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Abstract

The goal of this paper is to study the immersion property through its links with credit risk
modelling. The construction of a credit model by the enlargement of a reference filtration with
the progressive knowledge of a credit event occurrence has become a standard for reduced form
modelling. It is known that such a construction rises mathematical difficulties, mainly relied to
the properties of the random time. Whereas the invariance of the property of semi-martingale
in the enlargement is implied by the absence of arbitrage, we address in this paper the question

of the invariance of the martingale property.

Introduction

Most of the literature on credit risk focuses on pricing problems and postulates the existence of a
pricing measure, without questioning its features. The purpose of this paper is to propose a study
of the set of equivalent martingale measures (e.m.ms) in the context of credit modelling. Within the
reduced form approach and particularly under the filtration enlargement framework, such questions
may be precisely studied, and lead to interesting properties. Only finite time horizon problems will

be treated in this paper.

Three parts will be developed in the sequel, so that to present the issues relative to the discussion

about the completeness of a market potentially exposed to a credit event.

e The first one presents the credit modelling framework and discusses the meaning of the options

taken. We adopt a reduced form model, and specify the split of the full information G between

*This research benefited from the support of the “Chaire Risque de Crédit”, Fédération Bancaire Francgaise.



a “reference filtration” F and the credit event (generating a filtration H) so that to benefit the
methodology based on the hazard process!. A subsection is dedicated to the presentation of

each filtration, and another one to the financial interpretation of that splitting.

We model the credit event by a random time belonging to the class of initial times?. The
choice of initial times insures that the semi-martingales in the reference filtration remain semi-

martingales in the full filtration G.

e The second one is a mathematical part that aims at proving a representation theorem for
martingales of the full filtration, as soon as the martingales of the reference market can be

represented on a finite set of martingales, and when the credit event is an initial time.

This theorem emphasizes the major role played by initial times in credit modelling. A corollary
allows to describe the positive G-martingales, hence the set of Gr-equivalent probabilities once

an "historical probability” is given.

e The third one is a study of the special -and fundamental- case where the “reference market”
is complete and arbitrage free. We describe thanks to the previous martingale representation
theorem the set of the probabilities equivalent to the historical one on Gr under which the
reference assets remain martingales. Then it is established under mild assumptions that the
full market, where a credit event-sensitive asset is added to the collection of the reference

assets, is also complete and without arbitrage opportunities.

A following section presents the links between the completeness and the immersion property
of the filtration enlargement: this property, often referred to as (H)-hypothesis, denotes the
fact that the F-martingales remain G-martingales. We shall prove that immersion holds under
any G-e.m.m, and characterize the change of probability that allows to go from a "reference
neutral-risk” probability? to a neutral risk probability, under which immersion holds. We
derive the important corollary that if the F-martingale part of the survival process defined
under a "reference neutral-risk” probability P* is not equal to zero, P* is not neutral-risk
probability of the full market.

e The last part is devoted to the case where the reference market is incomplete and a default
sensitive asset is traded. Starting from a reference e.m.m. P*, we construct a unique e.m.m.

in the full filtration that preserves the main properties of the reference market.

Precisely, we prove that there exists a unique probability measure QQ equivalent to P* such
that the price process (composed of the reference assets and the default sensitive asset) is a

(G,Q)-martingale that preserves the“reference pricing”, i.e., such that E¢ (Xr) = E* (Xr),

1See Jeanblanc and Le Cam [24] for a survey on reduced form modelling and hazard process.

2See the following section, Jiao [22], El Karoui et al. [12] or the paper of Jeanblanc and Le Cam [23] for a study
of the properties of initial times and their application to progressive enlargement of filtrations.

3 A probability under which the reference assets are F-martingales.



for any Xt € L? (Fr). We establish that here again, immersion property of the filtration
enlargement holds under this probability.

In this paper, all the processes are constructed on a probability space (£2,.4,P), where the
probability measure P is referred to as the historical probability.

A financial market is represented in the sequel by a n + 2-dimensional price process S =
(S?,...,Sf“;() <t< T)7 in which S° will denote the saving accounts, i.e., the risk-free asset?,
and its information by G assumed to be the natural (augmented) filtration generated by S. We do
not assume that Gr = A, and we emphasize that P is a probability measure defined on A (even if
we shall be interested in the sequel in restrictions of the probabilities on sub-o-algebras of A).

We denote by O% (5) the set of G-e.m.ms, i.e., the set of probability measures Q defined on
A, equivalent to P on A, such that S/S° € M (G,Q), i.c., such that the discounted process

(§t/S?,t < T)is a (G,Q)-local martingale. In what follows, we assume for the sake of simplicity
that SO = 1.

It is well known that there are strong links between no-arbitrage hypothesis and the existence
of an equivalent martingale measure (see Kabanov [26], Delbaen and Shachermayer [11]). In this
paper we are interested with the property of @% (g) being not empty. This condition is equivalent
to the No Free Lunch with Vanishing Risk condition (a condition slightly stronger than absence of
arbitrage).

Recall that the market where the assets S?,i = 0, ...,n+1 are traded is complete if any contingent
claim is replicable: For any payoff X7 € L? (Gr) there exists a G-predictable self-financed strategy
with terminal value Xp. Our aim in this paper is neither to make a fine discussion on the best
hypotheses on trading strategies, nor to use the most precise and efficient assumptions in that
matter (the interested reader may refer for example to Delbaen and Schachermayer [11], Kabanov
[26] or/and Protter [31]).

Given an em.m. Q € OF (§>, we say that the Q-local martingale S enjoys the predictable
representation property® (under Q), if every (Q, G)-local martingale M can be written M = My +
m % §7 where M, belongs to Gy and m * S is the process fg msalgS with m a G -predictable locally
bounded process. If S enjoys the PRP, the market is complete. When only considering probabilities
equivalent to a given one (in our case the historical probability P), it is straightforward that if
@g (5) restricted to Gr is a singleton, PRP holds under this martingale probability and the market

is complete.

457+1 will represent in the sequel an asset on which may be read the occurrence of the credit event, at the opposite

of the n + 1 first ones.
5General presentations of PRP are available in Revuz and Yor [33], Jacod and Shiryaev [20] or Protter [32] .



1 Credit modelling framework

We work in this study within a progressive enlargement of filtration set-up, so that to study the
pricing of derivatives written on underlyings sensitive to a credit event 7. We refer the reader to
Elliott et al. [15] or to Jeanblanc and Rutkowski [25] for a detailed presentation of this approach,

and to Jeanblanc and Le Cam [24] for the reasons that lead us to adopt it in this context.

In this framework, we shall split the information induced by the market into two components: a
first one generated by what will be called the default-free assets, and a second by the knowledge of
the occurrence of a credit event (the probability of occurrence of this event will depend on factors
adapted to the first filtration). Precisely, two sources of information are introduced, the reference

filtration and the default-sensitive asset.

1.1 The two information flows

The reference filtration. We consider an n + 1-dimensional vector S of assets SY,...,S™ and its
natural filtration F, that will be referred to as the reference filtration® in the sequel”. These assets
may be shares, vanilla options, interest rates, change rates, etc.: All listed information that may
be used by the market to build its anticipations on the probability of occurrence of the risk - and
impact the bid-ask price of instruments written on 7). For example, if 7 is the default time of a
bond issued by a firm X, it is in general not a stopping time with respect to the filtration generated
by the stock of X, or by interest rates (even it is far from being independent of such variables). The
information flow F does not contain the information of the occurrence of the credit event, i.e., 7 is

not an F-stopping time.

We denote by OF (S) the set of F-e.m.ms®. The next hypothesis will be systematically imposed
on the model, and implies the absence of arbitrage in the reference market?: ©F (S) is not empty.
This hypothesis will hold until the end of the article.

Default-sensitive asset. We introduce an asset S™1, that bears direct information on 7, i.e., that
satisfies:
HtCU(S?H,OSSSt)C’Ht\/ftforanytzo, (1)

where the notation H = (H;, ¢ > 0) stands for the natural augmentation of the filtration generated

by the process Hy = 1, <;. This filtration models the knowledge of the occurrence of the credit event.

6In [4] Bélanger et al. refer to F as the non firm specific information. For us, this information flow must be
considered as the “market risk” information, and can bear assets linked to the firm, for example its equity or even its

directly its spread risk, see later.

7If needed, we set Fs = Frp for s > T

8The set of probabilities Q defined on A, equivalent to P on A, such that S € M (F,Q), i.e., such that the
process S = (S¢,t < T) is an (F, Q) -local martingale.

9Recall that we have assumed null interest rate to ease the presentation.



This relation explains the fact that the default can be read on the paths of S"*1, and that this
asset can be priced in terms of 7 and F (think of a risky bond, a defaultable zero-coupon or a credit

default swap'?).

We denote by S the vector (80,81, ...,8m+) = (5,8"%1), and by G = F V H, the natural

augmentation of the filtration generated by S (the full information of the market).

1.2 Financial interpretation of this decomposition

In terms of risk analysis, S"*! bears in general two types of risks (we consider in this survey only

the single default case, hence do not enter in a discussion about the correlation risk):

e a “market risk” - typically a spread risk, i.e., the natural variation of the price of the asset

when time goes on without default;

e a jump risk - the specific risk of default, due to the occurrence of 7.

This framework is based on the assumption that the market risk can be hedged with F-adapted
instruments, and that the jump risk relies on H-adapted instruments. Two points of view can be

considered to justify this assumption.

1— The first one - based on economic analysis - lies on the observation that the spread risk is
mainly ruled out by the same noise sources as the assets that generate the reference filtration. For

example:

e In the context of firm bonds pricing, Bélanger et al. link in [4] the spread risk of the de-
faultable zero-coupon to the stochastic interest rates. In such a modelling, the credit event is
constructed as the hitting time of an independent random barrier by an increasing F-adapted
increasing process (the F-intensity), where F is the filtration bearing the stochastic interest

rates movements.

The parameters of the intensity process may depend on the firm (see also Ehlers and Schénbucher
[13], where the authors insist on the role of the systemic risk implied by the interest rates on

a portfolio of credit risks).
e Moreover in a very close matter, Carr and Wu in [8] or Cremers et al. in [10] show that
corporate CDS spreads covary with both the stock option implied volatilies and skewness.

It confirms that the factors ruling out the movements of the spreads are linked to the variations

of the interest rate and of the equity (and its volatility).

10CDS will refer to Credit Default Swap in the sequel.

ot



e In the context of modelling CDS on debt issued by states (in their example Mexico and Brazil),
Carr and Wu study in [9] the correlation between the currency options and the credit spreads.
They prove that these quantities are deeply linked and propose a model in which the alea
driving the intensity of the default is composed by the sum of a function of the alea of the
stochastic volatility of the FX (see Heston [17]), and an independent noise (see also Ehlers and
Schénbucher in [14]).

e More generally, this vision is shared by the supporters of structural modelling, in which the
default time is triggered by a barrier reached by the equity value (see Merton [30] or Black and
Cox [6] for example). In [2], Atlan and Leblanc model the credit time as the reaching time by
the Equity of the firm of value zero, the stock following a CEV (see also Albanese and Chen
[1] or Linetsky [29]).

2— The second one is based on the introduction of a new noise source, this alea driving the
spread risk, considered as having its own evolution (both approaches can be combined). In this
construction as well, the “market risk of the defaultable security” does not contain the default
occurrence knowledge, and can be sorted in the F-information with the other “market risks sensible”
assets.

In practice, it is easy to synthesize an asset that is sensible to this spread risk and not to the
jump risk. Take two instruments as S™*! of different maturity for example, denoted by X' and X2,
and assume the market risk is modelled by a (risk-neutral) Brownian motion W. Assume that M is
the compensated martingale associated to H, and that dX] = SidM; + §idW; under the e.m.m. Set
up the self-financed portfolio II that is long at any time of 57 of the asset X' and short of 3} of X?
(and has a position in the savings account to stay self-financed). This portfolio has only sensitivity

against the spread risk, and does not jump with 7. Indeed,
dll, = rlLdt + BdX} — B} dX} = rILdt + (876} — Bi67) dWr.

Remark that with a J-combination (instead of the 8 -combination), we can set up a portfolio

only sensible of the jump risk (and that has no spread risk):

dlly = rIlydt + 67d X, — 6, dX7 = rlldt + (B} 67 — 370, ) dM;.

The two points of view (that need to be combined to achieve a maximum of precision in calibration
procedures) converge on the idea that splitting the information of the market in two sub-filtrations
is finally quite natural. Another nomenclature may consist in “market risk filtration” for F, and
“default risk filtration” for H.



1.3 Absence of arbitrage

Starting from a reference market with no arbitrage, the absence of arbitrage of the full market is
not automatic and deeply depends on the nature of 7. For it to hold, it is necessary to work in a
mathematical set up where F-semi-martingales remain G-semi-martingales!!.

As developed in Jeanblanc and Le Cam [24], this property does not hold for any random time 7,

and we choose to work in all the paper, under the following condition on 7.

Hypothesis H; : The credit event is an initial time, that is, there exists a family of processes
(a*,u € R") such that for any u > 0, the process (a},0 < ¢t < T) is an F-martingale and that
satisfies
(oo}
P(r > 0|F) = / oy du
0

for any 6 > 0, and any t < T.

There exists a O(F ® B)-measurable version!? of the mapping (w,u,t) — a¥(w), right-continuous
with left limits'®. We shall consider this version in the sequel. In our setting, the law of 7 admits
a density w.r.t. Lebesgue measure, equal to of. In the general definition of initial times, ag(u)du

may be replaced by any probability measure on Rt v(du).

We denote by G the Azéma super-martingale
Gy = ]P)(T > t|.7:t).

We write G = Z — A the F-Doob-Meyer decomposition of this super-martingale (of class (D)). From
hypothesis Hy, every (F,P)-martingale X is a (G, P)-semi-martingale, and if the F-martingales are

T d(X,Z), b d(X,a%),
e T [
0 uU— t

AT au—

continuous:

€ M(G,P). (2)

0=1

(see Jeanblanc and Le Cam [23]).

Proposition 1 When the law v of the initial time T has no atoms, for ezample under the hypothesis

H, it avoids the F-stopping times, i.e.,
P(r=T)=0, VT finite F-stopping time.

ProoF: This result is a consequence of the lemma 2 of [23], that states that if 7 is an initial time

and if T is a finite F-stopping time,

E (Lo} Fr) = apv ({T}) as.

1180 that ©S § be not empty.

2The o-field O(F ® B) is the optional o-field on Q x RT x [0, T].
13See Jacod [19] for a presentation of the paths regularity of the martingale density family



It follows that if v has no atoms,

hence 7 avoids the F-stopping times. O

As we shall focus on in this paper in change of probabilities, it is necessary to ensure that the

initial property does not depend on the historical probability. It follows from:

Proposition 2 If 7 is an initial time under P, and if Q is a probability measure equivalent to P,

then 7 is a Q-initial time.

PROOF: The definition of 7 being an initial time can be formulated in the following way: if QF
denotes a regular version of the conditional law of 7: Q¢(w, 0, 00[) := P(7 > 0|F;) (w), there exists
a deterministic measure v such that Qj (w,df) < v(df) P — a.s. As two equivalent probabilities
have the same null sets, if Q ~ P, Q?(w, df) < v(df) Q — a.s, and the proposition is proved. The
following alternative proof allows to derive the new martingale density.

Let (nt,t > 0) be the G-martingale which is the Radon-Nikodym density of Q w.r.t. P

dQ|gt = Uth|gt-
Let T be fixed and 6,t < T. Then, the Bayes rule implies:

E"((1 — Ho)nr|F:)

Qr > 017) = EX(1 — Ho)lF1) = =g 125

since (1 — Hyp) is Gy hence Gy -measurable. Assume in a first step that ny = fjrh(7 AT) where 7 is

a (bounded) Fr-measurable random variable and h is a (bounded) deterministic function. We have:
E((1 = Ho)nr|Fy) = E((1 = Ho)rh(T AT)|F) = EF (7rEF (1 — Ho)h (r AT) | Fr)| F)

= EF (ﬁT/ h(u A T)a4du ft> :/ EF (fira|Fi)h(u A T)du
6 2

It follows that

Q(r > 0|F) = /oo ]EP(ﬁTa%ft)h(u AT)du

o EF(nr|F)
Moreover, if pr denotes the Fr-density of Q w.r.t. P, i.e., dQ|z, = prdP|z,, pr writes

nr = EP(UT|fT) = ﬁTEP(h (7‘ AN T) |~7:T) = T7T/ h(u A T)a%du = ﬁTd)T-
0
We now introduce the family of (F,Q)-martingales a“, defined for any u > 0 by
at = h(u AT)EQ(ad/or|Fy).

Bayes rule implies:

EX (/o Fe)  EF(aynr|F)  EF(ray|F)

Qr u —
EX(ap/or|F) = EF(ur|F)  EP(nr|Fr|F)  EF(nr|F)




and that, for any T, for any ¢,0 < T,
Q(r > 0|R) = / aydu,
0

which means that 7 is an F-initial time under Q. The general case follows by application of the

monotone class theorem. O

Remark 1 When the credit event avoids the F-stopping times, immersion property under the prob-
ability measure P -M (F,P) C M (G,P)- is equivalent to the property that for any u > 0, the

martingale o is constant after u (see Jeanblanc and Le Cam [23]), i.e.,
o = oy, for any (u,t) > 0 3)

That is the case under hypothesis H.
We recall that immersion property is not preserved by a change of probability (see for example
Kusuoka [28]).

2 Representation theorem in the enlarged filtration

Under hypothesis H; the F-martingales are G-semi-martingales and the initial time property is

stable when changing the probability. We also assume, to ease the proofs the following condition:
Hypothesis Hs: The process S is continuous.

This hypothesis will hold until the end of the paper. The aim of the following first subsection
is to prove that under a progressive enlargement of a filtration by an initial time, if the reference
filtration F enjoys a predictable representation property, the enlarged filtration G enjoys the same
property. The goal of the second one is to apply this result to the description of all the G-martingales

and to parameterize the change of equivalent probabilities.

2.1 Representation of the G-martingales

We starting this section by defining the:

Hypothesis Hs: We assume that the F-market is complete and arbitrage free, i.e., that the (F,P*)-
local martingale S enjoys the PRP (with P*€O% (9)).

As a consequence of Hypotheses Ho and Hjs, F-martingales are continuous (in particular the
densities). We start with a brief presentation of the two fundamental (local) martingales on which

we shall prove that any G-martingale can be represented.



The first one, M, is the martingale part of the Doob-Meyer decomposition of the increasing

G-adapted process H. It is well known (see for example, Bielecki and Rutkowski [5]) that with

no particular condition on 7, the G-compensator of H writes: (1 — H)dA/G_, where A is the

F-compensator of the F-super-martingale G, hence

tAT dAu
o Gu-

Mt = Ht -
From hypothesis H;, the conditional survival probability writes
G? =P (1> 0|F,) = / ot du
0

that allows to explicitly compute A, from

oo t
Gy =Gl = / app, du — / agdu = Zp — Ay,
0 0

and to conclude (using that G is continuous):

t
1-H
Mt = Ht - / uO[udU
0 GU “

(6)

The second one is the local martingale part of the decomposition of the special G-semi-martingale

S (H; implies that the F-martingales remain G-semi-martingales from (2), and we will see that the

form of 7 makes them special). From the PRP of F, there exist:

e An n-dimensional F-predictable process z = (zl, ceny z”) such that Z (defined by (5)) writes

ZZZQ—FZ*S,

where z xS stands for the process t — >, fot 2idS,

e A family of n-dimensional F-predictable processes a, such that for any u > 0 the (F,P*)-

martingale o writes

o' =ay +a" xS,

where a* x S stands for the process t — >, fg a®'dS:.

The quadratic covariations (S, Z) and (S, a) are well defined, and from (2), the process

Hs

~ t(1— H,
St = St_/ (Gi)d(S,Z>S+ Td<57a9>s
0

S Qg

is a (G, P*)-local martingale. It follows that for any ¢ < n

t _ , »
St =5 _/0 (1 GHSZS+ Hfag) -d(S",5), = 5] = C,

S Oy

where z - d<Si, S> (resp. a” - d<Si,S>) stands for d<5i,z*5’> (resp. d<Si,aT *S>).

10




Predictable representation. The next theorem establishes a predictable representation property
for G-local martingales under P*, as soon as the F-market enjoys this predictable representation
property. Indeed, any n which belongs to M!¢ (G, P*) will write as the sum of an integral'* with
respect to the (G, P*)-martingale M and an integral with respect to the (G, P*)-local martingale S.
This result extends the representation theorem by Kusuoka [28] to any complete reference market

and to the case where immersion does not hold.

Theorem 2.1 Assume that Hy to Hs hold. Denote by S the local martingale part of the decom-
position of S as G-semi-martingale, given by (7). For every n € M!¢(G,P*), there exist n + 1
G-predictable processes 8 and vy such that

77t=770+(5*M)t+(7*§)t-

ProoOF: Without loss of generality we prove the theorem for n = 1 (considering only one component
of the vector S), to ease the notations. The vectorial version of the proof is a straightforward
generalization. By localization, we only consider martingales. Let n € M (G,P*), and as we are
only interested in finite time horizon, we write n, = E* (5| G:) for t < T. By a monotone class
argument, we reduce ourself to the case where ny writes Frh(r AT), with Fr € Fr, assumed to

be bounded and 4 is a (bounded) deterministic function. We split the problem in three parts:

E* (Frh(T) 157 G) + E* (Prh (1) 1r<r|Gr) = ar + E* (Frh (1) Lr<r| Gt)
= Lth (T) E* (FTGT‘ ft) + Lt]E* (FTh, (T) 1t<T§T| ft) + HtE* (FTh (T) 1TSt| ft Vo (T))

a by [

Mt

with L; = (1 — H) /Gy = Dy (1 — Hy) € M (G, P*), where D; = G '. From the decomposition (5),
we have dG; = —ajdt + 2,dS;, and from 1t6’s formula, dD; = D} (aldt + 22 Dyd (S),) — D?z,dS;.

Let us start by developing a : We first remark that the process a defined by a, := Lih (T) E* ( FrGr| F)
is a G-martingale, so one knows in advance that this particular semi-martingale has a null predictable
bounded variation part; nevertheless, we keep all these terms in our computation. The process N
where N; := E* ( FrGr|F:) is an F-martingale, and writes by representation theorem n + fot nsdSs,
with (ns,s > 0) predictable. Since S, D and N are continuous, [S,H] =0, [D, N] = (D, N), and,
from (h(T))"ta; = (1 — Hy) D¢ Ny, one gets

(h(T)) ™" day

—~D¢NydH; + (1 — Hy) DydNy + (1 — Hy) NydDy + (1 — Hy) d (D, N),
= —D;NidH; + (1 — Hy) DynydS; + (1 — Hy) N DZaldt
+ (1= Hy) N;2;D}d (S), — (1 — H;) N;Di2dS; — (1 — Hy) Dingzd (S),
= —DyN,dM,; — (1 — Hy) D} Nyaidt + (1 — Hy) (Dyny — NyD}z;) dS;
+ (1 — Hy) NyDiaddt + (1 — Hy) (Nyz Dy — ny) Diz,d (S),

MRecall for any X € Hi, one has E ([X, M]oo) = EX7 < ||X||3, hence M is a BMO (the dual of H1) martingale.

11



In the third equality, we have used that the G-Doob-Meyer decomposition of the increasing process
H writes dH; = dM; + (1 — Hy) Dyaldt (from dA; = aldt), with M € M (G,P*) (see (6)). Moreover
S, = 8, + Cy with S € M (G, P*), and from (7) (1 — H;)dCy = (1 — H;) 2.D,d (S), . It follows

(h(T))_l dat —DtNtht + (1 — Ht) (Dtnt — NtDtZZt) d§t
+ (1 - Ht) ((Dt’l’bt — NtDtQZt) ZtDt + j\ftthDé3 — ntDtQZt) d <S>

—DtNtht + (1 — Ht) (Dtnt — NtD?Zt> ds\t

t

To explicit the decomposition of the special G -semi-martingale b, where by = L{E* ( Frh (1) Licr<7| Ft),
we introduce for any u > 0 the F -martingale N} = E* (Fra¥|F;) and its decomposition on
SNt =y + fot y+dSs provided by the martingale representation theorem on F. By definition of

initial times, it follows:

T
by = L;E* <FT/ h(u) afpdu
t

T
ﬂ) ~ L / h (u) NP du
t

hence, one can differentiate using It6 Wentcell formula:
T T
t t
T
(1= H,) Db (t) Nldt + (1 — H,) D, / h(u) yldu | dS,
t

T
%LJMD%<ZhWMNOd@h

and, introducing the G-decomposition of the semi-martingale S and the compensator of H, we obtain

finally:

T T
dby, = —-D, (/ h (u) Nt“du> dH, + (1 — H,) <a§D$/ h (u) Ni*du — Dyh (t) Nf) dt
t t
T
t

T
—u—m%walhw@%vwmmﬂd@t

—Dy; (/T h (w) Ntudu> dM, + (1 — Hy) <Dt /T h(u) (y* — D¢N{ 2t) du> dgt

— (1 — Hy) Dsh (t) Nldt

Decomposition of c. We can write ¢, = HyE* (Frh (1) 1,<¢| Ft Vo (7)) = H.F (t,7), where for

each u > 0 the random variable F (¢,u) is Fi-measurable and for any ¢ > 0, v — F (t,u) is a
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Borel function. Using the properties of initial times, we compute from last expression F (t,u) =
h (u) N} /aj'. For any u > 0, the dynamics write (using dNJ* = y*dS; and da} = a}'dS;):

4,F (t,0) = h (u) <W - Nt"‘*) ds, + h (u) (Nt“ (o) _ aivi ) a(s),

al  (ap)? (@)’ (ap)?

It follows that, since

t t
/ F(s,7)dHs =F (1,7) L,<¢t = / F (s,s)dHs,
0 0

we can write the decomposition of ¢ :

T NT T NT T 2 T,,T
de; = F(t,7)dH, + Hh(r) (yt N ag> dS; + Hyh(r) ( : (“g) - “tj’g) d(S),
(af (af) (af)

_ Mo ) dS, + (1 — Hy) D,F (t,t) aldt

Y
= F(t, t)th + ch(T) (Oth (aT)Q
t t

T TAT T T 2 Ty T
+Hh (r) (yt _ N > dCy + Heh (r) (Nt o) _ aivi )d(S)t

af  (af)? (@)®  (af)?

) dS, + (1 — Hy) D, F(t, t)aldt

T NTaT
= F(t,t)th + ch(’r) (yt _ t atQ

ai  (af)

where the last equality comes from the expression (7) of dC on {7 < t}.

Conclusion. Adding the three parts a,b, and ¢, we conclude, since F(t,t)al = h(t)N{, that the

G -martingale can be decomposed on the two martingales (M , §) and writes:

dny = 7:dS; + BidM,

where
’ v i _ Niaj
v = (1= H)D, [ (ne = NuDyzy) h(T) +/ ) 4 = Ny D) | -+ Ho (=
t t t
T
t
which concludes the proof. O

2.2 Change of probability

Once a probability P is given on A, each probability Q equivalent to P on Gr is fully described by
its G-martingale density w.r.t. P. The representation theorem established in the last section allows

to describe all the (P, G)-martingales, hence to describe all the probabilities equivalent to P on Gr.

Applying Theorem 2.1 to the particular case of a strictly positive martingale -in particular the

density of a change of probability- we derive the

13



Proposition 3 If the filtration F is generated by the (F,P)-martingale S and enjoys the PRP, and
if m is a strictly positive (G, P)-martingale, then, there exists a pair of predictable processes 7, 3 such
that

d —~
S — 5,dS, + BudM,,

Nt—

with 3> —1, i.e., nzé’(v*g)é’(ﬁ*M), with

3 (7* §>t = exp (f(f YudSy — 3 [o vid<§>u>
£(Bx M), = exp (fg In(1+ f) dH, — [} 5,1 agds)

3 Complete reference market

In this section, we still make the assumption that the reference market is arbitrage free and complete:
For any X7 € L?(Fr), there exist a constant x and n F-predictable processes ¢’ such that
Xr=z+ fOT Y cicn PLASE (we recall that we assume null interest rate). As recalled, this property
is equivalent to the fact that the restriction of OF () on Fr is a singleton (Jacod and Yor theorem
7).

This assertion does not imply that there exists a unique probability measure Q on A such that
S is an (F,Q) -martingale, but that if two probabilities P* and Q* belong to ©F (S), then, their

restriction to Fr are equal: P*| £, = Q*|£,.

We shall prove in this section that the full market described by S = (SO, ...,S”“) is also

complete, and study the links of this property with immersion. Precisely,

e The first subsection describes the set OF (9), i.e., the set of probabilities equivalent to P on

Gr such that the n + 1-dimensional process S remains a local-martingale!®);

e The second subsection describes the unique martingale measure on the full market, i.e., the
unique element of OF (§>,

e The third subsection presents the links of this construction with the immersion property.

3.1 Description of the G-martingale probabilities

In this first section, we study the behavior of the reference assets in the full market, i.e., the properties
of the (I, P)-martingale S viewed as a G-adapted process. The goal of this part is to describe the

set @g’ (S) of probabilities under which this G-semi-martingale!'® is a martingale

15We shall prove that the restrictions of ©F (S) and ©F (S) on Fr are the same.
16Recall that the initial property of 7 (Hz holds) ensures that S remains a G-semi-martingale.
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Before stating the proposition, we start by a technical remark. The following proof is based on

the martingale property of the process n = £(¢) := & (—19 * §> where

Uy =(1— Ht)a + Ht (8)

As Sisa (G, P*)-martingale, n is a local-martingale, and extra conditions have to be assumed so
that it be a true martingale and might be used for changing the probability. However, the conditions

on the process —1 % S may be brought to F-adapted processes, in the following way.

Define by R the process f(f dZ, /Gy, and &, = fo & dS If Re M(F,P),
~ tAT d <R, Z>u t d <’R7 a9>u
By = R | —g=e |
0 u tAT Qy =7

t
= Rt—/ 9y—Ld(S), € M (G,P)
o Gu

hence!” &, = fo dR € M (G,P). For the same reasons, if we define the family of processes
R} = fo da® /o, and <I>‘tE = fo H,a®/adS, for any = > 0, the condition R* € M (F,P) implies
®* € M (G,P). Indeed,
— "\ d(R*, Z t d(R",a’
Rf:Rf_/ <,>_/< )u
t

0
Gu AT Qy

/19 “d ), € M (G,P)
and'® 7 = [* H,dRz ¢ M (G,P).

It follows that if R and R* (whose definitions only depends on the construction of the ran-
dom time) are F-martingales, ¢ is an G-martingale. In the same way, if these processes satisfy a
Novikov-type condition, ¢ also satisfy one and the density 7 is a true martingale. For example, if
E(exp2(R)_ ) < oo and E(exp2(R*)_) < K for any > 0, then £ = ® + &7 satisfies Novikov

criterion:
Eexp 5 (0
<p [ =
exp 5 (Do

o)

IN

Eexp (®)  exp (®7)
< (Eexp2(®),)"* (Eexp2(®) )"’
and the result follows from

@, = [a-mad= [ 0-mam, <@
(@) /HdRTF/ Hoyd(R™)y < (R7)os

(1 — Hy)dBy = (1 — Hy) dSy — 2z Dud(S), € M(G,P)
0
S H,dB, = H, dS.— 2% d(S), € M(G,P)

“og=7
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Hypothesis H, : We assume that £(—9 x 5) is a true martingale.

As noticed in the last lines, this hypothesis holds for example if R and R* satisfy a Novikov-type

condition. Under this condition, we can prove the

Proposition 4 Assume that Hy to Hy hold. Then, the set @%*(S) is not empty and we can fully

describe it as

d
OF.(5) = { Q: 2

= E(—0 % S),E(B* M)t} 7
Gt

with ¥ given by (8), and B > —1 a G-predictable process.

ProoF: If the F-conditional survival process writes Gy = P* (7 > t|F) = Z; — A, the (G,P*)-

dynamics of S follow the decomposition (7):
-~ t —~
Sy = S, +/ ¥, d (S), with S € M(G,P*),
0

where ¢ was defined in (8). Hence P* is not a G-e.m.m. From Proposition 3, the set of G-e.m.m can

be perfectly described as:

d
OF.(5) = { Q: o2

= E(—0x 8)E(B* M)t} .
Gt
where [ is a G-predictable processes, taking values in | — 1, co[. As a check, under such a probability

Q, as SeM (G,P*), one has, setting n, = Q : ,%Qi

G
& L (S, ) & KPS &
Stf/ SACAL/ /AT Stf/d<S,fz9*S+6*M>
0 um 0 u
t
_ 54 / 9ud(S)u = S,
0

-~

where the second equality comes from the fact that (S) = (S) and (5, M) = 0, since S is continuous

and M purely discontinuous. It follows from Girsanov’s theorem that S is a (G, Q) -martingale. [

As a conclusion, there exists at least a probability Q such that S is a (G, Q)-martingale. We shall
see in the immersion part that the drift relative to the change of probability may be interpreted as

a risk premium.

3.2 Completeness of the full market

When considering also a n + 2! asset S"*! satisfying condition (1), we shall be able to select an

e.m.m., in a unique way, and prove that the market defined by the price process S is complete.
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3.2.1 The default-sensitive asset

We start this section by emphasizing that it is necessary to introduce the asset S™*! to the collection
(SO, e S’”) when working on derivatives whose pay-off depends on 7 : It is not possible to hedge

the jumping risk with F-adapted assets and without such a product.

Let us consider for example a credit default swap!® (CDS). To ease the discussion we take
a continuous tenor, with a proportional continuous premium x , and a constant recovery fee §
(SP denotes the saving account, i.e., the value at ¢ of one unit invested at 0, and Q a martingale
measure associated to this numeraire - that exists by absence of arbitrage). The price of a CDS
is the difference between the value of the protection leg and the premium leg: CDS(¢t,6,k,T) =

Prot; — Prem; with

"1-H, % (T [1-H,
Prem; = S?nE(/t ngu G :(1—Ht)—ét /t E(Sg .7-"t>duand
T 0 T u
dH 595 (1-H,)a
— 0 u _ t u u
frote = St‘”(/t sggt>‘“‘H”at/t E(sa Ff)d“'

Both legs have a value whose variation may be due to two factors: (i) F-events (through the
F-conditional expectation), that evolve according to the alea structure underlying the filtration F,
and (44) H events, mainly the occurrence of default (through the expression 1 — H). Whereas it is
reasonable to think that -under suitable assumptions- the "market/spread” variation of the value
of the CDS (linked to the F-events) may be hedged with F-adapted instruments, the ”jump” risk
being not F-adapted will not be hedgeable with assets of the reference market F. It follows that a
model containing only F -adapted assets .S would not be able to remove the jump risk of defaultable

portfolios.

For quoted instruments like C DS, a formula like above allows to calibrate the parameters involved
in the construction of the default time. A natural class of assets for S”"*! would be the risky bonds

associated to 7 or a CDS.

3.2.2 The unique martingale probability

We introduce the asset S™*! that is sensitive to the jump risk, i.e., for any ¢, the r.v. 7 At is
o (SQH, s < t) -mesurable?’. Our aim is to prove that if the F-market is complete, the G-market is

complete as well, under weak assumption on S™1.

From Hypothesis Hy, the F-compensator of G writes d4; = aldt. From

1-H,
Gy

19Contract in which the holder buys a protection in paying a premium at each date of a tenor to the seller until a

th = dHt — Oéidt, (9)

predefined credit event occurs, and receives a recovery fee if default occurs.
20Precisely w.r.t. its natural augmented cad version.
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we can derive the quadratic variation of process M :
[M], = [H], = ZAHS = ZAHS = Hy,
s<t s<t

since the two processes of the right-hand member of the equality (9) have finite variation paths and

the second one is continuous. It follows that

“1-H,
) - [ 25 atds = M€ M(G.P),
0 S

hence that the angle brackets (M) exist and satisfy d (M), = (1 — Hy) o} /G, dt.
According to the last section, we consider the following framework for the full market:

1 - Reference assets: The “reference” assets are defined under the historical probability P by:

{ dS, = bydt + dS;

S()Z.’E

where S* € M (F,P) continuous has a quadratic variation assumed to be absolutely continuous
w.r.t. Lebesgue measure, d(S*); = s;dt. Let S be the (G, P)-martingale part of the decomposition

of S* viewed as a G-semi-martingale, which writes:
d§t = dSt* - Ctdt,

with
o = (1= Hy) 2484 /G + Hyal, s/, = 840y,

with previous notations. It follows that the G-decomposition of the semi-martingale S writes under
the historical probability P :

dSt = (bt + Ct) dt + dgtiz vidt + d§t

2 - Default sensitive asset. We postulate for the asset S™t! the general form:
dSPH = pydt + £,dS, + CdM,,

where p; is a drift term and the three processes i, and  are G-predictable, and where (; does not
vanish (such a decomposition is quite general, from Theorem 2.1, the only assumption being the

absolute continuity of the drift w.r.t. Lebesgue measure).

We can state the most important result of this part.

Theorem 3.1 Assume that the reference market F is complete. If Hy to Hs hold and if the quadratic
variation of S and the drifts of the assets are absolutely continuous w.r.t. Lebesque measure the full

market composed 0f§ is complete.
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PROOF: The set of martingale probabilities that make S a G-martingale writes, by Proposition 3:

d
ef (S) = {Q ~P, 34,8G predictable , < 1, %

nt—5(7*§>t8(,@*M)t}.

Gt B
It follows that the exists a unique G-e.m.m, i.e., a unique probability that makes S = (1, St ..., s, S"‘H)
a G-martingale. It is defined by:
Mt — Etlt

oG

by application of Girsanov’s theorem. O

Y = vy, and B = Gy

Once this probability has been defined, it is possible to price and hedge the T-sensitive claims with
(S’O, . S”+1), like for example CDS on 7 (of shorter maturities if S"*! is a CDS ) or derivatives

written on S™t1.

3.3 Immersion property

We shall emphasize in this section the deep links between immersion and completeness. We start
with some general results, precise them in the case where the credit event is an initial time and

conclude with some considerations about the credit risk premium.

3.3.1 Immersion and completeness in an arbitrage free set up

Proposition 1 Assume that (i) the reference market is complete and (ii) the full market is arbitrage
free. Then:

1. The restrictions of all the G -e.m.m. on Fr are the same and
2. Immersion holds under every G -e.m.m.

PROOF: 1 - The restrictions of all the G-e.m.m. on Fr are the same. For any Q 6@%(§)7 it is
straightforward?! that Q €05 (S). As the reference market is complete and S is finite dimensional,
the restriction of all the Q’s to the o-algebra Fr is unique: All the e.m.ms of the full market have

the same restriction on Fr.

2 - Immersion holds under every G-e.m.m. Indeed if Py holds, let Q €0% (S) and X € M?(F,Q),
with X; = EQ (X7|F;). As recalled above, the completeness of the market implies the existence of
a constant x and F-predictable processes (¢%,i = 1,...,n) such that X = = + fOT E1gign @t dSe.

Therefore,

t T
EQ(Xr|F)=a+ 3 /wzdszm@ (/ pids?
0 t

1<i<n

t
0

i<n

219§(8) C ©F (S) C ©F (S) , because S is F-adapted
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where the first equality comes from the fact that the random variable fot ¢t dS¢ is F;-measurable (the
process @' is F-predictable), and the second, from the fact that the process [j ¢, dS; is a (G,Q)-
martingale (¢ is G -predictable and Q €0§ (S)), and an (F,Q)-martingale since it is F-adapted.
Hence E@ (LT ot dSt .7—}) =0 and E© (ftT deSfL‘ Qt> = 0. Therefore

t T
EQ (X7| F) :erZ/ @t dSt + RQ </ @l dS?
0 t

i<n

gt> =E%(X7|G),

hence X € M? (G, Q) and immersion holds under Q. Such a result had already been pointed out by
Blanchet-Scaillet and Jeanblanc in [7]. O
3.3.2 Case where the credit event is an initial time

The last result can be refined in the set up where the credit event is an initial time. Indeed we shall

prove the
Proposition 5 Assume that Hy to Hy hold. Then, immersion holds under any Q € ©%.(S).

This result implies that immersion holds under any G-e.m.m?? for S (it does not have to be a
martingale probability of the full market).
PROOF: Let 3 be any predictable process such that 3; > —1, and Q° be the corresponding e.m.m.:

° d(@3|f = cl]P’*|]_-oc . Indeed, for any bounded F; € F; with P*-null expectation, Fy = fot fsdSs
by PRP and

Eﬂ(Ft) = ]E*(Ftnt):E* (A nSdeSS+A Fsdns+/0 fsd<Sa77>s)

t t t
= E* (/ nsfster/ Fsdns+/ fsﬂsnsd<5>s)
0 0 0

t t
= E* (/ ststS-F/ Fsdns>:0:E*(Ft)a
0 0

where the first equality is obtained by the integration by parts formula (f is predictable), the
second comes from the definition of the dynamics of the density 1 and the third from the
definition of S , the expectation being null since S and 7 belong to M (G,P*). Tt follows that
dQ%| . = dP*|_ .

e Let X be an (F, Qﬁ) -martingale. Then, it is a (F,P*)-martingale (from the first point) that

writes dX; = x;dS;. From the decomposition formula in the change of filtration

¢
X=X, — / Ty d(S)u € M(G,P7),
0

22The set of G-e.m.m is infinite, parameterized by the predictable processes (3.
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and from the decomposition formula in the change of probability (Girsanov’s theorem)

t

s o X

Xt:th/ WGM(G,QB).
0 u

It remains to note (by definition of 7) that
L ¢
Xt = Xt + / xuﬁud <S>u = Xt,
0

hence that X €¢ M (G, Qf ) . Tt follows that immersion holds under Q7. O

It follows the important

Corollary 1 Assume that F is complete and that P*€©% (S). If the (F,P*) -conditional survival

process G* has a non constant martingale part, P* is not a G-e.m.m., i.e., P*¢0% (9).

PROOF: From (3), it follows that under immersion

00 t 00
Gy = / Qpng, du — / apdu = / afdu — Ay =P (1 >0F) —Ar=1— A
0 0 0

hence G is decreasing and predictable. O

A broader class of credit event may be reached through a definition where the martingale part
of the survival process is not equal to zero (see [24]). Under such a framework, immersion does not
hold, which means that the ”reference neutral-risk probability” is not a neutral-risk probability. A
change of measure has therefore to be performed to re-enter a neutral-risk framework. Next section

points out the links of this remark with the credit risk premium.

3.3.3 Credit risk premium

The last corollary may be interpreted in the following way. The change from the historical probability
P to a neutral-risk probability P* aims at correcting the dynamics from the market risk premium.
It is well known that to any financial market can be associated a risk premium. It characterizes
the return over the risk-free return (the interest rate) an investor may expect for bearing the risk of

taking a long position on a derivative written on this market.

Indeed if N is the martingale modelling the alea of this market, and if the asset’s return writes:

45, = pdt + od Ny,
Si—

the dynamics of any derivatives written on S sold for a price P; at a date ¢t would write dP;/P,_ =

kdt + adN;. A risk-free portfolio can be set-up in buying a quantity So of the derivative, for a
total value of So P and selling a quantity Pa of the asset (completing by ¢; of money market Sy to
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remain self financed). The value of this portfolio is IT; = ¢;SY + S0 P, — P,a.S; and the self-financing

condition yields

dHt §t7“S?dt + St_O'dPt — Pt_adSt
CtTS?dt + JK/StPtdt + CMO'St,Ptdet — OéPtSt,LLdt — OéO'Pt,St,dNt

= ((II; — (0 —a) P.Sy)r+ (ok — ap) P.Sy) dt.

By absence of arbitrage, the return of this risk-free portfolio must be equal to r, so that:

For_ BT

(ok —ap) BS; =1 (0 — a) P.S; <—
o

On the reference market, the e.m.m. P* corrects the historical probability P from the market risk
premium: If immersion does not hold under P*, it means the market risk premium does not take
into account the jump risk premium, and it is necessary to change to a G-e.m.m Q under which S

remains a martingale.

4 Incomplete markets

The question addressed in this last part is the adaptation of the above results in the case where the

reference market is incomplete.

When an incomplete model is chosen - in general for its ability to well reproduce a given class
of (calibration) instruments and its dynamics property (regarding to the products to price) - one is
often conduced to focus on one particular martingale probability, even if the set of F-e.m.m. is not
unique. The selection of the e.m.m. is performed by the calibration procedure. The law of the price
process is then uniquely determined, and a change of probability within the set of F -e.m.m. will
change the price of the selected options or break the imposed constraints.

We assume therefore in this section that an F-e.m.m has been chosen (for pricing the default-free
derivatives), hence we restrict our attention on a given F e.m.m P* defined on A and equivalent to
the historical probability P, such that S € M(F,P*).

The purpose of this section is:

e To prove that there exists a unique probability measure Q equivalent to P* such that S (defined
in the last part as the n + 2-uplet composed of the reference asset S and S"*1) is a (G, Q)-

martingale, and that preserves the“reference pricing”, i.e.,

E® (X7) = E* (X7), for any X € L? (Fr).

e To prove that immersion property holds under this measure.
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Recall that, from hypothesis H; and Hs, the random time 7 is an initial time that avoids the

F-stopping times.

Recall that if X is a real valued local-martingale and Y a R%-valued local-martingale, a Galtchouck
Kunita Watanabe decomposition of X is a decomposition of the form X = Xy + H xY + L with
H e L7 (Y) and L a local-martingale such that Ly = 0 and strongly orthogonal®® to Y. It is clas-

sical that if Y is continuous or locally square integrable, X admits a Galtchouck-Kunita-Watanabe
decomposition (Kunita and Watanabe [27], Galtchouck [16], Jacod [18]).

4.1 The risk-neutral probabilities of the full market
Reference assets and @%* (S). As in the complete case, we assume that S is continuous and that its
quadratic variation process is continuous w.r.t. Lebesgue measure, d (5), = sdt.

As S is continuous, there exist:

e for any u > 0, an F-predictable process a* and a square integrable F -martingale N* strongly

orthogonal to S and

e an F-predictable process z and a square integrable F -martingale N4 € M (FF,P*) strongly
orthogonal to S

such that the following Galtchouck-Kunita-Watanabe decompositions exist:

{a“ = of +a"*xS+N¥ (10)

Z = Zy+zxS+NZ
where Z = G + A. Moreover there exist optional versions of the functions a* and N*.

We have seen in (7) that the decomposition of the (G, P*)-semi-martingale S writes S = S+cC
with:

and S continuous. It follows that any G-martingale | admits a Galtchouck-Kunita-Watanabe de-
composition of the form
I=lp+¢*S5S+h

with h a local martingale strongly orthogonal to [. Recall that the martingale M is strongly or-
thogonal to S (it is purely discontinuous) and is a locally square martingale, hence h admits a

Galtchouck-Kunita-Watanabe decomposition:

h=1xM+N*

23Recall that two local-martingales are strongly orthogonal if their product is a local martingale.
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with N+ strongly orthogonal to (M , §) . It follows that the set of probabilities G-equivalent to P*

writes:
d
{ o, &

dpP*

. =1 :5(80*§)t5(1/’*M)t5(NL)t}’

with (¢, 1)) a pair of F-predictable processes and N+ a G-martingale that is strongly orthogonal to
S and M.

Finally, the set of G -e.m.m O%. (S) writes:

d

.. =77t25(—19*§)t5(¢*M)t5(NL)t}

with N+ € M(G,P*) strongly orthogonal to the pair (§, M) and —1 < ¢ € P(G). Indeed the
“Girsanov’s drift” under each such probability writes <—19 xS , S > because of the strong orthogonality
of the other terms w.r.t. S. This set is parameterized by the pair (i, N1).

Default sensitive asset. If pu; denotes the drift of the default sensitive asset S"*!, the general

dynamics of the price process can be written as:
dSPH = pydt + £4dSy + Gd My + AN,

with N"t1 € M?2(G,P*) strongly orthogonal to the pair <§7 M) (same argument as before). As
before, we assume d<S""’1>1t << dt.

Finally, it follows that the set ©%. (S) writes:

ot (5) - {o 2

with N+ € M(G,P*) strongly orthogonal to the pair (§, M) and ¢ € P (G), defined®* by

Gt ¢

= :6'(—19*5) E(w*M)tg(NL)t}

PeGoydt = pydt + e0psydt —d (N*THNT) (11)

4.2 Default-free pricing invariance

In both cases, the martingale probability is going to be uniquely defined thanks to the constraint of

F-pricing invariance.

Let Xt € L?(Fr), such that E* (X7) = 0. The (F,P*) -martingale X can be decomposed as
X =xz* S+ N, with (S,N) € M(F,P*) strongly orthogonal. The decomposition of this (G, P*)-
semi-martingale writes
X:x*§+x*C+N+K,

4 Notice that d N"*1 N+ << dt, from Kunita Watanabe (d S™%! << dt implies d N™t1 << dt).
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with (S, N) € M(G,P*), dC; = 9,d (S), = ¥;s;dt and:

1-H, H, u
dK; = a d(N,G), + onCHN’a Ve .
1—H, o H,
= d(N,N —d(N,N*
Gt < ) >t+ay < ? >tu:7—’
where N* and NZ are defined in (10). It follows that
T
E®(Xr) = E*(Xgnr)=E* / ned Xy + [ X, 0l

0

E* (/T n (2,dCy + dKy) + [X, U}T>
0

- E* ( /O ’ e (xmtd<§>t + th) +[X, nh) .

Moreover we can write:

E* ([X,n]y) = E* ([“§+ﬁ,5(—19*§)5(¢*M)5(NL)}T)

since x * C'+ K is G-predictable with finite variation,
E*([X,n];) = E* ([m* S.& (—19* §) E(pxM)E (NL)]T)

+E° ([N.£ (—0xS) £ @y g (8] )

([ mma) o ([l
([ nafn])

and since K is G-predictable with finite variation, [K, M| = 0, and [ﬁ, M} = [N, M] =0 (recall 7

avoids the F-stopping times - M is purely discontinuous and jumps at 7). It follows

E* ([X, ) = E° < / — (8) + / "R, Nl]t>

EQ (X7) = E* /OT ned (Kt v [N, NL} t) : (12)

We shall prove that there exists a unique Nt such that E¢ (Xr) = 0 for any X7 € L? (Fr), such

hence

Let us define the F @ B (R )-optional process

t
dN?
RE=— |1 S
i /O {a<u} o

u—

which is for any z > 0 an F-martingale. We start with the following
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Lemma 1 If X% is an F ® B (R")-optional family of F-semi-martingales, X = (X7, t >0) is a

G-semi-martingale.

PROOF: 1. The process X is G-adapted since T At € G, and the function X is F® B (R™)-optional.
2. We shall prove that for any sequence of cag piecewise constant F-adapted processes K™ that
tends to zero uniformly in (t,w), K™ x S tends to zero in probability?°.
For any subdivision (t1, ...,t,) of [0, T], and any (K7, ..., K}) such that for any i <n K € G;,,
and K] = F*h} (t; A7) with A Borel measurable and F* € F;,, we introduce

K'x Xp = SR (Xip = Xo) = Y KP (X000 - x7)

tit1

SOFrR (s nT) (XN - X7,

7

It is classical that a sequence of random variables I,, tends to zero in probability iff the real sequence

)

SCEPRY (ti Aw) (X“At"“ — Xt’j_/\ti)

E (1 A |I,]) tends to zero. Following this trail, we have

E(1A|K"*Xg|) = E(l/\

S CERE (A T) (X; Mo X7 “i)

_ /O°°E<M

and from Lebesgue’s theorem, since
5 (1 A

lim]E(l/\|K"*XT|):/ limE (1/\
n 0 n

tiy1

a%) du

a%) <E(1lxa%) <1,

tita1

SFIRE (s A (X0 - X
i
we can write

tit1

SRR (kA (X = X )

a%) du.

Moreover, if the probability Q is defined on F., by

Qo
dP |z~ oy’
we have
limE <1 NS FRRE (tnw) (X0 - X a;>
= limE? <1 NS FPRE (i Au) (X;jﬁfi“ - Xt“iMi) ) =0

25Recall that an (F,P)-semi-martingale S can wether be define as the sum of an F-adapted process of finite variation
process and an (F,P)-local-martingale, or as an F-adapted processes such that for any sequence of cag piecewise
constant F-adapted processes Ky, that tends to zero uniformly in (¢,w), Kp * S tends to zero in probability (Bichteler-

Dellacherie theorem). We use this second definition in the proof.
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since X* is an F-martingale, hence an F-semi-martingale. It follows by a class monotone argument

that X is a G-semi-martingale. |

We deduce from this lemma that the process X = HR" is a G-semi-martingale, since X = X/
with XJ = 1,<,R? (on {r <t}, 7 =7 At). So that to be able to develop the equality (12), we need

to prove the

Lemma 2 If Y* is an F ® B (R1)-optional family of G-semi-martingales, and Y = (Y7t > 0)

we have
t'H
([Y,HRT]t— / L
0 y—

PROOF: 1. Let us first mention that the angle bracket (Y*, N*) is well defined as

d(Y*,N®),

,tzo) e M(G).

T=T

(Y*,N*) =(Y* a"xS) — (Y*,a"),

the first bracket being defined since S is continuous and the second from [23]. Moreover, [Y, HR"]
exists from the last lemma, since both processes are semi-martingales.

2. Let F; be an F;-measurable variable and h be Borel measurable. We have:

E (Fth (tAT)]Y, HRT]tT) /Oo E(Fh(t Az)[Y®, HR®), o) da
0

—/ E(Fh(tnx)[Y*, HR"], of ) dx
0

oo T
/ E <Fth(t/\;z:)/ ag_d[w,HRz]u> dx
0 t

since by Itd’s rule (the last integral being an F-martingale):

T T
YHR o - [V HR of = [ ol dly BB+ [ R das
t t

u’

hence finally, by definition of R*:

]E(Fth(t/\r)[YHRT] ) - /OOE</TFth(t/\x)of Lagu g1y, No, )d
0 ¢ ay,

u—

0o T
0 t

) = /OOOE</tTFth(t/\ )ZTWW N a )dm
/OOO]E (/tT Fih (t A ) 1x<ud<Y$7Nw>u> ndz,

which concludes the proof, by a class monotone argument. O

Moreover

le<u
E Fth(t/\T)/ Lagu g iye nwy
t

u—

x
u—"

since E(af| F,—) = «
We deduce from this lemma the two following points:
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e The G-semi-martingale H R" is special. Indeed, the lemma applied to Y* = HR" leads to the
existence of the angle bracket (HRT).

e The lemma applied to the F-martingale N leads to

t
H,
({N,HRTL / b g v, ey,
0 auf

,tzO) eEM(G).

We introduce the G-semi-martingale

"H,—1
I, :/ “Z; dN? — H.R].
0 u

As the first integral is special (NZ is an F-martingale, hence a special G-semi-martingale, from 2),

T" is a special G-semi-martingale. We can conclude this part with the
Proposition 6 There exists a unique G-e.m.m. Q 6@%* <§)7 that preserves F, t.€., such that
EQ (X7) = E* (X7), for any Xr € L* (Fr).
PRrROOF: 1. We have seen that for X7 € L? (Fr) with E* (X1) =0,
T A~
0 t

If we choose for N+ the (unique) G-martingale part of I' (in its special decomposition®%), we have

T e . (T H,-1 2 e [ Hi u
B[ md|N,N*] B[ m—e—d(N.ND), =B [ m SLd(N.N),
0 0 y

t 0 m

u=T

T
= -E* / ntth7
0

where the first equality comes from the last lemma. It follows that E¢ (X7) = 0.
2. For any probability Q defined with another martingale Nt =N14 u where u € M?(G,P*) is

strongly orthogonal to N non constant, when computing E @ (Xr) for a variable such that N= Lt

B [ (e (80 ) =8 [ (Bo) =50 [ g, #0.

It follows that this probability measure is unique. O

4.3 Immersion property

We have seen that given a reference risk-neutral probability there exists a unique risk-neutral prob-
ability on the full market that preserve the "reference pricing”. We conclude this survey by the

important

26The decomposition martingale plus predictable process with finite variation paths.
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Proposition 7 Under the G-e.m.m. Q E@%* (§) that preserves Fo., immersion holds.

PrOOF: Let X € M(F,Q), X; =E®(X7|F,). As Q|- = P*|-_, X, =E* (X7|F,). Indeed, for
Ft S ft,
E* (XpF) =E® (X7 F) = EQ (X, F,) = E* (X.F}).

Moreover, if X = Xg+ a2 %S5 + N with N € M(F,P*) strongly orthogonal to S, the (G,P*)

-decomposition of this process writes:
X=Xo+zxS+2+C+N+K.
Under Q, from Girsanov’s theorem:
X :X0+x*§+x*<§,logn> +2xC+ N+ <]V,logn> + K,
and by definition of Q, <§, log 77> = —C and <N,1og n> = —K (see above), hence
X=zx5+N € M(G,Q),

which concludes the proof. (Il

5 Conclusion

In this paper, we have given some arguments that show that it is natural to assume that immersion
hypothesis holds for a study of a single default, and proved its deep link with completeness and
martingale decomposition.

However, it is well known that it is usually impossible to assume this hypothesis in case of
(non-ordered) multi-defaults,and that the martingale parts of the survival probabilities reflects the

correlation between the different default times.

Acknowledgement: The authors wish to thank Stéphane Crépey for pointing out some mis-

takes in a preliminary version and the anonymous referee for all his/her accurate remarks.
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