall analyze the modulus of u. However, the
same arguments below can be used to get the corresponding results on u (see Remark
6.1).

One can write the convergence (2)

ult, z) = e "INE(Q + R() (A(t)(x — 2(t))),

with R a complex function such that

] p—
Since the modulus is a continuous function on H'(R?) ([15]), this implies

[u(t, )] = ABIQ + ROIAD (2 — 2(1))) = ME)Q + RE)AE) (@ — (1)),

with R a real function strongly converging to 0 in H*(R?).

Let us set
N t
IVQll2
By noticing that |u(t)| is also of critical mass, its energy is nonnegative, and
2
) 0 < VU3 = |Vl = 2B(u) - 2B(u(t)]) < 2B (),

which implies

() + AD)AE) = At) = O(1),
Since 0 < A(t) < A(t),

and we have
(5) [u(t, )| = M@ + R(6))(A(t) (@ — 2(t))),
with R(t) a real function such that

| R(t)| g 2y — O

t—T
Proposition 2.2. The remainder term R has the decay
- c _C
6 RO < — < —.
() 1ROl < 37 < 3
The proof follows Merle’s one in [18]. However, for the sake of completness, we give
in the Appendix a proof by a slightly different method.

Finally, let us give the following property of decay of the solution.
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Lemma 2.3. Let u be a critical mass solution of (Sq), blowing up at the finite time T,
at one point xy € ), which means that the concentration parameter x(t) converges to xy.
Then, the gradient of u(t) restricted outside any neighborhood V' of xq satisfies

sup/ |Vu(t)|*dz < oo.

t€[0,T']

Proof. The inequality implies

(4)
sup/ |Vu(t)|*dr < 2E(u +sup/ |V]u(t Hdw

te[0,T te[0,T]

By using (5),
/ IVlu(t)][Pdr = 22() / VQ + VR
ey X (V—2(t)

Since x(t) converges to xy and @ is exponentially decreasing,

) | VQP = o(1).
AV —(t))

| vllPas s 2 | VA,
% eA(t)(V —z(t))
and the decay (6) of R implies
/ V]u(t)]|*dz = O(1
cv

so the lemma is proved. Il

Then it follows that

Remark 2.4. Another proof of this lemma can be done by using the approach of Merle
in [17]. However, we shall need the full strength of Proposition 2.2 later in §3.3 and §3.4.

2.3. Derivatives of virial type functions. Let u be a solution of (Sg) and let h be
a C®(R?) function with bounded first and second derivatives. Then, by using the fact
that u satisfies (Sq), we obtain

/ lu(t)hdz = 2/ R (w(t)(t)) hdz — 2/ (u(t) AT(#)) hdz.
Since u cancels on the boundary of €2, by integration by g;)arts
(1) o, /Q lu(t)Phdz = —2 /Q S (u(t)Va(t)) Vhdz.
By using again the equation (Sg)

aﬂ/ luf2h = —2/%((Au+|u|2u)Vﬂ) Vh+2/§R(uV(Aﬂ+|u|2ﬂ)) Vi
Q Q Q
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= / —[uPA%h — [u[*Ah + 2|Vu|*Ah — 4R (AuVa) Vh.
Q

It follows that
aﬁ/ luf2h = / —uPA%h — [ul A + 4R S O,ud;md,h — 2/
Q Q ij o0

Therefore, by making the energy of the solution appear, we have the following identity.

2
oh
adg.

ou

ov

Lemma 2.5. For a solution u of (Sq) and a C*(R?) function h with bounded derivatives
Oijh and A%h, we have

aﬁ/ \u\2h:16E(u)—/(2|Vu\2—\u\4)(4—Ah)—/ 22
Q Q Q

Q ij oN

Corollary 2.6. For a solution u of (Sq) and a C*(R?) function h equal to |x|* on
B(0, R), with bounded derivatives d;;h and A?h, we have the estimate

2
oh
ada.

ou

ov

o; /Q lu(t)Phdz — 16E(u)| < C /{ \I\ZR}QQ““(’“L)‘ + | Vu(t)P)de

e

3. THE BLOW-UP RATE ON BOUNDED PLANE DOMAINS

2

Oh

— | do.
8VJ

3.1. The convergence of the concentration points x(t).

Lemma 3.1. Let Q2 be a bounded domain and let w be a critical mass solution of (Sq),
blowing up at the finite time T'. Then the concentration parameter x(t) has a limit at the
time T

Proof. From (3) it follows that for a test function ),
/ [u(t, @ + = (1)) P(z)de — [ Q¢(0).
Q—=(t) t—T

If 4 is chosen such that ¥(0) # 0 then, since the set €2 is bounded, it follows that
(8) lim sup|x(t)| < oo.

t—

The first order momentum

£(t) = /Q lu(t, 2)|2xde,
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stays finite in time since () is bounded and w conserves its mass. By using the formula
(7) for vector-valued functions h, one can calculate the derivative

Ft) = =2 /Q S(u(t)V(t) )da.

The inequality (x) in the special case 0;(z) = z; implies that this derivative is bounded

in time
2
WE<a Y / Va(t) )\Voidz| < 16E(w)|[u|
i€{1,2}
Therefore f admits a limit at the time 7. Let us define zy by

F(T) = xo|1QlI3.

Using the convergence (3) and (8) which implies that © — z(¢) is a uniformly bounded
set, one has

t—T

PO = OIQIE = [ e+ a0 e 0

Therefore the point z is the limit of x(¢), and the square of the solution behaves like
a Dirac function

(9) [u(t, ) — QI 0.

t—T

O

In the following, we shall suppose, up to a translation, that the solution blows up at
the point 0 € Q.

3.2. Lower bound for the blow-up rate. The derivative in time of the the virial of

the solution u,
/ lu(t, )|?|z|dz,

can be calculated with the formula (7) with h(z) = |z|?, and
§(t) = —4 / S(u(t)Va(t) Jedz.
Q

Therefore the inequality () in the case 6(x) = |z|? implies that

(O] < 4v2E(u)g(t).

The concentration result (9) of the former subsection gives
9(T") = 0,

and one can now write

m:_/tT2gl

Tg/T2 9B (u) = 21/2E(u)(T — t),

and obtain
g(t) < 8E(u)(T —t).
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Then the uncertainty principle

(o) = (o) ()

gives us a lower bound of the blow-up rate

Q13
2\/2E(u)(T —t)

< [[Vu(?)ll2,
so the first assertion of Theorem 1.3 is proved.

3.3. Equivalence between the virial and the blow-up rate. By using (5),

2lr — T 2 T = L 2 2 T 2 T
J e —srde = s [ (@ Rt

Since x(t) tends to 0 and @ is exponentially decreasing,

1/ @2|x\2dx:0(~1 )
N2 S5y @—a) A%(1)

1 ~ 1
wt) Pl — 2(t)Pde < R? 2 - .
/Q| (Ol — x(t)Pde < A2()/W o O o

The domain {2 is considered bounded, so one can write

/m|u nm</ﬁ@m+ﬁg

and by using the decay (6) of R, we obtain

1
[ 0Pl = a0 5

SO

As we did in the previous subsection, by the uncertainy principle for u(t, x + x(t)),

lulld < 2 / ()Pl — 2(t)Pde,

and so the first assertion of Proposition 1.4 follows,

/Q [u(O)Pz — 2 (t)*de ~ >\21(t)'

13



14 VALERIA BANICA

3.4. A differentiable choice for z(t). Let us set

f lu(t)|Pwdx
H@P ‘

By using the conservation of the mass, which is critical,

o(t) — y(t) = @ / ()2 — 2(t))dz.

y(t) =

Then by (5) one has

L 2]3 Z.
o0 = = (W@b/<ﬂm¢Q+R®)d

Therefore, by the same arguments as in the previous subsection, and the by using the
fact that since (@) is radially symmetric,

/Q2(a:)xdx =0,

then

If we define S by

[u(t, z)| = M@ + R()) Az — z(1))) = M@Q + S(1)) (A= — y(1))),

one has
SOl < 21 RE) e + 1Q + A
The decay of the difference between x(t) and y(t

2(t) —y(t) — QC) |l

, together with (6), implies

IOl < o
So, by changing z(t) into
J lu@®)Prdx
HQW ’

we have the convergence corresponding to (5)

Jult, z)] = M)(@Q + SE) A (@ = y(1)),

with S decreasing in H! as does R, and so the second assertion of Proposition 1.4 follows.
The interest of this choice of the concentration parameter is that y(t) is a differentiable
function, and, moreover, in the radial case we obtain Corollary 1.5.
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4. THE BLOW-UP RATE ON UNBOUNDED PLANE DOMAINS

Consider now the equation (Sg) on an unbounded domain of the plane or on a surface.
Let u be a critical mass solution that blows up at an interior point x( of €2, that is

x(t) — -
Modulo a translation, we can suppose that zq is zero and so,
2 2
|u(t, )| A 1Q1[2 do.

Let ¢ be a C§° function, equal to 1 on B(0, R). Let us introduce the localized virial of
the solution

9s(t) =/\u(t,az)\2¢>2(x)|x\2dx.
Then, using (7) with h(z) = ¢*(z)|z|?, one has

ail0) = =2 [ S{u(t) V() V(P
The inequality (*) with 0(z) = ¢*(x)|x|? gives us
560 < 8B [ [uP 9 (&]af) o

Since V(¢?|z|?) is a C2°(R?) function cancelling at 0, and since the square of |u| behaves
like a Dirac distribution, it follows that

9,(T) = 0.

Then, as in the former section, and using the existence of a positive constant C such
that

IV (¢*|2*)] < Cy?laf?,
one has
9s(t) S (T = )%
The uncertainty principle reads

(/ |u|2¢2dx)2 < </|u|2¢2|x\2dx) (/|V(u¢)\2dx).

By integrating by parts the last term and by using the fact that ¢ is equal to 1 on
B(0, R), it follows that

(). \u<t>|2)2 <00 ( [ 1w~ [ponsar).

Since ¢ is a C§° function,

(/B(QR) \u(t)|2)2 < gs(t) <C’/|Vu\2dx—/\u\2¢A¢dx).
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On the one hand the IL? norm of u is conserved. On the other hand, the behavior of |u|?
as a Dirac distribution implies that the norm of its restriction outside a neighborhood of
zero tends to 0 in time. So we have

fB(o,R) |u(t)‘2 - O(1>7

J lu(®)P¢A¢dz = o(1),

and since g, is bounded in time,

1S /960 [IVu(t)]l2
Then the decay of g, gives us the lower bound of the blow-up speed
1

71 S [[Vu(@)]fz.

5. BLOW-UP ON THE BOUNDARY

5.1. Necessary condition for blow-up on the boundary. Let us first introduce a
notion of limit of sets, as in [7].

Definition 5.1. A sequence of open sets M,, is said to tend to an open set M of R? if
the following conditions are satisfied.

i) For all compact K C M, there exists ng € N, such that for alln > ng, K C M,.

ii) For all compact K C¢ M, there exists ng € N, such that for alln > ng, K C° M,.

Let us suppose that there exists an explosive solution u of the equation (Sg) at 0 € 9.
The convergence (2) implies that

A)(Q — z(t)) — R

t—T

As in [7], the limit set depends on the position of z(t) with respect to the boundary of
Q. If there is a positive number C' such that for all ¢

A(t)d(z(t),00) < C,
then A(¢)(©2 — x(t)) tends to a half-plane and blow-up cannot occur. Also, if
A(t)d(z(t), 08) 2 00,
and z(t) is not in €, then, by Definition 5.1, A(¢)(Q2 — z(t)) tends to the empty set.
Therefore the only possibility to have explosion on the boundary is that x(t) € Q and
A(t)d(x(t), 02) — 0.

t—T
In particular, since 0 is on the boundary,

(10) IA(t)x(t)] 00
We have

2(0)]? / uf? < 2 / ulPlz — a(t) +2 / [
B(a(t),5%+) B(a(t),5%) B(a(t),5%)
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On the one hand, by using the Weinstein relation (2), one has
sOF [P )
B(x(t)

On the other hand, using again (2),

In view of (10), these two facts imply
SO [ Pl S g,
Be(t),:S5)

where gy, is the localized virial function defined in §4. In the same section it was proved
that

gy S (T —1t)?,
so it follows that
lx(t)| ST —t.
By using again (10),
1
— At
<A,

and the second assertion of Theorem 1.3 is proved.

5.2. Results of non-explosion. From now on we assume that () be a half plane whose
boundary contains 0 or a plane sector with corner 0. Suppose there exists an explosive
solution u of critical mass such that |u|> behaves like a Dirac mass at 0 in the sense

u(t, )P — 11QI .

For a radial function f € C*°(R?), the result of Lemma 2.5 becomes

2 20 u) — ul? — w4 — _ ul2A2
at/ﬂwu\f—mE() /Q(WI (4~ AF) /QHAf

Q >
since from the choice of 2
z.v =0 on 0f).

It follows that for a radial function f € C*°(R?), equal to |z|* on B(0, R), with bounded
derivatives 0; ; f and A?f, the estimate of Corollary 2.6 becomes

(12) o2 / u(t)[2f — 16E(u)| < C /{ g [P FUOP

Arguing as in [17], we obtain the following lemmas.
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Lemma 5.2. The initial condition is of finite variance
/ luo|?|z|2dz < oo.
Q

Proof. Let us consider ¢ a C°(R) positive radial function which is equal to |z|? on
B(0,1). Notice that
VY[ < Cy.

For all entire n, we introduce the localized virial functions

_ / () Pudl,
Q

x
dnla) = ().
The Taylor formula in zero for the function g, (t) gives us
190(8) = 9 (O)] < g (0)] + C'sup |gy (£)].

where

Since 1), are equal to |z|? on B(0,1), and the derivatives 9;;1, and A%, are uniformly
bounded, we can estimate by (12)

|gn(t) = 16E(u)] < C (lu(t)? + |Vu(t)|?)dz.

|z|>1

Then, in view of Lemma 2.3, the quantity ¢/ (¢) is bounded uniformly on n. So we have

1gn(t) — g,(0)] < T)g..(0)| + C.

By using the inequality (%),
%
< (2E<u> / \u<t>|2|wn\2)
Q

Vb, |2 < o,

g0 < C ( / |u<t>\2wn)2 — oD,
—2C/gn(0) — C < gy (t
— 204/ g,(0) = C < hmgn( ).

The concentration of the solution as a Dirac distribution implies that for fixed n

gh(8)] = / S(u(t)Va(t) ) Vi,

The choice of v, gives us

and it follows that

Therefore

for any time ¢, and

limgn (t) = 0,

and therefore
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As a consequence, g,(0) is bounded as n tends to infinity. Since the supports of 1, cover
) when n tends to infinity, it follows that the initial condition is of finite variance

/ luo|?|z|2dz < oo.
Q
0J

Remark 5.3. When Q is a bounded domain, and u is a critical mass function blowing
up at a point of 2 or of its boundary, it is easy to see that the initial condition is of finite
variance

[ luPlafds < Clulf < oc.
Q
Lemma 5.4. The limit in time of the virial function is
9(T) = 0.
Proof. Let us consider a C* positive function ¢ which is null on B(0, 1) and verifies
x
Bl < o) < ol
n “B(0,2). Suppose also that the derivatives 9;;1) and A%y are bounded. We denote
x
dnla) =no ().
so ¢, are supported on “B(0,n) and verify
|z

< ulo) < o

on °B(0,2n).
Taylor’s formula together with (7) and the estimate (12) gives us

Juron< [ k| [ swvm)ve:
T|>n T|>n

(13) O — 1) + c/o (T - T>/||> (Vu(P) + [u(r)P)dr.

The Lemma 5.2 ensures us that the initial data is of finite variance, therefore

/ o 2l — 0,
|z|>n n=oo

/ S(uVug )Ver,
|z|>n

Then, using again Lemma 2.3 and the conservation of the mass, for all 7 and for all n
there exist a positive constant C' such that

/| (T + ) £

Also, by Lemma 2.3,

— 0.
n—oo
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One also has, for every T,

n—oo

/buwwW+mmm—ea

Then by the dominated convergence theorem

/O (T—T>/> (VU + [u(r)2)dr — 0.

n—oo

Therefore it follows from (13) that for all ¢,

/¢WWﬁs4m+0@—oi

with
e(n) — 0.

On the one hand, in view of the choice of ¢,, this gives us
/ (&) PJaf? < 2e(n) + O(T — )%
|z|>2n

On the other hand, for fixed n, the concentration of the solution as a Dirac distribution
implies

lim lu(t)?|x|* = 0.
t—=T |z|<2n
Therefore, for all n

ting [ fu(t)Jaf < ().

By letting n to tend to infinity one has

iy [ Ju(t)Jof* = 0

t—T

that is

and the Lemma 5.4 is proved. U

This lemma and the same arguments as in §3.2 give us also
g (T)=0.
By using the formula (11) with f(x) = |x|?, the second derivative of the virial is exactly
g"(t) = 16 E(u).
Then it follows that
g(t) =8E(u)(T —t)*,
and by the same calculation as in §2.1

BTt 1)) = B(u) + ﬁg’(t) + mg(t) 0.
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For fixed t, by the variational characterization of the ground state (), there exists real
numbers ¢ and w such that

i l=®
u(t,x) = e 'AT-H e Q(w(x — x9))

for some zy € R? ([4]). This means that the support of u is the entire R? that is a
contradiction, and the proof of Theorem 1.7 is complete.

6. APPENDIX

In this Appendix we give a proof for Proposition 2.2. Let us recall the notations of

§2.2. We have defined

~ t

) — 17Ol

IVQll
and the solution u was written (5)
Ju(t, 2)] = MB)(Q + R(t))(A(#)(x — =(t))),

with R(t) a real function such that

120 ey — 0.

We shall prove in the following the decay (6) asserted in Proposition 2.2

The fact that u is of critical mass gives us

(14) /R2 = —2/QR,

and the choice of \ implies
/|VR\2 = —2/VQVR.

Let us calculate the energy of |ul,

2E(Jul) :/\VQ+VR\2—%/(Q+R)4.

)2
The energy of () is zero, so
Rzl

2F 2 2 z R R
# = / VR’ +2VQVE - o = 2QR’ = 3Q°R"* - 2Q°R.

The ground state @) verifies the equation

AQ+Q*=Q,
and therefore, by using the relation (14) on R,

/2VQVR—2Q3R= —2/@1?2: /RQ.
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1 N -
5‘/}‘1’,4+/2QR3,

L=—-A+(1-3Q%.
Since R tends to 0 in H', by using the Sobolev embeddings, the cubic and quadratic
terms in R are negligible with respect to the H! norm of R. Also, the energy of |ul
is bounded by the constant energy of u, so for having (6) it is suﬂic1ent to prove the
existence of a positive constant ¢ such that for t close enough to T

|R(t)||Z: << LR(t),R(t) > .

Remark 6.1. The initial complex function R can be analyzed in the same manner, and
one has

So finally
S 2F
< LR,R >= ~( u)

where L is the operator

2F 1
<L_SR,SR >+ < LRR,RR >< A( v) §/|R\4+/2Q|R|3,

where L_ is the operator

_=-A+(1-Q).
This operator is non-negative and its kernel is spanned by Q). So once the decay (6) is
obtained, by decomposing SR with respect to Q), we also have

C
A

Following the ideas of Weinstein in [29], we shall look for the nature of the negative
eigenvalues of L.

IR <

Lemma 6.2. The second eigenvalue of L is 0.

Proof. Let us consider the functional
3l Vull3

=g
which is minimized by @ (see the introduction). Then, for a test function f,
2J(Q + €f)]e=o > 0.
By explicitly calculating this second derivative and using (1) in the calculus, one has
20QI3 < Lf, f>>-8<Q,f><VQ,Vf>.
If we take f to be orthogonal to @), then
< Lf, f>>0,

and by the Min-Max Principle ([24]), the second eigenvalue of L is non-negative. By
noticing that the two partial derivatives of () verify

we obtain that 0 is an eigenvalue of L of order grater than one, so the first eigenvalue is
negative. Therefore the second eigenvalue of L is 0. U

Y
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We shall use the following theorem.

Theorem 6.3. (Maris [16]). Let g € C'([0,00)), with g(0) = 0, ¢’(0) > 0 and |¢'(s) —
g (0)| < C|s|*, for small s and some C, e > 0. Let ag = sup{a > 0|g(s) > 0,Vs € (0,a)},
and let ug be a ground state of the operator

—Au+ g(u).
We define
I{u, A) = Aug'(u) = (A + 2)g(u),
and we will make the following assumptions : ag < ug(0) and there exists a continuous
function X : (ag, ug(0)]—(0,00) such that for any U € (ag, uo(0)] we have

I(u, MU)) < 0,Vu € [0,U],
{ I(u, \(U)) > 0,Vu € [U, up(0)].

Then
Ker(—A + g’(uo)) = {(91u0, 82u0}.

Next we show that the operator L satisfies the hypothesis of the theorem.
Lemma 6.4. The kernel of L has dimension 2.

Proof. In we take function g to be

g(S) =38— 837
then ag = 1, the ground state ug is @,
—-A + g/(u()) = L7

and
T(u, \) = 2u((1 — Nu? —1).
Let us consider the integral of g,

s st

G(s) =5~

By using the relation (1) between the IL? and the LL* norms of Q
/G(Q(m))dm = 0.

The positivity of G(s) on [0, /2] implies the existence of points x such that Q(z) > v/2,
and in particular Q(x) > 1. Let us recall that @ is a radial positive decreasing function.
It follows that @Q(0) > 1, and the first assumption of the theorem 6.3 is satisfied. The

second assumption is satisfied for the function
1

and we can conclude that

KerL = {0,Q, 3:Q}.
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We return now to the study of R. We impose a choice of z(t) which will yield an
orthogonality property of R. Since

1 T
st (1555 +00)) = QW)

we can choose z(t) such that the functional

H—H( ) Falt)) - Q)

At
reaches its minimum for z = 0. By using (5), this implies that the derivative in z of
) —

0:1(Q + R(1))(

must be zero at z = 0. It follows that
/R&Q +/VR8NQ = 0.
One can then integrate by parts and obtain

/R@-Q—/R@-AQZO.

By recalling that the ground state () verifies

2

Hl

Q( = 2)ll,

AQ+Q°=Q,
it follows that R has the orthogonality property
(15) < 0,Q°, R >=0.

Let us recall that for having the decay property (6) of R, it is sufficient to prove that
the operator L controls its H' norm.

Lemma 6.5. There exist a positive constant 0 such that for t close enough to T,
SIR()|E << LR(), R() > .

Proof. We denote by R, the projection of R on the space spanned by @, and by R, the
remainder term, orthogonal to (). Since the operator L is self-adjoint,

<LR,R>=<LR,R,>+2<LR,R, >+ <LR,,R, >.
The first term reads R
R 2

< LR, R, >=<LQ,Q > <@74>7

Q13
and by using (14)

< LR, R, >=C|R|.

The second term is

<Q,R>

< LR, R, >=
. Q113

< LQ,R, >,
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and since LQ = —2Q?3, by using the Cauchy-Schwarz inequality,
<Q,R>
Q113

Now we have to estimate the third term. Let us notice that the orthogonality relation
(15) yields

< LR,,R, >= -2 <@ R, >< C|R|3.

< 0;Q*, R, >=0.

We will show that
<Lf >

in —

reraesy  |IfI3
From the proof of Lemma 6.2 we have I > 0. Consider now a sequence of functions f;,
normalized in L2, which minimize /

=1>0.

< ij,fj >— I.
j—00

The gradients of f; are also bounded in L2, so we can extract a subsequence converging
weakly in H! to a function f

fin =T

In particular,
<f1.Q7>—< Q% >,

and it follows that f is a minimizer for I,

Lf=1f.
If I = 0, then f must be in the kernel of L. Lemma 6.4 ensures us that the kernel
contains only the derivatives of @, and since f is orthogonal to the derivatives of Q3, it
follows that f = 0. This is in contradiction with the positive IL? norm of f, so I > 0.

Therefore, since R is orthogonal to ) and to the two derivatives of Q3,
< LRy, Ry >> IR |3 = I(|RII3 — || RI3)-
Arguing as for the first term, .
1IR3 < ClRIl2,
and we finally have o . 3 .
< LR,R>>I||R|3 - C||R|l; - C||R|l3.
Since R tends to 0 in L2 norm, there exist a positive constant C' such that for ¢ close
enough to T, o .
< LR, R >> C|R|3.

For a positive number e,
CLRR>=c (/|w;>|2+/<1 _3(92)}22) (- <LRR>,
so, using the control of the L2 norm by L and the boundeness of Q,

LR B> ( / VP - Co / ﬁzz) (1= OC|RIL
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By choosing € small enough to have

(1-¢)C—€eCq>0,

we get the existence of a positive constant d such that

< LR,R >>4||R|j%.

Therefore the proof of Proposition 2.2 is complete.
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