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ABSTRACT

We reprove various uniqueness theorems for the Navier-Stokes equations, stating the
assumptions in terms of multipliers between Sobolev spaces instead of Lebesgue or Lorentz
spaces.

1. LEBESGUE SPACES AND UNIQUENESS FOR THE NAVIER-STOKES EQUATIONS
We consider the Navier-Stokes equations on the whole space IR%:

{apepf((o,:r) x RY) Oyt = A — V.(@® @) — Vp )
V.i=0

We shall speak of weak solutions when the derivatives in (1) are taken in the sense of
distributions theory.

Leray [8] studied the Cauchy initial value problem for equations (1) with a square-
integrable initial value. He proved the existence of weak solutions, which satisfy moreover
an energy inequality :

Definition 1 : (Leray solutions)

A Leray solution on (0, T) for the Navier-Stokes equations with initial value iy € (L%)?
s a solution U such that

i) t — ii(t,.) is weakly continuous from (0,T) to (L?)¢

ii) U(t,.) converges weakly to iy ast — 0T,

iii) @ € L*((0,T), (L*)*) N L*((0,T), (H")4),

iv) U satisfies the Leray energy inequality

t
for all t € (0,T), ||a(t,.)||§+2// ¥ @2 do ds < ||i|[2. @)
0 JIRY

Weak continuity of (a representant of) 4 is a consequence of the Navier-Stokes equa-
tions and of the hypothesis iii). An easy consequence of inequality (2) is then the strong
continuity at t =0 :

lim ||% — 4, = 0.
Jim, | oll2



But, when d > 3, it is still not known whether we have continuity for all time ¢ and whether
we have uniqueness in the class of Leray solutions. Serrin’s theorem [17] gives a criterion
for uniqueness :

Theorem 1 : (Serrin’s uniqueness theorem)

Let iy € (L2(IRY))¢ with V.idy = 0. Assume that there exists a solution @ of the
Navier-Stokes equations on (0,T) x R* (for some T € (0, +0c]) with initial value iy such
that :

i) @ € L™((0,T), (L*(RY)%) ;
i) @ € L2((0,T), (HY{(R%)?) ;
i) For some r € [0,1), @ belongs to (L°((0,T),L¥"))% with 2/oc =1 —r.

Then, 4 satisfies the Leray enerqy inequality and it is the unique Leray solution asso-
ciated to g on (0,T).

The limit case r = 1 is dealt with Von Wahl’s theorem [WAH] :

Theorem 2 : (Von Wahl’s uniqueness theorem)

Let iy € (L2(IRY))¢ with V.idy = 0. Assume that there exists a solution @ of the
Navier-Stokes equations on (0,T) x R® (for some T € (0, 400]) with initial value @y such
that :

i) @€ L=((0,T), (L*(R)Y) ;
i) @ € L*((0,T), (H"(R")%) ;
ii) @ belongs to (C([0,T], L9))<.

Then, 4 satisfies the Leray enerqy inequality and it is the unique Leray solution asso-

ciated to g on (0,T).

Another class of solutions has been classically studied in the following of Kato [4] :
mild solutions. In the case of mild solutions, the initial value may have infinite energy
(||Z||]2 = +o0) and the method of proof does not use energy inequalities nor compactness
criteria, but an iterative method for finding a fixed-point in a Banach space. Kato proved
that, when iy € (LP)¢ with d < p < oo, then the Navier—Stokes equations (1) have a
unique solution in C((0,7T), (L?)?) where T depends on the size of ||@p||,. In the limit
case, p = d, Kato proved existence but not uniqueness. This has been proved by Furioli,
Lemarié-Rieusset and Terraneo [3] :

Theorem 3 : (Furioli, Lemarié-Rieusset and Terraneo’s uniqueness theorem.)
If it and ¥ are two weak solutions of the Navier-Stokes equations on (0,T*) x R? such
that @ and ¥ belong to C([0,T*), (L*(R%))?) and have the same initial value, then @ = .

This theorem has been reproved by many authors and various methods (Meyer [15],
Monniaux [16], Lions and Masmoudi [9]). Further, it was extended to (L>°([0, T], L%(IR%))%
in dimension d > 4 by Lions and Masmoudi [9]:
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Theorem 4 : (Lions and Masmoudi’s uniqueness theorem.)

Let d > 4. If 4 and v are two weak solutions of the Navier-Stokes equations on
(0, 7*) x R® such that @ and T belong to L°°([0,T*), (LY(R%))?) and have the same initial
value, then i = 7.

Many authors noticed that L¢ in theorems 2, 3 and 4 could be replaced by the Lorentz
space L% (at least, by the closure of the test functions in L%°°) [18] [3] [9] or by Morrey—
Campanato spaces [3]. The aim of this paper is to show how all those results are enclosed
in more general results, where we use the space of multipliers between H' and L2.

2. THE MULTIPLIER SPACES X, AND X,

The pointwise multipliers between different spaces of differentiable functions have
been studied by Maz’ya and co-workers [11] [12] [13] [14]. They are a useful tool to state
minimal regularity requirements on the coefficients of partial differential operators for
proving regularity or uniqueness of solutions.

More precisely, we define the space X, (]Rd) of pointwise multipliers which map H"
into L2 in the following way:

Definition 2 : (Pointwise multipliers of negative order.)
For 0 < r < d/2, we define the space XT(]Rd) as the space of functions which are
locally square integrable on R and such that pointwise multiplication with these functions

maps boundedly the Sobolev space H"(R?) to L*(R%). The norm in X, is given by the
operator norm of pointwise multiplication:

1fllx, = sup{ [[fgll2 / llglla- <1} (3)
The closure of the space D of smooth test functions in X, will be denoted by X,.

The spaces X, have been characterized by Maz’ya [11] in terms of Sobolev capaci-
ties. A weaker result establishes a comparison between the spaces X, and the Morrey—
Campanato spaces M?? [2] [6] [7].

We first recall the definition of Morrey—Campanato spaces:

Definition 3 : (Morrey—Campanato spaces)
For 1 < p < oo, the Morrey space LY, of uniformly locally L? functions is defined

by: f € L?, if and only if f is locally L? on R? and “f“LZzoc < oo where

uloc
1
1flle = sup (J/ F@)IP dy) ™. 3)
whoe z€R? le—y|<1

Moreover, for q € [p, o], the Morrey—Campanato space MP? is defined by: f € MP? if
and only if f is locally L? on IR and ||f||ae.a < o0 where

Il = sup sup RV ([ f)p ), (4)
z€R? 0<R<1 |lz—y|<R



It is easy to check that MPP = [P

uloc

and MP° = [[*°,

Proposition 1: (Comparison theorem)
For2 <p<d/r and 0 < r we have MP¥" C X, C M>%/".

Another easy result is the embedding L% C X, for r < d/2.

3. SERRIN’S UNIQUENESS THEOREM

In this section, we generalize the uniqueness theorem of Serrin [17]. This generalization
has been announced in the preprint [6] and proved in full details in the book [7], hence we
shall only sketch the proof below.

Theorem 5 : (Generalization of Serrin’s uniqueness theorem)

Let i@y € (L2(IRY)4 with V.idy = 0. Assume that there exists a solution @ of the
Navier-Stokes equations on (0,T) x R* (for some T € (0, +0c]) with initial value @y such
that :

i) @ € L>((0,T), (L*(R")%) ;
i) @ € L*((0,T), (H'(IRY)?) ;
iii) For some r € (0,1), @ belongs to L°((0,T), (X,)?) with 2/c =1 —r.

Then, i is the unique Leray solution associated to iy on (0,T).

Proof: Let ¢ be another solution associated to iy on (0,7) (with associated pressure q)
such that 7 € L*®((0,T), (L2(R%)%) N L2((0,T), (H*(IR*)?). The main point is to check
the validity of the formula

&/iﬁ%:—Q/ﬁ@iﬁ@ﬁdwﬂ/&WﬁWJm—/EWﬁde (5)

This is checked by regularizing # and ¢: we use a smoothing function 0(t,z) = «(t)S(x)
€ D(R**"), where « is supported in [~1,1], with [ [0 dz dt = 1, and define, for ¢ > 0,
Oc(t,z) = A 0(%, 2). Then, 0. * i and 0 * ¥ are smooth functions on (¢,T — €) x IR* and
we may write 8t((0 *@).(0c % T)) = (0c * 040).(0e * U) + (0 * @). (0 x 0;7). We then get by
an integration with respect to z :

&f@*@@ﬁ@d%z—Qﬂ&*ﬁ@ﬂﬂ&*ﬁ@ﬂﬁm
+ [ (0 * [@ @ d]).(0c * [V @ 7]) dz (6)
+ [ (O * [T @ ]).(0c * [V @ 1]) dz

We may rewrite the last summand in

J(be x [T @ 7]).(6 « [V @) d r =— [(fe x 9)]).(0 * @) dz

V.(7®
=—[(0c*| 176 10)]).(0c x @) dx (7)
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To deal with 6,  [ii ® ], we write that the pointwise product maps L2/"H" x L?/(1-1X,
to L2L?, hence 6, * [i ® ] converges strongly to @ ® @ in (L2((0,T) x IR%))%*4, To deal
with 0, « [{7.V}7)], we write that the pointwise product maps H” x L? to the pre-dual Y,
of X, and that smooth functions are dense in Y, [7]; thus, 6, % [(7.V)#] converges strongly
to (7.V)7 in (Lli_rYT)d while 6, x i converges weakly to i in (LlE_TXT)d. This proves (5).
Since #® @ € (L2((0,T) x IR?))%*4 and @ = e*2 (0 )—IPf(;t =AY (@Q1) ds, t — @
is continuous from [0, T'] to (L2(dz))?¢ and (since t — ¥ is weakly continuous from [0, T'] to
(L%*(dz))?%) t — [ 4.7 dz is continuous. Thus, we may integrate equality (5) and obtain

Jut,z).o(t, z) do + 2f(ffRd VRiVQTdsds=

- o 8
@ol3 + [y [pa@-(@.V)7 da ds — [} [at.(6.V)7 dz ds ®)

Of course, this equality holds as well for v = .
Now, if we assume moreover that ¢ satisfies the Leray inequality

t
17113 +2/0 IV ® 93 ds < ||oll3, (9)

we get the following inequality for @ — ¥ :

t t
G — 7t )12 < _2// ¥ ® (i — ) de ds—2// a@.((@ - 9).¥)7 de ds (10)
0/ R4 0JIRd

—

Moreover, we have the antisymmetry property fo f]Rd . ((u ). ﬁ)ﬁ dx ds = 0.
We then write

|ff]Rdu ((@ - 9).V) (@ — @) dz ds|
t o o T=7 r _ ATPR—
<G/, ||U||)1(T ds)A=D2( [ |5 = @) ds) 72 (f] 7 — @l e ds

)2 (11)
o ToF r tie o -
< CL([; Ny, ds) =2 ([5N1T — @l ds)OF2 (sup, ooy |7 — 113

a M
)

We now write with help of the Young inequality

O a(1=1)/2p(14+1)/2 < 1—7“0/2/(1 Mgt 1+r, (12)
" 2 2
Thus, if & = ¥ on [0, 7], we find from (10) and (11) that
t 2
sup (7913 < C([ Nalk, ds)? sup |- 73 (13)
0<s<t T " 0<s<t

and uniqueness is valid on a bigger interval. By weak continuity of ¢ — ¢, we find @ = v.¢
4. VON WAHL’S UNIQUENESS THEOREM
Similarly, we have the following generalization of Von Wahl’s theorem :
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Theorem 6 : (Generalization of Von Wahl’s uniqueness theorem)

Let @y € (L2(R%))¢ with V.@y = 0. Assume that there exists a solution @ of the
Navier-Stokes equations on (0,T) x R* (for some T € (0, +0c]) with initial value iy such
that :

i) @ € Lo((0,7), (L*(RY)%) ;
i) @ € L*((0,T), (H'(R)?) ;
i11) U belongs to (C([O,T],Xl)) :
Then, i is the unique Leray solution associated to iy on (0,T).

Proof: We start again from the inequality

|8, ) —5(, )12 < 2// ¥ ® (i — )2 do ds— 2//13 ((6—9).9) (7—7) dz ds (14)

@ belongs to (C([0,T], X1))% where X; is the closure of D in Xi; thus, if Ty < T, then
for each ¢ > 0 we may split @ on [0,7p] in 4 = & + S with ||@||z~x, < € and § €
(L°((0,Tp) x R%)®. Then we write

| [ g @ (@ — ).V (7 — @) dz ds|

< Cllall=x, fo 19 - U||H1 ds

(15)
-|-||,3||oo fOfIRd |V ® (¥ —@)|? dx ds)! fofle 7 — il|? dx ds)'/?
< 2Ce fofle V& (7 —@)|? do ds + (& ||8)|% + Ce) fofle |7 — 4|? dz ds.
Choosing € such that 2Ce < 1, we get that
— — 2 4 2112 ! hrd = 2
1€, ) = at, )iz < (7 1Bl + Ce) ; [5(s,.) — (s, )|l ds. (16)
The Gronwall lemma gives then that @ = 7. o

5. FURIOLI, LEMARIE-RIEUSSET AND TERRANEO’S UNIQUENESS THEOREM

In 1997, Furioli, Lemarié-Rieusset and Terraneo [3] proved uniqueness of mild solutions
in C([0,T*), (L%)%). They extended their proof to the case of Morrey-Campanato spaces by
using the Besov spaces over Morrey-Campanato spaces described by Kozono and Yamazaki
[5] and found that uniqueness holds as well in the class C([0,T™), (MPH)9) for p > 2, where
MP:4 ig the closure of the smooth compactly supported functions in the Morrey-Campanato
space MP4. In his thesis dissertation, May [10] proved a slightly more general result by
extending the approach of Monniaux (i.e. by using the maximal L? L? property of the heat
kernel) :

Theorem 7 : (Generalization of Furioli, Lemarié—Rieusset and Terraneo’s uniqueness
theorem.)

If @ and ¥ are two weak solutions of the Navier-Stokes equations on (0,T*) X R? such
that @ and ¥ belong to C([0,T*), (X1)%) and have the same initial value, then @ = 7.
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In order to prove the theorem, we need to get rid of the pressure. This is done
by using the Leray projection operator. Indeed, we have the following result of Furioli,
Lemarié-Rieusset and Terraneo [3] :

Proposition 2:
Let i@ be a solution of the Navier—Stokes equations on (0,T) X RY:

= =

{ Ip e D'((0,T) x RY) 8l =Ad—V.(i®T) — Vp (17)
V.i=0

and assume that @ belongs to (L*((0,T), L2,,,))?, where L2
D of smooth test functzons in L2, .. Then:

i) u=(Id— A) *U where U is a continuous bounded vector field on [0,T] x R%. Hence,
the mapping t — (t,.) is continuous from [0,T] to (Bx3=*>)% and the initial value
g = 1(0,.) is well-defined.

i) V.(€® @) may be decomposed into V.(Z® @) = IPV.(&® @) — Vp where IP is the Leray
projection operator (orthogonal projection onto solenoidal vector fields)

i) i = ety — ft e(t=9)APY (4 Q @) ds

2loc 18 the closure of the space

Proof of Theorem 7 :
Let us define the bilinear operator B as

t
B(@,B) = /O APV (& ® B) ds. (18)

Let us define iy = @(0,.) = 9(0,.), W = B(#@, @) = e®iiy — 4, wa = B(¥,7) = et®ily — 7
and W = 4 — ¥ = B(¥,¥) — B(i, @). Due to the bilinearity of B, we may write as well

@ = B(W, W) + B(W, W) — B(e® iy, @) — B(w, et ip). (19)

We consider for T < T™* the space Er defined by

Br={feI2 ((0,T) x RY) / sup / / Ft,0)]? do di)? < 00} (20)
moe]Rd |lz—z0|<1
and normed by
T
1/2
Ifler = sup ( / / F(t2)? da dt)?, (21)
zo€R4 lt—z0|<1J0

Since @ belongs to C([0, T*), (X1)%), we have clearly that @ belongs to (Er)® for all T < T*.
Moreover, if we split @ into 4y = & + 8 with & in (X1)¢ with small norm and Be (Co)?,
we have the following estimates on w, ws, /2@ and eth g

o for i = 1,2, @; € C([0,T%), (X1)4) with limy_,o || (¢, )] x, = 0

o supgie7- [€2dlx, < [1@]x,



o swpccr €080 < 1Al
Thus, we shall study B(f,7) and B(g, f) for f € (Er)? and § € C([0,T], (X1)¢) or § €
C([0,T7], (L*)%). Since the operator e*=*)AIPV. is a matrix of convolution operators and
since the norms of L*°, X; and Er are invariant through a shift of the space variable, it is
. T /7 = 1/2 1/2
enough to estimate (f|w|<1 fy |1B(f,9)? d= dt) /% and (f|x|<1f0 1B(g, f)|? dz dt) /

estimate the norms of B(f,7) and B(g, f) in (Er)%.

We split f in fo supported in [0,T] x {z € R4 / |z| < 10} and f1 supported in
[0,T] x {x € R? / || > 10}. It is well known that the kernel of the operators defining
e(t=9)APY. are bounded by

1

C(t_s)(d+1)/2+ iz — gL (22)
so that
T P g— 1/2 T f ) ,
and we easily conclude since L™ C L2,  and X; C L2, . (so that we have ||§]|g, <

CVT supyeio 1 19(¢; )|z and |1l 5, < CVT supyepo mp 13(E, )llx,)-

Moreover, we have

1Fo(s, l2l1§(s, oo (24)

12V fo @ §ll 12 (az) < C

1
Vit—s

and thus

/lel/ \B(fo, §)[2da dt)"! <Ct€s[%pT]||g / /Ilfo(s Yl ) ) 1/2 (25)

and thus

1/2

1/2
< CVT supiepo 17t Dl (S 1705 M3 ds) o
< OV fllr supiego,ny 19l

(f|:c|<1 f0T|B(.ﬁ)a §)|2 dx dt)

On the other hand, the pointwise multipliers from H! to L? map as well L% to H~! (by
duality), so that we have

I(Zd = A)T'PV.fo ® §ll2(axy < Cllfo(s, 21175, i (27)

while we have the following well-known energy estimates

II/ =%, d5||L2((0T)><]Rd)<\/_/ 1G5, Mz ds < Tllkll 201y xmay — (28)
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and

t
||/0 =) An(s, ) dsl L2 (0,myxmay < CllAllL2 (0,1 xR4)- (29)

Thus far, we have proved that there exists a constant Cy such that for all T > 0 we
have

IB(f, )z + |1B@, F)ll gr < Comax(VT, T)||flle, tes[lépT] 17(t, oo (30)
and
IB(f,D|er + 1B, Fllgr < Comax(1,T)| fll&, S[%pT] 15, )l x, - (31)
telo,

Hence, we have, for every T' € (0, min(7*,1)) and every decomposition @y = & + 13_' , that

15 2, < Colldill z (2116 x, +2VT |8l oo + ,Sup [ (2, )l x, + LS [ (2, ) x.)- (32)

Thus, if we choose a decomposition such that ||@]|x, < ﬁ and then choose a time T small
enough to grant that

2\/_||ﬁ||oo§—and sup [lan (b, )llx + sup (¢ (33)
0<t<

1
. < —
’ )||X1 > 400’

we get that |0 g, < d||W| g, with 6 < 1, hence @ = 0 on (0,T). Thus, 4 = ¢ on [0,T),
hence at ¢ = T as well by continuity. Now, if Thsax is the greatest time for which @ = v
on [0, Tprax) and if Tarax < T, we may reiterate our proof with initial value @(Taax, -)
(since the Navier-Stokes equations are invariant through time-translations) to get a little
time T such that @ = ¥ on [Tayax,Tmax + T, and thus get a contradiction. Thus, we
have proved 4 = ¥ on the whole interval [0, 7). o

6. LIONS AND MASMOUDI'S UNIQUENESS THEOREM
We shall now slightly generalize Theorem 4 :

Theorem 8 : (Generalization of Lions and Masmoudi’s uniqueness theorem.)
Let d > 3. If 4 and v are two weak solutions of the Navier-Stokes equations on
(0,7*) x R® such that
i) suppcer- |l < 00 and supgper- [7x, < o0
ii) for every t € [0,T*), @(t,.) and ¥(t,.) belong more precisely to (X1)%

T 1/4
#11) SUP,, cRd (f|$_w0|<1 Jo it z)|* d dt) " < oo

. T 1/4
i) SUp, cRd (flw_w0|<1 fy 1, z)[* dr dt)” <
v) @ and ¥ have the same initial value,

then U = 9.




Remark: This is a generalization of Theorem 4, since we have L% C X, for d > 3 and
L% Liloc for d > 5.

The key ingredients in the proof of Theorem 4 by Lions and Masmoudi [9] were
the following: first, they checked that, when @ and v are weak solutions of the Navier—
Stokes equations that are bounded in the L¢ norm, the difference @ = i@ — ¥ belongs to
L2((0,T*), (L?)%) N L2((0,T*), (H")%), then they establish a Leray inequality on |||

O3 + 2/ IV @ @2 dz = 2/ [0 N @ — @.[5.V]@ d (34)
]Rd

and then use the antisymmetry property fot [Ra @- (Uﬁ)u‘;’ dz ds = 0 to get rid of ¢ while
they use Kato’s theory of mild solutions to assume that  is smooth.

Similarly, in order to prove Theorem 8, we first prove another generalization of Lions
and Masmoudi’s theorem :

Theorem 9: (Second generalization of Lions and Masmoudi’s uniqueness theorem.)

Let d > 3. Let iy € (X1)® with V.ig = 0. Let @ € (C([0,Tp]), X1)¢ be the Kato
solution of the Navier-Stokes equations on [0, To| with initial value Wy. Let U be another
solution of the Navier-Stokes equations on (0,Tp) X R? such that
1) suPo<ier, (|7, <00 3
i) for every t € [0,Ty), 9(t,.) belongs more precisely to (X1)?

To | . 1/2

1) Sup cRd (f|w_$0|<1 [, CIV@U? dz dt) '~ < oo
w) @ and ¥ have the same initial value iy,

then @ = ¥ on some interval [0, T).

Of course, we must first show some useful regularity results on mild solutions for initial
values in (X;)?. This will be done in the next section, then in the last section we shall
prove Theorems 8 and 9.

7. KATO’S SOLUTIONS IN (X;)%.

In this section, we shall prove the following result on mild solutions in (X;)% :
Proposition 3: .

Let ity € (X1)? with V.iiy = 0. Then there exists a positive T such that the initial
value problem for th_(f Navier-Stokes equations with initial data Uy has a solution 4 =
et By — f(f et=)APY. (@ @ @) ds with the following properties:

Z) ue C([07 T)a (Xl)d)

g T S o - 1/2

i) SUp, cRd (f|w_w0|<1f0 VQil? de dt) ' < oo.

2 . norms [6]
[7]: in this section and in the following, we shall use a given smooth function ¢y € D(IR%)

Before proving Proposition 3, we recall a general tool for estimating L
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such that @ > 0 and } ;4 wo(z — k) = 1. We define B = {po(z — x9) / w0 € IR?}; the
norm || f||zz is then equivalent to sup,¢p || foll2. We fix as well wp and o € D(IR?) such
that wq is i‘(!ltgntically equal to 1 in the neighbourhood of the support of ¢y and similarly
g is identically equal to 1 in the neighbourhood of the support of wy. Finally, for ¢ € B,
0 = oz —z,), we define w = wo(x — z,) and Y = Yo(x — ).

Proof:

Let &7 be the space of functions f on [0, 7] x IR? such that the mapping ¢t — f(t,.)
belongs to C([0,T], X1) and the mapping ¢ — v/t f(t,.) belongs to C([0,T],Co) with value
0 at t = 0, with norm

1fller = sup [Ifllx, + V| flloo- (35)
0<t<T

Let Fr be the subspace of functions f in &7 such that the norm

T
9 =Wl sup ([ [ 92 o ) (30)
d |z—z0|<1 JO

zoER

is finite.
We first check that, whenever fy € X, et® Jo € Fr. First, we notice that we have
supgcict V| folloo < C7|| follar2s. Tt is easy to check that X; is stable under convolution

with an integrable kernel, and more precisely that

1+ gllx < I Fllx.llgllx (37)

since the norm of X; is invariant under translations of the argument f(.) — f(. — o).
Thus, it is obvious that e*® fo € £r. Hence, we just have to check that we have

T
sup (// o(z)?| Ve fol* da dt)l/2 < 0. (38)
pEB 0

Let f = et® fy; we have

e flz=2[*fAf dx =—2f<p2ﬁ_f\2 de —4fop f ﬁipﬁf dz (39)
< —[QPVfP de+4f [ Vol da.
This gives
[ITQRIVf? de dt < [(fo()? — F(T,2))p(x) dz +4 [ [ 2 |V|? de dt (40)
<C(1+ T)||f0||%iloc-
Let us consider again the bilinear operator B defined by
-, ¢ — -,
B(a,f) = / et=I2PY. (@ ® f) ds. (41)
0
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We consider T < 1 and we define the semi-norms NI and NI as

Ng (@) = sup ||dl|x, and Ngg(@) = sup vt [|d@]eo- (42)
o<t<T o<t<T

We have the following easy estimates for 0 < s <t < T":

@@ flx, < C'——_NT@NF(F)  (43)

(t=)APpy. a®ﬂ <C
€ 1 oo
| Ix Joi—s

_\/—I

and
eI 3 ® floe < Cmin((1 + —)— L |jd® fllx, e llF® o), (44)
Vi—s'\t—s Vi—s
hence
NT (&) 1 .

L N =N ) TNTw)) (45)

If we assume moreover T' < 1, we get (writing, for positive z and y, min(z,y) < \/zy) that

min((1 +

e8P floe < O VA (@)Y NL AN (46)

Thus, we get, for T < 1,
IB(@, B)ller < CoNes(@)|Blle, and, similarly, |B(@, B)le, < CoNas(B)lldller,  (47)

and
NZ(B(@,B)) < CoNZL(a)\/ NI (BNT (B), (48)

where the constant Cy does not depend on T'. If § is chosen small enough to ensure the
inequalities
§ < ||ldollx,, 406Co <1 and 320C¢||uoll%, <1 (49)

and if T is chosen small enough to ensure that
NT (eti) < 6, (50)
we easily check by induction that the sequence (,),eN recursively defined by
7o = iy and U4 1 = ety — B(¥,, U,) (51)
satisfies the inequalities

[Taller < 4lldollx, No(@n) <26 and [|Fnty — Talle, < (4Co0)"4lldollx,-  (52)
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Thus, the sequence (v,,)neN converges to a solution % of

t
i = etPup — / et )APY (G Q @) ds (53)
0

with @ € C([0,T), (X1)%).
We now check, for 0 < T" < 1, the inequalities

1B(&, B)llzr < Cilldllerl|Bllzr and |B(@, Az, < CullBllerlldillz- (54)

We must estimate, for ¢ € B, the norm ||oV ® B(@, B)||L2((O’T)X]Rd). We have

IV ® B, B)l 12 ((0,1)x ma) < IV ® B4, B)l|z2((0,r)xre) (55)
t (s L=
<| [y e V2AE ® B) ds|| 2 (0.m)xRA)
hence,
IV ® B(d, B)ll 12 ((0.m)x me) < Cllva ® Bll12((0.1) xR (56)

< C'supgcier 10l x, (196 20,1y, 11y < C"|| e8] 7

On the other hand, if Supp ¢¢ C B(0,7¢) and if 9¢ is chosen such that ¢ =1 on B(0,r;)
with r; > rg, we have

— = - t - -
oV @ B((1-19)a,p)| <CJ, f|y_$¥,|2r1 WW(&Z/) ® B(s,y)| ds dy
T N =4 1/2
<OMI(fT [ dld(s,y) @ Bls.y) P ds dy) Y (57)
- = 1/2
< OIS (s, y) @ Bls, y)[? ds dy) |l e
hence,
= - 3 T, > 1/2
69 © B~ 9 B) l20.mrxmey < OIS 1G5, 0) @ s, 0)? ds )l

< o SUPg<teT 1@ x, Supgeg_’||0ﬁ||L2((O,T),Hl) (58)
< C""||alle |8l Fo -

Thus, we get inequalities (54).

From (54), we get by induction that 7,, belongs more precisely to Fr. Moreover, for
n>1,

1Tn+1 = nll7r < 2C1||Tall72 1001 = nller < 8C1(4C08)" " dollx: [1Tallzr (59

Now, we take n such that 4Cyd < n < 1 and ng such that for every n > ng we have

8C1(4Co8)™ H|dolx, < 1" (1 —mn). (60)
We define T as
[ = max([Follzg, sup 7" Fass — Tuller) (61)
0<n<ng
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and we find by induction on n that ||t 11 — ¥, ||z, < Tn™TL, so that @ = lim, o Uy,
belongs to Fr. o

8. PROOFS OF THEOREMS 8 AND 9.

Proof of Theorem 9:
We proved in the previous section that the Kato solution 4 is smooth on (0,Tp) x R?
and belongs to C([0, Tp), (X1)?), while

To
sup (/ / IV ® il* dx dt)1/2 < o0. (62)
zo€R? J|z—x0|<1

Let us define again iy = @(0,.) = #(0,.), W, = B(#, ) = Ay — i, We = B(¥,7) =
etAﬁo — ¥ and W = @ — ¥ = B(¥, V) — B(#, 4). We are going to estimate the norm of % (¢, .)
(Liloc(]Rd))d following the lines of the study of uniformly locally square integrable
solutlons in [6] [7]. To estimate L2, . norms, we use the family B of smooth functions we

introduced in the proof of Proposition 3 and we define the functions

a(t)—ilépﬂw(t Je(@)l3 (63)

and ,
Bt) =sup | [|(V®@i(s,.)e(x)l3ds (64)

p€eBJO

1st step : Computing 9 |w|%.
We begin by proving that we have in the sense of distributions that

04| 0| = 2(0y00) .10 (65)

We know that @ is (locally in :v) in (L2H!)?. Thus, it will be enough to prove that 9y
belongs (locally in z) in (L2H_1)?. We write

O = AT —V.(GRT— TR T) —V(p—q) (66)

where p and ¢ are the pressures associated with & and . We have that Aw belongs locally
to (L2H;1)4; moreover, since 4 @4 — Q¥ = W ® @ + ¥ ® W and thus 4 ® @ — ¥ ® ¥ belongs
locally to (L2L2)%, we have that V.(Z ® @ — # ® #) belongs locally to (L2H; ')%. In order
to estimate the remaining term ﬁ(p —q), we notice that, since @ belongs to X1, it vanishes
at infinity in the sense of [3] and thus Vp is computed as

Vp=Id-—P)V.i®d= 6E(6®6.ﬁ®ﬁ), (67)
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and similarly Vg = (Id — ]P)ﬁ.ﬁ@ v. We are going to show that, for ¢ € B, we have
o(2)V(p — q) € (L2H;1)%: indeed, we write again 4 @ & — 1 Q 7 = @ ® & + ¥ ® & and
we further decompose @ into ¥ + (1 — v)w; for the contribution of ¥, we notice that
YW Q@ 4 = W ® (i) and that @ and ¢ are divergence free, so that

(1d = P)V.(4 @ i + 7 @ YiF) = —6%6.((@.?)(@) @) WE)  (69)

and we conclude since 1@ and v belong to (L2H1)¢ while @ (t,.) and ¥(t, .) are uniformly
bounded in (X1)? and since pointwise multiplication maps X; x L2 to H~!; for the con-
tribution of (1 — ), we notice that the kernel of the convolution operator (Id —IP)V. is
O(W) off the diagonal, so that, defining f for typographic convenience as

F=p@)Td—P)\V.(1- )T QT +7Q (1 — 1)), (69)
we get

fa)<c ﬁ(\ﬁ(tw 15t ) ) dy (70)

a2 Y
which gives that f belongs to (L?L2%)? with a norm which is controlled by
||f||L2L2 < C(sup (/ t |@(s, z)|? dz ds)+sup (/ t (s, 2)|? dz ds)). (T1)
zo€RA J |z—z0|<1 zo€RA J |z —z0|< 1
Thus, (65) is proved.
2nd step : the energy inequality.

We have
20w = A2 — 2|V @ @2, (72)
2V (p — q).w = 2V ((p — q)) (73)
sSince w 18 dlvergence free
2V @ @) = 2V ((@.0) D) — 2.(0.V) @ (74)
and . B
2(V.7 @ W) = V(|w]*V) (75)

Finally, we get the equality
80| = Alw|? — 2|V @ @2 — 2V ((p — q)@) — 2V ((@.0) @) + 2@.(0.V )& — V (|7|*7) (76)

In particular, we have that for ¢ € B the mapping t — ||¢ @(¢,.)||2 is continuous and
fullfills the equality

@(t, )e(@)3 +2 f, II(ﬁ ® @(s,.))p(@)|5 ds =
ffg 1T2A (0% () da ds
W.V?(z) d ds+2ff0 (z)@ (wﬁ)wdag ds
[ @20V 92 (x) dz ds +2 [ [ (0 — ) (@.V)¢?(z) dz ds
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Let us notice that we may modify p — ¢ by adding a function w,,(s) which does not depend
on z: since W is divergence free, we have [ w,,(s)u(s, z).V2(z) dz = 0.

Now, we split again @, into @y = @ + 8 and define A = @ — e!2 3 and B = e!®3. We
then check the following estimates for all t € (0,7%) and all ¢ € B:

// B2 Al (z)) d ds < Ch /Ota(s) ds (78)

2 [Jo (0.@)w.V *(z) dx ds <C [ || x, |[4d|2][ ]| g2 ds
< Cysupo ey [l \/ fi o dsy /(1) + [} o ds

t
// @25V (x) dz ds < Cy sup ||v||X1\// adS\/ / ads  (80)
0 0<s<t

2 [fi(0— )@V (z) dz ds < C [} |(p— q + w,(s) w2l 2ds

(79)

(81)
< Cuy/fy a dsy[ [y (o = 0+ w,)wl} ds
2[fy @) A (6@ de ds < C [ ||E||X1||ww||ﬂl||¢ﬁ ® wnz ds (82)
< C5SUPgeset ||A||X1 )+ fo
2 [fy *(@) B.(@.V)@ da ds <CJy ||B||oo||ww||2||wmwnz ds (83

< Cosupocses [ Bllooy/ Sy o dsy/B(0) + [}  ds

We still have to estimate fg |(p — g + @y (s))wl||3 ds for a good choice of the function
w,. We postpone the (technical) proof to the next step and we claim that we shall be
able to prove that

t
< C3(supgeyet ||U||X1 + SUPg <t ||U||X1)2 )+ Jy a(s) ds)

The right-hand terms in inequalities (78) to (80) and (82) to (84) do not depend on ¢,
thus taking the supremum on ¢ € B we get that

( Cy fg a(s) ds
o suPge ey lilx0y/ ff @ dsy/B(E) + [ o ds
+Cs 5oy I19llx0y/f7 @ dsy/B(0) + fi v ds

+C4C7(SUPO<5<1:”““X1+ SUPo< <17 HX1 \/foa ds\/ﬂ +f0a ds
+C5 Su—po<s<t ||A||X1 +f0

L +C6 SUPp<s<t ”BHOO\/f() «Q ds\/ﬂ +f0 o ds

max(a(t), 28(t)) < (85)

3rd step : estimating the pressure.
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We first recall that p is computed, at least formally, as

Z Z Rij (ujuk), (86)

1<j<d 1<k<d

where R; = % is the j-th Riesz transform and wu; is the j-th coordinate of the vector @

(3] [7]. We write more compactly

P=GE®d— / Gla,y).d(t,y) ® i(t, y) dy. (87)

Similarly, we have ¢ = G.¥ ® ¥. We thus compute p — ¢ + w,(t) on the support of
w = wo(. — ,) through the formula:

P —q+ wy(t) =pi(t,z) + pa2(t, ) (88)

with
p1(t,2) = G(vg(y — =) (AL, y) ® (t,y) — ¥(t, y) ® U(t,y)))(z) (89)

and
z(t,w)=/(G(w,y)—G(ﬂfwy))-(l—wg(y—%))(ﬁ(t,y)®ﬁ(t,y)—U(t,y)®U(t,y)) dy. (90)

We write one more time U Q@ 4 — @ ¥ =W Q 4 + ¥ ® w. Since G is a matrix of Calderén—
Zygmund operators, we have

1P1(, 2) |22 (a2) < Clld| e (7l x, + 171 x,)- (91)
Moreover, we have
ke%d k;éO

and thus

4 , Lo
Ip2(t, 2)w(@)l|2(ar) < Ol x, +N7l1x2) > Wllw(t,x)wo(x—%—k)llm- (93)
kEZ? k#0
Writing

Ay(@,7) = (sup ||d]|x, + sup [|7]|x,)?, (94)
0<s<t 0<s<t

we get from (91) and (93) the following inequalities

Jo l(p =+ @y (s))wl3 ds
< CAy (i, D) fo (> kemd Wﬂw(s o)Y(z — zp — k)| )? ds

o | (s,2) 9 (z—zp—k)|| 31 ds
< CAt(u7 U) (Zke%d W) Zke%d fo 1+|k|d+‘i

< C2A4(d,7) ( +f0
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Thus, (84) is proved.
4th step : using a Gronwall lemma.
Finally, we use the obvious inequality XY < eX2+ 4i5Y2 to get from (85) the inequal-
ities
a(t) < Cy fota s) ds
+C supge sy ||| x, \/fg a dS\/,B(t) + fg a ds
+C3supge sy |17] x, \/f(f o dS\/ﬂ(t) + fg a ds
+C4Cr(supgyey lllx, +SuPocyey ||ﬁ||xl>¢f§ a dS\/ﬂ () + Ji als) ds
+Cs 5oyt || Al x, (B(t) + [ ax(

+C6 Supgc s« ||B||00\/fo o ds\/ﬂ +f0 a ds

(96)

and

IN

C1 fg a(s) ds
+Cy supgyey 1], (€ + ) [y o ds + eB(t))
+C38Upge ey [17llx, (6 + £) [ o ds + eB(t))
+C4Cr(suPocace 1llx, + 5uPoscy ||«7||X1>((e +2) Jy o ds + ¢B(2))
+C'5 Supgcgey 4] x, (B(t) + fo a(s) ds)
+Co supg<yes | Blloo (¢ + )fo o ds + eB(t))

24(t)

(97)

which are fullfilled for every decomposition o = @ + ,8 and every t € (0, T*)

We now use the fact that @y € (Xl) and that @ € C([0,T*), (X1)%). We choose a
decomposition such that ||@| x, < E and then choose a time T small enough to grant
that

1
98
s (8 ), < g (98)
so that .
Alt 99
s | A(t,)lx, < Yo (99)
We then choose € > 0 small enough to grant that
. 1
((C2+ CuC7) sup ||d]lx, + (C3 + CaCr) sup[|9lx, + CllBlloc)e < 5 (100)
0<s<T 0<s< 2
This gives obviously
t
t) < D/ a(s) ds (101)
0
for t € (0,T), with
D Ci + (6 + 4%) ((02 + C4Cr) supge s |1l x, (102)

+(C3 + 0407) SUPo<s<T ||77||X1 + 06”:8“00) +Cs SUPo<s<T ||A||X1 ‘
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We get finally
t
at) < 2D/ a(s) ds (103)
0
and finally & = 0 on [0,T"), which gives & = ¥ on [0, T). o

Proof of Theorem 8 : As in the proof of Theorem 7, it is enough to prove that & = ¢ on
some small interval [0, T| (with T' > 0). Moreover, as in the proof of Lions and Masmoudi,
we shall prove that they coincide on a small interval with the Kato solution associated
to the common initial value #@y. Thus, it is enough to prove that @ and ¢ satisfy the
assumptions of Theorem 9.

More precisely, writing @ = et®

1y — w, we shall prove that

T*
sup (/ / IV @ d|? d dt)l/2 < 00, (104)
zo€R? |z—xz0|<1
or equivalently that
T*
sup [ (9 @ (e, ))o(a) 3t < oo (105)
p€eBJO

(where we use the same notation B as in the proof of Theorem 9). We write that

. t (t—s)A = — ~—
(Vo) ¢ =X +Y with { (pfte A V®(]PV[wu®u]) . (106)
—<pf0 et=9)AV @ (IPV.[(1 — w)T ® @) ds

We have .

|59 ® (Y [wil ® 022 < Cl0l3s ey (107)
and thus -
/ |X]12 dt < C sup / / i(t,z)|* do dt. (108)
0 zo€ER? J |[z—z0|<1

On the other hand, the kernel of the operators e(*=9AV (IPV.) are controlled by

1

@y oy

thus we have for two positive constants C' and vy

Y (t, )| < Co(z fo f|y 20> WW(S y)|? dy ds (109)
1/2
< C'o(z) sup,,epa (f|x zo|<1 fo (s, z)|* da ds)
and thus -
/ V|12 dt < CT* sup / / i(t,z)|* dz dt. (110)
0 zo€RE J |z—z0|<1
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Thus, we may conclude by applying Theorem 9. o
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