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Default Time with a given Intensity

Let (2,G,P) be a probability space endowed with a filtration F.

A nonnegative F-adapted process )\ is given.

We assume that there exists a random variable ©, independent of F,
with an exponential law: P(© > ) = e .

We define the random time 7 as the first time when the process

A = h Ag ds is above the random level O, i.e.,
T=inf{t >0 : A; > O}.

In particular, {7 > s} = {As < O}.
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Properties
Conditional Expectations

The conditional distribution function of T given the o-field F; is fort > s

P(r > s|F;) = exp (—As) .

Proof : For s <,

mu?' > ioﬂﬁv

il
=
e
A
@
o

where ¥(z) =P(x < O).



Choice of filtration

We write as before Hy = ;<43 and H;y = o(Hs : s <t). We introduce the
filtration G; = F; V 'H;, that is, the enlarged filtration generated by the
underlying filtration F and the process H. (We denote by F the original
Filtration and by G the enlarGed one.)
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Choice of filtration

We write as before Hy = 1, <4y and Hy = o(H, : s <t). We introduce the
filtration G; = F; V 'H;, that is, the enlarged filtration generated by the
underlying filtration F and the process H. (We denote by F the original
Filtration and by G the enlarGed one.)

If Gy € Gy, then Gy N {1 >t} = B, N {7 >t} for some event B; € F;.

Therefore any §;-measurable random variable Y; satisfies
L oY = Lgrsyye, where y, is  an Fi-measurable random

variable.
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Key lemma

Let Y be an integrable r.v. Then,

ﬁﬁ\ﬁﬁﬂvﬁw_.ﬁwv
HWGH?.VNW i.ﬂwv

1>nE(Y|G) = 1rsp = Loy €M EY Lo | F).
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Key lemma

Let Y be an integrable r.v. Then,

E(Y 15| Ft)
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Key lemma

Let Y be an integrable r.v. Then,

E(Y 15| Ft)
ﬁﬁﬁ,ﬁﬂvﬂv i.ﬂwv

1>nE(Y|G) = 1rsp = Loy €M EY Lo | F).

If X € Fr

E(X1{~7y|Gt) = Lirsgy eME(Xe 27| F).

The process A is called the intensity of 7.
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In particular, one an check that

Ay

(i) The process L; = l;.,e = (1 — Hy)e® is a martingale

(ii) Let X be an F,,-measurable r.v.. Then

E(X|G:) = E(X|F).
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PROOF: (ii) Let X be an F-measurable r.v. It suffices to check that
E(Bih(t ANt)X) = E(Bih(t ANOE(X|F))

for any B; € F; and any h = 1 4.
For t < a, the equality is obvious, since h(7 A t) = 1.
For t > a, we have h(7 At) = ;<4 and

ﬁAmﬁﬁﬁ.mm&ﬁAvﬁ.ﬂﬁvv — ﬁAmﬁﬁAN_.ﬂﬁvﬁAﬁﬁ.mgw_.ﬂgvv
— ﬁﬁﬁﬁmw;vm«_,ﬂwvﬁAﬁﬁﬂM@w_ﬂwvv
= E(XBE(lp<nlF)) =EBi X1 <)

as expected.
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We now compute the expectation of the value at time 7 of a predictable

process.

(i) If h is an F-predictable (bounded) process then

HWQ@LQNV — ®>$_WA\ hydE,

t

.ﬁv Lirsey + R <y
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We now compute the expectation of the value at time 7 of a predictable

process.

(i) If h is an F-predictable (bounded) process then

B(hilG) = ME( [ hudF,
t

.ﬂwv HF,T.wa + Dﬂﬁ?.%ﬁv

) ®>ﬁﬁA\ \@Qv/§®|>§ m&: 7 'ﬂ.wv H_”_,ﬁﬂVﬂw I_I \@\\'H_IT.MNWHV.
t
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We now compute the expectation of the value at time 7 of a predictable

process.

(i) If h is an F-predictable (bounded) process then

B(hilG) = ME( [ hudF,
t

.ﬂ.wv HF,T.VSv =+ Fﬁﬁ?.%w%

) @\/wHTUAv\ \&Qv/2®|>§v G&Q\ _ fﬂwv H_,AT.VNW I_I \\@ﬂH—AﬂMwW.
t

In particular

E(h;) = EA \ooo Py Ay €Xp A — A\y) &Qv
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We now compute the expectation of the value at time 7 of a predictable

process.

(i) If h is an F-predictable (bounded) process then

E(h,|G) = QEEA\ h,dF, .ﬁquv&Jr?fam&
t

) @\/wHTUAv\ \&Qv/2®|>§v G&Q\ _ fﬂwv H_,AT.VwW I_I \&\ﬂH—ﬁﬁMwW.
t

In particular

E(h,) = E( \08 huu exp (= Ay) du)

tAT

(ii) The process (M; := H; — |,

Asds,t > 0) is a G-martingale.
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We now compute the expectation of the value at time 7 of a predictable

process.

(i) If h is an F-predictable (bounded) process then

E(h,|G) = QEEA\ hydFy, .ﬁquv&Jr?fqm&
t

) @\/wHTUAv\ \&Qv/2®|>§v G&Q\ _ fﬂwv H_,AT.VNW I_I \\@ﬂH—AﬁMwW.
t

In particular

E(h,) = E( \08 huu exp (= Ay) du)

(ii) The process (M; := H; — %>q Asds,t > 0) is a G-martingale.

(iii) The martingale L, = 1, e®* satisfies dL; = —L;_dM,.
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Defaultable Assets

Let B(t,T') be the price at time t of a default-free bond paying 1 at

maturity 1" satisfies

B(t,T) Hﬁﬁ@ﬁmx@Al\ﬁﬂﬂm&mv '.ﬂwv.
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Defaultable Assets

Let B(t,T') be the price at time t of a default-free bond paying 1 at

maturity 1" satisfies
T
B(t,T) = ﬁ©Amx© A — \ Ts &mv ',ﬂwv.
t

The market price D(t,T) of a defaultable zero-coupon bond with maturity
T is

Dt,T) = E AH:%AJ @N@ \ T &mv 79@

= fﬁvﬁmm@ @6 \ rs + yw@_ &mv Agﬁwv.
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Promised payoft:

Let X € Fr

T T
Eg | X1r.,exp I\ rsds|Gy | = L Eg | X exp I\ (rs + As)ds|Fy
¢ ¢

A is also called the spread.
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Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an
F-adapted process and no payment in the case 7 > T'. We also assume that

the interest rate is null.
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Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an
F-adapted process and no payment in the case 7 > T'. We also assume that

the interest rate is null. The price at time ¢ of this contract is

Se = E(ZN<p|Gy) =Z Moy + 14 E(Z: Ny r <7 |Gt)
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Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an
F-adapted process and no payment in the case 7 > T'. We also assume that

the interest rate is null. The price at time ¢ of this contract is
Si = E(Z:l,<r|G) = Z7 1<y + i - E(Z, i< r <7 |Gt

T
= Z: 1<+ s e EA\ ZudFy|Ft)
¢
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Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an
F-adapted process and no payment in the case 7 > T'. We also assume that

the interest rate is null. The price at time ¢ of this contract is
Si = E(Z:l,<r|G) = Z7 1<y + i - E(Z, i< r <7 |Gt

T
= Z: 1<+ s e EA\ ZudFy|Ft)
¢

T
Z ey + My e E( \ Zye M Ny du| Fy)
t
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Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an
F-adapted process and no payment in the case 7 > T'. We also assume that

the interest rate is null. The price at time ¢ of this contract is
rm‘w — HTUANQ.HT.MNJ_Q@V — Nﬂﬁﬁmﬁ + H—wMﬂﬁANﬁﬁwAﬁMﬂ;Qﬁv

T
= Z: 1<+ s e EA\ ZudFy|Ft)
¢

T
Z ey + My e E( \ Zye M Ny du| Fy)
t

t ¢
— \ Z,dH, + L AI\ N:ml\{ A du + va
0 0

where m# = ﬁ@a@ Zye M\, du| Fy)
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Recovery paid at Maturity

We consider a contract which pays Z, at date T, if 7 < T where Z is an
F-adapted process and no payment in the case 7 > T'. We also assume that

the interest rate is null. The price at time ¢ of this contract is
rm‘ﬁ — HWANAHF.ANJ_Q@V — NﬁﬁﬁAﬁ + H—wAﬂﬁANﬁﬁwAﬁAﬂ;Qﬁv

T
= Z Ao+l EA\ ZydF,|F)
t

T
= Zlecp+ Lyere™ EA\ Zue M Ny du| Fy)
t

¢ ¢
— \ Z,dH, + L, AI\ Z,e M, du + va
0 0

where m# = ﬁqoﬂ Zye M\, du|F;) is an F, hence a G martingale.
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We assume here that [F-martingales are continuous. From dL; = —L;_dM,;

and integration by parts formula we deduce that

&mﬁ — Nﬂﬁ&mw — VJWAH — muv&ﬂv — %ﬁl&iﬁ + N‘\w&sm
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We assume here that [F-martingales are continuous. From dL; = —L;_dM,;

and integration by parts formula we deduce that

&mﬁ — NﬁA&mﬁ — \/wAH — mﬁv&ﬂv — %ﬂl&iﬁ + N‘\w&sm
= ANw - mﬁlv &iﬁ + N@&SHN
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We assume here that [F-martingales are continuous. From dL; = —L;_dM,;

and integration by parts formula we deduce that

&mﬁ — Nﬁﬁ&mﬁ — \/ﬂAH — mﬁv&ﬂv — %&I&i& + N‘\w&gm
= ANN - mﬁlv &iﬁ + N&&SHN

In the case Z; is a constant Z and with a deterministic interest rate

Sy =1—1Tgron(Z — c? |ﬁA9€|\W A %Aﬁvv.
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Recovery paid at Default

If the payment Z is done at time 7

T
St = L E(Z Licrer|Ge) = FK%EE\ ZudFy|Fy)
t
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Recovery paid at Default

If the payment Z is done at time 7

St

T
ﬁwA\LWANﬂH:AﬁAﬂ_QwV — H—ﬁAﬂm.\fﬁA\ Nﬁ&ﬁ:_mﬁuv
t

¢
= I, AI\ N:m|>¢>:&§+ng
0
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Recovery paid at Default

If the payment Z is done at time 7

St

T
ﬁwA\LWANﬂH:AﬁAﬂ_QwV — H—ﬁAﬂm.\fﬁA\ Nﬁ&ﬁ:_mﬁuv
t

¢
= I, AI\ N:m|>¢>:&§+ng
0

where mZ = E( [} Zye~ ™ A du|Fy).
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Recovery paid at Default

If the payment Z is done at time 7

St

T
ﬁwA\LWANﬂH:AﬁAﬂ_QwV — H—ﬁAﬂm.\fﬁA\ Nﬁ&ﬁ:_mﬁuv
t

¢
= I, AI\ N:m|>¢>:&§+ng
0

where mZ = E( [} Zye~ ™ A du|Fy).

&mﬁ — |va:wAH — Nﬂﬁwv&w — mﬁl&iw —+ N\w&gm .

37



Recovery paid at Default

If the payment Z is done at time 7

St

T
ﬁwA\LWANﬂH:AﬂAﬂ_QwV — H—ﬁAﬂm.\fﬁA\ Nﬁ&ﬁ:_mﬁuv
t

¢
= I, AI\ N:m|>¢>:&§+ng
0

where mZ = E( [} Zye~ ™ A du|Fy).
&mﬁ — |va:wﬁ. — Nﬂﬁwv&w — mﬁl&iw -+ N&&EW .

The process S; + %m\ Zs(1 — Hs)Asds is a martingale.
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Price and Hedging a defaultable call

The savings account Y,' = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T with price D(¢,T) are traded.
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Price and Hedging a defaultable call

The savings account Y,' = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T with price D(¢,T) are traded.

The reference filtration is that of the Brownian motion W.
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Price and Hedging a defaultable call

The savings account Y,' = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T with price D(¢,T) are traded.

The reference filtration is that of the Brownian motion W. Then,
UAN“ MJV — Nww@Aﬂ > \N;oﬂ.wv — Nwwsﬁ

with m; = Q(7 > T|F;) = E(e 27| F,).
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Price and Hedging a defaultable call

The savings account Y,' = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T with price D(¢,T) are traded.

The reference filtration is that of the Brownian motion W. Then,
UAN“ MJV — Nww@Aﬂ > \N;oﬂ.wv — Nwwsﬁ

with m; = Q(7 > T|F;) = E(e 27| F,).
The price of a defaultable call with payoff 17, (Yy — K)T is

Cr = E(lr< (Yr — K)7|G) = Licre™E(e™ " (Y7 — K)T|F)
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Price and Hedging a defaultable call

The savings account Y,' = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T with price D(¢,T) are traded.

The reference filtration is that of the Brownian motion W. Then,
UAN“ MJV — Nww@Aﬂ > \N;oﬂ.wv — Nwwsﬁ

with m; = Q(7 > T|F;) = E(e 27| F,).
The price of a defaultable call with payoff 17, (Yy — K)T is

Cr = E(lr< (Yr — K)7|G) = Licre™E(e™ " (Y7 — K)T|F)

Y

with m) = E(e 7 (Y — K)T|F).
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Price and Hedging a defaultable call

The savings account Y,' = 1, a risky asset with risk-neutral dynamics
dY; = Y;odW; and a DZC of maturity T with price D(¢,T) are traded.

The reference filtration is that of the Brownian motion W. Then,
UAN“ MJV — Nww@Aﬂ > \N;oﬂ.wv — Nwwsﬁ

with m; = Q(7 > T|F;) = E(e 27| F,).
The price of a defaultable call with payoff 17, (Yy — K)T is

Cr = E(lr< (Yr — K)7|G) = Licre™E(e™ " (Y7 — K)T|F)

Y

with mY = E(e 27 (Yy — K)T|F;), hence

&Qﬁ — N‘\w&\;@w\ — SW\N\ﬁl&iw
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In the particular case where \ is deterministic, m; = e 7 and dm, = 0.
Therefore, D(t,T) = m;L; = Lie 7 and

dD(t,T) = mydL; = —myLy_dM, = —e A L,_dM, .
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In the particular case where \ is deterministic, m; = e 7 and dm, = 0.
Therefore, D(t,T) = m;L; = Lie 7 and
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Furthermore,
mY = e ME(Yr — K)T|F) =e ArCY

where CY is the price of a call in the Black Scholes model.
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In the particular case where \ is deterministic, m; = e 7 and dm, = 0.
Therefore, D(t,T) = m;L; = Lie 7 and

dD(t,T) = mydL; = —myLy_dM, = —e A L,_dM, .
Furthermore,
mY = e ME(Yr — K)T|F) =e ArCY

where CY is the price of a call in the Black Scholes model.
This quantity is Qw\ = Q%Gf Y;) and satisfies &Qw\ = A.dY; where A; is
the Delta-hedge (A, = 9,CY (1, Y})).
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In the particular case where \ is deterministic, m; = e 7 and dm, = 0.
Therefore, D(t,T) = m;L; = Lie 7 and

dD(t,T) = mydL; = —myLy_dM, = —e A L,_dM, .
Furthermore,
mY = e ME(Yr — K)T|F) =e ArCY

where CY is the price of a call in the Black Scholes model.
This quantity is Qw\ = Q%Aﬁ Y;) and satisfies &Qw\ = A.dY; where A; is
the Delta-hedge (A, = 9,CY (1, Y})).

Cy = ?3%”?A%>£|>HQM\@“5V

= Lie MCY(t,Y;) = D(t, T)CY (t,Y3)
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From

C, = D(t,T)CY (t,Y;)

we deduce

dC; = e M (LdCY +CYdL,) = e (L, AdY; — CY Li_dM,)
— ®|>nﬁ Ahwbw&s — QW\NV&|&N§NV
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From

C, = D(t,T)CY (t,Y;)
we deduce
dC; = e M (LdCY +CYdL,) = e (L, AdY; — CY Li_dM,)
= e M(LAY, — CY Li_dM,)
Therefore, using that dD(¢t,T) = mydL; = —e 2T L,_dM; we get

C
dCy = e A LyAdY, + CYdD(t,T) = e A LA dY; + ﬂ%? T)
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From

C, = D(t,T)CY (t,Y;)
we deduce
dC; = e M (LdCY +CYdL,) = e (L, AdY; — CY Li_dM,)
= e M(LAY, — CY Li_dM,)
Therefore, using that dD(¢t,T) = mydL; = —e 2T L,_dM; we get

C
dCy = e A LyAdY, + CYdD(t,T) = e A LA dY; + ﬂ%? T)

hence, an hedging strategy consists of holding Umwwb DZCs.
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In the general case, one obtains

iC, = S apt. 1) — 1" dmy + Ledm?
t — .DAN“HNJV ’ wa t t t
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In the general case, one obtains

C, Y
" _AD(t,T) — Li—tdmy + LedmY

dCe = D(t,T) me

An hedging strategy consists of holding bmmwwv DZCs.
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