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paper contains all previous results in the literature about Dedekind-Rademacher sums.
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RESUME

Nous introduisons les sommes multiples de Dedekind-Rademacher, écrites en termes de
valeurs des fonctions de Bernoulli. Ses sommes généralisent les sommes classiques de
Dedekind-Rademacher. Dans ce travail, nous avons établi une loi de réciprocité pour ces
sommes. Notre résultat unifie et généralise tous les résultats connus sur les sommes de
Dedekind-Rademacher.

© 2010 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Les sommes de Dedekind classiques interviennent dans divers domaines des mathématiques. En particulier, en théorie
des nombres [3,6,8,10,13,15], géométries algébrique, différentielle et combinatoire [1,3,5], topologie [2,7,11]. L'objectif de ce
travail est d’établir les lois de réciprocité satisfaites par les sommes multiples de Dedekind-Rademacher. Celles-ci généra-
lisent la Emeuse loi de réciprocité de Dedekind (3). Soient n € N, n > 2, ai,...,0n,T1,...,Tks....,Thn € N. Pour 1 <k <n
on note Ag = (@1, ...,dk, ... an), Re= (1. F% ..., Tn) € N™"1 ol X, signifie que I'on omet le terme x,. On définit les
sommes multiples de Dedekind-Rademacher par

ax—1

AR =Y ] E(‘%)

t=0 1< j#k<n
Lorsque n =3 on retrouve les sommes classiques de Dedekind et Rademacher. On introduit la série génératrice suivante :
—_— — . —1
. Sn(Ak. RR) 2mip;\"
SulAe b= 3, —r=— [ (=
RjeN”‘l SR 72 I n'lgj;ékgn j
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ol q)k (f1,.-., J)k, ...,¢n) est un (n — 1)-uplet de réels et les B,(z) désignent habituellement les fonctions de Bernoulli
(voir paragraphe 1). Le résultat principal de cette Note est le théoréme suivant :

Théoréme 1. Soient n un entier naturel > 2, ay, ..., ap entiers naturels non nuls deux a deux premiers entre eux et ¢1,...,¢@n n
variables réelles dans 1—1, 1[, dont la somme vaut zéro. Alors

1 sin(r Z'}ﬂ Fr

611 K:aa: = . t .
2 Sl B0 =~ n"_lsmm%) (21)"12 [1 CO( )

k=1 j k=11<j#k<n

La preuve de ce résultat est détaillée dans le paragraphe 2. Lorsque n = 3 on retrouve les théorémes de Dedekind (3),
Rademacher (5) et Hall-Wilson-Zagier [6].

1. Introduction and statement of main results

Dedekind sums appear in many different areas of mathematics such as number theory [4,6,8,10,13,15], cohomology [9,
14], algebraic, differential and combinatorial geometries [1,3,5], topology [2,7,11]. We fix the notations: N ={0,1,2,...},
N* ={1,2,...}. Let us recall the Bernoulli polynomials and the classical Dedekind sum. The Bernoulli polynomials are
defined by the generating function

Xz Sl 2N
T=2 B, Izl <2m; (1)
n=0 ’

the Bernoulli function Bj, (2) is defined by the unique function which is periodic of period 1 and coincides with Bn(z) on
[0, 1[ (except that we set B1(z) =0 for z € Z).
If a, b are coprime integers, the classical Dedekind sum S(a, b) is defined by

a—1 B b B
S(a,b) = 231 (zt)Bl(g) (2)
t=0

Dedekind [4] introduced this sum in connection with the transformation formula for the Dedekind n-function and deduced
from this his reciprocity formula

1 1 /a 1 b
S@b) +Sb =3+ (54 ) o)

The Dedekind sum has been generalized, notably by Rademacher [13], who considered a new integer ¢ > 0 and introduced
the homogeneous sums

S(a, b, ) _ZB1<T)B1<%>. (4)

Rademacher’s reciprocity formula (which is not implied by Dedekind’s) is given by:

1 1 b L .
S(a,b,c)+ S(b,c,a)+ S(c,a,b) = ~2 + _(bc + T + ) (a, b, c pairwise coprime). (5)
For fixed integers n > 2, we consider (a1, ...,ay) € (N)"; (r1,...,1k, ...,m) € N" and we set for any 1 <k <n
Ak=(a1,....0,....an),  Rk=(r1,....Ft,....ra) €N"""

where X, means we omit the term x,. We define multiple Dedekind-Rademacher sums by the formula:

ag—1
siEeRo=" T[] Brj(a’ ) (6)

t=0 1< j#k<n a

Our aim here is to prove that these sums satisfy certain recnproc1ty relations under cyclic permutations of (as, ..., a, ..., an).
However, these reciprocity relations mix various multi-indices Rk =(r1,...,T, ..., ), SO they are most conveniently stated
in terms of the generating function formally defined by
—_— —> . ri—1
- = Sn(Ak, Ri) 27”(/)j !
Gn(A, P = Y ———— [] (== )
. ISRERES TARRRS A aj
RgeNn—1 1< j#k<n
where 5,: =(¢1,...,¢n) is a (n — 1)-uples of reals. In this Note we prove the following result
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Theorem 1. Let n be fixed integer > 2, let ay, . .., an be positive integers and pairwise coprime and let ¢4, . .., @y n-real variables in
the interval -1, 1[, with sum zero. Then

n — — 1 Sirl(]T ZI}—] a; ()
Gn(Ax, Pr ;) 1) g
Z (A, §y) = ~ 2 1_["—1 sm(n‘p}) 2 ]Z l_[ cot< (8)

k=1 k=1 1< j#k<n

Our Theorem 1 recovers Dedekind’s and Rademacher’s formulas (3), (5) and the theorem of Hall, Wilson and Zagier in
[6] in the interesting case when the additive terms are zero. Precisely, we have the following relations deduced directly
from the last theorem using the expansion of sin(Z'}:l Uj) forn=2,3,4,5, we obtain:

2 3
— — — — -1
Z Gn(Ag, Px) =0; Z Gn (A, §x) = T; Z 6n(Akv q§k) = ZCOt< >;

k=1 k=1 k=1
> 1 Qi Qj
—_— —> _ J
ZG,—,(AI(, Py = % Z cot( . ) cot( a; )
k=1 1<i<j<5

Remark 1. For any integer N > 0, by comparing the coefﬁc1ents of degree N — (n — 1) of the right-hand side of (8) we get
relations among non-trivial Dedekind-Rademacher sums Sn(Ak, Rk) where 1 <k <n and Zlg#kgn rj=N, rj> 1, together

with the symmetry between Sn(Ak, Rk) for various Ak and Rk. let us express all the sums Sn(A_)k, Rﬁ).
2. Bernoulli functions and proof of main results

We use throughout the notation: e(z) = 7% (z € C).
2.1. Bernoulli functions: An overview

We will need:
e The additive distribution formula satisfied by Bernoulli functions, which is proved by Raabe in [12]

a—1
_ t _
ZBm<x+—)=a]_mBm(ax) (aeN*, xeR); (9)
t=0 a
e The Fourier expansion formula of By, (x) [6]
_ e(kx)
Bn(x) = ~Gn )m ,{EZX\: o (meN*, xeR). (10)

e The generating function of Bernoulli functions is given by [6]: V¢ e R\ Z,

+oo B 1 :
(z) 1 5 cot(me) ifzeZ,
Fz,¢):=) L . (11)
(z}¢) ;
m=0 e@)—1 ifz ¢ Z.
2.2. Proof of Theorem 1
We start by proving the following two lemmas
Lemma 1.
. — — n n tk t]'
PNCHEIRS Y [1F o "o )
k=1 (t1etp)eN? k=1 J

j=1
0<ti<a;i—1 J#k

Proof. Using the distribution property (9) of By, we can rewrite the definition of Sn(ﬁk, E:) as

ak—1 n
1- aity 1—-
sn(Ak,R,a]'[a =y 1‘[Br,< : ) o
ty=0 j=1
J#k Jj#k
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and thus

- L1 (2mig;\ ! L1 [t .
Su(A P = ) ARO[ (=) = X > [l8, i__ @mig))i~
J,:] J* J*

RpeNn-1 J 0<t<ai—1 RpeNn-1 j=1
j#k 1<i<n j#k

LN | t; t;
— _ R k2 rjl _<__ .
= Y NXi(E-Derer= ¥ [1H(E-2)
o<ti<ai—1 j= o<ti<ai—1 j=1
1<isn j#k 1<is<n j#k

from which the lemma follows. O

Lemma 2. Let (u1, ..., uy) € R" such that for all distinct k, j € {1,...,n}, ux — u; ¢ Z. Then we have
n n
ST Fauk—ujep=0
k=1 j=1
Jj#k

Proof. The Fourier expansions (10) gives us the identity

etkzy 1 e((¢ —M2)
Fz¢)= 27112Z:¢—k_27ri Z ’

A=¢ (mod 1) A
Then
n 1 Loe((ug —uj)(@j — Aj)
l_[F(uk—Uj,qu):.i_] Z 1_[ - s =
, Qi . . Aj
j=1 M veeskher e A=D1 s P connpn)  I=1
J#k (mod Z"—1) Jj#k

Now, >i_; ¢j =0, then by setting A, = — Z’};} Aj, one has = —3>%_; u;(¢; — 4;) which is independent of k. On the other
hand, we know that Y7 TTj_; ju Al—j =Y k1 M [Ty /\1—} = 0. We infer therefore

n e(= > i uj(ej — 1))
ZHF(uk Uj. ) = 5 12 > = =
(2m) p HH j#k Aj
k=1 j=1 k=1 Gy, ) =1 ) =
j#k (mod Z"~1)

This proves Lemma 2. O

Now we compute the sum

> ZH (———@). (12)

(t1,....tn)eN" k=1 j=1
o<ti<a;i—1 Jj#k

Thanks to Lemma 2, we know that the contribution in the sum (12) coming from the 5—’; — % ¢ 7 for all distinct k, j €
{1,...,n} and all t, tj € Z, is zero. Let (ay,...,ap) and (t1,...,t,) be fixed. We set

Y-y 1A S),

k=1 j=1
JjFk

Our aim here is to calculate this quantity ) . We assume first that (t1,...,ty) is of the form:

Jjo n
(t1 - t) = (0.....0,tjgs1, ...ty e [ [0} x [] 10.a;—11NN.
j j=jo+1
We use the usual convention that a sum over the empty set is 0 and a product over the empty set is 1.
We will observe easily that the general case follows without difficulty. For simplicity, in our computation we can assume
that: ;—’j [’” (jo < j<n).
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We decompose the sum }_ in two sums ) ;+ >, as k< jo or k> jo. Let us put hj=t;/a; (j=1,.
hand, we have

e((1—hpo)
3= Z‘ ]‘[ Flw—hj.¢)= [T FQ.6» ) 55 ¢, H e(j) — 1

1 k=1 j=1 j<jo i<io
j#k
e(— X1 hjo)) 1
- ¢ - J’_ _—
~ Moewn-n L2 0+ec ") L T4

On the other hand, we have

_ e({hk —hjl¢))
DD ]‘[p(hk hj. ¢j) = Z @) -1

2 k’>_]0 ] 1

Jj#k
1
S S ( <h—h>¢>( <1—h«+h<)¢‘)
H]:l(e((b])_l)l;:( (L Jgk k J ; J K J
(D) 1)
===t 77 -1).
M@ - D\ ];,d’]

We have therefore shown that

e(— i1 hjg;
2= l(e(q>,)—1><l_[ 2 ¢’)“)ZF(O o <Z¢1>_1>

i<io
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.,n). On the one

For every t = (t1, ..., tp), we set J(f) = {j: tj = 0}. By permutation, we can consider the previous case and so

Z_e(—Z'}=1%¢ﬂ<( 3 )1 l_[ Cops1) Y 1 )
RO ED #) =1+ 1L 5+ 2 5ggs )

jeJ® JEI(f) jeJ®

We are now ready for the summation over f € ]_[?:1[0, aj — 11N N. We see first that for every fixed J C{1,...,

¢] P

n ne(—9) —e(—¢)) 1-e(—9)
e - .
; (]2 ) ]11 —e(—%;) ga—ﬁ’—;)—e(—m)
{Jj: tj=0}=]

In other hand, we have

1—e(——j) n 1_e(_¢x) n e(di) — 1
Y —e(—¢)) = ( —) ’
JC;” ge( "’f)— e(—¢j) ! ,l_! e((1- —)¢1)—1 Ee(¢1)—e("”)
Let us now computing the sum
2]
1 —e(=g) 1
S= ~(e(=¢j) +1 : :
;gz( ’ )e<—‘§—;)—e(—¢j)j€,”0’¢f>
where
¢.
1 1—e(=3) 1 e(pi) —1
=-(1+e(-¢))——— and B; ]
) : )e(—‘ﬁ—j)—e(-qu) P F00) ey

Set H(y) =Y [1jc; @jy? [Tz (1 + 2iy?). From S = H'(1), we have

¢.
S= H(l—i—ot)z @ibi _ 1(1+e(——)) (1 —e(=¢j)) & 21_6(_a_j)
i T+ -71 (_Z’_;)_e(_(pj) = 1+e(—%)'

n}
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By using Lemma 2 and 2221 @j =0, we arrive at

. 1 n e( )+1 E(Z )—1
Y STA(E-Se)=552 T

} ¢J
0<tj<aj—1 k=1 j=1 k=1 1<j#k<n €(g;) — 1 1_[]-:1 e(g)—1
1<j<n Jj#k

1 sin@r G 1a} 1

~ )T T siner 2 (2z>"1Z [1 COt( )

k=1 1<j#k<n

Finally, using Lemma 1, we obtain Theorem 1.
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