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Credit Risk Model

Credit Risk Model

e A reference filtration F and random time 7 are given
e H is the filtration generated by the process H; = 1,<;
o Gy = Fi VH;

The filtration G enjoys the Minimal assumption: if A € G;, there exists
A € F, such that

An{t<r}t=An{t< 7}




Credit Risk Model

It follows that, if (Y;,t > 0) is a G-adapted process, there exists an
F-adapted process (ENQ, t > 0) such that

)/t]lt<7' — }A}t]lt<7 -
The survival hazard process is denoted by S
IP)(T > t‘ft) = St

We obtain (we assume Sy > 0):

for any integrable Fp measurable r.v. X
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Credit Risk Model

Immersion property

A particular case is when F' is immersed in G that is when

F-martingales are G-martingales. This condition is equivalent to
P(r <t|F) =P(r <t|F) =P(1 < t|Fs),Vt, Vs, t <s.

In that case, the process S is non-increasing




Examples

Examples

e COX process model Let A be an F-adapted non-negative process,

© a random variable with exponential law, independent of F., and

t
r“inf{t - / \sds > O)
0

t
S; = exp (—/ )\udu> :
0

and immersion property holds. In particular,

In that case,

P(7 > s|F;) = exp (—/ )\udu) =S, Vs<t.
0




Examples

Imperfect information

Partial information  Assume that
dViy = Vi(udt + odWy), Vo =0

and let, for oo < v

T =inf{t : V; < a}

The reference filtration F is the filtration of the observations of V at

discrete times tq,---t, where t, <t <t,.1, l.e.,
Ft :O-(‘/tlyu')‘/tn) t’l, St)

The process S; = P(1 > t|F;) is continuous and decreasing in
Liytiva]

With Stoyan Valchev 6



Examples

For t; <t <ty and X;, > a

where, setting v = (r — %),

t — t
O(t,2) = N(” Z)—eQVZN(Z+”>, for z < 0, t > 0,
Vit Vit
= 0, for >0, t >0,
®(0,2) = 1, for 2 <0

However, the process S is not a decreasing process: the jump at

time ¢ty 1S

2
AS;, = —exp [—t—a(a — th)] — 1+ ®(t1,0).
1
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Examples

Example of Imperfect information  Let
T =inf {t, X, <b(t)}.

where X; = U (B¢, t) where B is a Brownian motion and W(.,t) is

invertible. The filtration F is the natural filtration of the observed

process is Y
dYy = w1 (Y, t)dt + o (Ye,t)dBy + s (Y, t) dW,
Yo = wo-

It can be proved that F is immersed in F V H and numerical

approximation of the process S are done.
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Martingale density

Martingale density

The process (S;, t > 0) is a F-submartingale and admits a Doob-Meyer
decomposition
Sy = M] — A7

where M7 is an F-martingale, and A7 is an F-predictable increasing
process.

Moreover, the process

tAT AT
He = / 1 : 5
0 T Ms—

is a G-martingale.




Martingale density

If F is P-immersed in G, then the process S is decreasing, and M = 1.
In that case
Ht _ At/\T

is a martingale where A; = —1In .5;.
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Martingale density

For any T, the process S;(7T) def P(7 > T|F;) is an F-martingale. We
assume that there exists a family of processes (a¢(u),t > 0) such that

S,(T) = / "y (w)du

T

For any u, the process (a;(u),t > 0) is an F-martingale, and can be
interpreted as
a(u)du = P(T € du|Fy)
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Martingale density

In the case where F is a Brownian filtration generated by W
dios(u) = Y (u)dWy
which, from Ventzell theorem, implies that
dS; = Vi dWy — ay(t)dt

where Uy = [ ¢y (u)du.
This equality gives the Doob-Meyer decomposition of S. In particular,

tAT o (S)
H —/ " ds
t . Ss

we obtain that

is a (G-martingale.
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Martingale density

In fact, this last result is a general one.
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Martingale density

We can now extend the previous result. Let X € Fp and T' < t. Then,

E[ [7° Xh(u A T)ar(w)du|F,
E(Xh(T/\T)|gt)]1{T>t} = [ft ( St) T( ) | t] ﬂ{7.>t}

S

Iir<ty

S=T

EXWTADG ey = E[Xh(s)"E ]Ft}

¢ S
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Martingale density

Intuitively, with Y = Xh(T A 7)

E(Y’gt)]l{Tgt} — H{Tgt}ft(T)
where f;(u) is a family of F adapted processes. It follows that, for u < ¢

E<Y]17'Edu|~¢t)

filtw) = BOFLT =) = B g7,
- EXh(u)llcqulFr)  E(Xh(u)P(r € du|Fr)|F)
B P(r € dulF; P(r € du|Fy)
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Martingale density

More generally, if Y (¢,u) is a family of F-adapted processes, then

E| [ Y (T, u)or(u)du|F]

E(Y(T7 T>|gt)]1{r>t} — S, Il{7'>t}

S

E[Y (T, 7)|G) Lty = E[Y(TT yft} ey

Ot S
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Martingale density

Immersion property

If F is immersed in G, from
P(r <t|F) =P(r <t|Fs),Vt, Vs, t <s

we obtain a;(s) = ay(t),s <t and S is a decreasing process. Let

Y (T, 7) be a random variable as above. Then we have

E[Y(T,7)|G)(r<iy = E[Y(T, 8)|F]|,_ Lir<iy-
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Examples

Examples

e COX process model

In the Cox process case, from P(7 > s|F;) = exp — fOS Adu, for s < t,

we obtaln

a;(s) = Agexp ( —/ )\udu>, for s <t
0
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Examples

For T' > t,

E(exp (— /tT Audu)|Fy) = exp — /tT o(t, s)ds

where §(t,s),t > 0 is a family of F adapted processes defined for s > t as

E(As exp (— /S Audu)|Fy) = 6(t, s)E(exp ( — /S Audu)|Fy)

t t

It follows that

ozt(s):é(t,s)exp(—/o )\udu—/ts5(t,u)du),s>t
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Examples

Information at discrete times  Assume that
dVy = Vi(udt + odWy), Vo = v

ie., V; = 0e?Wetvt) — 49X+ The default time is assumed to be the

first hitting time of a with a < v, i.e.,
r=inf{t : V; <a} =inf{t : X; <a}

where a = o~ In(a/v).
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Examples

Here, F is the filtration of the observations of V' at discrete times

t1,---t, where t,, <t <t,.1, l.e.,
Ft :O-(‘/t17°"7‘/tn7 t'l, St)

The process F; = P(7 < t|F;) is continuous and increasing in

t;,t;+1] but is not increasing.

The Doob-Meyer decomposition of F' is

Fy = G+ (Fy — G),

where

=) AF,.

it <t

is an F-martingale and F; — (; is a predictable increasing process.
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Examples

From
P(iréf; Xs>2)=®(1,t,2),

where

vt — z z+ vt
d(v,t,z) = N —eQVZJ\/( ), for z <0, t >0,
) (“7) Vi

= 0, forz>0,t>0,

O(v,0,z) = 1, for z < 0

we obtain (we skip the parameter v in the definition of ®) for

t1 <t <teand Xy, >a

S, = ®(t—t1,a— X,,) [1 — exp (—Zt—a (a—th))] |

1

The case Xy, < a corresponds to default: for Xy, <a, F; = 1.
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Multiplicative decomposition

Multiplicative decomposition

The submartingale (S, > 0) admits a multiplicative decomposition as
St = LDy

where L is a martingale and D a predictable non-increasing process.

From S; = M] — A7 and S; = L; D, it follows that
dSt — Lt_th -+ Dtst

hence
1 dAT
th — _KdAtt — _Dt_ St_t — _Dt_ dAt

and Dy = E(—A);. If A is continuous Dy = exp(—A4).

Of course, if immersion property holds, L = 1.
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Multiplicative decomposition

HJM

The price of a DZC with maturity T is (we assume null interest rate)

1 . ~
D(t,T) = B(r > T|G:) = Ly> - E(S7|F3) “, ., D(t,T)
t

Note that (1,-:D(¢,T),t > 0) is a G martingale.

Using the multiplicative decomposition S; = D; Ly,

1 ~ ~
D(t7T) — ]17'>t3E(DT|Ft) — ]]-T>tD(t7T)
t

where d@b:t = LdP|£,.

The process Dtﬁ(t, T) is a 0, F-martingale

AN

If immersion property holds, P = P.
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Multiplicative decomposition

We assume that there exists a family of F-adapted processes
d(t,s),t > 0 such that

T
D(t,T) = exp—/ o(t, s)ds
t

Then exp (— fot Asds — ft (t,s ds) is an F martingale
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Multiplicative decomposition

If F is a Brownian filtration (or a filtration which enjoys the PRT)

The price of the defaultable payoff X1l is

1 1

E(X'de<T\gt) = ]175<T§E(XST|F7§) — ]1t<THE(XDT‘ft)
t t
Let @T|_7:t = Dy g((é’g))@b:t Then
1
E(X Lr<,|Gt) = HKTMEQT (X|F)
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An example with immersion

An example with immersion

Assume that F is P-immersed in G and that the increasing process S;
(hence A = —1n S) is absolutely continuous w.r.t. Lebesgue measure.
Then, for s < t,

S
P(r > s|F;) = S5 = exp ( - / )\udu).
0
With the notation of the previous section, for any 1" > ¢, we have

T
S(t;T) :=P(r > T|F;) = exp ( — / ()\s]l{sgt} + 4(¢, S)]l{8>t})d8).
0

The conditional probability P(7 > 6|F;) admits a density a;(6) given by

Nexp (— [ Aydu), 6 <t

Oét(e) =
5(t,9)exp(—f0t)\udu ft (t,u)du), 60>t

such that P(7 > 6|F,) = [;~ ay(u)du. The density a;(f) does not
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An example with immersion

depend on t for t > 6 when the (H)-hypothesis holds, which simplifies

the calculation.

Using the density «;(6) allows us to calculate the G-conditional

expectations.
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Two default times

Two default times

Let 71, ™ two default times and o7 < o9 the ordered defaults. We

suppose that the conditional probability

P(O’l > U1,09 > Ug‘ft) = / dm/ d’l)gpt(Ul,’UQ)
uq u9

In particular

/ pe(u, v)dv = aj (u)
where a; (u) is the density of P(o! > u|F;)
Let H! = 1 <¢ and H' its natural filtration. Set

St2’1 = IP)(O'Q > t’ft \/H%) Then

Zpi(or,v)dv
St =1, I, Ji
t 1>t + 1<t &% (0_1)
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Two default times

The process P(c? > 0|F; V 'H}) admits a density

~d 0
ft upt(uv ) 1 ﬂalgtpt(lglje)

ftoo du f;o dvp (u, v) oy (o1)

The process Hf — A7, where A7 = Lj,1 ,21t) ftmp;t(?;17f3)) - is a

a%<9> — Il<71>75

martingale
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