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Abstract

We characterize the pointwise multipliers which maps a Sobolev space H" (Rd ) to a Sobolev space
H*(RY) in the case |s| < r < d/2.
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Pointwise multipliers between Sobolev spaces have been examined by Maz’ya and his
co-workers [9,10,12,13]. In this paper, we show how the use of paradifferential calculus
allows one to characterize the multipliers from H" to H’ (Is| < r < d/2) as fractional
derivatives of paramultipliers of H” .

1. Homogeneous Sobolev spaces

We define the Fourier transform of a function f in the Schwartz class S (Rd ) as the
function f (or F f) defined as
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fO=Fr©= / fx)e ™ dx, (1)
The inverse Fourier transform then allows one to compute f from f by the formula
ot / ix&
O =F"fx)= @) f&)e"ds. (2)

For |r| < d/2, we define the homogeneous Sobolev space H' (R?) as the closure of
S(RY) for the norm

11l gr = )d/z lIEl" £ &), 3)
We then have the followmg dense embeddings:
SR c H (RY) c S'RY). )

Moreover, the scalar product in L? allows one to identify H" (R9) to the dual space of
H" (R?): using the Plancherel formula

f fOEmdx =5 f f©)g®) dg, Q)
we get that
H7 R ={T e S'®RY) |3C > 0Vp e SR [(TIp)| < Cligll -} (©6)
and
(T lg)|
Tl g—r = . 7
170~ (pl;g loll g @

Finally, we quote the following well-known Sobolev inequalities:

forr €[0,d/2) and 1/p=1/2—r/d,3C, 209 €S |ol, <Crlollg.  ®)

We now check that the product between a distribution in H” and a distribution in H* is
well defined as a distribution in S’ (R?) provided that » + s > 0:

Lemma 1. Let r, s, t € (—d/2,d/2) such thatr +s > 0.

1) Ifr4+s5s>0,lett =d/2 —r —s. Then there exists a constant C, g > 0 such that, for
all o, ¥ and w in S(Rd), we have

fovs

@ii) Ifr +s =0, then there exists a constant C, > 0 such that, for all ¢, ¥ and w in S(Rd),
we have

/(pl//a)dx

S Crslol gVl s lleoll g ®

1920, + 1@11). (10)

<Crlloll g Il - (
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Proof. (i) Since we have r + s +t =d/2 with r,s,t € (—d/2,d/2), we have not only
r+s>0buts+7>0andz+r >0, so that at least two of the numbers 7, s, ¢ are positive.
We may assume that » > 0 and s > 0 and we consider two cases:

(o) t > 0. We use the Sobolev embeddings H" C LP', HS C LP? and H' C LP3 with
1/p1r+1/pa+1/p3=1/2—r/d+1/2 —5s/d+1/2 —t/d =1.

(B) t < 0. We write

1 o
vl - = WIM%F’(@ )|,

2! A ~
< Gy (G100 = 11, + 121+ (1617 1) )-

We then use Lorentz spaces: for a € (0,d), || € L4/*>; for py, p, in (1, 00) and
q1, q2 in [1, 0o] the pointwise product (f, g) — fg maps LP19' x LP292 to LP9 with
1/p=1/p1+1/p2, 1/q =1/q1 + 1/g2 (provided that 1/p < 1 and 1/g < 1) and the
convolution product (f, g) > f * g maps LP191 x LP292 to LP9 with 1/p' = 1/p; +
1/ps—1,1/qg =1/q1 + 1/q; (provided that 1/p’ > 0 and 1/¢g < 1). Since L>? = L? and
L7 C LP9 for g < q', we get, defining 1/p; = 1/2+ (r +1)/d and 1/py = 1/2 + s /d
(sothat 1/p1 +1/p2=1/2),

[(1617"101) * W1, < CHET G o2l oz < CJEV G151 |,
<Cloll g 1Y Il s -
A similar estimates holds for |||@| * (|€|~* |1}|) l2. Thus, we get (9) by duality between H'
and H~'.
(i1) The proof is similar to the case (8): if r = 0 the result is obvious (since ||®||co <
Qr)~d|h); if r > 0, we write

1 .
lpell ggr = Wﬂlélr(w *0)|,

r

2 o o
< Gy (1(ET1gD) = 1], + ig1+ (1€ 11) [,)

and we use the embeddings L? « L' ¢ L? and LP1"% % LP>2 c L* with 1 /p; =1/2+r/d
and 1/pp =1/2+(d/2—r)/d. O

Corollary 1. Let r,s € (=d/2,d/2) such that r + s > 0. Then the pointwise product
(f,g) — fg can be extended as a bounded bilinear map from H" x H* to S'(R%).

Estimate (10) is far from being optimal: indeed, it is quite easy to see that we may re-
place the norm ||@||; by the weaker norm ||w||o0. In order to prove this (classical) estimate,
we shall use the paraproduct operators. First, we introduce the well-known Littlewood—
Paley decomposition of distributions into dyadic blocks of frequencies.

Definition 1. Let ¢y € D(RY) be a non-negative radial function such that

&1 < = @o@)=1 and [§]Z1 = ¢o()=0.

| =
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Let v be defined as ¥y (&) = .<po(§ /2) — @o(§). Let §; and Aj be defined as the Fourier
multipliers F(S; f) = @o(§/2/)F f and F(A; f) = ¥o(&/2/)F f. The distribution A; f
is called the jth dyadic block of the Littlewood—Paley decomposition of f.

Lemma 2. For all N € Z and all f € S'(R?) we have
f=Svf+ D> Af inS®RY.
JZN
This equality is called the Littlewood—Paley decomposition of the distribution f. If, more-

over, imy_, _oo Sy f =0 in &', then the equality f =" .., A; f is called the homoge-
neous Littlewood—Paley decomposition of f.

JEL

Proof. Clearly, we have:
<SNf + Y 4 jf|g> = (Sn4k f18)s.s = (fISN+K&)S.S-
N<j<N+K S8

Thus, taking the Fourier transform i = g of g, it is enough to check that, for any 2 € S (Rd),
we have

. & .
1 — |h(E)=h trongly in S. O
Jim wo(zn (6) =h(§) strongly in
We have the following classical characterization of homogeneous Sobolev spaces.
Lemma 3. Let r € (—d/2,d/2). Then:

(i) the following Littlewood—Paley decomposition of H' holds:
feH & f=) Aif inS and Y 4|A;f|; <00 11)
JjeZ JjEZ

and there exists two positive constants Ay, B, such that

VEEH  Adflg < [ 4mIA; 13 < B g (12)
JEZ

(il) More generally, if A and B are two positive constants and if f = jez fiinS
where

fj is supported in {f e R4 | A2/ < ] < BQj}
and

Y 44 f1I3 < 00

jez
then f € H" and

Ifllgr <C D _471A;£113
JEZ
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for some constant C (which depends only on A, B, r).
(iii) Similarly, if r > 0 and if R is some positive constant and if f = ZjeZ fj in S where

fj is supported in {5 eR? | 151 < RZj}
and

Y 44 fl5 <00

JEZL

then f € H and

Ifllgr <C D414 £113
JEZL

for some constant C (which depends only on R and r).

Proof. By Plancherel, we just need to check that

VE£0 AZE <D 4T yoE/2) < BYET
JEZ
and, by Plancherel and Cauchy—Schwarz, that, writing x4 g(§) = lagje|<B
VEAO (&Y 4T xap(E/2)) < C
JjEZ
and, for r > 0, writing g (§) = 1<, that
VE£O |E7 Y 4T xr(E/2))<CP O
JjEZ
The Littlewood—Paley decomposition of a product is an useful tool in non-linear ana-

lysis.

Lemma 4. Let f and g in S(R?). Then, for j € 7, we have

3 3 00
Aj(fg)= Z Aj(Sj—2fAjrig) + Z Aj(Aj1fSj—28) + Z Aj (A f Arg)

1=-3 1=-3 k=j-2
oo 5 oo 5
+ 0D A M f A + Y Y Aj(Miyi f Arg). (13)
k=j—21=1 k=j—21=1

Proof. It is enough to write

Aj(fg)=Aj<<Sj—2f+ Z Akf)<5j—2g+ Z A18)>

k=j-2 I=j-2

and to study the support of the Fourier transforms. O
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We now give the improvement of (10) with use of the L° norm.

Lemma 5. Let r € (0,d/2). There exists a constant C, > 0 such that, for all ¢, ¥ and w
in S(RY), we have

‘/ oYwdx

Proof. We use (13) to estimate || A (¢w)||2. We have

S Crllgl g 1l = (loll frarz + l@lloo)- (14)

20 Ajplls < C2T 1140l

and thus from the inequality

3 3
2|4 (po)ll2 < ch’( DS 20llosllAjriwl2 + Y 1449121820l

[=-3 1=-3
00 00 5
+ ) 1wl Al + D Y 1Al Aol
k=j—2 k=j—21=1

M2

+ > > ||Ak+z<o||z||Akw||oo>
k=j—-21=1

Il
~

we get that

277114 (g2

j-3 o0
<C< > 2 Avpl229 PR ol ap + Y 2"’||Ak<o||22<f‘“r||w||oo>
k=—00 k=j-3

and finally
leoll g < Cllgl gr (Il gar + l@llec). O

We shall need two other properties of Sobolev spaces. By using the Fourier transform,
those properties are based on the properties of weighted Lebesgue’s spaces, namely the
spaces L2(|&|*" d§), where the weight |& |2 belongs to the Muckenhoupt class A,. First,
the theory of complex interpolation of weighted Lebesgue spaces [1] gives us the following
interpolation property:

for ro and r € (—d/2,d/2) and 6 € (0,1), [H™, H)g = H1=9r0+0n (15)

Second, the Littlewood—Paley decomposition theory for weighted Lebesgue spaces with
Muckenhoupt weights gives us that for the function ¥ in Definition 1, we have the fol-
lowing equivalence of norms: there exists two positive constants A, and B, such that, for
every f € H "

AFI < [W0@ 0 f |3 < B fI,- (16)

J€EZ
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2. The space of pointwise multipliers M(H” — H*)

We now introduce the spaces of pointwise singular multipliers between the Sobolev
spaces H" and H®.

Definition 2. Let r, s € (—d /2, d/2) such that s < r. Then we define M(H" — H) as the
space of the distributions 7" such that there exists a constant C such that for all ¢ € S we
have T € H® and ||oT || gs < Clloll . We define the norm || ”M(H’»HS) as

Tl g

N Tl pqcggr— sy = SUp . a7
MHET=HY =5 el
Since we have
HeT ¥
T aqcqgr— sy = SUp —r——— (18)
MUHT=H = es 1ol g 191 s
we find that
M(H"— H)=MH - H™") (19)

so that we shall always assume that r + s > 0.

Those spaces of multipliers are useful to give minimal regularity requirements for non-
linear estimates in PDEs. For instance, the space M(H ' H —1) has been considered as
the space of potentials V such that the Schrédinger operator —A + V is bounded from H'
to H ' [12]. Another example is the celebrated uniqueness criterion of Serrin for the Leray
solutions of the 3D Navier—Stokes equations. The solutions i, v are assumed to belong to
L®L?2N L2H1, hence to L' H" for 0 <r<1land 1/t =r/2, then Serrin’s criterion grants
uniqueness provided that at least one solution # belongs to L” L9 with2/p =1—3/q. The
proof relies on the fact that the quantity

T
//w«mﬁy%@—mmm

0 R3

is well defined for every finite positive 7', as it may be seen by writing H' C L° forl/o =
1/2—r/3,s0 thatffgh dx is well defined for f € L9, g € H and h € L* with 1 /g =r/3,
and [ fghdxdt is well defined for f € LPLY, g € L'H" and h € L>L? with 2/p =
1-3/q,1/g=r/3and 1/t =1/2—1/p =r/2. This criterion extends in a straightforward
manner by replacing the requirement i € L” L9 with 2/p =1 — 3/q by the requirement
ii € LP M(H" +— L?) with 2/p = 1 — r [8]. Further applications to PDEs are described in
[3,4,11-13].
We now recall some classical examples of multipliers.

Lemma 6.

(i) Let r‘and s in (—=d/2,d/2) with s < r. Then the function f(x) = ||x||*~" belongs to
M(H" — H*).
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(ii) Let re (—'d/2, d/2). Then, for y € R, the function f(x) = |x||'Y belongs to
MH" — H").

Proof. (i) We use inequalities (16) and write for g € HS

Al fellz, <D [vo@ 7 x) fF()g)] 3y = D272 |y () £ (27008 (273 | 34

JEZL JEZ

then we use the embedding

{he H" | h(x) =0for x| >4} Cc H"
and the property that f(2/x) =276~ f(x) to get

1£gll%, < Crs) Y 272 [y (x) £ (x) (27 1) |

JEZL

moreover, in the neighbourhood of the support of i, f is a smooth bounded function

) thz_lt we may use (10) or (14) to get that there exists a constant C, such that for every
h € H" we have ||[Yo fh| g < CrllWohll g and finally we get

1 £2l%, < Cra)Cr 3272 |y x)g 20 |,
JEZL

<Cr9)C Y[ T 0g |}

JEZ
and thus
2 2
I fgllys < Clr,$)CrBrliglly, -
The proof of (ii) follows the same lines, since [|2/x ||’V =217 ||x||’Y. O
One important tool in studying pointwise products is the paraproduct operator, based
on the Littlewood—Paley decomposition and more precisely on the spectral analysis of

A;(fg) given in Lemma 4 and formula (13). We shall use formula (13) when dealing with
distributions in Besov spaces.

Definition 3. For s < 0 we define the Besov space B as

BL® = [feS’(Rd) Sup27° 1S £ oo <oo} (20)
JjeZ
normed with
£l g = SUPstllS,/flloo- 21
JEL

Definition 4. For f € B>, s < 0, we define the paraproduct operator 7 (f,-) and the
remainder operator p(f, -) as
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3
T(foR) =) Sj28Aif =) Y Ajr(Sj-284,[) (22)
jez jezI==3
and
1 5
P9 =) SIS f A+ Y Aju(SiafA)g). (23)
JEZ JEZ I=1

We may rewrite Lemma 4 as follows.

Lemma 7. Let f and g in S(RY) and let h € BE>®, s < 0. Then, we have
[ renax= [z prga+ [ ot pgax+ [moosar+ [ograx

(24)

The role of Besov spaces and paraproduct operators is explained in the following propo-
sition.

Proposition 1. Let r € (0,d/2) and s € (—r, r). Then the following assertions are equiva-
lent:

(A) he M(H" — H®); S
(B) h e BS"™ and m(h,-) maps boundedly H" to H°.

Proof. (A) = (B). We may write g9 = F(fw) with w € § and 0(x) =
have

1
m . Thus, we

|S;h(x)| = ‘/h(y)ZjdG(Zj(x —M)o(2/ (x — y))dy
<Whl s sy 101 g lleoll 27 ).

Hence, h € B3, .
§—F,00

_ Moreover, if h € BQO , then it is obvious that p (h, -) maps H' to H' 5" = H S and
H™S to HS™" =H" . If h e M(H" — H?®), then 7 (h,-) maps boundedly H ™" to

H~". Indeed, we have

3
I )5 <C Y03 477 A50(Sj 288,13

jezi=—3
<C' Y 4 IUIS; g Ak,
JjEZ

so that, using the fact that

1A Rl pcrr— mrsy < CU pa e — )
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(due to the easily checked fact that the convolution is a bounded bilinear operator from
L' x M(H" — H*) to M(H" — H*), we get

7, )5 < CUBIP g oy 24718 221,
JEL

and we conclude easily since

S 45 g, < € Z‘“"*”( 2 4'“”Ak8“5>

jez jez k<3
=c24—’“|mkgn§( > 4<k—f><r+s>)
keZ j=k+3

with r +s > 0. Using (24), we get that w(h, ) = My, =" (h,-) — p(h,-) =" p(h, ) (where
M}, is the pointwise product operator with : My f = hf), hence 7 (h, -) maps H’ to H'.

(B) = (A). If h € B5;", then we know that p(h, -) maps H” to H® and H to H "
Moreover, 7 (h, -) maps H to HOHS~" for every o < 0:

2 . _ .
|7 &) ossr S C YA THNS ;28 A5 < CllIA e D 4771128113
JEZ JEZ

and we conclude easily since

Y 47|85 agl5 < CZ‘”"( > ||Akg||%)

JEL JEL k<j—3
= cZ4’“’nAkg||%< ) 4“”‘)")
keZ i>k+3

with o < 0. If we assume, moreover, that 7 (%, -) maps H’ to H®, then by interpolation
between r and o < 0 if s < 0 or directly .if s > 'O we find that 7 (h, -) maps H* to H™".
Thus, using (24), we find that M maps H" to H*. O

3. Fractional differentiation and fractional integration

We first introduce the predual of M(H” — H*). Due to Lemma 1, we may introduce
the following Banach space.

Definition 5. Let r, s € (—d /2, d/2) such that r + s > 0. Then we define N, ; as the sub-
space of &’ (R?) of the distributions 7' that can be written as a series

T=>"fugn with Y [l fallgrlignllgs < oo

neN neN
and the norm || - || o, , as
ITln;, = min D 1 fall grllgall - (25)
T:ZnEN n8n neN
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Proposition 2. Let r € [0,d/2) and s € [—r,7]. Then M(H’ — Hs) is a Banach space.
More precisely, this is the dual space of Ny, _.

Proof. We have
WN—)*={T eS8 13C=0Vp e S |(Tlp)| < Cllpln;_,}-

Since ¥ lin;, _ < ll@ll gl |l -5, we have obviously W5 —s)* C M(H" — HY).
Conversely, it is easy to see that each ¢ € S belongs to N, _; and that one may write

(in &)

Y= Z On¥n  Wwithg,, ¥, in S where
neN

D lall g ¥l = < 2l .
neN
Thus, we have to prove that
(Tlp) =D AT |gn¥n)-
neN

Let w € S with w(0) =1 and fa)dx = 1. For R > 0, we define wr(x) = w(x/R) and
o'®(x) = Rw(Rx). Let Tg = o'®) % (wgT). Then T €S, Tk — T in S’ as R — 00
and

TR g e — sy < Cr(lolls + [1E1920]), + U IT g — -
Thus, we find

(Trle) =Y (Trlgntpn), i (Trlg) = (Tlg),
neN

(TRln¥n) = (Tl@a¥n) and Z;u%|<TR|¢nwn>|<w.
neN =

We then conclude by dominated convergence. 0O

lim
R— o0

We now introduce the fractional differentiation and fractional integration operators. For-
mally, the fractional differentiation operator D is the operator associated with the Fourier
multiplier |£|° and, similarly, the fractional integration operator /” is the operator associ-
ated with the Fourier multiplier |£|~”. However, we shall deal with distributions and, since
our Fourier multipliers are not smooth, we shall give a definition which can be applied to
distributions in Besov spaces.

Definition 6. Let wy € D such that wgyo = ¥ and 0 & supp wp. Then

(i) On B, s < 0, we define the fractional differentiation operator D? (0 < p) as

D7 f =Y F (gl wo(5/2)) x A f. (26)

JEZL

The operator D” maps B> to B, ”**.
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(i) On B3, s < 0, we define the fractional integration operator /” (0 < p < —s) as
17f =Y F & wo&/2) = A f. @7
JjEZ

The operator 1° maps B3> to Bad 7™

) It is very easy to check that, fors <0 and 0 < p < —s, we have I° D = DPI” = id on
BY>°. Moreover, we have
DPIDP2 — DPITP2 and P [P2 — [P1TP2
Moreover, 1” and D? are self-adjoint: if T € BX™ and f € S then
/Dﬂdex—Z/DﬂA dex_Z/TDpA fdx
JEZ Jez
and
/IPdex—Z/IPA dex—Z/TIpA fdx.
JEZ JEZ

We may now state the main result in this paper.
Theorem 1. Let 0 < s <r <d /2. Then

(i) feM(H" — H®) ifand only if D* f € M(H" — L?);
(i) feM(H" — H™*) ifand only if I f € M(H" — L?).

We shall prove the result by considering the predual N, _g of M(H" — HY).
Proposition 3. Let 0 <r <d /2 and s € (—r,r). Then

() if p € (0,5 +r), D? maps N5 to Ny 5.
(i) if p € (0,r —s), I” maps N5 to Ny 54 p.

Moreover, if p € (0,2r), D maps Ny to Ny.r—p.

Proof. We may assume that 0 < p < 1 (since D? = (D?/N)N and 17 = (1°?/M)N). We
then have a formula for computing D”, when f € S,

|d+p

where C, is a positive constant. This will allow us to compute D”(fg):

DP(fg)(x) = f(x)D"g(x) + g(x)D” f (x)
_c / (f&) = fFONEE) —gB)
P

|x_ |d+P

(29)
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We then use the paraproduct and write (if s < p)

fe=m(g )+ R(f. 2
with

3
w(g )= SjafAjg=)_ Y Aju(Sj2fAjg)

JEZ JEZI=-3
and
R(f.8)=)_Sj13gA;f=)_Sjta(Sj2fA;g).
JEZ JEZ
This gives
D’(fg)=fD’g+n(g, D’ )+ R(D"f.8) — C,(A+ B)
with

Alx) = Z/ (Sj2f(x)=S;jof(x—yN(Ajgx) —Ajgx —y)) dy

d+p
= Iyl

and

B(x) = Z/ (Sj4+38(x) — Sj+38(x —yN(A; f(x) — A; f(x —y))

d+p
iz Iyl

We then write
1fDPglIng,_, <N fIgIDPgllfs—o < CUfllgr gl gss
[7(e. D D)l y;,_, < D_NSi-2D" f]

r.Ss—p
JEZ

1278l e

. 1/2
S C(Z‘“” || Sj—zD”f||§~,,> s

(30)

(€29

(32)

(33)

(34)

(35)

JEZ
and
_ 2 .
Y 4TS oD f G, <CY 4TI 3 A A fIE=C" Y A A f 1
JeZ JjezZ k<j-3
so that

|7 D N pr,, <CU g liglgs-

Similarly, we write

IR(D? £, )|

Nooy S D NSi438llr | 45 D7 f | s

JEZ

_ 1/2
<c(24f<s—’>||sj+3g||i,,) ILf 1 e

JEZ

(36)
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and

D AT 0%, <C Y AT N ab a3 =C" ) 4 Akgll3,

JEZ JEZ k<j+2 keZ
so that

IR(D? £, 8) ||Nm7p SClfllgrlighgs- 37
In order to estimate A, we write

||A||N” .

I1Sj—2f(x)=Sj2f(x =g lA;8(x) — Ajg(x — )l grs—o d
|47 .
/EZ

then for a function h € S and t € (—d/2,d/2)

lh(x) —h(x — y)||%_1t 1 R | - e,‘g.y|2
f |y|d+p dy = (27‘[)‘] /f|h($)| & twdyds

—C/|fz<s)|2|5|2’+ﬂds,

where the constant C depends on ¢ and p. Thus, we find

AN, SCY ISj—2fllgreonlAjgll gs—nn
JEZL

1/2
< (24 ]p/2||SJ 2f||Hr+p/2> ”g”H-V

JEZ
which gives
IANN, ., SCUf I arllglgs- (38)

Similarly, we write

IBlly;,
/IISJ+38(X)—Sj+3g(x—y)||HrIIAjf(X)—Ajf(x—y)llgs—p
/EZ

ly|aTP 4,

so that

1BING., SC D US43l firso | Aj £l s—or2
JEZ

. 1/2
< C,<Z4J<s—r—p)/2||Sj+3g||§qr+p/2> 1AW e
JEZ
and

IBING,—, S CIf - lgHgs- (39)
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Summing up estimates (35)—(39), we find that

P < . .
[Py <CIFlar gl -
The same proof works for s = r, by writing
D'(fg)=fD"g+gD"f—Cr(A+ B)

instead of (32).
We now consider 7°(fg). We write

2
f8=Y Sj28A;f+> > AjfAjug+ Y SjafAjg=T+I+IIL

JEL JEL I==2 JEL

We control easily 77 (I): we write

2
W, =Y F(1E " 0(E/2))

[==2
and
roe =y / VP, (2Ty) S 28 (x — VA f(x — y)dy
JEZL
hence

177 5, < Il D 2721828 e A7 v
JEZ

SClflgr |y 46828l
JEZ

and thus

p . .
[y .., <CIF e lgl e
The control of 1°(II) is easy as well. Indeed, the embedding

M(H" — H™P)C By 7™

strdp.l oe BT

and the density of S in the predual Bl shows that

2
B,,]r+r+p,1 < CZ Z ||IpA]fA]+lg|

jez 1=—2

|77 | Noiy S C|1°an|

s Hrbp L.
B

We start from the inequality
VFeL', |IPSjysF| girion < C2/CFI|F|
1

to get

(40)

(41)

(42)

43)
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2
[0y, <CD D20 flallAjsisgle
jerI==2

hence

Jrran],,  <sc40+ \/ZWIIA,;fII% \/ZMSIIAngI%-

JEZ JEZL

Thus, we have

p . .
[12QD ] <CIF U gl e (44)
In order to deal with 77 (III), we write G = I”g (and g = D G). We then write
DP(Sj2fA;G)(x)

= Sj2f (N A;8(x) + S;2D” f (1) A;G(x)

Si_ -Si_ — A:G —A;G(x—
—C,,/( 2 f)—Siaf(x lyyljll(p iG(x) iG(x —y) dy.

Thus, we find
IP(I) =1V -V +C,VI
with

V=Y S, 2fA;G=fG-) Sj3GA;f.

JEZ JEZL
V= Z/zﬂd—f’)uf,,(zfy)sj,zupf(x —MA;G(x —y)dy
JEZ

and
V= Z// 21U, 2 2)(Sjaf(x —2) = Sja f(x —2— )
JEZ
L (4,6G6—0)— 4,6k
|y|d+r

—i=y) dydz.

We then write
VI, e, < TFIEAIG sto + D 1Sj43G e 1A £ 1l 5o
JEZL

hence

VN, < CIFl <||G||Hs+p + \/Z4](S+p—r) ||sj+3G||§.{,>

JjEZ
and finally, since s + p < r,

VNG, S CUFI g IGH sto < CNLFN e I8 N s (45)
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Next, we have

IVIAG .y S N@pl1 Y 277718 2D” £ 4 114Gl s

JEL
hence
: 2
IVIAG s, S CUGlgpseo [D 4790 ]S;2D2 f [
JEL
and finally
IVIN, ., SCID? fll gr—olGllgsto < CIF N g€l s (46)

In order to control VI, we use the shift—invayiance of the Sobolev norms to write that, for
allzeR4, allr € (—d/2,d/2) and all F € H?,

|Fx =2 g0 = IF g,

so that
IVIIAG,,, < 1@ / 27| Sjaf (x) = Sjaf(x = )| s
JEZL
(NAG) = 4/Gx = Do

|y|d+e

Next, we write

IS;—2f(x) = Sj—af(x = VI,
f B {4y < CUISj—2 f1rins

|y|dte
and
14,Gx) = 4;Gx =3, >
/ T dy <CllAjG2 15,0
and we get
VI, SCD 2718 2 fl grisr | AjGl grasore
JEL
so that
' 1/2 ' 1/2
IVIIAG,,, < C<Zz—fp||s,»zf||§,+,,/z> (Zz—“’nA ,»Gn%,,m,z)
JEL jezZ
and finally
IVIING,., S CUAg1G gsso < CILE N EN s (47)
Summing up estimates (43)—(47), we find that
14 . .
112Gy, <CUL g lgl s (48)

Thus, Proposition 3 is proved. O
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Proof of Theorem 1. Theorem 1 is a direct consequence of Proposition 3. Let —r <o <
s<r.Let fe M(H — H°) andlet g € M(H" — H®).Finally,let p=s — 0.
Let ¢ and ¥ € S. Then, we have
(I° floy) = (117 (oy),
hence Proposition 3 gives
(2 Flow) | < I cgr— o [ 12 @)
S CUflpacer = gyl gr Wl - (49)
Thus, 7” maps M(H" — H?) to M(H" — H").
Similarly, we have
(DPgloy) =(gID” (1),

hence Proposition 3 gives

[(DPglew)| < N8l ascrr— ) | 27 @) | ;.
< C”g”M(Hr_)HS)HQDHHr||¢||Hfa- (50
Thus, D” maps M(H" — H%) to M(H" — H?). O

4. Singular integrals and Sobolev spaces

The boundedness of singular integral operators on Sobolev spaces has been studied by
Lemarié [6,7] and Meyer [14].

Definition 7. A singular integral operator is a continuous linear operator 7' from D(R?) to
D' (RY) such that there exists a continuous function K defined on R x RY — A (where A
is the diagonal set x = y) which satisfies:

(i) 3Co > 0 ¥x Vy [K(x, )| < Corls
(i) 3C1 > 0Vx Vy [VeK (v, )] < C1 =L
(i) V£, g € D(RY), supp f Nsuppg =¥ = (Tflg) = [[ K (x,y) f(»)§(x)dx dy.

We shall now introduce two useful notions associated to singular integral operators: the
weak boundedness property and the distribution 7'(1).

Definition 8. A continuous linear operator 7 from D(R?) to D’ (R¥) satisfies the weak
boundedness property (what we shall write T € WBP) if there exist a constant C; and a
number N such that for all ¢,y € D(R?Y) with support in B(0, 1), all xg € R? and all
R > 0, writing ¢y g (x) = ¢ (*%2) and Y, g (x) = ¥ (=52), we have

|<T<¢XO,R>|%0,R>|<CZ< > R“'Ha%xo,muz)( > R“'||a“<wx0,R>||2>.

la|<N le|<N
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Definition 9. If T is a singular integral operator, we may define 7 (1) € D'(R%)/C by
choosing ¢ € D(RY) equal to 1 in a neighbourhood of 0 and computing for ¥ € D(RY)
with ftpdx =0(T(D)|y) as (T(D|Y) =limpr 0o (T (¢(%))|¥). We may see easily that,
if w € D(RY) is equal to 1 in a neighbourhood of supp v and xq € supp v/, then

(T(1)|¢)=(T(w)lw>+f/(K(x,y) — K (x0, 1)) (1 =) ¥ (x)dxdy.

We recall now the theorem of Lemarié [6,7] on the boundedness of singular integral
operators on Sobolev spaces.

Proposition 4. Let T be a singular integral operator. If T € WBP and T'(1) =0, then T is
bounded from H" to H” for every 0 <r <min(d/2, 1).

The Besov space B&;"o allows one to give a better description of the distribution 7'(1).

Definition 10. We define the Besov space B&“ as

. S
Bgfoz{feS/(Rd)|sup||Ajf||oo<oo and lim o) =0} (51)
jez x>0 x|
and the semi-norm || - || 500 as
£l oo =supllAj flloo- (52)
0 jez

It is easy to see that, when f € S’ (R?) and SUp ez, 1A} flloo < 00, then the series

DA = A O+ A f()

j<0 j=0

converges in S’ to a distribution fe B&"O such that, forall j€Z, A; f = A; f. If, more-

over, f € B>, the f — f is a constant distribution: f — f € C. Thus, B%:>° with the norm

| - Il 0.0 is @ Banach space of distributions modulo the constants:
BY>® cD//C.
Another way to characterize B&‘” is that
50,00 ~ h—1,00\d
feBY® & Vfe(B ™). (53)
Lemma 8.

(1) Let T be a singular .integml operator. If T € WBP, then T (1) € BQOO"
(ii) Conversely, let h € ngoo. Then the paraproduct operator w(h, -) is a singular integral
operator, T € WBP and T (1) = h.
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Proof. (i) We must check first that supjez |4 (T (1)) lloo < 00. It is enough to check that
there exists a constant C3 which depends only on the constants Cy, C1 and C» in Defini-
tions 7 and 8 such that

|A0(T (1)) (0)| < Cs.

Then we shall use the invariance of the constants Co, C1 and C, through dilations and
translations to get a similar control on A;(7(1))(xo) (changing the kernel K (x, y) into
279K (xg + 27/ x,x0 + 277 y)). In order to estimate Ag(7 (1))(0), we call ¥ the inverse
Fourier transform of . Since ¥ € S and f ¥ dx =0, we may write ¥ = ZkeN Y. with:

¥y, € D and supp ¥k C B(0, 2k);
[ W dx =0;

Yok VIl g < 003

ZkeN Wl < o0.

Then, choosing @ € D such that w = 1 on B(0, 2), we write

Ao(T(l))(O)Z/W(—y)T(l)(y)dy
and thus

Ao(T(1))(©0) =Y (T (@@ ) ¥ (~y))

keN
+ //(K(x, y) — K(0,)(1 — o2 7%y)¥(x)dxdy.

This is enough to get the required control.

A similar proof gives that SUp ez, 2_f.||%ij||C>O < 00, so that %ij € (Bo_ol’oo)d and
finally f € BX™.

(i) We check easily that s (h, f) is well defined when f € S and 4 € ngoo. Indeed,
w(h,) € LBL™, BL™®) for every o < 0 and S C BL™ for every o < 0. Moreover,
7 (h,-) € WBP: it is enough to check that, for all ¢ and v in D with support in B(0, 1)
we have

(7 (h, p)I¥)| < Clinll goco @l pn 1Y Il v - (54)

We shall then conclude by using the invariance of the norm in B&o" through dilations and
translations. (54) is easy to prove: if

HY(B)={f e H" |supp f C B(0, 1)},

then we have HY (B) c L! C 'o_od/z’oo and, when N > d/2,

HY(B)c wN! c B!

and (54) is thus a direct consequence of

(7w (h, @) |¥)| < C|7 (R, @) B;l/loolliﬁllg;f/ﬂ < Cliall gl g-arzc0 IIIPIIBf/z,l-
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The kernel of 7 (k, -) is easily computed: if @ = F ’1<po, then
K@, y) =) Ajah(0)2/ @2 (x - )
JEZ
with

o [4j12h(0)] < ClAl goos
o [VAj12h(x)] < CV ||| gooo:

o [P(xX)|<CU+ x4
o [VO(x)|<C+|x])~92

Those estimates allows us to control the size of K and of %x K. We finish by checking that,

inD'/C,wehavew(h, 1) =3, Ajh=h. O

A direct consequence of Proposition 4 and of Lemma 8 is the following result of
Meyer [14].

Corollary 2. Let T be a singular integral operator. Then, for 0 < r < min(1l,d/2), the
following assertions are equivalent:

(A) T is bounded from H' 10 H", ) ]
(B) T € WBP and (T (1), -) is bounded from H" to H".

A Calderén—Zygmund operator is an operator T such that both 7" and T* are singular
integral operators and are bounded on L2(RY) (T € L(L?, L?)). We define the Calderén—
Zygmund norm of T as the sum

ITllczo = 1Tl g2 + |1 = yI9K G )| o+ [ 1x = y 1T VeK G ) |
+ [l = VK ) | - (55)
A classical property of Calderén—Zygmund operators is that they are bounded on L?(w dx)

for every weight @ in the Muckenhoupt class A; [2,5,15]. Thus, Verbitsky’s theorem [11]
can be applied and we have the following.

Proposition 5. Let T be a Calderon—Zygmund operator. Then T is bounded on the space
M(H" — L?) for all r € (0,d/2). Moreover, there exists a constant C, such that for all
Calderon—Zygmund operator T, we have

”T”L(M(HVQLZ)YM(HV_)LZ)) < CrllT llezo- (56)

5. The limit case r =5

The link between multipliers of H” and paramultiplication has been studied by
Meyer [14] and Youssfi [16]. Proposition 1 can be extended to the case s = r provided

that we change the Besov space ngoo into L°°:
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Proposition 6. Let r € (0, d/2). Then the following assertions are equivalent:

(A) he M(H" — H"); o
(B) he L% and 7 (h, -) maps boundedly H" to H".

Proof. (A) = (B). We write ¢g = F(fw) with w € S and 6(x) = Thus, we have

1
(14x2)d”
|S;h(x)| = Vh(y)z-/de(zf(x —M)o(2/ (x — y))dy

S MAll g grylOl grlloll g
Hence, letting j go to 400, we find that & € L*°.

Using (24), we write that 7w (h, -) = My, — ' (h,-) — p(h,-) —'p(h, -) (Where M}, is the
p01ntW1se product operator with h: My, f = hf). If h € L®°, it is obvious that p(h, ) maps
H toH and H " to H".If h e M(H" — H"), then 7 (h, -) maps boundedly H™" to
H:

3
I )5 <C Y03 4777 A0S -2g4,m) |3

JELI==3
—2j 2
SC Y 478108 A,
JEZ

so that
7, @[5y < CURI g ey 2472182812 < CIRIA g o oy N8I
JEZ

Thus, 7 (h, -) maps boundedly H to H". ) ) ) )
B)=A).Ifhe L°°,'then we see easily that p(h,-) maps H" to H" and H™" to H™".
Moreover, 7w (h,-) maps H™" to H™":

5 . .
|7 (h, @)= SC Y 47771ISj 28 Ah15 < C'IRIZ Y 4777 11Sj 22153
JEZL jez
<RI
If we assume, moreover, that 7 (%, -) maps H'" to H", then we find that M}, maps H' to

H'. O

Theorem 1 can be extended as well to the case s = r provided that we replace multipliers
by paramultipliers.

Theorem 2. Ler 0 < r < d /2. Then f € M(H" - L?) if and only if there exists F € ngoo
such that f = D" F and 7w (F, -) is bounded on H'.

Proof. If f belongs to Bs "™, then )" jez 1" A f converges in D'/C to a distribution

I"fe ngoo and /" is an isomorphism between B and B&‘”. We shall now distinguish
between the cases r < 1 andr > 1.
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H0<r<1.For fe B, we know (Proposition 1) that f € M(Hr - L?) if and
only if w(f,-) € L(H", L?), or equivalently if and only if I"7(f,-) € L(H", H"). But it is
easy to see that " (f, -) is a singular integral operator with kernel

K(,y)=)_ / 2, (2 (x = 2) A, f(22D(2 (y - 2) dz
JEZ
and we may apply Corollary 2 to get that T = I"7(f,-) € L(H",H") if and only if
(T (1),-) € L(H", H"). But we have
T()=) I"(A;fSj2D)=) I"Ajf =F.
JEZ JEZ
This proves Theorem 2 in the case r < 1.

(i) 1 <r <d/2. Using the Riesz transforms, we see from Proposition 5 (Verbit-
sky’s theorem) that f € M(H" — L?) if and only if the Riesz transforms /!9 ; f belong
to M(H’ — L2) for j =1,...,d. Using Theorem 1, we find that Ilé)jf belongs to
M(H" — L?) if and only if I"9; f belongs to M(H" — H"~1). Thus, we have

feMMH —L*» & forjel{l,....d} n@®F,)elH  H ).

Since we have, for all g € H r

Ajm(F,g)=m(0;F,8) +n(F,0;8)
we can easily conclude:
e if 7(F,-) € L(H", H"), then we see that 7(F,-) € L(H'™', H"™1) (by interpolation
between H" and H? with o < 0) and thus we get that w (9, F, ) € L(H", H™):

e conversely, if 7(3;F,) € .L(I-'I’, H™ 1) for j=1,...,d, then f € M(H"™ — L?),
hence 7w (F,-) € L(H'™', H™™1):

2 i(r—
| (F. )| SCY_ 41TV AFS; g3
JEZL
SCY UNAFI e 12y I1Si-28 15
JEZL
Using the stability of M(H" — L?) under convolution with L', we have

||Aj1rf”M(Hr—>L2) S C2’f’||f||M(H,_>L2)
and thus
2 2 —j 2 2 2
|7 (F. )t SCUF g1y 247 182815, <CF Iy 12, 181
JEZL

Finally, we get that 97 (F,-) maps boundedly H" to H ' for j =1,...,d, and thus
w(F,-) maps boundedly H" to H". O
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The class of paramultipliers of H” is slightly bigger than the class M(H" — H"); for
instance, the function f defined as f(x) = In|x| belongs to the first class and not to the
second one.

6. The limit case r = —s
As a direct consequence of Proposition 3, we have

Theorem 3. Let 0 < r < d/2. Then, if f € M(H" — L?), we have D" f € M(H" —
H™).

Proof. We just use the fact that D" maps N, , to N.o9. O

The converse is most probably true. It has been proved for » = 1 by Maz’ya and
Verbitsky [12], and it is easy to deduce from the case » =1 that it is true for the case
r = 1/2 by using trace theorems [3,13].

Theorem 4. Let r =1 or r = 1/2, and r < d/2. Then D" is an isomorphism from
M(H" — L?) onto M(H" — H™").

The proof for r = 1 relies on potential theory and uses some fine properties of equilib-
rium measures. As far as we know, the case of r ¢ {1, 1/2} is still open.
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