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Abstract In this paper, we investigate some interesting properties of the
weighted g-Bernstein polynomials related to the weighted g-Bernoulli numbers and
polynomials by using p-adic g-integral on Z,,.

1. INTRODUCTION AND PRELIMINARIES

Let p be a fixed prime number. Throughout this paper, Z,, Q, and C, will
denote the ring of p-adic integers, the field of p-adic rational numbers and the
completion of the algebraic closure of Q,, respectively. Let N be the set of natural
numbers and Z; = NU {0}. Let v, be the normalized exponential valuation of C,
with |p|, = pr®) = %. Let ¢ be regarded as either a complex number ¢ € C or
a p-adic number ¢ € C,,. If ¢ € C, then we always assume |¢| < 1. If ¢ € Cp, we
assume that |1 — ¢|, < 1. In this paper, we define the g-number as [z], = 11 qq
(see [1-13]).

Let C[0, 1] be the set of continuous functions on [0, 1]. For a € N and n, k € Z,
the weighted ¢-Bernstein operator of order n for f € C[0,1] is defined by

Bl =301 (£) (7 )ttt —a1p 2 = Zf (£) B

k=0

Here B,(;ﬁ(x,q) is called the weighted ¢-Bernstein polynomials of degree n (see
[2,5,6]).

Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f €
UD(Z,), the p-adic ¢g-integral on Z,, which is called the bosonic g-integral on Z,,
is defined by

pN -1
L) = [ S = Jim o S I el )
The Carlitz’s g-Bernoulli numbers are defined by
foq =1, q<q5+1)k—ﬁk,q:{ .
' 0 if k>1,
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with the usual convention about replacing 8* by By, (see [3,9,10]). In [3], Carlitz
also defined the expansion of Carlitz’s ¢g-Bernoulli numbers as follows:
h 1 if n=1,
A’ 0 if n>1,
with the usual convention about replacing (8")" by Bf;q

The weighted ¢-Bernoulli numbers are constructed in previous paper [6] as fol-
lows: for a € N,

ﬁg,q = qh(QBh + 1)77. - BZ,q = {

(@) _ ~ . ﬁ if n=1,
Bo =1, q(g*B +1)" = B) = .
0 if n>1,

with the usual convention about replacing (5(*))" by B,(f‘g Let fn(x) = f(z +n).
By the definition (1) of p-adic g-integral on Z,, we easily get

p N_1
I,(f1) = N T (x+1)g
1 o (»™)e" ~ 1(0)
:Jﬂowlzjﬂ)q+hm il
= [ St + @050+ 0,

Continuing this process, we obtain easily the relation

n—1

n—1
/.n e /.f 2)dpy(a (qD;%¢ﬂn+i%;§j¢fm,

=0

where n € N and f'(l) = df(l) (see [6]).
Then by (1), applying to ' the function  — [z]fja , we can see that

~ na
B = [ o) =~ 25 3 (1 0) 3
Z

P m=0

The weighted g-Bernoulli polynomials are also defined by the generating function
as follows:

ﬁTwawwwﬂp@2wwmw
Qlq

oo

=SB (oo,

Fq("‘)(t, x) =

m=0 m=0

Thus, we note that
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From (1) and the previous equalities, we obtain the Witt’s formula for the
weighted g-Bernoulli polynomials as follows:

Bea = [ e i) = 3 (7)o el [ Wl

Zp 1=0 P

By using (1) and the weighted g-Bernoulli polynomials, we easily get

n—1
"By n) = Bl = (a=1) Y d'll Z o
=0

where n, € N and m € Z (see [6]).

In this paper, we consider the weighted ¢-Bernstein polynomials to express the
bosonic g-integral on Z, and investigate some properties of the weighted g-Bernstein
polynomials associated with the weighted g-Bernoulli polynomials by using the
expression of p-adic g-integral on Z, of those polynomials.

2. WEIGHTED ¢-BERNSTEIN POLYNOMIALS AND ¢-BERNOULLI POLYNOMIALS

In this section, we assume that o € N and ¢ € C,, with |1 —¢|, < 1.
Now we consider the p-adic weighted g-Bernstein operator as follows:

B (fle) = Zf( )() z]kul — Zf( )B;(JZM) (2)

The p-adic ¢-Bernstein polynomials with weight « of degree n are given by
a n n—k
B w) = ()il - el 0

where z € Z,,, « € N and n,k € Z (see [6,7]). Note that B,(Cag(x, q9) =B (1-

n—k,n
T, %) That is, the weighted g-Bernstein polynomials are symmetric.

From the definition of the weighted g-Bernoulli polynomials, we have

B (1 —x) = (~1)"¢*" B (). (4)

n,q
By the definition of p-adic g-integral on Z,, we get

/Z [1 = 2]l adug(z) = g™ (~1)" / 1+ 2] dpy (2)
P P (5)
= [ 0=l (o).

P

From (4) and (5), we have

[ 1=l = X () 05 =1 = A, ©)
Ly 1=0

Therefore, we obtain the following lemma.
Lemma 1. Forn € Z, we have

[ =l dita Z() B = g (LR (-1) = A)(@)

13 =
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and

B (1 — ) = (1) g B ().

By (3), (4) and (5), we get

- o ~ .
qQﬁﬁﬁ‘q)(Q) = nmqhﬂl +¢®—q+ ﬁ,(f‘g, if n>1.
Thus, we have

i 1
Bl (2) = 75<a>+[] CHH_E’ if n > 1. (7)
q

Therefore, by (7), we obtain the following proposition.

Proposition 2. Forn € N with n > 1, we have
~ 1
B (2) = 6,;2+ ¢ 1- o
[ ]q q

By using Proposition 2 and Lemma 1, we obtain the following corollary.

Corollary 3. Forn € N with n > 1, we have

[ = alyadngte) = 230+ 41— ®)
Zy [a]q

and

—x|". r) = % — 2 | odpg— (x
@) = 1 0 [l

— [ (= laly) (o).
Z

P

9)

Taking the bosonic g-integral on Z,, for one weighted g-Bernstein polynomials in
(2), we have

| B i = () [ s -y to)

P P

DL

=0 P

) (e

=0

By the symmetry of g-Bernstein polynomials, we get

/Bkanduq / B 1—w7)duq()

g

ya

(11)



For n > k+1, by (9) and (11), we have

[ Bl it = ;) 3 (7)o ({fj fogrd | [x]Z:iduqu))

=0 P
{ 2O 41— g+ 2B, if k=0,

(DT ((=DFHEY, i k>0
(12)

By comparing the coefficients on the both sides of (10) and (12), we obtain the
following theorem.

Theorem 4. Forn,k € Z4 withn > k+ 1, we have

Z( ) ) B = 22() DAY, L ik £0. (13)

=0

In particular, when k = 0, we have

no ~ (o " /n o
! —q+ B =) (l)( 1)'3%). (14)

1=0
Let m,n,k € Z with m +n > 2k 4+ 1. Then we see that

/ B (2, q) B (2, 9)djig ()

“G)) s
OEE @ R
;

P

( ) ) ( ) —1)lH2k <[a]q +1-q+¢° /Zp[ Jnt ity (a ))
=) () (G wa-ae i)

Therefore, by (15), we obtain the following theorem.

Theorem 5. For m,n, k € Z, with m+n > 2k + 1, we have

/Z B (2, ) B (2, 0) g ()

_{ [a] +1-— q—l—q25n+mq if k=0, (16)

() ()a> Sy GO (=1 i k#0.
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For m,n,k € Z,, we have

/ B\ (2,q) B (x, q)dpy ()
_ (Z) (7;: /Z [R]2K[1 — 2] dpug ()

)

() )m (e /Z e
) %
(1

D

6T e,

Therefore, by (16) and ) we obtain the following theorem.

Theorem 6. For m,n,k € Z, with m+n > 2k + 1, we have
no Al n-—+m ()
no 23 - -1)'p,¢
[Oé]q + C]+q ﬁn+m l,g— ; ( 1 )( ) ﬂl,q
Furthermore, for k # 0, we have

n+m—2k 2k
n+m— 2k ~(a 2k
> (), = X ()0 A
=0

=0

By the induction hypothesis, we obtain the following theorem.

Theorem 7. For s € N and k,ny,...,ng € Zy withny +ng+---+ng > sk +1,
we have

/ (H B, <x,q>> e

[a] + 1- q + qQﬁ,Elalzr...Jrns’q—l Zf k = 07

(TTy () ik CHY (—1)vBi o if K #0.

For s € N, let k,nq,...,ns € Zy with ny +no+---+ns > sk+1. Then we show

that / (HB )duq( |

s ; ni+---+ngs—sk .- L .
({L() L (e,

i=1 1=0
Therefore, by Theorem 7 and (18), we obtain the following theorem.
Theorem 8. For s € N, let k,ny,...,ns € Zy withny +ng +---+ns > sk + 1.
Then we see that for k=0
ni+-+ns

ny+---+ng 15(@) _ NO 9
2 ( l >(_1)Bl,q _@4' q+qf8n1+ -

=0



For k # 0, we have

sk

>

=0

(1]

ni+-+ns—sk
sk 1+sk 3(q) ny+---+ng — sk 1 5(c)
( z )(—1) KB g = D z (=)' B

=0
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