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Dynamics of Prices of Defaultable claims

Dynamics of Prices of Defaultable claims

The default time is a strictly positive random variable 7, defined on a
probability space (£2,G, Q).

The filtration generated by the jump process H; = 1, <4, is denoted by
H.

We assume that some auxiliary filtration I is given, and we write

G = H V F. The filtration G is referred to as to the full filtration.

We assume that any [F-martingale is a continuous process.



Dynamics of Prices of Defaultable claims

Survival Process

Gy = Q(7 > t|F;) is the survival process assumed to satisfy Go = 1
and G; > 0 for every t € R;. We assume that G is continuous.

Then
t
Mt = Ht — / (]_ — Hu)Au du,
0

is a G-martingale, where ) is defined via the Doob-Meyer

decomposition of the sub-martingale G.



Dynamics of Prices of Defaultable claims

Defaultable Claims

By a defaultable claim maturing at 7" we mean a quadruple
(X, A, Z, 1), where

e X is an Fpr-measurable random variable,

o A= (Ay)iciom is an F-adapted process of finite variation with
Ay =0,

o Z = (Zi)teo,1) is an F-predictable process,

e and 7 is the default time.



Dynamics of Prices of Defaultable claims

The total dividend process D = (D;")icr, of a defaultable claim
maturing at 1" equals, for every t € R,

(1— H,)dA, + / Z, dH,.

D;fX — X1{7>T}1[T,m[(t) +/
J0,tAT]

J0,tAT]

The reduced total dividend process D of a defaultable claim
maturing at T' equals, for every t € R,

D; = / (1— H,)dA, + / Z dH,.
[0,tAT] J0,tAT]



Dynamics of Prices of Defaultable claims

Price Dynamics of a Defaultable Claim

The ex-dividend price process S associated with the dividend process

DX equals, for every t € [0, T,
Gi).

The ex-dividend pre-default price of a defaultable claim is the

S; = By E@* (Bj_”lX]l{7->T} + / B;l dD,,
J¢,T]

unique F-adapted process S such that

St = ]l{t<7}§t

The cumulative price process S“" associated with the dividend

process D™ is

goum BtEQ*(/ B-1dDX Qt):St+Bt/ B-1dD,.
j0.7) Jo.¢

The discounted cumulative price B~15“" is a G-martingale under Q*.



Dynamics of Prices of Defaultable claims

Let n be any F-martingale. Then the process n given by

tAT
~ —1
Nt = Nipr — G, d(n, p)y
0

is a continuous G-martingale.



Dynamics of Prices of Defaultable claims

e For any Q*-integrable and Fpr-measurable random variable Y we have

Eo-(Lir<nY |Gi) = Ljtery Gy 'Eq- (GY | Fy).

e For any F-predictable process R such that Eg«|R.| < oo

g

1 T
Eg (Lit<r<tyRr [Gt) = —L<ry a Eq- (/ R, dG,
t



Dynamics of Prices of Defaultable claims

The dynamics of the cumulative price S°* on [0,T] are

dSE™ =, S dt + (Zy — Sy ) dMy + Gy (By dimy — Sy dfiy)

ft> |

where

T T
my = Eg- (BTlaTX+/ B;lauZuAudu—/ B;'G,dA,
0 0

and u is the martingale part of the submartingale G.



Dynamics of Prices of Defaultable claims

Proof. We derive the dynamics of the pre-default ex-dividend price S.
The price S can be represented as follows

Sy = ]1{75<T}§t =11 B:G 'Y,

where Y is defined as follows

t t
Yt:mt—/ B;lGuZuAudu+/ B 'G,dA,,
0 0

An application of Ito’s formula leads to the result []
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Dynamics of Prices of Defaultable claims

Price Dynamics of a CDS

A credit default swap (CDS) with a constant rate x and recovery
at default is a defaultable claim (0, A, Z, 7) where Z; = §; and
A; = —kt for every t € [0,T].

The process § : [0,7] — R represents the default protection, and « is
the CDS rate (also termed the spread, premium or annuity of a

CDS).
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Dynamics of Prices of Defaultable claims

The ex-dividend price of a CDS equals, for any ¢ € [0, T],
B, i R
Si(k) = Lgpery - B | | Br'Gududadu—r | Br'Gudu|Fi ).
t / t
Define the F-martingale n by the formula

T T
ng = Ege </ B;lGu(Su)\u du — ﬁ;/ B;lGu du ‘ .7-",5> .
0 0

Then, the dynamics of the cumulative price S°“ (k) are

dS{U (k) = 1 SE (k) dt+ (8 — Sy (k) My + Gy Y (By dity — Sy (k) dfiy)
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Replication of a Defaultable Claim

Replication of a Defaultable Claim

We now assume that k credit default swaps with maturities T; > T,
spreads k; and protection payments 6° for i = 1,. .., k are traded over
the time interval [0, T]. The Oth traded asset is the savings account B.

Our goal is to examine hedging strategies for a defaultable claim
(X, A, Z,1).

Here, we assume that immmersion property holds: any [F-martingale

is a G-martingale. In that case, G is a non-increasing process.
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Replication of a Defaultable Claim

We consider a trading strategy ¢ = (¢°,..., ¢") where ¢° is G-adapted
and ¢!, ..., ¢" are G-predictable processes. The associated wealth

process V(¢) equals, for ¢t € [0,T],

k
Vi(g) = ¢¢Bi+ > 6157 (ki)
1=1
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Replication of a Defaultable Claim

A strategy ¢ is said to be self-financing if
k . .
dVi(¢) = ¢f dB; + Y 6} dSy" (i)
i=1

where S“(k;) is the cumulative price process of the ith traded CDS.
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Replication of a Defaultable Claim

We consider a defaultable claim (X, A, Z, 7) such that the price process
S for this claim is well defined:

B t t
Sevm - — n{tq}j (—/ B;lGuZu)\udqu/ B;laudAu+mt>
12 0 0

ft> |

We say that a self-financing strategy ¢ = (¢, ..., ¢*) replicates a
defaultable claim (X, A, Z, 1) if its wealth process V (¢) is equal to the
price S of the claim ¢t € [0, T].

In particular, the equality Via,(¢) = Siar holds for every ¢ € [0, T1.

with

T T
0 0
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Replication of a Defaultable Claim

For any t € [0,T],
AVi(6) = 1iVi(0) dt+ 3" 64 ((5 = Bi(ro)) dMy + (1 — H)B,Gy

1=1

where

nt = Eg- </ B G L6t Ny du — Ky / B 'G, du ‘ .7-}) :
0 0
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Replication of a Defaultable Claim

We assume from now on that the filtration F is generated by a (possibly
multi-dimensional) Brownian motion W under Q* and Hypothesis (H)
holds (so that W is also a Brownian motion with respect to G).

In view of the predictable representation property of a Brownian
motion, there exist F-predictable processes ¢ and ¢*, i =1,...,k such
that dm; = (; dW; and dn% — Cg dW;
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Replication of a Defaultable Claim

Assume that there exist F-predictable processes ¢!, ..., ¢" such that,
for any ¢ € [0,T],

k

k
Zﬁbi (52 - g;tb(’{z)) = 2t — §t> Z@;Cz = Gt
i=1

1=1

Let

k
dVi(¢) = V(@) dt + Z gbi ((5; — §§(/<;Z)) dM; + (1 — Ht)Bth—l dni)

1=1

with the initial condition Vy(¢) = S§"". Then the self-financing trading
strategy (B~ YV (¢) — ¢ - S%), ¢, ..., ¢") replicates the defaultable
claim (X, A, Z, 7).
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Enlargement of filtration formula

Enlargement of filtration formula

Let 7 be a unique random time. In general, it is not an honest time.
However, it is possible to prove that any F-martingale is a
G =F V F-semi-martingale. If X is a I martingale, if

P(r > u|F;) = /OO f(v;t)dv

then

. tAT d X MT t
Xy = Xt—i—/ < )o +/ p(T,ds),
t

AT

— X, —|—/ / (dv) X fv> /t/tw (T, ds)

where X is a G-martingale and

P ) = )
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Hedging of Credit Spreads and Default Correlations

Hedging of Credit Spreads and Default Correlations

In this section, we assume that [F is a Brownian filtration and that the
interest rate is null. Our aim is to obtain the dynamics of a CDS in the

simple case where two different credit names are considered.
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Hedging of Credit Spreads and Default Correlations

Joint Survival Process

Hence we assume that we are given two strictly positive random times
71 and 7. We introduce the conditional joint survival process
G(u,v;t)

G(u,v;t) = Q" (11 > u, 2 > v | Fp).

We write

0 0?
01G(u,v;t) = 50 G(u,v;t), 012G(u,v;t) = N

G(u,v;t).
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Hedging of Credit Spreads and Default Correlations

We assume that the density f(u,v;t) = 012G(u,v;t) with respect to u
and v exists, so that

G(u,v;t) = /UOO (/UOO f(x,y;t) dy) dr.

For any fixed (u,v) € R%, the F-martingale
G(u,v;t) = Q*(11 > u, 2 > v|F;) admits the integral representation

t
G(u,v;t) = Q" (1 > u, 70 > 0) —I—/ g(u,v;s)dWsy
0

where g(u,v;s) is some F-predictable process (in fact an F-martingale
under Q*).
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Hedging of Credit Spreads and Default Correlations

Let us introduce the filtrations H*, H, G* and G associated with default
times by setting

H: =o(H: s€[0,t]), Hi=H;VH?, G =FVH, G =FVH,

where H! = Ly, <41 - We assume that the usual conditions of

completeness and right-continuity are satisfied by these filtrations.
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Hedging of Credit Spreads and Default Correlations

We assume that immersion hypothesis holds between IF and G. In

particular, any F-martingale is also a G*-martingale for i = 1, 2.
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Hedging of Credit Spreads and Default Correlations

In general, there is no reason that any G*-martingale is a G-martingale.
Indeed, when F is a trivial filtration, denoting by Gi 2 = Q*(my > t|H?)
and G(u,v) = Q(m > u, 7 > v),

112 (Gt G(,) 2 2 2, 01G (1, 1)
dG,'"” = (aQG(O,t) — G(O,t)) dM; + (Ht O1h(t,72) + (1 — H}) G0.1) >dt

where M? is the H2-martingale given by

tAT
2 6’2G(O S)
M? = H? +/ — ds
! ! 0 G(07 S)

and h(t,s) = 9:6(1:5) Hence immersion hypothesis is not always valid

o 82G(0,s) ’
between H? and H'! v H?, since gjg((é?) — géé?) is not always null.
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Hedging of Credit Spreads and Default Correlations

Valuation of Single-Name CDSs

Let us now examine the valuation of single-name CDSs under the

assumption that the interest rate equals zero.

We consider the CDS
e with the constant spread k1,
e which delivers 1 (71) at time 71 if ; < T}, where ;7 is a

deterministic function.

The value S'(k1) of this CDS, computed in the filtration G, i.e., taking
care on the information on the second default contained in that

filtration, is computed in two successive steps.
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Hedging of Credit Spreads and Default Correlations

On the set ¢ < 7(1) = 71 A\ T2, the ex-dividend price of the CDS equals,
on the event {t < 7(1)},

" 1 Ty

SHk1) = S}H(k1) = Gt (/t 1 01(u)01G(u, t;t) du — ke t G(u,t;t) du) :
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Hedging of Credit Spreads and Default Correlations

On the event {m» <t < 71}, we have that

1 T

T
1 _ _ : _ :
S; (k1) = N ( /t o1(w) f(u, m2;t) du — K1 t 0o G (u, 1o t) du) :
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Hedging of Credit Spreads and Default Correlations

Price Dynamics of Single-Name CDSs

Let us return to the study of a general case. By applying the

[to-Wentzell theorem, we get
t t

Gu,t;t) = G(u,O;O)—|—/ g(u,s;s)dWS+/ 02G(u, s;s)ds
0 0

t t
Gt t;t) = G(0,0;O)—I—/ g(s, s;s) dWS—i—/ (01G(s,s;8) + 02G(s,s;8)) ds.
0 0
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Hedging of Credit Spreads and Default Correlations

The cumulative price S!(k1) satisfies, on [0, T A (1))

~ ~

dSy" (k1) = (01(t) — St (k1)) M} + (Sf5(k1) — St (1)) dM7

1 T1 Tl
_ 51 (w)dyg(u, t: 1) d ) d )dW.
G (), St du e o0 )i
Here
.y . EAT()
M} = HZ/\T(D — /0 A, du,
. . Yi . 0:;G(t,t;t) - . .
is a G-martingale, where \} = — atia) s the pre-default intensity

for the 7th name
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Hedging of Credit Spreads and Default Correlations

Replication of a First-to-Default Claim

A first-to-default claim with maturity 7' is a defaultable claim

(X, A, Z, 7)) where X is an Fr-measurable amount payable at
maturity if no default occurs, a continuous process of finite variation
A:0,T] — R with Ag = 0 represents the dividend stream up to 7(y),
and Z = (Z',Z%,...,Z") is the vector of F-predictable, real-valued
processes, where Zj(l) specifies the recovery received at time 7(;) if the
1th name is the first defaulted name, that is, on the event

{r; = T(1) < T}.
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Hedging of Credit Spreads and Default Correlations

The cumulative price S is given by

dSEU™ = 1 SE dt+ Y (ZE— Sp-) dM + (1~ HV)By(G 1y (£:£)) ™" dmy,
1=1

where the F-martingale m is given by the formula

n T
my = Eq- (BTlG(l)(T; T)X+Z/O B;1G(1)(U,H)ZZ’L)\L du
1=1

ft> |

T
—/O B;lG(l)(u;u) dA,
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Hedging of Credit Spreads and Default Correlations

The pre-default ex-dividend price satisfies

dSy = (re+ M)Sedt — Y XiZj dt + dA, + By(G(t, ;1)) " dmy.

1=1

Since [F is generated by a Brownian motion, there exists an
[F-predictable process ¢ such that

dSy = (re + X)Sedt — Y~ NiZidt + dA, + By(G(t, ;1)) ¢ dW.

1=1
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Hedging of Credit Spreads and Default Correlations

We say that a self-financing strategy ¢ = (¢%, ¢!, ..., ¢") replicates a
first-to-default claim (X, A, Z, 7)) if its wealth process V (¢) satisfies
the equality Vinr,, (@) = Siar,, for any ¢ € [0,T7].

We have, for any t € [0, T],

AVi(¢) = rVi(o dt+Zq§t( (68 — Si (k) M} + Z (S, — Si(ky)) M7

J=1,j#1%
+ (1= Hy)By(G(t.t:1)) ™" dn})
where
T; T.
B PG(ususu) [ " G(u,u;u)
= Eq- /o B (5 Ay, Z ) U — /431/0 B. du | F;

j=1,7%#1

35



Hedging of Credit Spreads and Default Correlations

Let ¢ = (5%, 25%, L EEZ}) be a solution to the following equations

th (5,& SZ KJZ —+ Z ¢‘7 t|z ) gg(/ﬂ',])) = Z; — §t
J=1,j#%
and 7, $iCt = ¢;. Let us set ¢! = 575(7-(1) At) fori=1,2,...,n and
t € [0,T]. Then the self-financing trading strategy

¢ = (B Y (V(p) —¢-89),...,¢") replicates the first-to-default claim
(Xa A7 Z, 7_(1))°
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