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Chapter 1

Two defaults

1.1 Two defaults, trivial reference filtration

We assume in this section that r = 0.

Let us first study the case with two random times 71,72. We denote by 7(;) = inf (11,72) and
T(2) = sup(71,72), and we assume, for simplicity, that P(r; = 72) = 0. We denote by (H{,t > 0)
the default process associated with 7;, (i = 1,2), and by H; = H} + H? the process associated with
two defaults. As before, H' is the filtration generated by the process H® and H is the filtration
generated by the process H. The o-algebra G; = H} V'H? is equal to o(11 At)Vo(ra At). Tt is useful
to note that G; is strictly greater than H;. Exemple: assume that 71 and 75 are independent and
identically distributed. Then, obviously, for u < ¢

P(mi < mo|t(1y = u, T2y = ) = 1/2,

hence o(71,72) # o(7(1), T(2))-

1.1.1 Computation of joint laws

A H} V H?-measurable random variable is equal to

- a constant on the set t < T(1),

- a 0(7(1))-measurable random variable on the set 7(;) <t < 7(3), i.e., a o(71)-measurable
random variable on the set 71 <t < 79, and a o(72)-measurable random variable on the set 7o <t <
T1

- a (11, T2)-measurable random variable on the set 75 < ¢.

We note G the survival probability of the pair (71, 72), i.e.,

G(t,s) =P(ry > t, 72 > s).
We shall also use the notation
g(s) = diSG(s, s) = 01 G(s,s) + G(s,s)
where 01G is the partial derivative of G with respect to the first variable.
e We present in a first step some computations of conditional laws.
P(rq) >s) = P(r1 > 5,7 >s)=G(s,s)
1

P(re) > tlty =s) = 7 (1G(s,t) + 0G(t,s)), fort > s
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e We also compute conditional expectation in the filtration G = H! v H?: For t < T
IP)(T < T(l)) G'(T7 T)

1 T e - N\ T /2 2\
STOPE<Tyy) O Gt t)
P(T < 71|H2)
Iiery —————= + 1,
PG <)
]P(T<7'1,t<7'2) ]P(T<T1|7'2)
= 1 T 1 To ]17'2 =7 - N ]17'1
t<m < t< Pt < 11,t < T2) +lrse P(t < 11|72) <t

P(T < T(1)|Ht1 V Hf)

P(T < m1|H} vV HE)

G(’l,t) P(l <7'1‘7'2)
= Lper, (Lpery o b 1, e~ T2 g
t<m1 < t<T2 G(t,t) 2 <t P(t < 7_1|7_2) 1<t
P(tST(1)<T(2)<1) Pt <1 <T|m)

P(rig) < T|HF VHE) = lyer T, <ier
(7(2) - | ¢ t) < P(t < 7'(1)) 1sh<m P(t < 7'2|T1)
]P)(t << T|T2>
+117'2§t<71 P(t < 7'1|T2) + HT(2)<t .

e The computation of P(T' < 71|72) can be done as follows: the function h such that P(T < 71|m2) =
h(72) satisfies
E(h(r2)p(m2)lr,<t) = E(p(72)Lry <t r<r,)

for any function ¢. This implies that (assuming that the pair (71, 72) has a density f)

[ s [ austu = [ aveto) [ austun

T
or

/ doh(v)(v)9s G0, v) = / dvoip(0)9G(T )
0 0

hence, h(v) = gzg((gg)) )

We can also write

P(T < 711,73 € dv) 1 d G (T,v)
(T <mlr=v) P(rs € dv) Plmedndo > D> 0) = 5 =6
hence, on the set 75 < T,
02G (T, 72)

]P)(T < T1|’7'2) = h(TQ) = m

e In the same way, for T' > ¢t
P(r1 <T < mo[H; VH) U <1<} = Lir <iam) ¥ (1)

where W satisfies
E(o(r) s, <t<T<ry) = E(@(T1)¥(T1) L {7, <t<rp})

for any function ¢. In other terms

/Odwp(u)/T dvf(u,v):/o du(p(u)\ll(u)/t dv f(u,v)
/dugo(u)@lG(u,T):/ dup(u)¥(u)01G(u,t) .
0 0
This implies that ( )
81G 'LL,T
V) = 5 G
0 G(1,T)

]P)(’Tl S T < 7—2|H% V H%)]]‘{T1St<7'2} = R{T1§t<7—2}m .
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1.1.2 Value of credit derivatives
We introduce different credit derivatives

A defaultable zero-coupon related to the default times D? delivers 1 monetary unit if 7; is greater
that T: D'(t,T) = E(L{7<.y|H{ V HF)

A contract which pays R! is one default occurs before 7' and Ry if the two default occur before T':
CDy = E(Rill{o<r, <1y + Rolljocry <1y [HE V H7)

We obtain
02G (T, T G(T,t
DY, T) = l(rsy <]1{72<t} ;G((t 722)) Liroty G((t t))) (1.1)
m,T G(t, T
D*(t,T) = e (ﬂ{ﬁq}a((;lt)) SIS G((t t;) (1.2)
_ G(t,t) - G(T,T)
CD;y = Ry 11{7(1>>t} 00 + R211{T(2)<t} + Ry Deryy <ty (1.3)
TTQ) 01G(71,T)
1 I( Ii(1 _— 1.4
+Rs {r(z)>t}{ t( ( >+ t( ,0)( G (1) (1.4)
_GET) +G(T t) G(T,T)
1 1.
where by
It(l, 1) = ]]-{Tlgt,mgt} ) It(ovo) = ]1{n>t,m>t}
It(lao) = ]l{ngt,rz>t} 5 It(ov 1) = ]l{T1>t77'2St}

More generally, some easy computation leads to

E(h(Tl, 7'2)|Ht) = It(l, 1)h(7’1, 7'2) + It(l, 0)‘1/170(7'1) + It(O, 1)\11071(7'2) + It(O,O)‘Ilo)O

where
Uo(u) = —w/m h(u, 0)01 G(u, dv)
Wo1(v) % / h(u, v)d>G(du, v)
\11070 = du dU)

The next result deals with the valuation of a first-to-default claim in a bivariate set-up. Let us
stress that the concept of the (tentative) price will be later supported by strict replication arguments.
In this section, by a pre-default price associated with a G-adapted price process m, we mean here the
functign 7 such that Tl fr, >y = %(t)]l{T(l)>t} for every t € [0,T]. In other words, the pre-default
price ™ and the price m coincide prior to the first default only.

Definition 1.1.1 Let Z; be two functions, and X a constant. A FtD claim pays Z1(m1) at time 11
if i <T,m1 < To, pays Zo(1a) at time 1o if 7o < T, 7o < 71, and X at maturity if m Ao >T

Proposition 1.1.1 The pre-default price of a FtD claim (X,0,Z, 7)), where Z = (Z1,Z2) and
X =¢(T), equals

Gl D) <—/t Z(u) G(du,u) —/t Z5(v)G(v, dv) +XG(T,T)> )
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PROOF: The price can be expressed as

Eo(Z1(m)Lr, <1 >} He) + Eo(Z2(72) Ly <17y 570y [He) + Eqe(T) L ir >y [He).

The pricing formula now follows by evaluating the conditional expectation, using the joint distribu-
tion of default times under the martingale measure Q. O

Comments 1.1.1 Same computations appear in Kurtz and Riboulet [?]

1.1.3 Martingales

We present the computation of the martingales associated to the times 7; in different filtrations. In
particular, we shall obtain the computation of the intensities in various filtrations.

We have established that, if F is a given reference filtration and G; = P(7 > t|F;) the Azéma
supermartingale admitting a Doob-Meyer decomposition Gy = Z; — fg asds, then the process

tAT

s
H; — ds
)y G

is a G-martingale, where G =F V H and H; = o(t A tau).

e Filtration H* We study the decomposition of the semi-martingales H* in the filtration H*. We
set Fy(s) =P(r; < s) = [, fi(u)du. From our general result applied to the case where F is the trivial
filtration, we obtain that for any i = 1, 2, the process

tAT; .
M = H} —/ _fs) (1.6)
0 ].
is a H'-martingale.

¢ Filtration G We apply the general result to the case F = H? and H = H'. Let
GI? = P(ry > t|H2)

be the Azéma supermartingale of 7; in the filtration H2. Then, the process

tATY a(l)
H/ - / —pds

0 G-
is a G-martingale with Doob-Meyer decomposition th‘z = Ztl‘2 — fot af!ds where Z112 is a H2-
tATY agl
0 Gi
methodology can be applied for the compensator of H2. In what follows, we assume that G2 is
continuous.
We now compute in an explicit form the compensator of H' in order to establish the proposition

)
martingale. The process Agl) = ~ds is the H2-adapted compensator of H'. The same

Proposition 1.1.2 The process
tATy a(,l)
H} — / = _ds
0

G
where o\ = —H2 91 h(D (¢, 75) — (1 — H) 290 ang
h(l)(t s) = 9xG(t, 5)

N 82G(O, S) '
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is a G-martingale.
The process

tAT2 agQ)
0 G

where af?) = —H} 9,0 (1) — (1 - #2580 and

01G(t, s)

h(2) (t, S) = m .

is a G-martingale.

PROOF: Some easy computation enables us to write

]P)(Tl > 1,19 > t)

Gi® = HIP(n > )+ (1 - H) P>
= IO + (- B G = B )+ (- e (1)
where .Gt
A (t,v) = W (L) = G(t,1)/G(0,1).

Function ¢ — (t) and process t — h(t,72) are continuous and of finite variation, hence integration
by parts rule leads to

dGy? = h(t,7)dH2 + H20,h(t, 72)dt + (1 — H2)Y (t)dt — 1b(t)dH?
= (h(t,72) = (1)) dH} + (H{01h(t, m2) + (1 — HY)Y'(1)) dt
_ <82G(t,72) G(t,1)

_ 2 2 . B tQ ,
9,G(0,72) G(o,t)>dHt+(Ht31h(t, )+ (1 — H2)Y' (1)) dt

From the computation of the Stieljes integral, we can rewrite it as

[ (G5 sa6m) e = (Gom ~ B tinen

[T /Gt 9.G(Lt) )
= [ (G aewn) ™

and substitute it in the expression of dG? :

1|2 G(t, G(t, !
i~ (35 6 am s rosti -

We now use that
32G(0,1)

co.0 "

dH} = dM7 — (1 — HY)

where M? is a H2-martingale, and we get the H2— Doob-Meyer decomposition of G*I2 :
12 &G(t,t)  G(t,1t) dM2 o [(G(t,t)  G(tt)\ 0=G(0,1)
= — M7 — (1-H, — dt
A <aQG<o,t> co.0) ™M~ 1\ Go0 ~ aco.n) G0
+ (H,?alh“)(t, T2) 4+ (1 — Hf)q,z/(t)) dt

and from

(G G 8GO0, HG(Lt)
Vi) = <82G(O,t) G(O,t)) co.0 T ao
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we conclude

12 (Gtt) %G1 ) 2 (1) 0 0iG(tY)
G, _(G(O,t) 50D ) M H20:h W (t, 1) + (1 Ht)iG(O,t) dt

From (1.7), the process G2 has a single jump of size gjg((é?) — g((é?) From (1.7),

G1\2 —

on the set 75 > ¢, and its bounded variation part is ¢’(t). The hazard process has a non null mar-

if G(((t) ’3 — g;‘g((é g (this is the case if the default are independent). Hence, (H)

hypothesis is not satisfied in a general setting between H* and G.

tingale part, except i

e Filtration H We reproduce now the result of Chou and Meyer [?], in order to obtain the martin-
gales in the filtration H, in case of two default times. Here, we denote by H the filtration generated
by the process H, = H} + H?. This filtration is smaller than the filtration G. We denote by
Ty = 71 A 12 the infimum of the two default times and by 75 = 7 V 79 the supremum. The filtration
H is the filtration generated by o(Ty At) Vo —ty At), up to completion with negligeable sets.

Let us denote by Gi(t) the survival distribution function of 71, i.e., G1(t) = P(r1 > t, 72 > t) =
G(t,t) and by Ga(t;u) the survival conditional distribution function of 75 with respect to 711, i.e.,
for t > u,

1

g(u)

where g(t) = £G(t,t) = £P(T} € dt). We shall also note

Go(ust) = P(Ty > t|T) = u) = —— (0,G(u, 1) + DG (t,w))

K(u;t) =P(To = Th > t|Ty = u) = Ga(u;t + u)
The process M, def H; — A; is a H-martingale, where

Ay = M)Wy, + [AL(Th) + Ao (T, t —Th)] U <<y,

with
dG1 Gt 1)
Av(t) = — — 1 — 1
= [ [ g S g
and
b d K (s;u) K(s;t)
Ao(s;t) = — — L =] !
2(s31) o K(s,u) HK(S;O)
hence
ATt -T) = —mBEE=T) ) Go(fiit)

K(Ty;;0) Go(Tv;Th)
81G(T1,t) + 8QG(t,T1)

-
Y 0.G(Ty, Th) + 0,G(Th, Th)

It is proved in Chou-Meyer [?] that any H-martingale is a stochastic integral with respect to M.
This result admits an immediate extension to the case of n successive defaults.

This representation theorem has an interesting consequence: a single asset is enough to get a com-
plete market. This asset with price M, and final payoff Hy — Ap. It corresponds to a swap with
cumulative premium leg A;
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Remark 1.1.1 Note that
[ [T Y (s, m) — (L= H2)0\Gs.5)/G0,5)
t 1248 t = 27,(1) — g2 5
o G 0 HZhW(s,72) + (1= HZ)(s)
tATL (1)
_m _/ Hgalh (s,72) (1- HSQ)aIG(S’S)/G(O’S)ds
0 h(l)(s,’]’g) ’IZJ(S)

Htl B /t/\‘f‘1 (c)lh(l)(s7 7_2) s /t/\Tl/\T2 81G(S, S) s
tATI AT h(l)(s7 TQ) 0 G(S’ S)

1 RO (E AT AT, T) IATIAT2 9 G (s, 8)
= H} - — ————ds
MO (AT, T2) 0 G(s,s)
It follows that the intensity of 7 in the G-filtration is 8&?5(58; ) on the set {t <A1} and %

on the set {72 <t < 7 }. It can be proved that the intensity of 7 A 72 is

MG(s,s)  02G(s,8) _ g(t)
G(s, s) G(s,8) G(t,t)

where g(t) = £G(t,1)

1.1.4 Application of Norros lemma for two defaults
Norros’s lemma

Proposition 1.1.3 Let 7;,i = 1,---,n be n finite-valued random times and Gy = H} V -+ V HP.
Assume that

P(Ti :Tj) :O,VZ #]
there exists continuous processes A" such that M{ = H} — A}, are G-martingales

then, the r.v’s AZT are independent with exponential law.

Proof. For any pu; > —1 the processes Li = (1 + ui)Hze*“iAi, solution of
dL} = Li_p;dM;}

are uniformly integrable martingales. Moreover, these martingales have no commun jumps, and are
orthogonal. Hence E(I],(1 + p;)e /=) = 1, which implies

B([Le ) =TT +m)

K2

hence the independence property. O

Application

In case of two defaults, this implies that U; and U, are independent, where
T ai(s)
Ui :/ ds
o Gis)

01G(t,t §
) = (1= ) 2 2 e m), G0 = HANO 1m) + (1 1)

and
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aQG(ta t)
G(t,0)
are independent. In a more explicit form,

T1NT: 1 T1NT:
B 2 5‘1G(s,s) h( )(7'1,7'2) / 172 5‘1G(s,s) 82G(7’1,T2)
———ds+In—— —"— = 2 s+ In ——= v el
/0 G(s, s) st RO (71 A 1o, T2) 0 G(s,s) st 02G(11 A T2, 72)

is independent from

/7‘1/\7'2 agG(S,S)d +1 h(2)(7_1,7_2) _/7‘1/\7’2 Md +1n 81G(T1,7'2)
0 0

G(s,s) s h2) (71,71 A T2) o G(s,s) 5 NG(11, 71 AT2)

ax(t) = —(1 — H}) + H'0,nP (1y,1),  G(t) = H R (1y,t) + (1 — H})

Example of Poisson process

In the case where 71 and 75 are the two first jumps of a Poisson process, we have

e Mfors<t
Gt s) = { e M1+ Ns—t)fors>t

with partial derivatives

—de Mfort>s Ofort>s
aG(t,s) = { e Mfors>t 0G(t,s) = { —A2e (s —t) for s >t
and
1fort>s Ofort>s
ht,s) = { Lfors>t Orh(t,s) = { Lfors>t
0fort>s Ofort¢>s
k(t’ s) o { 1—e 2D fors>t an(t’ S) - { Ae A0 for s > ¢

Then, one obtains Uy =71 et Uy =70 — 71

1.2 Cox process modelling

We are now studying a financial market with null interest rate, and we work under the probability
chosen by the market. We now assume that n non negative processes \;,i = 1,...,n, F-adapted
are given and we denote A;; = fot i sds. We assume the existence of n r.v. U;,4 = 1,---,n with
uniform law, independent and independent of F,, and we define

7 =inf{t : U; > exp(—Ai4)}.

We introduce the following different filtrations
o H; generated by H;; = 1,,<¢
o the filtration G defined as

Ge=FVHia V- VHi Voo Hyy

o the filtration G; as G; 1 = F; V Hiy
e H_; the filtration
H(_i)7t = Hl,t VeV Hifl,t V Hi+1,t e Hn,t

Note the obvious inclusions
FCG,CG, H_y)CG=G;VH_,
We note ¢;(t,T) the loss process
i(t,T) = E(Ly, <7|Ge) = P(rs < T'Gy) = E(H; 1|Gt)
and D;(t,T) = E(exp(A; ¢ — Ay )| F:) the predefault price if a DZC.
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Lemma 1.2.1 The following equalities holds

P(r; > t;,Vi) = E(exp—ZAtm) (1.8)
P(r; > t;, Vil Fy) = eXp—Zthm, Vi <t (1.9)
P(r; > t;,Yi|Fy) = HP(TiZ>t|Ft)7 Vi < t, Vi (1.10)
P(r; > t;,VilFy) = IEZ(eXp—ZAtmLE), Vit (1.11)

P [ > ti7 ] .
P(r; > t;, VilGy) = m on the set T; >t;,Vi (1.12)

PRrROOF: From the definition
P(r; > t;,Vi) = Plexp —Ay, ; > U;, Vi) = E(exp— Y Ay, ;)

where we have used that P(u; > U;) = u; and E(U(X,Y)) = E(¢(X)) with ¢(x) = E(¥(z,Y)) for
independent r.v. X and Y.

In the same way,
P(Ti Z ti,ViU:t) = P(exp _At,i,i Z U“VZ|.7:t)

exp — Z Ay,
i

where we have used that E(U(X,Y)|X)) = ¢(X) with ¢(x) = E(¥(z,Y) for independent r.v’s X
and Y, and that the Ay, ; are F;-measurable for ¢; < t.

Lemma 1.2.2 (a) Any bounded F-martingale is a G-martingale.
(b) Any bounded G;-martingale is a G-martingale

PROOF: (a) Using the caracterisation of conditional expectation, one has to check that
E(n|Fe) = E(n|Foo)
for any Gi-measurable r.v. It suffices to prove the equality for
n= Fthl(t/\Tl) . "hn(t/\Tn)

where F; € F; and h;,i = 1,---,n are bounded measurable functions. We can reduce attention to
functions of the from h;(s) = 1jg,q,1(s). If a; > ¢, hs(t A7;) = 1, so we can pay attention to the case
where all the a;’s are smaller than ¢. The equality is now equivalent to

E(ri < a;,Vi|Fy) = E(mi < a3, Vil Foo)
By definition
E(r; < a;, Vi|F) =E(exp —Aio, < U;, Vi|F) =9(Ay3i=1,---,n)
with U(u;;4=1,---,n) = [[(1 — u;). The same computation leads to
E(r; < i, Vi|lFx) = V(Ajg,,i=1,---,n)

(b) Using the same methodology, we are reduced to prove that for any bounded G;-measurable r.v.

,
E(|Git) = EMG(i,00))
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or even only that
E(mn21Git) = E(mn219i,00))
for n; € G;+ and 12 € H i), that is
E(n2]Gi,t) = E(121G(i,00))

To simplify, we assume that ¢ = 1. Using the same elementary functions h as above, we have to
prove that

E(ha(ma At) - hn(Tn A an)|Grs) = E(ha(m2 AL) - (T A an)]G1,00))
where a; < t, that is
E(lry<ay - s, <a,]91.0) = E(Lry<ay -+ 17, <0, [91,00)
Note that the vector (U, - --,U,) is independent from
Gloo =Fc Vo(ra) V- 0(my) = Feo Vo(Ua) V---o(Uy)

It follows that

n

E(nTzﬁaz ol <an |g17<x>) = E(ﬂexp —A3,a,<Uz """ Dexp —An,an <Un ‘gl,m) = H(l - eXp(_Aim))
1=2

Lemma 1.2.3 The processes M, + def Hi,t—fg(l—Hi,s)Ai,sds are G;-martingales and G-martingales

PRrROOF: We have shown that M, ; def H;:— fot(l — H, 5)A; sds are G;-martingales. Now, from the
lemma, G; martingales are G martingales as well.

Lemma 1.2.4 The processes {;(t,T) are G-martingales and

lir=(1—H;1)(1 —E(exp(Ait — Ai7)|Ft) + Hiy

From the definition, the processes ¢;(t,T) are G-martingales. From Lemma

P(r, > T, |G) = ]1t<nm

= (1 — Hi,t)E(GXp *(Ai,t — Ai,T)|-7:t)

hence ¢;(t,T) = H;+ + (1 — H; ¢ ) E(1 —exp —(Asr — Ai1)|F2)
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Exercises

2.1 Toy Model

The proofs of the following exercises can be found in Osaka lecture notes.

Exercise 2.1.1 Prove that the payoff 1., can not be hedged with zero-coupon bonds.
Exercise 2.1.2 Prove that H is a submartingale.

Exercise 2.1.3 Assume that I is a continuous function. Then for any (bounded) Borel measurable
function h : IR, — IR, the process

tAT
M =1L, ciyh(r) - / h(u) dT(u) (2.1)
0
is a H-martingale.

Exercise 2.1.4 Let n; = Ep(h(7)|H;). Prove that

t
o= [ h)dH, (1= Hg(0)
0
Prove that the martingale 1 admits a representation in terms of M as
t
h(t)
0 g(t)

Exercise 2.1.5 Let h: IRy — IR be a (bounded) Borel measurable function. Then the process
. tAT
M} = exp (L;<pnh(r)) — / (e — 1) dD (u) (2.2)
0
is a H-martingale.

Exercise 2.1.6 Assume that I' is a continuous function. Let h : IR — IR be a non-negative Borel
measurable function such that the random variable h(7) is integrable. Then the process

M, = (1+ Legyh(r)) exp - / " hw) arw) (2.3)

is a H-martingale.

11
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Exercise 2.1.7 In this exercise, F' is only continuous on right, and F(t—) is the left limit at point
t. Prove that the process (My,t > 0) defined as

T € I L dF(s)
M, = H, /0 717F(87)_Ht /0(1 Hy )——

is a H-martingale.
Exercise 2.1.8 If T" is not continuous, prove that

E(h(T)|H,) = E(h(7)) — / TeAF(S)(E(s) — h(s))dM, .

0

The next result suggests that this martingale property uniquely characterizes the (continuous) hazard
function of a random time.

Exercise 2.1.9 Suppose that an equivalent probability measure P* is given by formula P*(A) =
Ep(1Lah(7)) for some function h. Let A* : IRy — IR be an arbitrary continuous increasing function,
with A*(0) = 0. If the process My := H; — A*(t A 7) follows a H-martingale under P*, then
A*(t) = —In (1 — F*(1))

Exercise 2.1.10 Let M! and M? be arbitrary two H-martingales under Q. If for every ¢ € [0, 7]
we have 1y M} = Ly M? then M} = M? for every t € [0,T].

Exercise 2.1.11 The dynamics of the ex-dividend price S¢(x(s)) on [s,T] are also given as

dSi(k(s)) = =Si—(k(s))dM; + (1 — Hy) (ftTg((;)du div(t,s) —v(t,s) dt) . (2.4)
Exercise 2.1.12 Assume that
e the savings account Y,? = 1
e a risky asset with risk-neutral dynamics
dY; = YiodW;

where W is a Brownian motion

e a DZC of maturity T with price D(¢,T)

are traded. The reference filtration is that of the BM W. We assume that F is immersed in G.

Give the price of a defaultable call with payoff lr., (Y7 — K)* and the associated hedging
strategy

Solution: The price of the call is
Cr = E(lr<,(Yr — K)*G)) = LicreME(e™ 7 (Yr — K)T|F)

= Ltmzf
with m} = E(e 7 (Y7 — K)T|F;). hence
dCy = Lidm) —m) L;_dM,

In our model, A is deterministic, hence

m)y = e ME(Yr — K)T|F) =e Y
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where CY is the price of a call in the Black Scholes model. This quantity is CY = CY (¢,Y;) and

satisfies dC} = A;dY; where Ais the Delta-hedge (A; = 8,CY (¢, Y2)).
Cy = Nyeree ™ CY (1Y) = Lie ™7 CY (t,Y;) = D(t, T)CY (t,Y?)

From
Cy = D(t,T)CY (t,Y;)

we deduce

dc, e A (L dCY + CYdL,) = e M (LAY, — CY LidM,)

e A (L AdY; — CY Ld M)

Therefore, using that dD(t,T) = midM; = —e ML, dM, we get

Ci

ACy = M LAY, = €YD T) = eV LdudYi + ot

dD(t,T)

hence, an hedging strategy consists of holding % DZCs.

2.2 Hazard Process Approach

2.2.1 Application of Key lemma

Exercise 2.2.1 Assume that the process G is decreasing. Let V and R be F-predictable processes.

The process _
Vi= ‘/t]l{t<7'} + RT]l{TSt}

is a G-martingale if and only if the process
def = K
v = Vie Tt 4 / R,e Twdl,
0
is an F-martingale

PROOF: The direct part comes from the fact that

E(‘/t - VHQS) = ]lT>t€FtE(Ut - Us|-7:s) .

Exercise 2.2.2 Let V and R be F-predictable processes. The process
Vi = Vill{yery + Reljrcy
is a G-martingale if and only if the process

t
v, L Ve T 4 / R,dF,
0

is an F-martingale

PROOF: The direct part comes from the fact that

]E(Vvt - ‘/;|gs) = ]]-'r>teFtE('Ut - Us|-7:s) .
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Exercise 2.2.3 Let P be the price process of a claim which delivers R, at default time and pays a
cumulative coupon C till the default time, i.e. the discounted cum-dividend process

tAT
B{'P+ 1<y B 'R, +/ B ldc,
0

is a G-martingale. Let ]St be the predefault price of the process P, i.e., P is F-predictable and
Py =1y Py Let oy = Bie~Tt. Prove that the process

t t
Pl =P+ / adCy + / Ry, dly,
0 0

is an F-martingale, where oy = Bt_le_rt.

Conversely, if V is an F-predictable process such that the process oztf/t + fot adCys + fot Ry, dly,
is an F-martingale, prove that (the discounted cum-dividend) process

tAT
By 'WVillyyery + Ui;<n B 'R, +/ B, tdC,
0
is a G-martingale.

PROOF: This is an application of the Key Lemma. ([l

2.2.2 Stopping times
Exercise 2.2.4 Prove that, for any F-stopping time 6, we have:

Q(r > 0| Fp) =e 1", (2.5)
This lemma plays an important role while dealing with convertible bonds.

Exercise 2.2.5 Let us be given ¢t € IRy and 6 an F stopping time, valued in (¢,7]. Prove the
following assertions
(i) For any bounded from below, Fyp-measurable random variable y, we have:

Eo(Lps<r<oyX | Ge) = Lgrany Eo((1—€" ") x| 7)) s Eo(Lira0yX | Gi) = Lrsine Egle x| )

(ii) For any bounded from below, F-predictable process Z, we have:

6
Eo(Z, 1 pcrepy|Gr) = Liparye™ EQ(/ Zye Tudl, J—'t). (2.6)
t

(iii) For any F-predictable process process A with finite variation over [0, 7], we have:

E@(/tw dAu|G) = Tjpamye™ EQ(/tee_F“dAu 7). (2.7)

AT

Proof:

(ii) If suffices to prove 2.6 for an elementary predictable process of the form Z = 1}, ,(s)A, where
A, € F,. For such a process, the result follows easily from part (i).

(iii) We have that

ONT ONT 6 T
/ dQu = ]l{t<~r}/ dQu = 11{9<T}/ dQu + Il{t<fge}/ dQu
t t t

AT tAT



2.2. HAZARD PROCESS APPROACH 15

where @ is F-predictable. Using parts (i) and (ii), we obtain

E@(]l{mr} /tngu Qt> = ﬂ{m}E@(eF‘_” /te dQ., Tt)

and

gt) = ]l{t<T}EQ(/t0 (/ts dQu>€Ft7FSdFs ‘ft>,

B (Tucrsor [ Q.

where, by Fubini theorem,

0 s 0 rs 0 0
[ ([ aqu)errar = [ [ aquetar, = [T roteag, -t [, dq..
t t t t t t

Hence

EQ(/teAT 40, Qt) - ﬂ{t<T}EQ(/te LT dQ,

AT

i),

and thus
ONT (4
EQ(/ dQ., gt) = ]1{t<7}6FtEQ(/ e dQ.
t t

AT

}'t), (2.8)

as expected.

2.2.3 Multiplicative decomposition

Exercise 2.2.6 Prove that the supermartingale G = Z — A admits a multiplicative decomposition
Gt = C; Ny where N is a martingale and C' a decreasing process.

Proof: The supermartingale G = Z — A admits a multiplicative decomposition Gy = CyN; where N
is a martingale and C' a decreasing process satisfying

1 1
dN; = ——dZ;, dCy = —Cy—dA; .
t Ct ty t th 1
Hence
b
Cy = exp —/ —dAs = exp —A\y
o Gs
and
~ _Cp ~ T
e E(e” T X|F) = B(X | Fi) = E(Xexp(—/ Aods)| Fy)
t t
where

dQ = L,dP, dL; = —exp(Ay) Ly dZ; .

Exercise 2.2.7 Assume that G; = Nye~® where N is a continuous martingale. Prove that H; —
A¢nr is a G-martingale.

Proof: The additive decomposition of G is
dGy = e MdN; — Nye MdA,

and the result follows
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2.2.4 Immersion

Exercise 2.2.8 Let 71 < 5. Prove that F is immersed in G if and only if F is immersed in F v H!
and FV H!' immersed in G.*

Solution: The only fact to check is that if IF is immersed in G, then FV H! is immersed in G, or that
P(my > t|F; VHE) = P(ro > t|Foo VHL)
This is equivalent to, for any h, and any A, € F
E(Asoh (1) 1ryst) = E(Asoh(11)P(12 > t|F, V HL))
We spilt this equality in two parts. The first equality
E(Ach(T) st lryst) = B(Ah(m) 1y, s P(12 > t|F VH}))
is obvious since 1,41~ = Iy, 5¢ and U, < P(72 > t|F VH}) = 1~ Now
E(Ah(T1) Lsr, Lryst) = E(B(Ax |Ge)h(T1) 1y, 5t P(To > t|F; VHY))

Since F is immersed in G, one has E(A«|G:) = E(Ax|F:) and it follows that E(Ax|G:) = E(Ax|F:V
H}), therefore

E(Aooh(Tl)ﬂth I,,5:) = E(E(AOO|-7:t N H%)P(h(ﬁ)]lnxﬂ‘rz%l}—t N Htl))
E(AocP(h(11)Lry 5l py 5| Fe V H;))

Exercise 2.2.9 Prove that if A is deterministic and H; — fot A(1 — H,) is a G martingale, then
P(r > t) = e M

Hint: E(H,) = [} A(u)(1 — E(H,,)) leads to an ODE

Exercise 2.2.10 Prove that if F is immersed in G and H; — f(f A (1— H,) is a G martingale, then
P(7 > t|F;) = e M

Hint: use the multiplicative decomposition of the supermartingale

2.2.5 Pricing

We work in a hazard process model with reference filtration F. The pricing probability is denoted
P. The filtered probability space is (2, F,P), 7 is a strictly positive r.v., H, = I.<;, H= (H;,t > 0)
is the natural filtration of H, (taken cad and complete), G = F V H, and G; = P(r > t|F;). There
exists A such that M; := H; — fot(l — H,))sds is a G-martingale. The Doob-Meyer decomposition
of G is denoted Gy = Z; — A; where Z is an F-martingale and A an F-predictable non-decreasing
process.

Exercise 2.2.11 Assume that A be deterministic and that immersion property holds.

1. Prove that 7 is independent of F.

2. Let S an F-adapted process which represents the price of some asset and assume that the
interest rate (r(s),s > 0) is deterministic. We note 3; = exp — fof r(s)ds.

(a) Compute the value V; of an asset with payoff & = o(S7)lr<..
(b) Show that there is a relation between V; and @, the price of an asset with payoft ¢(St).



2.2. HAZARD PROCESS APPROACH 17

(¢) Compute the value D(t,T) of the price of a defaultable zero-coupon (with null recovery).
Determine the dynamics of D(¢,T)?

(d) We recall that a self-financing portfolio with payoff £ is a triple of G-adapted processes,
7l 72, 73 such that, if V; = 7} D(¢,T) + 725 + m3SP, then
dVy = mdD,T)+ w7dS, + 7 Spr(t)dt
¢ = mpD(T,T)+ 7781 + 7757

Prove that there exists a self-financing portfolio with payoff ¢(St)lr<,. Compute 7.

Exercise 2.2.12 Let © be a non-negative r.v. with cumulative distribution function F', independant
of Fo. Let (A, t > 0) be an F-adapted process, taking non-negative values and Ay = fg Asds. We
define

T =1inf{t : Ay > O}.

We assume that the interest rate is null.

1. Check that 7 is a G-stopping time.
2. Compute Gy in terms of A and F. Give the Doob-Meyer decomposition of G..
3. Let X be an Fr-measurable, integrable r.v.. Compute E(X1r,|G;) for t < T.

4. Prove that the process L defined as L; = (1 — Hy)(1 — F(A;))~! is a G-martingale.

tAT

o 7sds is a G-martingale.

5. Find the process « such that the process M; = H; —

6. Let Z be an F-adapted process. A contingent claim pays Z, at time T, in the case 7 < T (no
payment if 7 > T. Compute the price at time ¢ of this contingent claim and give the dynamics
of this price

7. let D(¢t,T) = E(1l7<,|G:) be the price at time ¢ of a defaultable zero-coupon with maturity 7'
We assume that the folowwing assets are traded
e an asset with price Y, =1 (i.e., the savings account, with null interest rate),

e an asset with price following the Black-Scholes dynamics
dY; = YiodW;

where W is a Brownoian motion
e A DZC with price D(t,T')

(a) Show that
dD(t, T) = ,utdmt + (ptht
where m is a martingale that can be written as a conditional expectation and where p
and ¢ are given in a closed form. We shall assume that dm; = mvdW;.

(b) Write the EDP evaluation formula for the price of an asset paying ® (Y7, Hr). What is
the hedging portfolio?

Exercise 2.2.13 We assume that the interest rate is constant.

We assume that G is continuous and valued in |0, 1] and we define I'; := —InG;. We assume
that the process A in the Doob-Meyer decomposition of G is on the form A; = fg asds. We recall
that

tAT a tAT
MtZ:Ht_/ idS:Ht_/ Asds = Hy — Ayar
o G 0

S
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= fot Asds) is a G-martingale. We recall that for any F-predictable process h

T
E(hr 17 <7|Gt) = hrllfrapy + H{T>t}eFtE (/ hudFuft> .
¢

1. We assume that G is non-increasing.

(a) Prove that L, := (1 — H;)(G;)™! is a martingale and that, for any a > 0, the process

(1+a)t exp (—a /Ot(1 - HS))\Sds)

is a martingale. Prove that E[(1+ a)e ] = 1. Compute the law of A-.
(b) Let V and Z be F-predictable processes. Prove that

Vi = ‘ZH{KT} + Z: <y

is a G-martingale if and only if

t
Vie Tt 4+ / Z,e Tudl,
0

is an F-martingale

2. Assume that 7 :=inf{t : C; < U} where U is a r.v. with uniform law on [0, 1], independent of

Fo and C' an F-adapted process, non-increasing of the form C; = exp (— fot csds) such that
Co=1and Cy =0.

(a) Compute G in terms of C.

(b) Compute the intensity of 7.

(¢) Let Z be an F-predictable process and X an Fp-mesurable i ntegrable r.v.. Compute the
price at time ¢ of an asset which delivers Z, at time 7 ifr < T, and X at time T if T' < 7.
Give the dynamics of this price.

(d) On note D(¢,T) = E(Lr<,|G;) le prix & la date ¢t d’un zéro coupon soumis au risque de
défaut (DZC) de maturité T. On suppose que le marché comporte

e un actif de prix Y,? =1 (le savings account, de taux r nul),

e un actif de dynamique Black Scholes dont le prix suit, sous la probabilité risque

neutre, la dynamique
dY; = YiodW,

ou W est un mouvement Brownien; la filtration F est la filtration naturelle du mou-
vement Brownien W.

le DZC de prix D(t,T)

Montrer que
dD(t, T) = utdmt + (ptht

ou m est une martingale que l'on caractérisera sous forme d’une espérance condi-
tionnelle -sans expliciter le dm- et ou u et ¢ seront explicités. On supposera que
dmt = mtvtth.

ii. Ecrire 'EDP d’évaluation d’un produit de payoff ®(Yr, Hr). Quel est le portefeuille

de couverture associé?

Exercise 2.2.14 Assume that (H) hypothesis holds and that the F martingales are continuous. Let
M be a F martingale Lat a and b be G adapted processes such that fot asdM and fot bsdMZ are
martingales Let Z; = fo asdMg + fo bsdMY. Then E(Z|F;) = fo (as|Fs)dMs
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Exercise 2.2.15 Assume that H hypothesis holds and that F is continuous (or at least that F’ does
not jump at time 7)

«

The process My = H; — T'ya, is a martingale For any « € IR, the process Z; = exp(aH; — (e* —
1)T4a,) is a martingale Indeed

dz, = e (" Dlenrgeate _ (e _1)7, (1 — H,_)dI,
= Z,_(efWHeHe)qg, — (e —1)Z,_(1 — H,_)dI,
= Zt— (eo‘ - 1)dHt - (eo‘ - 1)Zt—(1 - Ht_)dFt

2.3 Multidefaults

2.3.1 Jarrow and Yu model

Let A, a, B be given non negative numbers. Construct 7,7 = 1,2 such that
tATL
M} .= H} —/ Ads
0

is an H' martingale and
M} = H} — /M (o + BH})ds
0
is an H = H' v H? martingale. Prove that M' is an H martingale. Let L be the martingale
dL = L,_~vyH? dM}
and set

dQ|y, = LidP|y,

Find the intensity of 7 under Q. Compute the joint law of 71,7 under Q. Are various immersion
properties satisfied?

2.3.2 Norros Lemma

Let 7; be two default times, F a reference filtration. We introduce (G});>0 by Gi = F; V ‘Hj, and
(Gt)t>0 by Gt = Ft VH V H2, for t > 0. It is further assumed that all the considered filtrations are
right-continuous and completed by all the sets of P-measure zero. For any i = 1,2, let G* = (G1);>0
be the conditional survival probability process of the default time 7;, defined by Gi = P[r; > t| F],
for all t+ > 0. There exists increasing predictable processes A’ such that G* + A* are F-martingales.
Let us define the process M* = (M});>o by:

M= B - AL, 29)
where the process A? = (Al);>0 is given by:

LdAl

Al = :
ol G

(2.10)

for all ¢ > 0. The process M’ is a (G} ):>o-martingale and A’ is continuous.

Let the processes G* = (Gi)i>0, i = 1,2, be continuous and such that G} = 1, and assume that
Plm = 1] = 0 is satisfied. Prove that

(i) the variable A% , defined in (2.10), has standard exponential law (with parameter 1);
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(ii) if (F3)¢>o0 is immersed in (G})¢>0, then the variable AL is independent of Fu;
(iii) if (Gf)¢>0, i = 1,2 are immersed in (G¢);>o, then the variables AL , i = 1,2, are independent;

(iv) if (Ft)s>0 is immersed in (G;)i>0 and
Plr; > t|F]) = Plr; > t| G ] (2.11)

hold for all ¢ > 0, then the variables Aii, i = 1,2, are conditionally independent with respect to F.

2.3.3 Examples

Exercise 2.3.1 Let 7y < 75 be two random times and F a reference filtration. Prove that F is
immersed in FVH! VH? if and only if F is immersed in FVH! and FVH! is immersed in FVvH! v H?2.

Exercise 2.3.2 Let 7; be independent random times such that P(7; > t) = e~ %! and set 7; =
7 N 73 for i = 1,2 . Show that H} = 1, <; is a Markov process in its natural filtration and in
H=HvHvVH

Setting q1 = ¢1 + g3, prove that H} — fg(l — H!)q1ds is a martingale in H' and in H.

Prove that (H', H?) is a H-Markov process

Exercise 2.3.3 Let 17, T5 the first and the second jump of a standard Poisson process, with intensity
equal to 1, and FV the natural filtration of the Poisson process.

1. Prove that one can write

T, = inf{t:t>06}
T = inf{t : tZ@]_“‘@Q}

where ©; are independents r.v. with exponential law.
2. Prove that H} — fot(l — H})ds is a H' martingale and a FY martingale.
3. Prove that the cumulative function of ©1 + 05 is 1 — e *(1 + z).

4. Prove that the intensity Ay of T in the filtration H? (i.e. the process Ay such that H? — fot(l -

H2)\2ds is a H? martingale ) is \2 = Trs-

5. Prove that .
Ty = inf{t : / vsds > O}
0

where 75 = llss7, and © is an exponential law. Prove that H? — fg(l — H?)y ds is a FN
martingale.

Exercise 2.3.4

We assume that _
7 =mf{t : AV >0,
where ©; are unit exponential r.vs, independent of F,, and Agi) = fot /\gi)ds where the processes

- , U = are non-nega ive an -adapted. IS o default claim pays some amount a ime
A9 ¢ >0 t d F-adapted. A first to default cl t at ¢
T =171 N\ To.

1. We assume that ©; are independent. Let G; = F; V H} V H? where H? is the natural filtration
of Hj = 1,<;. Let Z be an F-adaped process. Compute E(Z; 1, <1}|G).
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2. Assumpe that the joint law of ©; is known. Compute E(Z,1{;.7y) in the case where A9 are

deterministic and in the general case where A() are processes.

3. let D;(t,T) = E(lp,

G:) be the price at time t of a defaultable zero-coupon bond with

maturity 7', on the default time i. Assuming that the r.vs ©; are independant, compute

Dy(t,T).

2.4 Density process

The random time 7 admits a density process if there exists a family of non-negative processes o (u)

such that

o0

P(r > u|F) = / at(v)n(dv)

u

where 7 is the law of 7

Exercise 2.4.1 Compute the Doob-Meyer decomposition i=of the associated Azéma supermartin-

gale. intensity of 7

Exercise 2.4.2 It is known that if X is an F-martingale, then

td{X, al
o [ 20
0

0
o,

O=1
where [i is an F V o(7)-martingale. Prove that

t/\‘rd X,G t d X,Oée
Xt = +/ M _/ #
0 Gu ¢

AT auf

0=

where 1 is an G-martingale

Exercise 2.4.3 We assume that a., exists. Let Q defined as

dQ = Ep(1/al,|Gt)/Ep(1/al,)dP

Prove that, under Q, 7 is independent of F,

()



