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Abstract

In this paper we introduce and investigate generalized multiple Dedekind-Rademacher
sums. Our multiple Dedekind-Rademacher sums are written in terms of values of Bernoulli
functions. The first aim of this paper is to give and prove a reciprocity law for our sums.
The second aim is an application. We state that our sums have a connection to multi-
ple Radermacher sums and we prove that these sums appear in lattice-point enumeration

functions.
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1 Introduction and statement of main results

The multiple Dedekind-Rademacher sums that we introduce in this work are a generalization
for the Dedekind-Rademacher sums studied by Hall, Lewis and Zagier in [4] ( from dimension
n = 3 to arbitrary dimension n).

It should be noted that these sums which are expressed in terms of values of Bernoulli functions
are different from those introduced by Zagier [10] and from Dedekind cotangent sums studied
by Beck[I], which are expressed in term of cotangent function.

We recall that the Bernoulli polynomials are defined by the generating function

z

(1.0.1)

3T > N
ez—lzan(:U)ﬁ’ |z| < 2.
n=0 ’

and that the Bernoulli functions are defined by

(1.0.2) Bo(x) = { ., 0 if v € Zn=1

({z}) Otherwise .
For each pair (a,b) of coprime integers, the classical Dedekind sum S(a,b) is defined by

a—1

(1.0.3) S(a,b) =3 B (f) B (Z)

t=0



Dedekind [2] introduced this sum in connection with the transformation formula for the Dedekind
n-function. But the story of Dedekind sum started with a paper of L.Kronecker [5] written in
1885, seven years before the widely quoted paper of R.Dedekind [2] on Riemann’s Work. In that
paper, Kronecker obtains a Dedekind sum by calculating the logarithm of the quadratic residue
symbol using the Gauss lemma. Rademacher introduced the homogeneous sum S(a, b, ¢) given

by
a—1
— (bt = [ct

1.0.4 S(a,b,c) := Bi{—|B1|—

( ) ((1, 76) tZ:(:J 1<6L) 1(&)
That is the Rademacher generalizaton of the classical Dedekind sum.
The most fundamental and important theorems for any of the generalized Dedekind sums are
the reciprocity laws.
Along this paper we use the notation: N* is the set of all integers n > 0.
The famous reciprocity laws for the classical Dedekind and Dedekind-Rademacher sums are

Theorem 1.0.1 (Dedekind-Rademacher)
i) Dedekind: If a,b € N* are relatively prime then

1 1 /a 1 b
(1.0.5) S(ab) +S(b,0) = — + 1 (b+ab+a> |

i1) Rademacher: Ifa,b,c € N* are pairwise coprime then

1 1 (a c b
(1.0.6) S(a,b,c) + S(b,c,a) + S(c,a,b) = ~1 + T <bc + = + ac) :

The standard reference for ordinary Dedekind sums is Rademacher and Grosswald [3].

Let us now introduce the main object of study, the multiple Dedekind-Rademacher sums as
follows:

For fixed integers n > 2, we consider r1,...,7, be positive integers and aq,...,a, be positive
integers pairwise coprime and we set for any 1 < k < n

—_ - — o _
A = (a1, .., aky ooy @p) s R = (r1, ., Ty ooy ) € N L

We define multiple Dedekind-Rademacher sums by the formula:

=] ait
(1.0.7) S AR =Y. [I B, <afk>

t=0 1<j#£k<n
It’s easy to see for n = 3,k = 3,@ = (a,b,c) and }%) = (1,1), that
S(a,b,c) = S3(As, Ry).

Our aim here is to prove that these sums satisfy certain reciprocity relations under cyclic
permutations of (a1, .., ag, ..., a,). We state the reciprocity law in terms of the generating function
defined by

—_— =

- ooNTi—1
(1.0.8) &, (AT = Y Sn (A, Fir) I (27T2(pj>

S % B % B a;
Rl igien Y

where QTI; = (¢1,..., Dk, ..., ¢pn) is a n — 1-uples of reals.
In this paper we prove the following generalized result



Theorem 1.0.2 Let n be integer > 2, let aq,...,a, be positive integers and pairwise coprime
and let o1, ..., pn, n-real variables in the interval | — 1, 1] with sum zero. Then

By our result we recover the well known theorem of Hall, Wilson and Zagier in [4], which is
stated for n = 3. Precisely, we have the following interesting relations deduced directly from the
n

last theorem using the expansion of sin(z Uj) for n = 2,3,4,5.
j=1

Corollary 1.0.3 Under the hypothesis of theorem[1.0.4, we have the simple identities

n 21 3 4 5
n 4
E G, <Ak,<I>k) 0] — cot <F%> —2%1 E cot <7r%> cot <7r%>
- a; — 473 a;
k=1 =1 J 1<i<j<h J

J
Proof of theorem
We show how to obtain the theorem [[.0.1] from our main result theorem [1.0.2]
We put a1 = a,as = b, a3 = ¢ and we define

=
e

—

Sy ro(a,b,c) == S (1?;:,),}73)) ,Sro s (b, c,a) == Ss3 (E,]ﬁ) ,Sram(c,a,b) =53 (E,E) .

Then we can write

i, b 211 r1—1 o7i ro—1
0 (55) - 3 Salube) (ia )" (2
7‘1!7“2! a b

r1,7220

- =\ Srars(b,c,a) (2mipy r2—1 2mips rs—1
Ss (Al’q’l)_ > rolrs! b c

r2,m320

. —1 . ri—1
— =\ Sryr(ciab) (2mips\"™ 2mip1
Ss (AQ’ (I>2) N Z r3lry! c a

r3,71 20

The theorem [1.0.2] shows that

1
By writing
Gs3 <1T/;, CE) = ( part of total degree in terms of ©1, @9, o3 equal to — 2)

+( part of total degree in terms of ¢1, 2, 3 equal to — 1)
—i—( part of total degree in terms of ¢1, @9, 3 equal to 0>

—i—( Analytic part of total degree > 1 in terms of (1, @9, gpg).

3



In fact, for each k = 1,2, 3 we compute the homogeneous part of degree zero in ¢1, @2 and
3 in the left of [1.0.10] we obtain that the part of total degree [ = 0 in terms of ¢, 2, 3
of
63 ("Tl))(IT{) + 63 (1?2}, CE)) + 63 (ga (173:)
1

is equal to —7.

Precisely, for

b b
S5 (3. 33) we obtain Sy(a,b,) + L2BLAL P2y Solab )b o

for
— — . Soz2(c,a,b)c 1 Saplc,a,b)a w3
GE} (A2,<I>2> we obtain 51 1(c, a,b) + 0Bl a % ESTITRE X a
and for
— — . So2(b,c,a)b w3 Sag(b,c,a)c  po
63 (A]_, @1) we obtain S]_y]_(b, C, CL) + TE X @ 2'70'5 X @

Now by using, the additive distribution formula [2.1.11| and the definition (3.0.18)), we obtain

S b S b,c)b 1 b —
Siaa,b,c)+ 2l®bea ea | Swolabb e gy oL ( 2 s@l) B2 (0)
a

012! b 1 210! V2 2\be " o1 ac’ o

SO 2(67 a, b) & $1 SQ [)(C,CL, b) a ©Y3 1 & ©P1 a Y3\ =
s p) 4 20RCL P 22008008 5 g gy [ Sx P L B By
ra(e a,b) + ol a 03 00 ¢ 01 (c;0,0) + 2 \ab ™ ©3 + be 01 2(0)
S() Q(b, C, CL) b ©3 SQ o(b, C, CL) C ©2 1 b ©3 C Y2\ =
S11(b Lo x 2 o T2 =8(b — [ — x =4+ — x == ) By(0).
11(bca) + 012! cxg02+ 210! bxg03 (,c,a)+2 cxg02+abxg03 2(0)

Finally, the homogeneous part of degree zero of
S; <fT1>,‘E)) + &3 (E,@’) + &3 (Zg,az;)
is
be ' ac ' ab

1
S(a,b,¢) + S(b,¢,a) + S(e,a,b) — <“ N C)

since @1 + @2 + p3 = 0 and Bz(0) = %. This leads to the result

1 b 1
S(a,b,c)+S(b,c,a)+5(c,a,b)—E <a +—+ C> =1

be ' ac ' ab

by comparing both sides of (1.0.10). O

Remark 1.0.4
In general, for any integer N > 0, by comparing the coefficients of degree N — (n—1) of both
sides of|1.0.9we get relations for non-trivial Dedekind-Rademacher sums Sy, (Tk, }?k) , 1< k < n,

with Z rj =N, andr; > 1, let us express all the sums Sy, (Tk, }?k> as linear combinations
1<j#k<n
of those.



2 Bernoulli functions and proof of main results

We use throughout the notation : e(z) = €2™* (z € C).

2.1 Bernoulli functions: An overview

We will need the additive distribution formula satisfied by Bernoulli functions, which is proved
by Raabe in [6]

a—1
_ t _
(2.1.11) VaeN*, VzeR, » B <x + a) =a'""B,,(ax).

t=0

We recall the difference and addition formulas satisfied by Bernoulli polynomials

m—1

(2.1.12) Bpn(X +1) = Bp(X) =mX™ ' =) ( 7;’: ) Bi(X), (mé€N)
k=0
(2.1.13) Bn(X+4Y)= i ( ’: ) X" kB (Y), (meN).
k=0

Also we need the Fourier expansion formula of B,, (z) [4]

- ! 627rik:1:

2.1.14 B,, = — - _, *, R).

( ) (x) Griym Z o (m e N, z € R)
keZ\ {0}

Now we consider for all ¢ € R\ Z, the function

1
% cot(mo) if z € Z,

2.1.15 F(z,¢) = Y
o B
By the definition of By (z), we have for all ¢ € R\ Z,
<X Bom
(2.1.16) (z,0) = 2772(;5 , (2 €R).

2.2 Proof of theorem [1.0.2

We begin to prove the following lemma

Lemma 2.2.1

k=1 (t1,--stn)ENT k=1 j=1
0<t;<a; —1 J#k

Proof : Using the distribution property (2.1.11)) of B,,, we rewrite &, (Tk , @_é) as

n

1 [ 2mig; "7
o.M = ¥ sl ()
J° J

— i—1
Rpenn—1 Tk




Using Laurent expansion of F' (2.1.16)), we obtain thus

n
- = tr L‘j
s@ma = > [IF(E-20)
0<t;<a;—1 j=1
1<i<n  j#k
from which the lemma follows. [
Lemma 2.2.2 Let (uy,...,u,) € R™ such that for all distinct k,j € {1,...,n}
up —uj € Z.
Then we have
n

#

=
||M:
I

(O
i

Proof :
The Fourier expansions (2.1.14]) and (2.1.16)) give the identity

F(s.0) = 1 ' Z e(kz)

2mi
A=¢ (mod Z)

where the last sum, obtained by writing A = ¢ —k, is to be interpreted as a Cauchy principal
value (sum over |\| < L and let L — o0) for convergence.
Then

ﬁF(uk—uj,qu) = 3 e((uk—ug)'\)j(qﬁj — )

#

<.

()‘17~-'7Xk7"'7>‘77«)

<
Eall

where the sum > * is over all (A1,..., Xgy -3 An) = (A1, Py oo ., dn)  (mod Z7 ).

n n—1
Now since Z ¢; = 0, then by setting A, = — Z Aj, one has
j=1 j=1
> (uk =) (¢ = Nj) = > (ur—uy) (65— )
j=1 Jj=1
j#k

n

= =D (¢ =)

J=1



which is independent of k.
We observe also

3

=
ﬂ‘
11
|-
Il
()=
>
Eal

We conclude

3

—.

F (up —uj, ¢;) = 27” — 12 Z* =

il
MR
ol
ol
x>
??‘
»—A
>
=
“>,
T
“>~
—=
>
<

This proves the lemma, O
In order to prove the formula we compute the sum

(2.2.17) 3 Z H F (tk - ,¢j>

(t1,--5tn)ENT =1 j=1
0<t;<a;—1 J#k

Thanks to the lemma (2.2.2)), we know that the contribution in the sum (2.2.17) coming from
the 2—’; — é ¢ 7 for all dlstmct k,je{l,...,n} and all t4,t; € Z, is zero.

Let (a1,...,ayn) and (t1,...,t,) be fixed. We set

S-SR (% te).

k=1 j=1
J#k

Our aim here is to calculate this quantity Z .
We assume first that (¢1,...,t,) is of the form :

(tl,...,tk):(0,...,0,tj0+1,..., EH{O}X H O(Ij_l]ﬁN.
=jo+1

Throughout, we admit that every sum (resp. product ) over the empty set is zero (resp. equal
to 1).

We will observe easily that the general case follows without difficulty.

For simplicity, in our compution we can assume that:

tjp i

j j+1
<

aj  Gj+1

(Jo <j<n).

We decompose the sum Z in two sums Z 1+ Z 2 as k < jg or k> jg.
Let us put hj =tj/a; (j=1,...,n).



On the one hand, we have

Jo n

TR 93 | SIS
=
jo m
- ZHF hj, &)
k=1 j=1
J#k
Jo Jjo
= Y [ F©.6) ] F(~hj,¢5)
k:1;;1€ 3>70
Jo
= Z ( ¢ HF ¢J HF h]v¢])
k= k J<Jo J>jo
_ e ({—h;}9;)
- JI;JIO o) J<Z]F ¢J Ho e((bj)_l
e((1—hy)
= F(0,
jl;JIO 0.0 JZ.;) ( 1>_[ e(®;) _1

o) 6(Z¢j)xe<zhg’¢j)
B le(¢;) +1 1 3>Jo J>jo
- H 2e(dj) =1 Z F(0,6;) I (e(¢) - 1) '

J>Jjo

So after rearrangement

e (Zn:hj@)
Y= Fl’ ¢ (Z %) 1 5(c00+1) 3 F(01,¢j>

On the other hand, we have

S = Y IIF0e s

k Jj=1
>jo s

e ( > - hj}éf)j)
7,
B (c(0) 1)

i#k




= Z(m)1)6(2(@@)@)6(2(1hﬁhkm

[T (o) —1) =

i E 2

(e(¢j) — 1) F>70

<.
[y

=

1

<.
Il

(5
- = S (elon) = 1)e( S ¢
[T (e(¢)—1) k>fo< ) <J>k )

<.
—_

Thus

e (Zn:hj%)
P (3 ) —1).
H(e<¢j>_1)< = )

J=1

We have therefore shown that

e (Zhﬂby)
S =YY = (H;(e(qu)ﬂ)z
[[(e@)-1 V

Jj=1

For every t = (t1,...,tn), we set J (?) ={j:t; =0}.
By permutation, we can consider the previous case and so

JjeJ ]eJ jeJ

[ )
2" Fl4> )( PR VAR D

n

We consider now the sum of Z over all T € H[O, a; —1]NN.
=1

Let us write

JC[1,n]

XY - Y T %
0




We see first that

In other hand, we have

J jes €l —

It remains to give a formula for

(2
S = ZJ:JI;[] —5) +1€<_(Z)_e(_¢j)jEZJF(0¢J)
By putting ( y )
1—e _?;
a; (1+e(—¢j)) e(—i’)—e(—%)
and

1
F(0,05) “e(gj)+1

s=2 1125

J jed jed

we may write

We set § = Zﬁj. It is clear that
jeJ

where



Hence
S = 1 ; L
H (14 as) Z 1+ o
=1 i=1
Since
Aj
l+oj=5—0rb
e(-2) -e(-9)
with

= e<_f:j>—e(—¢j)+1+e(—(1+;j)¢]))
_ <1+e<—aj)> (1—6(—%))

it follows that

1+Oéj:

On the other hand, we have

_ _ﬁ)
afy ! 6( a;

1+ a; 1—&—6(—%)
J

and consequently,




Finally, by using lemma (2.2.2))

tk‘_i A _ = €<_OTJI )T 1
0<t;1;]H1F< %) 11;[1 1_6(_%) 3'1;[6(%)_6(%)

1<J<n J#k

Now, by using lemma (2.2.1)), we obtain
> (40.) - ;HF(%—%,@).

This finish the proof of our theorem O

3 Connection to multiple Rademacher sums

Let ay, ..., a, be positive integers pairwise coprime . Inspired by Rademacher’s work [7] we define
multiple Rademacher sums by

(3.0.18) Blai,...,a Zn:azl H [t aﬂ] .

=1 t;=

J#l

We have a connection between B(ay, .., a,,) and our multiple Dedekind-Rademacher sums Sn(sz) , }T;;)
given by the following result

Theorem 3.0.3 For any aq, ..., a,, positive integers pairwise coprime, we have
" A7+
Blai,...,an) = A"Zaﬁ >, FU)), ( ) > 28y (ais (an)ier)
=1 JA{1,...n}\{i} k=0 LcJ
Ay -1 _
*TH ~ Yoo F)(]+1)
1

i=1 " JC{l,...n}\{i}

12



where
J

- 1 1 -1
j=1 JjeJ

and

J={1,...,n}\J , Sk<al, ay leL) Cka(tl)HBl (tlal)

leL

Proof : Let us put u; = ;*, i=1,...,n. We have
n n n 1
U; H [uia;] = wu; H a;. H <uZ — {uza]}>
= =1 =1 @
i i Iz
A, T 1
= . H (ul - {uiaj}>
a; - a;
7j=1
A 5 -1
= ?n Z Uz‘ul H (a) {uiaz}
b c{l,..n} jeg N

Remark that, if ¢ € J the product

SO

i 5T

1 a
j=1 JC{1,....,n}\{i} JjeJ

It follows that

n a;—1
3019 Blnw) = 430 ¥ I j)zuzwn{ul%}.

i=1 " Jc{l,..n}\{i} j€J jeJ

Now, we set m = |J| + 1, u = {u;} and v = {u;a;}.
Then, we use the difference formula [2.1.12] and the identity

{U}ZE(UH%, vER\Z

we deduce that, for all ¢; =1,---,a; — 1 and all J C {1,...,n}\ {i}, we have

[J]
e IJI+1kZo( h )Bk< ;)
[T{we} = ] El(“z%’ﬂ%)
jeJ JjeJ
N
= — B (ujay)
S() O



By substituting these equalities in (3.0.19)), we obtain

1 LT -1
Blay,...,an) = Ay Z* > ‘J+1k2_0< >H

i=1 " Jc{1,...n}\{i} JjeJ

> (2>|J Lazzl o T B

t;i=1 lel

_ 1 1 |J|+1 -1
-adn Y g

i=1 " Jc{1,..n}\{i}

|
NN _ _ _
Z <2> (Z By (ui) | | Bi(uia;) — Bi(0) HBl(O)>
t;=0 l
|

LCJ €L leL
"y vy
= A, - Z FU)Z( k >
i=1 " Jc{1,..n\{i} k=0

a;—1
Z 2! (Z B (u; HBI u;ay) (0)H31(0)> :
LCJ leL leL

We can rewrite this equality as follows

|| _
B(ay,...,ay) = A, Z— Z Z( 71+ )22|L|Sk(ai;(al)lEL)

= JC{l n}\{z} k=0 LcJ

n

g
4y LY F(J)Z("J'l:l)Bk(O).
k=0

i=1 " Jc{1,..n\{i}

Indeed

<l

T +1\ 5
(7
0

B
Il

1) 0l — By (0) (|7] +1)

1
- : 7
5 since |J| >

_— &
g %M“‘

(\J|+1> 0)< |J|1+1)B1(0)
|+
i

Finally, we obtain our desired formula. [

4 Connection to the enumeration of lattice points in pyramid
in dimension n + 1.

Let ay, ..., a, be positive integers pairwise coprime. Let P denote the integral point (0, ...,0, A,)
in the Euclid space R"*! where A,, = ay...a,. For I C [1,n] let P; = (acgl), ...,xqg),O), where
()

,x; ’ = a; or 0 according to wheter i € I or not. Denote by N(ay,...,a,) the number of lattice
points (21, ..., Tn, Tnt1) With 0 < 2,41 < A, in the pyramid with vertices P and Pj, I C [1,n].

Sun in [9] proves the following relation



(4.0.20) N(ay,...,an) = Ay (ﬁ(ai —1) - B(ay,... 7an)> :

i=1

By combining our result in theorem with the relation (4.0.20)) it’s obvious to see that our
multiple Dedekind-Rademacher appear in lattice-point enumeration functions. More precisely,
we obtain the result

Theorem 4.0.4 Let ay,...,a, be positive integers and pairwise coprime. Then

n 7] -
N(ai,...,an) = AnH(ai_l)_AnZ% > FU)Z( ‘J’;l ) > 28k (@ (an)ier)

i=1 i=1 " Jc{1,...n\{i} k=0 LcJ
Ap =1 -
+7Z; > F)(T1+1).
i=1 " JC{l,.n}\{i}

Corollary 4.0.5 ( Explicit formulas)
Let a1, a2 be positive integers and coprime. Then

-1
N(a) = @1(%2)
1 ar+a 1 a?+a3—1
N(ahaz) = ajay <3a1a2 — m + 4> — %

Proof :
i) For n = 1, thanks to theorem we have

Bla) — F(@)i( ’ >aka (Z) —%x F(0) x 2

k=0 t1=0
1
1 2 _
- 52 ( 1) <m0 -
k=0
Then,
ap —1
B(a) = =
Using (4.0.20)) we obtain
—1
N(a1) = al(a; )

ii) For n = 2, from our theorem we obtain

Blay, as) =
@ (F(@)é( : )ZOBk () + Fen (g( 2 )ZOBk (2) +2§( 2 )sk<a1,a2>>> ;
a1 (F(@)go( 2 )ZL:Z_:Bk (Z) + F({1}) ki:o( 2 ):Z_:Bk (Z) +2ki:0( i )Sk(@,al)))
—%(%xF(@)xB—kixF({Q} ><2—|—i><F(®)><3+i2><F({1})><2>.

15



We remark, that F(0) = 1, F({1}) = —ﬁ,F({2}) = —ﬁ. By using Raabe formula
2.1.11] we obtain

B(al, az) =

ajaz (
a1a (
a
2 k=0

1
—5(01 + az) +

T W
TN

> B (0) 4 (zlg (

k

1
3\ qpe 1
By (0) —
k >a2 ]f( ) 4@1@2 <k:0<

ay

w‘

—_
e

[l Mw
=}

‘ =

(
(

) a1 "By, (0) +2 x By (0) + 4S(ay, a2)>> +

) a%_kﬁk (0) + 2 x El (O) + 45(&2, a1)>

w
TN

N |

We rewrite this formula as follows

B(a1,a2) = —%(a1 + as) + %
2./ 3 2 (2
aiag <&}H (Z ( L ) al=* By, (0) — 331(0)> - e (Z ( L ) ai™* By (0) — 2B, (0) + 4S(a1,a2)>> +
k=0 k=0
>3 2. (2
a1a9 (5111 Z < k > a%kak, (0) — 331(0)> — 4a}a2 Z ( i > a%kak (0) — 231(0) + 4S(a1,a2)>> .
k=0 k=0
We use addition formula[2.1.13] then
1 1
B(al,GQ) = —5((11 + CLQ) + 5
1 Bs(a1) = 3 1 Bs(ay) — Bs(0)
— - - 14+4
aaz <3a1 < a% + 2) daias < ai +1+45(a1,a2) +
1 Bg(ag) 3 1 BQ(CLQ) — BQ(O)
— - - 1+4 .
aaz <3a2 ( CL% + 2> 4a1a2 ( a9 Tt S((Iz,al)

We deduce from By(z) = z — £ Bo(z) = 2> — z + 3 Bs(z) = 2° — 22 + Ja that

[N

1 1 1 /a a 1
B(al,ag) = —§(a1 + az) + 5 + 6 <aj + a;) — Z(al +a2) — (S(al,ag) + S(ag,al)).

By using our main theorem , We obtain

24,2 1
B(al’ (12) - %a1a2 o M + % + ai2+aalza2 :
From (4.0.20)) we obtain our desired result
N( ) 1 (CL1+CL2)+1 a%+a%f1 0
ai,a2) = aya Zaiqe — — 2 2y 21 272 7
1, @2 142 3 142 1 1 B
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