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Density Hypothesis

Density Hypothesis

Let (2, A,F,P) be a filtered probability space.
A strictly positive and finite random variable 7 (the default time) is
given.

Our goals are

e to show how the information contained in the reference filtration IF

can be used to obtain information on the law of 7,

e to investigate the links between martingales in the different

filtrations that will appear.




Density Hypothesis

We assume the following density hypothesis: there exists a
non-negative measure 7 such that, for any time ¢, there exists
an F; ® B(RT)-measurable function (w,#) — a;(0,w) which
satisfies

P(r € dO|F:) = a(0)n(db), P — a.s.

The conditional distribution of 7 is characterized by the survival
probability defined by

Si(0) :=P(1 > 0|F;) = /900 oz (u)n(du)

Let
Sy =8 (t) =P(r > t|F) = /t oy (u)n(du)

Observe that the set A; := {S; > 0} contains a.s. the event {7 > t}.




Density Hypothesis

The family ay(.) is called the conditional density of 7 w.r.t. n given
Fi.
Note that

o 5:(0) =E(Sy|F;) for any 0 >t
o the law of 7 is P(t > 0) = [~ ap(u)n(du)

o for any ¢, [, au(u)n(du) =1

Su(0) == P(r > 0|7) = [;° ou(u)n(du) 4



Density Hypothesis

The family ay(.) is called the conditional density of 7 w.r.t. n given
Fi.
Note that

o 5:(0) =E(Sy|F;) for any 0 >t
o the law of 7 is P(t > 0) = [~ ap(u)n(du)
o for any ¢, [, au(u)n(du) =1

e for any bounded Borel function f,
BLF(DIF) = [ fwar(wn(do
0

e we exclude [F-stopping times

St(0) :=P(1 > 0|Fr) = feoo at(u)n(du) 5



Density Hypothesis

For an integrable Fr ® o(7) r.v. Yp(7), one has, for t < T"

E(Yr(r)|F) = E( / " Yo(war (wn(du)|F)

For an integrable F; ® o(7) r.v. Y;(7), one has

E(Y;(7)|F) = / T Yiwar (wy(du)  (»




Density Hypothesis

For an integrable Fr ® o(7) r.v. Yp(7), one has, for t < T"

E(Yr(r)|F) = E( / " Yo(war (wn(du)|F)

For an integrable F; ® o(7) r.v. Y;(7), one has
BYnIF) = [ Vitwas(wn(dn) (4

The default time 7 avoids F-stopping times, i.e., P(7 = ) = 0 for every
F-stopping time v.




Density Hypothesis

By using the density, we adopt an additive point of view to represent

the conditional probability of 7

s:0) = [ " auun(du)

In the default framework, the “intensity” point of view is often

preferred, and one uses a multiplicative representation as

)
5,(6) = exp(— / A (u)p(du))

where \¢(u) = —30, In S¢(u) is the “forward intensity”.




Computation of conditional expectations

Computation of conditional expectations

Let D = (D;);>0 be the smallest right-continuous filtration such that 7
is a D-stopping time, and let G = F Vv D.

Any G;-measurable r.v. H® may be represented as
HF = HF1{7>,5} -+ Ht<7->1{T§t}

where H is an F;-measurable random variable and H;(7) is F; ® o(7)

measurable.




Computation of conditional expectations

Computation of conditional expectations

Let D = (D;)¢>0 be the smallest right-continuous filtration such that =
is a D-stopping time, and let G = v D.

Any G;-measurable r.v. H® may be represented as
Hy = H{ 15y + Hi(7) ;<

where HF is an Fi-measurable random variable and Hy(7) is F; ® o(7)

measurable. In particular,
HE Lo = Hi 1oy,

where the random variable H} is the F;-conditional expectation of HZ

given the event {7 > t}, i.e.,

E[HS 1 wn|F]  E[HS1 onl|F
H; = 7> t]: L0 7] a.s.on Ay; HP =0 if not.

P(r > t|F) St
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Computation of conditional expectations

The G;-conditional expectation of an integrable o(7)-measurable r.v. is

given by

af (f) =E[f(7)|G] = a2 (f) Lizssy + f(T) Lir<ty
where

E[f(7)1{7>t}‘ft]
]PD(T > t‘Ft)

abd(f) = a.s.on Ay aPd(f):=0 if not.

The existence of the density allows us to have the representation

Ji flw)aw(u)n(du)
St

a.s.on A;.

oy (f) =

11



Computation of conditional expectations

The G;-conditional expectation of an integrable F; ® o(7)-measurable

r.v. Y;(7), is given by
E[Y:(7)|Ge]) = oy (Ye) Lzsgy + V() 1<ty

where, on A;

EYi (T)1lsa|F] 1

oPd(Y,) = S =3 /too Yi(u)ag(u)n(du) a.s..
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Computation of conditional expectations

The G;-conditional expectation of an integrable Fr ® o(7)-measurable

r.v. Y;(7), is given by
EYr(7)|G:] = thbdl{t<7} + thad<T, 7-)1{7-375} dP — a.s..

where
El [, Yr(u)ar(u)n(du)|F]
St
E[Yr(0)ar(0)|F]
th(e)

1{O¢t(9)>0} dP — a.s..

13



Computation of conditional expectations

Proof: By definition of G, any G;-measurable r.v. can be written on the
set {7 <t} as Hy(7)1l;<4y. Assume that Hy(7) is positive or bounded.
Using the density a;(6), we obtain

E[H, (7)1 Yo(r)] = / 40 E[H, (0)L 1<) Y (0)ur (0)]

— /dQE Hi(0)19<y E[Y7(0)ar (0)|F]]

B / 40 B| Hy(0)1g<0y Y™ (T, 0)eu (6)

E [Ht(T)l{Tgt}Ead(T, T)} ,

14



Computation of conditional expectations

Immersion property

In the particular case where
a;(0) = ap(0), VO <t

one has

S, =1 /O o (O)n(d) =1 — /O ar(0)n(dd) = P(r > t|Fr) a.s.

for any T' > t and P(7 > t|F;) = P(7 > t|Fs ). This last equality is

equivalent to the immersion property.

Conversely, if immersion property holds, then
P(r > t|F;) = P(r > t|Fso)

hence, the process S is decreasing and the conditional survival functions
S¢(#) are constant in time on [f, 00), i.e., S¢(0) = Sy(0) for t > 6.

15



Dynamic point of view and density process

Dynamic point of view and density process
Regular Version of Martingales

One of the major difficulties is to prove the existence of a universal
cadlag martingale version of this family of densities. Fortunately, results

of Jacod or Stricker and Yor help us to solve this technical problem.

16



Dynamic point of view and density process

Results on Enlargement of Filtration

We assume that S; := S(t) is continuous.

If X is an F-martingale

NTA(X,S), Y d(X, [.(6;4)),
Yt:Xt_/o 3, _/ s |, S ME)

With Yann Le Cam 17



Dynamic point of view and density process

Proof. We prove that X is a G-martingale. Let us consider a
Gs-measurable random variable of the form Fsh(T A s) with F a
bounded F,-measurable random variable and A : R™ — R a bounded

Borel function. Then,

I
=
N\
o0
=
2
—_

\]
AN
V)
VR
<
|
<)
V)
N—
N———

E (Fsh(T A S) ()?t - )?S)>

and we can compute each part of the right hand side member:

< tAT d(X,S t  d(X,a. (6
X, = X, _ [T XS, et d{Xa(0)), 18




Dynamic point of view and density process

Computation of a = E (F,JL(T)L-SS ()/{\'t — )?S>) , s<t.

On {7 < s}, t AT=sAT=r7 hence

. /t/\T d<X, S>u B /S/\T d<X, S>u B O
7<s . Su . Su — Y,

and it follows that

o= 0= X8 (it (| )

- tAT d(X,S t  d{(X,o.(0
X, = X, — [T dXS),  pt d{Xa(0), 19




Dynamic point of view and density process

We prove that a =0

E (Fsh(m)l,<s (Xt — X5))

5 (F X=X [ S h<e>at<9>n<d9>)
- / hO)E (F, (Xean(0) — Xy0s(0))) n(d0)

= [ o ([ accao,) o

where the first equality comes from a conditioning w.r.t. F;, the second
from the martingale property of «.(6), and the third from integration

by parts and the fact that X and «.(f) are martingales.

0 =F(Fh() e (Xs — X)) —F (Foh(r) e (([FEX0 0 ) 20




Dynamic point of view and density process

Moreover, for dK,(0) = d (X, a.(0)), /a,(0)

E(Fsh(T)lTSS / t dKU(T)> _ E(FS /O 0 / t dKU(H)ozt(H)n(dé’))
= [ n0= (B [ @ik o) no

where the first equality comes from (*) applied to the F-predictable
process indexed by u J* = h(u)1l,<s f dK,(u) (Fs is Fy-measurable)

and the second from the martlngale property of «.(6)

Hence, a = 0.

a=FE(FhOE(F. (PdiX. ad) \ndd)) —F (F.h( e [LdE.(7) 21



Dynamic point of view and density process

b : We rewrite b as

b = E(Fsh(s)ls<r (Xt — Xinr)) + E(Fsh(s)ls<r (Xinr — Xs))
e 7)o [ )

Using Jeulin’s formula before default, we have

K (Fsh(5)18<7' (Xt/\T o Xs)) = K (Fsh(8)18<7' (Xt/\’T o XS/\T))
= E (Fsh(s)lsq/ ' d<)§us>“> ,

and it follows

b = E(Fh(s)lee, <Xt—XW>)—E(FSh<S)1S<T / d<X»“-<T>>u>

tAT &U(T)

bd(X, oz.(T)>u> |

a7, u)

= E(Fh(s)lscr<t (Xi — X,)) —E (Fsh(8)13<7§t/

T

22



Dynamic point of view and density process

Moreover, we can write the decomposition:

E(Foh(s)lscr <1 X,) = E(Fsh(s) / deHU>
vE]s,t]

= E Fsh(s)/ X,dA,
vE]s,t]

= E (Fsh(s) /E] . Xvozv(v)n(dv)>

where the second equality comes from the definition of the predictable
dual projection, and the third from the computation of the Doob Meyer

decomposition of S.

23



Dynamic point of view and density process

It follows
b = E <F3h(s)Xt /e] , at(v)n(dv)> —E (Fsh(s) /E] \ X,Uozv(’u)n(dv)>
d(X,a.(v)),
" <F8h<8> /UE]s,t] /ue]v,t] (V) Oét(v)n(dv))

= E <Fsh(s) /E] . ((Xtozt(v) — X,y (V)) — /e] , d(X,oz.(v))u> n(dv))

where the second equality comes from integration by parts formula.

The proof is done.

24



Dynamic point of view and density process

F-decompositions of the survival process S

e The Doob-Meyer decomposition of the super-martingale S is

given by
¢
S, =1+ M, — / o, (u)n(du)
0

where M is the cadlag square-integrable martingale defined as

M == [ (au(w) — aula))ndn) = B[ |~ auun(dn)iF) - 1

25



Dynamic point of view and density process

F-decompositions of the survival process S

e The Doob-Meyer decomposition of the super-martingale S is

given by
¢
S, =1+ M,/ —/ o, (u)n(du)
0

where M is the cadlag square-integrable martingale defined as

M == [ (au(w) — aula))ndn) = B[ |~ auun(dn)iF) - 1

o Let (¥ :=inf{t: S;_ =0}. We define )} := OgT(f) for any ¢t < ¢* and
let \f = A]fA cF for any ¢t > (¥. The multiplicative decomposition of

S is given by

Sy = Lie” Jo Xends)  where dL; = elo Azn(ds)de.

26



Dynamic point of view and density process

PROOF: 1) First notice that (fg ay(u)n(du),t > 0) is an F-adapted
continuous increasing process. By the martingale property of
(g (6),t > 0), for any fixed t,

Sy = /too a(u)n(du) = E[/too o (w)n(du)|Fe], a.s..

From the properties of the density, 1 — .S; = fg ot (u)n(du) and

MF = - / (cvy (1) — v (w))(dus) = E] / " au(wyn(du)| ) — 1

2) By definition of L and 1), we have
dLy = elo A1) qs, 4 el A NG, (dt) = elo A1) g,

which implies the result. YA\

27



Dynamic point of view and density process

Relationship with the G-intensity

Definition: Let 7 be a G-stopping time. The G-compensator A® of T is
the G-predictable increasing process such that (1{;<4 — APt >0) is a
G-martingale. The G-compensator is stopped at T, i.e., A¥ = A, .

A® coincides, on the set {T > t}, with an F-predictable process A¥, i.e.

A2y = ALy

28



Dynamic point of view and density process

Relationship with the G-intensity

Definition: Let 7 be a G-stopping time. The G-compensator A® of T is
the G-predictable increasing process such that (1{;<4 — APt >0) is a
G-martingale. The G-compensator is stopped at T, i.e., A¥ = A, .
A® coincides, on the set {T > t}, with an F-predictable process A¥, i.e.
A2y = ALy

e the G-compensator A® of 7 admits a density given by

¢ (t)

)\;G — 1{T>t})\]:tF — 1{T>t}?'

In particular, 7 is a totally inaccessible G-stopping time.

29



Dynamic point of view and density process

Relationship with the G-intensity

Definition: Let 7 be a G-stopping time. The G-compensator A® of T is
the G-predictable increasing process such that (1{;<4 — APt >0) is a
G-martingale. The G-compensator is stopped at T, i.e., A¥ = A, .

A® coincides, on the set {T > t}, with an F-predictable process A¥, i.e.
A2y = ALy
e the G-compensator A® of 7 admits a density given by

¢ (t)

)\? — 1{T>t})\]f — 1{T>t}?'

In particular, 7 is a totally inaccessible G-stopping time.
e For any t < (¥ and T > t, we have oy (T) = E[\%|F].

30



Dynamic point of view and density process

PROOF: 1) We shall prove that (1;,<¢ — f(f Aen(ds),t > 0)is a
G-martingale, which is equivalent to the G-martingale property for
(1{T>t}€fg An(ds) — ]-{7'>t}€f(;5 AEn(dS)’t > O)
This follows from
E[1{7>t}€fg Aen(ds) | Fs]

Ss

E[S,elo /\En(dS)‘]:S] LF
o 1{7'>5} S, — 1{7’>8}S_S7

IE:"[1{7'>t}€f0t AEn(dS)lgS] — 1{7’>s}

where the last equality follows from the F-local martingale property of
L¥. Moreover, the continuity of the compensator A® implies that 7 is

totally inaccessible.

31



Dynamic point of view and density process

2) By the martingale property of density, for any T > ¢,
a(T) = E|lar(T)|F]. Applying 1), we obtain

1{T>T}
Sp_

o (T) =E|ar(T) Fe| = EDS|F], vt < ¢F,

hence, the value of the density can be partially deduced from the
intensity. YA\

32



Dynamic point of view and density process

e Note that ¢ > 7.
e In the case where immersion holds, the survival process S is a
decreasing continuous process given by S; = 1 — fot o (u)n(du).

So the process A" is in fact the F-intensity of default.

33



Dynamic point of view and density process

G-martingale characterization

Any G-martingale may be splitted into two martingales, the first one

stopped at time 7 and the second one starting at time 7, that is
YG _ de,G _|_ YCLd,G
t = ¢ t

where V"% = V& _ and V,"** = (Y& — Y¥) (<. We now study the

two types of martingales respectively.

34



Dynamic point of view and density process

G-martingale stopped at time 7

A G-adapted cadlag process Y° is a G-martingale stopped at time 7 if
and only if there exist an F-adapted cadlag process Y defined on [0, (")

and an optional process Y. (7) such that
Yy = Vil + Y2 () lr<y

and

¢
(U := Y S + / Ys(s)as(s)n(ds), t > 0) is an F-local martingale on [0, CF)
0

S, = LF exp(— [ AEn(ds)), ¢F =inf{t:S,_ =0} 35



Dynamic point of view and density process

G-martingale stopped at time 7

A G-adapted cadlag process Y° is a G-martingale stopped at time 7 if
and only if there exist an F-adapted cadlag process Y defined on [0, (")

and an optional process Y. (7) such that
Yy = Vil + Y2 () lr<y

and
¢
(U := Y S + / Ys(s)as(s)n(ds), t > 0) is an F-local martingale on [0, CF)
0

The martingale U is the F projection of Y©.

Sy = LY exp(— f{f Nin(ds)), ¢¥ =inf{t: S, =0} 36



Dynamic point of view and density process

G-martingale stopped at time 7

A G-adapted cadlag process Y° is a G-martingale stopped at time 7 if
and only if there exist an F-adapted cadlag process Y defined on [0, (")

and an optional process Y. (7) such that
Yy = Vil + Y2 () lr<y

and

¢
(U := Y S + / Ys(s)as(s)n(ds), t > 0) is an F-local martingale on [0, CF)
0

The martingale U is the F projection of Y©.
Equivalently,

t
(Lf[Yt—F/O (Yo(s)=Y)AEn(ds)], t > 0) is an F-local martingale on [0, ¢).

Sy = LY exp(— f{f Nin(ds)), ¢¥ =inf{t: S, =0} 37



Dynamic point of view and density process

PROOF:

YF = E[YE|F] = V.5 + / Y, (s)ou(s)7(ds)

Since (fot Ys(s)(az(s) — as(s))n(ds),t > 0) is an F-local martingale, and

SO 18
t
U =Y S + / Ys(s)as(s)n(ds) .
0

Conversely, if U is an F-local martingale, it is easy to verify that
E[YF —YF|G] =0, as..
Recall that L = Siei. We have
d(Y; L) = eMd(Y;Sy) + e YiSi A n(dt) = et dUs + (Ye = Yi () A, Len(dt).

The local martingale property of U is then equivalent to that of
(YL — fOt(YS —Y,(s))AfLEn(ds),t > 0), and then to the condition . A

38



Dynamic point of view and density process

With the above notation, a martingale Y® which is stopped and
continuous at 7 is characterized by the condition that (L{Y;,t > 0) is

an [F-local martingale.

To study in more detail the jump impact, we give a decomposition of
the G-martingale stopped at 7, i.e., Y?%® into a martingale continuous

at 7 and a pure jump martingale.

39



Dynamic point of view and density process

There exist two martingales Y¢%¢ and Y **? such that

ytdG = yebd L ysbd which satisfy the following conditions:
1) (%7 = (Vo (1) = YLy — J27 (Yals) = Yo)AEn(ds), ¢ > 0) is a
pure jump G-martingale;

2) (V" =Y. 0, t > 0) where Y; = Y, + fg(YS(s) — Y )Mn(ds) is a

G-martingale which is continuous at 7.

40



Dynamic point of view and density process

G-martingale starting at 7

Any cadlag process Y© is a G-martingale starting at 7 if and only if
there exists an F; ® B(R™)-optional process Y;(.) such that

V¥ =Y (7)1{,<4y and that (Y;(0)au(6),t > 6) is an F-martingale on
0.0,

41



Dynamic point of view and density process

Combining the previous characterization results, we obtain:

A cadlag process Y© is a G-martingale if and only if there exist an
F-adapted cadlag process Y and an F; ® B(R™)-optional process Y;(.)
such that

YtG = Yt1{7>t} + Yt(T)l{rgt}

and that
o (V15 + fg Ys(s)as(s)n(ds), t > 0) is an F-local martingale;
o (Yi(0)ay(0),t > 0) is an F-martingale on [0, ¢?).

42



Dynamic point of view and density process

PrOOF: Notice that Y,**® = (Y;(7) — Y, (7))1{r<s. Then the theorem
follows directly by applying previous results. VAN

43



Dynamic point of view and density process

In our paper, our model is based on the knowledge of the density

process.

It is also possible to build a model starting from the process S and the
family of processes a;(u),t > u, with the compatibility conditions

[ oo (u)n(du) =1 and S, — fo o, (u)n(du) is an F-martingale.

With the knowledge of these processes, one can construct

X =y (t)/S;— and ag(u) = E(ay(u)|F;) for s < u. It is not difficult to
check that the second compatibility condition implies that

LY := S;exp fg An(ds) is a F-martingale. Once more time, the
knowledge of the F-intensity process A and of the supermartingale S
allow us to define the “predefault” density a;(u),t < u, but not the
afterdefault density.

44



Dynamic point of view and density process

Furthermore, starting from an F-super-martingale S, valued in [0, 1]
and a family of non-negative martingales a;(u),t > u satisfying the
compatibility conditions and constructed on a filtered probability space
(2, F,P) it is possible to construct, on an enlarged probability space a
random variable 7 and a probability @Q such that « is the Q density of 7
and Q coincides with P on F. We do not give any details on that

construction.

Notation We shall call the family (S, ay(u),t > u, L), when the

compatibility conditions are satisfied, the parameters of the model.

45



Dynamic point of view and density process

Girsanov theorem

Let ZF = zelir>ey + 2¢(7)1 <4 be a positive G-martingale with
Z& =1 and let Z] = S, + fot zi(u) o (u)n(du) be its F projection.
Let Q be the probability measure defined on G; by dQ = ZZdP.

46



Dynamic point of view and density process

Girsanov theorem

Let ZF = zelir>ey + 2¢(7)1 <4 be a positive G-martingale with
Z& =1 and let Z] = S, + fot zi(u) o (u)n(du) be its F projection.
Let Q be the probability measure defined on G; by dQ = ZZdP.
Then (Q2,Q, G,F, 7) satisfies the density hypothesis and:

(i) the Q-conditional survival process is defined by S = St%
t

47



Dynamic point of view and density process

Girsanov theorem

Let ZF = zelir>ey + 2¢(7)1 <4 be a positive G-martingale with
Z& =1 and let Z] = S, + fot zi(u) o (u)n(du) be its F projection.
Let Q be the probability measure defined on G; by dQ = ZZdP.
Then (Q2,Q, G,F, 7) satisfies the density hypothesis and:

2
(i) the Q-conditional survival process is defined by S{¥ = St—%
t

t
(ii) the (F,Q)-intensity process is ;"¢ = \I Z;; ), n(dt)- a.s.;
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Dynamic point of view and density process

Girsanov theorem

Let ZF = zelir>ey + 2¢(7)1 <4 be a positive G-martingale with
Z& =1 and let Z] = S, + fot zi(u) o (u)n(du) be its F projection.
Let Q be the probability measure defined on G; by dQ = ZZdP.
Then (Q2,Q, G,F, 7) satisfies the density hypothesis and:

2
(i) the Q-conditional survival process is defined by S{¥ = St—%
t

t
(ii) the (F,Q)-intensity process is ;"¢ = \I Z;; ), n(dt)- a.s.;

(i) a2(0) =, (0)242, vt € [0,¢);

F
Zt

49



Dynamic point of view and density process

Girsanov theorem

Let ZF = zelir>ey + 2¢(7)1 <4 be a positive G-martingale with
Z& =1 and let Z] = S, + fot zi(u) o (u)n(du) be its F projection.
Let Q be the probability measure defined on G; by dQ = ZZdP.
Then (Q2,Q, G,F, 7) satisfies the density hypothesis and:

2
(i) the Q-conditional survival process is defined by S{¥ = St—%
t

24(t)

(ii) the (F,Q)-intensity process is ;"¢ = \I , n(dt)- a.s.;

(i) a2(0) =, (0)242, vt € [0,¢);

F
Zt

(iv) L¥Q is the (F, Q)-local martingale

t
L{0 = I o [ (29— Nn(ds).t € [0,
0

t

50



Dynamic point of view and density process

PROOF: For any t € [0, ("), the Q-conditional probability can be
calculated by

E[l;. - ZC|F S
SI(L,@:Q(T>t|Ft): [ { >;}F t‘ t] = Z Z—fﬁ,
t t

and, for any 6 < t,

Ep[l{TSQ}ZéG’Ft] Ep[l{TSQ}Zt (’7')|Ft] fO Zt (d’d)
t t t

The density process is then obtained by taking derivatives.

Finally, we use \:'@ = a2(¢)/S2 and L@ = §2e/o X Sn(ds)
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Modelling of density process

Modelling of density process

To model the family of density processes, it’s natural to make references

to the classical interest rate models.
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Modelling of density process

HJM framework and short rate models

We suppose in what follows that the representation theorem of
F-martingales holds. For any 6 > 0, the F-martingale (5;(0),t > 0) can
be written as a stochastic integral w.r.t. a basic multi-dimensional

(continuous) F-martingale M.
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Modelling of density process

Suppose that for any 6 > 0, the bounded martingale (S¢(0),t > 0)

satisfies

dSt(Q) — Zt(e)th

where (Z;(6),t > 0) is an F-predictable process and M is a
multi-dimensional F-martingale. If the process z;(#) such that

fo z¢(u)n(du) is bounded by an integrable process, then
1. d()ét(e) = —Zt(e)th

2. The martingale part in the Doob-Meyer decomposition of S is given

by M =1— [ Zy(s)dM
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Modelling of density process

PROOF: 1) is obvious by definition. 2) is obtained by using previous

results and integration by part, in fact,

MF=1- /Otn(du) /ut 2o(u)dM, =1 — /Ot dMs(/OS zs(u)n(du)).

Observe in addition that Z;(0) = 0 since S¢(0) = 1 for any ¢ > 0, which
implies 2)
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Modelling of density process

We can also consider (5¢(0),t > 0) in the classical HJM models where
its dynamics is given in multiplicative form. We also deduce the

dynamics of the forward rate, in both forward and backward forms.
The density can then be calculated as a;(6) = A (0)S5:(60).
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Modelling of density process

For any ¢,6 > 0, let U(¢,0) = g:gg; and define (¢, 6) by

U(t,0) = foe Y(t,u)n(du). Recall the forward rate A\¢(0) of 7 given by
At(0) = —0p In Sy (6).

S, (0) = Z(0)dM, 57



Modelling of density process

For any ¢,6 > 0, let U(¢,0) = g:—ggg and define ¥ (¢, 8) by
U(t,0) = foe Y(t,u)n(du). Recall the forward rate A\¢(0) of 7 given by

Ae(0) = —0gIn S¢(0). If M is a continuous martingale, then

L Si(0) = So(0) exp ( Jy w(s,0)dM, — 3 [ [W(s,0)d (M), );

dS:(0) = Z¢(0)dM; 58



Modelling of density process

For any ¢,6 > 0, let U(¢,0) = g:f—ggg and define ¥ (¢, 8) by

= foe Y(t,u)n(du). Recall the forward rate A\¢(0) of 7 given by
Ae(0) = —0gIn S¢(0). If M is a continuous martingale, then

L Si(0) = So(0) exp ( Jy w(s,0)dM, — 3 [ [W(s,0)d (M), );

2. A(0) = Xo(0) — [ (s, 0)dM, + [} ¢(s,0)W(s,0)*d (M),;

s

dS:(0) = Z¢(0)dM; 59



Modelling of density process

For any ¢,6 > 0, let U(¢,0) = g:f—ggg and define ¥ (¢, 8) by
= foe Y(t,u)n(du). Recall the forward rate A\¢(0) of 7 given by
Ae(0) = —0gIn S¢(0). If M is a continuous martingale, then

L Si(0) = So(0) exp ( Jy w(s,0)dM, — 3 [ [W(s,0)d (M), );
2. Ae(0) = No(0) — [, ¥(s,0)dM; + [, 9(s,0)P(s,0)*d (M),

3. S :exp< fo Mn(ds) —|—f0 (s,8)dMg — 5 f(f !‘11(878)|2d<M>3)3

dS¢(0) = Z1(0)d M,

60



Modelling of density process

For any ¢t,0 > 0, let W(t,0) = g:f—ggg and define ¥ (¢, 8) by
= foe Y(t,u)n(du). Recall the forward rate A\¢(0) of 7 given by
Ae(0) = —0gIn S¢(0). If M is a continuous martingale, then

L. $1(6) = So(6) exp ( [, W(s,0)dM, — 4 [ [9(s,0)2d (M), );
2. \(6) = — [y ¥(s,0)dM, + [;1(s,0)U(s,0)"d (M),

3. S :exp( fo Mn(ds) —|—f0 (s,8)dMg — 5 f(f !‘11(878)|2d<M>3)3

4. M (0) = AE + [P (s, 0)dM, — [7 (s, 0)0(s,0)*d (M),.
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Modelling of density process

PRrROOF: The process S;(6) is the solution of the equation

d S (6)
St (6)

Hence 1), from which we deduce immediately 2) by differentiation w.r.t.

0.
Now, note that by 1),

1nst:—/0 Ao(s)n(ds)+/() (s, t)dM, — %/0 W (s, 6)]%d (M),
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Modelling of density process

Moreover, we have by 2) that

/OtAs(S)n(dS) _ /txom(ds / @) [t )i,
/ dsfwus (u, 5)*d (M),

_ / No(s)n(ds) — /(\I!(u £) — U (u, u))dM,

/|\Ifut /|\Ifuu M), .

Observe in addition that by definition of the forward rate A\;(6) and
then, we have \;(s) = A, which implies 3). Finally, 4) is a direct result
from 2).

As a conditional survival probability, S:(6) is decreasing on 6, which is
equivalent to that \;(6) is positive. This condition is similar as for the

zero coupon bond prices.
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Modelling of density process

In the second approach, we can borrow short rate models for the
F-intensity A' of 7, and then obtain the dynamics of conditional

probability S;(7T") for T' > t. The monotonicity condition of S;(T") on T

is equivalent to the positivity condition on A*.
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Modelling of density process

Other examples
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Modelling of density process

Example: “Cox-like” construction. Here
e ) is a non-negative F-adapted process, A; = f(f Asds
e O is a given r.v. independent of F,, with unit exponential law

e VV is a F,, -measurable non-negative random variable

o T =inf{t: Ay > OV},

For any 6 and ¢,

A
Gt((g) = IP)(T > Hlft) — P(AQ < @V‘Ft) =P <€Xp—76 Z 6_@

.7-}) |
Let us denote exp(—A;/V) =1 — fo Yeds, with
be= V) exp— [ (/V)du
0

and define 7;(s) = E (15, 7). Then, as(s) = 7:(s)/70(s).
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Modelling of density process

Backward construction of the density
Let ¢(+, ) be a family of densities on R™, depending of some parameter

and X € F., arandom variable. Then

/ o(u, X)du =1
0

and whe can chose
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Multidefaults

Multidefaults

Computation of prices in case of multidefaults is now easy
e In a first step, one orders the default

e Computation before the first default are done in the reference

filtration

e Between the first and the second default, one takes as new reference
filtration the filtration generated by the first default and the
previous reference filtration, as explained previously for the ”after

default” computations

e and we continue till the end
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Multidefaults

THANK YOU FOR YOUR ATTENTION
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