Multiple polylogarithms and multi-poly-Bernoulli polynomials *
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Abstract. In this paper we introduce special generalized Bernoulli polynomials which generalize
poly-Bernoulli polynomials and numbers. We call them multi-poly-Bernoulli polynomials and num-
bers. We prove a collection of important and fundamental identities satisfied by our multi-poly-
Bernoulli polynomials and numbers.
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1 Introduction and known results

Let us briefly review poly-Bernoulli polynomials. For details, we refer to [2], [7]. For an integer k£ € Z, put

. N
Lip(z) = ) 5
n=1

which is the k-th polylogarithm if & > 1, and a rational function if £ < 0. One knows that Li; (z) = —log(1 — z).
The formal power series Lix(z) can be used to define poly-Bernoulli polynomials. The polynomials Bﬁﬁ) (x)
(n=0,1,2,...)are said to be poly-Bernoulli polynomials if they satisfy

(o9}

Lip(1—e™") ., k)t
e —;Bn (x)a.

For any n > 0, we have
(—1)"BY (~z) = Bn(x),

the classical Bernoulli polynomial defined by

et m
t—1 — n(x)ﬁ
We proved in [3] the following formulae.
Theorem 1.1 (Explicit formula) For k € Z andn > 0,
() S L N (™ Ay
5 <x>=;wg<—1>ﬂ(j)<x—y>. M

Theorem 1.2 (Recurrence formula 1) For k € Z andn > 2,
1 (k) ol n n
(k) - - (k—1) k _ _ (k)
BPE) = {Bn @+ a8 -3 (") = (o)) 54 (ar)} )
and
BM@) =1
BM(2) =
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Theorem 1.3 (Recurrence formula 2) Forallk > 0, n > 0,

B (x) = En:(—l) (m)B(’“ ”l 0%(?)3&@.

m=0
Theorem 1.4 (Appell sequence) For k € Z, n > 0,

d
—B(0) = (n+ 1B (@), 3)

Theorem 1.5 (Addition formula) For k € Z, n > 0,
n
B (z+y) Z ( ) B (x)y™ ™. “
For m,n > 0, set

C( m) (L‘ y Z( )B( k) )ym—k.

Then we have the following result:

Theorem 1.6 (Symmetric formula)

(=m) . (=n) (g )2
)OI RRICITIAE, S o el )
n=0m=0 n=0m=0
emt+yu+t+u
= o e ©)
et +e¥ —elTu
Theorem 1.7 (Duality) For m,n > 0, we have
O™ (2, y) = Cf™ (y, ). (7
Theorem 1.8 (Inversion formula) For m,n > 0,

Theorem 1.9 (Closed formula) For m,n > 0,

o) = 30 @o(“ ot { }) (i}w () }) o

where { TZ } are the Stirling numbers of the second kind.

We now introduce certain zeta functions in terms of the Laplace-Mellin integral. Let k& € Z. Define
1 > Lig(1 — e )
Zi(s,z) = “rhs g,
(s, 2) ['(s) /0 1_et ¢

It is defined for Re(s) > 0 and z > 0if k > 1, and for Re(s) > 0 and = > |k| + 1 if k < 0. In particular, Zj(s,1)
is called the Arakawa-Kaneko zeta function defined in [1].
The next result was independently proved by Coppo-Candelpergher [4] and the authors.

Theorem 1.10 (Interpolation formula) The function s — Zy(s, x) is analytically continued to an entire function
on the complex s-plane and forn > 0 and x > 0,

Zy(—n,z) = (-1)"BP (~x) (10)

is satisfied. In addition, this zeta function can be rewritten as follows: For k € Z, we have

Zk(s,ac):i mHkZ ( )xij) (11

We investigated in [5], [6] generalized poly-Bernoulli numbers, which are called multi-poly-Bernoulli numbers,
according to a suggestion mentioned in [1], [8]. In this paper, we introduce generalized poly-Bernoulli polynomi-
als, which are called multi-poly-Bernoulli polynomials in our paper. The constant terms of these polynomials are
multi-poly-Bernoulli numbers. We prove a collection of formulae which generalize the above ones. Specializing
x = 0, our some results reduces to the results about multi-poly-Bernoulli numbers proved in [5], [6].



2 Multi-poly-Bernoulli polynomials and numbers

Firstly, we recall a generalization of Lig(z). For k1, ..., k, € Z, define the multiple polylogarithm by

. z
Lig,k(2)= Y mF ok

mi,..., my€Z
0<my <---<my.

The following result will be used in the next section.

Lemma 2.1 p 1 () ( )
. Lk, ok k—1(2)  (kr>1

il § = F Lo

2o Lk e (2) { Lk (2) (ke =1)

Next, using multiple polylogarithms, let us introduce a generalization of poly-Bernoulli polynomials.

Definition 2.2 The multi-poly-Bernoulli polynomials Bk () (n=0,1,2,...) are defined for each integer
ki,...,k, by the generating series

Lig, .. kr(l — e*t) z > t"
G =L B @ (12)

n=0

We call BUFhr) . B,(Lkl""’kr)(()) (n =0,1,2,...) multi-poly-Bernoulli numbers, which were investigated
in [5] and [6]. The multi-poly-Bernoulli numbers satisfy the following recurrence formulae ([6]).

Theorem 2.3 (Recurrence formula 1) (1) If k. > 1 and n > 2, then

1 n—1
Bl o= () _ ( n >B$1,_..,kr)].

) Ifk, =1andn > 2, then

1

B(k)17u-,kr—l’1) =
n n+r

n—1
s B { () (2 o]

m=0

Theorem 2.4 (Recurrence formula 2) (1) If k. > 1, then for anyn > 0,

n n—m

(—n)rmtr=l=r(p —m 4+ r—1-p)l /n—m+r—1 (o1 e —1)
DIRDIEDS T By
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1=0 T ! r
=

) If k. = 1, then for any n > 0,

B(k17~~ak7‘)
n!
= (=1)t1 "
(=1) (n+r—1)!

n n—m 1)~ +r—1-p +7r— — — 7 1 r
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Remark 2.5 If k; = --- = k, = 1, then the above defining equation becomes

1 —t ' xt = (1,...,1) "
r!(etl) € _;Bn (‘/I")ﬁa

which gives the definition of higher order Bernoulli polynomials.

3 Some formulae

In this section, we will prove some fundamental identities which generalize ones mentioned in the previous sec-

tions.

Theorem 3.1 (Explicit formula)

0<my <---<mp<n4r 1 "7 j=0
Proof. Since
Lig,,..h (1 —€7") (L—ef)mrr
—_ —t\r - k?l - k}r
(1 ¢ ) 0<my <---<my my M
1 iy my — 71
_ I i [ —jt
= E T kE (1)( . )6 ,
o<my<---<my My M 3=0 J

we have

Lig, .k (1 —¢7")

1 - (my —1 ,
ot _ ERAVE R (z—=4)t
I-e0  * 2 mp N ”( j )

0o<my<---<m, n=0

=Y Y e (M el

n=00<my<---<m,<n+r LR L

This proves the theorem.

Theorem 3.2 (Recurrence formula 1) (1) If k. > 1 and n > 2, then

Q) Ifk. =1andn > 2, then

B(kl,.“,kr—lyl)(x) — L
n n—+r

Proof. Put z =1 — e~ ¢,
(1) The identity (12) leads

13)

Blktsesr1) () ni:l(_l)n—m {(x +7) (Z) + (mi 1) } Bfrlfl,...,krlvl)(x)‘| )

Li, g, (2)e™ () = 27 ioBr(fl"“’k““)(m) Lilrglz)". (14)
Differentiation by z, and division by 2" ~! gives
Lig,,...k,—1(2) plin(s) | 7 .Li]f17-u,]€r(’z)exLi1(z)
z" 1-=2 z"
_ TgBr(Lkl""’k")(x)Ijlr(j)n + ﬂgB;kl,._,m)%.



Using z/(1 — 2) = e’ — 1,

o0 B " o0 ¢ (') n —_ ¢

ZB(kl ..... ko 1)(90);—9«"237(#1 ..... kr)(x)E_TZngl ..... kr)(l")n,ﬂLZBq(mﬁl )( )ﬁ

n=0 ’ n=0 ’ n=0 n=0 ’

oo kl 7k7‘ tn oo t
= etZBr(LH )(m)ﬁ 761‘/237(11“, k)(x)ﬁ
n=0 : n=0 :

Comparing both sides of the above identity,

kiyeoor—1 K1y ko ki,.ooikor (k1yeekr) - n (k1o kr) - n K1y ko
Bk )(z)—zBk ) —rBk )+By4 = ZO <m> B () —x ZO <m> Bk )(z).

m m=

From this, we have

n—1
BT(Lkl,H.,krfl)(x) o (Tl +7‘)B7(Lk1"”’kr)(l') _ Z {( n 1) B x(n) } By(r]flwwskr)(x) — $B(()k1,<..,kr)(x)~
m —

m=1

(2) Differentiating (14) by z, and then dividing by 2" !, we obtain
g y g by

1 ) Lik17.__7kr71(2) exLil(z) + Tz . Likh---,kr (Z) ezLil(z)
1—2 zr—1 1—2 zT
Liy ( Li (z)™
s (k I 1 17 kl, 1
-y pp IR E
Using z/(1—2) =e! —1land 1/(1 — 2) = €,
(k1,eesker— (k1,....k v (k1,nke) N U
ZBnl v +£L’ZB ! n' ZBn+1 (x)nl
n=0 n=0
Tk tn B (k1..., kr tn
thB(kl’ ~k tZrB(kl’ ~k — tZanjl E
Comparing both sides of this identity, we get
Btk (@) 4wt (@) - Bff;i (@)
_ Z (71)nfmx (m) Br(rlfhm,kr)(x) + Z(*l)nim’l‘ <m> B*Sfl’m’kr)(x) _ Z (1)nm< >B,(:il ) )(J})
m=0 m=0 m=0
= aB{ ) @) = B @) 4 () Bl ()
n—1
n—m n n ok
+ Z(*l) {(err) <m> + <m— 1>}B,(7’fl’ k) ().
m=0
This leads our formula. ]
Theorem 3.3 (Recurrence formula 2) (1) If k. > 1, then for any n > 0,
BT(Lkl"“’kT)(rx)
n!
— 1 r—1
(=1) (n+r—1)
e (~)" P~ 1 p ><n—m+r 1) oty 1 1)
X - - B 1yeesRpr—1,Kp
Z:o Z ) Z gl groa! p b
m= p=0  ji+-+jr—1

=n—m+r—1—p

O (A D ot (L B S P R

1=0 it
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2) If k. = 1, then for any n > 0,

Bflkh“.’kr) (7,,.,1/,)

jl!"']r!

_ (—1)n m4r—1— p(n_m+'p—]_— ) n—m-+r7r— (k1,...
xmzzjo Z Z i i ( p )Bp

p=0  jit-tjr1
=n—m+r—1—p

n+r—1 1 (1) (1) m/!
_ E B; -- B, —_—
X( m )n—mwz+ . (@) By @)y

Proof. (1) By Lemma 2.1, we get

t —s
. _ e . s
Lity, 4 (1—e') = / ity ks k(1= e )ds)
0

Using this, we have

Z B(kh )n!

er:ct t —s ] B
e e_t),,/o — Lk, ke 1 kem1 (1 —€e77)ds

e*t ot Lig k k _1(1 - e_s)
—s 1— —s\r—1 15--5Rr—1,Rp d
<1—6t> /0 el=e™) (1—es) s

> 1 1 Tt —s)" = (—s)™ . 1 s"
:<Z)B£’)(x)n!> /oz;)(n!) <_Z(n')> ZB(kl e )nds

n=1

Rewriting the last expression as in the proof of Theorem 7 (1) in [6] leads the result.
(2) By Lemma 2.1,

t
Likla--<7k7‘—1~,1(1 - eit) = / Likl»--wkr—l (1 - eis)ds'
0

From this identity, we have

= (ks 1,1) "
ZBnrlvn-a r—1, (Tx)g

n=0

_ vt " /t(l B efs)rflLikl ----- kr—l(l _ eis)ds
—et) | =

(s & S
(ZBO )/O<Z ns' ) S B )%ds.

=

n=0 n=1 n=0

Rewriting this as in the proof of Theorem 7 (2) in [6], we obtain the result.

Theorem 3.4 (Appell sequence) For any n > 0,

d ,
7B(kl ..... kr)(m) — (n + 1)B£Lk1,,k7)(x)

de "
Proof. Differentiation of both sides of (12) by x gives
Z (kh kK ( )7 _ tLik17~~~:k7'(1 - e_t)eggt
n= Od n! (1_6_t)r
S F1,e ko "
= 2B @)
n=1

which yields the result.



Theorem 3.5 (Addition formula) For any n > 0,
B(ku Sk )(33—1—1/) (n)Bgl,...,kr)(x)yn—m. (16)
m
0

In particular, we have

Proof.
°° tn le Lk (1 - e*t)
Z B(kh'“vk?‘)(z + y)i e 1oeeeyBr e(z+y)t
n | — et
~ n! (1—e"?)
_ B (k1,....k tm c- y't!
- (x D\ 22T
m=0 =0
0 n m
_ Z n Bk, kr)(x)ynfm 12
n=0 \m=0 m " n!
This proves the theorem. O

4 Special multi-poly-Bernoulli polynomials

In this section we consider multi-poly-Bernoulli polynomials of special type. For a positive integer r, we define

Blr|® (z) := BO- 00 (g),

It is easy to see B[1]£1"’) (x) = B (z). Also, we easily verify that B[r]gf) (0) = B]r ]( ) which is defined by

——
B[r]ﬁl’“) — BT(LO,...,O,k).

One sees in [5] that the generating function of these numbers is written as
" b ettu "
E g Bjr k) = <> . (17)
| k! t _ ettu
—— n! k! et +ev—e

From this, for n, k > 0, we have
Bl = Bl (18)

For m,n > 0, set

Then we have

Theorem 4.1 (Symmetric formula)

S Y e S op e

n=0m=0 n=0m=0
ettu T
_ Tt+yu
= € p o .
et + et —etTu

oo o0 o0 l

Z Z C[r];_m)(m,y)g% = Z ZZB[T];—k)(x 17;' 1;' ?;'

n=0m=0 n=0 k=0 [=0

= ey“ZZB PRt nlkl

n=0 k=0
(by definition of B[r]gfk) ())

Proof.



Using (17), the last identity yields the claim. O
As a corollary, we have the following result:

Theorem 4.2 (Duality) For all n,m > 0,
Ol ™ (x,y) = Clrl5 ™ (y, ). (19)
In particular, for x = y = 0 we obtain (18), the duality property of special multi-poly-Bernoulli numbers. Further-
more, for r = 1 we have
B 7(1 —m) _ By(nfn),
the duality property of poly-Bernoulli numbers.

Theorem 4.3 (Inversion formula) For m,n > 0, we have

Bl =3 () - 20

k=0
Proof.

S Y ey S

j'
n=0m= 0]+k m

tn k
ey“ZZC lllil

n=0m=0

(by Theorem 4.1)

ot ettu "
= e’ _— .
et + ev — etJru

One sees that right hand side is the generating series of B [r]%_m) (z) (n,m > 0). O
Theorem 4.4 (Closed formula) For m,n > 0, we have
Ol ™ (@, y)

)SEDS i
- nalondmyle - my)

n=ni+:-n, m=mi+--m,
N1,y >0 my,...,mp.>0

TS s (S5 o () o) (S e () {2).

Jj1=0 Jr=0 i=1 \a;=0

Proof. We have

oo oo o €t+u T
(=m) . pmttyw (%
;;cmn (eg) o = e ( R +>
plar)t+(y+r)u
(A= (et = 1)(en - 1))"
e(r+r)t+(y+r)u Z(et _ 1)]’ (eu _ 1)]’
§=0
= Z e@/mHDE (gt _ 1)dW/rHDu (gt _ 1)]
=0



Here making use of

SOEEE LS

m=0

[Es e SE O C ) Ee (1)

n=0m=0

This gives the result.

5 Generalized Arakawa-Kaneko zeta functions

Let k1, ko, ..., k. € Z. We consider

1 > Li 1—et
Zkth,...7k,,(57$) — / k717k27~.-7kr( )e—actts—ldt’
0

T'(s) (I—et)r

the Laplace-Mellin integral. When all k; are positive, this function is defined for Re(s) > 0 and z > 0. We call it

the generalized Arakawa-Kaneko zeta function.

Theorem 5.1 (Interpolation formula) The function s — Zkl,__ﬂkr(s, x) is analytically continued to the whole

complex s-plane and for n > 0 and x > 0,
Zk?l,.,.,k:T (_n, J,‘) = (_l)ntﬂ,...,k'T) (—./E)

is satisfied. Moreover, Zy,, .. 1.(s,x) is written as follows:

p B 1 my+1—r 1j me+1—r
bk (52) = Y (my + )k - (m, + 1)k Z (=1) ;

0<my<---<m j=0
Proof. We splitup Zy, ., (s,z) as the sum of two integrals:
1 ('Lip, 5 (1—eb)
7. = 1,--Kr 7mttsfldt
k17'~~7k7‘ (S? ‘/'E) F(S) /(; (1 _ e_t)r €

)

1 /oo Likl,...,kr(l — e_t) e_wtts_ldt.
1 _

21

The second integral converges absolutely for any s € C and 2 > 0 and cancels at negative integers because 1/T'(s)

so does. If Re(s) > 0, then the first integral is expressed as

1 i Bk (L)1
I(s) = n! n+s

From this, for a nonnegative integer n,

(k1,eensks)
1 BY _
Zy k() = (hm )> (—=)

= (—=1)"Brk) (—g).

n




As for the latter part, we calculate

.....

Remark 5.2 In the case z = r, we have

(mr._r)(—l)je_jt sl

1 /00 I (1—etymr—r
- 517 | U
F(S) 0 0<m1;~<mr Tn’f1 T mI;T
L Z ; /Oo(l _ eit)mriTt87leiwtdt
I(s) 0<my < <My mll€1 e 'm]rcr 0
1 1 /oo my—r
F(S) 0<m1;~<m mlfl : mlﬁr 0 Jz=:0 J
1 1 My —T (M, —7T e} .
_ _ (_]_)J< ] ) / t57167($+3)tdt
I(s) 0 m;~<m m]fl -my” jz::() J 0
1 my—1 Y — )
e DY) (U s
0<my<eo<my LTI Gz i) (@+7)
my+1—r
1
2 3 |
0<m, < <m, (m1 +1) (m, + 1) = j
1 * Lig, .k (1—e?)
Zky ok (857 / . p—1 s
(1) I'(s) Jo (et —1)"
= Cn(k17...,kr;8)7

which are investigated in [9]. The above theorem is an extension of a result in [9].

Theorem 5.3 (Difference formula) We have

G e

Ziy ke, (852+1) = Zpy g, (5,0)
= 71)j+1
I N (
0<msee<im, (m1 + 1) 1 (mr + 1) =
Proof.
1 [ Li 1—e™) ..
LHS = - / B b ¢ )e_”té_ldt
I'(s) Jo (1- e*t)’“*l
1 1—6 t m,.—'r‘Jrl Cwtas_1
my<--<my my"
1 / 1 —c )mr7r+2 —xtys—1
=TT Z et d
F(s < m, (mp +1 (m, + 1)
my—r—+2
> : > ()
0<mi e, (my + 1)k - (my + 1)kr g j
which yields the result.
Theorem 5.4 (Raabe type formulae) (1) If s # 1, then
1
/ Zioy,... k(8,2 + w)dw
0
my—r+2
1 1 . fm
s Z k Z (1)j<
s—1 o< e, (my + 1Dk (m, +1) =

10

1
I'(s)

1

/ €(z+j)tt571dt,
0

O



@)

0
my-—r+2
1 1 Imy—1r+2 . 1
- (T
n+tl O§m1;-<mT (my +1)% - (my + 1)k jz=; J
Proof. (1)
LHS. = /OO Liby (L= €70) oty /1 e dwdt

I'(s) Jo (I—e )" 0

1 * Ligy, ok (L—e7") _pes —t
= Looetr (1 - dt
M), e e
T'(s—1
= ( ) (Zkl ,,,,, kr(871,1’)7zk1 77777 kT(Sf].,l'#*l)).
I'(s)
Applying the last theorem to this expression, we get the result.
(2) By B kr)(m) = (=1)"Zk,,... k, (—n, —z), the left hand side becomes
1
(—1)”/ Ziey... ke (1, — + w)dw.
0
From the above result (1), we complete the proof. g
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