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Credit Risk Model

Credit Risk Model

e A reference filtration F and a random time 7 are given
e H is the filtration generated by the process H; = 1,<;
G, =F VH

The filtration G enjoys the Minimal assumption: if A € G;, there exists
A € F; such that

Anft<rl=An{t <7}




Credit Risk Model

It follows that, if (Y;,t > 0) is a G-adapted process, there exists an
F-adapted process (Y;,t > 0) such that

}/t]lt<7' — i}t]lt<7' .
The survival hazard process is denoted by S

]P)(T > t‘ft) — St




Credit Risk Model

Assuming that S; > 0, we obtain:
e for any integrable Fp-measurable r.v. X

1

— E(STX :
& E(SrX | F)

E(Mjren X |Gt) = Ly

e for any positive predictable process h

1 T
E(h’T]]-{7'<T}‘gt) — h’T]]-{7'<t} - H{T>t}§tE(/ hudsu‘Ft) .
t




Credit Risk Model

The process (S;, t > 0) is a F-supermartingale and admits a

Doob-Meyer decomposition
Sy = M] — A

where M7 is an F-martingale, and A7 is an F-predictable increasing

process.

The process

tAT dAT
Ht_At/\T:Ht_/ SS
0 s—

is a (GG-martingale.




Credit Risk Model

If A is absolutely continuous w.r.t. Lebesgue measure,

tAT
Ht_At/\T:Ht_/ ° ds
0

and \; = Sa t is called the intensity.
L
In a general setting, the knowledge of the intensity does not allow to

compute the conditional expectations

E(Liren X |Ge)




Martingale density

Martingale density

For any T', the process S;(7T) = P(r > T'|F;) is an F-martingale.

We assume that there exists a family of strictly positive processes
(a¢(u),t > 0) such that

S,(T) = / "y (w)du

T

For any u, the process (a;(u),t > 0) is an F-martingale, and can be
interpreted as

o (u)du = P(1T € dulFy)




Martingale density

In the case where F is a Brownian filtration generated by W
dioe(u) = Py (u)dWy
which, from Ventzell theorem, implies that (if S is continuous)
dS; = U dWy — ay(t)dt

where Uy = [ ¢y (u)du.
This equality gives the Doob-Meyer decomposition of S. In particular,

tAT o (S)
H —/ "2 ds
t . Ss

we obtain that

is a G-martingale.




Martingale density

In a general setting, if the family of processes o exists, and if S is

continuous, the process

Ht _ At/\T
where
t
an, = Wl
St [, ar(u)du

is a G-martingale.




Martingale density

We can now extend the previous result. Let X € Fp and h a Borel
function. Then,
E[ [7” Xh(uAT)or(uw)du|F]

E(Xh(T N\ T)’gt)]l{7_>t} — S, ]1{7->t}

S

E[Xh(T/\T)‘gt]]l{TSt} = E{Xh( }ft} H{Tgt}

¢ S
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Martingale density

Intuitively, with Y = Xh(T A 7)

E(Y‘gt)]]-{TSt} — ﬂ{rgt}ft(T)
where f;(u) is a family of F-adapted processes. It follows that, for u < ¢
E(YﬂTeduLFt)
IP)(T c dU|ft)

E(Xh(u)]lTedu|ft) o E(Xh(u)P(T c du\fT)|.7:t)
P(r € dul|F; B P(r € du|F;)

fi(w) = EY|F,7=u)=
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Martingale density

More generally, if (Y (¢t,u),t > 0) is a family of F-adapted processes,
then

E[foo Y (T, u)aT(u)du\ft]

EY (T, 7)|G) U751y = t S, Lir>e
ar(s

E[Y(Ta T) |gt]ﬂ{7'§t} = K {Y(T7 T) T( ) ’Ft} H{TSt}
at(s) s=7
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Martingale density

Particular case: Immersion property (or (H) hypothesis)

The filtration F is said to be immersed in G if F-martingales are

G-martingales. This condition is equivalent to
St =P(r > t|F) =P(1 > t|Fx) = P(1 > t|Fs),Vt,s; t < s.

In that case, the process S is non-increasing, and H; — A;x, is a
G-martingale, where A; = —1In .5;.

There is equivalence between F is immersed in G and for any u > 0, the
martingale (a:(u),t > 0) is constant after u.
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Examples

Examples

COX process model: Immersion

Let A be an F-adapted non-negative process, © a random variable with

exponential law, independent of F,, and

t
et - / \sds > O)
0

t
Sy = exp <—/ )\udu) :
0

and immersion property holds. In particular,

In that case,

7
P(r > 0|F;) = exp </ )\udu> = Sy, VO < t.
0
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Examples

Imperfect information: Immersion Let
T=inf{t, X; < b(t)}.

where X; = U (B¢, t) where B is a Brownian motion and W(., ) is
invertible. The filtration F' is the natural filtration of the observed
process is Y

4V, = (Yo t)dt+ o (Yy,0)dBs + s (Y, 1) dW,
Yo = wo.

It can be proved that F is immersed in F V H and numerical

approximation of the process S are done.
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Examples

Partial Information: No immersion

Assume that

V, = Uea(Wt—i—l/t) _ ,erXt

and let, for a < v
r=inf{t : V; <a}=inf{t : X; <a}

The reference filtration F is the filtration of the observations of V at

discrete times tq,---t,, where t,, <t <t,y1, i.€.,
Ft :O-(‘/tlau')‘/tna li St)

The process Sy = P(1 > t|F;) is not decreasing.
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Examples

Two default times: no Immersion

Let 75,7 = 1,2 two default times, H} = 1,,<;, H* the natural filtration
of H*. Let F=H?, G =F Vv H.

Let G(t,s) =P(my > t, 2 > s) and Sﬁ” = P(m > t|Fy).

Then,

0,G(11) Gt 1)
d (1) _ 2 9 - ) M2
& (@G(@t) G(O,w)d t

hG(t,t)
2 (1) 2y Y1 :
—I— (Ht alh (t772)+(]‘_Ht) (O’t) ) dt

and

tATo IP) d
where M? is the F-martingale ]\@2 — Ht2 — / (2 € ds)
0 IP)(TQ > 8)

82G ,S
h(l) (t) 3) — 82G(((§,8>)
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Examples

(Generalized Cox Processes
Let © be independent of F, and V € F,, with V' > 0.
T =inf{t: Ay > OV}

Then,

A
Se(T)=P(r >T|F) =P(Ar > OV |F) =P (exp —7T > exp —0O

'ft>7

18



Examples

Let us denote ¥, = exp —A;/V = ftoo Wsds, with

As * A
ws — V eXp_L Vdua

and define, for any pair (s, t)
V(s,t) = E (| F) -

We have for any 7" and ¢ :
SUT) = [ as.ds = [ ity
T T

where 1n([0,t]) = P(7 < t) is the law of the variable 7 and
ai(s) = v(s,1)/7(s,0).
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Two default times

Two default times

Let 71, 7 two default times and o7 < o9 the ordered defaults. We
suppose that the conditional probability admits a density

P(O’l > U1, 09 > UQ‘.;Et> = / dm/ dvgpt(vl,vg)
Ui u9

In particular
/ pe(u, v)dv = agl)(u)

where ail)(u) is the density of P(o1 > u|F%).
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Two default times

Let H! = 1,,<; and H! its natural filtration. Then

[ pi(o1,v)dv

M (o)

IP(UQ > t‘ft V H%) — ]]-0'1>t + ]]-O'l<t
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Two default times

The process P(c? > 0|F, V 'H}) admits a density:
P(o? > 0|F; VH;) = / a,§2)(s)ds
0

where

~d 0
ft upt(u, ) 1 ]lolgtpt(gl’e)

(2)
o, (0) = Mg, >t a0
! ! ft du fu dvps (u, v) ozgl)(al)
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Two default times

The intensity processes can be computed: the process
Uoy<t — [ AP ds where

Pt (017 t)
ftoo pe(o1,v)dv

2
)\1(5 ) = ]1[01,02](t)

is a martingale
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Two default times

As a general result, we get, for G = HV H! v H?

E(ftoo duq fuof dus X h(uy,us)pr(uy, us)|Ft)

E(Xh(()'l, 0'2)|gt)]1t<01 — ﬂt<‘71 foo dul foo du2p (Ul UQ)
" " t )

E(fuofw dus X h(uy, u2)pr(ui, u2)|F)

E(Xh(01702)|gt)]]-01<t oo — ]101<t 02 o0 _
= = ft\/ul duz py(u1, uz) ’m_al

E(Xh(ul, UQ)pT (Ul, UQ) ’ft)

E(Xh(o1,02)|G:)1oy<t = Ngy<y ey, us) }ulzal,m:oz
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Enlargement of filtration formula

Enlargement of filtration formula

In general, 7 is not an honest time. However, it is possible to prove that
any F-martingale is a G-semi-martingale. If X is a F martingale, if S
admits a density, then

s tAT d ){7 MT . t
Xy = Xt"‘/ < i +/ g(r,dv),
0 SS— tAT
. tAT o0 d )(7 v t
— Xt+/ / n(dv) <S ). +/ g(T,dv)
0 S S— tAT
where X is a G-martingale and
d(a.(u), X )y
dv) =
g9(u,dv) (1)
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Multiplicative decomposition

Multiplicative decomposition

The super-martingale (S, t > 0) admits a multiplicative decomposition
as

E% ::l&l)t

where L is a local martingale and D a predictable non-increasing

process.

From S; = M — A] and S; = LD, it follows from Yoeurp theorem that
dSt — Lt_th -+ Dtst

hence

1 dAT

— _Dt_ dAt

and Dy = E(—A);. If A is continuous Dy = exp(—A;).

Of course, if immersion property holds, L = 1.
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Multiplicative decomposition

The price of a DZC with maturity 7" is (we assume null interest rate)

1 . ~
D(t,T) = B(r > T|G:) = Ly> - E(S7|F3) “, ., D(t,T)
t

Using the multiplicative decomposition S; = D;L;, and assuming that
(Ls, t < T) is a martingale, the price of the defaultable payoff X1, is

1 1 ~
E(XLr<r|Gt) = Licr o B(XST|Ft) = Licr - E(X Dr|F)
t

S,
where dP |7, = LidP| £,
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Multiplicative decomposition

To end the talk, the sentence

Le livre n’est pas terminé.
La fin n’a pas été écrite, elle n’a jamais été trouvée.
M. Duras, L’été 80.

has to be changed into

Le travail n’est pas terminé.

La fin n’a pas été écrite, elle n’a pas encore ¢été trouvée.
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