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1 Definition

A mixed process is a process X

Xt = X0 +
∫ t

0

hs ds+
∫ t

0

fsdWs +
∫ t

0

gsdMs .

The jump times of the process X are those of N , the jump of X is
∆Xt = Xt −Xt− = gt∆Nt.
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2 Itô’s Formula

Let

dXt = htdt+ ftdWt + gtdMt ,

dYt = h̃tdt+ f̃tdWt + g̃tdMt .

2.1 Integration by Parts

The integration by parts formula reads

d(XY ) = X−� dY + Y−� dX + d[X,Y ]

with d[X,Y ]t = ftf̃tdt+ gtg̃tdNt.
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2.2 Itô’s Formula: One Dimensional Case

Let F be a C1,2 function, and

dXt = htdt+ ftdWt + gtdMt .

Then,

F (t,Xt) = F (0, X0) +
∫ t

0

∂sF (s,Xs) ds+
∫ t

0

∂xF (s,Xs−)dXs

+
1
2

∫ t

0

∂xxF (s,Xs)f2
s ds (2.1)

+
∑
s≤t

[F (s,Xs) − F (s,Xs−) − ∂xF (s,Xs−)∆Xs] .
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3 Predictable Representation Theorem

Let Z be a square integrable F-martingale. There exist two predictable
processes (H1, H2) such that Z = z +H1 ·W +H2 ·M , with∫ t

0

(H1(s))2ds <∞ ,

∫ t

0

(H2(s))2λ(s)ds <∞, a.s.
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4 Change of probability

4.1 Exponential Martingales

Let γ and ψ be two predictable processes such that γt > −1. The solution
of

dLt = L(t−)(ψtdWt + γtdMt) (4.1)

is the strictly positive exponential local martingale

Lt = L0

∏
s≤t

(1 + γs∆Ns) e
−
∫ t

0
γsλ(s)ds exp

(∫ t

0

ψsdWs − 1
2

∫ t

0

ψ2
sds

)

= L0 exp
(∫ t

0

ln(1 + γs)dNs −
∫ t

0

λ(s)γsds+
∫ t

0

ψsdWs − 1
2

∫ t

0

ψ2
sds

)
= L0 exp

(∫ t

0

ln(1 + γs)dMs +
∫ t

0

[ln(1 + γs) − γs]λsds
)

× exp
(∫ t

0

ψsdWs − 1
2

∫ t

0

ψ2
sds

)
.

6



4.2 Girsanov’s Theorem

If P and Q are equivalent probabilities, there exist two predictable pro-
cesses ψ and γ, with γ > −1 such that the Radon-Nikodym density L is
of the form

dLt = Lt−(ψtdWt + γtdMt) .

Then, W̃ and M̃ are Q-martingales where

W̃t = Wt −
∫ t

0

ψsds, M̃t = Mt −
∫ t

0

λ(s)γsds .
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5 Mixed Processes in Finance

The dynamics of the price are supposed to be given by

dSt = S(t−)(btdt+ σtdWt + φtdMt) (5.1)

or in closed form

St = S0 exp
(∫ t

0

bsds

)
E(φ�M)t E(σ�W )t .

dSt = St−((r − δ)dt+ σdWt + φdMt)

Here Mt = Nt − λt is a Q-martingale.
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We can write

E(e−rt(K−St)+) = E

(
e−δtZt(

KS0

St
− S0)+

)
= Ẽ

(
e−δt(

KS0

St
− S0)+

)
.

Setting Q̂ where dQ̂|Ft
= ZtdQ|Ft

the process Ŝ = 1/S follows

dŜt = Ŝt−((δ − r)dt− σdW̃t − φ

1 + φ
dM̃t)

where Ŵt = Wt − σt is a Q̂-BM and M̂t = Nt − λ(1 + φ)t is a Q̂-
martingale. Hence, denoting by CE (resp. PE) the price of a European
call (resp. put)

PE(x,K, r, δ;σ, φ, λ) = CE(K,x, δ, r;σ,− φ

1 + φ
, λ(1 + φ)) .
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5.1 Hitting Times

Let St = S0e
Xt . Let us denote by TL(S) the first passage time of the

process S at level L, for L > S0 as TL(S) = inf{t ≥ 0 : St ≥ L} and
its companion first passage time T�(X) = TL(S), the first passage time
of the process X at level 	 = ln(L/S0), for 	 > 0 as T�(X) = inf{t ≥ 0 :
Xt ≥ 	}.

The process Z(k) is the martingale

Z
(k)
t = Sk0E(φkM)t E(σkW )t = Sk0 exp(kXt − tg(k)) (5.2)

and g(k) is the so-called Lévy exponent

g(k) = bk +
1
2
σ2k(k − 1) + λ[(1 + φ)k − 1 − kφ] . (5.3)

When there are no positive jumps, i.e., φ ∈] − 1, 0[,

E[exp(−g(k)T�)] = exp(−k	) .
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Inverting the Lévy exponent g(k) we obtain

E(exp(−uT�)) = exp(−g−1(u) 	), for S0 < L; (5.4)
E(exp(−uT�)) = 1 otherwise .

Here g−1(u) is the positive root of g(k) = u.

If the jump size is positive there is a non zero probability that XT�
is

strictly greater than 	. In this case, we introduce the so-called overshoot
K(	)

K(	) = XT�
− 	 . (5.5)

The difficulty is to obtain the law of the overshoot.
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5.2 Affine Jump Diffusion Models

dSt = µ(St)dt+ σ(St)dWt + dXt

where X is a (λ, ν) compound Poisson process. The infinitesimal gener-
ator of S is

Lf = ∂tf + µ(x)∂xf +
1
2
Tr(∂xxfσσT ) + λ

∫
(f(x+ z, t) − f(x, t))dν(z)

for f ∈ C2
b .

Proposition 5.1 Suppose that µ(x) = µ0 + µ1x ;σ2(x) = σ0 + σ1x are
affine functions, and that

∫
ezyν(dy) < ∞,∀z. Then, for any affine

function ψ(x) = ψ0 + ψ1x, there exist two functions α and β such that

E(eθST exp

(
−
∫ T

t

ψ(Ss)ds

)
|Ft) = eα(t)+β(t)St .

12



5.3 Mixed Processes involving Compound Poisson
Processes

Proposition 5.2 Let W be a Brownian motion and X be a (λ, F ) com-
pound Poisson process independent of W . Let

dSt = St−(µdt+ σdWt + dXt) .

The process (Ste−rt, t ≥ 0) is a martingale if and only if µ+λE(Y1) = r.
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5.4 General Jump-Diffusion Processes

Let W be a Brownian motion and p(ds, dz) a marked point process. Let
Ft = σ(Ws, p([0, s], A), A ∈ E ; s ≤ t). The solution of

dSt = St−(µtdt+ σtdWt +
∫
IR

ϕ(t, x)p(dt, dx))

can be written in an exponential form as

St = S0 exp
(∫ t

0

[
µs − 1

2
σ2
s

]
ds+

∫ t

0

σsdWs

) Nt∏
n=1

(1 + ϕ(Tn, Zn))

where Nt = p((0, t], IR) is the total number of jumps.
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6 Incompleteness

6.1 Risk-neutral Probability Measures Set

Assume that

d(RS)t = R(t)St−([b(t) − r(t)]dt+ σ(t)dWt + φ(t)dMt) (6.1)

The set Q of e.m.m. is the set of probability measures Pψ,γ such that
dPψ,γ

dP

∣∣∣∣
Ft

= Lψ,γt where Lψ,γt
def
= Lψ,Wt Lγ,Mt


Lψ,Wt = E(ψ�W )t = exp

[∫ t

0

ψsdWs − 1
2

∫ t

0

ψ2
sds

]

Lγ,Mt = E(γ�M)t = exp
[∫ t

0

ln(1 + γs)dNs −
∫ t

0

λ(s)γsds
]
.

b(t) − r(t) + σ(t)ψt + λ(t)φ(t)γt = 0 , dP ⊗ dtp.s. (6.2)
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6.2 The Range of Prices for European Call Case

We study now the range of viable prices associated with a European call
option, that is, the interval ] infγ∈Γ V

γ
t , supγ∈Γ V

γ
t [, for B = (ST −K)+.

We denote by BS the Black-Scholes function, that is, the function such
that

R(t)BS(x, t) = E(R(T )(XT −K)+ |Xt = x) , BS(x, T ) = (x−K)+

when
dXt = Xt(r(t)dt+ σ(t) dWt) . (6.3)

Theorem 6.1 Let P γ ∈ Q. Then, the associated viable price is bounded
below by the Black-Scholes function, evaluated at the underlying asset
value, and bounded above by the underlying asset value, i.e.,

R(t)BS(St, t) ≤ Eγ(R(T ) (ST −K)+|Ft) ≤ R(t)St

The range of viable prices V γt =
R(T )
R(t)

Eγ((ST −K)+|Ft) is exactly the

interval ]BS(St, t), St[.
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7 Complete Markets

7.1 A Two Assets Model

dS1(t) = S1(t−)(b1(t)dt+ σ1(t)dWt + φ1(t)dMt)
dS2(t) = S2(t−)(b2(t)dt+ σ2(t)dWt + φ2(t)dMt) ,

Under the conditions

|σ1(t)φ2(t) − σ2(t)φ1(t)| ≥ ε > 0
[b2(t) − λ(t)φ2(t) − r(t)]σ1(t) − [b1(t) − λ(t)φ1(t) − r(t)]σ2(t)

σ2(t)φ1(t) − σ1(t)φ2(t)
> 0

we obtain an arbitrage free complete market. The risk-neutral probabil-
ity is defined by Q|Ft

= Lψ,γt P |Ft
, where

dLt = Lt−[ψtdWt + γtdMt]

and
bi(t) − r(t) + σi(t)ψt + λ(t)φi(t)γt = 0, i = 1, 2
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7.2 Structure equation

The equation
d[X,X]t = dt+ β(t)dXt (7.1)

as a unique solution which is a martingale, for β a deterministic function.

7.2.1 Dritschel and Protter’s model

dSt = St−σdZs

where Z is a martingale satisfying (7.1) with β constant, −2 ≤ β < 0
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7.2.2 Privault’s model

Let φ and α be two bounded deterministic Borel functions defined on
IR+. Let

λ(t) =
{
α2(t)/φ2(t) if φ(t) �= 0,
0 if φ(t) = 0, t ∈ IR+.

Let B be a standard Brownian motion, and N an inhomogeneous Poisson
process with intensity λ. The process defined as (Xt, t ≥ 0)

dXt = 11{φ(t)=0}dBt +
φ(t)
α(t)

(dNt − λ(t)dt) , t ∈ IR+, X0 = 0 (7.2)

satisfies the structure equation

d[X,X]t = dt+
φ(t)
α(t)

dXt .
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