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The paper analyzes alternative mathematical techniques, which can
be used to derive hedging strategies for credit derivatives in models
with totally unexpected default. The stochastic calculus approach
is used to establish abstract characterization results for hedgeable
contingent claims in a fairly general set-up. In the Markovian
framework, we use the PDE approach to show that the arbitrage
price and the hedging strategy for an attainable contingent claim
can be described in terms of solutions of a pair of coupled PDEs.
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Introduction

This paper presents some methods to hedge defaultable derivatives
under the assumption that there exist tradeable assets with dynamics al-
lowing for elimination of default risk of derivative securities. We inves-
tigate hedging strategies in alternative frameworks with different degrees
of generality, an abstract semimartingale framework and a more specific
Markovian set-up, and we use two alternative approaches.

On the one hand, we use the stochastic calculus approach in order to
establish rather abstract characterization results for hedgeable contingent
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claims in a fairly general set-up. We subsequently apply these results to de-
rive closed-form solutions for prices and replicating strategies in particular
models.

On the other hand, we examine the PDE approach in a Markovian
setting. In this method, the arbitrage price and the hedging strategy for an
attainable contingent claim are described in terms of solutions of a pair of
coupled PDEs. Again, for some standard examples of defaultable claims,
we provide explicit formulae for prices and hedging strategies (for further
examples of trading strategies involving tradeable credit derivatives, we
refer to Laurent [31] or Bielecki et al. [8]). As expected, both methods yield
identical results for some special cases considered in this work.

For the sake of simplicity, we only deal with financial models with
no more than three primary assets (models with an arbitrary number of
primary assets were studied in Bielecki et al. [6]). Also, it is postulated
throughout that the default time is the same for all defaultable securities.
An extension of our results to the case of several (possibly dependent)
default times is crucial if someone wishes to cover the so-called basket
credit derivatives (in this regard, see Section 6 in Bielecki et al. [7]).

Let us comment briefly on the terminology used in this work. Tradi-
tionally, credit risk models are classified either as structural models (also
known as value-of-the-firm models) or as reduced-form models (also termed
intensity-based models). In their original forms, the two approaches, struc-
tural and reduced-form, are extreme cases, in the sense that the default
time is modelled either as a predictable stopping time (the first moment
when the firm’s value hits some barrier, as in Black and Cox [9]), or by
a totally inaccessible stopping time (defined via its intensity, as in Jarrow
and Turnbull [25]). However, as argued by several authors (see, for in-
stance, Duffie and Lando [17], Giesecke [21]-[22], Jarrow and Protter [24],
Jeanblanc and Valchev [28], or Guo at al. [23]), probabilistic properties of
default time are directly related to the publicly available information (it is
important, for instance, whether the value of the firm and/or the default
triggering barrier are observed by the market with absolute accuracy).

In fact, in several structural models the default time is no longer pre-
dictable, as it was the case in classic models with deterministic default
triggering barrier and full observation of the firm value process (see, Mer-
ton [33] or Black and Cox [9]). For this reason, we decided to refer to credit
risk models considered in this work as models with totally unexpected de-
fault (the strict mathematical term, totally inaccessible stopping time, seems
to be rather cumbersome for a frequent use). For a more exhaustive pre-
sentation of mathematical theory of credit risk, we refer to Arvanitis and
Gregory [1], Bielecki and Rutkowski [3], Bielecki et al. [4], Cossin and
Pirotte [15], Duffie and Singleton [18], Lando [30], or Schénbucher [36].
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1. Totally Unexpected Default

In this section, we describe briefly the fundamental features of the credit
risk models with unexpected default. Also, we collect here few technical
results that are used in subsequent sections.
1.1 General Set-up

We assume that we are given a probability space ({2, G, IP) and a non-
negative random variable 7 on this space. We always postulate that t
is strictly positive with probability 1. Note that the probability measure
IP represents the historical probability reflecting the real-life dynamics of
prices of primary traded assets, rather than some martingale measure for
our financial model. We first focus on different definitions of default in-
tensity encountered in the literature.

1.1.1 Intensity of a Stopping Time

Suppose that (2, G, P) is endowed with some filtration G such that 7 is
a G-stopping time. Let H be the default process, defined as H; = 15} (note
that H is a bounded G-submartingale). We say that 7 admits a G-intensity

if there exists a E-adapted, nonnegative process A such that the process

t A
(1) Mt:Ht—fAudu:Ht—f )\udu
0 0

is a a—martingale (the second equality in (1) follows from the fact that
the process H is stopped at 7). Then M is called the compensated G-
martingale of the default process H. In order for a é-stopping time 7 to
admit a @-intensity A, it has to be totally inaccessible with respect to G, so

that IP(t = 0) = 0 for any G-predictable stopping time 0. The simplest
example is the moment of the first jump a Poisson process. Note that the

intensity A necessarily vanishes after default.
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Remark 1.1. Some authors define the intensity as the process A such that

Hi— fo Ay duisa G- -martingale. In that case, the process Ais not uniquely
defined after time 7.

1.1.2 [F-Intensity of a Random Time

We change the perspective, and we no longer assume that the filtration
G is given a priori. We assume instead that 7 is a positive random variable
on some probability space (Q,G,P). Let H = (H;, t > 0) be the natural
filtration generated by the default process (H;, t > 0), and let F = (%, t > 0)
be some reference filtration in (Q2, G, IP).

We assume throughout that the information available to an investor is
modeled by the filtration G = [F v H. Consequently, we can reduce our
study to the case where the default intensity (if it exists) is G-adapted,
meaning that the process M given by (1) is a G-martingale for some G-
adapted process A. In this setting, there exists a process A = (A;, t > 0),
called the [F-intensity of T, which is F-adapted and equal to A before default,
so that Atl<qy = Atlly<qy for every t € R,. The existence of A (and its
uniqueness under some technical conditions) follows from the following
result (see Dellacherie et al. [16], Page 186).

Lemma 1.1. Let G = [F vV IH. Then for any G-predictable process C there exists
an F-predictable process C such that

@) Et]l{tsﬂ = Clly<q, VYEER,.

If, in addition, the inequality F; := P(t < t|F4) < 1 holds for every t € R, then
the process C satisfying (2) is unique.

Of course, we have that

IAT tAT
Mt:Ht_f /\udu:Ht_f /\udlxl.
0 0

Suppose that the reference filtration is chosen in such a way that the default
events {7 < t} are not in F. Then the F-intensity A is uniquely defined after
T and, typically, does not vanish after 7.
1.2 Hypothesis (H)

In this section, we focus on the invariance property of the so-called
hypothesis (H) under an equivalent change of a probability measure.

Definition 1.1. We say that filtrations [F and G, with F C G, satisfy the
hypothesis (H) under IP whenever any [F-local martingale L follows also a
G-local martingale.
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Remark 1.2. We emphasize that, in general, an F-martingale may fail to
follow a G-martingale. As a trivial example, consider a fixed date T > 0
and take G; = ¥ for every t € [0, T]. Then any [F-martingale L satisfies
Ep(Lt|Gs) = L; for s < t, and thus L is not a G-martingale, in general.
It is even possible, but more difficult, to produce an example of an IF-
martingale, which is not a semi-martingale with respect to G. For other
counter-examples, in particular those involving progressive enlargement
of filtrations, we refer interested reader to Protter [35], or Mansuy and Yor
[32].

The original formulations of the hypothesis (H) refer to martingales
(or even square-integrable martingales), rather than local martingales. We
shall show that in our set-up the definition given above is equivalent to the
original definition. In fact, the hypothesis (H) postulates a certain form of
conditional independence of o-fields associated with IF and G, rather than
a specific property of F-(local) martingales. In particular the following
well known result is valid.

Lemma 1.2. Assume that G = FVIH, where IF is an arbitrary filtration and H is
generated by the process Hy = W(z<yy. Then the following conditions are equivalent
to the hypothesis (H).

(i) For any t,h € R, we have

(3) P(t < t|F1) = P(T <t Frin)-
(i’) For any t € R, we have
4) P(t < t|F;) = P(1 £ £ Foo)-

(ii) For any t € R, the o-fields Fo and G, are conditionally independent given
F: under IP, that is,

Ep(En1F1) = Ep(E1F) Ep(n] %)

for any bounded, Fo-measurable random variable & and bounded, G-measurable
random variable 1.

(iii) For any t € Ry, and any u > t the o-fields F, and G, are conditionally
independent given F.

(iv) For any t € R, and any bounded, F«-measurable random variable &:
Ep(E1Gt) = Ep(E|F).

(v) For any t € R,, and any bounded, G-measurable random variable n:
Ep(n1%1) = Ep(n| Fe)-

Proof. The proof of equivalence of conditions (i’)-(v) can be found, for
instance, in Section 6.1.1 of Bielecki and Rutkowski [3] (for related results,
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see Elliott et al. [20]). Using monotone class theorem it can be shown
that conditions (i) and (i’) are equivalent. Hence, we shall only show that
condition (iv) and the hypothesis (H) are equivalent.

Assume first that the hypothesis (H) holds. Consider any bounded,
Fe-measurable random variable &. Let Ly = Ep(&|F;) be the martingale
associated with &. Then, (H) implies that L is also a local martingale with
respect to G, and thus a G-martingale, since L is bounded (recall that any
bounded local martingale is a martingale). We conclude that L; = Ep(E | G:)
and thus (iv) holds.

Suppose now that (iv) holds. First, we note that the standard truncation
argument shows that the boundedness of £ in (iv) can be replaced by the
assumption that & is P-integrable. Hence, any F-martingale L is an G-
martingale, since L is clearly G-adapted and we have, for every t <'s,

Ly = Ep(Ls | 1) = Ep(Ls | GY).

Now, suppose that L is an [F-local martingale so that there exists an in-
creasing sequence of F-stopping times 7, such that lim,_,, 7, = oo, for
any 7 the stopped process L™ follows a uniformly integrable [F-martingale.
Hence, L™ is also a uniformly integrable G-martingale, and this means that
L follows a G-local martingale. m]

1.2.1 Hazard Process

Let 7 be a random time on a space (Q, G, IP) such that the filtrations
F and G = F Vv H satisfy the hypothesis (H). Then, from (4), the process
F; =P(1 < t| ;) is increasing.

We make the standing assumption that F; < 1 for every t € R,, and we
define the [F-hazard process I by setting I't = —In (1—-F;). Let, in addition, the
process F be absolutely continuous with respect to the Lebesgue measure,
so that

t
Ft:ffudu, VteR,,
0

for some [F-progressively measurable (or F-predictable) process f. Then
the F-hazard process satisfies

t
Tt=f)/udu, VtelR,,
0
where the F-intensity y is given by

_ [
() y=1g YIER.

From now on, we take (5) as the definition of the F-intensity y, and we
make the standing assumption that the hypothesis (H) holds under IP. The
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following auxiliary result is standard (see, for instance, Elliott et al. [20] or
Blanchet-Scalliet and Jeanblanc [10]).

Lemma 1.3. For any P-integrable, Fr-measurable random variable X we have,
fortel0,T],
]E]P(X]IIT<T} |gt) = ﬂ[t<r} er[]E]P(Xe_rT |7:f)

1.2.2 Canonical Construction
We now describe the canonical construction of a random time with a
given [F-hazard process. Let W be an F-adapted, increasing, nonnegative
process with Wy = 0 and lim;_,., ¥; = co. We define a nonnegative random
variable 7 by setting

T=inf{te R, :V; > B},

where O is a random variable independent of [F, with the exponential
distribution of parameter 1. Of course, the existence of ® on the origi-
nal probability space (2, G, IP) is not guaranteed, so that we allow for an
extension of the underlying probability space.

We shall now find the process F; = P{t < t|#;}. Since clearly {t > t} =
{© > W}, we get

Pit > t|Foo} = P(O > W, | Foo} = ™.
Consequently,
1-F =Pt > t|F) = Ep(Plt > t|Fo} | F7) =,

and so F is an F-adapted, continuous, increasing process. We conclude
that for every t € R,

(6) Fr=1-e"" =Pt <t|Fo) = PlT < t|F3},

and thus W coincides with the [F-hazard process I' of 7 and the hypothesis
(H) is valid. It is also not difficult to show that the process M; = Hy — It =
H; — W, follows a G-martingale.

The following result shows that under the hypothesis (H), for any
random time 7 with continuous hazard process I, the auxiliary random
variable © can be constructed on the original probability space, using t
and I (see El Karoui [19] or Blanchet-Scalliet and Jeanblanc [10]).

Lemma 1.4. Let 7 be a random time on a probability space (Q, G, IP) such that
the IF-hazard process I of T under IP is continuous and the hypothesis (H) holds.
Then there exists a random variable © on (Q, G, P), independent of F and with
the exponential distribution of parameter 1, such that

(7) t=inf{te R, : T} > O}
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Proof. It suffices to check that the random variable ® = I'; has the desired
properties. Indeed, we have, for every t € R,

PO > t|Fw) = P(Tr 2 t|Fu) = P(T 2 A|Foo) = exp(-Ta,) = ¢,

where A is the left inverse of I', so that I'4, = ¢ for every t € R,. a

1.3 Change of a Probability Measure

Kusuoka [29] shows, by means of a counter-example, that the hypoth-
esis (H) is not invariant with respect to an equivalent change of the under-
lying probability measure, in general. It is worth noting that his counter-
example is based on two filtrations, H! and H?, generated by the two
random times 7! and 72, and he chooses H! to play the role of the reference
filtration IF. We shall argue that in the case where F is generated by a
Brownian motion (or, more generally, by some martingale orthogonal to
M under IP), the above-mentioned invariance property is valid under mild
technical assumptions.

1.3.1 Preliminary Lemma

Let us first examine a general set-up in which G = [F v IH, where F is
an arbitrary filtration and H is generated by the default process H. We say
that Q is locally equivalent to IP if Q is equivalent to IP on (Q, G;) for every
t € R,. Then there exists the Radon-Nikodym density process 7 such that

(8) dQlg, =n:dPlg, VtelR,.

Part (i) in the next lemma is well known (see Jamshidian [27]). We assume
that the hypothesis (H) holds under IP.

Lemma 1.5. (i) Let Q be a probability measure equivalent to IP on (Q, Gy) for
every t € R,., with the associated Radon-Nikodym density process 1. If the density
process 1) is F-adapted then we have Q(t < t|F;) = P(t < t|F;) forevery t € R,.
Hence, the hypothesis (H) is also valid under Q and the [F-intensities of T under
Q and under P coincide.

(ii) Assume that Q is equivalent to IP on (QQ,G) and dQ = 1. dP, so that
Nt = Ep(Neo | Gt). Then the hypothesis (H) is valid under Q whenever we have,
foreveryt € R,

Ep(NeoH; | Foo) _ Ep(n:Ht | Foo)

©) Ev(1o 7o) Ex(p172)

Proof. To prove (i), assume that the density process 1 is F-adapted. We
have foreacht <s e R,

Ep(iliz<y | F1)

Q== 7 i)

=P(r <t|Fy) = P(r < t[F) = Qr < £ F),
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where the last equality follows by another application of the Bayes formula.
The assertion now follows from part (i) in Lemma 1.2.
To prove part (ii), it suffices to establish the equality

(10) F=Q<t|F)=Q(t <t|Fw), VEeER,.

Note that since the random variables 7;1{;<y and 7; are P-integrable
and G;-measurable, using the Bayes formula, part (v) in Lemma 1.2, and
assumed equality (9), we obtain the following chain of equalities

Ep(:Lie<y |F1)  Ep(illirey | Foo)

Q(t <t|F) =

Ep(:|F) — Ee(lF)
]E]P(T]ooll{rst} | Foo)
Er(l 7o) 0 =tTe)
We conclude that the hypothesis (H) holds under Q if and only if (9) is
valid. m|

Unfortunately, straightforward verification of condition (9) is rather
cumbersome. For this reason, we shall provide alternative sufficient con-
ditions for the preservation of the hypothesis (H) under a locally equivalent
probability measure.

1.3.2 Case of the Brownian Filtration

Let W be a Brownian motion under IP with respect to its natural filtration
F. Since we work under the hypothesis (H), the process W is also a G-
martingale, where G = F vV H. Hence, W is a Brownian motion with
respect to G under IP. Our goal is to show that the hypothesis (H) is still
valid under Q € Q for a large class Q of (locally) equivalent probability
measures on (Q), G).

Let Q be an arbitrary probability measure locally equivalent to IP on
(QQ,G). Kusuoka [29] (see also Section 5.2.2 in Bielecki and Rutkowski
[3]) proved that, under the hypothesis (H), any G-martingale under P
can be represented as the sum of stochastic integrals with respect to the
Brownian motion W and the jump martingale M. In our set-up, Kusuoka’s
representation theorem implies that there exist G-predictable processes 0
and C > —1, such that the Radon-Nikodym density n of Q with respect to
IP satisfies the following SDE

(11) dT]t = ﬂt_<9t th + Ct th)

with the initial value 19 = 1. More explicitly, the process 1 equals

(12) ne = 8[ (f Gu dwu)at (f Cu dMu) = n}ntzl
0 0
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where we write

. t t
(13) n =& ( f 0. dWl,) = exp ( f 0, dW, _1 f 02 du),
0 0 2 0

and

- t tAT
(14) n%=8t( f cudMu):exp( f In(1 + C,) dH, — f cuyudu).
0 0 0

Moreover, by virtue of a suitable version of Girsanov’s theorem, the fol-
lowing processes W and M are G- -martingales under Q

t t
(15) Wi =Wy — f Oudu, M;=M;~- f ]1{u<1}7/uCu du.
0 0

Proposition 1.1. Assume that the hypothesis (H) holds under P. Let Q be a
probability measure locally equivalent to P with the associated Radon-Nikodym
density process 1 given by formula (12). If the process O is F-adapted then
the hypothesis (H) is valid under Q and the F-intensity of T under Q equals

=(1+ Ct))/t, where Cis the unique F-predictable process such that the equality
Ct tt<r) = Clly<q) holds for every t € R,.

Proof. Let PP be the probability measure locally equivalent to IP on (€, G),
given by

(16) dP|g, =& (f . dMu) dP|g, = 2 dP|g,.
0

We claim that the hypothesis (H) holds under IP. From Girsanov’s theorem,

the process W follows a Brownian motion under PP with respect to both
F and G. Moreover, from the predictable representation property of W

under P, we deduce that any [F-local martingale L under IP can be written
as a stochastic integral with respect to W. Specifically, there exists an
F-predictable process & such that

t
Ly =Lo +f EudW,,.
0

This shows that L is also a G-local martingale, and thus the hypothesis (H)
holds under IP. Since

q0lg, =8f(f eudwu) iPlg,
0
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by virtue of part (i) in Lemma 1.5, the hypothesis (H) is valid under Q as
well. The last claim in the statement of the lemma can be deduced from
the fact that the hypothesis (H) holds under Q and, by Girsanov’s theorem,
the process

t t
M; = M; - f ]1{u<1}7/uCu du = H; - f ]1{u<'c](1 + Cu)yu du
0 0

is a Q-martingale. m|

We claim that the equality P = P holds on the filtration TF. Indeed, we
have dP | ¢ = 1 dP| 5, where we write 1; = Ep(1? | 1), and

(17) Ep(n?|1F:) = Ep (& ( f ‘ Ly dMu) |¢m) =1, YteR,,
0

where the first equality follows from part (v) in Lemma 1.2.

To establish the second equality in (17), we first note that since the
process M is stopped at T, we may assume, without loss of generality, that
C = C where the process C is F-predictable (see Lemma 1.1). Moreover, in
view of (7) the conditional cumulative distribution function of 7 given
has the form 1 — exp(—T'(w)). Hence, for arbitrarily selected sample paths
of processes C and I, the claimed equality can be seen as a consequence of
the martingale property of the Doléans exponential.

Formally, it can be proved by following elementary calculations, where
the first equality is a consequence of (14)),

g AT
JEP(&( fo EudMu)j"ffm):lEP((Hn{tZT@)exp(— f azyudu)‘ﬁo)

. _ tAU
:]E]P(f (1+]1f>u Cu)exp(_

CvV‘U dv))/ue e ody ’ Foo )

+Cu )/ueXp f(1+Cv)yudv du‘?—' )

([
+ exp( f Vo dv lElp (f yue—fo” y”d”du|7"oo)
t
f (1 + u)yu exp f 1+ Cv))/v dv)
(-

+ exp f oYVo dz; f yue*fo vedogy
0 t

t
=1- exp f 1+ Cv)yv dv) + exp f CoVo dv exp( f Vo dv) =1,
0
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where the second last equality follows by an application of the chain rule.
1.3.3 Extension to Orthogonal Martingales
Equality (17) suggests that Proposition 1.1 can be extended to the case of
arbitrary orthogonal local martingales. Such a generalization is convenient,
if we wish to cover the situation considered in Kusuoka’s counterexample.
Let N be a local martingale under IP with respect to the filtration FF.
It is also a G-local martingale, since we maintain the assumption that the
hypothesis (H) holds under IP. Let Q be an arbitrary probability measure
locally equivalent to IP on (Q),G). We assume that the Radon-Nikodym
density process 1 of Q with respect to IP equals

(18) dT]t = m-(@t dN; + ¢ th)

for some G-predictable processes 0 and C > —1 (the properties of the process
0 depend, of course, on the choice of the local martingale N). The next
result covers the case where N and M are orthogonal G-local martingales
under [P, so that the product MN follows a G-local martingale.

Proposition 1.2. Assume that the following conditions hold:

(a) N and M are orthogonal G-local martingales under IP,

(b) N has the predictable representation property under IP with respect to IF, in the
sense that any F-local martingale L under IP can be written as

t
LtZLO+f &udN,, VtelR,,
0

for some F-predictable process &,

(c) P is a probability measure on (Q, G) such that (16) holds.

Then we have: _

(i) the hypothesis (H) is valid under P,

(i) if the process O is F-adapted then the hypothesis (H) is valid under Q.

The proof of the proposition hinges on the following simple lemma.

Lemma 1.6. Under the assumptions of Proposition 1.2, we have:
(i) N is a G-local martingale under IP,
(ii) N has the predictable representation property for IF-local martingales under IP.

Proof. In view of (c), we have dPP| g, = n? dP| g,, where the density process
1% is given by (14), so thatdn? = n?_{; dM;. From the assumed orthogonality
of N and M, it follows that N and 7 are orthogonal G-local martingales
under P, and thus N7? is a G-local martingale under IP as well. This means

that N is a G-local martingale under f, so that (i) holds.
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To establish part (ii) in the lemma, we first define the auxiliary process
7 by setting 7; = Ep(n?|¥:). Then manifestly dP|s = 7;dP|, and thus
in order to show that any [F-local martingale under IP follows an F-local
martingale under P, it suffices to check that7; = 1 for every t € R, so that
P = P on FF. To this end, we note that

IE]P(T]%lﬁ)=IE]P(8t(f CMdMIA)|7_-oo):1, VtelR,,
0

where the first equality follows from part (v) in Lemma 1.2, and the second
one can established similarly as the second equality in (17).

We are in a position to prove (ii). Let L be an F-local martingale under
IP. Then it follows also an FF-local martingale under IP and thus, by virtue
of (b), it admits an integral representation with respect to N under IP and P.
This shows that N has the predictable representation property with respect
to IF under P. O

We now proceed to the proof of Proposition 1.2.

Proof of Proposition 1.2. We shall argue along the similar lines as in the proof
of Proposition 1.1. To prove (i), note that by part (ii) in Lemma 1.6 we know
that any [F-local martingale under IP admits the integral representation with
respect to N. But, by part (i) in Lemma 1.6, N is a G-local martingale under

IP. We conclude that L is a G-local martingale under P, and thus the

hypothesis (H) is valid under PP. Assertion (if) now follows from part (i) in
Lemma 1.5. O

Remark 1.3. It should be stressed that Proposition 1.2 is not directly em-
ployed in what follows. We decided to present it here, since it sheds some
light on specific technical problems arising in the context of modelling
dependent default times through an equivalent change of a probability
measure (see Kusuoka [29]).

Example 1.1. Kusuoka [29] presents a counter-example based on the two
independent random times 7; and 7, given on some probability space
(Q, G, P). We write Mi = H! — fo h yi(u) du, where H! = 1, and y; is the
deterministic intensity function of 7; under IP. Let us set dQ|g, = n:dP|g,,
where n; = n{n? and, fori = 1,2 and every t € R,,

oo [ -s [ can)

for some G-predictable processes ', i = 1,2, where G = H' v H2. We
set F = H! and H = H?. Manifestly, the hypothesis (H) holds under P.
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Moreover, in view of Proposition 1.2, it is still valid under the equivalent
probability measure P given by

dflgtzat(fCidMﬁ)dPlgt.
0

It is clear that P = IP on F, since

Ep(7?|F7) = Ep (& ( fo e de,)

However, the hypothesis (H) is not necessarily valid under Q if the process
! fails to be F-adapted. In Kusuoka’s counter-example, the process !
was chosen to be explicitly dependent on both random times, and it was
shown that the hypothesis (H) does not hold under Q. For an alternative
approach to Kusuoka’s example, through an absolutely continuous change
of a probability measure, the interested reader may consult Collin-Dufresne
etal. [13].

7{}):1, VieR,.

2. Semimartingale Model with a Common Default

In what follows, we fix a finite horizon date T > 0. For the purpose
of this work, it is enough to formally define a generic defaultable claim
through the following definition.

Definition 2.1. A defaultable claim with maturity date T is represented by a
triplet (X, Z, t), where:

(i) the default time T specifies the random time of default, and thus also the
default events {t < t} for every t € [0, T],

(ii) the promised payoff X € Fr represents the random payoff received by
the owner of the claim at time T, provided that there was no default prior
to or at time T the actual payoff at time T associated with X thus equals
X<y,

(iii) the [F-adapted recovery process Z specifies the recovery payoff Z; re-
ceived by the owner of a claim at time of default (or at maturity), provided
that the default occurred prior to or at maturity date T.

In practice, hedging of a credit derivative after default time is usually
of minor interest. Also, in a model with a single default time, hedging after
default reduces to replication of a non-defaultable claim. It is thus natural
to define the replication of a defaultable claim in the following way.

Definition 2.2. We say that a self-financing strategy ¢ replicates a default-
able claim (X, Z, 1) if its wealth process V(¢) satisfies V() Lir<r) = X r<r
and VT(¢)H{T2T} = ZTIL{TZT]'
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When dealing with replicating strategies, in the sense of Definition 2.2,
we will always assume, without loss of generality, that the components of
the process ¢ are [F-predictable processes.

2.1 Dynamics of Asset Prices

We assume that we are given a probability space (Q, G, IP) endowed
with a (possibly multi-dimensional) standard Brownian motion W and a
random time 7 admitting an F-intensity y under IP, where F is the filtration
generated by W. In addition, we assume that 7 satisfies (4), so that the
hypothesis (H) is valid under IP for filtrations IF and G = F vV H. Since the
default time admits an F-intensity, it is not an F-stopping time. Indeed,
any stopping time with respect to a Brownian filtration is known to be
predictable.

We interpret 7 as the common default time for all defaultable assets in
our model. For simplicity, we assume that only three primary assets are
traded in the market, and the dynamics under the historical probability IP
of their prices are, fori =1,2,3and t € [0, T],

(19) dY; = Yi_([-li,t dt + Ot th + Kit th),
or equivalently,
(20) dY; = Y;_((Hi/t - Ki,t)/tll{tgﬂ) dt + Oit th + Kit dHt)

The processes (ui, 0, ki) = (Uit Oip, kir, t 2 0), i = 1,2,3, are assumed to be
G-adapted, where G = F vV H. In addition, we assume that x; > —1 for
any i = 1,2,3, so that Y are nonnegative processes, and they are strictly
positive prior to .

Note that, according to Definition 2.2, replication refers to the behavior
of the wealth process V(¢) on the random interval [0, T A T] only. Hence,
for the purpose of replication of defaultable claims of the form (X, Z, 1),
it is sufficient to consider prices of primary assets stopped at T A T. This
implies that instead of dealing with G-adapted coefficients in (19), it suffices
to focus on F-adapted coefficients of stopped price processes. However,
for the sake of completeness, we shall also deal with T-maturity claims of
the form Y = G(Y1, Y7, Y3, Hr) (see Section 5 below).

2.1.1 Pre-default Values

As will become clear in what follows, when dealing with defaultable

claims of the form (X, Z, 7), we will be mainly concerned with the so-called

pre-default prices. The pre-default price Y' of the ith asset is an F-adapted,
continuous process, given by the equation, fori =1,2,3 and t € [0, T],

(21) d?; = ﬁ((pi,t - Kj,t')/t) dt + Oit th)
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with 176 =Y. Put another way, Y is the unique [F-predictable process such

that (see Lemma 1.1) Y/ ;<q) = Y'<q for t € R,. When dealing with the
pre-default prices, we may and do assume, without loss of generality, that
the processes p;, 0; and «; are [F-predictable.

Itis worth stressing that the historically observed drift coefficient equals
Uit — iyt rather than p;,. The drift coefficient denoted by u;; is already
credit-risk adjusted in the sense of our model, and it is not directly ob-
served. This convention was chosen here for the sake of simplicity of
notation. It also lends itself to the following intuitive interpretation: if
¢' is the number of units of the ith asset held in our portfolio at time ¢
then the gains/losses from trades in this asset, prior to default time, can be
represented by the differential

(1); d?; = Qb;?;([ll,t dt + Oit th) - Qb;?iﬂ(u')/[ dt.

The last term may be here separated, and formally treated as an effect of
continuously paid dividends at the dividend rate «;;):. However, this in-
terpretation may be misleading, since this quantity is not directly observed.
In fact, the mere estimation of the drift coefficient in dynamics (21) is not
practical.

Still, if this formal interpretation is adopted, it is sometimes possible
make use of the standard results concerning the valuation of derivatives of
dividend-paying assets. It is, of course, a delicate issue how to separate in
practice both components of the drift coefficient. We shall argue below that
although the dividend-based approach is formally correct, a more pertinent
and simpler way of dealing with hedging relies on the assumption that only
the effective drift p1; s —x; ) is observable. In practical approach to hedging,
the values of drift coefficients in dynamics of asset prices play no essential
role, so that they are considered as market observables.

2.1.2 Market Observables

To summarize, we assume throughout that the market observables are:
the pre-default market prices of primary assets, their volatilities and cor-
relations, as well as the jump coefficients «;; (the financial interpretation
of jump coefficients is examined in the next subsection). To summarize we
postulate that under the statistical probability IP we have

(22) dY; = Yi—(ﬁilf dt + Oit th + Kit dH[»)

where the drift terms 11;; are not observable, but we can observe the volatil-
ities 0 (and thus the assets correlations), and we have an a priori assess-
ment of jump coefficients «;;. In this general set-up, the most natural
assumption is that the dimension of a driving Brownian motion W equals
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the number of tradable assets. However, for the sake of simplicity of pre-
sentation, we shall frequently assume that W is one-dimensional. One of
our goals will be to derive closed-form solutions for replicating strategies
for derivative securities in terms of market observables only (whenever
replication of a given claim is actually feasible). To achieve this goal, we
shall combine a general theory of hedging defaultable claims within a con-
tinuous semimartingale set-up, with a judicious specification of particular
models with deterministic volatilities and correlations.
2.1.3 Recovery Schemes

It is clear that the sample paths of price processes Y’ are continuous,

except for a possible discontinuity at time 7. Specifically, we have that

AY =Y YL =Y,

sothat Y. = Yi_(1+x;.) =Y. _(1+%;,).

A primary asset Y’ is termed a default-free asset (defaultable asset, respec-
tively) if x; = 0 (x; # 0, respectively). In the special case when x; = -1,
we say that a defaultable asset Y’ is subject to a fotal default, since its price
drops to zero at time 7 and stays there forever. Such an asset ceases to
exist after default, in the sense that it is no longer traded after default. This
feature makes the case of a total default quite different from other cases, as
we shall see in our study below.

In market practice, it is common for a credit derivative to deliver a
positive recovery (for instance, a protection payment) in case of default.
Formally, the value of this recovery at default is determined as the value of
some underlying process, that is, it is equal to the value at time 7 of some
F-adapted recovery process Z.

For example, the process Z can be equal to 6, where 0 is a constant, or
to g(t,0Y;) where g is a deterministic function and (Y}, t > 0) is the price
process of some default-free asset. Typically, the recovery is paid at default
time, but it may also happen that it is postponed to the maturity date.

Let us observe that the case where a defaultable asset Y’ pays a pre-
determined recovery at default is covered by our set-up defined in (19).
For instance, the case of a constant recovery payoff 6; > 0 at default time t
corresppnds to the process «;; = (5,'(Y§_)‘1 — 1. Under this convention, the
price Y' is governed under IP by the SDE

(23) dYi =Y (widt + oy dW + (0i(Y) ™" = 1)dM).

If the recovery is proportional to the pre-default value Yi_, and is paid
at default time 7 (this scheme is known as the fractional recovery of market
value), we have «;; = 6; — 1 and

(24) dYi =Y (uidt + i dW, + (5; — 1) dM,).
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2.2 Risk-Neutral Valuation

To provide a partial justification for the postulated dynamics of the price
of a defaultable asset delivering a recovery, let us study a toy example with
two assets: a savings account with constant interest rate r and a defaultable
asset Y represented by a defaultable claim (X, Z, 7). In this toy model, the
only source of noise is the default time, hence, the only relevant filtration is
H (in other words, the reference filtration F is trivial). We assume that by
choosing today’s prices of a large family liquidly traded defaultable assets,
the market implicitly specifies a martingale measure Q, equivalent to the
historical probability IP. More precisely, the probability distribution of t
under an equivalent martingale measure (e.m.m.) Q can be inferred from
market data. We are thus interested in the dynamics of the price process
of (X, Z,7) under Q.

It is worth noting that in this subsection we adopt a totally different
perspective than in the rest of the present paper. In fact, no attempt to
replicate a defaultable claim is done in this section. We assume instead that
the risk-neutral default intensity can be uniquely determined from prices
of traded assets, and we postulate that the price of (X, Z, 7) is defined by
the standard risk-neutral valuation formula. The argument that formally
justifies the use of this pricing rule is that we obtain in this way an arbitrage-
free market model in which Q is a martingale measure, and a defaultable
claim can be considered to be an additional traded asset. Since we do
not assume here that a defaultable claim is attainable, its spot price (that
is, the price expressed in units of cash) depends explicitly on the risk-
neutral default intensity. As was mentioned above, the arbitrage price
of a defaultable claim, when expressed in terms of tradeable assets used
for its replication, will be shown to not depend directly on real-world (or
risk-neutral) default intensity.

To conclude, the rationale for the calculations given below, is that we
strive here to justify the dynamics of prices of primary assets in our model.
The risk-neutral valuation considered in this subsection is not supported
by replication-based arguments, and thus it is not surprising that it exhibits
specific features that are not present in the replication-based valuation.

We make the standing assumption that 7 admits a continuous cumula-
tive distribution function fur)\der Q. Hg\nce, the hazard function T is also
continuous, and the process M; = H; — I'(t A 1) is an H-martingale under
Q. The following result is standard (see, e.g., Proposition 4.3.2 in Bielecki
and Rutkowski [3]).

Proposition 2.1. Assume that the cumulative distribution function F of T is
continuous. Let M" be an H-martingale given by M" = Eq(h(t) | H;) for some
Borel measurable function h : R, — R such that the random variable h(7) is
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Q-integrable. Then

t t
(25) M =M+ f (h(u) — g(u)) dM,, = M} + f (h(u) — M"_)dM,,,
0 0
where we write _
g(t) = e Eq(1Lyn(7))-

Remark 2.1. Using the above proposition, it can be easily shown that on
(QQ, Gr) we have

dP = & (— f Cw) dﬁu) aQ,
0
for some H-predictable process C.

2.2.1 Price Dynamics of a Survival Claim (X, 0, 7).
In what follows, we shall refer to a defaultable claim of the form (X, 0, 7)
as a survival claim. By virtue of the risk-neutral valuation formula, the price
of the payoff 1;7.1 X that settles at time T equals, for every t € [0, T],

Y = e Eo(Lir<qe” T X | H,).

Note that X is Fr-measurable, and thus constant since the o-field ¥7 is
trivial. To find the dynamics of the price process, it suffices to apply
Proposition 2.1 to the function h(u) = ]1{1¢>T}e"TX. For the Q-martingale
Mf} =eY,;, we thus get, for every t € [0, T],

t
e_rth = YO - f e_mYM_ dMu
0

Suppose that T(t) = fot Y(u) du. Then an application of It0’s formula yields
(26) dY; = rYydt = Yy dM; = (r + Ly )(0)) Yo dt = Y, dH,.

We deal here with an example of a defaultable asset that is subject to the
total default, meaning that its price vanishes at and after default.
2.2.2 Price Dynamics of a Recovery Claim (0, Z, 7).
Recall that our standard convention stipulates that the recovery Z is
paid at the time of default. Hence, the price process Y of (0, Z, 7) is given
by the expression

Yt = ert ]EQ(]I[TZT}E_”Z(T) | (]'{t)

We now have h(u) = 1y,<rje”™Z(11). Consequently,

t
Y, =Yy + f (e‘”‘Z(u) - e‘”‘Yu_)dMu.
0
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By applying Itd’s formula, we conclude that that the dynamics under Q of
an asset that delivers Z(7) at time 7 are
dY; = rY,_ dt + (Z(t) - Y._) dM;
= (r + Dyper (O Vi dt = Wy Z(YE) dt + (Z(t) = Y1) dH,.
2.2.3 Price Dynamics of a Defaultable Claim (X, Z, 7).

By combining the formula above with (26), and using Remark 2.1 to-
gether with Girsanov’s theorem, we arrive at the following result.

Proposition 2.2. The price process Y of a defaultable claim (X, Z, ) satisfies
under Q

dY; = rY,_ dt + (Z(t) - Yi_) dM;

with the initial condition
— T —
Yo = Bo(Lirege X + Nyrage " Z(1)) = e TTOIX + f Zw)yu)e ™ du.
0

Under the statistical probability IP, the price process Y satisfies
dY; = (rYi- + Lyeq(Z(H) = YOPOLD) dt + (Z(t) - Yio) dM,,

where the G-martingale M under P equals

t
M= Rt [ e 0C du
0

Remark 2.2. Proposition 2.2 can be extended to the case when the recovery
is random, and is given in the feedback form as Z(t) = g(t, Y;-) for some
function g(t, y), which is Lipschitz continuous with respect to y. Assume,
for instance, that the claim is subject to the fractional recovery of market
value, so that Z(t) = 6Y;_ for some constant 6. If, in addition, C and y are
constant, then we obtain (cf. (24))

Y, =Y ((r + Ly (6 — DYV dt + (6 — 1) dM).
Note that here the drift coefficient y; = r + L ;<) (6 — 1)yC in dynamics of Y

follows a G-predictable process, but it is not F-predictable. However, the
drift of the pre-default value Y is simply r.
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3. Trading Strategies in a Semimartingale Set-up

We consider trading within the time interval [0, T] for some finite hori-
zon date T > 0. For the sake of expositional clarity, we restrict our attention
to the case where only three primary assets are traded. The general case
of k traded assets was examined by Bielecki et al. [5]. We first recall some
general properties, which do not depend on the choice of specific dynamics
of asset prices.

In this section, we consider a fairly general set-up. In particular, pro-
cesses Yi, i = 1,2,3, are assumed to be nonnegative semi-martingales on
a probability space (2, G, IP) endowed with some filtration G. We assume
that they represent spot prices of traded assets in our model of the finan-
cial market. Neither the existence of a savings account, nor the market
completeness are assumed, in general.

Our goal is to characterize contingent claims which are hedgeable, in
the sense that they can be replicated by continuously rebalanced portfolios
consisting of primary assets. Here, by a contingent claim we mean an
arbitrary Gr-measurable random variable. We work under the standard
assumptions of a frictionless market.

3.1 Unconstrained Strategies

Let ¢ = (¢!, %, $>) be a trading strategy; in particular, each process ¢

is predictable with respect to the filtration G. The wealth of ¢ equals

3
Vt(QD) = Z (PQY;/ Yte [O/ T]/
i=1

and a trading strategy ¢ is said to be self-financing if

3 t
Vt(¢)=vo(¢)+2f0¢;dy;, Vie[o,T).
i=1

Let @ stand for the class of all self-financing trading strategies. We shall
first prove that a self-financing strategy is determined by its initial wealth
and the two components ¢?, ¢°. To this end, we postulate that the price
of Y! follows a strictly positive process, and we choose Y! as a numéraire
asset. We shall now analyze the relative values:

VH@) = Vp)YD™, Y=Y

Lemma 3.1. (i) For any ¢ € ®, we have

3 t
V}(¢):Vg(¢)+2f¢;dyﬁl, Viel[o,Tl.
i=2 V0
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(ii) Conversely, let X be a Gr-measurable mndom variable, and let us assume that
there exists x € R and G-predictable processes ¢', i = 2,3 such that

3 T
(27) X=Yh{x+ f PAYiR|
: Z; 9

Then there exists a G-predictable process ¢! such that the strategy ¢ = (¢!, ¢?, %)
is self-financing and replicates X. Moreover, the wealth process of ¢ (i.e. the time-t
price of X) satisfies Vi(¢p) = V}Y}, where

3 t
(28) V}:x+2f oL dyy', Vtelo,Tl.
i=2 Y0

Proof. The proof of part (i) is given, for instance, in Protter [34]. In
the case of continuous semimartingales, this is a well-known result; for
discontinuous processes, the proof is not much different. We reproduce it
here for the reader’s convenience.

Let us first introduce some notation. As usual, [X, Y] stands for the
quadratic covariation of the two semi-martingales X and Y, as defined by the
integration by parts formula:

t t
XY = XoYo + f X, dY, + f Y, dX, +[X, Y]
0 0

For any cadlag (i.e.,, RCLL) process Y, we denote by AY; = Y; - Y;_ the size
of the jump at time ¢. Let V = V(¢) be the value of a self-financing strategy,
and let V! = V1(¢p) = V(¢)(Y!)™! be its value relative to the numéraire Y.
The integration by parts formula yields

dvl = v d(YH™ + (YL)'dv, + d[(YH) !, V.

From the self-financing condition, we have dV; = Y7, ¢idYi. Hence,
using elementary rules to compute the quadratic covariation [X, Y] of the
two semi-martingales X, Y, we obtain

dvi = ¢{Yp d(Y) ™ + Y d(Y) T+ Y d(y)
+ (YD) oldY!r + (Yl dY! + (YL)lpddY}
+ o dlY) ™ Y e+ @ dlYY) L Y2+ 0 dlYD) T Y
= o (YL YD) + (vt + Iy Y
+ (Y d(H T + (YD) YL +dl(Y) 7, Y],)
+ o3 (Y2 (YD) + (Y)Y +d[(Y), Y%,
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We now observe that
Y dyh T+ (YD) Ttay! +d[(YH) L Y = Ay (Y)Y =0

" Yiod(r) ™+ (V)T Y]+ dl) T Y = AT,
Consequently,

dvy = ¢f dvy" + ¢ dy},
as was claimed in part (i). We now proceed to the proof of part (ii). We

assume that (27) holds for some constant x and processes ¢?, ¢, and we
define the process V! by setting (cf. (28))

3 t
vl= x+Zf oL dY, Wtelo,Tl.
i=2 Y0
Next, we define the process ¢! as follows:
or=Vi=Y oy = (D (Vi- ) eivi)
i=2 i=2
where V; = V1YL, Since dV} = Y., ¢ dY"", we obtain

dvy =dviyl) =viadyl + yLav! +d[y!, vl

3
= Vidyl+ ) ¢i(vldyy +dly!, v
i=2

From the equality
Ay} =d(Y'y}) = Y2y} + YidYyt +d[y!, Y,
it follows that
dve=VLidy}+ ) oi(dvi - vilav}) = (Vi = Y ¢ivi)avi + ) iy,
i=2 i=2 i=2

and our aim is to prove that dV; = Y. | ¢! dY'. The last equality holds if

3 3
(29) or=Vi= ) oY =V - ) vl
i=2 i=2
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ie., if AVt1 = 2?22 qbiAYi’l, which is the case from the definition (28) of
V1. Note also that from the second equality in (29) it follows that the
process ¢! is indeed G-predictable. Finally, the wealth process of ¢ satisfies
Vi(¢) = VY] for every t € [0,T], and thus V(¢) = X. o

We say that a self-financing strategy ¢ replicates a claim X € Gr if

3
X =) ¢iYh=Vi(@),
i=1
or equivalently,

3
X=Vo@)+ ) fOT Pidy.
i=1

Suppose that there exists an e.m.m. for some choice of a numéraire as-
set, and let us restrict our attention to the class of all admissible trading
strategies, so that our model is arbitrage-free.

Assume that a claim X can be replicated by some admissible trading
strategy, so that it is attainable (or hedgeable). Then, by definition, the arbi-
trage price at time t of X, denoted as 7:(X), equals V(¢) for any admissible
trading strategy ¢ that replicates X.

In the context of Lemma 3.1, it is natural to choose as an em.m. a
probability measure Q' equivalent to IP on (2, Gr) and such that the prices
Y1, i = 2,3, are G-martingales under Q'. If a contingent claim X is hedge-
able, then its arbitrage price satisfies

(X) = Vi Eq(X(Y7) " |GY).

We emphasize that even if an em.m. Q! is not unique, the price of any
hedgeable claim X is given by this conditional expectation. That is to say,
in case of a hedgeable claim these conditional expectations under various
equivalent martingale measures coincide.

In the special case where Y] = B(t,T) is the price of a default-free
zero-coupon bond with maturity T (abbreviated as ZC-bond in what fol-
lows), Q! is called T-forward martingale measure, and it is denoted by
Qr. Since B(T,T) = 1, the price of any hedgeable claim X now equals
7_(t(X) = B(t/ T) ]EQT(X | gt)

3.2 Constrained Strategies

In this section, we make an additional assumption that the price process
Y? is strictly positive. Let ¢ = (¢!, % ¢°) be a self-financing trading
strategy satisfying the following constraint:

2
(30) Y ¢iYio=2, VteloT],
i=1



July 3,2005 10:38 Proceedings Trim Size: 9in x 6in BJR-Ritsum

25

for a predetermined, G-predictable process Z. In the financial interpreta-
tion, equality (30) means that a portfolio ¢ is rebalanced in such a way that
the total wealth invested in assets Y!, Y? matches a predetermined stochas-
tic process Z. For this reason, the constraint given by (30) is referred to as
the balance condition.

Our first goal is to extend part (i) in Lemma 3.1 to the case of constrained
strategies. Let ®(Z) stand for the class of all (admissible) self-financing
trading strategies satisfying the balance condition (30). They will be some-
times referred to as constrained strategies. Since any strategy ¢ € ®(Z) is
self-financing, from dVi(¢) = Y., ¢! dY!, we obtain

3 3
AVI(@) = Y GIAY] = Vi) - ) pivi.
i=1 i=1

By combining this equality with (30), we deduce that
3 . . .
Vie(@) = ) 6Yio = Zi+ o}V
i=1

Let us write Y/° = Yi(Y})™, 73 = Z,(Y?)"\. The following result ex-
tends Lemma 1.7 in Bielecki et al. [4] from the case of continuous semi-
martingales to the general case (see also [5]). Itis apparent from Proposition
3.1 that the wealth process V(¢) of a strategy ¢ € ®(Z) depends only on a
single component of ¢, namely, ¢*.

Proposition 3.1. The relative wealth V() = V(p)(Y?)™! of any trading strat-
egy ¢ € D(Z) satisfies

3 3 Yoo s Y s Y73 s
Bl Vi) = Vi) + fo 2 (dYu' -5 dYu')+ fo SEdv.

u— u—

Proof. Let us consider discounted values of price processes Y1, Y?, Y3, with
Y? taken as a numéraire asset. By virtue of part (i) in Lemma 3.1, we thus
have

2 t
32) Vi) =i+ Y, [ oy
i=1 Y0

The balance condition (30) implies that

2

invi3 _ 73
Y oy =27,
i=1
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and thus
(33) o = ()72 - oY),
By inserting (33) into (32), we arrive at the desired formula (31). O

The next result will prove particularly useful for deriving replicating
strategies for defaultable claims.

Proposition 3.2. Let a Gr-measurable random variable X represent a contingent
claim that settles at time T. Assume that there exists a G-predictable process ¢?,
such that

T T Z3
(34) X=Y~;(x+ fo PFAY; + fo YngdY}f’].

t—

Then there exist G-predictable processes ¢! and ¢* such that the strategy ¢ =
(¢, ¢?, ) belongs to D(Z) and replicates X. The wealth process of ¢ equals, for
every t € [0, T],

t t 73
(35) Vi(p) = Y3 |x + f P2 dY;, + f —Ldy,”|.

0 o Y,)”
Proof. As expected, we first set (note that the process ¢! is a G-predictable
process)

1_ 1 242

(36) ¢ = YT(Zt - ¢ Yt—)

t—
and

—x+f¢)udY + dY}ﬁ.

Ll—

Arguing along the same lines as in the proof of Proposition 3.1, we obtain

2 t
-3+ [ ot
i=1

Now, we define

=V3- Zq)ty’?’ 9)(vi - qutyl
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where V; = V3Y2. As in the proof of Lemma 3.1, we check that
2
o= Vi - ) Y7,
P

and thus the process ¢° is G-predictable. It is clear that the strategy ¢ =
(¢, ¢?, ¢°) is self-financing and its wealth process satisfies V(¢) = V; for
every t € [0, T]. In particular, V(¢p) = X, so that ¢ replicates X. Finally,
equality (36) implies (30), and thus ¢ belongs to the class ®(Z). m]

Note that equality (34) is a necessary (by Lemma 3.1) and sufficient (by
Proposition 3.2) condition for the existence of a constrained strategy that
replicates a given contingent claim X.

3.2.1 Synthetic Asset
Let us take Z = 0, so that ¢p € ®(0). Then the balance condition becomes

Y71 ¢l =0, and formula (31) reduces to

YZ,_S
(37) AvV3 () = ¢7 (de'3 - ﬁ dYtl'3).
t—

We set
23

dy; =dy> - % dy;? =dy? - y>dy,”,
Y,”
where, by convention, Y;, = 0. The process Y = Y3Y" is called a synthetic
asset. It corresponds to a particular self-financing portfolio, with the long
position in Y? and the short position of Yff number of shares of Y, and
suitably re-balanced positions in the third asset so that the portfolio is
self-financing, as in Lemma 3.1.

It can be shown (see Bielecki et al. [5]) that trading in primary assets
YL Y2 Y3 is formally equivalent to trading in assets Y1 Y2, Y3, This ob-
servation supports the name synthetic asset attributed to the process Y2.
Note, however, that the synthetic asset process may take negative values.

3.2.2 Case of Continuous Asset Prices

In the case of continuous asset prices, the relative price Y* = Y?(Y®)™
of the synthetic asset can be given an alternative representation, as the
following result shows. Recall that the predictable bracket of the two con-
tinuous semi-martingales X and Y, denoted as (X, Y), coincides with their
quadratic covariation [X, Y].

Proposition 3.3. Assume that the price processes Y' and Y? are continuous.
Then the relative price of the synthetic asset satisfies

t
Y; = f (et dy,,
0



July 3,2005 10:38 Proceedings Trim Size: 9in x 6in BJR-Ritsum

28
where ’Y\t = Ytz’le_"‘f and
t
(38) a; = (nY*!, In Y3y, = f (V23T a2, Y3,
0
In terms of the auxiliary process ?, formula (31) becomes
z

t t
(39) V(@) = V3(9) + f GudY, + f Y
0 oY,

u—

where ¢y = PA(Y>1) e,

Proof. It suffices to give the proof for Z = 0. The proof relies on the
integration by parts formula stating that for any two continuous semi-
martingales, say X and Y, we have

Y7 (dXe - Y7 X V) = d(X YY) - XedY Y,

provided that Y is strictly positive. An application of this formula to
processes X = Y>! and Y = Y*! leads to

(Yf,l)—l(dytz,l _ (Y?’l)_ldﬁfz’l, Y3,1>t) — d(YtZl(Y::,l)—l) _ YtZ,l d(YS'l)t_l.

The relative wealth V(¢) = Vi(¢)(Y?)™ of a strategy ¢ € ®(0) satisfies
vo=viors [ o,
= V(o) + fo t PV e dY,,
= v+ [ G,

where we denote ¢ = PHY Iy le,

Remark 3.1. The financial interpretation of the auxiliary process Y will
be studied in Sections 4.1.6 and 4.1.8 below. Let us only observe here

that if Y* is a local martingale under some probability Q* then Y is a
Q*-local martingale (and vice-versa, if Y is a Q-local martingale under
some probability Q then Y is a Q-local martingale). Nevertheless, for

the reader’s convenience, we shall use two symbols Q" and Q, since this
equivalence holds for continuous processes only.
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It is thus worth stressing that we will apply Proposition 3.3 to pre-
default values of assets, rather than directly to asset prices, within the
set-up of a semimartingale model with a common default, as described in
Section 2.1. In this model, the asset prices may have discontinuities, but
their pre-default values follow continuous processes.

4. Martingale Approach to Valuation and Hedging

Our goal is to derive quasi-explicit conditions for replicating strategies
for a defaultable claim in a fairly general set-up introduced in Section 2.1.
In this section, we only deal with trading strategies based on the reference
filtration IF, and the underlying price processes (that is, prices of default-
free assets and pre-default values of defaultable assets) are assumed to be
continuous. Hence, our arguments will hinge on Proposition 3.3, rather
than on a more general Proposition 3.1. We shall also adapt Proposition
3.2 to our current purposes.

To simplify the presentation, we make a standing assumption that all
coefficient processes are such that the SDEs appearing below admit unique
strong solutions, and all stochastic exponentials (used as Radon-Nikodym
derivatives) are true martingales under respective probabilities.

41 Defaultable Asset with Total Default

In this section, we shall examine in some detail a particular model

where the two assets, Y! and Y?, are default-free and satisfy

in = Yi(#i,t dt + iy th), i=1,2,

where W is a one-dimensional Brownian motion. The third asset is a
defaultable asset with total default, so that

dY? = Y?_(yg;,t dt + 03t AW, — th)

Since we will be interested in replicating strategies in the sense of Defini-
tion 2.2, we may and do do assume, without loss of generality, that the
coefficients pjy, 0i¢, i = 1,2, are F-predictable, rather than G-predictable.
Recall that, in general, there exist F-predictable processes i3 and 03 such
that

(40) s ly<q) = Usily<a, 034 ljt<r) = 034N j1<r).

We assume throughout that Y}, > 0 for every i, so that the price processes
Y1, Y? are strictly positive, and the process Y® is nonnegative, and has
strictly positive pre-default value.
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4.1.1 Default-Free Market
It is natural to postulate that the default-free market with the two
traded assets, Y! and Y?, is arbitrage-free. More precisely, we choose Y!
as a numéraire, and we require that there exists a probability measure P,
equivalent to IP on (2, F7), and such that the process Y>! is a P!-martingale.
The dynamics of processes (Y!)™! and Y*! are

(41) dY)™ = ()03, - pu) dt - o1 dWy),
and
dYtM = Yf'l(([vlz,t — 1t +01(01s — 024)) dt + (024 — 01,1) th),

respectively. Hence, the necessary condition for the existence of an e.m.m.
P! is the inclusion A C B, where A = {(t,w) € [0, T] X Q : 014(w) = 02(w)}
and B = {(t,w) € [0, T] X Q : p1(w) = po(w)}. The necessary and sufficient
condition for the existence and uniqueness of an e.m.m. P! reads

(42) Ep {ST ( f 0, qu)} =1
0

where the process 0 is given by the formula (by convention, 0/0 = 0)

43) 0= o1 — T2y e o, T).

O01,t — 02t
Note that in the case of constant coefficients, if 0; = 0, then the model is
arbitrage-free only in the trivial case when 1, = p;.

Remark 4.1. Since the martingale measure P! is unique, the default-free
model (Y!, Y?) is complete. However, this is not a necessary assumption
and thus it can be relaxed. As we shall see in what follows, it is typically
more natural to assume that the driving Brownian motion W is multi-
dimensional.

4.1.2 Arbitrage-Free Property
Let us now consider also a defaultable asset Y°. Our goal is now to find
a martingale measure Q! (if it exists) for relative prices Y>! and Y?!. Recall
that we postulate that the hypothesis (H) holds under IP for filtrations IF
and G = F V H. The dynamics of Y>! under P are

dyy' = Y?f{(,uat =t o101 — U3,t))dt + (03¢ — 01,) AW} — th}-

Let Q! be any probability measure equivalent to IP on (QQ, Gr), and let 1
be the associated Radon-Nikodym density process, so that

(44) dQ'|g, = n:dPlg,,
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where the process 1) satisfies
(45) ane = (0 AW + G dMy)

for some G-predictable processes 0 and (, and 7 is a G-martingale under
P.
From Girsanov’s theorem, the processes W and M, given by

t t
(46) Wy =W, - f Oudu, M;=M; - f n{u<7}yuCu du,
0 0

are G-martingales under Q'. To ensure that Y>! is a Q!-martingale, we
postulate that (42) and (43) are valid. Consequently, for the process Y31 to
be a Q!-martingale, it is necessary and sufficient that C satisfies

Ui — Hot
———(03,t — 01,1)-
y:

VtCt = Uzt — M1t —
01t — 02

To ensure that Q! is a probability measure equivalent to P, we require that
¢t > —1. The unique martingale measure Q! is then given by the formula
(44) where 1 solves (45), so that

r[t:St(f‘eudwu)at(f.CudMu)-
0 0

We are in a position to formulate the following result.
Proposition 4.1. Assume that the process 0 given by (43) satisfies (42), and

_1
p= —
Vi

Then the model M = (Y, Y2, Y3; ®) is arbitrage-free and complete. The dynamics
of relative prices under the unique martingale measure Q' are

M1 — Hot

01t — 02t

(47) C (us,t P (03¢ — au)) > —1.

dYtz'l = Ytz'l(az,t —014) dW;,
ay}' = YtS'_l((GS,t — o1 dW; - th).

Since the coefficients p;¢, 0, i = 1,2, are [F-adapted, the process Wis
an F-martingale (hence, a Brownian motion) under Q!. Hence, by virtue
of Proposition 1.1, the hypothesis (H) holds under Q!, and the F-intensity
of default under Q! equals

M1 — Mot
——(03: —01,4)].
t

v, = 1+ = + — —
ye=yi1+30) =y (#3,t .
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Example 4.1. We present an example where the condition (47) does not
hold, and thus arbitrage opportunities arise. Assume the coefficients are
constant and satisfy: p1 = u, = 01 = 0, y3 < —y for a constant default
intensity y > 0. Then

1 1
Yf = Il[t<T]Yg exp (03Wt — Eagt + (uz + y)t) < YS exp (a;,Wt — Eagt) = Vo),

where V(¢) represents the wealth of a self-financing strategy (¢!, ¢?,0)
with ¢? = z—z Hence, the arbitrage strategy would be to sell the asset Y?,
and to follow the strategy ¢.

Remark 4.2. Let us stress once again, that the existence of an em.m. is
a necessary condition for viability of a financial model, but the unique-
ness of an em.m. is not always a convenient condition to impose on a
model. In fact, when building a model, we should be mostly concerned
with its flexibility and ability to reflect the pertinent risk factors, rather
than with its mathematical completeness. In the present context, it is nat-
ural to postulate that the dimension of the underlying Brownian motion
equals the number of tradeable risky assets. In addition, each particular
model should be tailored to provide intuitive and handy solutions for a
predetermined family of contingent claims that will be priced and hedged
within its framework.

4.1.3 Hedging a Survival Claim

We first focus on replication of a survival claim (X, 0, 1), that is, a de-
faultable claim represented by the terminal payoff X1 7.}, where X is an
Fr-measurable random variable. For the moment, we maintain the sim-
plifying assumption that W is one-dimensional. As we shall see in what
follows, it may lead to certain pathological features of a model. If, on
the contrary, the driving noise is multi-dimensional, most of the analysis
remains valid, except that model completeness is no longer ensured, in
general.

Recall that Y3 stands for the pre-default price of Y3, defined as (see (21))
(48) d?? = ??((F[ISJ + Vt) dt + 53,,9 th)

with 178 = Y3. This strictly positive, continuous, F-adapted process enjoys
the property that Y? = T;.Y?. Let us denote the pre-default values in
the numéraire Y* by Y§’3 = Yi(Y})™!,i = 1,2, and let us introduce the
pre-default relative price Y* of the synthetic asset Y2 by setting
SR~ (P PRIt
dYt = dYt’ =5 dYt’ = Yt' ((,Uz,t—#1,t+03,t(01,f—02,t)) dt+(o2:—01,) dwt)/
Y,
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and let us assume that 01— 02 # 0. Itis also useful to note that the process
Y, defined in Proposition 3.3, satisfies

Y, = Yt(<}12,t — U1+ 03(01¢ — Gz,t)) dt + (o2 — 01,) th)-

In Sections 4.1.6 and 4.1.8, we shall show that in the case, where a given by

(38) is deterministic, the process Y hasa pertinent financial interpretation
as a credit-risk adjusted forward price of Y? relative to Y!. Therefore, it is

more convenient to work with the process Y* when dealing with the general

case, but to use the process Y when analyzing a model with deterministic
volatilities.

Consider an F-predictable self-financing strategy ¢ satisfying the bal-
ance condition ¢} Y} + ¢?Y? = 0, and the corresponding wealth process

3
Vi) = ) oY = ¢}V,
i=1

Let Vi(¢) = ¢}Y>. Since the process V(¢) is F-adapted, we see that
this is the pre-default price process of the portfolio ¢, that is, we have
Lirsy Ve(@) = LirsnVi(¢); we shall call this process the pre-default wealth
of ¢. Consequently, the process V3(¢) := Vi(p)(Y7)™" = ¢ is termed the
relative pre-default wealth.

Using Proposition 3.1, with suitably modified notation, we find that the

F-adapted process V3(¢) satisfies, for every t € [0, T],

o =T+ [ oiav,
Define a new probability on (Q, Fr) by setting
dQ* = n7.dP,
where dn; = 17,0, dW;, and

Mo Mt 03,:(01¢ — 02)
01, — 02t

(49) 0:

The process Y’;, t € [0, T], is a (local) martingale under Q*. We shall require
that this process is in fact a true martingale; a sufficient condition for this

is that
g 23 2
f Eq (Y72(02, = 01)) dt < co.
0
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From the predictable representation theorem, it follows that for any X € ¥,
such that X(Y3)™! is square-integrable under Q*, there exists a constant x
and an F-predictable process ¢* such that

T
(50) X=Y (x + f P> d?;).
0

We now deduce from Proposition 3.2 that there exists a self-financing

strategy ¢ with the pre-default wealth Vi(¢) = Y3V3 for every € [0,T],
where we set

t
(51) Vi=x+ f G2 dY,.
0

Moreover, it satisfies the balance condition ¢}Y] + $?Y? = 0 for every
t € [0, T]. Since clearly Vr(¢) = X, we have that

V(@) = 933 = Lren @33 = Lireq Vi(@) = Tiran X,

and thus this strategy replicates the survival claim (X, 0, 7). In fact, we have
that Vi(¢) = 0 on the random interval [z, T].

Definition 4.1. We say that a survival claim (X, 0, 1) is attainable if the
process V2 given by (51) is a martingale under Q*.

The following result is an immediate consequence of (50) and (51).
Corollary 4.1. Let X € F1 be such that X(Y’%)‘1 is square-integrable under Q.

Then the survival claim (X, 0,7) is attainable. Moreover, the pre-default price
(X, 0, 7) of the claim (X, 0, 7) is given by the conditional expectation

(52) T(X,0,7) = YV} Eq(X(YD '), Vte[0T]

The process 7(X, 0, T)(Y3)™! is an F-martingale under Q".

Proof.  Since X(??})‘l is square-integrable under Q*, we know from
the predictable representation theorem that ¢* in (50) is such that
Eq ( j(;T (@H)? d(?*)t) < o, 50 that the process V2 given by (51) is a true

martingale under Q*. We conclude that (X, 0, 7) is attainable.

Now, let us denote by m+(X, 0, 7) the time- price of the claim (X, 0, 7).
Since ¢ is a hedging portfolio for (X, 0, T) we thus have Vi(¢) = m:(X, 0, 1)
for each t € [0, T]. Consequently,

Ty T(X, 0,7) = ey Vi) = Nyeny Y3 B (V2| F)
= Loy Y7 Eo-(X(Y3) ! F2)
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for each t € [0, T]. This proves equality (52). m|

In view of the last result, it is justified to refer to Q" as the pricing measure
relative to Y for attainable survival claims.

Remark 4.3. It can be proved that there exists a unique absolutely contin-
uous probability measure Q on (€2, Gr) such that we have

1i-mX ~,
Y] Eq (‘Y—3’ |Qt] = 1jesy Y} Eq
T

However, this probability measure is not equivalent to Q", since its Radon-
Nikodym density vanishes after 7 (for a related result, see Collin-Dufresne
et al. [13]).

Example 4.2. We provide here an explicit calculation of the pre-default
price of a survival claim. For simplicity, we assume that X = 1, so that the
claim represents a defaultable zero-coupon bond. Also, we set y; = y =
const, uiy = 0, and 0j = 04, i = 1,2,3. Straightforward calculations yield
the following pricing formula

7o(1,0,7) = Yie 042937,

We see that here the pre-default price (1,0, t) depends explicitly on the
intensity y, or rather, on the drift term in dynamics of pre-default value of
defaultable asset. Indeed, from the practical viewpoint, the interpretation
of the drift coefficient in dynamics of Y? as the real-world default intensity is
questionable, since within our set-up (and in practice) the default intensity
never appears as an independent variable, but is merely a component of
the drift term in dynamics of pre-default value of Y°.

Note also that we deal here with a model with three tradeable assets
driven by a one-dimensional Brownian motion. No wonder that the model
enjoys completeness, but as a downside, it has an undesirable property that
the pre-default values of all three assets are perfectly correlated. Conse-
quently, the drift terms in dynamics of traded assets are closely linked to
each other, in the sense, that their behavior under an equivalent change of
a probability measure is quite specific.

As we shall see later, if traded primary assets are judiciously chosen
then, typically, the pre-default price (and hence the price) of a survival
claim will not explicitly depend on the intensity process.

Remark 4.4. Generally speaking, we believe that one can classify a finan-
cial model as ‘realistic” if its implementation does not require estimation of
drift parameters in (pre-default) prices, at least for the purpose of hedging
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and valuation of a sufficiently large class of (defaultable) contingent claims
of interest. It is worth recalling that the drift coefficients are not assumed
to be market observables. Since the default intensity can formally inter-
preted as a component of the drift term in dynamics of pre-default prices,
in a realistic model there is no need to estimate this quantity. From this
perspective, the model considered in Example 4.2 may serve as an example
of an “unrealistic’ model, since its implementation requires the knowledge
of the drift parameter in the dynamics of Y>. We do not pretend here that it
is always possible to hedge derivative assets without using the drift coeffi-
cients in dynamics of tradeable assets, but it seems to us that a good idea is
to develop models in which this knowledge is not of primary importance.

Of course, a generic semimartingale model considered until now pro-
vides only a framework for a construction of realistic models for hedging of
default risk. A choice of tradeable assets and specification of their dynam-
ics should be examined on a case-by-case basis, rather than in a general
semimartingale set-up. We shall address this important issue in the forego-
ing sections, in which we shall deal with particular examples of practically
interesting defaultable claims.

4.14 Hedging a Recovery Process
Let us now briefly study the situation where the promised payoff equals
zero, and the recovery payoff is paid at time 7 and equals Z, for some IF-
adapted process Z. Put another way, we consider a defaultable claim of
the form (0, Z, 7). Once again, we make use of Propositions 3.1 and 3.2. In
view of (34), we need to find a constant x and an F-predictable process ¢
such that

T 7 T _
(53) Ur :=—f Y—idy}3=x+f 2dY;.
0 t 0

Similarly as in Section 4.1.3 we conclude that, under suitable integrability
conditions on ¢, there exists ¢? such that dy;, = $?dY;, where ¢, =
Egq: (1| ). We now set

— L, T 73 ~13
—_— * u 4
V; = x+](; ¢, dY;, +j(; —?1,3 ay,”,

u

so that, in particular, ﬁ’; = 0. Then it is possible to find processes ¢! and
¢? such that the strategy ¢ is self-financing and it satisfies: V,(¢) = V3Y?
and V(o) = Z; + cpr? for every t € [0, T]. It is thus clear that V.(¢) = Z;
on the set {t < T} and Vr(¢) = 0 on the set {t > T}.
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4.1.5 Bond Market
For the sake of concreteness, we assume that Y} = B(t,T) is the price
of a default-free ZC-bond with maturity T, and Y? = D(t, T) is the price
of a defaultable ZC-bond with zero recovery, that is, an asset with the
terminal payoff Y3. = I7;;. We postulate that the dynamics under PP of
the default-free ZC-bond are

(54) dB(t, T) = B(t, T)(u(t, T)dt + b(t, T) dW,)

for some [F-predictable processes p(t, T) and b(t, T). We choose the process
Yt1 = B(t, T) as a numéraire. Since the prices of the other two assets are not
given a priori, we may choose any probability measure Q equivalent to IP
on (Q, Gr) to play the role of Q'.

In such a case, an em.m. Q! is referred to as the forward martingale
measure for the date T, and is denoted by Qr. Hence, the Radon-Nikodym
density of Qr with respect to IP is given by (45) for some F-predictable
processes 0 and (, and the process

t
wf:wt—feudu, Ytelo,T],
0

is a Brownian motion under Qr. Under Qr the default-free ZC-bond is
governed by

dB(t,T) = B(t, T)((t, T)dt + b(t, T) AW} )

where p(t, T) = u(t, T) + O:b(t, T). Let T stand for the F-hazard process of T
under Qy, so that I'; = —In(1 — F;), where F; = Qr(t < t|¥;). Assume ’Ehat
the hypothesis (H) holds under Qr so that, in particular, the process I' is

increasing. We define the price process of a defaultable ZC-bond with zero
recovery by the formula

D(t, T) := B(t, T)Eq, (x| Gr) = e B(t, T) Boy ("7 | F2),

where the second equality follows from Lemma 1.3. It is then clear that
Y?’l = D(t, T)(B(t, T))"! is a Qr-martingale, and the pre-default price D(t, T)
equals

D(t,T) = B(t, T) lEQT(ef“fT | ?;).

The next result examines the basic properties of the auxiliary process’f(t, T)
given as, for every t € [0, T],

T(t,7) = Y = Dt T)(B(, )" = Eo, (&7 | 7).
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The quantity’f(t, T) can be interpreted as the conditional probability (under
Qr) that default will not occur prior to the maturity date T, given that we
observe ¥; and we know that the default has not yet happened. We will be
more interested, however, in its volatility process p(t, T) as defined in the
following result.

Lemma 4.1. Assume that the F-hazard processfof T under Qr is continuous.

—

Then the process I'(t,T), t € [0, T], is a continuous F-submartingale and
(55) dT(t, T) = T(t, T)(dT} + p(t, T) dW] )

for some [F-predictable process p(t, T). The processf(t, T) is of finite variation if and

only if the hazard process T is deterministic. In this case, we have T(t, T) = el:717.

Proof. We have
T(t,T) = Eq,(¢" " | F7) = 'L,

where we set L; = IEQT(e’FT | Tt). Hence, f(t, T) is equal to the product of a

strictly positive, increasing, right-continuous, F-adapted process ¢!!, and a
strictly positive, continuous [F-martingale L. Furthermore, there exists an

FF-predictable process ’ﬁ\(t, T) such that L satisfies
dL; = LB(t, T) dWT

with the initial condition Ly = Eg, (e‘fT). Formula (55) now follows by an

application of Itd’s formula, by setting p(t, T) = e’ﬁfi\(t, T). To complete the
proof, it suffices to recall that a continuous martingale is never of finite
variation, unless it is a constant process. O

Remark 4.5. It canbe checked that (t, T) is also the volatility of the process

I(t, T) = Ep(e" "7 | F7).

= t . .
Assume that I'; = fo v du for some [F-predictable, nonnegative process

7. Then we have the following auxiliary result, which gives, in particular,
the volatility of the defaultable ZC-bond.

Corollary 4.2. The dynamics under Qr of the pre-default price D(t, T) equals

dD(t, T) = D(t, T)((ti(t, T)+b(t, TIB(t, T)+7:) dt +(b(t, T)+B(t, T))d(t, T) dW] ).
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Equivalently, the price D(t, T) of the defaultable ZC-bond satisfies under Qr
dD(t, T) = D(t, T)((H(t, T) + bt, T)B(t, T)) dt + d(t, T) AW — dM, ).

where we set d~(t, T)=0b(tT)+B(tT).

Note that the process S(f, T) can be expressed in terms of market ob-

servables, since it is simply the difference of volatilities d(t, T) and b(t, T) of
pre-default prices of tradeable assets.
4.1.6 Credit-Risk-Adjusted Forward Price
Assume that the price Y? satisfies under the statistical probability IP

(56) dY? = Y¥( o dt + 01 dW)
with F-predictable coefficients y and 0. Let Fy2(t, T) = Y*(B(t, T))! be the
forward price of YZ. For an appropriate choice of 0 (see 49), we shall have

that
dFy(t, T) = Fya(t, T) 0 - b(t, T)) dW] .

Therefore, the dynamics of the pre-default synthetic asset ?; under QT are
dY; = Y}*(or - b(t, T)) (dW] = B(t, T) dt),

and the process Y, = Ytz’le’“f satisfies
dY, = Y,(o, - b(t, T)) (dW] - p(t, T) dt).

Let @ be an equivalent probability measure on (Q, Gr) such that Y (or,
equivalently, Y*) is a Q-martingale. By virtue of Girsanov’s theorem, the
process W given by the formula

t
W; = WI - f B(u, T)du, Vtel0,T],
0
is a Brownian motion under @ Thus, the forward price Fy2(t, T) satisfies
under Q
(57) dFy(t, T) = Fya(t, T) o4 - b(t, T))(dW, + (¢, T) dt).

It appears that the valuation results are easier to interpret when they
are expressed in terms of forward prices associated with vulnerable for-
ward contracts, rather than in terms of spot prices of primary assets. For
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this reason, we shall now examine credit-risk-adjusted forward prices of
default-free and defaultable assets.

Definition4.2. Let Y bea Gr-measurable claim. An ¥F;-measurable random
variable K is called the credit-risk-adjusted forward price of Y if the pre-default
value at time ¢ of the vulnerable forward contract represented by the claim
Ty7<7j(Y — K) equals 0.

Lemma 4.2. The credit-risk-adjusted forward price Fy(t, T) of an attainable sur-
vival claim (X, 0, T), represented by a Gr-measurable claim Y = XWr<, equals

(X, 0, ’c)(ﬁ(t, T))~!, where T,(X,0,7) is the pre-default price of (X,0,7). The
process Fy(t,T), t € [0, T], is an [F-martingale under Q.

Proof. The forward price is defined as an #;-measurable random variable
K such that the claim

Lrery(XWNj7<r) — K) = XNy1<ry — KD(T, T)
is worthless at time ¢ on the set {t < 7}. It is clear that the pre-default value

at time ¢ of this claim equals (X, 0, 7) — Kﬁ(t, T). Consequently, we obtain
Fy(t, T) = m(X, 0, 7)(D(t, T)) . =

Let us now focus on default-free assets. Manifestly, the credit-risk-
adjusted forward price of the bond B(t, T) equals 1. To find the credit-risk-
adjusted forward price of Y?, let us write

Fya(t, T) := Fya(t, T) e = Y21 o010,

where « is given by (see (38))

t t —
(58) a; = fo (0 =b(u, T))(u, T) du = fo (0 =b(u, T))(d(u, T) = b(u, T)) du.

Lemma 4.3. Assume that a given by (58) is a deterministic function. Then the
credit-risk-adjusted forward price of Y? equals Fy(t, T) for every t € [0, T].
Proof. According to Definition 4.2, the price Fy:(t, T) is an F-measurable

random variable K, which makes the forward contract represented by the
claim D(T, T)(Y% — K) worthless on the set {t < t}. Assume that the claim

Y2 — K is attainable.! Since D(T,T) = 1, from equation (52) it follows that
the pre-default value of this claim is given by the conditional expectation

D(t, T) Eq (Y2 - K| 7).

! Attainability of this claim can be shown in a similar way as the attainability of a vulnerable
call option considered in Section 4.1.7.
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Consequently,
F(t,T) = Bg(Y7|F3) = Bg(Pe(T, D[ F:) = Pratt, Ty e,
as was claimed. m|

It is worth noting that the process fyz(t, T) is a (local) martingale under
the pricing measure Q, since it satisfies

(59) dFy2(t, T) = Fy2(t, T)(o; — b(t, T)) dW,.

Under the present assumptions, the auxiliary process Y introduced in
Proposition 3.3 and the credit-risk-adjusted forward price Fy2(t,T) are

closely related to each other. Indeed, we have fyz(t, T) = Y;e*, so that
thus the two processes are proportional.
4.1.7 Vulnerable Option on a Default-Free Asset
We shall now analyze a vulnerable call option with the payoff

Cl = g (Y2 - K)".

Our goal is to find a replicating strategy for this claim, interpreted as a
survival claim (X, 0, t) with the promised payoff X = Cr = (Y% - K)*,
where Cr is the payoff of an equivalent non-vulnerable option. The method
presented below is quite general, however, so that it can be applied to any
survival claim with the promised payoff X = G(Y7) for some function
G : R — R satisfying the usual integrability assumptions.

We assume that Y} = B(t,T), Y? = D(t, T) and the price of a default-free
asset Y? is governed by (56). Then

CL = Wyrery(Y2 = K)* = Lyreqy(Y2 - KYD)*'.

We are going to apply Proposition 3.3. In the present set-up, we have
Ytz’l = Fy:(t,T) and Y; = Fy2(t, T)e™. Since a vulnerable option is an
example of a survival claim, in view of Lemma 4.2, its credit-risk-adjusted
forward price satisfies Fu(t, T) = CY(D(t, T)) ™.

Proposition 4.2. Suppose that the volatilities 0,b and f are deterministic func-

tions. Then the credit-risk-adjusted forward price of a vulnerable call option
written on a default-free asset Y? equals

60)  Feu(t,T) = Fya(t, IN(ds (Fy2(t, T), t, T)) = KN(d_(Fy(t, T), , T))

where _

Inf-InK =+ 124, T)
o(t, T)

du(f,t,T) =
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and .
7, T) = f (04 = b(u, T))? du.
t

The replicating strategy ¢ in the spot market satisfies for every t € [0, T], on the
set {t < 1},

OLB(t, T) = ~p2Y?, 6% = D(t, T)(B(t, T)) 'N(ds(t, T)e* ™, ¢3D(t, T) = C2,

where do(t, T) = dy(Fy=(t, T), £, T).

Proof. In the first step, we compute the valuation formula. Assume for
the moment that the option is attainable. Then the pre-default value of the
option equals, for every t € [0, T,

(61) Cf = D(t, T) Eg((Fy2(T, T) - K)* | F1) = D(t, T) Bg((Fya(T, T) - K)* | F3):

In view of (59), the conditional expectation above can be computed explic-
itly, yielding the valuation formula (60).
To find the replicating strategy, and establish attainability of the option,

we consider the It6 differential dF«(t, T) and we identify terms in (51). It
appears that

(62) dFei(t, T) = N(d.(t, T)) dEy2(t, T) = N(d. (t, T))e* dY,
= N(d. (t, T) Y et dY;,

so that the process ¢? in (50) equals
¢F = YXIN(d, (£, T))e .
Moreover, ¢! is such that ¢!B(t, T) + $?Y? = 0 and ¢} = 5’;’(5(1?, T)) L. Itis

easily seen that this proves also the attainability of the option. O

Let us examine the financial interpretation of the last result.
First, equality (62) shows that it is easy to replicate the option using
vulnerable forward contracts. Indeed, we have

G
D(, T)

T
Fa(T,T) =X = + f N(d.(t, T))dFy=(t, T)
0

and thus it is enough to invest the premium C? = C? in defaultable ZC-
bonds of maturity T, and take at any instant ¢ prior to default N(d.(¢, T))
positions in vulnerable forward contracts. It is understood that if default
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occurs prior to T all outstanding vulnerable forward contracts become
void.

Second, it is worth stressing that neither the arbitrage price, nor the
replicating strategy for a vulnerable option, depend explicitly on the de-
fault intensity. This remarkable feature is due to the fact that the default
risk of the writer of the option can be completely eliminated by trading in
defaultable zero-coupon bond with the same exposure to credit risk as a
vulnerable option.

In fact, since the volatility § is invariant with respect to an equivalent
change of a probability measure, and so are the volatilities o and b(t, T), the
formulae of Proposition 4.2 are valid for any choice of a forward measure
Qr equivalent to IP (and, of course, they are valid under IP as well). The
only way in which the choice of a forward measure Qr impacts these results
is through the pre-default value of a defaultable ZC-bond.

We conclude that we deal here with the volatility based relative pric-
ing a defaultable claim. This should be contrasted with more popular
intensity-based risk-neutral pricing, which is commonly used to produce
an arbitrage-free model of tradeable defaultable assets. Recall, however,
that if tradeable assets are not chosen carefully for a given class of survival
claims, then both hedging strategy and pre-default price may depend ex-
plicitly on values of drift parameters, which can be linked in our set-up to
the default intensity (see Example 4.2).

Remark 4.6. Assume that X = G(Y2) for some function G : R — R. Then
the credit-risk-adjusted forward price of a survival claim satisfies Fx(t,T) =
u(t, Fy2(t, T)), where the pricing function v solves the PDE

200, ) + 501 = bit, DY P00, /=0

with the terminal condition v(T,ﬁ = G(ﬁ. The PDE approach is studied
in Section 5 below.

Remark 4.7. Proposition 4.2 is still valid if the driving Brownian motion is
two-dimensional, rather than one-dimensional. In an extended model, the
volatilities oy, b(t, T) and f(t, T) take values in R? and the respective prod-
ucts are interpreted as inner products in R®. Equivalently, one may prefer
to deal with real-valued volatilities, but with correlated one-dimensional
Brownian motions.

4.1.8 Vulnerable Swaption
In this section, we relax the assumption that Y? is the price of a default-
free bond. We now let Y! and Y? to be arbitrary default-free assets, with



July 3,2005 10:38 Proceedings Trim Size: 9in x 6in BJR-Ritsum

44

dynamics
dY; = Yi(lui,t dt + Ot dW,g), i=1,2.

We still take D(t, T) to be the third asset, and we maintain the assumption
that the model is arbitrage-free, but we no longer postulate its complete-
ness. In other words, we postulate the existence an e.m.m. Q?!, as defined
in Section 4.1.2, but not the uniqueness of Q'.

We take the first asset as a numéraire, so that all prices are expressed in
units of Y'. In particular, Ytl’1 =1 for every t € R,, and the relative prices
Y?! and Y*! satisfy under Q' (cf. Proposition 4.1)

Ay =Y (oo, - a1,) dW;,
Y = Y (031 — 01,) AW, — dM).
It is natural to postulate that the driving Brownian noise is two-

dimensional. In such a case, we may represent the joint dynamics of
Y?! and Y*! under Q' as follows

AY?' = Y7 (00 — 01) AW},
Ay} =Y (034 - 01,4) dW? — dMy),

where W!, W2 are one-dimensional Brownian motions under Q?, such that
AW, W2y, = p: dt for a deterministic instantaneous correlation coefficient
p taking values in [-1, 1].

We assume from now on that the volatilities g;, i = 1, 2, 3 are determnis-
tic. Let us set

t
(63) a; =(In Y2,1’ In Y3'1>t = f Pu(02,u - Ul,u)(OS,u - Ul,u) du,
0

and let Q be an equivalent probability measure on (€2, Gr) such that the
process Y; = Ytz’le‘“f is a Q-martingale. To clarify the financial interpre-

tation of the auxiliary process Y in the present context, we introduce the
concept of credit-risk-adjusted forward price relative to the numéraire Y?.

Definition 4.3. Let Y bea Gr-measurable claim. An #;-measurable random
variable K is called the time-t credit-risk-adjusted Y'-forward price of Y if the
pre-default value at time t of a vulnerable forward contract, represented
by the claim

Lirea (Y1) (Y = KYT) = L (YYD = K),

equals 0.
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The credit-risk-adjusted Y!-forward price of Y is denoted by fy|yl t 1),
and itis also interpreted as an abstract defaultable swap rate. The following
auxiliary results are easy to establish, along the same lines as Lemmas 4.2
and 4.3.

Lemma 4.4. The credit-risk-adjusted Y'-forward price of a survival claim Y =
(X,0, 7) equals
Fyyi(t,T) = (X", 0,7)(D(t, T)) ™!

where X* = X(Y1)™" is the price of X in the numéraire Y, and (X, 0, ) is the
pre-default value of a survival claim with the promised payoff X'.

Proof. It suffices to note that for Y = 7. X, we have
Liran(Y(YD) ™" = K) = iz X' = KD(T, T),

where X! = X(Y1)™!, and to consider the pre-default values. o
Lemma 4.5. The credit-risk-adjusted Y'-forward price of the asset Y? equals
(64) Fyop(t, T) = Y¥1 277 = Y,
where « is given by (63).
Proof. It suffices to find an #;-measurable random variable K for which

D(t, T) Eg(Y3(Y}) ™ - K| %) = 0.
Consequently, K = ?yzwl (t, T), where

Frm(t,T) = Eg(Y2 | F) = Y7 e = Y, e,

where we have used the facts that ?t = Ytz’le‘“’ is a @—martingale, and « is

deterministic. o
We are in a position to examine a vulnerable option to exchange default-

free assets with the payoff

(65) Cf = Lir<q (Y1) ' (Y7~ KYD)'" = Lreq (Y7 — K)".

The last expression shows that the option can be interpreted as a vulnerable
swaption associated with the assets Y! and Y?. It is useful to observe that

d +
%zﬂﬁ{ﬁ_ﬂ
Yroo Yp Y7
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so that, when expressed in the numéraire Y, the payoff becomes
Cl d Dl(T T)(Yz ,1 K)Jr,

where C/* = C(Y!)™" and D'(t,T) = D(t, T)(Y})™" stand for the prices
relative to Y.

It is clear that we deal here with a model analogous to the model
examined in Sections 4.1.5 and 4.1.7 in which, however, all prices are now
relative to the numéraire Y!. This observation allows us to directly derive
the valuation formula from Proposition 4.2.

Proposition 4.3. The credit-risk-adjusted Y'-forward price of a vulnerable call
option written with the payoff given by (65) equals

Feayi(t, T) = Fyapi (t, TIN(di Fyeps (¢, T), 8, T)) = KN(d-(Fyzpa(t, T), £, T))
where

lnf—ani *(t,T)

A(f,t,T) = D)

and ;
R, T) = f (020 — 010 dit
t

The replicating strategy ¢ in the spot market satisfies for every t € [0, T], on the
set {t < 1},

$1Y! = -¢2Y?2,  ¢F = D(t, T)(Y})'N@.(t, D)e" ™, ¢D(t, T) = C},
where d..(t, T) = d.(Fy(t, ), 1, T).

Proof. The proof is analogous to that of Proposition 4.2, and thus it is
omitted. O

It is worth noting that the payoff (65) was judiciously chosen. Suppose
instead that the option payoff is not defined by (65), but it is given by an
apparently simpler expression

(66) Ch = Liren (Y3 — KY)*.
Since the payoff C can be represented as follows
Cl = G(YL, Y2, Y3) = Y3(Y2 - KYL)*,

where a(yl, Y2,Y3) = y3(y2 — Ky1)*, the option can be seen an option to
exchange the second asset for K units of the first asset, but with the payoff
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expressed in units of the defaultable asset. When expressed in relative
prices, the payoff becomes

CY = Lyreq (Y2 = K)*.

where Ir<;; = DY(T, T)Y7. Itis thus rather clear that itis not longer possible
to apply the same method as in the proof of Proposition 4.2.
4.2 Two Defaultable Assets with Total Default

We shall now assume that we have only two assets, and both are de-
faultable assets with total default. This case is also examined by Carr [12],
who studies some imperfect hedging of digital options. Note that here we
present results for perfect hedging.

We shall briefly outline the analysis of hedging of a survival claim.
Under the present assumptions, we have, fori =1, 2,

(67) dYi =Y (wiedt + 0, dW, — dM,),

where W is a one-dimensional Brownian motion, so that
Yi=TpeqY], Y7 =Ty,

with the pre-default prices governed by the SDEs

(68) dY; = Yi((uip + 71 dt + 03 dW,).

The wealth process V associated with the self-financing trading strategy
(¢!, ¢?) satisfies, for every t € [0, T],

t
Vi=Y} (Vg,+ f qbgdyﬁfl),
0

where Ytz’1 = Y?/Y!. Since both primary traded assets are subject to total
default, it is clear that the present model is incomplete, in the sense, that
not all defaultable claims can be replicated. We shall check in Section 4.2.1
that, under the assumption that the driving Brownian motion W is one-
dimensional, all survival claims satisfying natural technical conditions are
hedgeable, however. In the more realistic case of a two-dimensional noise,
we will still be able to hedge a large class of survival claims, including
options on a defaultable asset (see Section 4.2.2) and options to exchange
defultable assets (see Section 4.2.3).
4.2.1 Hedging a Survival Claim

For the sake of expositional simplicity, we assume in this section that

the driving Brownian motion W is one-dimensional. This is definitely not



July 3,2005 10:38 Proceedings Trim Size: 9in x 6in BJR-Ritsum

48

the right choice, since we deal here with two risky assets, and thus they
will be perfectly correlated. However, this assumption is convenient for
the expositional purposes, since it will ensure the model completeness with
respect to survival claims, and it will be later relaxed anyway.

We shall argue that in a model with two defaultable assets governed
by (67), replication of a survival claim (X,0,7) is in fact equivalent to
replication of the promised payoff X using the pre-default processes.

Lemma 4.6. If a strateqy ¢', i = 1,2, based on pre-default values Y i=1,2is
a replicating strategy for an Fr-measurable claim X, that is, if ¢ is such that the
process Vi(¢p) = ¢} Y] + ¢p2Y7 satisfies, for every t € [0,T],

dVi(9) = ¢ dY; + g7 aYs,

VT(@ =X
then for the process V() = ¢} Y} + ¢p?Y? we have, for every t € [0, T],

AVi(§) = ¢ dY; + 7 Y,

V(@) = XTir<q).
This means that a strategy ¢ replicates a survival claim (X, 0, 7).
Proof. Itis clear that Vi(¢p) = Ly Vi(p) = ]l{tq}?t((p). From
O dY} +¢FdY] = ~(@} Y] + PV dH, + (1~ Ho)($} dY] + 2 dYD),
it follows that
O dY} + ¢ dY = =Vi(@)dHy + (1 - Hi)dVi(@),

that is, _
op Y} + ¢ dYF = d(Li<q Vi) = dVi(¢).
It is also obvious that Vr(¢) = X1 1. m]

Combining the last result with Lemma 3.1, we see that a strategy (¢, ¢?)
replicates a survival claim (X, 0, 7) whenever we have

e [ L) = x

for some constant x and some F-predictable process ¢?, where, in view of
(68),

dYtz’l = Ytz’l«luz,t — U1+ o(ore — Uz,t)) dt + (024 — 01,) th).
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We introduce a probability measure Q, , equivalent to IP on (Q,Gr), and

such that Y?! is an FF- -martingale under Q. It is easily seen that the Radon-
Nikodym density 7 satisfies, for t € [0, T],

(69) d@g,:mdmg,:at(f QSdWS)lelg,
0

with
Hop = Hit + 014(01 — 024)
Qt = ’
01+ — 02t

provided, of course, that the process 0 is well defined and satisfies suitable
integrability conditions. We shall show that a survival claim is attainable if

the random variable X(Y ) Lis @—integrable. Indeed, the pre-default value
V, at time t of a survival claim equals

Vi =Y} Eg(X(YD ™),

and from the predictable representation theorem, we deduce that there
exists a process ¢? such that

Eg(X(0D) ™ 1F) = Eg(X(0H)™ f PR dY2t,

The component ¢! of the self-financing trading strategy ¢ = (¢!, ¢?) is then
chosen in such a way that

P + Y2 =V, Vte[0,T].

To conclude, by focusing on pre-default values, we have shown that the
replication of survival claims can be reduced here to classic results on
replication of (non-defaultable) contingent claims in a default-free market
model.
4.2.2 Option on a Defaultable Asset

In order to get a complete model with respect to survival claims, we
postulated in the previous section that the driving Brownian motion in
dynamics (67) is one-dimensional. This assumption is questionable, since
it implies the perfect correlation of risky assets. However, we may relax
this restriction, and work instead with the two correlated one-dimensional
Brownian motions. The model will no longer be complete, but options on a
defaultable assets will be still attainable. The payoff of a (non-vulnerable)
call option written on the defaultable asset Y? equals

Cr = (Y2 = K)* = Njr<q (Y2 - K)*,
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so that it is natural to interpret this contract as a survival claim with the
promised payoff X = (Y2 — K)*.

To deal with this option in an efficient way, we consider a model in
which

(70) dYi =Y (wiedt + 05 AW} — dM,),

where W! and W? are two one-dimensional correlated Brownian motions
with the instantaneous correlation coefficient p;. More specifically, we

assume that Ytl =D(,T) = ]lltqlﬁ(t, T) represents a defaultable ZC-bond
with zero recovery, and Y? = T Y? is a generic defaultable asset with
total default. Within the present set-up, the payoff can also be represented
as follows
Cr = G(Y1, Y7) = (Y7 - KYD)*,

where ¢(y1,12) = (y2 — Ky1)*, and thus it can also be seen as an option to
exchange the second asset for K units of the first asset.

The requirement that the process Y;' = Y?(Y!)™! follows an IF-

martingale under Q implies that
(71) d?f’l = 17?’1<(02,tpt —o1y) dV~\/t1 + 0o 4/1 — p? dW,z),

where W = (V~\/1, WZ) follows a two-dimensional Brownian motion under
Q. Since Y7 = 1, replication of the option reduces to finding a constant x
and an F-predictable process ¢? satisfying

T
x+f PrdY; = (Y2 -K)*.
0

To obtain closed-form expressions for the option price and replicating strat-
egy, we postulate that the volatilities 01+, 02+ and the correlation coefficient
pi are deterministic. Let Fya(t, T) = YA(D(t, T))™* (Fc(t, T) = C{(D(t, T))"",
respectively) stand for the credit-risk-adjusted forward price of the second
asset (the option, respectively). The proof of the following valuation result
is fairly standard, and thus it is omitted.

Proposition 4.4. The credit-risk-adjusted forward price of the option written on
Y? equals

Fe(t, T) = Fya(t, T)N(d. (Fyz(t, T), £, T)) = KN(d_(Fyz(t, T), £, T))-
Equivalently, the pre-default price of the option equals
Ci = YIN(d, (Fy(t, T),t, T)) - KD(t, DN(d_(Fya(t, T), 1, T)),
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where _
~ Inf-InK+ %vz(t,T)
di(fltlT) - Z)(t,T)

and
T
Z72(’2 T) = f (O-iu + O%,M - 2pltgl,1102,ll) du.
t

Moreover the replicating strategy ¢ in the spot market satisfies for every t € [0, T],
on the set {t < 1},

¢} = —KN(d_(Fy=(t,T),+,T)), ¢} = N(d.(Fya(t, T),t,T)).

4.2.3 Option to Exchange Defaultable Assets
We work here with the two correlated one-dimensional Brownian mo-
tions, so that

72) dyi =Y (udt+ 0, dWi—dM,), i=1,2,

where d(W!, W2); = p,dt for some function p with values in [-1,1]. The
model is no longer complete, but it is still not difficult to establish a direct
counterpart of Proposition 4.4 for the exchange option with the payoff (Y2 —
KY1)*. In fact, the next result shows that the pricing formula expressed
in terms of pre-default prices has the same shape as the standard formula
for the option to exchange non-defaultable assets with dynamics (67). It is
notable that we do not need to make any assumption about the behavior
of the default intensity.

We only assume that the coefficients in (72) are such that there exist an

e.m.m. for the process Y2! where
(73) Y= Yi((uig + ) dt + 0y dWL), i=1,2,
so that we implicitly impose mild technical conditions on drift coefficients.

Proposition 4.5. Assume that the volatilities 01,0, and the instantaneous cor-
relation coefficient p are deterministic. Then the pre-default price of the exchange
option equals

Ci = VIN(d. (Y, 1)) - KYIN(d-(Y>,1,T)),

where
Iny - InK + 12(¢, T)

LG 6D = ——
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and
T
?(t,T) = f (oiu + aéu - 2pu01,u02,u) du.
t

Moreover the replicating strategy ¢ in the spot market satisfies for every t € [0, T],
on the set {t < 1},

¢f = —KN(d_(Y2',t,T)), ¢? = N(d.(Y?",1,T)).

The pricing formula for the option on a defaultable asset (see Proposi-
tion 4.4) can be seen as a special case of the formula established in Propo-
sition 4.5.

Similarly as in Sections 4.1.7 and 4.1.8, we conclude that the pricing
and hedging of any attainable survival claim with the promised payoff

X =g(Y1,Y3) depeBds on the choice of a default intensity only through the

pre-default prices Y} and Y?. This property shows that we have correctly
specified the hedging instruments for a claim at hand. Of course, the
model considered in this section is not complete, even if the concept of
completeness is reduced to survival claims. Basically, a survival claim can

be hedged if its promised payoff can be represents as X = Y%h(Y%’l).

5. PDE Approach to Valuation and Hedging

In the remaining part of the paper, we take a different perspective, and
we assume that trading occurs on the time interval [0, T] and our goal is to
replicate a contingent claim of the form

Y = Il{TzT]gl(Yl 7 Y%‘/ Y%) + ]]~[T<T}g0(Y%"/ Y%‘/ Y%") = G(Yl 4 Y%‘/ Y%"/ HT)/

which settles at time T. We do not need to assume here that the coefficients
in dynamics of primary assets are F-predictable. Since our goal is to
develop the PDE approach, it will be essential, however, to postulate a
Markovian character of a model. For the sake of simplicity, we assume
that the coefficients are constant, so that

dY; =Y, (widt + 0;dW, +1,dM;), i=1,2,3.

The assumption of constancy of coefficients is rarely, if ever, satisfied in
practically relevant models of credit risk. It is thus important to note that
it was postulated here mainly for the sake of notational convenience, and
the general results established in this section can be easily extended to a
non-homogeneous Markov case in which iy = pit, Y1, Y2, Y? ,H,), 044 =
oi(t, YL, Y2,Y?  H,_), etc.
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5.1 Defaultable Asset with Total Default
We first assume that Y! and Y? are default-free, so that x; = x; = 0, and
the third asset is subject to total default, i.e. k3 = -1,

Y} =Y} (uzdt + o3 W, — dM,).

We work throughout under the assumptions of Proposition 4.1. This means
that any Q'-integrable contingent claim Y = G(Y7, Y7, Y3, Hr) is attainable,
and its arbitrage price equals

(74) (V) =Y, Eg(Y(YD) ' G, Ytel0,TI.
The following auxiliary result is thus rather obvious.

Lemma 5.1. The process (Y',Y?,Y?,H) has the Markov property with respect
to the filtration G under the martingale measure Q'. For any attainable claim
Y = G(Y}, Y2, Y3; Hy) there exists a function v : [0, T] x R? x {0,1} — R such
that 7,(Y) = o(t, Y}, Y2, Y3; Hy).

We find it convenient to introduce the pre-default pricing function
v(-;0) = o(t,y1,Y2,y3,0) and the post-default pricing function v(-;1) =
o(t, y1,Y2,¥3;1). In fact, since Y? = 0 if H; = 1, it suffices to study the
post-default function v(t, y1, y2; 1) = v(t, y1, y2,0;1). Also, we write

H1— 2

7
01 — 02

a; = i — o;

b= (us — p1)(o1 — 02) — (p1 — p3)(01 — 03).

Let y > 0 be the constant default intensity under IP, and let C > —1 be given
by formula (47).

Proposition 5.1. Assume that the functions v(- ; 0) and v(- ; 1) belong to the class
CY2([0, T] x R%,R). Then v(t, y1, ya, y3;0) satisfies the PDE

2 3
1
9r0(30) + ) aiyido(-;0) + (a5 + Qyadsel-0) + 5 Y oiajyiyidiol-;0)
i=1 ij=1

—ayo(-;0) + (V - ) [o(t, 1,92 1) = ot y1, 2, y3;0)] = 0

01— 02

subject to the terminal condition v(T,y1,Y2,¥3;0) = G(y1,y2,v3,0), and
u(t, y1, Yyo; 1) satisfies the PDE

2 2
1
dio(-;1) + Z a;yidio(-; 1) + 3 2 0i07Yiy;dijo(-;1) —aro(-;1) = 0
im1 =1

subject to the terminal condition v(T, y1, y2;1) = G(y1, y2,0;1).
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Proof. For simplicity, we write C; = m;(Y). Let us define

Av(tr Y1, Y2, y3) = U(t, Y1, Y2, 1) - U(tr Y1, Y2, Y3, O)

Then the jump AC; = C; — C;— can be represented as follows:
ACy = ey (0(t, Y1, Y5 1) = 0(t, Y], Y2, Y5 50)) = Dy A0(t, Y], Y2, Y).

We write d; to denote the partial derivative with respect to the variable
yi, and we typically omit the variables (¢, Y}_, Ytz_, Yff,Ht_) in expressions
dw, div, Av, etc. We shall also make use of the fact that for any Borel
measurable function ¢ we have

t t
f g(u, Y2, Y3 Ydu = f g(u, Y2, Y3)du
0 0

since Y3 and Y3_ differ only for at most one value of u (for each w). Let
& = Ljt<ryy. An application of 1td’s formula yields

3 3
dC; = dvdt + Z 0;v inl + % Z a,-a,-Yﬁ_Y{_a,-]-v dt
i=1 ij=1
+ (Av + Yf’_a;;v) dH,
3 13 o
= dwdt+ ) dodYj+ 5 Y 00}Y, Y] djudt
i=1 ij=1
+ (Av + ijw)(th +& dt),

and this in turn implies that

3 3
dC; = dodt + Y do(u;dt + o;dW;) + 1 0,0:Y.Y! 9;vdt
t H 2 ] ]

T
i=1 ij=1

+ AvdM; + (Ao + Y3 930)¢, dt

3 3
. 1 o
=00+ Z ini_aiv + E Z aian;_Y{_Q,-jv + (AU + Yf’_é?gv)ét dt
i=1 =1
3 .
+( ) 0:¥i_0)dW,s + AvdM,.

i=1
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We now use the integration by parts formula together with (41) to derive
dynamics of the relative price C = Ci(Y])™. We find that

dC, = C, ((~p1 + 0D dt = oy dW,)

+(YL)y o0+ 2 wiYidw+ > Z 010 Yi_Y] B0+ (v + Y3 950)&, | dt

i,j=1

3 3
+(YL)™! Z oiYi_dwdW, + (YL)AvdM, — (YL) 1oy Z oY _dwat.

i=1 i=1

Hence, using (46), we obtain

da = a_( -1+ o%)dt + a_( - 01 dW,; - oledt)

+(YL)? 8tv+zlqul O+ = Zaza,y;_yt v + (Ao + Y3 950)& p dt

1]1

3 3
+ (Y)Y 0 ddW + (Y)Y /Yl 0ot

i=1 i=1

3
+ (YL AvdM, + (YL) ' C& Avdt — (Y2) 1oy Z o'Yi_dwat.
i=1

This means that the process C admits the following decomposition under

Ql

- +o1 —019)d

i=1 1] 1

3
+ (Yt1 ) {&v + Z Wi Y’ v+ = Z IoF, a]Y Y _diju+ (Av + Yt_(?gv)ét dt
3 .
+(YL)? Z oY 0dwdt + (Y1) C& Avdt

3
-(Y) oy Z 0;Y!_dwwdt + a Q'-martingale.

i=1

From (74), it follows that the process Cisa martingale under Q'. Therefore,
the continuous finite variation part in the above decomposition necessarily
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vanishes, and thus we get

0=Cr(Y})(= 1 +0} - 016)

Y )y ow + Z p7Y1 0iv+ = Z o; a]Yt_Y; ijv + (AU + Y?_&g,v) &
i,j=1
3 .
+( Y}_) L a Y000+ (YL)C&EAv — (YL) oy Z oiYi_dp.

i=1 i=1

Consequently, we have that

0= Ct_(—yl +G%—G19)

3 3
. 1 o
+0v + E uiYi_div + 3 Z Gia]‘YLYi_aijv + (Av + Y?_z%v) &
=1 ij=1

3 3
+ Z;‘ 0iY'_09v + L& AD — oy ; oY ow.

Finally, we conclude that

2 3
2 ‘ i 1 2 ‘ i \J
04U + L a,-Yt_(Z-v + (a3 + &) Yf_&gv + E o GiO'jY;_Y{_gijU
—a1C- + (1 + 0)éAv = 0.

Recall that & = Tj;<yy. It is thus clear that the pricing functions v(-, 0) and
v(-; 1) satisfy the PDEs given in the statement of the proposition. O

The next result deals with a replicating strategy for Y.
Proposition 5.2. The replicating strateqy ¢ for the claim Y is given by formulae
GIYL = —Au(t, Y}, YF, Y] =0t Y], YE, Y500 — 0t Y], YD),
3 .
qb%Ytz(Oz - 01) = —(01 - Og)AU — 010+ Z Yﬁ_oﬁiv,

i=1

$1Yi = 0= GiYi - @pY].

Proof. As a by-product of our computations, we obtain

3
dCy = —(Y) oyudW, + (Y™ Z oY dpdW, + (Y AvdM;.
i=1
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The self-financing strategy that replicates Y is determined by two compo-
nents ¢?, ¢ and the following relationship:

dC, = AV +¢7 AV} = $2Y 7 (02- 1) AW+ 7Y (05 — 01) AW, — dM).

By identification, we obtain ¢?Y>" = (Y!)"1Av and

3
qbthtz(az —01)— (03 —01)Av = —01C; + Z Yﬁ_o,@iv.
i=1

This yields the claimed formulae. m|

Corollary 5.1. In the case of a total default claim, the hedging strategy satisfies
the balance condition.

Proof. A total default corresponds to the assumption that G(y1, y2, y3,1) =
0. We now have o(t, y1, ;1) = 0, and thus ¢’Y? = o(t, Y], Y2, Y? ;0) for
every t € [0,T]. Hence, the equality ¢;Y] + ¢;Y? = 0 holds for every
t € [0, T]. The last equality is the balance condition for Z = 0. Recall that it
ensures that the wealth of a replicating portfolio jumps to zero at default
time. O

5.1.1 Hedging with the Savings Account
Let us now study the particular case where Y is the savings account,
ie.,
dy} =ry;dt, Yi=1,

which corresponds to 1 = r and 07 = 0. Let us write 7 = r + , where
— 03
V=V(1+C)=V+#3—7’+G—2(7’—/J2)

stands for the intensity of default under Q'. The quantity 7 has a natural
interpretation as the risk-neutral credit-risk adjusted short-term interest rate.
Straightforward calculations yield the following corollary to Proposition
5.1.

Corollary 5.2. Assume that o, # 0 and
dy} =rY} dt,
dY? = Yi (i dt + 0 dWy),
dY} =Y} (usdt + o3 dW, — dM,).
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Then the function v(- ;0) satisfies

Aru(t, Y2, y3; 0) + ry2020(t, Y2, y3; 0) + 1Y3050(t, Y2, y3; 0) = 70(t, Y2, y3; 0)
3
1 —
+5 ”Z:;Uiaj]/i]/jaijv(t/ Y2, 3,0) + yolt, y2;1) = 0

with v(T, y2, y3;0) = G(y2, y3; 0), and the function v(-; 1) satisfies

1
dvu(t, y2; 1) + ry20d20(t, yo; 1) + 5033/%92277(1‘, y2;1) —ro(t, y2;1) =0

with (T, y2;1) = G(y2,0; 1).

In the special case of a survival claim, the function v(-;1) vanishes
identically, and thus the following result can be easily established.

Corollary 5.3. The pre-default pricing function v(-;0) of a survival claim Y =

Nir<G(Y2, Y3) is a solution of the following PDE:

210t Y2, Y3; 0) + ry20,0(t, Y2, y3; 0) + 7Y3950(t, 2, ¥3; 0)

3
1 —
+5 ;szioj]/i]/jazjv(f, Y2, Y3;0) = ro(t, y2,y3;,0) = 0

with the terminal condition (T, y,y3;0) = G(y2, y3). The components ¢ and
¢° of the replicating strategy satisfy

3
$RoaY? =) oYLt Y2, Y5 0) + o5(t, Y, Y1 0),
i=2
Y3 =o(t, Y2, Y3 ;0).
Example 5.1. Consider a survival claim Y = Ly g(Y%), that is, a vul-
nerable claim with default-free underlying asset. Its pre-default pricing

function v(- ;0) does not depend on y3, and satisfies the PDE (y stands here
for y, and o for 07)

1 —
(75) dw(t, y;0) + rydo(t, y; 0) + zazyzazzv(t, y;0)=71o(t,y;0) =0
with the terminal condition (T, y;0) = T;<71§(y). The solution to (75) is

o(t,y) = eTNED 82t y) = D 9782 (1, y),

where the function v"$2 is the Black-Scholes price of ¢(Y7) in a Black-Scholes
model for Y; with interest rate r and volatility o».
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5.2 Defaultable Asset with Non-Zero Recovery
We now assume that

dY? = Y3 (uzdt + o3 dW; + 13 dM;)

with k3 > -1 and k3 # 0. We assume that Y3 > 0, so that Y7 > 0 for
every t € IR,. We shall briefly describe the same steps as in the case of a
defaultable asset with total default.
5.2.1 Arbitrage-Free Property
As usual, we need first to impose specific constraints on model coeffi-
cients, so that the model is arbitrage-free. Indeed, an e m.m. Q! exists if
there exists a pair (0, C) such that

K K1 K1

Oi(o; —01) + L = i+ 010y — o) + Ex — K , 1=2,3.
t( i 1) Ctét 1+K1 M1 — Hi 1( i l) ét( i 1)1+K1

To ensure the existence of a solution (6, C) on the set T < f, we impose the
condition

U1 — a2 H1— U3

01 — =01— ’

01— 02 01 — 03

that is,

p1(03 — 02) + pz(01 — 03) + ps(o2 —o1) = 0.
Now, on the set T > ¢, we have to solve the two equations
0i(02 — 01) = p1 — 2 + 01(02 — 01),
Oi(03 — 01) + GyK3 = p1 — pz + 01(03 — 01).
If, in addition, (02 — 01)x3 # 0, we obtain the unique solution
Bl U g T

1 ’
01 — 02 01— 03
C=0>-1,

9=01

so that the martingale measure Q' exists and is unique.
5.2.2 Pricing PDE and Replicating Strategy
We are in a position to derive the pricing PDEs. For the sake of simplic-
ity, we assume that Y! is the savings account, so that Proposition 5.3 is a
counterpart of Corollary 5.2. For the proof of Proposition 5.3, the interested
reader is referred to Bielecki et al. [7].

Proposition 5.3. Let o, # 0 and let Y',Y?,Y? satisfy
dyl =ryldt,
dy? = Yi(updt + 0 dW,),
Y} =Y} (us dt + 03 dW, + 13 dM).
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Assume, in addition, that o,(r — u3) = o3(r — o) and x3 # 0, k3 > —=1. Then

the price of a contingent claim Y = G(Y2, Y3, Hr) can be represented as m,(Y) =

o(t, Y2, Y?, Hy), where the pricing functions v(- ;0) and v(- ; 1) satisfy the following
PDEs

dvu(t, Y2, y3;0) + ry20,0(t, Y2, y3; 0) + y3 (v — x3Y) d30(t, Y2, y3; 0) — ro(t, Y2, y3; 0)
1 3
+5 Z 0i0Yiy;dijot, y2, y3;0) + V(U(f/ y2, y3(1 +x3); 1) — o(t, y2, ys;O)) =0
=2

and

dio(t, Yo, y3; 1) + 1y2020(t, Y2, y3; 1) + ry3030(t, y2, y3; 1) — ro(t, y2, y3; 1)
3
1
t5 Z 0i07Yiy0ijo(t, y2, ¥3;1) = 0
ij=2
subject to the terminal conditions

(T, y2,y3;0) = G(y2,y3;0), (T, y2,¥3;1) = G(y2, y3;1).
The replicating strategy ¢ equals
3

1
¢ = — Zo,-y,aiv(t, Y7, Y? , Hy)

GzYt =

_93 2 13 L 2 v
(T ) — et 2 250)
1
o7 = — (06, Y2, Y3 (1 + x3); 1) = 0(t, Y2, Y35 0)),
3

t—

and ¢} is given by ¢} Y} + Pp2Y? + H}Y? = C,.

5.2.3 Hedging of a Survival Claim
We shall illustrate Proposition 5.3 by means of examples. First, consider
a survival claim of the form

Y = G(Y3, Y3, Hr) = Tir<qg(Y?).

Then the post-default pricing function v3(-; 1) vanishes identically, and the
pre-default pricing function v8(: ; 0) solves the PDE

v (-;0) + ry20,08(-; 0) + y3 (r — k3)) d308(-; 0)

3
1
+3 Z 0i0;Yiy;div(-;0) = (r + )0f(-;0) = 0
=2
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with the terminal condition v8(T, v, y3;0) = g(y3). Denote a = r — k3 and
B=v(1+x3).

It is not difficult to check that v8(t, y2, y3;0) = efT-Dv*83(¢,y3) is a so-
lution of the above equation, where the function w(t, y) = v¥¢3(t, ) is the
solution of the standard Black-Scholes PDE equation

1
drw + yad,w + Eaéyzé’ww —aw=0

with the terminal condition w(T, y) = g(y), that is, the price of the contin-
gent claim g(Yr) in the Black-Scholes framework with the interest rate o
and the volatility parameter equal to o3.

Let C; be the current value of the contingent claim Y, so that

Ct = LyperyP T D083 (1, Y7).

The hedging strategy of the survival claim is, on the event {f < 7},
1 1
HFY? = ——ePT 0831, ¥3) = ——C,,
K3 K3
AGE Z_Z (Ve PT99,0783(t, Y3) - 7 Y?).

5.2.4 Hedging of a Recovery Payoff
As another illustration of Proposition 5.3, we shall now consider the
contingent claim G(Y?%, Y3, Hr) = Ir>qg(Y?), that is, we assume that re-
covery is paid at maturity and equals g(Y?%). Let 08 be the pricing function
of this claim. The post-default pricing function v3(-; 1) does not depend on

y3. Indeed, the equation (we write here 1, = )
208(-; 1) + ryd,vd(-; 1) + %aéyz(?yyvg(-;l) —-rd8(-;1) =0,

with v8(T, y;1) = ¢(y), admits a unique solution v"$?2, which is the price of
g(Yr) in the Black-Scholes model with interest rate r and volatility o».

Prior to default, the price of the claim can be found by solving the
following PDE

908 (5 0) + 120,08 (55 0) + y3 (r — k3)) d303(-; 0)
3
1
+5 Z 0i0;Yiy;0ijvs (0) — (r + y)vs (5 0) = =yoi(t, y2; 1)
ij=2
with v8(T, 1, y3;0) = 0. It is not difficult to check that
0S(t, y2, ¥3;,0) = (1 — D)0 82(L, 1)

The reader can compare this result with the one of Example 5.1.
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5.3 Two Defaultable Assets with Total Default

We shall now assume that we have only two assets, and both are de-
faultable assets with total default. We shall briefly outline the analysis of
this case, leaving the details and the study of other relevant cases to the
reader. We postulate that

(76) dYi =Y, (uidt +o;dW, —dM,), i = 1,2,

so that _ _

Yi=TpenYy,  Yi =Ty,
with the pre-default prices governed by the SDEs

d1~/§ = Y;((yi +y)dt + o dW,), i=1,2.
In the case where the promised payoff X is path-independent, so that
XH{T<T} = G(Y%"’ Y%)]I{T<T} = G(?’}"/ Y%)H{T«[}

for some function G, it is possible to use the PDE approach in order to
value and replicate survival claims prior to default (needless to say that
the valuation and hedging after default are trivial here).

We know already from the martingale approach that hedging of a sur-
vival claim X7« is formally equivalent to replicating the promised payoff
X using the pre-default values of tradeable assets

Y = Yi((ui +y)dt + 0idW,), i=1,2.

We need not to worry here about the balance condition, since in case of
default the wealth of the portfolio will drop to zero, as it should in view of
the equality Z = 0.

We shall find the pre-default pricing function v(t, y1, y2), which is bound
to satisfy the terminal condition v(T, y1,v2) = G(y1,Yy2), as well as the
hedging strategy (¢!, ¢?). The replicating strategy ¢ is such that for the
pre-default value C of our claim we have C; := v(t, Y}, Y?) = ¢} Y] + ¢?Y?,
and

77) dCy = ¢l dY! + p>dY>.
Proposition 5.4. Assume that 01 # 0,. Then the pre-default pricing function v
satisfies the PDE

H2 — H1

Oy — 01

)510+y2(‘Uz +)/—02‘l;2:g11)320
H2 —,111)0

02 — 01

atv+y1(y1+y—ol

1
+ E(y%af&’nv + y%a%&zzv + Zylyzﬁlﬁzalzv) = ([.11 +y—01

with the terminal condition v(T, y1, y2) = G(y1, Y2).
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Proof. We shall merely sketch the proof. By applying Itd’s formula to

o(t, Y}, 17%), and comparing the diffusion terms in (77) and in the It6 differ-
ential do(t, Y}, Y?), we find that

(78) Y101010 + Y202020 = ¢l y101 + ¢*1002,
where ¢' = ¢(t, y1, ). Since ¢'y1 = v(t, y1, y2) — P12, we deduce from
(78) that
Y101010 + Y202020 = 001 + O*Y2(02 — 01),
and thus

3 Y101010 + Y202020 — 001

P*y2

On the other hand, by identification of drift terms in (78), we obtain

02 — 01

90 + y1(U1 + 7)010 + yo(u2 + )0

1
+5 (¥3030110 + 13030200 + 2y120102910)

= Oy +9) + yalpa +7).
Upon elimination of ¢! and ¢?, we arrive at the stated PDE. O

Recall that the historically observed drift terms are p; = y; + y, rather
than ;. The pricing PDE can thus be simplified as follows:

(9ﬂ)+y1 (Zl} —01”2_#1)81‘U+y2(ﬁ2—02‘uz_[Jl)&zv
Oy — 01

02 — 01

ﬁz—ﬁl)

1i55 2 2 I
+ E(ylalanv + Y5050200 + 2y1y201028120) =v(ur —o1 pp——

The pre-default pricing function v depends on the market observables (drift
coefficients, volatilities, and pre-default prices), but not on the (determin-
istic) default intensity.

To make one more simplifying step, we make an additional assumption
about the payoff function. Suppose, in addition, that the payoff function is
such that G(y1, y2) = y18(y2/y1) for some function g : R, — R (or equiva-
lently, G(y1, y2) = y2h(y1/y2) for some function /1 : Ry — RR). Then we may
focus on relative pre-default prices C; = C;(Y})™! and Y?! = Y2(Y])™'. The
corresponding pre-default pricing function o(t, z), such that C; = (¢, Ytz’l)
will satisfy the PDE

—~ 1 —
di0 + 5(62 —01)*220.0=0
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with terminal condition o(T,z) = g(z). If the price processes Y! and Y?

in (67) are driven by the correlated Brownian motions W and W with the
constant instantaneous correlation coefficient p, then the PDE becomes

—~ 1 —
0 + E(a% + af - 2p0102)228220 =0.

Consequently, the pre-default price C; = Yjo(t, Yf’l) will not depend di-
rectly on the drift coefficients 17 and 2, and thus, in principle, we should
be able to derive an expression the price of the claim in terms of mar-
ket observables: the prices of the underlying assets, their volatilities and
the correlation coefficient. Put another way, neither the default intensity
nor the drift coefficients of the underlying assets appear as independent
parameters in the pre-default pricing function.

Before we conclude this work, let us stress once again that the martin-
gale approach can be used in fairly general set-up. By contrast, the PDE
methodology is only suitable when dealing with a Markovian framework.
In a forthcoming paper [8], we analyze a more general situation where
a traded defaultable asset is a credit default swap, so that its dynamics
involve also a continuous dividend stream.
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