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Chapter 1

INDIFFERENCE
PRICING OF
DEFAULTABLE CLAIMS

The goal of this chapter is to give an application of the theory of indifference
prices in the context of defaultable claims within the reduced-form approach.
In this approach the defaultable market is incomplete and there does not exist
a (perfect) hedging strategy for claims which depend on the occurrence of the
default. An important issue is the issue of choice of relevant information.

The chapter is organized as follows. Section 1.1 contains a brief description
of the basic concepts of default risk that are used in the sequel. The second
section is devoted to indifference pricing in the filtration of default-free assets.
The following section studies the case where the investor additionally uses the
information on the default in the choice of the portfolio and is endowed with an
exponential utility function. In a last section, we present the quadratic hedging
problem.

For details on credit risk, the reader can refer to the books of Bielecki and

Rutkowski (2002), Duffie and Singleton (2003), Schénbucher (2003) and to the
survey papers of Bielecki et al (2004a, 2004b) where many references are given.

1.1 Preliminaries

In this section, we introduce the basic notions that will be used in what follows.
First, we define a default-free market model. Then, we examine the concept of
a default time and we present the associated hazard process. We make precise
the choice of the filtration, which is an important aspect of our presentation.

t
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1.1.1 Default-Free Market

Consider an economy in continuous time, with the time parameter t € IR,. A
probability space (Q,G,P) endowed with a one-dimensional standard Brow-
nian motion (Wi, t > 0) is given. We assume that the reference filtration
F = (F;,t > 0) is the P-augmented and right-continuous version of the natural
filtration generated by W. We have F; C G, for any ¢t € IR, however we do not
assume that G = F.

In the first step, we introduce a Black and Scholes arbitrage-free default-free
market. In this market, we have the following primary assets:

e A money market account B satisfying
dBt = ’I“Bt dt, BO = 1,

or, equivalently, B; = exp(rt), where the interest rate r is assumed to be
constant.

o A default-free asset whose price (St, t > 0) follows a geometric Brownian
motion dynamics
dSt = St(l/dt + U'th> 5

where v and ¢ are two constants, with o # 0.

It is not difficult to extend the study to the case where r, v and o are F-adapted
process as soon as some regularity is assumed in order that the default-free
market is arbitrage free. In the last part of the chapter, we shall turn to a more
general model of the primary market.

As it is well known, the Black and Scholes default-free market is arbitrage-
free and complete, and the (unique) risk-neutral probability Q is obtained via
its Radon-Nikodym density, i.e.

dQlr, = ndP|#,,
where (1, ¢t > 0) is the (P, F)-martingale given as

1
ne = exp(—0W; — 59275) )

where = (v—r)o~! is the risk premium. From Girsanov’s theorem, the process
WtQ =W; + 0t, is a (Q, F)-Brownian motion.

1.1.2 Default Time

The default time 7 is defined as a non-negative random variable on the prob-
ability space (22,G,P). We introduce the default process H; = ;<4 and
we denote by H = (H:,t > 0) the filtration generated by this process (this
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filtration is right-continuous, and, as usual, we take the completion of this fil-
tration). Note that H; = o (¢t A 7), hence, any H;-measurable random variable
if a deterministic function of the random variable 7 A .

Hazard process. It is generally assumed that the investor knows when the
default takes place, that is the observation of the investor includes the filtration
H. At time ¢, the investor knows whether or not the default has occurred. If
the default has not occurred in the past, the investor has no information on
the date when the default will appear. Therefore, we consider the filtration of
information which takes into account the information on the asset price and of
the occurrence of default: G = FV H so that G; = F; V Hy = o(F: UHy) for
every t € IR;. The filtration G is referred to as to the full filtration. It is clear
that 7 is an H-stopping time, as well as a G-stopping time (but not necessarily
an F-stopping time). The concept of the hazard process of a random time 7 is
closely related to the process (Fy,t > 0) which is defined as follows:

Ft:P{Tgt‘]:t}7 Vt€R+

Let us denote Gy = 1 — F; = P{r > t|F;} and let us assume that G; > 0 for
every t € IRy (hence, we exclude the case where 7 is an F-stopping time — a
case that corresponds to the so-called structural approach). Then the process
(Tt,t > 0), given by the formula

Ft:—ln(l—Ft):—lnGt, VtZO,

is well defined. It is termed the hazard process of the random time 7 with re-
spect to the reference filtration F. We postulate that Fi,, = 1 (i.e. 7 is finite
with probability one).

We now formulate an important

Hypothesis: We assume in this chapter that the Brownian motion (W, t > 0)
is a (P, G)-Brownian motion.

In other words, we assume that the so-called (H) hypothesis is satisfied and,
as a consequence, the process F' (hence T') is increasing. We do not comment
here on that hypothesis, we simply mention that this hypothesis is necessary
in order that there is no-arbitrage in the default-free market using G-adapted
strategies. See Elliott et al. (2000) or Bielecki et al. (2004b) for comments.

Note that, due to (H) hypothesis, the process (n;,¢ > 0) is a (P, G)-
martingale. This allows us to define the probability Q* whose the restriction
to G; is

dQ[g, = nedP|g, .
Obviously, the restriction of Q* to F is equal to Q. We shall omit the superscript
* in what follows.
Moreover, for simplicity, we assume that the process (F;, ¢ > 0) is absolutely

continuous, that is,
t
Ft :/ fu dU
0
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for some density process f : IRy — IR;. Then we have

t
thl—e_rtzl—exp(—/ Wudu>, vVt>0
0

where

_fi

T 1-F’
The process v is non-negative and satisfies fooo Yy du = oco. It is called the
stochastic intensity of T (or the hazard rate). It can be checked by direct calcu-
lations that the process

tAT t
M, th—/ ’yudu:Ht—/ (1—Hy_)v,du (1.1)
0 0

is a (purely discontinuous) (P, G) -martingale. This implies that the random
time 7 is totally inaccessible in the filtration G. We emphasize that, in our
setting, the intensity process is uniquely defined up to infinity and is F-adapted.
Moreover, from the definition of Q (relative to the full filtration G) the process
M is a (Q,G) -martingale. Indeed, the change of probability has an effect
only on the Brownian motion W and no effect on the martingale M, which is
orthogonal to W. In the particular case where the random time 7 is independent
of the filtration F, the hazard process is deterministic.

Furthermore, note that, for any G-predictable process 1 such that ¢, >
—1,Vs, a.s., and fot(l +9)(1 — Hy)vsds < oo, the process My = M, — Jo(1—
H,),7sds is a Q¥-martingale, where

de‘gt = ntg(w ° M)tdplgt :

Here, the process £(i) @ M); — the Doléans-Dade exponential of i) ¢ M — is the
unique process Y, which is the solution of dY; = Y;_1;dM;. The restriction of
QY to the o-algebra F; is equal to Q, and Q equals to Q° on G;.

1.1.3 Defaultable Claims

A defaultable claim (X7, X5, 7) with maturity date T consists of:

e The default time 7T specifying the random time of default and thus also
the default events {7 < t} for every ¢ € [0,T]. It is always assumed that
T is strictly positive with probability 1.

e The promised payoff X1, which represents the random payoff received by
the owner of the claim at time T, if there was no default prior to or at time
T. The actual payoff at time T" associated with X; thus equals X1l ;- 7y.
We assume that X; is an Fpr-measurable random variable.

e The recovery payoff X2, where X5 is an Fp-measurable random variable
which is received by the owner of the claim at maturity, provided that the
default occurs prior to or at maturity date 7.

In what follows, we shall denote by X = X 17, + X2l <7 the value of the
defaultable contingent claim at maturity.
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1.1.4 Hodges Indifference Price

In this section we discuss the concept of Hodges indifference price in our setup.
The difference between our approach and the approach of Barrieu and El Karoui
(see the corresponding chapter in the present volume) is that we study two dif-
ferent problems, corresponding to the choice of two different filtrations (i.e.
the reference filtration and the full filtration). When considering Hodges in-
difference prices one starts with a given utility function, say u. Typically, u
is assumed to be strictly increasing and strictly concave. We shall also apply
a similar methodology in the case where u is assumed to be strictly convex
(namely u(x) = 2?) for quadratic hedging. In this case howevere one can not
use the term indifference price and one solves a minimization problem.

Problem (P): Optimization in the default-free market.

The agent invests his initial wealth v > 0 in the default-free financial market
using a self-financing strategy. The associated optimization problem is,

(P) : V(v):= sup Ep{u(VfJ(qS))},
PED(F)

where the wealth process (V; = V,"(¢), t < T), is solution of
dVy = rVidt + ¢¢(dSy — rSidt), Vo =w. (1.2)
Here ®(F) is the class of all F-adapted, self-financing trading strategies.

Problem (Pg): Optimization in the default-free market using F-
adapted strategies and buying the defaultable claim.

The agent buys the defaultable claim X at price p, and invests his remaining
wealth v — p in the default-free financial market, using a trading strategy ¢ €
®(F). The resulting global terminal wealth will be

VTP () = VETP(9) + X.
The associated optimization problem is

(Pg) : VE(v—p):= sup Ep{u(V77(¢) + X)},
D (F)
where the process V¥ ~?(¢) is solution of (1.2) with the initial condition V"7 (¢) =
v — p. We emphasize that the class ®(F') of admissible strategies is the same as
in the problem (P), that is, we restrict here our attention to trading strategies
that are adapted to the reference filtration F.

Problem (P&): Optimization in the default-free market using G-
adapted strategies and buying the defaultable claim.

The agent buys the defaultable contingent claim X at price p, and invests
the remaining wealth v — p in the financial market, using a strategy adapted to
the enlarged filtration G. The associated optimization problem is

(P&) : VE(w—p):= sup Ep{u(Vy "(¢)+X)},
Ppe®(G)
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where ®(G) is the class of all G-admissible trading strategies.

Remark. It is easy to check that the solution of

(Pg) : sup Ep{u(VTv(qﬁ))},
PER(G)

is the same as the solution of (P).

Definition 1.1 For a given initial endowment v, the F-Hodges buying price of
the defaultable claim X is the real number pj(v) such that

V() = VE (v~ pi(v))
Similarly, the G-Hodges buying price of X is the real number p§ (v) such that
V() =VE (v = pg(v)).

Remark. We can define the F-Hodges selling price p¥ (v) of X by considering
—p, where p is the buying price of —X, as specified in Definition 1.1.

If the contingent claim X is Fr-measurable, then (See Rouge and ElKaroui
(2000)) the F- and the G-Hodges selling and buying prices coincide with the
hedging price of X, i.e.,

pr(v) = p&(v) = Ep((rX) = Eq(X) = pf (v) = p¥ (v),
where we denote by ¢ the deflator process ¢; = n;e~"t.

1.2 Hodges prices relative to the reference fil-
tration

In this section, we study the problem (Pg) (i.e., we use strategies adapted to
the reference filtration). First, we compute the value function, i.e., V¥ (v — p).
Next, we establish a quasi-explicit representation for the Hodges price of X in
the case of exponential utility. Finally, we compare the spread obtained via
the risk-neutral valuation with the spread determined by the Hodges price of a
defaultable zero-coupon bond.

1.2.1 Solution of Problem (Py)

In view of the particular form of the defaultable claim X it follows that
Ve (9) = Lrary (Vi P(0) + X1) + Lipery (Vi P(6) + Xa).

Since the trading strategies are F-adapted, the terminal wealth V. 7(¢) is an
Frp-measurable random variable. Consequently, it holds that

Ep [u(V; 7¥(9))] =
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= Ep (u(V7 () + X0) sty +u(Vy P(0) + Xo) Ur<ry)
= Ep (Ep [u (V7 P(¢) + X1) Lprary +u (Vi P(9) + X2) Lr<my | Fr])
= Ep [U(V;ﬂ)_p(d)) + Xl)(l — FT) + U(V;j_p((ﬁ) + XQ)FT] y

where Fr = P {7 <T|Fr}. Thus, problem (Pg) is equivalent to the following
problem:

(Pp) : Vi(v—p):= sup Ep (Jx(VZ?(9),")),
PED(F)

where
Ix(y,w) = u(y + X1(w))(1 = Fr(w)) +u(y + X2(w)) Fr(w),

for every w € Q and y € IR. The real-valued mapping Jx (-,w) is strictly con-
cave and increasing. Consequently, for any w € 2, we can define the mapping
Ix(z,w) by setting Ix(z,w) = (J&(~,w))71(z) for z € IR, where (J5(-,w))™?
denotes the inverse mapping of the derivative of Jx with respect to the first vari-
able. To simplify the notation, we shall usually suppress the second variable,
and we shall write Ix(-) in place of Ix(-,w).

The following lemma provides the form of the optimal solution for the prob-
lem (Pg),

Lemma 1.1 The optimal terminal wealth for the problem (Pff) is giwen by
V2 P" = Ix(N*Cr), P-a.s., for some \* such that

v—p=Ep (CTV%)ip’*). (13)

Thus the optimal global wealth equals Vi PX* = VAP + X = Ix(NCr) + X
and the value function of the objective criterion for the problem (Pg) is

VE( —p) = Ep(u(Vy ")) = Ep(u(Ix(\(r) + X)) (1.4)

Proof. It is well known (see, e.g., Karatzas and Shreve (1998)) that, in or-
der to find the optimal wealth it is enough to maximize u(A) over the set of
square-integrable and Fp-measurable random variables A, subject to the budget
constraint, given by

EP(CTA) S v —Dp.

The mapping Jx (+) is strictly concave (for all w). Hence, for every pair of
Fr-measurable random variables (A, A*) subject to the budget constraint, by
tangent inequality, we have

Er{Jx(8) — Jx(A)} < Ep{(A—A")JL(AY)}.
For A* = V77" given in the formulation of the Lemma we obtain

Ep{Jx(A) = Jx(V; ")} S NEp{¢r(A -V 7"} <0,
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where the last inequality follows from the budget constraint and the choice of
A*. Hence, for any ¢ € ®(F),

Ep{Jx (V7 P(¢) — Jx (V4 7))} <0.

To end the proof, it remains to observe that the first order conditions are also
sufficient in the case of a concave criterion. Moreover, by virtue of strict con-
cavity of the function Jx, the optimal strategy is unique. 0

1.2.2 Exponential Utility: Explicit Computation of the
Hodges Price

For the sake of simplicity, we assume here that » = 0.

Proposition 1.1 Let u(z) = 1 — exp(—ox) for some ¢ > 0. Assume that the
random variables (re=2%i, i = 1,2 are P-integrable. Then the F-Hodges buying
price is given by

1
pe(v) = - Ep (¢rIn((1 — Fr)e % + Fre ¢%2)) = Ep((r¥),
where the Fr-measurable random variable ¥ equals

1
U =——In((1— Fr)e ¢ + Fre 2%2). (1.5)
o

Thus, the F-Hodges buying price py(v) is the arbitrage price of the associated
clatim V. In addition, the claim VU enjoys the following meaningful property

Ep{u(X —9)|Fr} =0. (1.6)

Proof. In view of the form of the solution to the problem (P), we obtain

V% 1 #*<T>
Vpym=—=In .
r 0 < 0

The budget constraint Ep(¢rV;™) = v implies that the Lagrange multiplier z*
satisfies

éln (,U;) = —éEp (CT In CT) — . (17)

The solution to the problem (Py) is obtained in a general setting in Lemma
1.1. In the case of an exponential utility, we have (recall that the variable w is
suppressed )

Tx(y) = (1= e XD) (1 = Pr) + (1= 205y,

so that
Jy(y) = gefgy(efgxl(l —Fr)+ efQXQFT).
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Thus, setting
A=e % (1 - Fp) + e @2Fp =9,

r=—4m () -1 ) >

It follows that the optimal terminal wealth for the initial endowment v — p is

VPt = —lln (A CT) = —lln (/\) - 1111CT -,
0 Ap 0 0 0

we obtain

where the Lagrange multiplier A* is chosen to satisfy the budget constraint
Ep(¢rVy P") = v — p, that is,

1 A* 1

—In () = _*EP(CT IHCT) —EP(CT\I/) —v+Dp. (18)
0 o 0

iFrom definition, the F-Hodges buying price is a real number p* = pj(v) such
that

Ep (exp(—oV7™")) = Ep (exp(—o(Vy ™" + X)),

where p* and A\* are given by (1.7) and (1.8), respectively. After substitution
and simplifications, we arrive at the following equality

Ep{@(p(—@(Ep((T\I/)—p*+X—\IJ))} =1 (19)

It is easy to check that
Ep(e ¢ | Fr) =1 (1.10)
so that equality (1.6) holds, and Ep (e ¢X~%)) = 1. Combining (1.9) and
(1.10), we conclude that pi(v) = Ep({r¥). A

We briefly provide the analog of (1.5) for the F-Hodges selling price of X . We
have p¥ (v) = Ep(¢r V), where

1
U =—In((1— Fr)e®™ + Fre?®?). (1.11)
0

Remark. It is important to notice that the F-Hodges prices pg(v) and pF (v)
do not depend on the initial endowment v. This is an interesting property of
the exponential utility function. In view of (1.6), the random variable ¥ will be
called the indifference conditional hedge.

From concavity of the logarithm function we obtain
In((1 — Fr)e 2%t 4 Fre=9%2) > (1 — Fr)(—0X1) + Fr(—0X3).
Hence, using that (7 is Fp-measurable,

pr(v) <Ep(Cr((1 - Fr)X:1 + FrXs3)) = Eq(X).
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Comparison with the Davis price. Let us present the results derived from
the marginal utility pricing approach. The Davis price (see Davis (1997)) is
given by

Ee{u (V)X )

)

In our context, this yields
d*(v) = Ep{(r (X1 Fr + Xo(1 — Fr)) }.

In this case, the risk aversion p has no influence on the pricing of the contingent
claim. In particular, when F' is deterministic, the Davis price reduces to the
arbitrage price of each (default-free) financial asset X, i = 1,2, weighted by
the corresponding probabilities Fr and 1 — Frp.

1.2.3 Risk-Neutral Spread Versus Hodges Spreads

In our setting the price process of the T-maturity unit discount Treasury (default-
free) bond is B(t,T) = e~ "(T=%). Let us consider the case of a defaultable bond
with zero recovery, i.e., X1 = 1 and Xy = 0. It follows from (1.11) that the
F-Hodges buying and selling prices of the bond are (it will be convenient here
to indicate the dependence of the Hodges price on maturity T')

Dr(0,T) = —é Ep{(rin(e %(1 — Fr)+ Fr)}

and
DF(0,T) = éEp{gT In(e?(1 — Fr) + Pr)},

respectively.

Let Q be a risk-neutral probability for the filtration G, that is, for the
enlarged market. The “market” price at time ¢ = 0 of defaultable bond, denoted
as D°(0,T), is thus equal to the expectation under Q of its discounted pay-off,
that is, N

D°(0,T) = Eg (I r>mRr) = Eq((1 — Fr)Rr),

where F; = Q {r < t| Fi} for every t € [0,T]. Let us emphasize that the risk-
neutral probability Q is chosen by the market, via the price of the defaultable
asset. The Hodges buying and selling spreads at time ¢t = 0 are defined as

. _ 1. Dg(0,7)
S*(0,T) = T In B(0.T)
and -
1. D T
S:(0,T)=—=1n -(0.7)

T B0,T)
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respectively. Likewise, the risk-neutral spread at time t = 0 is given as

1. DY%0,T)
0 - p=—"2"7
S°(0,T) = Tln BO.T)

Since D (0,0) = DF(0,0) = D°(0,0) = 1, the respective backward short spreads
at time ¢t = 0 are given by the following limits (provided the limits exist)

_d*InDy(0,T)

5*(0) = lim §%(0,7) = | -
and . F(0.7)
. dtInD;(0,T

5(0) = Im 5. 0.7) = - === o

respectively. We also set
dtInD%0,7)
0/ _ 7irn QO _ J _
(0) = ITHL%S 0.7) = dT ‘T:O "

Assuming, as we do, that the processes Fr and Fr are absolutely continuous
with respect to the Lebesgue measure, and using the observation that the re-
striction of Q to Fr is equal to Q, we find out that

’m _ —%EQ{ln(e*Q(lfFT)JrFT)}
= —%Eq{ln (6_9<1—/0Tftdt) +/0Tftdt)}a
and
Dl = Ima(m(e1—Fo)+ Fr))
T T
= éEQ{ln<eg(1*/0 ftdt)+/0 ftdt)}-
Furthermore,
mEQ(lﬁT)EQ(lfoTﬁdt).
Consequently,
S0 =3 (=)o 50 =1 (1 )h

and s°(0) = fo. Now, if we postulate, for instance, that s,(0) = s°(0) (it would
be the case if the market price is the selling Hodges price), then we must have

J?Ozl(l—e_g)foz

. (1 —6_‘9)’)/0

| =
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so that 4y < 7. Similar calculations can be made for any ¢ € [0,T[. It can be
noticed that, if the market price is the selling Hodges price, :f;) corresponds to
the risk-neutral intensity at time 0 whereas ~y is the historical intensity. The
reader may refer to Bernis and Jeanblanc (2002) for other comments.

1.2.4 Recovery paid at time of default

Assume now that the recovery payment is made at time 7, if 7 < T. More
precisely, let (X7,¢ > 0) be some F-adapted process. If 7 < T, the payoff X}
is paid at time ¢ = 7 and re-invested in the riskless asset. The terminal global
wealth is now

(Vr P(m) + X1)hrer + (Vy P (1) + Z7) Lr<r

where Z; = X2e" (=Y and we are still interested in optimization of wealth at
time T
The corresponding optimization problem is

(PE): V(v—p):= sup Ep (U(Vy P(¢) + X)lrer + UVE P(¢) + Z)r<r) .
PED(F)

The supremum part above can be written as
sup Ep{J(V7?(9))},
PP (F)

where, for P-a.e. w € €,

_ T
Tyw) = Uy + X1 (@))(1 — Pr(w)) + / Uy + Zi(w)) fudt.

Let us introduce the conditional indifference hedge:

T
&= /O exp(—02:) fudt + exp(—oX1)(1 ~ Fr)). (1.12)

We have the following result,

Theorem 1.2.1 Assume that supg< ;< exp(—0Z;) and exp(—oX"') are Q-integrable.
The Hodges price of (X', X3) is the arbitrage price of the indifference condi-
tional hedge®, the pay-off of which is given by (1.12).

Proof. Observe first that problem (7/51;Z‘ ) can be written as
V(z—p)= sup Eplexp(—o[Vy "(¢)+2])}.
peR(F)

Thus, problem (PZ) is the same as problem (Pg) with X = ®, so that finding
the Hodges price of (X!, X3) amounts to finding the Hodges price of ®. But
now, the claim ® is a Fp-measurable random variable. Thus, its Hodges price
must coincide with its arbitrage price.
O
Observe that ® is a pay-off at time T. However, at time of default selling
the derivative ® yields enough money to obtain the utility needed.
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1.3 Optimization Problems and BSDEs

We now consider strategies ¢ that are predictable with respect to the full filtra-
tion G. The dynamics of the risky asset (S;,¢ > 0) are

dSt = St(th + O'th). (113)

In order to simplify notation, we denote by (&,t > 0) the G-predictable
process such that dM; = dH; — & dt is a G-martingale, i.e., & = v (1 — H;_).
(See equation (1.1).)

We assume for simplicity that » = 0, so that now § = v/o, and we change
the definition of admissible portfolios to one that will be more suitable for
problems considered here: instead of using the number of shares ¢ as before,
we set m = ¢S, so that m represents the value invested in the risky asset.
In addition, we adopt here the following relaxed definition of admissibility of
trading strategies.

Definition 1.2 The class II(F) (II(G), respectively) of F-admissible (G-admissi-
ble, respectively) trading strategies is the set of all F-adapted (G-predictable,

respectively) processes 7 such that fOT 72 dt < oo, P-a.s.
The wealth process of a strategy 7 satisfies
dVi(m) = my (th + ath). (1.14)

Let X be a given contingent claim, represented by a Gr-measurable random
variable. We shall study the following problem:

sup Ep{u(VTv(ﬂ) + X) }
Tell(G)

in the case of the exponential utility. In a last step, for the determination of
Hodges’ price, we shall change v into v — p.

1.3.1 Optimization Problem

Our first goal is to solve an optimization problem for an agent who sells a
claim X. To this end, it suffices to find a strategy = € II(G) that maximizes
Ep (u(V}(m)+X)), where the wealth process (V;, = Vi¥(n),t > 0) (for simplicity,
we shall frequently skip v and 7 from the notation) satisfies

d‘/t = qbt dSt = 7Tt(1/dt + O'th), ‘/0 = .

We consider the exponential utility function u(xz) = 1 — e, with ¢ > 0.
Therefore,

sup Ep{u(VE(rm)+X)}=1— inf Ep(e 2V7(™e0X),
T€ll(G) P{ (Vi (m) )} mell(G) P( )

We shall give three different methods to solve inf cn(q) Ep (e’QVfU(")e*@X).
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Direct method

We describe the idea of a solution; the idea follows the dynamic programming
principle.

Suppose that we can find a G-adapted process (Z;,t > 0) with Z7 = e=2X,
which depends only on the claim X and parameters g, o, v, and such that the
process (e~ 2V (M Z, t > 0) is a (P, G)-submartingale for any admissible strat-
egy 7, and is a martingale under P for some admissible strategy 7* € II(G).
Then, we would have

EP(Q*QV%’(W)ZT) > e*QVou(ﬂ')ZO =e 7,

for any 7 € II(G), with equality for some strategy 7* € II(G). Consequently,
we would obtain

inf Ep (e_gvﬁg(”)e_gx) =Ep (e_gvﬁg(”*)e_gx) =e 7, (1.15)

Tell(G)

and thus we would be in the position to conclude that 7* is an optimal strategy.
In fact, it will turn out that in order to implement the above idea we shall need
to restrict further the class of G-admissible trading strategies to such strategies
that the "martingale part” in (1.17) determines a true martingale rather than
a local-martingale.

In what follows, we shall use the BSDE framework. We refer the reader
to the chapter by ElKaroui and Hamadéne in this volume and to the papers
of Barles (1997), Rong (1997) and the thesis of Royer (2002) for BSDE with
jumps.

We shall search the process Z in the class of all processes satisfying the
following BSDE

dZ; = zpdt + 2 dW; + Z dMy, t € [0,T[, Zp = e 9%, (1.16)

where the process z = (z,¢ > 0) will be determined later (see equation (1.19)
below). By applying Itd’s formula, we obtain

d(e=2Vt) = ¢=2Wt ((% o*rio? — QTFtV) dt — om0 th) ,
so that

dle V7)) = e " (2 + Zt(%QQWtQUQ — omv) — om0z dt

+€_9Vt ((E\t — Q’]TtO'Zt) th —I—Zt th) (117)

Let us choose 7* = (7}, ¢ > 0) such that it minimizes, for every ¢, the following
expression
Zt(% Q27Tt20'2 - Qﬂ'tl/) —omozy = —om(VZ + 0Zy) + % QQWfUQZt.

It is easily seen that, assuming that the process Z is strictly positive, we have

vZ; + O'/Z\t 1 ( gt

T =——m=—0 —) . 1.18
t gazZt oo + Zt ( )
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Now, let us choose the process z as follows
2 = Zy (omjv — & gz(wf)zaz) + omf o7z
(vZy + 07%)?
2O'QZt
1

Note that with the above choice of the process z the drift term in (1.17) is
positive for any admissible strategy 7, and it is zero for # = 7*.

Given the above, it appears that we have reduced our problem to the problem
of solving the BSDE (1.16) with the process z given by (1.19), i.e.,

dZt = (%QQZt + 9%} + TZ/Z\?)dt =+ /Z\tth =+ gtht, t e [O,T),

= om(Zw+0%) — 3 0% (n))? 0% Z, =

1 ~
= 5922t +92t +

(1.20)
ZT = B_QX .

In fact, assuming that (1.20) admits a solution (Z,Zz,Z), so that with 7 = 7*
the "martingale part” in (1.17) is a true martingale part rather than a local-
martingale part, then the process

will be an optimal portfolio, i.e.,

nly B (e emX) = Bp (e eme)

However, this BSDE is not of standard. This is a BSDE with jumps, and
existence theorems and comparison theorems are known only if the driver is
Lipschitz. Hence, we shall establish the existence using another approach, an
approach due to Mania and Tevzadze.

Mania and Tevzadze approach
In a very general setting, when the underlying asset is of the form

dSt = d,Ut + )\td<,LL>t

where p is a continuous local martingale, Mania and Tevzadze (2003a) study
the family of processes

T
Vi(v) = mngp(U(v +/t ¢sdSs)|Gt)

where v is a real-valued deterministic parameter. They establish that the process
(V(t,v) = Vi(v),t > 0) (which depends on the parameter v) is solution of a
BSDE

dv(t,v) = %m(%(t, v) + MV (t,0))2d(u)s + (¢, v)dug + dN;(v),
V(T,v) = U(v), (1.21)
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where N is a martingale orthogonal to u, and the optimal portfolio is proved to
be

(t7 Vt*) — )‘th (t7 Vt*)
Voo (8, Vi) '

Analysis of the proof of the equation (1.4) in Mania and Tevzadze (2003a)
reveals that their results carry to the case when

6 = =57

T
Vt(v):maxE(U(v—&-/ 0sdSs + X)|Gt)
¢ t

for a claim X satisfying appropriate integrability conditions, in which case
the process (Vi(v),t > 0) satisfies the BSDE (1.21) with terminal condition
V(T,v) = U(v + X). We note however that there are several technical condi-
tions postulated in Mania and Tevzadze (2003a) that need to be verified before
their results can be adopted.

In the particular case when the dynamics of the underlying asset follows

dSt == St(l/dt + O'th)
we have du; = S;odW; and \; = v/(S;0?), and the BSDE (1.21) reads

520_2
dV(t,v) = m(sﬁ(tﬂ}) +
1

2 2
= —— + vV, + W; + dN,
50TV (1. 0) ((t,v)0%St + vV, (t,v))2dt + @(t,v)S;odWy + d Ny

%Vv(t, 0)2dt + (t,v)SodW, + dN,
t

where N is a martingale orthogonal to W (hence, in our setting a martingale of
the form fg ¥sdMsy). The terminal condition is

V(T,v)=U(w+ X).
and the optimal portfolio is

* v+ Vol %S
i = -5, 2 VoS0

Here, U is an exponential function. Thus, it is convenient to factorize process V
as V(t,v) = e 2"Z;, and to factorize process ¢ as p(t,v) = @(t)e~2". It follows
that Z satisfies

. v
(@(t) + 225,

27

Z)?

dZ; = S2o2dt + p(t)S;odWy + ANy,  Zp = e X,

Setting z; = @(t)a Sy, we get

1 _ _
AZy = —— (3 + 2 Z,)%dt + 2,dW, + dN,, Zy = e~°%,
2Zt g
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which is exactly equation (1.19), where N is a stochastic integral w.r.t. the
martingale M, orthogonal to W. Thus, it appears that a solution to equation
(1.19) is given as

~ o~ ~ dNy
Zy = eV(t,v), Zz=o(t)oS;, and z = d/]\jt.

The optimal portfolio is
O'Et + ZtV

0027y
which is exactly (1.18).

Remark. Analogous results follow from by Mania and Tevzadze (2003b) where
a more general case of utility function is studied.

Duality Approach

We present now the duality approach (See for example Delbaen et al. (2002),
or Mania and Tevzadze (2003b)). In the case dS; = Si(vdt + odW;), the set
of equivalent martingale measure (emm) is the set of probability measures Q¥
defined as

dQ¥g, = L,dP|g,

where
st = Lt,(—Gth + wtht)

where v is a G-predictable process, with ¢» > —1 and 6 is the risk premium
6 = v/o. Indeed, using Kusuoka representation theorem (1999), we know that
any strictly positive martingale can be written of the form

st == Lt,(ftth + 'I/Jtht) .

The discounted price of the default-free asset is a martingale under the change
of probability, hence, it is easy to check that ¢, = —6. (We have already noticed
that the restriction of any emm to the filtration F is equal to Q.) Let us denote
by WtQ = W; + 0t and ]\//.ft = M; — fot 1s€sds. The processes WQ and M are
QY martingales. Then,

t t
L; = exp (OWt — %9215 +/ In(1 4 s )dH, — / ¢s§sds>
0 0

t t
exp (—QWtQ + 07215 +/ ln(l + Z[)s)d]/\js + / [(1 + "/)s) ln(l + ws) - ws]gsd5>

0 0

Hence, the relative entropy of Q¥ with respect to P is

T
H(QY|P) = Equ(InLy) = Equ (;62T+/0 [(1+ ) In(1 + ) ¢s]gsds> .
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From duality theory, the optimization problem

inf Ep (efQVTv(”)efgx)
Tell(G)

reduces to maximization over 1 of
Lov
Equ(X — EH(Q P)),
that is, maximization over ¢ of

1

Equ X_192T_/T[(1+¢)1n(1+¢)—wgds .
Q 29 0 Jo s s s5]Gs

We solve this latter problem by operating

dUy

(;[(1 + ) In(1 + 1) — %fft]ft) dt + U dW2 + ,d M,

1
Ur = X-— —0°T.
20

Setting Y; = o U; we obtain

dY, = ([(1+¢) In(1+ ) — i]&) dt + GedW2 + G,d M,
Yr = ng%HZT.

In terms of the martingale M, we get
dYy = ([(1+ ) (1 + ) — e (1 + Go)l&e) dt + GedW,2 + Gpd My,

The solution is obtained by maximization of the drift in the above equation
w.r.t. 1, which leads to 1 + ¥ = 5. Consequently, the BSDE reads

4, = — (7 1~ ) &t + GudW@ + GudM,, Ve = 0X — S0°T,
and setting Z; = exp(—Y;) we conclude that
dz; = %Zt"@?dt ~ ZIGdW R + Z;_ (¥ — 1)dM,,  Zi = exp(—oX + %GQT),
or, denoting z, = —Z; s, 2 = Z;_(e¥ — 1)
dz; = %Efdt +5dWR + 5,dM,, 73— exp(—oX + %HZT),
t

which is equivalent to (1.20). (Note that Z, = Zye~ 20 (T=1) )
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1.3.2 Hodges Buying and Selling Prices
Particular case: attainable claims

Assume, as before, that » = 0 and let us check that the Hodges buying price is
the hedging price in case of attainable claims. Assume that a claim X is Fp-
measurable. By virtue of the predictable representation theorem, there exists
a pair (x,Z), where x is a constant and Z; is an F-adapted process, such that
X =a+ [, T,dW2, where W2 = W, + 6t. Here z = EqX is the arbitrage
price of X and the replicating portfolio is obtained through Z. Hence, the time
t value of X is X; = = + fot 7, dWQ. Then dX; = 7y thQ and the process

7, = 6—92(T—t)/26—gXt

satisfies
Az, = Z((36° + 10%53) dt + o7, WD)
1
= 7(1/Zt + O'QZt/ft)Q dt + QZtai‘\t th,
20’22,5

ZT = e_QX.

Hence (Z;, 02,74, 0) is the solution of (1.20) with the terminal condition e=¢%X
and

ZO = 6_92T/2€_Qm .
Note that, for X =0, we get Zy = e’GQT/Q, therefore

inf EP<6_QVTI")(7T)) — e—.Qve—GzT/Q-
mell(G)

The G-Hodges buying price of X is the value of p such that

inf Ep(e?7™) = inf Ep(e 2Vr "(M+X)
rdlhy B () = Juf B )
that is,

o0V o—0°T/2 _ ,—o(v—p+EqQX),—6°T/2

We conclude easily that p&(X) = EQX. Similar arguments show that pg (X) =
EqX.

General case

Assume now that a claim X is Gpr-measurable. Assuming that the process Z
introduced in (1.20) is strictly positive, we can use its logarithm. Let us denote

Uy = Zy)% =, by = Zy)% = and

_

— >0
In(1 + )

Rt
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Then we get
d(In Z;) = L 02dt + 0y dWR + In(1 + ) (dM; + & (1 — r2) dt),

and thus N o
d(In Z;) = 1 0%dt + P, dW2 + In(1 + ;) dM,

where .
th = th + gt(l — Iit) dt = dHt — ftlit dt.

The process Mis a martingale under the probability measure Q defined as
dQ|g, = 1t dP|g,, where 7] satisfies

dﬁt = —7/’]\,3_ (9 th + gt(l - ;‘{t) th)

Proposition 1.2 The G-Hodges buying price of X with respect to the expo-
nential utility is the real number p such that 6_9(”_”)Zé{ = e 2Z\), that is,
p&(X) =0t In(Z8/Z55) or, equivalently, pg(X) = EgqX.

Our previous study establishes that the dynamic hedging price of a claim
X is the process X; = EQ (X |G). This price is the expectation of the payoff,
under some martingale measure, as is any price in the range of no-arbitrage
prices.

Remark All the results presented in this section remain valid if v and o are
adapted processes.

1.4 Quadratic Hedging

We work under the same hypothesis as before; in particular, the wealth process
follows
dVP(n) = m(vdt + adWy), Vi (r)=wv.

In the last part of this section we shall study a more general case.

The objective of this section is to examine the issue of quadratic pricing and
hedging. Specifically, for a given P-square-integrable claim X € Gp, we study
the following problems:

e For a given initial endowment v, solve the minimization problem:
min Ep (VE(7) — X)?).
s

A solution to this problem provides the portfolio which, among the portfolios
with a given initial wealth, has the closest terminal wealth to a given claim X,
in the sense of L?-norm under the historical probability P. The solution of
this problem exists, since the set of stochastic integrals of the form fOT ¢sdSs is
closed in L2.
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e Solve the minimization problem:

min Ep ((V#(7) — X)?).

v

The optimal value of v is called the quadratic hedging price and the optimal 7
the quadratic hedging strategy.

The quadratic hedging problem was examined in a fairly general framework
of incomplete markets by means of BSDEs in several papers; see, for exam-
ple, Mania (2000), Mania and Tevzadze (2003a), Bobrovnytska and Schweizer
(2004), Hu and Zhou (2004) or Lim (2004). Since this list is by no means
exhaustive, the interested reader is referred to the references quoted in the
above-mentioned papers. The reader may refer to Bielecki et al. (2004b) for a
study of the same problem under a constraint on the expectation. Also, some
additional references can be found in that paper.

1.4.1 Quadratic Hedging with F-Adapted Strategies

We shall first solve, for a given initial endowment v, the following minimization

problem

in Ep((V¥(r)— X)?
nin p((V7(m) — X)),

where X is given as
X =X1lgor + Xollr oy

for some Fp-measurable, P-square-integrable random variables X; and X5. Us-
ing the same approach as in Section 1.2.1, we define

Ix(y) = (y — X1)*(1 = Pr) + (y — X2)*Fr
and its derivative
Ix(y) =2[(y — X1)(A = Fr) + (y — Xo)Fr] = 2[y — X:(1 — Fr) — X2 Fr].
Hence, the inverse of J% (y) is
Ix(z) = %z +X,(1 - Fr)+ XoFrp
and thus the optimal terminal wealth equals
Vit =4 XNCr+ X1(1 - Fr) + Xy Fr,
where \* is specified through the budget constraint:

Ep((rVy™) = A" Ep(C) + Ep((r X1 (1 — Fr)) + Ep((r XaFr) = v.

The optimal strategy is the one, which hedges the Fr-measurable contingent
claim

N Cr 4+ X1 (1 = Fr) + XoFp = 2¢7 2T (v — Eq(X))Cr + X1(1 — Fr) + XoFr .
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We deduce that
min Bp ((V# — X)?)
= Ep (3N + Xa(1 = Pr) + XoPr — X1)° (1 - Fr)|
+Ep [(%/\*CT + X1(1 = Fr) + XoFr) — Xz)QFT]
= LO\)2Ep(Z) +Ep (X, — X2)?Fp(1 — Fr))
QE:(C%) (v — Ep(Cr(X1+ Pr(Xz — Xl)))2
+Ep((X1 — X2)?Pr(1 - Fr)).

It remains to minimize over v the right-hand side, which is now simple. There-
fore, we obtain the following result.

Proposition 1.3 If we restrict our attention to F-adapted strategies, the quadratic
hedging price of the claim X = X1~y + Xoll7<7) equals

Ep(¢r(Xy + Fr(Xs — X1)) = Eq(X1(1 — Fr) + FrXs).

The optimal quadratic hedging of X 1is the strategy which replicates the Fr-
measurable contingent claim X1(1 — Fr) + FrXs.

Let us now examine the case of a generic Gr-measurable random variable X.
Here, we shall only examine the solution of the second problem introduced
above, that is,

min Ep (VE(7) — X)?).

v,
As explained in Bielecki et al. (2004b), this problem is essentially equivalent
to a problem where we restrict our attention to the terminal wealth so that we
may reduce the problem to miny ez, Ep((V — X)?). From the properties of
conditional expectations, we have

min Be((V ~ X)?) = Ep((Ep(X | 1) - X)?)

and the initial value of the strategy with terminal value Ep(X | Fr) is

Ep((rEp(X | Fr)) = Ep(¢rX).

In essence, the latter statement is a consequence of the completeness of the
default-free market model. Indeed, the fact that the conditional expectation
Ep(X | Fr) can be written as a stochastic integral w.r.t. S follows directly
from the completeness of the default-free market. In conclusion, the quadratic
hedging price equals Ep({7X) = EqQX and the quadratic hedging strategy is
the replicating strategy of the attainable claim Ep (X | Fr) associated with X.
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1.4.2 Quadratic Hedging with G-Adapted Strategies

Similarly as in the previous subsection we assume here that the price process of
the underlying asset obeys

dSt = St(th + O'th).
The wealth process follows
dVP (m) = m(vdt + odWy), Vi(m)=w.

We shall first solve, for a given initial endowment v, the following minimization
problem

ﬂélllTi(%)Ep((V%’(W)—XV)

As discussed in Bielecki et al. (2004b) one way of solving this problem is to
project the random variable X on the closed set of stochastic integrals of the
form fOT psdSs. Here, we present an alternative approach. We are looking for
G-adapted processes X, © and ¥ such that the process

Ji(m,v) = (VP(x) — X,)*0, + ¥, Vie[0,T], (1.22)

is a G-submartingale for any G-adapted trading strategy = and a G-martingale
for some strategy n*. In addition, we require that X = X, ©p =1, &7 =0
so that Jp(m,v) = (VE(m) — X)?. Let us assume that the dynamics of these
processes are of the form

dXt = Tt dt + ?E\t th + @ th7 (123)
d0; = O, (9ydt + 9, dW; + 0, dM,), (1.24)
AV, = ydt+ oy dW, + ¥y dM,, (1.25)

where the drifts x;, ¥; and 1, are yet to be determined. From It6’s formula, we
obtain (recall that § = vl {,~4)

d(Vi — Xi)? = 2(V; — Xy)(meo — 2¢) dWy — 2(Vi — Xy )Ty dM;
+ [(Vt - Xio — gt)2 - (Vi — th)z}th
+ (2(‘/; — Xt)(ﬂ'ty — .’L't) + (7Tt0' — Et)Q
+&[(Ve = X = 7)? = (Vi - X0)?] ),

where we denote V; = V,?(w). Then, using integration by parts formula, we
obtain by straightforward calculations

Ji(m) = k(t, 7, 04, 4,90 )dt + martingale
where
k(t, 70, 02, ey We) =y + Oy [wvt —X,)?
+2(Vi — Xo)[(mer — @) + O4(mpo — By) + &4
+(mo =32+ &0+ D)[(Vi— X — 70)2 — (Vi — Xt)ﬂ .
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The process J() is a (local) martingale if and only if its drift term k(¢, 7¢, 24, 94, ¥t)
equals 0 for every ¢ € [0,T7].

In the first step, for any ¢ € [0, 7] we shall find 7} such that the minimum
of k(t,m,zy, V¢, is attained. Subsequently, we shall choose the processes
x = x*, 9 = ¥* and ¥ = ¢* in such a way that k(¢, 7}, z;, 97, ¢;) = 0. This
choice will imply that k(t, ¢, x5, 95, 1¥F) > 0 for any trading strategy = and any
t € 0,T].

The strategy 7* which minimizes k(t, 7, z¢,9¢, 1) is the solution of the
following equation:

(VP (7) = Xo) (v + 040) + o(mo — F) =0, Vte[0,T).
Hence, the strategy «* is implicitly given by
mr =08 — o 2w+ 0,0) (VP () = Xp) = Ay — BV () — Xy),
where we denote R
At:O'_lfL'\t, Bt:U_Q(V+19tJ).
After some computations, we see that the drift term of the process J(7*) admits
the following representation:
Rt 7, 0w, ) = o+ OV = Xo)* (0, — 0 BF)
+ 2@t(Vt - Xt)(U2AtBt - ﬁt/x\t - ﬁtit& - $t) + 9t§t(19t + 1)55
From now on, we shall assume that the auxiliary processes ¢, x and ¥ are chosen
as follows:
’19,5 = 19; = 0'23752,
w = @} = 02 A By — 018 — Vi,
P = P = —0,6 (9 + 1)77.
Straightforward computation verifies that if the drift coefficients ¢, x, ¢ in (1.23)-
(1.25) are chosen as above, then the drift term in dynamics of J is always

non-negative, and it is equal to 0 for 7} = A; — B (VP (7*) — Xy).
Our next goal is to solve equations (1.23)-(1.25). Since ¥J; = 0?B2, the

three-dimensional process (©, 1/5I, ) is the unique solution to the linear BSDE
(1.24)
dO; = O (0 (v + ¥0,0)* dt + 9y AW, + I, dM,), Or = 1.

It is obvious that a solution is
U, =0, 9,=0, O, =exp(—0*(T—1)), Vtel0,T]. (1.26)

The three-dimensional process (X, Z,Z) solves equation (1.23) with =, = z} =
02 Ay(v/0?) = 07;. This means that (X, 7, ) is the unique solution to the linear
BSDE

dXt = 93:\,5 dt + C/C\t th + Et th, XT = X.
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The unique solution to the last equation is X; = Eq(X |G;). The components
Z and ¥ are given by the integral representation of the G-martingale (X, ¢ > 0)
with respect to W® and M, where VVtQ = W+ 6t. Notice also that since 9= 0,
the optimal portfolio 7* is given by the feedback formula

T o= 071(@ -0V (™) — Xt)).

Finally, since 9= 0, we have 1, = —&,;770,. Therefore, we can solve explicitly
the BSDE (1.25) for the process ¥. Indeed, we are now looking for a three-
dimensional process (¥, ), 1), which is the unique solution of the BSDE

AV, = —©,&,37 dt + Py AW, + by dMy, U = 0.
Noting that the process

t
\I/t—i—/ 0:£,2°% ds
0

is a G-martingale under P with terminal value fOT 06,72 ds, we obtain the
value of ¥ in a closed form:

o, Ep ( /t ! 0,6,72 ds ‘ gt)

T
t

T
_ / o0 (T—s) Ep(%ﬁer‘_rs
t

Fy) ds (1.27)

where we have identified the process T with its F-adapted version (recall that any
G-predictable process is equal, prior to default, to an F-predictable process).

Substituting (1.26) and (1.27) in (1.22), we conclude that for a fixed v the
value function for our problem is J; (v) = Jy(7*,v), where in turn

T
Ji(m* ) = (Vt”(W*)—Xt)Qe_ez(T_t)+Il{7>t}/ e (T=) Ep (vsz2e" " | F) ds.
¢

In particular,

Jy(v) = e=0°T ((U — Xo)? +Ep ( /T eezsfysfiefrs ds)).
0

The quadratic hedging price, say v*, is obtained by minimizing Jj(v) with
respect to v. From the last formula, it is obvious that the quadratic hedging
price is v* = Xy = EqQX. We are in the position to formulate the main result
of this section. A corresponding theorem for a default-free financial model was
established by Kohlmann and Zhou (2000).
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Proposition 1.4 Let a claim X be Gr-measurable and square-integrable under
P. The optimal trading strategy 7", which solves the quadratic problem

in E Uir) — X)?
L win p((Vr(m) %),

1s given by the feedback formula
T = 0_1(53} -0V (r") — Xt)),
where Xy = Eq(X | G,) for every t € [0,T], and the process T, is specified by
dXy = T dWS + %, dM,.

The quadratic hedging price of X is EQX.

Example: Survival Claim

Let us consider a simple survival claim X = 1{,>7}, and let us assume that

I is deterministic, specifically, T'(t) = fot v(s)ds. In that case, from the rep-
resentation theorem (see Bielecki and Rutkowski (2002), Page 159), we have
dX, = T, dM, with 7, = —e"®O-T(T)_ Hence

v, — Ep(/T 0,672 ds| G,
tT
= EP (/ @S’}/(S)]1{7->5}€2F(S)_2F(T) ds ‘ gt)
t

T
= 1y T (B)—21(T) EP(/ 6792(T75)7(S)6F(s) ds ‘ ft)
t

T
_ H{T>t}eF(t)—2F(T)/ 6—92(T—s),y(8)el“(s)d8.
t

One can check that, at time 0, the value function is indeed smaller that the one
obtained with F-adapted portfolios.

Case of an Attainable Claim

Assume now that a claim X is Fp-measurable. Then X, = Eq(X |G;) is the
price of X, and it satisfies dX; = 7; thQ. The optimal strategy is, in a feedback
form,

7'1'2k = 0'71(55\1; — 9(‘/15 — Xf))
and the associated wealth process satisfies
dVy = nf (vdt + odWy) =} o thQ =g ! (a@ —v(Vy — Xt)) thQ.

Therefore,
d(Vi — Xy) = —0(V; — X,) dW2.

Hence, if we start with an initial wealth equal to the arbitrage price EQX of
X, then we that V; = X, for every t € [0,T], as expected.
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Hodges Price

Let us emphasize that the Hodges price has no real meaning here, since the
problem min Ep((V#)?) has no financial interpretation. We have studied in
Bielecki et al. (2004b) a more pertinent problem, with a constraint on the
expected value of V7 under P. Nevertheless, from a mathematical point of
view, the Hodges price would be the value of p such that

T
2 o~ —
(02— (v - p)?) = / S Ep (172 T ) Ly oy ds
0

In the case of the example studied in Section 1.4.2, the Hodges price would be
the non-negative value of p such that

T
Qup —p? = e 2l / 5y el ds.
0

Let us also mention that our results are different from results of Lim (2004).
Indeed, Lim studies a model with Poisson component, and thus in his approach
the intensity of this process does not vanish after the first jump.

1.4.3 Jump-Dynamics of Price

We assume here that the price process follows
dS; = S;_ (l/dt + odW; + (det), So >0

where the constant ¢ satisfy ¢ > —1 so that the price S; is strictly positive.
Hence, the primary market, where the savings account and the asset S are
traded is arbitrage free, but incomplete (in general). It follows that the wealth
process follows

dVP (n) = m(vdt + odWy + odMy), Vi (w) =wv.

As in the previous subsection, our aim is, for a given initial endowment v, solve
the minimization problem:

min Ep (VA(r) — X)?).

In order to characterize the value function we proceed analogously as before.
That is, we are looking for processes X,© and ¥ such that the process (for
simplicity we write V; in place of V;(m))

J(t, Vi) = (Vi — Xt)2®t + U,

is a submartingale for any 7 and a martingale for some 7*, and such that
Ur =0, Xr = X, 07 = 1. (Note that Mania and Tevzadze (2003a) did a
similar approach for continuous processes, with a value function of the form
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Jp = ®o(t) + ®1(t)V; + Po(t)V;2.) Let us assume that the dynamics of these
processes are of the form

dX; = fidt +T,dW; + T,dM;, (1.28)
A0, = O,(9ydt + 0ydW, + 9,dM;) (1.29)
AUy = Pydt + e dWy + Yed My (1.30)

where the drifts f;, ¥ and ¢; have to be determined.
From It6’s formula we obtain
d(Vi — X1)? = 2(V; — Xy)(meo — Ty)dW,
+ [(Vt +mp— Xi — 5t)2 - (Vi - Xt)Q] dM;
+ 2V — Xo)(mp — fi) + (mo — 7,)?
+ & [(V;: +mp— Xy — @)2 - (Vi — Xt)2 —2(Vh — Xy)(mp — @)}) dt.

Process ©;(V; — X;)? + ¥, is a (local) martingale iff k(my, f;,9s, 1) = 0 for all
t, where

k(ﬂ-aﬁa fﬂ/’) = 1/’ + et [ﬁt(‘/;f - Xt)2

+ 2(Vi — Xy) ((W/i -+ @(WU —Zy) — &(mp — 5t))

+ (mo— )2

&+ ) Vit e - X =3 = (Vi - X)) -
In the first step, we find 7% such that the maximum of k() is obtained. Then,
one defines (f*,9*,1*) such that k(n¥, f* 9*,¢*) = 0. This implies that, for
any , k(m, f*,9%,9*) <0, and that k(x*, f*, 9%, 4*) = 0.

The optimal ¥ is the solution of
(Vi — Xo) (1 — &up + 010) + o (w0 — &)
+ &+ Dp(Vi+mo — Xo — ) = 0.

hence
1 9 - o~
ﬂ ) z z - —
T = o2 + ‘PQEt(ﬁt 1) ((Uxt + &0 + 1)Ty) — (1 + 9o + &) (V; Xt)>
with

>
I

(U./If\t + &(p(ﬁt + 1).%,5) At_l
Bt = (/j/ + ’;’;0’ + ft@gt) A;l
At = O'2 +§02€t(’lf§t+1)
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After some computations the drift term of ©;(V; — X;) 4+ ¥, is found to be
Ou(Vi = X029 — BEA) +200(Vi = X,) (ABiA — 0,3 — 693 — 1)
+ O (U + 1) (Avp — )2 + Os(Aro — Te)? + .

Then, we choose

fi = ABA — §iF — E0:0
VF = =050 + 1)(Avp — 70)? — O4(Ayo — Ty)2.

Let us suppose that with this choice of drifts equations (1.29)-(1.30) admit
solutions (we shall discuss this issue below). Next, let us denote these solutions
as (@*,3*,5*), (X*,z*,7*) and (\I!*,{ZJ\*,J*); the corresponding processes A,
B and A will be denoted as A*, B* and A*. Consequently, the drift term of
O; (Vi (r) — X)) + ¥f is non-positive for any admissible = and it is equal to 0
for m* = Af — By (V""" (n*) — X}).

The three dimensional process (0%, 3*, 13*) is supposed to satisfy the BSDE

do; =

0 ((,U + ’3,50' + gt(,O’L’;t)Q

> dt + 0, dW, + 9,dM, (1.31)
o2 + 926 (0 + 1)

Or = 1.

We shall discuss this equation later.
The three dimensional process (X*, z*, T*) is a solution of the linear BSDE

1 - ~ N ~
dXt = K (H/l,txt + /4/2,txt) dt + l‘tth + thth
t
Xr = X
where

K1t =0p+ J@fﬂ;t - 90211&(1 + 5t)a Ko = 0§ (1 + 5t)(ﬂ + 01’9\15) - 02&% .

Thus,
X = Eq~(X|Gy),

where dQ"|g, = LEN)dP|gt and

dL®) = —p (ELE gy 4 B2 gy
t t— ( At t fAt t)

The three dimensional process (¥*, 15*, {/;*) is solution of

d\IJt = —@t (gt(gt + 1)(14“0 — 502 —+ (AtO' — fﬂ\t)2> dt —+ thth —+ Jtht
Ur = 0.
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Thus, noting that

v+ /Ot O, (&(T, + 1)(Asp — 52 + (Ay0 — 3,)%) ds

is a G-martingale, we obtain that
T ~
U =E (/ 0, (gs(ﬁs +1)(Asp — T5)? 4 (Aso — a?s)?) ds|gt> . (1.32)
t

Discussion of equation (1.31): Duality approach

Our aim is here to prove that the BSDE (1.31) has a solution. We take the
opportunuity to correct a mistake in Bielecki et al (2004b) where we claim that,
in the particular case where the intensity 7y is constant, we get a solution of the
form 6, constant. The solution that appear in Bielecki et al. is valid only in the
case P(7 < T) = 1. We proceed using duality approach.

The set of equivalent martingale measure is determined by the set of densi-
ties. From Kusuoka (1999) representation theorem, it follows that any strictly
positive martingale in the filtration G can be written as

st = Ltf (thWt + Xtht) (133)

for a G-predictable process x satisfying x; > —1. In order that L corresponds
to the Radon-Nikodym density of an emm, a relation between ¢ and y has to be
satisfied in order to imply that process L;S; is a P (local) martingale. (Recall
that » = 0.) Straightforward application of integration by parts formula proves
that the drift term of LS vanishes iff

extée +oly +v =10

Recall that by definition the variance optimal measure for L is a probability
measure Q* such that it minimizes Eq-(L%). At this moment we are unable to
verify existence/uniqueness of such a measure in the context of our model. We
thus assume that the measure exists,

Hypothesis: We assume that the variance optimal measure exists.

In what follows we shall use the same argument as in Bobrovnytska and
Schweizer (2004). Towards this end we denote by L* the Radon-Nikodym
density of the variance optimal martingale measure. Let Z be the martingale
Z;y = Eq-(L%|G,) and U = L*/Z. It is proved in Delbaen and Shachermayer
(Lemma 2.2) that, if the variance optimal martingale measure exists, then there
exists a predictable process Z such that

dZt/th = /Z\tdSt = Zt (O'th + QOth + th)

where z; = 2;:S;— (in the proof of lemma 2.2, the hypothesis of continuity of the
asset is not required). The process L* is a (P, G) martingale, hence there exist
¢ and x such that

dLy = Li_(£;dWy + x¢dM;)
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From Itd’s calculus, setting U = L*/Z, we obtain

dUt = Ut_ (Atdt + (Zt - ZtO')th + ( (Xt + 1) — 1)) th> s UT = 1,

1+ 20
where
A, = Z2o? 1 —1
¢ zpo” + & +Xt)(zt90+1+zt<p )
2 2
2 2 P
= 1
zio” 4+ &( +Xt)1—|—zt<p
2 2 902
= z + & (1 + .
t (U ft( Xt)l—kzﬂp)
We recall that px & + ol + v = 0. Hence, letting
at = Et—ZtO'
U ! (x¢+1)—1
U = — -1,
t 1+ 20 Xt

we get
v+ O'at + wftﬂt

o2 + 28 (1 + uy) .

Zt =

It follows that

2
t Z ( &i( Xt)il—i—ztgo

2
= Zf2 (()’2 + ft(l —+ Zt(p)(l + at) 1 _;_pZt(p>

= 2z (02 +&(1+ at)%ﬂQ)
(v + oty + p&tig)?
02 + p2& (14 uy)

so that process U is a solution of

(v + oty + (Pftﬂt)Q ~ ~
=U,_ dt d dM, =1
dUy = Uy <02+<P2§t(1+ﬂt) + w dWy + wdM,; ), Ur )

which establishes that the BSDE (1.31) has a solution as long as the variance
optimal martingale measure exists in our set-up.
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