¢-EXTENSION OF BERNSTEIN POLYNOMIALS
WITH WEIGHT (o, 3)
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Abstract In this paper, we consider a new type of g-Bernstein polynomi-
als with fixed weight («, 3). We call them ¢-Bernstein polynomials with weight
(ar, B). We establish many interesting identities and relations satisfied by these new
polynomials. These formulae are the arithmetical nature.

1. INTRODUCTION

In a recent paper [5] T. Kim proposed ¢g-Bernstein positive linear operators and
g-Bernstein polynomials. This paper seems to be a new approach in the area of
g-extension of Bernstein polynomials. The main idea of our paper is to study
an extension of ¢g-Bernstein operators and polynomials which are introduced by
Kim [5]. That is, we considered the extension of Kim’s ¢-Bernstein polynomials
and we call them the weighted ¢-Bernstein polynomials in the viewpoint of the
generalization of Kim’s ¢-Bernstein polynomials.

Throught this paper, we assume 0 < ¢ < 1. Define the ¢g-numbers of x by

[z] = 11:q;. Let C([0,1],R) be the space of continuous functions on [0,1]. For

a,f €Rand f € C([0,1],R), we consider linear positive operators as follows:

£(5) () athen - alyt

£(£) Bentodla.s) )

Bn,q(fa 33|Oé,ﬁ) =

M- M-

=~
I

0

Here B, 4(f, z|a, B) is called ¢-Bernstein operator with weight («, 3) of order n.
B (z, qlo, B) are called the ¢-Bernstein polynomials with weight (o, 3) of degree
n.
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2. WEIGHTED ¢-BERNSTEIN POLYNOMIALS

From (1) and [1,5], we note that the generating function for By ,(z, qla, 8) is
given by

o0 tn
Fq(,kolﬁ(tx) = ;}Bk,n<xaq|a7ﬁ)aa
_ (t[z]ge )" expl)g(!t[l —x],-5) ’ @)

where n,k € Z, = NU{0} and o, 5 € R.
By (2), we get
Walka [l —all=y, ifn >k,

Note that lilr% Bin(z,qlo, B) = Bpn(x) is the ordinary Bernstein polynomial of
q—>

degree n.
In this section we prove the following interesting properties of weighted ¢-Bernstein
polynomials:

Theorem 1 (Recurrence formula 1). For n,k € Z;, o, € R and x € [0,1], we
have

[1 - I]q*BBk,n—l(Ia Q|a7ﬂ) + [q}]q‘lBk—l,n—l(Ia Q|a7ﬂ) = Bk,n(z7q|aaﬁ)7

and
d alogq .. qﬁ log qﬁ —B+8z
%Bk,n(zqu,ﬂ) =\ Bi-1,n-1(7, qlo, B) — P Bin-1(z,qla, 3) | n.

Proof of Theorem 1 : For 0 < k < n, we have
[1 - x]q—f’Bk,n—l(ma q|aa6) + [z]qo‘Bk—l,n—l(ma q|aa6)
n—1 ke n—1 _ e
S T G [ £ IR A Y iy | (s
n—1 n n—1 e
(" Yttt el ()il — ol

- CIZ’]Z:[!C = Bk,n(x’ q|a’ ﬁ) (4)

I
7N
> 3
~—_
B
Q
°
—_

and the derivative of the g-Bernstein polynomials with weight («, 5) of degree n
are also polynomials of degree n — 1:

d
7Bk,n(x,q‘aa /8)

dx
= k n k—1 1 n—kalogq azr k n k 1 n—k—1 qﬁ logqﬁ —B+Bx
= k(i -l S 4 (= by () 1 — b
_ (21084 g ¢"logd” 5.5, .
= o lq k—1,n-1(, qla, B) — qﬁi—lq kn—1(2, qla, B) | n. (5)

Therefore we obtain our desired theorem. [J
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Theorem 2 (Symmetry and various identities). For n,k € Zy, o,8 € R and
x € [0,1], we have
By k(1 -, q71|ﬂa a) = Bk,n(gjv qlo, B)
Morowver,
Bnﬂ(lw%'la?ﬂ) = (1 + ['T]q" - [x]qﬁ)

and
-1

By o(z, x|, B) = [2]ge (1 + [2]ge — [2]4s)"

Proof of Theorem 2 :
Let f be a continuous function on [0,1]. Then the g-Bernstein operator with
weight («, ) of degree n for f is defined by

walf,7la, B Zf( ) Btz dla, ) (6)

where 0 <z <1, n € Z;.
By (5) and (6), we get

Bualialas®) = 3 Bu(odiand) = Y- (1) lalholt -yt
1

k=0 k=0
= ([x}qa +[1- x]q_ﬁ)n = (
Also, we get from (6) that for f(z) ==

- é(:j)[x]’;au o]k
- (-

k=
g ([#]ge +[1 = 2lg-6)" " = [tlge (14 [2]ge — [a]gs)" "

Note that the g-Bernstein polynomials with weight («, ) of degree n are symmetric
polynomials as follows:

Bn—k,n(l - x,q_1|ﬁ,a)

()i = el bl = (=l

I
7N
> 3
~—_
—
B,
< 3
I
@
s
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Thus we obtain our theorem. I

Theorem 3 (Explicit formula 1).

sl = 3 (1) S5 () omir (£) (B
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where f € C([0,1,R), o, €R andn € Z.
Proof of Thereom 3 : From (6), we note that

En,q(fax‘aaﬁ) = Zf <f;> Bk,n(xatﬂ()‘?ﬂ)

k=0

B
SR @

From the definition of binomial coefficients, we easily get

W00 00)

Let k + 7 = m. Then we have

(5= () ©
By (8) and (9), we get
Bathstos) = 32 (0 ) 22 ()0t () (B

m=0

This yields our theorem. [

In the special case, a = (3, we have the following corollary.

Corollary 4. For f € C([0,1],R), « € R and n € Z, we have

" /n " /m _ k
Bugfoala) = Y (1)l 3 (7 )come (). (10)
m=0 k=0
It is well known that the second kind Stirling number are defined by
(e —1)F k Lolt c- "
7! pl Z Zs(n,k)a7 (11)
n=0
where k € N (see[3-5]).
Let A be the shift difference operator with
Af(z) = f(z +1) - f(z).
By iterative process, we get
n n -
am0) = 3 ()0, (s, (12)

k=0
By (11) and (12), we get

%Mon = s(n, k). (13)



From (10), (11), (12) and (13), we have the following theorem.
Theorem 5 (Difference operator). For f € C([0,1],R), a € R andn € Z
Brq(f; x|, o) = z": "Valkakr (2. (14)
AT k) n
k=0
In the special case, f(z) = 2™ (m € Z), we have the following corollary
Corollary 6. For z € [0,1], m,n € Z, and o, 3 € R we have

" /n
n"By, 4 (2", z|o, ) = Z (k) [x]’;aAkOm,

k=0
and
" /n
nB, o (x™, z|a, a) = Z (k:) [m]gak!s(m, k).
k=0
Theorem 7 (Recurrence formula 2). For k,n € Z,, o, € R and z € [0,1], we

have
n+1—k k+1
WBk,nﬂ(%qm, B) + ?BkJrl nt1(7, qla, B)
= (1= [z]es + [2]ge) Brn(2, qlo, B). (15)

Proof of Theorem 7 :
For z,t € C and n € Z with n > k, consider
B (Hele)t exp(tll = aly s) dt
271 C k" tn+1 ’
where C' is a circle around the origin and integration is in the positive direction.

We see from the definitin of the weighted g-Bernstein polynomials and the basic
theory of complex analysis including Laurent series that,

(16)

(t[r]go)* exp(t[l — z],-5) Bim (2 q|a st dt
/C B - t"+1 Z/ : et
— o Bpn(z, '(]la ﬁ) (17)
n!
We get from (15) and (16) that
! o)k 1—a],-
% ; (t[m]q ) eXIZ:('t[ .’E]q B)t:lil _ Bk’n(m,q|a,,3) (18)
and
(t[z]ge)F exp(t[l — x],-5) dt B [z]F. & [1_35] Zp 1tk
/. e e (T L
k _ n—=k
o [z]ga [1 — 2775 (19)

By (15) and (18), we get
n! 7] 40 )F ex L P n
27:2/6' (t[ ]q ) p(t[l ]q ) dt _ ( )[x]k [171]",_5]“. (20)

k! A
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From (17) and (19), we get

Bun(e.alons) = () alholt - a1yt

where z € [0,1] and n,k € Z;, o, 5 € R.
By the definition of ¢-Bernstein polynomials, we see that

n—=k k+1
n Bk,n(xaq‘aaﬁ)'f' n Bk+1,n(x7Q|a,5)
(n—1)! Kk n—k (n—1)! k+1 —k—1
i —h— 1) e b= 2loms g = Ty el [ = 2l

= ([1—- x]q*ﬁ + [ﬂqa)Bkmfl(xvﬂmﬁ)
= (1= [zlgs + [2]ge) Brin—1(x, gla, B).
Hence, we obtain our theorem. []
In the special case, a = 3, we obtain the following corollary.
Corollary 8. Fork,ne€Z,, a € R and x € [0,1], we have
n+1—k

k+1
1 B ny1(w,qlo, ) + ——Brr1,n11(2, qlo, @) = By n(z,qla, ). (21)

n+1

We get from (3) that for n,k € N,
n — k' + 1 [l’]qa

P kal,n(xa (J|047 ﬁ)

k 1 —x],-
- i [_:d;]zg (k ’ 1) U
n! e
= m[ﬂ?a [1- fc}qfak
= Bz, qla,B). (22)

From (22), we obtain the following corollary.

Corollary 9.

n—k+1 [z]gp
By =B n ) 9 )
k 1 —a], s k—1,n(, qla, B) e (T, gla, B)

where k,n € N, o, 8 € R and z € [0,1].
Theorem 10 (Explicit formula 2).

Buatrlos) = (22) 30 (1) (1)t

I=k
where a, f €R, n,k € Zy and x € [0,1].

Proof of Theorem 10 : From the definition of the g-Bernstein polynomials and
binomial theorem, we note that

Bun(olad) = (})lalialt —alyt

n—=k

(1)t 2 ("7 ")t 23)



It is easy to show that

(Z) (n;k> - <k11) (sz) (24)

By (23) and (24), we get

v = (B2 B )

- (E) 200w

From (25), we obtain our theorem. [J
In the special case, a = 3, we obtain the following corollary.

buntato.n =3 (1) ()

where a, € R, n, k € Zy and x € [0,1].

Corollary 11.

It is possible to write [I]’;a as a linear combination of the ¢-Bernstein polynomials
by using the degree evaluation formula and mathematical induction. We see from
the properties of the g-Bernstein polynomials with weight («, 3) that

n

> Epnwaes) = X (37 )ttt

k=1 k=1
n—1

In the special case, a = 33,

By the same method, we get

z”: )Bknqua B) = Zg;

k=2 k=2
" (n—2 "
= > (3l
k=2
n—2 n—2
= ("t
k=
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In the special case, a = 3,

k
2> Bk,n(x7 q|a7a> = [x]i("

[
|
T
~

»
l\')

By continuing this process, we obtain the following theorem.

Theorem 12.

Z %Bk,n(%qmﬁ) = [alje (1 + [a]ge — [x]qﬁ)nij’
k=5 \J

where n, k,j € Zy, o, $ €R and z € [0,1].

In the special case, a = 3, we obtain the following corollary.

Corollary 13.

Z(% (z,qla, ) = [m]ga,
k=j J

where n, k,j € Zy, a € R and z € [0, 1].

In [2], the ¢-Stirling numbers of the second kind are defined by

B e
saln k) = T > (1)l (5 -,

=0 J
where (§) = prfil and [K,! = [, [2]4[1],.
For m € Z, we have
m o (0% k z
i =) (k> [K]ge 15qe (6, m — o).
k=0 q“

Thus, we have the following corollary.

Corollary 14.

k=j =0 q

where n, k,j € Zy, a € R and z € [0,1].
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