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Abstract

We introduce Hecke operators on the space of complex polynomials. We study
their properties. We deduce that the generalized Bernoulli-Euler polynomials are
eigenpolynomials for our Hecke operators. From this study, we obtain a new

approach to the theory of Bernoulli and Euler polynomials.

1. Introduction and Main Results

Euler [1] defined the Bernoulli and Euler polynomials
(resp., B(x), E(x)) by
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ZB (x) |t|<2n

n>0

Y E, (x)

n>0

< T.

Raabe [5] discovered their multiplication theorem

m-1 k
ZB”(x;z j = mlann(x), Vm >1, Vn € N,
=0

m—-1

k=0

Now, we fix the following notations.

> 1)kEn(xn+lk) m"E,(x), Ym 0dd > 1, Vn e N.

1.1

(1.2)

(1.3)

(1.4)

Let a, N e N* := N\ {0}, &5 be a primitive root of unity of order N.

We consider the functions y, n : N — C defined by

=, N=1’

gk, N>2
Xa,N(k):{lN 0O<k<a-1.
a

We define on the space C[x] the following operators

x+k
TXaN ZXQN ( j

TN = Z TXa,N .
a=1(mod N)

(1.5)

(1.6)

It is easy to see, these are C-linear operators acting on the space of

polynomials C[x] and preserve degrees. We call them, respectively,

“partial” and “total Hecke” operators on C[x].

In this paper, we establish the interesting arithmetical properties of our

Hecke operators T,

ta.N and Ty .
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Our main results are:
Theorem 1. Let a, N € N* such that a = 1(mod N). Then,

(1) there exists unique sequence of monic polynomials (Pn,N)neN in

Q(&y ) [x], with deg P, y = n such that

Txa’N(Pn,N)(x) = ainPn,N(x)' 1.7
(2) (Eigenpolynomials): Polynomials P, N (x) are eigenfunctions for

the operators Ty with eigenvalues N~ "¢( —n ), that is,

1

"N
-n 1

Ty (P, ) (5) = N7 (= . ) By (o),

where {(s, x) = > — 1 is the Hurwitz zeta function.
>0 (x + k)

(3) (Generating functions): Generating functions of P, N(x) are

tx
© tn tte , N = 17
-1
P, n(x)— =1
nZ:(:) A N(S et S
Enel —1

The polynomials P, y(x), we call them generalized Bernoulli-Euler
polynomials.
Our Theorem 1 implies:

Corollary 2. For N =1, 2, we obtain

(1) Pas(®) = By(x), Py Jla) = B, (), B

(2) Raabe formulae 1.3 and 1.4.

The identity 1.7 is a Raabe formula for the generalized Bernoulli-

Euler polynomials P, p.
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We now briefly review the content of the individual sections of our
paper.

Section 2 contains various properties of our partial Hecke operators
TXa N In Section 3, we show the Theorem 1.

Historical remark. It is well-known that the Hecke’s operators
theory is developed on the space of modular and cusps forms, see [2, 6]. In

some sense, our paper can be viewed as an extension of this Hecke’s
operators theory to the space of complex polynomials.

2. Hecke Operators and their Properties

For this section, we fix the following notations.

Given a, N € N*, £y is a primitive root of unity of order N. Let
Xa,N : Z — C given by

ek, N>2
XaN(k): 1 ,0<k<a-1
, E, N:

We consider the C-linear operator, acting on the complex space of
polynomials C[x] as follows

Ty Clx] » Clx]

a-1
P(x) > Ty, (P) ) = Y a () P,
k=0

2.1)
a

Our purpose is to give all monic polynomials satisfying the functional
equation

T, (P)(x) = a™"P(x), P(x) € C[x], for any a = 1(mod N). (2.2)
Now, we have the following key lemma.

Lemma 1 (Hecke operators T, ). For any a, N € N* such that

a = 1(mod N), we have the properties
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(i) T,, , preserves the degree in Clx].

(11) We have
1, m =0,

my _ m-1
TXa,N(x )= a x™ 4 g™ Z[mjsm—u(Xa,N )-x", m=>1,
v

v=0

a-1

where Sy (ta,n) = Y ta,n (k)K"
k=0

(iii) For any m e N*, let B,, = (1, x, X2, .., x™) be the canonical

C- basis of
C,,[x] = {P(x) € Clx] : degree of P(x) < m}.

Then, the matrix Mﬁm (TXa, N) corresponding to the operator Txa,

N
(restricted to C,,[x]) in the basis B,, is given by
Sy a’lS; a28, a™8S,,
0 a_lso a_281 (T) Sm—l
0 0 0,7280 (T;lj Sm—2
MBm (TXa,N ) = 0 0 0 (’;j Sm—3 ’
0 0 0 a"Sy )
(2.3)
a-1
where S; = ZXG,N(k)kZ, VO <I<m-1.
k=0

(iv) Let a, b > 1, such that a = b = 1(mod N), then
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LyanTuon = Tup, v Tna ]

Then, there are polynomials P, n with degree n in x satisfying the
functional equation (2.2). Furthermore, for a given integer n, there is only

one monic polynomial P, y of degree n satisfying (2.2).

Proof of Lemma 1. If there exist any (P, n),cy such that (2.2)

a-1

holds, then (i) is obvious since Z Xa, N (k) =1.
k=0

a-1
Since Z Xa,n(k) =1, T, ,(@1)=1 for m =0. Also by induction in
k=0 ’

(2.2), we obtain
me"“"‘)”‘mZ{( ]Zxa NON S } m 1,
v=0

and therefore (ii) is satisfied.

. . . 2
If we write operator Txa’ N for the canonical basis B,, = (1, x, x,

x™), m € N¥, then from (ii), Mg (T, ) is given by (2.3).

For a =1, the operator T.

Yo N is diagonal and for all a > 2, Mg

(Txa N) is a diagonalizable matrix and has m +1 distinct eigenvalues

Sy, a7 1Sy, a 28y, ..., a™Sy. Then, we know that there exist any
(P, N )neN such that (2.2) holds.

Since Mﬁm (TXa, N) is a diagonalizable matrix for all a > 1, there

exist B, is a C-basis of C,,[x] such that
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S, 0 0 0

0 a’ls, 0 0

0 0 a 28, 0
Mﬁm (TXa,N ) =

0 0 0 o a™™S,

is a diagonal matrix.

Thanks to linear algebra, it is well-known that: two nxn

diagonalizable matrices A and B (in C) are simultaneously diagonalizable

(i.e., diagonal in the same basis), if and only if AB = BA. In fact, the

linear operators TXa N and TXb y are diagonal in the canonical basis of

C[x], then are simultaneously diagonalizable, if and only if

TXa, N TXb, N - TXb, NTXa, N

Now, to prove the existence of (P, y ),cy in C[x], we must show that
Ty nTion = Ty yTrqy forall a = 1(mod N).

From now, we assume a = b = 1(mod N).

For N =1, it is obvious that Txa,NTxb,N = Txb,NTXa,N'

For N > 2, we can write

ki ¢ k k1b+k ki +k
Yo, N (R )y, n(ky) = EReke = ghibthe _ hirkae

Then, yq n (k1) %6, N (R2) = Yab, N(R1b + ko) = %ap, N (R1 + koa) and for
any P e Clx],

x+kb+k
Ty T PN = o) (g P[0

ab
0<ky<a-1
0<kg<b-1

& x+k
= @) P(EEE] k= kbt
k=0
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= TXab,N(P) = TXba,N(P) = TXa,NTXb,N(P)'

Therefore, for fixed N € N*, we deduce the existence of polynomials

P, n e C[x] with degree n such that

Txa,N(Pn,N)(x) =a"P, y(x), Vn € N, Va = 1(mod N).

To show P, ny € Q(&x)[x], define any monic polynomial (P, y ),y by

n
Pn,N(x) = vaxn—v’ bO =1
v=0

and P, y e Clx]. Then,

a-1
@ PN ) = Ty (Pn) @) = D ta @) Pun(SE ) )
k=0

and it follows that

(a" - 1), = le[ b8 a)

v=0

a-1
Since Sr—v(Xa) = Z Xa,N(k) -k"™", we obtain Srfv(Xa,N) € Z[&N] and
k=0
therefore, b, € Q(&y).
Finally, we must now to observe the uniqueness of (P, n),cy-

If possible, let P, y(x) and @, y(x) be two different monic
polynomials of degree n satisfying (2.4).
Suppose that P, n(x)- @, y(x)=Ag(x)= Agx? + Ajx? 4. where

d <n and Ay # 0. Subtracting in (2.4), we get

a-1
ZXa,N(k)‘ Ad(x ; k) = a_"(ond + Alxd‘1 +...).
k=0
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Identifying the coefficients of x% on both sides, we have Ay = a "4,
but this contradicts our stipulations that A;=0,d<n, and a > 2.

Hence, it follows (iv).

Therefore, we obtain our Lemma 1.

3. Proofs of Main Results

Let a € N, N € N*. We recall that the Hecke operator Ty is given
by

TN = Z TXG,N’ VXG,N,

a=1(mod N)
a>0

le.,

For every n 2 0 and N > 1, from the Lemma 1, there are unique monic

polynomials P, n in Q(§y)[x] with deg P, y = n such that

Txa,N(Pn,N)(x) =a "P, y(x), Va = 1(mod N).

It implies the part (1) of the Theorem 1. [
Now, we prove the part (2) of the Theorem 1.

It is easy to see that

Tn(Pun) (@)= > Ty (Pun)(®)
azl(m0>dON)

—-n

Il
Q

n,N(x)’

a=1(mod N)
ax0
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and we write a =1 + kN,

Ty (P n)(x) = D (1 +EN)" P, y(x)
k>0

_ 1\™"
=N ”Z(k+ﬁj P, n(x)
k>0

= N7"Gen, 1 )Py ().

We prove now, the generating function of P, y(x) is given by

xt
L, N =1,
e -1 (3.1)

o0 tn

an,N(x)_' = xt

n=0 M| By me” , N > 2.
gnel —1

For that, we introduce the function

text

el -1
xt
M,Nzg‘
F,Net -1

Let us expand the function Fp(x, t) in powers of x and ¢ and collect the

N =1,

FN(x, t) =

coefficients as a polynomial ¥, n(x) of degree n in x:

F (e, 6) = > ¥ N () o (3.2)
n=0 ’

Suppose ¥, y(x) = A(()n’ N)gn Al(n’N)x”_1 +ot AN,
If we replace x by % and ¢ by ¢ -y in (3.2), we get

t
ty-e N =1

>

1 v _1q
FN(_’ty): (2 _l)et
J =N 7 O N=22

’

&Nety -1
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o0 tn
= Zyn\yn,N(x)?
n=0

n
Letting y tends to zero, we obtain e’ = Z Aé"’ N) tn_'
—* F

Hence, for all neN, we have AE]’N):I, and hence, ‘PnN(x)ls/

monic.

If in (38.2), we replace x by x + % and multiply by Fj\; and sum over

k, we get
a-1 o0 n a-1
Sk Y wnn(r o 25 - S m(ee k) ek
k=0 n=0 k=0
Lext
at ) N = 17
et —1

(e —1)e™ e'&f -1
: 71 L N > 2,
N eatn —1

and for a = 1(mod N), we write a = kN +1, k € Z, it follows that

xt

Le
a N =1
o (a-1 i it ’ ’
k _ a _1
En - P (x j =2e (3.3)
- - L—’ N > 2.
e“éN—l

If, instead, we replace in (3.2) x by ax and ¢ by é , we obtain

ext
© ) N = 15
4 1 t" @ _1
FN(ax, —) = Z— ‘¥, ylax) - — =€ (3.4)
a n ’ ! —1)e*t
"0a S O ROy VY

eten —1

Q |~

~

b
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n

Identifying the coefficients of tn_' in (3.3) and (3.4), we conclude that

¥, n(x) satisfies the functional equation (2.2)

a-1 k
ZXa,N(k) ) \Pn,N(x + E) =a " ‘Pn,N(x)-
k=0

Since ¥, y(x) is monic, by Theorem 1, we have ¥, y(x) = P, y(x) and

3.1 1s proved. [

(1]

(2]
(3]

(4]

(5]

(6]

References

L. Euler, Methodus generalis summandi progressiones, Comment. Acad. Sci. Petrop.
6 (1738), 68-97.

Y. Hellegouarch, Invitation aux Mathématiques de Fermat-Wiles, Dunod. (2001).

T. Kim, Symmetry identities for the twisted generalized Euler polynomials, Adv.
Stud. Contemp. Math. 19 (2009), 111-118.

T. Kim, Some identities of symmetry for the generalized Bernoulli numbers and
polynomials, (2009),
Arxiv, http://arxiv.org/pdf/0903.2955.

dJ. L. Raabe, Zuriickfithrung einiger summen and bestimmten integrale auf die Jacob
Bernoullische function, Journal Fiir Die Reine and Angrew. Math. 42 (1851), 348-376.

J-P. Serre, Cours d’arithmétique, PUF, 1970.
|



