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Abstract

Bernoulli and Euler numbers play an important and quite mysterious role in mathemat-
ics and in various places like analysis, number theory, differential geometry and algebraic
topology. In the first part of this paper, we present old, recent and new results of Bernoulli(
resp. Euler) numbers, polynomials and functions. We also discuss the relationship which
exists between Bernoulli and Euler objects. In the second part of this paper we introduce
their elliptic analogues. This part is completely new. Our method and results are quite sim-
ilar to the classical one except the use of elliptic functions and Jacobi forms. We introduce
elliptic Bernoulli and Euler numbers and functions and we study their properties. In fact
we show the Raabe formulae satisfied by these functions.

Our new results are the theorems [1.4.2] 2.3.1] R.4.1] 2.4.2

Contents

(1 Bernoulli and Euler polynomials: A modern overview| 1
1 Notations and definitiond . . . . . . . . . . . . . 1
(1.2 Old and recent results: Analyticview| . .. ... ... ... ... .. ....... 3
.3 OId and recent results: Arithmetical viewl . . . . . ... ... ... ... ..... 5
.4 Bernoulli and Fuler functions: Raabe formulasl . . . .. ... ... ... ... .. 6

2  Elliptic Bernoulli and Euler functions:| 7
[2.1 Elliptic Lerch series|. . . . . . . . . . 7
[2.2  Main objects| . . . . . . .. 8
2.3 Jacobiforms| . . . . . ... 8
[2.4 Elliptic Raabe formulas| . . . . .. ... .. ... ... oL 10

1 Bernoulli and Euler polynomials: A modern overview

We start by fixing notation and recalling some stantard facts about Bernoulli and Euler numbers
and polynomials.
1.1 Notations and definitions
Definition 1.1.1.
i) The Bernoulli polynomials are given by their generating function

n

tert = t
(1.1.1) = Z%Bn(x)
n—=

- ol t| < .



ii) The Bernoulli numbers are given by

(1.1.2) B, = B,(0).
iii) The Euler polynomials are given by their generating function

ZE , ] < m.

(1.1.3)

iv) There are two types of Euler numbers are given by

(1.1.4) B, = 2B, <;>
(1.1.5) Ep = En(0)

The first few Bernoulli polynomials are

(1.1.6) Bo(z) = 1
(1.1.7) Bi(z) = z—-1/2
(1.1.8) Bo(z) = 2> —x+1/6
1
(1.1.9) Bs(z) = 2°— 324 ly
2 2
1
(1.1.10) By(z) = —2z° 4+ 2% — 30
1
(1.1.11) Bs(z) = x5—gx4+§x3—6x
5 1 1
1. B = 2% —325 + ot — 22+ —
(1.1.12) 6(x) x” — 3z° + 5% 5%t o
The first few Euler polynomials are
(1.1.13) Eo(z) = 1
(1.1.14) Ei(z) = z-1/2
(1.1.15) Ey(z) = 2°—2
1
(1.1.16) Es(z) = 23— ng +3
(1.1.17) Ey(z) = 2" —22%3 42
1
(1.1.18) Es(z) = a°— g@A + ng 3
(1.1.19) Es(x) = 2%—32° +52° -3z

The Bernoulli and Euler numbers and polynomials are connected by the following relations

Lemma 1.1.2. The main formulas connecting the Eulerian numbers (resp. polynomials) to
the Bernoulli numbers (resp.polynomials) are:

i)
B, = —mE;_l and B, € Q, vn>1



i)

(1)k(Z) Ey and 2"E* € Z, Yn > 0.

iii)

3

E, = <Z> E; and E, € Z, Yn > 0.

iv)

B = 2 (B () - Bun (2)]

2
_ [BnH(x) —ontlp (g)} , Yn>1

Ep(z) = 2(” ;r 2) - zn: <” Z 2) [(2"+2—’f - 1) Bn+2_kBk(x)} . Yn=0

k=0

Proof : For the proofs of i)—v) we refer to [1]. O

1.2 Old and recent results: Analytic view

We quote, from [I], in the following theorem the main first analytical properties of the Bernoulli
numbers and polynomails

Theorem 1.2.1. Bernoulli numbers and polynomials have the following properties
i) By(l —x) = (—-1)"B,(x), n >0,
ii) (=1)"By(—2) = Bp(x) +na™ !t n>0
iit) B (x) =nBn_1(x), n>0

n

iv) Balz+y) = <Z> Br(2)y™™, n>0

k=0
V) Bp(x+1) — By(z) =ma™tm>1
By
vi) (1—n)=——, n=>1
n
vii) ( Euler Theorem): ((2n) = —% (EZT)L!’ n>0

viii)

ix) (Raabe Formulae)[22]



B ! T om0 1
- _ > < .
m(x) (27-”)m Z Em m =1, sT<
k#0
xi) '
By, — _ Li,, 2mix -1 mL~m —2mix
(x) =~ Gy [Lim () (1) Li(e™27)].

where Liy () is the polylogarithm function given by

Lin(z) =Y =
k=1

k
ot

o~

Similarly, from [I], we quote in the following theorem the main first analytical properties of
the Euler numbers and polynomials

Theorem 1.2.2. Euler numbers and polynomials have the following properties
i) B,(1—x)=(=1)"Ep(x) n>0
ii) (~1)"En(—2) = —Ep(x) + 22", n>0

iit) E(z) =nE, 1(z)

n

V) Enlw+y) =3 (Z) By (o)

k=0
v) Ep(z+1)+ Ey(x) =22", n>0

(27”;)271 Egnfl
A(2n — 1)1 (1 —4n)’

vi) ¢(2n) = -

viil) Ce(—n, X) = E;(X), where (i(s,X) = 22 =Dt

= (n+ X)s’
ix) E,(ax) = ang(—m’wﬂ (x + k) if a is odd
k=0 “
9 na—l . I . .
x) En(az) = e kgo(—l) Bt <£L’+ a> if a iseven

Sketch of proofs: The main idea, for the proofs of these properties in theorems and
1.2.2] is based on the use of the generating functions. We give the proof of the property ix) in
theorem [[.2.1] . For the rest the idea is the same.

a—1 k
BTL — n—1 Bn v
(ax) =a kzzo (:z: + a)
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a—1

k
We compute the generating functions of B, (az) and a"~! Z B, (az + > . Then, by using the
a

k=0
identity (1.1.1)), we obtain

" tea:(;t
ZBn(aaz)m =7
n>0

and

. k 14 k\ (at)"
ZQ 1ZBn(IE+a>n' = GZZBn<$+a> (C,Ln')

Hence, we obtain the desired property. [

1.3 Old and recent results: Arithmetical view

Now, we quote in the following theorem the main first arithmetical properties of the Bernoulli
numbers and polynomails

Theorem 1.3.1. We have the famous results

i) Faulhaber’s formula [14]:

ka Bpii(z+1) = Bp1(0)
p+1 ’
ii) Von Staudt-Clausen theorem [13] 26]:
By, + Z - e Z.
p— l\n
p prime
Then,
Denominator (B H p.
p—1in
p prime

iii) Adams theorem [2]: Vp prime, n > 1, p—1 f2n and p®|2n for some e > 1. Then,
p¢|Numerator(Bay,).

iv) Kummer congruence [19]: If p prime > 5 and p — 1 f2m. Then,

2m+(p—1)  2m '




Similarly, we quote in the following theorem the main first arithmetical properties of the
Euler numbers and polynomials

Theorem 1.3.2. We have the results

iy = V" Byt (m +1) 4 ()™ By (1)
2 m+1 ’

m

i)

k=0

meN,

2"E* and E, are in Z. (Von Staudt-Clausen Analogue)

)

iii) Eont1 = 0,E3,,5=0
) Es, are odd integers which alternate in sign.
)

If p prime > 5 and p — 1 f2n. Then,
Eopi(p—1) = E2n (mod p), Vn €N,
(Kummer’s analogue)
vi) Vp odd prime, n > 1, if (p — 1)p® J2n and p°|2n for some e > 1. Then,
Fy,=0or 2 (mod pt?)
according as p =1 or 3 (mod 4). (Adams analogue)

Proof : The proofs are elementary and similar to those in theorem [1.3.1] O

1.4 Bernoulli and Euler functions: Raabe formulas
We state and prove the Raabe formulas for Bernoulli and Euler functions.

Definition 1.4.1. The mth Bernoulli function is defined by

1.4.20 B m’ emite vm > 1 R

4. m = - - —, =1,

( ) (CL‘) (271.1)771 Z km m T e
kezZ\{0}

The first kind of mth Euler function is defined by

. 1
m) 6271'1(k+§)x

(1.4.21) En(z) =2 , Ym>1, 0<z<1
(27i)m+1 gz (k+ 1ym+1
(1.4.22) En(z+1) =Ey(z), z€R

The second kind of mth Euler function is defined by
(1.4.23) E (z) = (-1)"E,,(2)

Theorem 1.4.2. (First main result)
These functions satisfied the so-called “distribution property” ( Raabe’s formulas)

a—1 k
i) Bplax) =a"'y B, <3: + a>
k=0



a—1
ii) Ey(az) =a™ Z(—l)k+[m+§]+[m]ﬁn (I + k> if a is odd.
k=0 a
a—1 k
i) E (azx) = a” Z(—l)kfz (ac + a) if a is odd.
k=0

Proof : These formulas follows easly from [1.4.20] [1.4.21] and [1.4.23] . For example, for the
equality i), we have

a-l a—1 27rik(x+i)
— l n! e a
-1 _ -1
D I e S (DD
1=0 1=0 kez\{0}

2rikz a—1
_ -1 nl e 2mikL
= a” Z -~ @2mi)r kn Ze e

keZ\{0} 1=0

Now, we use
= omikl a ifkeaz,
e a —
P 0  Otherwise
Then
a—1 ;
- l n! ekaax
n—1
B - = —
“ ”<$+a> 2. @mi)n kn
1=0 keZ\{0}
= B, (ax)

Hence, we obtain the desired property.
The proofs of equalities ii) and iii) are similars to i).

2 Elliptic Bernoulli and Euler functions:

In this section, we review the definition of the elliptic Lerch series. We define the elliptic Lerch
function following Weil ([28] VIII §12) as follows.

Definition 2.0.3. Let L =Z or L = Z7 + Z, where Im(7) > 0. We set
Ez(w,X)=wX

EL(LU,X) = X1LU2 —szl, L=7Z1r+7Z
if X = X174+ Xo,w = w17 +wa, (Xi,w;) €RZi =1,2.

2.1 Elliptic Lerch series

Definition 2.1.1. Let m be an integer, and let z, ¢ € C. We introduce the elliptic Lerch
series

Z+w)™
Lm(S,Z,SO) = Z We (EL(W,SO))
weL\{—-z}



Proposition 2.1.2. [28] Let m be an integer.
i) The function Ly, (s, z,¢) converges for Re(s) > 3 + 1,

ii) The function L, (s, z,)for s continues meromorphically to a function on the whole s
plane, with a simple pole only at s =1if m =0 and ¢ € L.

iii) The function L,,(s, z, ¢) satisfies the functional equation

T(8)Ln(s,2,0) = A"V 25T (m 4+ 1 — 8)Lip(m 4+ 1 — 5,0, 2)e (BL(z, ¢)) -

2.2 Main objects

The main objects which we study here are
Definition 2.2.1. The elliptic Bernoulli functions are defined by
I'(m)

Bn(X,L) = — Lpn(s=m,z=0,X
- oy el X))
 (2m)m wm ’
weL\{0}
and The elliptic Euler functions are given by
En(X,L) = 2200 1 s—mtls— L x)
)= iy mii(s =mt1,2= 5,

EL w X
= 27m m+1 Z )m+1 ’

Examples: For L = Z we obtain the classical Bernoulli and Euler functions. In fact,

i) For L=17:
— m! e(kX
kez\{0}
= Em(X)

ii) L =7: Let 0 < X < 1. Then,

= X 3) X)

En(X,L)e (2) = 2m mt1 ;Z )m+1

= Em(X)

2.3 Jacobi forms

Our elliptic Bernoulli and Euler functions are connected to Jacobi forms in three variables.
Precisely, we have

Theorem 2.3.1. (Second main result)



i) The generating function of By,(p, L) is the following Jacobi form

92—(0)97 (Z + 90)

Dp(z9) = 6("“) 0r (2) 07 ()

ii) The generating function of E,,(p, L) is the following Jacobi form

(( 1) )9’7(0)67 (z+¢—3)

1
o= e\ - e
T 2 T

¥

2

where
1

0-(2) = Ze <;(n + %)27 + (n+ %)(z + 2))

nez
Proof : The generating function of By, (i, L) is

(2mi)™
m!

Zm—l

> Buml(p, L)

m =0
Now, we are going to prove a). First, we prove the equlaity

(e)

(2.3.1) Di(zp) =Y W'
w€eL

(e)
Where Z is the Eisenstein summation equal to

weL
(e) m=M m=N
Z = M,IJ{IIEOO Z Z , Where w = m7 + n.
welL m=—M m=—N
L e(=Bu(w, ¢)
The functions z — Dr(z;¢) and Fy, : 2 — Z ——ra  Me meromorphic functions with
z4+w

weL
only simple poles in w € L. Moreover,

Dr(z+pip) = e(Er(p,¢))Dr(z;0)
Fo(z2+p) = e(EL(p,¢))Fy(2)Vp € L.

and finally, they have the same residue at z = w,w € L :

Res (Fw(z)dz, z= w) = Res (DL(Z; p)dz, z = w) = e(EL(w7 go))

We introduce the quotient function z — DIZ“’(S;). It is meromorphic, periodic with periods
the lattice L and modulo L it has only one pole ( a simple one) at z = —¢. Then, from

Liouville’s Theorem, the functions z — Dy (z;¢) and F,(z) are proportional. But, we know
that they have the same residue at z = w,w € L. Thus we get our desired equality

We use the Laurent expansion of z — Z}rw. For w € L\{0} we have

e (2)

k>0

9



For our convenance we use —w instead w. Then,

(e)
Dp (z;9) = % + Z Z e(BLw,¢)) Lm—1

wm
m21 weL

w#0
Now, we know that
= m! e(EL(w, ¢))
weL\{0}

Then, we conclude that the Jacobi form Dj_(z;¢) is the generating function of B, (¢, L).

Similarly, we can prove the property b). In fact, the generating function of E,,(p, L) is

defined by
2
Z E 907 71'7,2')
m =0
We remark that
1 1
F =——D - —
L(27@) i L(Z >90)
Then,
(2 3 2) F (Z' ) _ 7i % €(-EL(W,Q0))
o L’(p_m'eLz—i—w%

wich is equal to

(e)
Fr(z;0) = —i. Z Z m 2™

T ES
m>0 \wel (W +3

Now,
Em(X, L)= 2m m+1 Z e (i w)riil
+3
Hence
Fo(z0) = Y Bl 1) 20"
m>=0 ’
Thus, it’s give us our desired result. U

For more details concerning the Jacobi form Dy (z; ), see [3, Bl [7, [8, @, [1T], 12].

2.4 Elliptic Raabe formulas

The aim of this section, is to study the distribution formulas (ellitpic Raabe formulas) satisfied
by elliptic Bernoulli and elliptic Euler functions.

Theorem 2.4.1. (Third main result)

10



Bin(Ap, AL) = X" B, (¢, L), VA € C\{0}.

i)

— © ar+b — a b
B, ; = " B (;7), Lo (Z).
<c¢+d c7‘+d> (er +d) (pi7) V(C d) € SLa(2)

iii)

Bim(p+p;7) = Bm(p;7),Vp € ZT + L
iv) B B
B(—¢;7) = (=1)™ "B (5 7)

v) For L, A lattices such that : L C A. Then,

Z Em(<,0 +t; L) =[A: L]l_mgm(go; A),m >1,
teA/L

Proof : We give the proof of property (e). We quote from [11] the relation

(2.4.3) Z Dp(lz;p +t) = Dp(2;9)
teA/L

which is valid for all complex lattices L and A s.t: L C A, [A: L] = [ Now, we use the Laurent
expansion the functions z — Dy, (lz; w+ t) and z — Dj(z;). We compare their coeficients,
then we obtain our distribution formulae

> Bum(e+tL) =[A: L' "B (e A).
teA/L

We prove the modularity property (b). We know that, the Jacobi form Dy is a modular form
for SLy(Z), with index 0 and weight 1 i.e

_F ¥ _ . a b
D‘Z:is <CT+d7 CT+d) - (CT+d)DT(279@)7v <C d) S SLQ(Z)

where
D, (z;¢) =D _(z;9), Ly =Z7 +Z,7 € H.

It’s obvious to deduce from this result the modularity of B,, (gp; L);
Also The periodicity (c), symmetry (d) and homogeneity (a) of B, ((p;L) coming from the
periodicity and homogeneity of the Jacobi form Dy. O

Theorem 2.4.2. (Fourth main result)

i) For L, A lattices such that : L C A with [A: L] odd. Then, for m >1

_ 1 1 _
Em(p;A) =[A: L™ Z e (2EA(1,g0 +1t) — 5EL(1,gp + t)> Em(o+t;L).
teA/L

11



ii) For L, A lattices such that : L C A with [A: L] even. Then, form > 1

T S 1 — ‘
Em(p;A) = 2 erA;Le SEA(Lg+1) ) B(p+5L).

Proof :
The proofs of this theorem are similars to the proofs of theorem In fact, in place of the
Jacobi form Dy, we consider the new one F(z;¢).

O
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