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Begin at the beginning,

L. Carroll, Alice’s Adventures in Wonderland ,



Begin at the beginning, and go on till you come to the end. Then, stop.

L. Carroll, Alice’s Adventures in Wonderland ,



5. Several Defaults



Several Defaults



Several Defaults, no reference filtration



General setting
We assume that two default times are given: 7;,7 =1, 2
We introduce the joint survival process G(u,v): for every u,v € Ry,
G(u,v) =Q(my > u, 72 > 0)

We write

oG 0°G
G (u,v) = S (u,v), 0O12G(u,v) = R (u,v).

We assume that the joint density f(u,v) = 012G (u,v) exists. In other
words, we postulate that G(u,v) can be represented as follows

G(u,v) = /uoo (/OO f(x,v) dy) da.



We compute conditional expectation in the filtration G = H' v H?:

o Fort < T
P(T < 7 |H?)
b<m P(t < m1|H?)

_q 1 P(T<’7’1,t<7’2)+ IP)(T<’7'1"7'2)
N Pt < 71,t < 12) T2t P(t < m1|m2)

P(T < mi|H; VHI) =

G(T,t) P(T < 7'1|’7'2))

= 1 T 1 To 71 N :[]“7'
t<m1 ( t<To G(t,t) T 2 <t P(t < 7_1’7_2)



We compute conditional expectation in the filtration G = H' v H?:

e Fort < T
IP)(T < T1|H?)
b<m P(t < m1|H?)

’ i P(T < 11,t < 7o) N P(T < 11|72)
t<T1 t<To P(t <7l < 7_2) T2 <t P(t < 7_1|7_2)

P(T < 7|Hf VHE) =

G(T,t) P(T < 7'1|7'2)>

Lyer, | Dypor, ——2 + 1,
t<T1 ( t<To G(t,t) T 2 <t P(t<7’1’7’2)

e The computation of P(T" < 71|13) can be done as follows:

IP)(T < T1,T2 € d’U) o 82G(T,’U)

P(T < m|me =) =

P(m € dv) — 0,G(0,v)
hence, on the set 7o < T,
(%G(T, 7'2)
P(T =
(T <mlr2) DG (0, 72)



Value of credit derivatives

We introduce different credit derivatives

A defaultable zero-coupon related to the default time 7; delivers 1
monetary unit if 7; is greater that T: D'(¢,T) = Eg+ (L{r<-,3|H; V H)

We obtain

82G(T,7'2) G(Tvt)
DItT) = Lgnsy (“{Tﬁt} G(Lm) G
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A contract which pays R; is one default occurs before T' and Rs if the
two defaults occur before T

CDt — EQ* (Rl ]1{0<7'(1)§T} -+ R2H{O<T(2)§T} ‘H% V H?)

G(t,t) — G(T,T)
= Lul{r,)>y < G(t,t) +Rollirg <oy + Rallgr <y

82G(T,’7'2) (91G(’7'17 )
+ R {T<2>>t}{ 0 >( 82G(t,72)>+ ! ’O)( 01G(1,1)

G(t,T)+ G(T,t) — G(T,T)
L,(0.0) (1 —
+1(0.0) ( G(t,t)
where by
Ii(1,1) = Lyr <t rp<ty 1:(0,0) = Lir, >t >t
-[t(170> — ]1{T1§t,72>t} ’ It(07 1) — I]‘{7'1>t,’7'2§t}
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More generally, some easy computation leads to

EQ* (h(Tl, 7-2)|Ht) = It(l, 1)h(7’1, 7'2)—|—It(1, O)\Ifl,o(Tl)‘FIt(O, 1)\110,1(7'2)4—[,5(0, O)\IJO,O

where
Vio(w) = 5 Giu,t) /t " o, )0, G (u, )

Voa(v) = 3 Gtt,v /t ", )99 G (du, )

Too — Gé,t) /t h /t " , 0)G(du, dv)
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The process

tAT1
MM =H} — /0 A(s)ds

where A(s) = é((ss)) = aéG(S(S(;())) is an H'-martingale.
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The process

— f(S) — 81G(S70) 1

tAT1

MM =H} — / A(s)ds
0

where A(s)
Let

= Gt =

A (t) =

Then, the process

MM = H} —

is a G-martingale.

is an H!'-martingale.

G(s,0)
01G (¢, 1) 1]2 L f(t;s)
B B AR A WeTras

tIANTL AT - tAT
/ M (u) du —/ A2 (u, 1) du,
0 tAT1IN\T2
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The process

— f(S) — 81G(S70) 1

tAT1

MM =H} — / A(s)ds
0

where A(s)
Let

= Gt =

A (t) =

Then, the process

MM = H} —

is a G-martingale.

is an H!'-martingale.

G(s,0)
01G (¢, 1) 1]2 L f(t;s)
B B AR A WeTras

tIANTL AT - tAT
/ M (u) du —/ A2 (u, 1) du,
0 tAT1IN\T2
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Copula
Copula Function

The concept of a copula function allows to produce various
multidimensional probability distributions with the same univariate

marginal probability distributions.
Definition 1 A function C : [0,1]" — [0,1] is a copula function if:
e C(1,...,1L,u;,1,...,1) =wv; for any i and any v; € [0, 1],
e (' is an n-dimensional cumulative distribution function.
Examples of copulae:
e product copula: Il(vy,...,v,) = v;,

e Gumbel copula: for 0 € [1,00) we set

n 1/6
C(Ul, c ,Un) —exp | — [Z( lnvi)Hl

1=1
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Sklar’s Theorem

Theorem 1

o For any cumulative distribution function F' on R™ there exists a

copula function C such that
F(xy,...,2,) =C(Fi(x1),..., F,(xy))

where Fj is the i*" marginal cumulative distribution function.

If, in addition, F' is continuous then C is unique.

o Conwversely, if C is an n-dimensional copula and F1,Fs, ..., F, are

the distribution functions, then the function
F(xl,ajg, . ,xn) — C(F1(331)7 F2($2)a e 7Fn(37n))

1s a n-dimensional distribution function with marginals
L, Fy, ... F,.
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Survival Copula

e We can represent the joint survival function as some copula as well.

Since for standard uniform random variables Uq, UQ, ..., Uy, the
random variables U1 =1 Ul,UQ =1—-0U,,... U =1-—-U,, are

also uniform random variables.

e Hence we have

G(ZBl,ZIZQ,...,Q}n)

= P(Xl > xl,Xg Z Ly e vy Xn 2 xn)

— P(Fy(X1) > Fi(z1),...,F\(X,) > Fo(zn))
— P(l ( )Sl_Fl(xl)a"wl_Fn(Xn)Sl
= P(U1 < Gi(21),Uz < Ga(22),...,Un < Gr(xn))
— C( 1(z1), Ga(x2), ..., Gp(xn))
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Multivariate Gaussian Copula

Let R be an n X n symmetric, positive definite matrix with R;; = 1 for
1 =1,2,...,n, and let P be the standardized multivariate normal
distribution with correlation matrix R

1 1
xX) = _ xp | —=-x'R~'x ).
0= Gt iR p( 2 )

Definition 2 The multivariate Gaussian copula Cr s defined as:
Cr(ur,uz, ..., up) = Pr(® H(ur), @ H(uz),..., 2 H(uy))

where ®~1(u) represents the inverse of the normal cumulative
distribution function.
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Archimedean Copulae

e Let f be the density of a positive random variable V', which is
called the mixing variable, and let

we) = [ e

be the Laplace transform of f. Let Fj be the c.d.f. of 7;.

e We define the function D, as
Di(t) = exp (— o~ (F (1)),
e Then D, and Fj satisty
F(0) = v(-mDi() = [ (D(0)" f(w)dv

The function (D;)" is a c.d.f. for any v > 0.
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Archimedean Copulae

e The last formula shows that, conditionally on V = v, the

cumulative distribution function of 7; is (D;)".

e Now we can define the joint cumulative distribution function of
default times 71, 79,...,7, by

Fta,ta, ... 1) = P(r1 < t1,72 <o ™0 < bn) :/ TT(Do)" () (v) do
0 .

so that for any t1,%o,...,t,

n n

P(ry <t1,m2 <to,ooy T <t |V =0) = [[(D)"(t:) = [[P(m < t: |V =w).

1=1 =1

e The last equality shows that the default times are conditionally

independent given V = wv.
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Archimedean Copulae

e Since

we conclude that

F(ty,ta, ... t / v)dv = (Zw

e The copula of default times 71,7, ..., 7, defined above is given by
C(ula U2, - - - 7un) — w(w_l(ul) + w—l(u2) T 7+w_1(un))-

e The function C is called an Archimedean copula with generator

o=
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Archimedean Copulae: Examples

e A standard example of an Archimedean copula is the Clayton
copula, where the mixing variable V' has a Gamma distribution
with parameter 1/60, where 6 > 0.

e Hence we have

_ Y a-ey
f(x)_l“(l/é)e xl 9)/6

and 1~ (s) = s7? — 1 so that ¥(s) = (1 +s)~ /7,
e Now we can find
Clur, U, .. Uy) = (ul_9+u2_9+...+u2—9_n+1)—1/9
and D;(t) = exp(1 — F;(t)™").

e Another classic example of an Archimedean copula is the Gumbel
copula, which is generated by 1)(s) = exp(—s'/9).

23



Gaussian Copula

e Gaussian copulae have become an industry standard for CDO and
credit portfolio modelling, despite of several drawbacks.

e Assume that the marginal cumulative distribution functions

i, Fs, ..., F, of default times 71,7, ..., 7, are known.

o Let (X1, X5,...,X,) Gaussian vector with zero means, unit

variances, and covariance matrix ¥, and set 7; = F, ' (®(X;)) for

1 =1,...,n, where F,L-_1 denotes the generalized inverse of F; and &
is the standard Gaussian distribution function, so that

P(r; <t) =P(®(X;) < Fi(t)) = F;(t)

or
, =inf{t e Ry : x;(t) > X;}, i=1,2,...,n,

where x;(t) = @~ 1(F;(t)) (and P(7; < t) = F(t)).

24



Comparison with Intensity-Based Model

o If I'x, is a continuous function for every ¢ then

i =inf{t e Ry : Fx,(xi(t)) > Fx, (X))} =inf {t e Ry : G;(¢) < U;}

~

where (Uy,Us, ..., U,) with U; = 1 — Fx, (X;) are random variables
with uniform marginal distributions (not independent) and
Gi(t)=1— Fx,(xi(t) =1—-P{r; <t}.

e This representation of the one-factor copula model allows for easy

comparison with the intensity-based model in which
Ti:inf{tER_I_:Gi < U}

where (U1, Us,...,U,) are independent uniformly distributed
random variables and G*', G2, ..., G™ are non-increasing default
countdown processes (not independent, in general).
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One-Factor Gaussian Copula

e A one-factor Gaussian copula is the multivariate Gaussian

copula corresponding to the joint distribution of the vector
(Xl, XQ, c. ,Xn) where

Xi=piV+4/1-p}Y,

where V and Y7,Ys,...,Y,, are independent standard Gaussian
random variables and 0 < p;, <1 fori:=1,2,...,n.

e Then we can get (recall that 7, = Fi_l(q)(Xi)))

—piV + <1>-1<Fz-<t>>> |

IP(Ti<tV)<I><

e The case p1 = ... = p, = 0 corresponds to independent defaults,

whereas p; = ... = p, = 1 represents the co-monotonic case.
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Student ¢t Copula

Let us denote V; = vW X, and X; = p;V + /1 — p?Y; where
V.Y1,Ys,...,Y, are independent N (0, 1) random variables.
W is independent of X1, X5,...,X,, and has the inverse gamma

v

distribution with parameter 3.

Let t, denote the c.d.f. of the Student ¢ distribution with v degrees
of freedom.

We set 7; = F.(t,(V;)), so that

1

P(Tzét|V,W):(I)<

The default times 71, 7o, ..., 7, are thus modelled from the vector
(Vi,Va,...,V,) with marginal distributions governed by a Student ¢
distribution with v degrees of freedom.

The Gaussian copula can be seen as the limit of Student ¢ copulae
when v tends to infinity.
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Lévy Copulae

Let X, Y(® be independent Lévy processes with same law and such that
E(X;) =0,Var(X;) =1

We set X; = X, + Yl@p.

By properties of Lévy processes, X; has the same law as X; and

COI'(XZ',X]') = pP
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Loss Process
Let Ly = > (1 — R;)1,,<¢ be the loss process.
Questions:

o Law of L;?

e The top-down approach starts from top, that is, it starts with
modeling of evolution of the portfolio loss process subject to
information structure G. Then, it attempts to “decompose” the
dynamics of the portfolio loss process down on the individual
constituent names of the portfolio, so to deduce the dynamics of
processes H°.

e The bottom-up approach takes as G the filtration generated by
process H = (H', ..., H™) and possibly a factor process Z.
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Collateralized debt obligations (CDO)

The loss process is
mn
Ly=>) H|
i=1

Let Ag=0< - <AL <--- <Ay =n.
We denote by Dy = A, and Up = Ax1 the lower and upper attachment
points for the kth tranche and by k% the corresponding spread. It is

convenient to introduce the percentage loss process

ZHZ NO_Nt

where Ny = n is the number of credit names in the reference portfolio
and Ny = Ny — > | H} is the residual protection. Finally, denote by
Cr = Agi1 — A = U — Dy, the width of the kth tranche.
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Purchasing one unit of the £th tranche at time 0 generates the following

discounted cash flows

B
Premium leg = xi Z —l Ny,

where NF is the residual tranche protection at time t, that is,
Ntk = Ny (C’k — min (Ck, max (Q¢ — Dy, O)))
The discounted cash flows of the protection leg are

Protection leg = (1 — 9) Z B—OHQ}IL{DR<QHSU,€}.
i=1 T
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Several Defaults: reference filtration

32



Conditionally Independent Defaults
Canonical Construction

o Let I, i =1,...,n be a given family of F-adapted, increasing,
continuous processes, defined on a probability space (2, F,P), with
'y =0and I = co.

o Let (Q, F, IF’) be an auxiliary probability space with U;, i =1,...,n

mutually independent r.v’s uniformly distributed on [0, 1].

o We set
o =inf{t e Ry : TY@) > —InU;(@) }

on the product space
(2,6,0) = (2% Q, Foo @ F,P R P).
e We endow the space (2,G,Q) with the full filtration G given as

G=FVH'V...vH".
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Conditional Independence

e Default times 74, ..., 7, defined in this way are conditionally

independent with respect to IF under Q.
This means that we have, for any ¢t > 0 and any t1,...,%, € [0,t],

Qfri >t 7 >t | Fe} = | [ Qfm > ts | e}
1=1

e The process I'* is the F-hazard process of 7;, for any s > t,

Q{ri > s|F VHL} = Lgy,50 Eg(eh T

7).

e We have Q{7; = 7;} = 0 for every ¢ # j (no simultaneous defaults).
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Interpretation of Conditional Independence

e Intuitive meaning of conditional independence:

— the reference credits (credit names) are subject to common risk
factors that may trigger credit (default) events,

— in addition, each credit name is subject to idiosyncratic risks

that are specific for this name.

e Conditional independence of default times means that once the
common risk factors are fixed then the idiosyncratic risk factors are

independent of each other.

e Conditional independence is not invariant with respect to an
equivalent change of a probability measure.
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Correlated Stochastic Intensities

e Let the process for the default intensity of name ¢ be given by

v, = pi ho(t) + h;(t)

where
ho(t) = hO(X?)
and for:=1,2,....n
hy(t) = hi(X})
e The processes X 0. X L ,)Af " are independent components of the

factor process X = ()A(:O,)A(:l, . ,)A(:”)

e Then the process hg is referred to as the common intensity factor,
and the processes h; are called idiosyncratic intensity factors, since

they only affect the credit worthiness of a single obligor.
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Examples of Stochastic Intensities

e We can postulate that
vt = Pi ho(t) + ha(t)
— where h; follows Vasicek’s dynamics
dhi(t) = k;i(0; — hi(t)) dt + o; AW}
— or better, the CIR dynamics
dhi(t) = k;(0; — hi(t)) dt + oiv/hi(t) AW}

e Note that we do not assume that p; belongs to [—1, 1].
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Combined Approach

We adopt the intensity-based approach, but we no longer assume
that the random variables Uy, ..., U, are independent.

Assume that the c.d.f. of (Uy,...,U,) is an n-dimensional copula C.

Then the univariate marginal laws are uniform on [0, 1], but the
random variables Uy, ..., U, are not necessarily mutually

independent.

We still postulate that they are independent of IF, and we set
o =inf{t e Ry : TY(@) > —InU;(@) }.

If we drop independence condition, then immersion property does

not hold, the intensity is no more obtained via I
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Combined Approach

e The case of default times conditionally independent with respect to
IF corresponds to the choice of the product copula II.

In this case, for t1,...,t, <1 we have

Qf{m >t1,..., T >tn\.7:T}:H(G%1,...,G?n)

. 7
where we set Gt = e~ !,

e In general, for t1,...,t, <1 we obtain
Q*{Tl > 11,y Ty > Uny |fT} = C(G%N’GZ@)

where C' is the copula function that was used in the construction of

T1yeeesTn-
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Survival Intensities

e Schonbucher and Schubert (2001) show that for arbitrary s < ¢, on
the event {m > s,...,7, > s},

C(GL,...,Gi,...,GT) ’f
C(GL,...,Gn) )

S

Q" {ri >1t|Gs} = Eq~ (

e Consequently, the i intensity of survival equals, on
{r1 >t,...,7 > 1},

i i i O
A= G

=" InC(Gy,...,G?).

Here )\! is understood as the limit

Ai:lg%h”@*{t<n§t+h|]—},n >t ..., T >t}
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Double Correlation

e We can postulate that
Y = pi ho(t) + hi(t)
where h; are governed by Vasicek’s dynamics
dh;(t) = ki(0; — hi (1)) dt + o; AW,
or by CIR dynamics

dhz(t) == lﬁ)z((gz — hz(t)) dt + O;\/ hz(t) thZ

e We can combine this with the one-factor Gaussian copula for
Ui,...,U,.

e The first case was studied by Van der Voort (2004) in the context
of basket CDSs and CDOs. The effect of intensity correlation is
much smaller than the effect of the default correlation.
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Density approach

A general framework is to assume that

O ©.@)
P(71>t1,...,7n>tn|ft):/ / ap(Uty .oy Up)dUug - .. duy,
t1 '

n
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Let n=2and 7T =17 AT, 0 =71 V7y. F be the reference filtration and
G = F Vv H. We also introduce G* =F Vv H', (i = 1, 2).

Let us consider the ordered default times
7 =7U = min(r, ) and o =7? = max(m, 7).

Let DM and D®) be the associated filtrations of 7 and o respectively.
Let G be the filtration F vV DM made right continuous and complete.
Let G®) be obtained from F Vv DM v D@ in a similar way. It is
important to note that G2 is strictly included in G.
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The survival distribution of 7 w.r.t F is given by
SZ'F((91> = P(T > 91|ft) = / / Ozt(ul,ug)duldug = St<(9,(9>
91 U1
The F-density of 7 is given by

O‘Z“F(Hl):/ a¢(01,uz)duz, a.s..
01
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For any 65,t > 0, the GM-density of o is given by

ftoo oy (u, 02)n1 (du)

0|@(1)
Qg (02) = | O -
St (1)
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Let Yr(t1,to;w) be Fr x B(R?) measurable. Then

E[Yr(r,0) |G = Urany (T, Yo)+ 1<ty (T, 7, Yo)+ ey ¢ (T, 7, 0, V)

where
(u1)
Elar(Yr) | Fi Elap (Yr) | F
qtl (T, YT) = [ } ; qg (T7 T, YT) — [ T,t(u ) ]
ay,t(1) 1) =
and

E[ay""? (Yr) | 7]

qg (T7 T, 0, YT) —

a£u1,u2)(1) 3;2;
OéTﬂg (YT) = / du1 / dUzYT(Ul, U,Q)OéT (ul, ’LLQ)
t U1
Ckgff;)(YT) = / dUQYT(ul,UQ)OéT(Ul,UQ),
t

(Y = Y (un,ug)ar(u, ug).
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