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Preliminary Remarks

These notes are a child of my efforts to gain a deeper understanding of professor
Ankirchner’s lectures on Mathematical Finance. A surely not the worst method
of doing so is to go through one’s own written notes, try to understand every
argument and line of thought, and prepare a readable account of all these elab-
orations — in brief, to make a set of lecture notes and run the risk of presenting
them to others. My wish is, of course, that they may be helpful to these oth-
ers, so that in this way the trouble of composing them may, at least, yield some
additional benefits.

Since these notes have not yet been revised by professor Ankirchner, every word
in them are within my full responsibility. The more I thank him for his trust
that they be reasonably meaningful and close to his lectures, and his readiness
to make them available on the web.

I have tried to capture as far as possible the spirit and contents of the lectures
and to accurately reflect what has been written on the blackboard, the way it
was written on the blackboard, and (a much more difficult task) what has been
spoken. This is what is set here in the notes in normal type. At various places [
had the impression that some more elaborations and reminders could be helpful;
these ramblings have been set in small type. So what is set in normal type here
should be a best approximation of what has been presented in the lectures.

This version is surely not in final form, so for some time to come these notes will
be updated every now and then. Therefore, everyone interested should have have
a look at the web site from time to time:

http://www.uni-bonn.de/ tkruse/teaching/Math_Finance_1213/MathFin.pdf
Questions, suggestions. or critical annotations are welcome. Please mail
MathFinQweb.de
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CHAPTER 1

The Value at Risk

Usually, financial institutions measure the risk of loss in their portfolios with the
so—called value—at—risk:

Definition. Let a € (0,1). The value-at-risk at level o of a portfolio, denoted
V@R, , is the smallest ¢ € R such that the probability of the loss over a given
time period (typically 10 trading days) to exceed c is not larger than 1 — «.

For this, we need to specify a probability space; the loss will then be a random
variable w.r.t. this probability space. More precisely, then, let the loss be a
random variable L on a probability space (2, F, P). Then

V@R, (L) :=inf{ceR| P[L>¢] < 1—-a}.

Let Fp(z) := P[L < z| be the distribution function of L. Note that
V@R, (L) =inf{ce R | Fr(c) > a}

and so is nothing else but the a—quantile of L, i.e. there is a percentage of 100a%
cases in which the loss over the given time period is less than ¢. Indeed, we have

PlL>c=1-Frc)<1—a iff F(c)>a.
Consider a portfolio consisting of just one financial asset with price dynamics
given by the SDE
(*) dS; = uSdt + oSy dW;

where p € R (“drift rate”), o > 0 (“diffusion rate” or “volatility”), and (W;);>0 a
Brownian Motion.

Recall that we can explicitely solve this SDE: If the initial condition is Sy > 0,
the current price, then

St — SO eth+(,LL—02/2>t ’ te ]R,_|_

(often called Geometric Brownian Motion).

In order to refresh the needed prerequisites for these lectures, let us recapitulate how to do so.
First note that the global LiPscHITZ conditions for our SDE are trivially fulfilled, so we know
by the general theory that there exists a unique strong solution for any given initial condition.
So it is only a matter of finding one.

For this, let & € R and define the process X; := e~ S, ; then S; = e** X, , and
dSt =« eo‘t Xtdt + eo‘t dXt s
1
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so that the SDE (%) becomes
ae® Xydt + e dX, = pe® X,dt + o e® X, dW,
or
dX; = (p — @) Xydt + o X dWy
with initial condition Xy = Sy > 0. Thus putting a := p, this SDE simplifies to
dX; = o X dWy .
Naively, one would proceed as

dx
Tt = dlog X; = odW,; = d(oW,),
t

concluding
Xt = S() eaWt ,

but this conclusion is wrong. The reason is provided by the celebrated ITO formula: as soon
as a process has non—vanishing quadratic variation, a further quadratic term creeps up into its
differential introducing additional terms.

EXCURSION: THE WONDROUS WORLD OF THE ITO FORMULA

Recall the simplest instance of ITO’s formula from Stochastic Analysis. Let U C IR be open, X =
(Xt)t>0 a continuous semi-martingale with values in U, and f € C?(U) a twice continuously
differentiable function; then, for all 0 < s < ¢t

(e £~ 1000 = [ Fet)axat g [ £ A0,

where the first integral on the RHS is ITO‘s celebrated stochastic integral, and the second
one is a RIEMANN-STIELTJES-integral w.r.t. the quadratic variation process (X) of X (which
is pathwise of bounded variation thus making the RS—integral meaningful). It has become
standard, and useful, to write such integral identities as identities between formally defined
“stochastic (or ITO) differentials™; for a process X its stochastic differential dX is defined as
a map on the set of all intervals [s,¢], 0 < s < ¢, mapping the interval [s,¢] to the random
variable X; — X (we are considering real valued stochastic processes with parameter space
[0,00)). Thus
dX([s,t]) = X; — X5

Before introducing the so—called ITO Calculus recall that the indefinite stochastic integral is
itself a stochastic process which, in general, cannot be defined pathwise but requires a sophis-
ticated involved closing construction which provides it at one stroke, so to speak, as a fully
established stochastic process. A standard denotation for this process is X e Y, where the
process X is called the integrand and Y the integrator (see [18], p. 179, Definition 4.31);
the notation is meant to emphasize the bilinear character of the so—defined integral. The ITO
Calculus emerges by introducing the following two rules: If X,Y are processes, define

a) XdY :=d(X eY);
b) dXdY = d(X,Y).

To understand rule a), note the analogy with the calculus of differential forms and STOKES’
Theorem (or the Fundamental Theorem of Calculus). For just this heuristic moment here we
now write X (¢) in place of X; to keep the notation more symmetric. If we define a null chain

2



Chapter 1. The Value at Risk

to be a finite formal linear combination ¢y := ZZ c¢; Py, with ¢; € Z, P, an abstract point
corresponding to t € Ry, and put X (co) := >, ¢; X (t;), then

dX([s,1]) := X(9[s,1]) ,

where we define the boundary 0 of the interval [s,t] as the null chain J[s,t] := P; — Ps (from
now on we write X; again). If we therefore define an 110 differential to be a finite formal sum
D :=3%",X'dY" and have an equation D([s,t]) = Z, — Z; for a process Z, it is natural to call
Z the integral of D and to write

o= [0 a-z=(f0) ~(fo) = [ >

This then leads to the notation (put D := XdY and Z := X ¢Y):
¢
XOY::/XdY ) (XOY)t—(XOY)Szz/XdY

Thus our definition in a) of the ITO differential XdY reads in this notation
XdY =d / XdYy

since both sides, interpreted as functions on intervals [s, ], yield the same value (X o Y); —
(X oY'),. In this notation, of course, this equation is not feasible for a definition of XdY, since
the definiens on the RHS containes the definiendum on the LHS, but it nicely demonstrates
that the operations d and | are inverse to each other.

To summarize, there is a close formal analogy to the Exterior Calculus:

— in the Exterior Calculus, the proper objects to integrate are differential forms, not
functions, and the differentiation operator d — the exterior derivative — is precisely
so defined as to make STOKES’ Theorem true in the simple case of ntegrating over
rectangular objects (and hence in general);

— in the ITO Calculus, the proper objects to integrate are ITO differentials, not sto-
chastic processes, and the differentiation operator is precisely so defined as to make
STOKES’ Theorem true in the simple case of integrating over intervals (note that ITO
differentials correspond to 1-forms, so we are in the 1-dimensional case, and STOKES’
Theorem is just the Fundamental Theorem of Calculus).

All these elaborations are pretty formal and without real content, but turn out to establish an
effective formalism, where effective formalism means that applying stolidly the rules leads to
correct results without the need of thinking and along the way reduces the risk of error.

Unfortunately, more often than not one finds notation like

t t
Xdy ([s,t]) :/XdY:/XudYu,

where the RHS is, in principle, to be repudiated. This notation appears frequently for at least
two reasons. The first is, that after the fact, i.e. after having established the stochastic integral,
it is given, although not definable, as the limit of pathwise defined RIEMANN-STIELTJES sums,

3
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where the limit has to be taken stochastically (see [18], Satz 4.43):

t n
. t—s
(#) /X dY = st=1imy, 00 Y Xepi—tyn(Yerin — Yegmnn) » hi= ;

: n
=1

and the notation with the subscript w is a remnant of that. The second, more significant,
reason is that one wants to keep track of the variables during calculations (e.g. when applying
the chain rule) and to be able to write integrals like [ X;dt in place of [ Xdidg,. All in all
experience shows that keeping the variables explicit during computations supports clarity and
narrows down the cluttering of notation. Therefore we too will stick to this habit.

In this way, one succeeds in introducing the notion of differential, even though most interesting
stochastic processes have paths which are nowhwere differentiable almost surely, and with this
formalism, ITO’s formula (*x) then takes the concise form

(s * ) df (X)s = f/(X)d X + %f”(XQd(X)t .

There results a formalism based on ITO’s formula which is known as ITO Calulus, which is
the stochastic counterpart to classical Integral and Differential Calculus, and which lies at the
foundation of Stochastic Analysis.

END OF THE EXCURSION

Now the above naive ansatz inspires to apply ITO’s formula to log X :
1 1

dlog Xy = —dXy — —

g Ay Xt t 2Xt2

(here one might object that we do not know, at this stage, if X; will always be positive.

Regarding X? instead of X, reduces this objection to the question if X; does not vanish (since

due to log X2 = 2log X the computations below are not affected). Although this is true, we do

not know this at this stage, but it suffices that our ruminations will produce a candidate for
the solution, which we will prove to be one by other means.)

We have dXt = O'Xtth 5 hence d<X>t = d<X, X>t = dXtht = O'QXEthth = UQXth(VV, W>t
= 02 X2d(W), = 0?X}dt, and plugging all this into the last equation gives

d(X), .

1 1
dlog X; = odW; — 50% =d (amt — 20215) ,

and so
_ oWi—o?t/2
Xt - SOe ¢ / )

or
S, = S, eawt+(#70'2/2)t '

In this way, we have found how the solution should look like. To verify that it is indeed a
solution, write

Si=f(Y) , Yi= <u 302> t oW,
where f(y) := Spe?. Applying IT0’s formula to f, there comes
dS; = Spe¥t dY; + %so eVt d(Y); = S,dY; + %Sﬂi(Y}t .
Now dY; = (u — 02/2)dt + 0dW, and (Y); = 0?t; there comes
dS; = (u — ;0’2> Sidt + oS dW, + %JQStdt = pSydt + oS dW,

4



Chapter 1. The Value at Risk

as desired.

Throughout the lecture, let

1 x
O(x) = E/ e/ dz .

Lemma 1.1. Let L = —N(S7—.Sy) be the loss on a portfolio consisting of N > 0
asset shares, where T > 0 (typically T' = 10/252, 10 trading days over 252 trading
days a year). Then

(11) V@Ra — _NSO <efa0ﬁ+(M*02/2)T _1> ’
where a is such that ®(a) = «, i.e. the a—quantile of the standard normal
distribution.

PROOF. Let ¢ be the RHS of (1.1). Then
PIL > ¢
— P -_N (SO eo’WT+(H70'2/2)T _SO> > —N (SO e*dO’\/T‘F(,U«*UQ/Z)T _S()>i|

P _eoWT—l-(,u—og/Z)T

< e—ao‘x/T—l—(,u—oQ/Q)T:|

=P _O'WT < —ClO'\/T:|

=P WT/ﬁ < —a}

and so, since Wr/ VT is normally distributed around 0 with variance 1,
=P(—a)=1—-P(a)=1-a,
hence the result. QED

Now let us have a look at short positions.

Lemma 1.2. Let L = N (St —Sp) be the loss of a short position of N > 0 shares.
Then

V@R, = NS, (Wﬁ +(n=o?/2)T —1) .

The proof is analogous to the proof of Lemma 1.1.

Remark. Note that the VQR of a short position is not equal to the VQR of
the corresponding long position. Reason: Geometric Brownian Motion is log—-
normal distributed, and this distribution is not symmetric around the median
(“Skewness” of the log—normal distribution). O

5
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Commonly, one uses an even simpler linear approzimation. Typically

10
T=—~~0.004
252 0-00

and so is very small, so the TAYLOR development gives a good approximation:
e—aaﬁ—&-(u—az/Q)T

=1—aoVT + (u—aZ/Q)T—l—%(—aoﬁ—i- (u—02/2)T>2+---
=1—aoVT + (1 —0?/2+a%0*) T + O(T?/?)
If we use only the v/T—term, we obtain the following linear approximations.
For a long position:
(V@GR (=N (Sr — Sp)) = NSoaoVT .
For a short position:
(V@R (N (St — Sp)) = NSoaoV'T .
Remark. 1) Contrary to V@R, (V@R is the same for short and long positions.
2) Assume L is Gaussian, i.e. L = SpcWr. Then
V@R, (L) = VAR, (SooVTX) = SyovVTa = (NQR,(+(Sr — Sp))
where X is M (0,1).
3) Let o, 8 € (0,1), ®(a) =, ®(b) =, and T,U > 0. Then
b VU

(V@R (£N(Sy — So)) = s (V@R (N (S — Sp)) .

V@R for financial derivatives

Portfolios can contain financial contracts that are not liquidly traded so that you
do not have market prices for them. So you must determine their value by other
means, i.e. from other asset prices (Example: Options).

Suppose that the value of a financial contract at time ¢ is given by F(S;), where
S; is the price of the underlying (= reference asset).

Lemma 1.3. Let F be strictly increasing and L = —(F(St) — F(Sy)). Then
(1.2) V@R, (L) = F(So) — F(So — V@Ra (= (57 — 50))) -

PROOF. Let ¢ be the RHS of (1.2). Then
PIL > ¢ = P[-(F(57) — F(S0)) > 4]
= P[F(Sr) < F(So — V@R (— (ST — S0)))]
=P [ST < S() — V@Ra(—(ST — So))]
6



Chapter 1. The Value at Risk

=P [—(ST — S()) > V@Ra(—(ST — S()))]
=1—-«a
which implies ¢ = V@GR, (L) . QED

Let us assume F' € C* be strictly increasing. The TAYLOR approximation of F'
around Sy implies that

V@R, ( — (F(St) — F(S50)))
— F/(Sy) V@Ru(—(Sr — So)) + %F”(SO) V@R, (= (Sy — So))2 4+ - - -

The first derivative of F' w.r.t. the underlying price S is usually called Delta. We
write A(S) = F'(S). With this notation, we have the A-approzimation of the
Va@R:

V@R, (—(F(St) — F(Sy))) = A(Sp) V@R, (— (ST — Sp)) -

The approximation including the 2nd derivative is called A-T'-approzimation .

V@R of a portfolio

Usually a portfolio contains many (maybe hundreds) assets which are heavily
correlated. How does one obtain a risk estimate for those?

Let F(S},...,S%) be the value of a portfolio depending on d risk factors. For
simplicity we assume that S := (S}, ..., S¢) is Gaussian with mean (SE,...,S9)
and covariance matrix C' = (¢;;), i.e. ¢;; = cov(Sh, ..., S%).

Now we make a TAYLOR expansion; we get the A—approximation

d
OF i i
—(F(Sr) — F(S0)) = — %(537---,53)(%—50) =: L.
i=1 '
or d . o :
Let A; := %(SO, ..., 5§). The sum of centered Gaussian distributions is again

a centered Gaussian distribution. So L is normally distributed with mean zero

and variance

A\

2 _ | .
or=1:|C

Ag Aq

Ay

which implies
V@R, (L) =o0ra
with a the a—quantile of the standard normal distribution.

This last formula comes about as follows. Let L be a random variable with mean p and
variance o2 . Then the random variable X := (L — p)/o has mean 0 and variance 1. Then

P[X >c=P[L>pu+oc
7
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implies
V@R, (L) = p+ 0 VAR (X).
Now suppose the loss L is N (u,0?)-distributed. Then the random variable X is A/(0,1)-
distributed. Since the V@R, is nothing but the a—quantile, we have V@R, (X) = & 1(a) = a.
Hence
V@R, (L) = p+oa,
which explains the above formula.

Remark. As a practical remark one may say that this is a simple formula with
high practical relevance; in particular, it applies to very large portfolios.



CHAPTER 2

The One-Period (Asset Price) Model

We consider a financial market with d+ 1 assets (stocks, bonds, ...). Denote the
price vector at time t = 0 as

and the corresponding price system as
0 d d+1
(r%,...,m%) e R,
The prices at time t = 1
SO ...,81 >0
are not known before ¢ = 1. We model them as non-negative random variables

on a probabilitiy space (2, F, P). Throughout we assume that S° is the price of
a bond with fixed interest rate r > 0. To simplify notation we assume that

=1 and S°=1+r.

Further, we assume S', ..., S? will be risky assets depending on scenarios w € (.
We employ the following notation:
7= (1,7)=(7%...,7%

S=(1,8)=(5%...,5%.
At time t = 0 an investor chooses a portfolio (= a vector of positions)
£= (€)= (¢°...,6% e RYH
(which is not random). The interpretation is:

& = number of shares of asset i in the
investor’s portfolio.

We allow the £ to be negative: If €Y < 0, then the investor is taking a loan at
t =0, and has to pay back |€°| (1+7r) at time ¢t = 1. If & < 0 for some 1 < i < d,
then the investor is short selling asset ¢ at time ¢ = 0.

We can define the value of a portfolio: The value of the portfolio ¢ at time 0 is
the scalar product

d
(2.1) §r=> ¢n=£+¢ 7,
=0

9
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and the value of the portfolio € at time 1 is the scalar product

d
(2.2) £-5=> ¢§=0+r+¢-8.

i=0
We now make the following definition which is of paramount importance in what
follows.

Definition. A portfolio £ € R4 is called an arbitrage opportunity iff it has the
following three properties:
(i) €7 <0;
(i) §-S > 0 P-as.;
(iii) P[£-S > 0] > 0.
Lemma 2.1. The following statements are equivalent:

(1) There exist arbitrage opportunities.
(2) There exists a vector & € RY such that

E-S>(1+r¢ -7

and
PE-S > (Q4+r)-n] >0.

S
(8) Let Y := T 7 be the vector of “discounted gains” (an R%-valued
r

random variable). Then there exists a vector £ € R? such that
&Y >0 P-a.s.
and
Pl¢-Y > 0] >0.

PROOF. (1) = (2): Let & be an arbitrage opportunity. Then, by (2.1) and
(2.2)

E €0+€'7T<07
£ Ef1+r)+¢-S >0 Pas.

(14 r)¢ -7 P-as. Moreover, if £-S > 0, then

v/ CHQI 3

This implies that £ - S >
£-S > (14+r)¢ 7. Hence,

PE-S>14r¢-a] >P[E-S >0 >0.
(2) = (3):  1If (2) holds, then so does (3) with the same £ by definition of
Y,since£~Y2(>)0<:>£SZ( ) (1 +7)E-

(3) = (1): Put ¢¥ ;= —¢ -7 and € := (&° ) Then the claim is that ¢ is
an arbitrage opportunity. Indeed, we have

i) € 7=€+¢-7=0 because of (2.1) and the definition of £’
10
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=(1+7)E"+¢- S because of (2.2)

€+ (1+7r)(E-Y +&-7m) by the definition of Y
E+¢Y+ET)

- Y+E-7

(§-Y)

r
P-a.s. by assumption,
and so, since, as we have just seen, £ - S = (1 +7)(¢ - Y) for this special &,

(iii) P[§-S >0]=P[¢-Y >0]>0 by assumption.

In this way, we see that the properties (i) — (iii) of the definition of an arbitrage
opportunity do indeed hold. QED

This lemma shows that absence of arbitrage is equivalent to the following property
of the market: Any investment in risky assets yielding with positive probability
a higher profit than an investment in the risk—free bond must entail a downside
risk.

Our next aim: To show the equivalence of absence of arbitrage and existence of a
so—called risk—neutral measure (this equivalence is known as FFToAP, the First
Fundamental Theorem of Asset Pricing).

Definition. A probability measure P* on (Q, F) is called risk-—neutral iff

]E*[S }:wi . 0<i<d
1+7r

(where E* denotes expectation w.r.t. P*).

We define
P :={P"| P"is a risk-neutral probability measure with P* ~ P} .
What does the equivalence “~” mean? Recall the definition of absolute continuity
and equivalence of two probability measures on (€2, F): One has
Q<K P:<=VAcF: (P[4 =0 = Q[4]=0)
(“@ is absolutely continuous w.r.t. P”), and then

Definition. Q ~ P:<—= Q < P and P <€ Q

(“Q and P are equivalent measures”’). In other words, @) and P are equivalent
measures iff they have the same null sets. Note that two equivalent probability
measures define the same notion of arbitrage opportunities and so of arbitrage—
freeness, a remark which will be important in the sequel.

There is the following famous result:
11
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RADON-NIKODYM Theorem. If P < (), then P has a density w.r.t. @), i.e.
there exists a random variable X > 0 with X € LY(Q) such that

VAeF P[A]:/ XdQ.
A

dP
The density X is usually denoted by @ and called the RADON-NIKODYM de-
rivative of P w.r.t. Q.

Theorem 2.2. (“First Fundamental Theorem of Asset Pricing”, FFToAP) The
(one—period) market model is arbitrage—free iff P # 0. In this case, there exists

dP
a P* € P with bounded density P

For the proof of this theorem we need the following version of the “Separating
Hyperplane Theorem” in R", n € N:

Lemma 2.3. Let C' C R" be a non—empty convexr set with 0 ¢ C'. Then there
exists a vector n € R™ such that n-x > 0 for all x € C', and with n - xy > 0 for
at least one xy € C'. If infyec||z|| > 0, then there exists an n € R™ such that
infoecn-x>0.

I want to give some lines of explanation regarding the name for this result. Recall that a
hyperplane in a vector space V is a proper linear subspace of maximal dimension, i.e. of
codimension 1. Alternatively, it is the kernel of a nontrivial linear form. If V is a finite
dimensional Euclidean vector space, the linear forms correspond in a one—to—one fashion to the
vectors in V' by mapping = € V to the linear form ¢, given by scalar multiplication with x,
ie. p.(y) :==a -y for all y € V; clearly, then, the non—trivial linear forms correspond to the
nonzero vectors € V' \ {0}, and the hyperplanes are just the subsets

H=H,={yeV|]z-y=0},

for some = € V \ {0}, i.e. the orthogonal complements Rz~ of lines. Here we may assume
||lz|| = 1; then x is called the positive unit normal vector corresponding to H,.

If H is a hyperplane, the complement V' \ H consists of two connected components, which are
nonempty, open and convex. This can be seen as follows. Choose an « € V'\ {0}, where w.l.o.g.
we may assume ||z|| =1, such that H =H, ={ye€V | 2-y=0}. Then V = H; U H_ with

Hy ={yeV | xz-y=20}

called the two open half spaces defined by H; note that no one is prefered over the other and
that they can only be distinguished after an x has been chosen. For any yo,y1 let [yo,y1] :=
{yrx = o+ (1 —=XNy1 | A€0,1] } be the closed line segment joining yo and y;; then it is
immediate that for yo,y; € Hy one has [yo,y1] C Hi, whence both Hy are convex and thus
connected. On the other hand, let y; € Hy; then, given any continuous path v : [0,1] — V
joining y4 and y_, the continuous map ¢ + x - vy(t) on [0, 1] has to vanish at some ¢y, whence
v(to) € H and so V' \ H cannot be connected. By given z, H. is called the positive open half
space with unit normal vector x, which then is said to point into the interior of H, .

12
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Similarly, there are the two closed half spaces defined by H,
Hyocoy=He:={yeV | z-y>0(<0)}.

These clearly are closed, and, in fact, the closures of the corresponding open half spaces, and
also connected and convex, but not disjoint. Note that any one of the four half spaces H, H4
determines the three others. Any of them determines, and is determined by, a unit normal
vector . In this way, open or closed half spaces correpond in a one—to—one fashion to points
of the unit sphere in V.

The content of the lemma can then be interpreted geometrically by saying that any convex set
not containing 0 is contained in a closed half space and so separated from the points of the
opposite open half space by its boundary, which is a hyperplane, whence the name “Separating
Hyperplane Theorem”. The second statement then is if the convex set has positive distance
from 0 it is, in fact, contained in an open half space.

PROOF. 1 first prove the second statement. Let C be the closure of C'; note
that C is convex, too (if z,y € C, choose sequences (zj)ren, (Yi)ren in C with
xr — o,y — y; then, for any a € [0,1], azy + (1 — a)yy — az + (1 — a)y).
Choose y € C with ||y|| = inf,ec [|2]] .

This is possible by the following reasoning. Take any z¢9 € C. Then [lzo| > 0. The set
B := B (0; ||zo]|) N C is nonempty and compact, and inf,cc [|z]| = inf & [|z|| = infep [z
Since B is compact, there is y € B C C with ||y|| = inf.ep ||2].

Now, if z € C', we have for all a € [0, 1] that ax + (1 — @)y is in C', and so
ly + oz —y)I* = llaz + (1 — a)y[|* > inf ||z]|* = inf [|2]|* = [ly|]
zeC zeC

which implies
20y - (z —y) + o’[lz —y[* 2 0.
Suppose a # 0; dividing by « and letting o« — 0 gives
y-(x—y) =0
ie.
z-y > |lyll* > 0.
So n :=y does the job.

Regarding the first statement, a proof for this can be found in Appendix Al of
[12]. QED

The idea of proof for the first statement in loc. cit. consists of reducing it to the proven second
statement by making slight shifts to C' as to make the distance to 0 positive. Then the second
case applies, and each shift gives a separating hyperplane for the slightly shifted C'. Taking
a sequence of shifts approaching 0 gives a sequence of half spaces and so a sequence of unit
vectors on the unit sphere; since this sphere is compact, there exists a convergent subsequence,
and the limit unit vector is then the positive unit normal vector for a half space satisfying the
requirements of the first statement of the lemma.
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For reasons of promoting diversity, I want to give an alternative proof from scratch, hence not
based on the second statement, which is more geometric in spirit. We proceed in several steps.

Step 1. (This is also the first step of the proof in loc. cit.) Recall that a subset of a vector space
V is called affine iff with any two different points it contains the line though these points. This
is equivalent to saying that with any points ag,a1,...,a, it contains the affine combinations
SN, > g A = 1. For any subset S C V, the affine hull Aff(S) is the smallest affine
subspace of V' containing S. Since an arbitrary intersection of affine subspaces is an affine
subspace, this is the intersection of all affine subspaces containing S. Since any such subspace
must contain all affine combinations on points of S, there follows

AH(S):{Z?:O)WO‘Z| nZOa aOa"'aa’nesa Z:l:())\l:l}

We call a convex set C' C V regular iff Aff(C) = V (this is not standard terminology); note
that a regular convex set is, in particular, nonempty. It is then sufficient to prove the lemma
for regular convex sets. For suppose C'is not regular and nonempty (otherwise there is nothing
to prove). Then C is regular in the affine subspace Aff(C) generated by C. By applying a
suitable translation we may assume Aff(C) = Lin(C), the linear hull of C, while keeping the
condition 0 ¢ C.

Let now V := R"™ By choosing appropriate coordinates we may further assume Lin(C) =
R™ C IR™. Then if the lemma holds for C C R™, it yields n € R™ which then is also good for
R™.

Step 2. We now show that it suffices to assume that C' is open. We begin by noting the
equivalences

(i) C is regular;
(ii) C contains a nondegenerate simplex;
(iii) the interior C° of C' is not empty.

(i) = (i): Recall that elements ag, a1, -..,a, in V are called affinely independent if
Yo dia; =0 and 3" A, = 0 together imply that A\; =0, i =0,1,...,m. A nondegenerate
n—simplex < ag,ay,...,a, > in V is defined to be the convex hull of n + 1 affinely independent
points ag, ai,...,a,, where n = dim V. Now if C is convex and Aff(C) =V, C must contain
n + 1 affinely independent points, n = dim V. But since C is convex, it must contain their
convex hull.

(i) = (#i):  Define the standard n—simplex A,, C R™ as

A, =< ep,e1,...,e, >:= Conv{ep,eq,...,en}
where eq, ..., e, are the standard unit vectors, eg := 0, and Conv denotes the convex hull. This
is a nondegenerate n—simplex. Given a nondegenerate n—simplex ¥ := < ag, a1, ..., a, >, there
is a unique affine map sending e; to a;, ¢ = 0,1,...,n and hence A,, to 3. This map necessarily

is an affine isomorphism and so, in particular, a homeomorphism under which interior points
of A, and ¥ correspond. But surely

Ay ={z=(21,...,2,) | >0 foralliand > jz; <1}#0.

(i5i) = (i):  Let x € C° be an interior point of C. By linearly translating C' we may assume
x = 0. Let € > 0 be such that B (0;¢) C C (the open ball taken w.r.t. any accomodating norm).
Then the vectors eei/||e1]], - .., cen/|len|| are in C, and they generate R™. So C' is regular, and
the equivalence of (i) — (iii) is proved.

14
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We now come to the crucial point, which allows the reduction of the proof of the separation
theorem to open convex sets. First some notation. Choose any norm on R™ and let

B:=B(0;1):={zeR"| |z]| <1}
be the unit ball. One then has
Vee R"Vre Ry : B(x;r) =x+rB.

For any yo,y1 € R™ and A € R we put yy := (1 — N)yo + Ay1. Define the closed line segment
[yo,y1] to be {yr | A€[0,1]}. The half open and open line segments [yo,y1), (Yo,y1], and
(Y0, y1) are defined in an analogous manner.

Lemma. Let C C IR" be a regular convex set. Let y; € C. Then for any yo € C° there holds
[yo,y1) € C°.

Proor (see [31], THEOREM 6.1). Given A € [0,1) we want to find € > 0 such that B (y;¢)
C C. Note that for all € > 0 we have y; € C + €B since y; € C. Then

B(yx;e)=yr+eB=(1—XNyo+ A y1 +eB C (1 — N)yo + A(C +eB) +cB
1+
=(1-X) {y0+61t/\1B} +AC =1 —-XNB(yo;e(1+N)/(1—X)+AC.

We have yp; € C° by hypothesis, so there is § > 0 with B (yp;6) € C. So if we choose
e:=d6(1—N)/(1+ M), we do indeed have B (yy;e) € (1 — A)B (yo;9) + AC C (1 — \)C + \C
cC. QED

Corollary. Let C C R" be regular convex. Then C° and C are regular conve.

PROOF. Let yo,y1 € C°. Then y; € C and so [y, y1) C C° by the lemma, hence [yo,y1] € C°,
which proves C° is convex. Since C° has a nonempty interior, as to say C°, C° is regular
convex.

That C is convex has been shown above. Alternatively, note that
C=[)(C+eB).
e>0

Now if C;, Cy are convex, so is C; 4+ Co; this is immediate from the definition. Hence C is an
intersection of convex sets and thus convex.

Since C° D C°, it is regular convex. QED

Corollary. Let C C R"™ be reqular convex. Then C CC° andsoC=C°. And c’ C C° and
s0 C = C°.

Proor. Let y; € C. Since C is regular convex, there exists an yo € C°. By the lemma,
[yo,y1) C C°, which clearly implies y; € C°. So C' C C°. On the other hand, C° C C, and so

Cce CC.

For the second claim, let y; € C°. Let again yo € C° C C". Since C is regular convex, so is
C and therefore so is C. Hence [yo-y1] C C°. Since C° is open, yx = (1 — N)yo + Ayy is still
in C° for A > 1 sufficiently close to 1 and so in C. Then g = (1 — A~ )yo + A Lyx € [yo,yn)
and so in C° by the last lemma. So indeed C° C C°. On the other hand, C C C, and so
cocC. QED
Now suppose Lemma 2.3 has been proved for open convex sets. Given any regular convex set
C, its interior C° is, by what has been said above, regular, convex, and open. So we have
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n € R" such that -2 > 0 for all z € C° and 1 - z¢ > 0 for at least one zo € C°. But since
the scalar product is continuous, we have n- 2 > 0 for all x € C° = C and so a forteriori for
all z € C. And again a forteriori we have zo € C° C C with - z¢ > 0. The last claim follows
because, again for reasons of continuity, we have inf,cco ||| = inf, zo_z ||7|| = infrco ||z
and infyecon -z =inf z_gn o =infyecn - z.

Step 3. Before presenting the main construction step for the Separating Hyperplane Theorem,
we need the following preparatory fact.

Lemma. Let L C R"™ be a proper linear subspace which is not a hyperplane. Then R™ \ L is
connected.

PROOF. Let zg, 21 € R™\ L. If 21 — z¢ € L, no x € [xg, 1] can be in L, for otherwise
zx=(1—-Nzo+ A1 =20+ Mz1 —20) = (1 = N (10 — 1) + 71 € L

would imply xg,z; € L. Thus the line segment [z, 1] then is a path in R™ \ L joining x
and x1.

If 2y —20 € L, let p: R® — L* be the orthogonal projection onto the orthogonal complement
of L; then n:= p(x; —x9) #0, and H := {x € R" | -2 =0} is a hyperplane contaning L.
Since R™ \ L is open there is 6 > 0 with B (z;;6) CR™\ L, i = 0,1, and so we can vary g, 21
within these open balls without leaving their connected components, whence we may assume

zo,1 € H. Now H\ L # ; take y € H \ L, and then the two line segments [z¢, y] and [y, z1]
define a path in R™ \ L joining z( and x;. QED.

The following result now is the main construction step for the Separating Hyperplane Theorem:
Lemma. Let C' C R”™ be a nonempty open convex set. Let L C IR™ be a linear subspace with

CNL =0. Then either L is a hyperplane, or there exists a vector x € R™ \ L such that
CN(L+Rx)=10.

Proor. Consider the set
D=L+ |Jx= |J w+r0)=|JML+O).
A>0 yELA>0 A>0

(The geometric interpretation of this set is as follows. Since L and C are convex, sois L+C ; in
fact, L+ C' is the union of the translates of C' with vectors in L. A cone in R"™ is a subset closed
under the multiplication with positive scalars, and a convezr come is a cone which is convex.
With these notions D is the convex cone generated by L + C, i.e. the smallest convex cone
containing L + C ([31], COROLLARY 2.6.1.))

Then
(%) DNL=0=Dn(-D).

For the first equality, suppose we have x € DN L. Then x = y + Ac with y € L, ¢ € C, and
A > 0. But then ¢ = M\(z —y)~! € C'N L, contrary to the hypothesis. For the second equality,
suppose we would have x € DN (—=D). Then

r=yy+Aycy =y —A_c_ withyy € L,cy € C,and Ay >0.
But then

+ —
= _=y_ — eCNL
SRS VIS W S WIS Wl i

contrary to the hypothesis. So (x) holds true.

Now suppose L is not a hyperplane. We have D U (—D) C R™\ L, since DN L = . Both D
and —D are nonempty and open as unions of open sets (here we use that C is open). So, since
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R™ \ L is connected and D, —D are disjoint, we must have R™ \ L # D U (—D), and so there
must be an x € R™ \ L sucht that £z ¢ D.

Suppose there would be y € L and A € R such that ¢ := y + Az € C. We cannot have A\ = 0.
So z = —A"'y + A~ !c would be such that either 2 € D or —z € D which contradicts the choice
of z. Hence C' N (L + Rx) = 0. QED

Corollary. (Separating Hyperplane Theorem) Let C C R™ be a nonempty open convex set
with 0 & C. Then there is a hyperplane H C R"™ with C N H = (), or equivalently an open half
space Hy CR™ with C C H,.

PROOF. The equivalence of both claimed properties are clear: if H is a hyperplane with
CNH =, C must be contained in one of the two connected components of R™ \ H since it is
connected, and these components are open half spaces; conversely, if C' is contained in an open
half space H,, H := O0H is a hyperplane with C N H = {).

To find a hyperplane H with C N H = @, put Ly := {0} and use the last lemma iteratively
to build a flag Lo C Ly C --- C L; C -+ C Ly_1 of linear subspaces L; with dim L; = ¢ and
CNL;=0. Then H := L, _; provides the required properties. QED

Remark. The essence of the Separating Hyperplane Theorem is that if one orders the set of
convex subsets of R™ not containing 0 by inclusion, the maximal elements of this partially
ordered set are just the open half spaces. This continues to hold in infinite dimensional real
vector spaces, where it can be proved similarly by using ZORN’s Lemma, and then it constitutes
one of the many manifestations of the HAHN-BANACH Theorem.

For the equivalence of the Separating Hyperplane Theorem with the HAHN-BANACH Theorem
see [4].

Step 4.

Corollary. Lemma 2.3 holds true.

ProOOF. We need only to prove the first statement; the second statement has been taken care
of already above.

As explicated under Step 2 it suffices to prove Lemma 2.3 for C' nonepty open. By the last
corollary (Separating Hyperplane Theorem) we can find an open half space H, with C C H,.
If n is the positive unit normal vector cooresponding to H; we have n-x > 0 for all x € C and
therefore also inf,ccn -« > 0. This proves the first statement. QED

Now we can start the proof of Theorem 2.2.

PROOF of Theorem 2.2. Let us start with the simple direction “ <= ". Assume we
have P* € P. Let £ € R*! be such that £-S > 0 P-as. and P [£-S > 0] > 0.
Since P* ~ P by assumption, we have also £-S > 0 P*-a.s. and P* E .S > 0} >
0. Hence, E* [Zg} > (0. Now observe that

c = . LT SZ 1 *
S-W:ZUE [1—1—7"]:1—1—7“E [€-5] > 0.

1=0

Thus, the third defining property of an arbitrage opportunity can never be satis-
fied.

17
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The other direction “ = 7 is a little more complicated. Let
, gi . ,
Vi= o= 1<i<d

and set

Y = (Y ...)Y?% (“discounted gains”).
According to Lemma 2.1 (3) the market is arbitrage—free iff the following impli-
cation holds true:

(2.3) VEERT: €Y > 0Pas. = €Y =0 P-as..

Thus it is enough to show the implication

*

dP
iz bounded.

(2.3) = 3P P :

First, assume that the net gains Y are integrable, i.e. Y € L'(P), or, equiva-
lently, E[|Y]]] < co. Let

d
Q:={Q | Q is a probability measure with Q ~ P and £ bounded }.

Write
E9Y]:= (E?[Y'],....,E?[V]) € R

which is defined for any ) € Q. Now introduce

C:={E°[Y] |QeQ}.
Then C' is a convex set in R?. Indeed, for Q;,Q> € Q and « € [0, 1] we have

aF Y]+ (1 — a)E? Y] = E9 [V]
with Qn 1= aQ + (1 — @)@y . Notice that @, € Q as
Vae (0,1),VAEF : Qu[Al =0 <= @Q1[A] =0 A Q2[4] =0,

and 40 10 40
« 1 2
—a—2 4 (1—a)=22
b~ ap T
is a bounded density for (), w.r.t. P. So C' is convex.

We want to show there exists a risk—neutral measure equivalent to P. Observe
that the construction of C'is such that 0 € C' corresponds just to those measures
@ € Q which satisfy

Si 7
1+r 1+r

and so to the risk-neutral measures with bounded densities (note that E? [r] = 7/
since the 7 are deterministic). We want to pin down such a measure and argue
by contradiction; i.e. we want to show that the assumption that such a measure
does not exist contradicts our hypothesis of arbitrage-freeness. So we assume
0 ¢ C and will show that then (2.3) is not satisfied. By Lemma 2.3, there exists
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€ R%such that £-2 > Oforallz € C and € -y > 0 for at least one x5 € C'.
Thus, for this &:

(2.5) VQeQ: ¢-E9[Y] >0
and
(2.6) Qe Q: £-EL[Y] > 0.

But, for any () taking expectations is a linear operation, and so
d d d

SECY]=) B[V =) BO[Y]=E?|) &Y
i=1 i=1 i=1

and so E? [¢-Y] > 0. Since Qo ~ P, this implies P[¢-Y > 0] > 0.

Next we show that £-Y > 0 P-a.s.; this, together with P[£-Y > 0] > 0, then
shows that (2.3) is not satisfied. To this end, let A := {£-Y < 0} ; we are going
to show that P[A] = 0. For n > 2 define

1 1
Opi=1—— 14+ —14e
n n

(where for any set X the symbol 1y denotes its characteristic function), and
let @, be the measure with density (2.7). Now 0 < ¢, < 1, and so Q, € Q.
Moreover, by the very choice of £ (see (2.5)),

=E°[ Y],

(2.7) 0< &-EX[Y]=E[¢ Y] =

Assume P [A] > 0, then the RHS of (2.7) converges, by LEBESGUE’s Dominated
Convergence Theorem (here we use E [||Y]|]] < o), to

1
——F 1. Y <0
PA] [ {ev <0y§ }
as n — oo, which contradicts (2.7) . Therefore, P[A] =0, so (2.3) cannot hold,
and the market has arbitrage opportunities, contrary to our hypothesis.

Finally, we drop the assumption that ¥ € L'(P). There exists a probability
measure Q ~ P with Y € L'(Q); for example choose @ so that

dQ c
- T vt BV
. . ) .. dP*
By the first part (with @ playing the part of P) there exists P* ~ @ with a0

. P
bounded and E*[Y*] =0, ¢ = 1,...d. What we need to check is that O;P
also bounded; but

is

dp*  dP* @
dP  dQ dP
is bounded as a product of bounded densities. QED
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Definition. The return R(£) of a portfolio € € R is defined by

§9-¢7
&

The next lemma tells that, amongst other things, under a risk—neutral measure
the expected return is equal to the interest rate:

R(€) :=

Lemma 2.4. Let the market model be arbitrage-free and & € R such that
E-m#0. Let P €P. Then

1) Under any risk-neutral measure P*, the expected return of a portfolio £
equals the risk—free return:

E* [R(E)] =r;

2) Under any a probability measure Q ~ P with E® [||S]|] < oo the expected
return of a portfolio & is given by

B2 [R©)] = - cove 1 RO)

PROOF. 1) One has
RE =T =
£-T

and so, since ¢ - T is deterministic,

E* [R(E)] :Z%E* [€-S]-1=(01+r) —1=r.

2) One has
- dP* arP* -
r=E"[R()] =E® { 0 R(g)] = covg (@’ R(g)) +E?[R(E)] .
This finishes the proof. QED

We now turn to financial derivatives. Here is a list of examples.
Forward contract (or simply forward)

= agreement between two parties to buy or sell an asset at a specified
future T at a price K agreed on today. Usually there is an asset—
dependent cash flow only at T':

Buyer : receives the asset, pays K;
Seller : receives K, delivers the asset.

Within our one—period model: If T' = 1, then a forward on asset i provides the
random payoff S — K at time 1.
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Call option

= the right, but not the obligation, to buy an asset at a future date T
at an agreed price K, the strike price.

Within our one—period model: If 7= 1, then the call option provides the payoff
(8" — K)* (here z* := max(z,0)).
Put option

= the right, but not the obligation, to sell an asset at a future date T’
for an agreed price K.

Within our one—period model: If 7' = 1, then the value of the put at time 1 is
given by (K — S%)*.
Basket option

— option on a basket of assets. Example: Let S, ..., S% be the DAX
stock prices. DAX at time 1 = 3200 ;% (o = weights). Such a
“call on the DAX” has the payoff (ao- S — K)*.

For other examples see [21].

Derivatives involve claims that can be made if certain outcomes occur; so the
7

claims are random. We make a precise mathematical definition of such “contin-

gent claims” (within our one—period model):

Definition. A contingent claim is a random variable C on (Q,F) such that
0<C <0 P-a.s.

Remark. We assume non-negativity for mathematical convenience only.

We extend our financial market by a contingent claim C'. Let 7€ be the price
for C at time 0. We set 79! := 7% and S = C.

Definition. 7 € R, is called an arbitragefree price if the extended market
model (70, ... 71 (SO, ..., STY)) is arbitrage-free.
We denote the set of arbitrage—free prices by II(C).

Theorem 2.5. Let the original market be arbitrage—free, i.e. P # () with P the
set of risk-neutral measures for the original market model. Then II(C) is not
empty and satisfies

(2.8) (C) = {IE* L ¢

+7r

} ‘ P* e P s.t. E*[C’]<oo} :
PROOF. “C”: Let #¢ be an arbitragefree price. Then the extended market
model is arbitrage—free, and by Theorem 2.2 (FFToAP) there exists a risk-neutral
, ‘ C
measure P* ~ P with 7 = [E* L+ } i=0,...,d and E* [ 1 =7%. In
T

1+7r
particular, P* € P, and so 7¢ belongs to the RHS of (2.8).
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for some P* ¢ P.

“2”: Let C be such that E*[C] < oo and ¢ = F* —
,

Then P* is risk-neutral for the extended market model. Again by FFToAP the

extended market model is arbitragefree, and so, by definition, 7¢ belongs to the
LHS of (2.8).

So we have the equality (2.8), and there remains to show that II(C) is not empty.
For this, we have, for a given contingent claim C', to exhibit a risk—neutral

measure P* for the original market model such that E* [ < oo. For this,

+7r
let P ~ P be a new probability measure with E~[C] < oo (where E™~ denotes
taking expectation under P); for instance, one can take P with density

dpP c 1

_— = h -1 = E .

P 1+c [1+C}
Since arbitrage—{reeness is preserved under change to an equivalent measure, the
original market model remains arbitrage—free under P. By FFToAP (Theorem

dP*
2.2) there exists P* € P with 7P bounded. Then

. . [apP*
E*[C]=E {dP C| <oo
since o o
c
] [1+C} ¢ [1+O =
Therefore, 7¢ := E* L i } is an element of II(C). QED
r

Let us have a closer look at bounds for the arbitrage—free prices. Define the
arbitrage bounds

T (C) :=infI(X) , 7'(C):=supll(C).

Theorem 2.6. Let the original market be arbitrage—free, i.e. P # () with P the
set of risk—neutral measures for the original market model. Then

7 (C) :Pi*nefp ]E*[ ¢ }

(2.9) L+r
:max{me[o,oo) ’ HeR: m+E-Y < ¢ Pa.s.}
147
and
(C) = sup E* [ ¢ }
(2.10) pP*epP I+r

:min{mE[O,oo] ’ I e R?: m+f-Y21i Pa.s.},
T
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where Y s the vector of “discounted net gains” in the original model.

PROOF. (We prove (2.9) only; the proof of (2.10) is completely analogous and
can be found in [12], p. 18 ff. With the same argument they, in turn, omit the
proof of (2.9), so our treatment here nicely complement theirs.)

Denote by M the set of m € [0,00) for which there exists ¢ € R? such that
C
m+&-Y < T P-a.s. Form € M and P* € P we have, by taking expectations
r

er )
1+7r

sup M < Pian]E* {
*e

and so, in particular,

1+ 7‘} '
Thus we obtain

C C
2.11 sup M < inf E* < inf E* =m(C).
(2.11) SIPAS Pl [1 + r} PrepEr(Cl<oc L + r} m(C)
What we want to show is that the equalities are, in fact, an equalities, and that
sup M is indeed attained for some element of M .

Pick a number m < 7 (C'). Then m is not an arbitrage-free price for C'. So
there exists an arbitrage opportunity in our extended market model, where C'
is an additional tradable asset with price m, i.e. there exists, by Lemma 2.1,
(&, €% € R such that

(2.12) Y + ¢ <% - m) >0 P-as.
and
(2.13) P{f-Y+§d+1(1—i—m>>0} > 0.

For P* € P with E* [C] < oo we have
E*¢-Y]=¢-E[Y]=0
since E* [Y] = 0 because of (2.4). Hence, by taking expectations in (2.12):
C
2.14 HHE | —| - > 0.
21 ‘ ( {1 ¥ r} m) -

Suppose 41 = 0. Then (2.12) yields £ - Y > 0 P-a.s. Because the original
model is arbitrage—free, this implies £ - Y = 0 P-a.s. (Lemma 2.1 (3)). But this

C
contradicts (2.13). Therefore, €471 =£ 0. Since E* L -

} —m > 0, we conclude
’
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that strict inequality holds in (2.14) and that £77! > 0. The inequality (2.12)
implies

&-Y)>m-— P-as.

San 1+7r

Hence, by rearranging terms

C

P-a.s.
1+7r a5

m+¢-Y <

where we have introduced the vector

(= —ﬁfGRd.

Therefore m € M . We thus have shown
m<m(C) = meM

and so
7 (C) =sup{m < 7 (C)} <supM
and so the inequalities in (2.11) are all equalities.

We finally have to show that sup M is indeed attained by some m,, € M. The
corresponding fact for 7'(C) is proved in [12], p. 20. The proof in the case of
7 (C) is analogous and goes through mutatis mutandis. QED

Remark. 1) For an interpretation of this theorem see the remark after Theorem 2.7 below.

2) The fact that sup M is attained by some mq, € M is, loosely speaking, due to the fact
that membership of M is defined by a non-strict inequality which is preserved under taking
suprema. For a detailed proof that it is indeed the case, we need the notion of an irredundant,
or non-redundant, market model:

Definition. An arbitrage—free market model is called irredundant iff £ - S = 0 implies £ = 0,
i.e. if the random variables S°, ... S% are linearly independent.

This is not a real restriction: If the market model is redundant, i.e. if there is a S € R4\ {0}
with £-S = 01 can express some S linearly in terms of the other S7 as S* = Zj#(fj/fi)Sj, and
then, by taking expectations, 7' = >~ ;(§7/¢")n, and so I can pass to a reduced arbitragefree
market model where S* is a tradable contingent claim with unique arbitrage—free price 7*. Then
one also has Y = Zj#(éj /€)Y, If we denote the quantities corresponding to the reduced
model by a prime we have the two sets

C
M::max{me[(),oo) ‘ I eR?: m+C-Y<WPa.s.}

and

M’ :max{m’E[O,oo) ‘ 3¢ e R m'JrC'-Y’glirPa.s.}

with Y/ = (Y1,..., Y=Lyl Y4, Then M = M’. Namely, suppose given m € M;
so we have ( € R? with m+(-Y < C/(r +1) P-as. Then (-Y = ¢’ - Y’ with (¢')/ =
7+ (7)€Y for j # i; hence there is ¢! € R4 with m + ¢’ - Y’ < C/(r + 1) and so
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m € M’'. Conversely, if m’ € M’, take ¢’ € R?! with m’ + ¢’ - Y’ < C/(r + 1) and put
C= (Y, ..., () 10,(¢) ..., (¢4 1), then ¢’ - Y’ = ¢ - Y which shows m/ € M.

After finitely many steps I thus arrive at an irredundant equivalent arbitrage—free market model
of which the given one is an arbitrage—free extension with the same set M.

So we may assume our market model is irredundant. Since C' > 0, we have —oo < sup M. Let
(mp)nen be a sequence in M with m,, T me :=sup M. For each n choose &, € R¢ with
(%) +& Y < ¢ P
m Y < —— —a.s.
n n "+ 1

Then the sequence (£,,)nen is bounded. For suppose it were not. After eventually passing to a
subsequence, we may assume lim,, o, &, = o0 and ||¢,|| # 0 for all n. Consider the sequence
(M )nen With n, := &,/]|&x]]; since this sequence is bounded, we may, after again eventually
passing to a subsequence, assume that it converges to a vector n which then has ||| = 1. On
the other hand, by (x) ,

M ™ (C) c

— 4+ Y < + 0 Y < 57— P-as.

& &n ! [1€nll(r + 1)
for all n. Passing to the limit n — oo yields - Y < 0 or (—7)-Y > 0, hence by arbitrage—
freeness (—7) - Y = 0 and so by irredundacy —n = 0, which contradicts ||n|| = 1. Therefore
the sequence (£,)nen is bounded, and so we may, after eventually passing to a subsequence,
assume it is convergent to a vector &, say. From (x) we then get in the limit n — co

C
Y <—— P-as.
m+& 1 a.s

which shows that indeed sup M = m, € M.

The FFToAP (Theorem 2.2) settled the question of existence of risk-neutral
measures. Our next aim is to settle the question of uniqueness, which will lead
to the SFToAP (Secound Fundamental Theorem of Asset Pricing).

Definition. A contingent clazm_C is attainable_(or replicable) if there is a port-
folio € € R such that C' = £-S P-a.s. Then £ is called a replicating portfolio.

We next show that in arbitrage-free markets attainable claims have a unique
arbitrage—free price.

Theorem 2.7. Let the (original) market be arbitrage—free, C' a contingent claim.
Then

(1) if C is attainable, there is a unique arbitrage—free price; in fact,
(2.15) I(C) = {¢- 7}

where € is a replicating portfolio. In particular, 7 (C) = «'(C) is the
unique arbitrage—free price for C;
(2) if C is not attainable, then

(2.16) T (C) < 71(0)
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and
(2.17) (C) = (r,(C), ().

In particular, neither 7 (C) nor ©'(C) is an arbitragefree price for C .

Proor. (1) is in fact quite simple. Let & be a replicating portfolio for C', so
that C = ¢-S. Then for P* € P

{5 -#[E5] - ) oo

1+7r 1+7r 1+7r

independent of P*. (Note that, in particular, this result implies that the arbitra-
ge—free price of an attainable claim C'is independent of the choice of a replicating
portfolio. This is readily confirmed: Let ¢ be another replicating portfolio for C',
sothat C =(¢-5=¢-Sandso ((§—C()-S =0. Then for P* € P by taking
expectations
0=E"[-0) S]=E-0 B [§]=(1+nE-0)7

andso & T=(-7.)

(2) is more involved. Notice that for any contingent claim the set II(C') is an in-
terval (this follows from Theorem 2.5: Since convex combinations of risk—neutral
measures are again risk-neutral measures, II(C) is convex). Now suppose C' is

not attainable. We show that m = 7 (C), ! := #7(C) & II(C); this then
implies I1(C) = (7, 7").

By Theorem 2.6 there exists ¢ € R? such that

Y < P-a.s.
T+ & T a.s

Assume that o
Y = P-a.s.
7T¢+£ 1+ 7 a.s.,

i.e. that

P Y = =1;
m+e 147 ’

we will derive a contradiction. Let
§:=(m —¢-m€) e RMY,
then
E-S=(m—-&mA+nr)+&-S=0+r)(m+£Y)=C P-as.

which means that C' is attainable, in contradiction to the assumption. Hence

C
2.18 P Y < —| >0.
(2.18) T +& T
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But this allows to construct an arbitrage opportunity: Let
(= (- m—m,—€1) e RT?,

then ¢ is an arbitrage opportunity in the extended market with 79+ := 7| and
S+l .= (C'. For this, let us check the three defining properties of an arbitrage
opportunity:

(-mrtY=¢m—m ¢ m+m, =0,
so the first property is OK. Further,

C-(S,0)=(E - 7—7m)(1+r)=E-S+C

C
:(1+T) (—Wi—g'y—i‘l—H)

>0 P-as.

which accounts for the second property. Further

P[¢-(S,C) > 0] :(1+T>P|:—7T¢—5~Y+%:| >0

because of (2.18). So everything is OK and ( is an arbitrage opportunity, as
claimed.

This shows 7| is not an arbitrage—free price, i.e. 7, ¢ II(C). Similarly, one shows
that 7 ¢ I1(C). QED

Remark. With these definitions and results it is possible to throw some light on the meaning
of Theorem 2.6. For given m € [0, c0) consider m+¢-Y as a contingent claim, the outcome of an
initial investment m plus the result of subsequent trading according to a strategy manifesting
itself in the portfolio £. It has the unique arbitrage—free price m. The assertions of Theorem
2.6 are then described in [12] as follows (Remark 1.32):

[Theorem 2.6/ (numbering here and subsequently adapted to our text
B.M.) shows that 7' (C) is the lowest possible price of a portfolio & with

E-?z C P-a.s.

Such a portfolio is often called a “superhedging strategy” or “superreplica-
tion” of C, and the identities for 7| (C) and «'(C) obtained in [Theorem
2.6] are often called superhedging duality relations. When using &, the
seller of C' would be protected against any possible future claims of the buyer
of C. Thus, a natural goal for the seller would be to finance such a super-
hedging strategy from the proceeds of C. Conuversely, the objective of the
buyer would be to cover the price of C' from the sale of a portfolio 7 with

n-S<C P-as.

which is possible if and only if T-71 < 7w (C). Unless C is an attainable pay-
off, however, neither objective can be fulfilled by trading C at an arbitrage-
free price, as shown in [Theorem 2.7 above]. Thus, any arbitrage-free price
involves a trade-off between these two objectives.
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Definition. An arbitrage—free market model is called complete iff every contin-
gent claim is attainable.

This is a very strong property, but we will see that it holds in some important
models (binomial model, BLACK-SCHOLES model).

Observe that we always have for the set V of possible portfolio values:
V={& 5| £eR™} CLYQ,0(5),P)) C LYQ,F,P*)=L"(Q,F,P),

the last equality because of P* ~ P. In general, the inclusions are strict, but
we will see that in complete markets these are equalities. We need an auxiliary
result.

Definition. An event A € F is called an atom (in F) iff P[A] > 0, and for all
B e F, BC A either P[B]=0 or P[B] = P[A4].

Lemma 2.8. For all p € [0, 0]
dimL?(Q, F, P)
=sup{neN| JA,..., A, partition of Q Vi : A, € F, P[A;] >0} .

PROOF. 1. Let Aj,..., A, be a partition of Q with A; € F P[A;] > 0 for
all 7. Then the characteristic functions 1y4,,..., 14, are linearly independent in
LP(Q, F, P) for all p, and hence dim L*(Q), F, P) > n.

2. If the RHS = oo then there is nothing to show. So we may assume the
RHS is finite, ng, say. So ng is the supremum. Then there exists a partition
Ay, .. Ay, with A; € Fand P[A;] > 0 for all 4. Since ng is maximal, all the A;
must be atoms, otherwise the partition could be strictly refined. Moreover, any
Z € LP(Q, F, P) is constant on A; P-a.s. for all 7, hence

Z = i Ci]lAi
i=1

with ¢; the P-a.s. constant value of Z|A;. This means that 14,,...,1,4, is a
basis of LP(Q), F, P). QED

Now we are ready for

Theorem 2.9. (“Second Fundamental Theorem of Asset Pricing”, SFToAP) An
arbitrage—free market model is complete iff there exists exactly one risk—neutral
measure, i.e. iff |[P| = 1. In this case, dim L°(Q, F, P) < d+ 1.

Proor. “ = " Let A € F. Take C = 1,4. Since the market model is
complete, C' is attainable, say with replicating strategy ¢&. Then, by Theorem
2.7, (1)
PA=E[C]=(1+n¢ 7
independent of P*. So any two risk—neutral measures are equal.
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“<«<=" Let |P| =1. Let C be a bounded contingent claim. Then II(C') contains
only one element, and Theorem 2.7, (2) does not hold. Thus, C' is attainable.
This implies
L*®(Q,F,P)CV

and so

dim L>*(Q, F,P) <d+1.
Lemma 2.8 implies that there are at most d + 1 atoms in F, and consequently
L>(Q, F,P)=L°Q, F,P) ie. any random variable is bounded.
So any contingent claim is attainable. QED

Remark 2.10. Notice that in the proof of “ = 7 we needed only that every
bounded contingent claim is attainable. Therefore, a market is complete iff every
bounded contingent claim is attainable. O

So this was the one—period model. Let us now generalize it to the multi—period
model.
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CHAPTER 3

The Multi—Period (Asset Price) Model

Topics of this section are:

— fundamental theorems for the multi—period model;
— dynamic hedging of financial derivatives.

Literature: [12], Chapter 5.

First, we recall some definitions from Stochastics. We fix a time horizon T' € N
and a probability space (€2, F, P).

Definition. A family (F;)ico1,...
FoCHC---CFp CF,

i.e. if each F; is a o-subalgebra of F for all t € {0,1,...,T} and F; C Fiiq
for all t € {0,1,...,T —1}. In this case, (2, F,(F:), P) is called a filtered
propbability space.

1y of o—algebras in F is called a filtration if

Definition. Let (E,E) be a measurable space. A family of random variables
X = (Xt)ieqoa,..,ry with values in E (i.e. measurable maps Xy : Q@ — E) is
called a stochastic process.

Definition. Let (0, F,(F;), P) be a filtered propbability space. A stochastic
process (Xi)ieqon,..ry s called adapted if for all t € {0,1,..., T} Xy is Fy-
measurable.

-----

allt € {1,...,T}.

The Multi-Period Model

We consider a financial market with one non-risky asset and d risky assets. Trad-
ing times are 0,1,...,7. Let (Q, F, (F;), P) be a filtered propbability space. For
all1 < i < dandt € {0,1,...,T} let S be a non-negative random variable
on (Q,F). We interpret S; as the price of asset i at time ¢. The price of the
non-risky asset is supposed to be

SP=(1+r)t , tefo1,....T}
(which is a simplification, but a very convenient one), where r is the interest rate.
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The R4!valued stochastic process

Sy = (57,8 =(S),....8% , te{o,1,...,T}
will be refered to as the price process. The filtration (F;) is considered as the
information flow. Throughout we assume that (S;) is adapted to (F;).
To simplify notation we further assume that Fy is trivial, i.e. for all A € Fy we
have P[A] =0or P[A] =1.

By a trading strategy (or portfolio strategy) we mean any R%*!-—valued predictable
stochastic process

Et:(£1?7§t):(£?7"‘7£1€1) ) tE{l,...,T}.

Interpretation
& = 7 shares of asset 7 in the investor’s portfolio between ¢t — 1
and {;
&iS! | = value of position in asset 7 at time ¢t — 1 (after remixing
the portfolio);
£Si = value of position in asset ¢ at time ¢ (before remixing).

Value of the portfolio £,
at timet —1 : &-5,, =Y €S | (after remixing);
at time ¢ c &S =210 €S! (before remixing) .

In other words, the value of the portfolio at time ¢ —1 after all investments at time
t —1 are done is £, - S;_1, which changes in the period from ¢t — 1 to ¢ into &, - S,
upon which the portfolio is rearranged at time ¢ with resulting value &, - S;.

Definition. A trading strategy € is called self-financing if
& Si=E&n S, 1<t<T
“Remix the portfolio without changing its value”.
The value process of a trading strateqy is defined by
Voi=6-Sy and V,:=§€-5,,1<t<T.
Vo is sometimes refered to as the initial capital.

Lemma 3.1. A self-financing strategy € = (€°,€) with value process V = (V;) is
uniquely determined by & and the initial capital V) .

PROOF. For any strategy € we have Vj = &, - Sy. You can rewrite this equation:
Vo=&+& S
and so
& =Vo—& 5.
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Suppose &, ;, and hence V;_;, are already determined. The selffinancing con-
dition mplies
Vii =81 S0 =& - S =A+r)"" +&41- 5

and so )
5,? = W(W_l — &1 Sim1) -

QED

Definition. A self-financing trading strategy is called an arbitrage opportunity
if the associated value process V- = (V;) satisfies

(i) Vo <0 P-a.s.;
(ii)) Vo >0 P-a.s.;
(iii) P[Vpr > 0] > 0.

Next we show that the market is arbitrage—free, i.e. there are no arbitrage oppor-
tunities in the sense of the above definition) iff there are no arbitrage opportunities
for each single trading period.

Lemma 3.2. The following statements are equivalent:

(a) there exists an arbitrage opportunity;
(b) there exists a time pointt, 1 <t < T , and n € (L°(Q, F,(F), P))?
such that

n-Sy>1+nrm-Si.1 P-as.
and
Pln-S>1+r)n-Si—1] > 0;
(¢) same as (b) with n € (L=(Q, F, (F), P))?

(d) there exists an arbitrage opportunity & = (£°&) with bounded & and
Vo=0.

PROOF. (a) => (b):  Let & an arbitrage opportunity. Then V, <0, Vp >0,
and P[V; > 0] > 0. Let
t:=min{k| V, > P-as.and P[V,>0] >0} .
Observe that t € {1,...,T} and that V,_; <0 P-as.or P[V,_; <0] > 0.
First case: V,_; <0 P-a.s. Then
& Si1=& 1S =V,.1 <0 P-as.

hence o o
gt : St > (1 + 7’) gt . St,1 P-a.s.
—— ——
>0 <0
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and
Pl&-S>1+7)-Sia] > 0.

Now you can forget bars: the first terms of &, - S; and (1 + )¢, - Sy_; coincide,
since SY = (1 +7)S;_1. Thus, there comes

& -S> (14+7)&-Si-1 P-as.
and

P& -S> (1 +r)& - Sa] >0,
and so 1 := & does the job.

Second case: P[V,1 < 0] > 0. Let = (n°%n) := &1 <o0} .- Then

n- S g = Vic1ilyy,_ <0y by the selffinancing condition
<0 P-as.
and P [ﬁ Sy < 0] > 0. We further observe
7S =Vilgy,_y<op 2 0
which implies _ _
n-5>0+r7n-S1 P-as.
and
P-Se>1+r)7n-Sia] >0,
Again, one may forget about the bars, as above.
(b) = (c¢):  Let nbe asin (b), and define

n(n) = 77]1{|77|<n} , neN.

Then
n™.S>1+r)n™.S_ P-as.

Choosing n large enough yields the result, since

nh_)rgoP [n(") Sy > (1 + 7)™ . Sz =Pl S > (1+7)n- 5]
simply by the o—additivity of P.
(¢) = (d):  Lettand n be asin (c). Define a strategy & by

&G&i=n , & :=0 fork#t.

By Lemma 3.1, ¢ and V; uniquely determine a self-financing strategy.& = (£°,¢).
It is straightforward to show that £ is an arbitrage opportunity.

(¢) = (a):  This is trivial QED

We now turn to risk—neutral measures; these will be those measures which turn
the price—processes into martingales. Recall their definition:

Definition. Let (2, F, (F;), Q) be a filtered probabbility space. A stochastic pro-
cess M = (M )icqo,.. 7y i called o martingale (w.r.t. @ and (F)) if

34
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(1) M is adapted;
(2) EQ[|My]] < oo; for allt € {0,...,T};
(3) EC [My|F,) = M, for all 0 <s<t<T.

Remark 3.3. In the definition of martingales, one can replace (3) with the prop-
erty

(37) EQ [Mt|f;g_1] = Mt—l for all 1 < t < T.
PROOF. (3) = (%’):  clear.

(3°) = (3): Let 0 < s <t < T. By the tower property of conditional
expectations

E® [M|F,] = EC [E® [M;|Fi_1] | Fs] = E? [M;_1|F]
and the claim follows by induction.

Definition. A probability measure Q on a filtered probability space (Q, F, (F;), P)
is called a risk—neutral (or martingale measure) if it is trivial on Fo and if the
discounted price processes Si/S?, 1 <i < d, are martingales w.r.t. Q.

A martingale measure P* is called an equivalent martingale measure (EMM) if
P* ~ P. The set of all EMMs will be denoted by P .
We next study value processes under martingale measures. We start with the

following

Lemma 3.4. Let £ = (£°,€) be a selffinancing trade strategy. Then the associ-
ated discounted value process Dy :=V,;/SY satisfies

t
Sk Sk_1> St St—l
D= Vo + fk(——— =D+ & oh - o)
o ; Sy Sy TS S
In particular, Dy depends only on & and V.

PrOOF. Write D; as a telescoping sum
Dy = (Dy— Dy_1) +(Dy—1 — Dy—3) + -+ + (D1 — Do) + Dy
- Sy = Sy
= (gt'S_é_gt—l' ¢ 1) + -+
t

Sia
= 5 oz S
— e A e ] eV
(gt Sto gt Stoil + + 0
because ¢ is self-financing
= (S Sia
=& = — Y
(g5 e
which accounts for the first equality. The second equality is a direct consequence
of the first one. QED
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Theorem 3.5. Let ) be a probability measure, trivial on Fo. Suppose that
EC[|S;]] < oo for all 0 <t < T. Then the following statements are equivalent:

(a) Q is a martingale measure;

(b) for all self-financing strategies & = (£°,€) with & bounded we have that
the associated discounted process D, is a QQ—martingale;

(c) for all self-financing strategies & = (€°,&) with & bounded we have that
E® [Dy] = Vj.

PROOF. (a) = (b):  Let [¢| < C. By Lemma 3.4 we have

Sk Sk—l)

t
D, =Vo+ @-(———
t pu Sp Sk

By the triangle inequality

t
S Sk
Dol = Vol +1C1Y ('S—’é'+ 'S’é 1‘) ,
k=1 k k—1

so since all |Si| € L'(Q), we obtain D; € L'(Q) .

There remains to show the martingale property. We have, again by Lemma 3.4

Sie1 Sy ) _

@0 T <0
St S

Divy =Dy + &y - (

hence by taking conditional expectations w.r.t. F;

S, S,
E® [Dys1| Fi] = Dy + &1 - <StTH—S—é> ;
t+1 t
S, S,
=E°[Dy| 7]+ E° [&—&-1' (StTH — S—g)‘ ]:t:|
t+1 t
S, S,
:EQ[Dt|E]+§t+1'EQ {(S?l —S—8>’ ft:| .
t+1 t

But D, is F;-measurable, hence E? [ D;| F;] = D,. The discounted price pro-
cesses Sf/SY are, by assumption, martingales under @, the second term vansihes,
and we are left with

E® [Dy1| F | = Dy
whence D; is a martingale under @) .
(b) = (c¢): By assumption, @ is trivial on Fy:
Dy =TE9[Dr| Fo] = E?[Dy] .
Since Dy =V, we are done.
36



Chapter 3. The Multi-Period (Asset Price) Model

(¢) = (a):  We have to show that

Sy Si-1 ‘
EQ{S—? ft_l] =5, for 1<i<d and1<t<T.
Fix any 7 with 1 <i < d. Let n € L*(Q, F;_1,Q) and define a strategy £ via

Vo:=0

¢ = n: j=tand k=t;
Flo: forall j#£iork#t.

SiS)
D — _t _ t—1
e (S? Sf_l)
be the associated discounted value process. By (c)

(- 5] e
SY S8y, ’

7

Let

This shows that ‘

S’L

EQ [_t ]-'_1] _Sia
sl Sty

(choose n :=1p, B € Fi_1). QED

We can now come to the main result of this section:

Theorem 3.6. (First Fundamental Theorem of Asset Pricing, FFToAP) The
multi-period market model is arbitrage free iff P # 0, i.e. there exists an equiva-
lent risk-neutral measure. In this case, there ecists a P* € P such that dP*/dP
s bounded.

PROOF. “ <=7 (the simple direction.) Let P* € P be a risk-neutral measure
and let £ be a self-financing strategy with £ bounded. Suppose V5 = 0and Vi > 0
P-a.s. According to Lemma 3.2 it is enough to show that V; =0 P-a.s.

Start with the following observation: Vy > 0 P*-a.s. as well, since P* ~ P
and so both measures have the same null sets. By Theorem 3.5 (¢) E*[Vr] =
(1+7r)TE*[Dr] = (14+7)TV, = 0. Hence Vp =0 P*a.s. and so Vp = 0 P-a.s.,
again because P* ~ P.

“ =7 (the hard direction.) A general proof can be found in [12] (our problem
here is that in our approach the multi-period model is not just a succession of one—
period models, since in our one-period model the start prices are deterministic,
whereas [12] treats the more general case). We are going to prove this direction
under the assumption that for each time ¢, 0 < t < T, there exists a finite
partition A, = {4, Ay, ...} of Q where every A; is an atom in F;. Notice that
on each atom A in F; the price S; is P-a.s. constant.
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i) Let A be an atom in F; (¢ fixed). Let 7 = 74 € R? be such that S; = 7 P-a.s.
Due to Lemma 3.2, any ¢ € R? satisfies

]lAg . St.H_ 2 (1 + T)]lAS . St P-a.s.
PlenAl

PA]
£-Spp1 > (1+7)¢- S, Phas.

Consequently, with P4 [e] := P [e|A] :=

and so
g : St+1 = (1 + 7”)5 . St PA*a.S. ,
since, as remarked above, the prices are P—a.s. constant on each atom.
By Lemma 2.1 we obtain that there are no arbitrage opportunities in the single—
period model with probabilitiy measure P# and prices 7 and S, .
ii) By Theorem 2.2 (the First Fundamental Theorem of Asset Pricing in
the single-—period case) there exists a probability measure P/ ~ P4 such that
- dﬁA
EX [Sy41] = (14 7)7  and dft’ bounded.

Our task is now to glue all these local measures together. For this, define, for
each t, a stochastic kernel y; : Q x Fpyy — [0, 1] by

(o, B) = 3 La(w) BA(B)

Aey

With these kernels we perform an iterative construction of a risk-—neutral measure
P* ~ P as follows.

Let Py :== P on Fy.
Suppose that P/ is defined on (€2, F;) such that

dP;
e Pf ~ P on F, with bounded density d_];;

: . S}, .
e the discounted price processes (—’f) are P/-martingales for all
SO 0<k<t
1< <d.

Define for B € Fi 41
P (B = / 1y(w, B) dP?
Q
Then we have

o P, =P/ on F;
e P, ~ P on F;; with bounded density Ip
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e the discounted price processes (—’f) are P ,—martingales for all
50/ o<kt
1<i<d.
For the first point, let B € F;; then
pw,B) == > 1a)P[Bl= Y lalw)=1pw) Pas.,
Ay AUy

P[ANB]=P|A]

which implies P}, [B] = P} [B].

To elucidate this rather condensed derivation, first note that for all events B we have P4 [B] =
PA AN B], which is equivalent to B\ A being a P4-null set; moreover, since ]5{4 is equivalent
to P4, it has the same null events and hence the same a.s.—events as P4, and so for all events
B we have that B\ A is also a P/A-null set, hence P2 [B] = P [AN B]. For the same reasons,
if Ais an atom in F; w.r.t P, Ais also an atom in F; w.r.t ]3[‘ . Now, if A is an atom in F; w.r.t
P, it follows that P4 is deterministic on J;, i.e. for all B € F; one has either P4 [B] = 0 or
PA[B] =1, and so P/ is deterministic on F;, too, so for all B € F; we have either P/ [B] = 0
or PA[B] =1, and PA[B] = 1iff PA[B] = P[B|A] = 1iff P[AN B] = P[A]. There follows
the second equality (the first one is a mere definition).

For the last equality put

C;:U{AEQ[H PIANB]=P[A]};

the claim is then P/ [1p # 1¢] = 0. Now

{1 # 1} ={lp=1,1c¢=0}U{lp=0,1c=1} = (B\C)U(C\ B)
Since P ~ P on F; by the induction hypothesis, and F; is a c-algebra, we have that B, C', and
hence B\ C and C'\ B all belong to F;, and it suffices to show that P[B\ C] = P[C \ B] =0.
This is equivalent to P[C] = P[BNC]= P[B].
For simplicity, put 2} := {A € A, | P[AN B] = P[A]}. Note that, by hypothesis, the A € 2,
are mutually disjoint. Then

PiCl=P| (] Al = > P[A=) P[AnB]

| Ae, A, Aet,

=P||J@AnB)|=P|| |JA|nB|=P[CNB].

| Ae, Ae,

Further note that, since either P [A N B] = P [A] or P[AN B] = 0, we have ZAE%\% P[AN B]
= 0 and so

rpcnBl=P|| |JA|nB|=P||J@AnB)| =) PlAnB]

Ae) Ae) Aet)
=Y P[ANB]=P||JAnB)| =P <UA>mB = P[B]
AeA, AcA, Ae,

and we are done.
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The second point follows from the induction hypothesis and the definition of PJ ;.

Again one may feel the need for some more explanation. Let B € F;11; we then have to show
that P, [B] =0iff P[B] =0. Now

P[B]= > P[AnB]= Y P*[B
AeA Ay

Since P[A] > 0 for all A € 2 by definition of an atom, we have that P [B] = 0 iff P4 [B] =0
for all A € A, .

On the other hand,

P (B = / pu(w, B)dP; = / 14P2[B] dP;
Q Aedy Q
= 3 PMB [ 1adr; = Y RMBIR A
Ae, Q AeAy
Since P} ~ P on F; by the induction hypothesis, we have P} [A] > 0 for all A € ;. Hence
Py [B]=0iff PA[B]=0forall A€,.

But PtA was chosen to be equivalent to P*. Thus indeed P}, [B] =0 iff P [B] =0.

Finally, we can write

PraBl= Y BB -3 p / 1 dPA
Aes Aes Q
. dP, . dPA 1
:ZP / deAdpA /{Zpt [A] d]ﬁ’ .P[A]}]leP
Ae, o \aex,

So

dpP;,, dPA 1
= Pr[A —_—
dP > P4 dP P[A]
Aey
and we have to show this function on €2 is bounded. But, by assumption, the A € 2; form a

partition of Q, so each w € Q is contained in exactly one A, and so it suffices to show that

*

t is bounded

there is a common bound to all summands. Now, by the induction hypothesis,
on all of ©, so there is § € Ry such that P} [C] < P [C] for all events C'. Therefore,
dPA 1 P,
dP P[A]

dpPA
. * < t
VAe, : P [A] B iz

Each RADON-NIKODYM derivative dﬁtA /dP, A € 2, is bounded, and since by assumption
there are only finitely many of them, they have a common bound, and we are done.

Now to the third and last point. For B € F; we compute

* S 1 / 1
Efim {]1 SH_j = S0 /HB(W) t+1( ) t+1 [dw]
i+

- / / 1 ()i ()i (0, de) P [do]
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St // Z 15(o) S}y (W) La(w) B [d'] 5 P [de]

AeA(F
1 N Qi N D / *
mo [4F 1) [ 1St NP ] b P ]
b+l AEU(Fy)
1 = ,
= / Ls@)d S Ta@)BR [Si] b P d]
t+1 AEA(Fy)

as 1 is Fr—measurable and so P = ]BtAfa.s. constant on the F;—atoms A; hence
it can be pulled out of the P/-integral

g [ 1@ T La@nt Pl

AeA(Fr)
since by ii) above 1D [Siq] = (14 r)rt and SP,, = (1+7)S}

1 _p ;
SO]EP [155]]

which establishes the desired martingale properties.

Now that the above three points are settled, performing the iteration over ¢ until
T implies that P* := P} is an EMM. QED

Definition. A random variable C > 0 on (2, F, P) is called a contingent claim .

We next illustrate this notion by giving some common examples of contingent
claims which are traded on the market.

Payoffs of frequently traded options:

1) Call option on asset i with strike price K € R, and maturity T :
Ccall (Sz )

2) Put option on asset ¢ with strike price K € Ry and maturity T :
CP = (K — Si)T.

3) The payoff of an Asion option depends on the average price of the underlying

asset
T

av - §
k
Asian options offer protection against decreasmg resp. increasing average prices:
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Examples: Asian call (Si, — K)*;
Asian put (K —Si)T.
4) Barrier option The right to exercise the option is linked to whether the un-
derlying crosses a barrier level before maturity.

Barrier options — offer protection against more specific events;
— are cheaper than options without barriers.

We have 4 main (basic) types of barier options:

up—and—in:  price of the underlying moves up and crosses an upper
barrier = option is activated;

up—and—out: price of the underlying moves up and crosses an upper
barrier = option is knocked out;

Note that sum of up—and—in + up—and—out = call.

down—and—in: price of the underlying moves down and crosses a lower
barrier = option is activated;

down—and—in: price of the underlying moves down and crosses a lower
barrier = option is knocked out.

Example: payoff of an up—and-in call:

C _ (S% — K)+ if maXogt<T S%w Z B
0 else.

Definition. A contingent claim is attainable if there exists a self-financing trad-
ing strategy € with £ - Sy = C P-a.s. In this case, & is said to replicate C'.

In the remainder of this section it is assumed that P # @), i.e. our market model
is arbitrage—free.

Definition. Let C be a contingent claim. An adapted stochastic process STt =
(Std“)te[gj] s called an arbitrage-free price process of C if S%“ = C and the
extended model (S°, St ... ST admits no arbitrage.

Proposition 3.7. Let C' be an attainable contingent claim, and let V; be the value
process associated to the replicating strategy &. Then V; is the only arbitrage—free
price of C' at timet, 0 <t < T.

PROOF. (The idea of the proof is very clear once you think of it in eco-
nomic terms.) Let (S¢™') be an arbitrage—free price process of C'. Assume
P [St‘”l > Vt} > 0; we will derive a contradiction from this. Define a portfolio
as follows: For k >t let

G <5k + 5 (S - Vt)) Lisaisvys
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G = Elpgnyy
d+1 . _ -1
E - {Sf+1>Vt}'
For k <t let
(Zlm ];H_l) =0

(i.e. if the price of the contingent claim is too high, you sell it and put the value
into the riskless asset). Observe that ((,(?*1) is self-financing:

Cior St + G- S = <§ﬂ,_§i+ (87 - Vi) - Sjﬂ) Lisersny
£, 5=V
::(V?4‘(5f+1“‘Q)“S¢d+1)ﬂ{sﬁ4>w}
=0
= (- S¢S

After time ¢,  remains self-financing since ¢° is not further modified then. More-
over,

_ _ - — S
Co S G517 = (G S g (517 - V) =€ ) 1oy

= (L) (S = V) Tgangy
>0, and > 0 with positive probability.

Thus (¢, (%) is an arbitrage opportunity in the extended market, a contradic-
tion. So S <V, P-aus.

Now we have to show the reverse inequality. This time the price of the contingent
claim is too low. Similarly what has been done above, you now buy the contingent
claim and so set up again an arbitrage opportunity, hence S*! > V, P-as.
The following Proposition, then, together with the FFToAP implies that S&™ is
indeed an arbitrage-free price process of C. QED

Next we show that the discounted arbitrage—free value process of V' = (V) is a
martingale w.r.t. any EMM.

Proposition 3.8. Let C' be an attainable claim. Then C is integrable w.r.t. any
EMM P* € P. Moreover, the value process associated to the replicating strategy
& satisfies

1
(1+7r)Tt
In particular, the discounted value process D; := V;/S? is a nonnegative P*-
martingale.

V, = E*[C|F] , 0<t<T.
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PROOF. Let & = (€°,¢) replicate C

1. Show via backward induction: D; > 0 P-a.s. for all 0 < ¢t < T'. First,
D; = C/S8% >0 P-a.s. Suppose D; > 0 P-a.s. Then, by Lemma 3.4,

St St—l St St—l
Diwv=D—& = —5— > | == —=) -
e (Gosn) e (G
The idea is to take conditional expectations. Since we do not know if & is
integrable, we cut it off: Let

le = ft]l{\ﬂgn} , nec N.
Then &' is bounded, and

St Si-1

De1ljjgcny = E* [ Dicallyjgeny| Fior] = =& - B [ (S_? - @)

~
=0 P-a.s. by martingale property

p

Letting n 1 oo yields D,y > 0 P-a.s.
2. Show for 0 <t < T: E*[Dy| Fiq1] = Dy -

(Notice: Conditional expectations can be defined for nonnegative random vari-
ables that are not necessarily integrable by cutting off and taking limits via
monotone convergence. )

On the event {|&| < n} we have

E* [ Lggjeny Di| Fio1] — Lgjgjeny Dica

wlom (St Siaa
= [@'(s—g‘@)\ﬂ-l]

n s Sy S
=& B [(s—f‘@)\ﬂ*]
=0.

Again, by letting n 1 0o, we get E* [ Dy| Fr_1] = Dy .

3. Show intgrability by a forward recursion. First, Dy € R, is the value of the
replicating portfolio at time ¢t = 0, so Dy is integrable.

Let D, be integrable for some ¢ with 0 <t < 7T — 1. Then

E* [De] = E*[E" [Dea| ] = E7 [Dy] -
Now 1. — 3. prove Proposition 3.8. QED
We now turn to contingent claims that are not necessarily attainable.

Notation: Let II(C') be the set of all ¢ = 0 components of arbitragefree price
processes of C'.
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Since Fy is trivial, we can identify II(C') with a subset of R, . As in the one-
period case, we denote

(3.1) 7 (C) = infII(C) , 7(C):=supll(C).
Theorem 3.9. We have
o0 mo-{E]C]| repa i),
T
Moreover, TI(C) # 0, and
C] C
7, (C) —Pl*nefplE [S%_ , m(C) Fs’}‘le%E {S%} .

PROOF. 1. “C”: Let ¢ € II(C) an arbitragefree price at time ¢t = 0, i.e. there
exists an arbitragefree process (S¢t!) of C with S¢™' = 7¢. By Theorem 3.6,
there exits an EMM P* of the model (S°, ..., S4) . In particular, P* is an EMM
for the non—extended model (S°,..., 5%, so P* € P, and E*[C/S’] = n“.
“27: Let S{t! = (14 r)"T=9E* [C] F] for P* € P with E*[C] < co. Then
Sdt1/SY is a P*-martingale. So P* is an EMM for the extended model, and by
Theorem 3.6, (Sy,...,S%") is arbitragefree. Therefore, E* [C/S%] = Si™ €
I(C) .
2. We now show that II(C') # (). Let

dP 1 1

—=Cc — ith ¢! =FE|——|.

ap~ “1vc TC L+C]
The non—extended model is arbitrage—free w.r.t pP. By Theorem 3.6 there exists
P* € P such that dP*/dP is bounded (the set P, originally defined by the initial

measure P is equal to P defined by the measure P, since only the null sets
matter). Note that

E*[C] = E [Cg; C] =E” [igpﬁ 1100} < o0.

Hence E* [C'/S2] € TI(C).
3. The relation

: e
T (C) = Pl*nefPlE 5
follows from (3.1). The relation o
71(C) = sup E* %
pP*eP _ST_

needs a bit of work. If E*[C] < oo for all P* € P the statement follows again
from (3.1).

Suppose E* [C] = oo for some P> € P. We then have to show that 71(C) = oo .
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Let b € R, and choose n € N such that
E>[C An] > (1+7)7b.

Now C' A n is a contingent claim, and we let Sf“ be its price process:

1
Sttt = — R [C An|F].
(1+7)T—t | nl Fi]
The model (S Sd“) possesses an EMM, namely P>, and hence is arbitrage—

free. Let P € P Wlth E [C] < 0o, which exists since II(C) 7é 0. Since P*,P € P,

we have P* ~ P. Then, by Theorem 3.6, there exists P* ~ P with dP*/dP
bounded and such that P* is an EMM for the extenden model (89, ..., 54,

The boundedness of dP*/dP guarantees E*[C] < oo. This implies that T =
E* [C/SY] belongs to TI(C') . Finally,

1 1 1
= @]E* [C] > @E* [C An] = @]E* [S4H] = SgH > b.
Since b was arbitrary, this shows 77(C) = oo. QED

Remark 3.10. As for the one—period model one can show that if a contingent
claim C' is not attainable then

m(C) <7(C) and TI(C) = (m,(C), 7' (C)).
In particular, the boundaries are not arbitrage—free prices (see [12], Thm. 5.32).

Definition. An arbitrage—free model is called complete if every contingent claim
15 attainable.

Proposition 3.11. (a) For an arbitrage—free model to be complete it suffices that
every bounded contingent claim is attainable.

(b) If the model is complete, there exists a partition of Q0 into at most (d + 1)T
atoms in F .

PRrROOF. 1. Suppose that every bounded contingent claim is attainable. Notice
that any 14, A € F, can be replicated then. I.e., 14 can be written as a sum of
JFr—measurable random variables. Thus Fr = F .

We show the conclusion of (b) via induction on 7':

T =1 : By Remark 2.10 the market is complete (one—period case) and Lemma
2.8 + Theorem 2.9 imply that there exists a partition of €2 into at most d + 1
atoms.

T —1 — T : Suppose that the conclusion in (b) holds true in the model up to
time 7" — 1. Besides, let ¢’ > 0 be bounded and Fr-measurable, and let £ be
a replicating strategy. Then C' = &, - Sp. Note that &, is Fpr—measurable and
hence P—a.s. constant on any atom A € Fr_;. This implies
dim L>(Q, Fr, P[e|A]) < d+1.
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since on A one has essentially a one—period model. Lemma 2.8 implies that
(Q, Fr, P[e|A]) has at most d + 1 atoms. Applying the induction hypothesis
yields that (€2, Fr, P)has at most (d + 1)7 atoms.

2. Suppose that every bounded contingent claim is attainable. Then, by the
1. part, there are at most (d + 1)T atoms in Fr. Consequently, every random
variable on (€2, F, P) is bounded, which further implies that any contingent claim
is attainable, i.e. the market is complete. QED

Theorem 3.12. (Second Fundamental Theorem of Asset Pricing) An arbitrage—
free model is complete if and only if |P|=1.

PROOF. “ =" Let A € F. Then C := 14 is attainable, say by the replicating
strategy €. Let V; be the associated value process. Then, by Proposition 3.7,
is the only arbitrage-free price of C' at time 0. Thus

C

T
by Theorem 3.2 (note that {Vp} =TI(C) = {E*[C/S%] | PT € P}). So there is
at most one risk—neutral measure, and since there exists al leat one, we conclude

Pl =1.

“ <=7 Let C be a contingent claim Then II(C') contains exactly one element. By
Remark 3.10, if C is not attainable, then II(C) = (7, (C),x"(C)), which cannot
consist of a single element. So C' is attainable. QED
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CHAPTER 4

The Binomial Option Pricing Model (BOPM)

This is a model first proposed by [5] and therefore also called the COX-R0OSS—
RUBINSTEIN model (CRR model), a discrete version of the celebrated continuous
BLACK-SCHOLES model.

The BOPM is a more specific model than the general multi-period model in
Section 3. “More specific” means there are more assumptions. These additional
assumptions are:

e only one risky asset with price process denoted by S; = S} ;
e between t and t + 1 the price moves up or down by a constant factor u
resp. d, where 0 < d < u:

g _ uS; with probability p
A dS; with probability 1 —p.

The price process can be described by a binomial tree.

u280

/ US()

SO UdSO
\ d

So

YA
AVAVAN

d*Sy

At time T there are T+ 1 nodes; the binomial tree is recombining (T +1
in place of 27" nodes, which makes things much more tractable).

Precise definition of the underlying probability space: Let
Q:= {u7d}T = {w = (wlw"awT) ’ w; € {U,d}} :

We denote by
Yi(w) := wy
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the projection onto the t—coordinate, 1 <t < T'.
Let Sy € R, the price at time 0, and

t
Stzsoﬂn for 1 <t<T.
=1

Define F; := o(Sp,...,S;:) 0 <t < T, and observe that

Fo=1{0,9} ;
Fi=o0Y1,....Y) for1<t<T;
Fr=F(Q) .

Throughout assume that P is a probability measure on F = Fp with P [{w}] > 0
for all w € Q).
Ifd <147 <wuwe can define an EMM as follows. Let

. (@47 —d

 u—d

and for w € Q)
(4.1) P [{w}] = (") (1 —p")" ",
where k is the number of coordinates in w equal to u, hence T'— k the number
of coordinates in w equal to d.

Notice that P* is the T—fold product of the measure p on {u,d} with p [{u}] = p*
and p[{d}] =1—p".

Moreover, P* is the unique measure for which P*[Y; =u| =p*, 1 <t < T, and
Yi,...,Yr are independent.

Now the claim is that P* is indeed an EMM. In fact,

St+1 St
E* — E*Y,
{1+r }—t} T B Yen| 7
- 1?: E* [Y;41] since Y; is independent of F;
,
Sy
= * 1 —p9)d
St (1-p7)d)
5 1+T—du+u—1—rd
:St.

In particular, this shows that d < 1 4+ r < wu is sufficient for the BOPM to be
arbitrage—free. Actually, this condition is also necessary:

Theorem 4.1. The BOPM is arbitrage—free if and only if d < 1+r < wu. In this
case, the POBM is complete, and the only EMM is given by equation (4.1).
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Proor. “ <="7: This has been shown above.

“=—=". Let the BOPM be arbitrage—free. Then there exists an EMM, @, say.
The martingale property implies

EQLST ft]:st . 0<t<T—1.
r
Besides, we have
EQ | 2| g | - 2 E? [ V| Fi]
T’ Tr t+1| St

and hence
L7 =E?[Yin| 7]

= E® [ulgy,,—uy + dﬂ{ym:d}‘ Fi]

=uQ [Yiy1 = ulF] + d(1 = Q [Yiy1 = ulF]) .
Thus there must hold

1+r—d

(4.2) QY =ulF] = ——.
Since @ is equivalent to P, we have 0 < Q [Y;41]|F:] < 1. This entails d < 1+7 <
u. This proves “ = ".

It remains to show completeness if the model is arbitrage-free. To this end
observe that (4.2) implies that Y;,; is independent of F; w.r.t. . This implies

that Y7, ..., Yy are independent w.r.t ), and so () must be the product measure,
i.e. Q = P* with P* defined as in (4.1). There follows |P| = 1, and so the BOPM
is complete by the SFToAP. QED

In the remainder of this section we assume d < 1 4+ r < u. Denote the EMM by
P*.

Next: Arbitrage—free pricing of contingent claims (defined in the sense of Section
3).

First notice that for any contingent claim C' there exists a function h : RY — R

such that
C:h(SO,...,ST).

Proposition 4.2. Let C' = h(Sy,...,Sr) be a contingent claim. The value pro-
cess V, of a strategy & replicating C (or, equivalently, the only arbitrage—free price
process of C') satisfies

‘/t = Ut(So, c. ,St)

where

1
ve(To, -, 1) = ( E* [A(wo, .., @4, 2¢Yeg1, - 0 Yo - Y1)

L+r)T-t

For the proof, we need a lemma:
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Lemma 4.3. Let X = (X3,...,X,n) and Y = (Y1,...,Y,) be random wvectors
such that (X1, ..., X,,) is independent of o(Y1,...,Y,). Let ® : R™™" — R
be such that that E [®(X,Y)] < oo and suppose that p(x) := E [®(z,Y)] is defined
for any x € R™. Then

E[®(X,Y)| o(X1,...,Xn)] = p(X).

ProoF. Exercise. QED
PROOF of Proposition 4.2 By Proposition 3.8 we have for 0 <t < T':
1
Vi=————E"[h(Soy,...,57)| F
1

= WE* [7(S0, - - St SeYiy1, StYer1Yina, - SiYegr - Yo)| Fi ]

Since Yii1, Yiio, ... Y are independent of F; = o(Sy, ..., S;), we have, by Lemma
4.3,
‘/t :Ut(SO,...,St>.
QED
Proposition 4.4. Let C = h(Sp,...,S7) be a contingent claim. The deter-

manistic functions v, defined in Proposition 4.2 satisfy the following backward
TeCUrsion:

vr(zo, - .., 1) = M, . .., T7) ;
and, fort <T:

1

11y [p*ves1 (o, - - s Ty wu) + (1 = p*va (2o, - -, 24, 24d)]

vi(xo, ..., )

PRrROOF. The martingale property of the discounted value process of V; replicating
C implies
1

1—+T]E*[Vt+1| So :an“wSt :xt]

:E*[V” S():ZE(),...,St:ZL’t]
= v(Toy ..., Ty)
On the other hand,
]E*[V:t+1’ So = o, ..., S :fl’t]
= p*vg1(zo, . - o x, zu) + (1 — p v (xo, - ., 24, 14d)
which yields the result. QED

Now let us have a look at a specific contingent claim: A call option.
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Example. The value function of a call C' = (S; — K)* (European call) satisfies

vt(xo, . ,xt) = Ut(xt) = W]E* [(ItY;H N K)*]
- ﬁ . (Tk_ t) (p*)k(l p*)T—k<x uFdl—F — K)+

# of up—movements
Simplification: Let
a := minimal number of up-movements such that z;u®d’ =% > K (“the

option is in the money”).

Then the option value at time t is given by
T—t

1 T—1 ok N\T—k k T—k +
o) =gy (1) 00 p et

# of up—movements

How to calculate replicating strategies? The answer is given by

Theorem 4.5. Let C' = h(Sy, ..., Sr) be a contingent claim. The strategy & =
(€°,€) replicating C' satisfies

ft - A(SO, P 7St—1)
where
Ut($07 ceey L1, U$t—1) - Ut<x07 ceey L1, dl’t—1)

A(x(]v cee >xt71) =

ury—1 — dri
PRrROOF. Recall that o
&+ (Si—=5i1) =Vi= Vi

since ¢ is self-financing. If Y; = u, this means
& (S? - 53_1) + & (uSi—1 — Si—1) = ve(So, - -, Se—1,uSi—1) — ve-1(So, - -+, Se—1)
and if Y; =d,
& (S? — St1) + & (dSi1 = Siq) = (S0, -, Sio1,dSi-1) — vr-1(So, - -+, Si1) -
Subtracting the second equation from the first gives

§(uSi—1 — dSi—1) = ve(So, .-, Si—1,uS 1) — ve(So, ..., St—1,dS;-1)
and hence the result. QED

Remark. 1) A(xzg,...,x4—1) is called the Delta of the contingent claim C' at
time ¢. Notice that the Delta is a difference quotient. In the continuous case
(“BLACK-SCHOLES model”) this will go over into a differential quotient.

Interpretation: Sensitivity of the option’s value w.r.t. the price of the underlying.
53



S. ANKIRCHNER Mathematical Finance Bonn WS 2012/13

2) Vo = vo(So) and & = Ay(So,...,S;—1) uniquely determine a self-financing
strategy called delta hedge. It is the only strategy replicating C'. U

Corollary 4.6. Let C = (S — K)", and let vi(x) be the arbitrage—free value of
C at time t conditioned on Sy = x. Then the Delta satisfies

Ay(x) =

vy (uz) — vy (de

(u—d)z

PrROOF. Immediate fro Thm. 4.5. QED

2 vo(u’r)

T udx Vg (I )

d? vy (d?)

vo(udz)

The encircled quantities are needed for the calculation of A;.

PSEUDO—ALGORITHM FOR CALCULATING THE VALUE OF DELTA OF A CALL
AT TIME T — O:

x = price at time 0
# price vector at time T

S(T,0) = xd”

for j=1:T
S(T,j)=S(T,j—1)*u/d

end

# option value at time T

for j=0:T
C(T7]) = maX(S<T7j) - K70)
end

# recursion

fort=T—-1:-1:0
for j=0:1¢
C(T.j) =P t+1,j+1)+1—-p)CEt+1,5)]/(1L+r)
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S(t,j)=S(t+1,7)/d

end
if t =1 then
delta = (C(1,1) — C(1,0))/(S(1,1) — S(1,0))
end
end
# results

C'(0,0) = option value
delta = the Delta of C

Remark. At first sight, it does not seem necessary to develop computer programs
for pricing European options, since we have explicit formulas. However, the full
power of this algorithm is revealed when studying American options, i.e. options
that can be exercises at any time before maturity. In this case, there are no closed
formulas, but a few simple changes in the above code make it work as well. [

Remark. For the use of the binomial model in practice, one has to estimate the
parameters u and d. This is done by putting

o T d-—l— T
ui=exp | o4/ 5 , .—u—exp NN

where o is taken from statistical data of standard options, which are liquidly
traded so that one has market prices; the choice of ¢ is then made such that
Cmodel(5) = Cmarket i o that when I plug o into the option—pricing formula of
the model I get the observed market price.

The above choices of v and d are motivated by what they become in the contin-
uous limit model by taking shorter and shorter trading periods; as we will see
later, this will be the BLACK—SCHOLES model. 0

Nezt (and last) aim of this section: Explicit price formulas for barrier options.
We first introduce some auxiliary random variables:

Ci(w) = Tloitw; =u 1<i<T;
-1 fwi=d T T T

t
Zy=>» Ci , 1<t<T.
=1

From now on assume P is given as

P[{w}]—|—§2|—2—T L weQ,
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i.e. is such that Z = (Z;) is the simple random walk in Z under P.

In addition, we assume d = v~ !. Then the price satisfies
t
St(CU) = S() HK((,U) = SOUZ§:1 Ci(w) — SouZt(LU) )
i=1

Observe that there holds
Zy+t

2
and that this random variable is binomially distributed, and hence

= # up movements until time t,

¢
27t k+t
Zi+t k+t] B <(I<:+t)/2> heven

P[Zt—k]—P{ 5 5

0 k4t odd.

Lemma 4.7. (Reflection Principle) For all k € N and | > 0 we have

(a) P[max thkr,ZT:k:—l] =PlZr=k+1];

0<k<T
} C2(k+1+1)

(b)P{maXZt:k:,ZT:k—l Tl

0<k<T

P[ZT:k—f—l-‘r-l].

PROOF. (a): We have, for k,l € N

I

Zo+T T+k+l
P[ZT=k+l]:P{T+ _ 7 “L}

2 2
Z +T+1 T+2+k+1
PlZry=k+1+1) =P |2 = .
2 2
For k € N let
T(w):=mnf{t>0]| Z(w)=k}ANT.
1 1
For any w, let ®(w) := (wi,...,Wr(w), ,...,—). Then ® is a bijection
Wr(w)+1 wr
from
Akyl::{wEQ math(w)zk,ZT(w):k—l}
0<t<T
onto

BkJ::{weQ’ OIEtS%XZt(w)>k,ZT(W):k'+l}:{ZT:]C+Z},

bx

hence P [Ag,;] = P[By,], and so (a).
(b): 1% case — T + k + [ not even. Then both sides of (b) are zero.
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T+k+1

274 cqse — T + k + 1 even. Then, for j := 5

leaXZt:k:,ZT:k:—l}

0<t<T
:P[max ZtZk} —P{mathquLl]
0<t<T 0<t<T
=PlZr=k+1—-PlZr=(k+1)+ (Il +1)]

- G) v (j : 1)

[T 7!
- [(T —t (T —j =G+ 1)!]

gt ! { 1 1}
(T—j—Dyl | T—j j+1
T 2 +1-T
(T =5 - DT =) +1)
s (T+1) 2+1-T
(T+)G+1)! T+1

=9 T

_op|lrnatTH1 N ktl+]
2 T+ 1
2(k+141)
=Pz =k+l+1] ————=.
[Zri1 + 1+ 1] T+1
QED
Remark 4.8. Notice that
dpr* P wl o1z -
- — = W o \(Zr()+T)/2(1 _ ¥\ (=Zr(w)+T)/2
We will need this formula in the sequel. O

Lemma 4.9. (Value of an up—and-in call) Consider the up—and—in call

_ + ; .
_{ﬁ% K)*if max S > B;

0 else,
where B = Syu* > Sy V K for some k > 1. Let
ly =sup{l| 20-T <k} .
Then the arbitrage—free price B* [C'/SY] satisfies
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T

— * *\T — T
X (s =ty ()]
I=l+1
PROOF. Using S; = Squ?t > Spu* and Remark 4.8, we can write

E* [C] =E" [(ST - K)+]]-{maxStZB}]
T
- Z PmaxZ, >k, Zp =21 — T QT(p*)l(l — p*)T_l(SOUQl—T — K)*t
=0

For [ < i, we have
PmaxZ, >k, Zr= 21—-T |
—_——
k—(k—214T)
PlZy=k+ (k—2l+T)] (Reflection Principle)
P|Zp =2k — 2+ T|

:P{ZT+T:k—l+T}
2
T
2~ T if £ <1,
_ (k:—l+T) ' ’
0 else.

For [ > [}, we have

T
Plmax 7, > k, Zy =21 = T| = P [Zg = 2 = T| :2‘T(z).

redundant

The result follows QED
Yet another one:
Lemma 4.10. (Value of a lookback put with floating strike) Let

C:= max S; — St.

o0<t<T

Then

C
5[] =0t

S0 ek NS gy 2= DT T4
+(1+r)T§u {;@)(l_p) T+1 k—14+T+1) ("

where I :==sup{l | 2l —-T < k}.
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PROOF. The proof is not difficult once one has found an intelligent way to
implement the Reflection Principle. One has

e 1 .
=[] = o Ly s] s
and
T
* o k px* _
e [y 5] = st (s 2= ]
Note that

T
P”me&:k]:E:P{mep:hZT:%—T]

o0<t<T 0<t<T
=0

T
= ZQT(p*)l(l —p)Tp [max Zy=Fk, Zp =2 — T]

— 0<t<T
by Remark 4.8.

Now for [ < I (using Part (b) of the Reflection Principle)
PlmaxZ, =k, Zpr = 2l—-T ]
——

0<t<T
k—(k—21+T)
2k+1+k—(20-T
= ( T—|—1( ))P[ZT+1:k+1—|—k:—(2l—T)]
_22(k+1+k—(2l—T))P Zrpg+T+1 2k —20+42T +2
B T+1 T+1 2
22(/<:—l)+T+1 T+1 0T <l
B T+1 k—1+T+1
0 . else.
This implies the statement of the Lemma QED

This is the last example for an exotic option within the BOPM which I have
prepared. Now we turn to American Options.
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CHAPTER 5

Pricing and Hedging American Options in the BOPM

ceey

some results from martingale theory.

Proposition and Definition 5.1. (DOOB decomposition) Let Y = (Y;) be an
adapted stochastic process with Y; € L*(P), 0 <t < T . Then there ecists a unique
decomposition

such that M = (M;) is a P-martingale, A = (A;) is predictable and Ay = 0.
This decomposition is called the DOOB decomposition of (V;) .

PRrROOF. 1. Uniqueness: Ay := 0 is unique by definition. Suppose Ay, ..., A; 1
are unique for some 0 < ¢t < T'. Taking conditional expectation w.r.t F, | in
(5.1) yields

E* [V Fior ] = E* [ M| Fooi | = E* [Ay| Foor ] = My — A,
since (M;) is a martingale and (A;) predictable. On the other hand,
Yioi =M1 — Ay
Subtracting from this equation its predecessor yields
Yia— B (Y| Fia]= A — A

or
Ay =A 1 —E Y, = Y| Fiq]

is given uniquely by Y and A;_ ;. Therefore, by induction, the A; are unique,
and so are the M; =Y, + A;.

2. Existence: One has no choice but to define A; recursively as
Ag:=0;
A=A —E Y=Y, | Fa] , 1<t<T.
Then put
M,=Y,+4, , 0<t<T.

It is then a straightforward induction to verify that (A;) is predictable and (M;)
a P-martingale. QED
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Definition. A stochastic process X = (X;)i=o
a supermartingale) if

(1) X is adapted;

(2) X, e L'(P), 0<t<T;
(3) for all0 < s <t <T:E[Xy]| Fs] > X, (resp. < X5).

1 s called a submartingale (resp.

-----

(As mnemonic: A supermartingale implements a downward trend; “there is noth-
ing super about a supermartingale”.)

Lemma 5.2. Let X = (X;) be an adapted process with X; € L'(P), 0 <t < T.
Let Xy = M, — A, its DOOB decomposition. Then

a Xt 1S a Supermartm ale 1 At 18 non—decreasin ;
g g
b Xt 18 a submartingale 1 At 18 TLOTL*Z-TLC’I’e(lSZ'TLg.
g

PROOF. (a): E [Xt — Xt_1| ./—"t_l] =-E [At — At_1| Ft—l] = —At +At_1 < 0iff
Ay is non—decreasing.
(b): is completely analogous. QED

Definition. An American contingent claim is a nonnegative adapted process C' =

(Ct)i=o,...T -
Example. American put C; = (K — S¢)".

Now let us have a closer look at American options within the binomial model.
In the BOPM: for every American contingent claim (C}) we can find measurable
functions f; : R, — Ry such that

Ct - ft(Sh “ e 7St) .
To simplify notation, we only consider payoff functions of the form fy(x1, ..., x4) =

fi(xy), i.e. which do not depend on the past.

Question : How do we price an American option (f;(S;))i=o,.... 7 within

the BOPM?

-----

Let V; := minimal capital required at time ¢ to replicate the option.

Then, at time 7T':

Vr = fr(S7).
At time T'— 1:
Vr = fr-1(Sr-1) VE* [flT(fi) -FT—1:| :
At time t < T':
Vi = fi(S) vV E* [f/j; Ft} .
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Notice that V; = v,(S;) with v; : R — R a deterministic function satisfying the
recursion

vr(zr) = fr(zr)

and

1
v(zy) = fi(we) V 1——1-7“ [P v (uzy) + (1 — p*)vga(dey)] , 0<t<T.

The discounted value process (V;/S?) is the so-called SNELL envelope of
(f:(S¢)/S?) under P*.

So what is a SNELL envelope? You can define it for any adapted intgrable process:

Definition. Let Y = (Y;) be an adapted process such that Y, € L'(P),0<t < T.
The SNELL envelope U = (Uy) of Y under P is recursively defined by

Ur :=Yr;
and, for 0 <t <T :
U =Y, VE[U| F] .

Proposition 5.3. Let Y = (Y;) be an adapted process and Y; € L*(P) for all
0<t<T. The SNELL envelope U = (U;) of Y is the smallest supermartingale
dominating Y (i.e. U is a supermartingale with Uy, > Y;, 0 < t < T, and
if U = (ﬁt) is a supermartingale with U, > Y, 0 <t <T, then U, > U,
0<t<T).

PrROOF. 1. U1 =Y, 1 VE[U| Fio1] > E[Uy| Fi_1], and so obviously U is a
supermartingale dominating Y .

2. Let U = (I?t) be a supermartingale with (7,5 >Y,,0<t<T. Perform
backward induction on ¢:

t=T: Uy >Yr="Ur.
t —t—1: Assume that ﬁt > U;. Then
Ua 2 E [T,
> E[Ui| Fi—1] by the induction hypothesis.

Fi—1] since U is a supermartingale

Moreover, Ut,l > Y;_1 by hypothesis, and so
U 2 Yt VE U] Foy ] = Uy
QED

The SNELL envelope is then the answer to how to price American contingent
claims based on replication.

Question : How to hedge an American option (f;(S;))i=o...7 in the

BOPM?

77777
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Lemma 5.4. Consider the BOPM. Let

~ v(u—y — v(dr_y))

At(xt—l) = (u _ d)xtil s 1 < t < T.

Let € = (£9,€) be the unique self-financing strategy with initial capital vo(Sy) and
& = N(S;_1). Then the discounted value process (V£/SP) associated to € is the
martingale in the DOOB decomposition of the discounted value process (vi(S;)/Sy)
w.r.t. P*.

PROOF. Let

1

wi(zy) = [ [P vps (uzy) + (1 — p* v (dagyr)]
(= the value of the American option at time ¢ provided it is not exercised at
time ¢).
We explicitely compute the DOOB decomposition of the value process associated
to an American option: Let
AO = O

and
[fi-1(Si) — 11)1‘/71(51‘,71)]Jr
P
for 1 < ¢ < T (note the numerator is just what you loose when not exercising the
option at time ¢t — 1). Then (A;) is predictable and non—decreasing. Moreover,

let
¢
S —1(Sk—
M, == v,(So) + Z {Ukéok) _ Ok é(() i 1)} .
k k-1

k=1

At = At—l +

[ claim M = (M,) is a martingale. For this, note that

+r

which already shows that (1;) is a P*-martingale.

fk—1:| = wk—l(Sk—l)

We now want to show that M; — A; is indeed the DOOB decomposition of
(v:(S¢)/SY) . Observe that vy(Sy) = My — Ag, and

Ut(St) _ wt—l(St—l) B [ft—l(St—l) - wt—1(5t—1)]+

My — My — A+ A g =

Sy SPa SPy
_ v (St) B we—1(Si-1) V fi—1(Si-1)
Sy SPy
_ Ut(St) _ Ut—l(St—l)
Sy Spy
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By induction, then, this yields

Ut(St)
SP

is the DOOB decomposition of the discounted value process of (S;) .

:Mt—At

It remains to show that
Vt&
S_? — Mt .
This is again done by induction on t.
t=0: M() :Uo(SO) = Vbﬁ
t—1—1t: By Lemma 3.4

Vi Ve Si S

= —— = A(S) | = — = ) -

ST (Se-1) S S,
Now we distinguish 2 cases:

1. case: S; = uS;_;. Then

St St—l) St—l

A (S (—— =A(Si)(u—(1+7)—

t( t 1) Sl? S?_l t( t 1)( ( )) S?
L u—(1+r)

=50 p (ve(uSi—1) — v4(dS;—1)) (Definition of A;)
N

1—p*
S, 1
= Ben) L i) + (1 — pouldSi)
St St
_ vy (uSi—1) _ wy—1(Si-1)
Sy Sia

2. case: Sy = Sy_1 . Then similarly

St St v(dS;—1)  wi1(Si-1)
a0 (g 5) = - e

There follows

Vi Ve
— = =M, — M,_
S? S?fl t t—1
whick yields the result by induction. QED

What is the use of this lemma? It shows what is the minimal capital required to
replicate an American option in the BOPM:

Proposition 5.5. Consider the BOPM. Let A | £ and Vf be defined as in Lemma
5.4. Then, for all0 <t < T, Vf > f1(Sy) .
65



S. ANKIRCHNER Mathematical Finance Bonn WS 2012/13

Moreover, if € is a self-financing strateqy such that the asociated value process
VE = (V) satisfies V> f,(S,) for 0 <t < T, then V& > vo(So) , i.e. vo(So) is
the minimal capital necessary at t = 0 to hedge the American option.

PROOF. Lemma 5.4 implies V& > f,(S;) (since v,(S;)/S? < Vi*/S9). This is the
first statement.

For the second statement, let & be the self-financing strategy with Vf > f1(Sy).
By Proposition 5.3:

V_tg > v:(St)
S8
since the RHS is the SNELL envelope of f;(S;), and hence VOf > vo(Sp).  QED

We now change perspective from the seller to the buyer.

Question : What is the best time to exercise an American option?

Definition. A map 7: Q — {0,1,..., T}U{+oc} is called a stopping time iff
{T'=t}eF forall0<t<T.

Remark. 1. There is an alternative definition of stopping times: 7 : @ —
{0,1,..., T} U {400} is a stopping time iff {T' <t} € Fforall 0 <t < T.

PrOOF. {7 <t} =U,_,{r =Fk}.
2. If o and 7 are stopping times, so are c A7 and oV 7.
PrROOF. {oc AT <t} = {o<t}U{r <t}eF;
{ovr <t} = {o<t}n{r <t} eF.
Notation: Let Y = (Y;) be a stochastic process. We write Y7 = (Y;7) for the
stopped process, defined by
Y/ (w) = Yinrw(w) , 0<t<T.

Lemma 5.6. (Optional Sampling Theorem). Let M = (M;) be an adapted pro-
cess such that M, € Ll(P) , 0<t<T. Then we have equivalences between

(a) M is a P-martingale;

(b) M7 is a P-martingale for any stopping time 7;

(¢) E[M;] = E[M,] for all stopping times 7 < T (here M, is the random

variable defined by M- (w) = M, (w)) .
PROOF. (a) = (b):  For 0 <t < T —1 we have
My — M{ = Lo (M — M)
What is enough to show is
B[ M, - Mf| ] =0,
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But
I |:Mt‘r+1 - MtT‘ }—t} =E [1{r>t}(Mt+1 - Mt)| «Ft]
= Lo E[Myyr — My| Fi]  since Ly~ is Fr-measurable
=0.
(b) = (c¢):  For a martingale M , we have, for any 0 < s <t < T
E M, =E[M| Fo] = E[E[M|F]| Fo] =E[M]| F] =E[M],

and so, in particular, E [My] = E [My]. Now, if 7 is any stopping time, we have,
by hypothesis, that M™ is a martingale, hence E [MJ] = E [M7]. But M = M,
and M7 = M, .

(¢c) = (a): We have to show: if t < T and A € F;, then E[1,My] =
E[140M].

So let A € F; and define

t weA;
(W)= {T W A,

Then 7 is a stopping time. Note that
E My =E[M;] =E[1aM,;] + E[14Mr] .
Besides,
E [My] = E[Mry] = E[14M7] + E [14c M7p] |
and so E [14My] = E [14M;], which is what we wanted to show. QED

Corollary 5.7. Let U = (U;) be an adapted process, and U; € L' (P),
0<t<T. Then U s a supermartingale iff U™ is a supermartingale for all
stopping times T .

ProOoOF. “«<=": Take7:=1T.

“ = 7. Employ the DOOB decomposition and write U = M — A with M a
martingale and A non—decreasing. Then U™ = M™ — A”. By Lemma 5.6, M7 is
a martingale, A" is still non—decreasing, so this gives the DOOB decomposition
of U™, which thus tells us that U” is a supermartingale. QED

Now we return to American options. In the remainder of this chapter we consider
the BOPM only. Let C, = f,(C;), 0 < t < T be the payoff of an American option,
and let V; = v;(S;) be the minimal capital needed at time ¢ to replicate (Cs)i<s<r -

Some more notation. Let

T :={7| 7 is a stopping time with T < T} .
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Think of 7 as the set of the holder’s possible exercise dates. The optimal stopping
problem for the option holder is

C,
Mazimize E* {ﬁl among all T € T .
We will see that

T =inf{t>0| V,=C;}
is one solution of the problem. Notice that 7 < T , since Vi = Cr.

Theorem 5.8. 7* solves the optimal stopping problem. More precisely,

[C.. [c
o-r ] e [5)

T

PROOF. Recall that U, := V;/S? 0 < ¢t < T, is the SNELL envelope of
(Cy/SY). Let 7 € T. Then, by Proposition 5.3 and Corollary 5.7, U7 is a
P*—supermartingale, and hence

C,

Vo=l B U7l = B (0] 2 E° |

0
which implies

C
Vo >supE* [ =] .
e [ss]

To prove the statement it is therefore enough to show that E* [ T*} =15.

Let U, := U7 . Then (U,) is a P*~martingale:

E* [ﬁt—f—l’ ft] =[E* [ll{f*>t}ﬁt+1 + l{r*gt}ﬁt—i—l‘ ]:t:|
= T B [ﬁtﬂ th:| + Lgrecny B [ﬁf
= lirsnyUs + Ly Ups
= Uprr = ﬁt-

7]

Therefore, since at 7, Vi« = Clv |
* CT* * x |77 x |77
E {S—O} —E'[U.]=E [UT} ~E [Uo} = V.
QED

Remark. 7* is not necessarily the only stopping time attaining sup E* [C/S?].
TET

Example: Let C, := KSP. Then E*[C,/S% =K forall T € T .
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Definition. A stopping time T € T is called optimal if

* C? * CT
IR
Proposition 5.9. 7 € T is optimal iff C> = Vz and U := Vop2/SY - is a P*-

ONT
martingale. In particular, T is the minimal optimal stopping time.

PROOF. “ <=": Let 7 € T be such that C; = V> and U is a P*~martingale.
By Theorem 5.8

and so T is optimal.
“=—"7: If 7 is optimal, then

-esr 9] w(G)er 5] e
Since Cs < V&, we have Cz = V> P*-a.s. Moreover, for all 7 € T :
Uo > E*[U,] > E* [Us] = Vo = Up .

Hence E* [U;] = Uy. By Lemma 5.6, U is a martingale. QED

69






CHAPTER 6

Convergence of Discrete Market Models to the
BLACK—SCHOLES Model

Literature: [12], 5.7, pp. 259-276.
Notation: N(u,0?) = normal distribution with mean p and standard de-

viation o .

Definition. A stochastic process W = (W,)er, on a probability space (Q2, F, P)
is called a (standard) Brownian Motion (BM) if
(1) Wg =0 5y
(2) its paths t — Wi(w) are continuous for P-a.e. w € Q;
(8) for any partition 0 =ty < t; < --- < t, the increments Wy, — Wy, ,
Wy = Wy, oo, Wy, — We, ., are independent, and W, — W, ~
Nty —ty_1) fork=1,...,n.

In the BLACK—SCHOLES model the price process of a risky asset is modeled as
S, = Spe?Wetlutr=a2/2t =4 5

where

o : is called the volatility, i.e. the standard deviation of
the log—returns

S,
log ( Hl) =in distribution N(u +r— (72/27 02) )

St
@ is called the drift rate;
r : the continuously compounded interest rate.

In the discrete model: if F'is the interest rate per period, then the value of 1 €
after n periods is equal to (1 + F)" €.

In the BS model: The future value of S§ =1 € is described by the ODE
dsp =rSYdt.

Observe that S? = e™. Continuous compounding corresponds to making the
compounding period arbitrary small:

t n
lim (1 + 7’_) =€,
n—o0 n
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historically one of the routes to define the RHS already known to EULER and his
predecessors, and, conversely, if this definition has been accomplished by other
means, easily confirmed, e.g. by LHOSPITAL’s Rule (apply it to log(1 + rtx)/x
for  — 0% and then consider the case z = 1/n).

Approximating the BS model with discrete market models

Consider a financial market with one risky and one non-risky aset. We fix a time
horizon T'. For every N € N we choose a discrete time model with N trading
periods of length T/N. Let ry > 0 be the interest rate per period T/N . (The
main example to keep in mind: BOPM). Let

(SéN))ogng the prices of the risky asset in the various 7//N-models.

We define the (relative) returns in the model N as
S(N) i S(N)
g@)
k—1
We assume that for every N the family of returns (R,(gN))KK ~ 1S independent
w.r.t an EMM Py .

Remark. By considering an appropriate product space we may define all the
models on a single measure space and we may assume that Py, = P*, one fixed
measure independent of V. O

We say that condition (C) is satisfied if

(1) ry is such that limy oo (1 +7y5)Y =T

(2) there exists a number S, > 0 such that S5 = S for all N, and there
exist sequences (ay), (By) such that

0<04N<R;(€N)<5N
and
lim ay = lim gy =0;
N—o0 N—o00
o _ 1w (N) a2 — 2
(3) for o3 = T Y w—yvarp«(Ry ') we have limo%, = 0° € (0,00).
Remark. Note that (1) is equivalent to
(1’) th%oo NTN =7rT.

Namely clearly limpy_,o0(1 4+ rn)Y = 7 iff limy_,o0 N log(1 + ry) = rT, but by
L'HospITAL’s Rule limy_,o log(1 +7ry)/Ry = 1.

Then we have
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Theorem 6.1. If condition (C) is satisfied, then the distribution of S](VN) under
P* converges weakly to the distribution of

ST — SO eaWT+(r—02/2)T
(no drift since we are working under an EMM), i.e. to the log—normal distribution
with parameters log(Sy) + (r — 02/2)T and o°T .
(Look at this as a kind of multiplicative Central Limit Theorem.)

Before embarking upon the proof of this theorem, we split some preparations
into several lemmas. First, we need the following variant of the Central Limit
Theorem CLT:

Lemma 6.2. For each natural number N > 1 let Vl(N), cee VJ\(,N) be N indepen-
dent random wvariables on a probability space (Q, F, P) . Suppose that

(i) there exist yn with yy — 0 for N — oo and for all N ‘V,C(N)‘ <
P-a.s. forall1 <k <Ny

(i) N | E [Vk(N)] —m as N = 00;

(iii) SN var VY — 62 >0 as N — o0.
Then Zy == Yon, Vk(N) N N(m,o?) as N — oo (where —L denotes conver-
gence in distribution) .
PROOF. Stochastics Lectures. QED
Moreover, we need

Lemma 6.3. (SLUTZKY) Let (X,,)n>1, (Yn)n>1 be sequences of random variables
such that X, 4 X and Y, — 0 wn probability. Then X, +Y, NS

PROOF (Sketch). Recall that X, 4 X iff E[f(X,)] — E[f(X)] for all

f € CP(R) (the bounded continuous functions). One can show that X, N'¢
iff E[f(X,)] — E[f(X)] for all f € C)(R) which are uniformly continuous
(Exercise).

So let f € CP(R) be uniformly continuous, and for ¢ > 0 let § > 0 be such that
|z —y| < 0 implies |f(z) — f(y)| < e. Then

[ELf(Xn +Ya) = f(X)]

SE[[f(Xn+Y,) = F(X)| Lypyss] + E [|£(Xn 4+ Ya) — f(X0)| Lyij<s]
2| fllooP [[Yn] > 0] + €
—s ¢ forn — .
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But € being arbitrary this yields
lmE[f(X, +Y,)] = imE[f(X,)] = E[f(X)] .

and hence the result. QED
PROOF of Theorem 6.1. 1. We first show that

N
1 2
log S](VN) — log S + Z (R/(CN) 5 (R,(CN)> ) + Ay,
k=1

: N (p))?
with |[Ay| < d(an, Bn) Doy (Rk ) and 6(c, ) — O as o, f — 0.

Start by writing

N _ TS e (N)
Sy’ =5 HS(N) =5 H(1+Rk )
k=1 Pk—1 k=1
and so
N
(6.1) log (S](VN)> = log <SéN)) + Z log (1 + R,(CN))
k=1

We now try to estimate the log (1 + R,(CN)> on the basis of (2) of condition (C).

To this end, we TAYLOR expand f(z) := log(1 + z) around x = 0 up to third
order:

£@) = F(0)+ F(0)z + % F(0)22 + é e, 0<9 <],

with

and so

log(l+2) =2 — —a* + =

Notice that for —1 <a <z < f

1 1
3(1+dz)?

and so one can write

1 1
<=
3 (1 + min(0, a))?

(laf vV [8]) =: 6(a;, 5)

log(1 4 2) =2 — 3% + R(z) , |R(z)| < b0, f)a’

Applying this estimate to the log (1 + R,&N)) in (6.1) clearly establishes the claim
at the start of this paragraph.
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2. Ay — 01in probability: One has, by taking expectations, and using E* [X?] =
varp-(X) + (E* [X])? for any random variable X :

E* [A] < 8o, B) iE )]

N

= d(an, By) Z {Varp* (RI(CN)> + <E* [R]E:N)Dz}

k=1
= (S(CKN, ﬁN> {O’?VT -+ NT'JQV}
(because of (3) of condition (C) and (1) of Lemma 2.4)
— 0 for N — o0,

the last conclusion because 6(ay, By) — 0, 05T — ¢*T and Nry — T for
N — oo. So Ay converges indeed to 0 in probability.

In particular, we note for the record that we have computed

62 3w (1)) = 3 fve () o (B [19])°} = st

3. By Lemma 6.3 it is enough to show that the distribution of

(N) S ) 1 )\
Z ::Z(Rk —§<Rk )>

converges to N (rT — 02T/2,02T) . We do so by appealing to Lemma 6.2. So we
have to verify the three properties (i) — (iii).

N Ny 1 N\ 2
Let Vk( )::R,(g )—§<R,(C )> . Then

(i):

condition (C).

1
v;fN)‘ < + 7% with qy = an| V[Bx|. This is clear by point (2) of

1 1
(ii): SN | E* [Vk(N)] = Nry—= (6% + Nr%) — rT — 502T. This follows from

2
e ] -3 ] -3 ()]
k=1 ’ k=1 ) 2 k=1 ) ‘

Now, as already remarked above, E* [R,(CN)] = ry in view of (1) of Lemma 2.4,
and so 3, B [R,(CN)] = N7y . The second sum has just been computed in (6.2).
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(iii) SN varp- (V™) — 02T for N — oo. This is a little bit more involved.
Observe that for any random variable X we have

1 2
(-20)
2

1 1
= E* [X2 - X+ Z—LX‘*} —E*[X] + E* [X]| E*[X]* — Z]E* [x?]?

1

1 2
var ps (X — §X2> = E* — E* {X — 5)@]

= varp-(X) — E* [X?] + EIE* [X*] + E* [X]E* [X]* - ilE* [x?]?

and 50
Z varp- (V. Z varps (RN — kz:]pf [(R,ﬁN))g] 4 i ;:]E* {(R,Emﬂ
Sk [@M vz ()]

We will now see that all the sums involving higher and mixed terms will vanish:

For p > 3 we have

N 2
T<w2yE UR,§N>‘ } 50 for N — o0.

k=1 k=1

J/

bounded by (6.2)

Moreover,
N 2
Z]E* [RIEN)] E* {(ngN)) } =ry(oxT + Nry) — 0 for N = oo
k=1

and, finally, by JENSEN’s inequality,

ZE*[( Uil ZE*[( )] 0 tor & e

Thus,
N
: (N ) _ 2
]\}gnoozlvarp* (V, —Nh_r>nOOZVarp ) =0T,
which is the end of the proof. QED

The next aim is to show one can apply this scaling procedure to the BOPM.
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Example. Suppose that the market in the Nth stage is a BOPM with interest
rate 7y := rT'/N . The up and down factors are supposed to be

1
UN ::ea\/% , dy=—=¢""° iy
un
for a given fixed ¢ > 0. These data determine the Nth model for each N. We
have to verify the three criteria constituting condition (C).

(1) We have

N rT\"™ rT
(14+ry)" = 1+W — e for N — o,

so (1) holds trivially by construction. Or, even simpler, (1’) is satisfied directly.
(2): By construction of the BOPM, we have that the returns R,EN) take either the

value uy — 1 or dy — 1. Now observer that uy — 1 and dy — 1 and that hence
(2) is satisfied.

(3): Under the EMM P* the probability for an up movement has to be equal to
1+ N — dN )

F'S
p fry
N UN—dN ’

the probability for a down movement then is 1 — p} . The variance of the returns
then satisfies

varp- (RI(CN)) — E* {(RIEN))Z} _ [RISN)]Q _ B {(RI(CN))? 2

=pyluy — 1) + (1 —py)(L —dn)* — 1%

independent of k; hence
N

6.3) Y varp- (R,gm) = i N(uy — 1)2 + (1 — piy)N(dy — 1) — Nr%,.
k=1

Now notice that limy_,, pi = 1/2. This follows from L'HOSPITAL’s Rule: Write

1—1—7’T/N—e_"\/T/N 1+ rTa? —e Ve 9 1
= = s T = —.
PN ooV T/N _ o=o+/T/N eoVTz _ g—oVTx N
By L’HOSPITAL, then,
r 14772 —eoVTe 9Ty 4 o/Te Vit 1
im =

= lim —
210 eoVTz _ g—oVTa 210 gy/T(eoVTz 4 o=oVTz) 2

Finally, notice that limy_,oo N(uy — 1)? = limy_.o N(dy — 1)* = 0T, again by
L’'HOSPITAL’s Rule: Write
2 2
5 (ea\/T/N _1) (eaﬁz _1) 1
Nluy = 1)* = N (VTN 1) = = =
(1/VN)? z N

7




S. ANKIRCHNER Mathematical Finance Bonn WS 2012/13

and analogously

—oVTz _ 2
N(dN—l)sz

Now one has to apply L'HOSPITAL twice, i.e. one has to differentiate numerator
and denominator twice, to conclude

(ei"ﬁx —1)2 2(i1)202T eiaﬁx
lim 5 = lim =o’T
zl0 X zl0 2
so that
)
lim N(uy —1)* = lim N(dy — 1)? = lim 5 = o*T
N—oc0 N—oo z]0 x
as claimed. We so finally get from (6.3)
_ (V) 1, 1, 2
]\}I_EI;OZV&FP* <Rk ) = 50 T+§a T—-0=0"T,

and so (3) also holds.

Hence our scaled familiy of BOPMs satisfies condition (C) and Theorem 6.1 is
applicable.

It follows that the prices S](VN) in the BOPM converge to ST = Sy eoWr+(r—?/2) ip
distribution under P*, where Wr ~ N(0,T) .

Do we have convergence of option prices? Consider a European option with
payoff f € C)(R). Convergence in distribution implies limy E* [f(S](VN))} =

E* [f(St)]. Therefore, the arbitrage—free prices (1+ry) VE* [f(S](VN))} converge
to e f(S7), what we will define as the BLACK-SCHOLES price of the option
with payoff f.

Remark. 1) Let S; = Sg eoWit(r—o*/2)t  The discounted price process e "t S, =
Soe?We=o"t/2 can be shown to be a martingale (e.g. by ITO’s formula). Then the

BS price is the expectation of the option payoff under a measure that turns the
discounted risky asset price process into a martingale.

2) The payoff of a put option f(x) = (K — x)T belongs to C)(R). The payoff of
a call is unbounded. Nevertheless one can show that its arbitrage—free prices in
the discrete models converge to e E* [(Sr — K)*] (see [12]).

' From now on, time will be Ry !
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CHAPTER 7

The BLACK—SCHOLES Model

Literature: [24]

Throughout, let W be a BM defined on a probability space (2, F, P). Let F? :=
o(Ws : s <t), the o—algebra generated by W up to time ¢. Let
N:={B| JAcF: BCA, P[A=0}

be the (completion of the) set of null sets of P. Recall that the filtration F; :=
FPV N satisfies the “usual conditions” (right continuous, containing N).

Self-financing Portfolios

Recall the BLACK—SCHOLES assumptions. There are two assets: A risk—free one
and a risky one. The price S° of the non-risky asset serves as reference value
and is set to 1. It grows with constant interest rate » > 0 and hence satisfies the

ODE
dsy =rSPdt , S)=1.
The price S; of the risky asset is assumed to satisfy the SDE
dS; = pSydt + oSy dW, , Sy=x>0,
where p is the drift rate and o the volatitlity.

We fix a time horizon T > 0 (think of the expiration date of an option). A

(trading) strategy is a pair of (F;)-adapted stochastic processes & = (£2,€) on
[0, 7] such that

T

T
/|§$| dt < 0o and/gfdt < oo P-as.
0

0
Note that the integral processes

t t
/ €450 — / O e dy
0 0

t ¢ ¢
/fu ds? = /fu,uSu du+/§u05u dW,
0 0 0

and
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are well-defined on [0,7] e.g. the dW-integral is well-defined because we have

4
[ &202S2du < 0o P-aus.
0

Interpretation
&) = +# shares of the non-risky asset in the investor’s portfolio
at time ¢;
& — # shares of the risky asset in the investor’s portfolio at
time t.

As in the discrete case, we consider only self-financing strategies which we define
next.

Definition. Let & = (€°,€) be a strategy. The associated value process is defined
by

(7.1) V=G5S0 + &S

Definition. A strategy & = (£°,€) is called self-financing if the associated value
process V = (Vy)iepo,m satisfies the SDE

(7.2) dVy = £ dSP + & dS; .

Remark. Recall that in the discrete model of Section 3 a strategy is defined to
be self-financing if

£t+1'St - ét'St fOT tE{O,l,...,T—l}.
M ) .
after rebalancing the portfolio before rebalancing the portfolio

In this case, this can be reformulated as
V= Vi =85 — Sp0) + &(Sy — Sim1) , 1<t<T.
In other notation (where A denotes the difference operator: AX, = X; — X; 1 )
AV, = EOAS) +6AS, , 1<t <T.
Letting At | 0 we get (7.2).

Lemma 7.1. Let £ = (€°,€) be a strategy and V = (V;)ieo,1) the associated value
process. Then & is self-financing iff V is a solution of the SDFE

(73) dXt == ft dSt + (Xt — ftSt)T dt s XO = ‘/0 .
PROOF. Notice that & = V”S—?St by the very definition of V;. Therefore, the
self-financing condition is equivalent to
dVy = & dS; + V;_S—O&St dS? =& dS; + (V; — &Sy) rdt
t
because of dSy = rS{dt. QED
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Corollary 7.2. A self financing strateqy € = (£°,€) with value process V is
uniquely determined by & and V.

PrROOF. The SDE for V given by the last lemma is linear of first order and
therefore has a unique solution fo a given initial value V. So if X is this unique
solution, &% is given by &Y := th—gtst . QED
In the following we will often work with discounted processes. We define the
discounted price process S by Sy :=e " S, t € [0,T].

Lemma 7.3. Let £ = (£°,€) be a self-financing strategy with value process V .
The discounted value process D := e~ "'V} satisfies

th - §t dgt, .

Proor. This will be a consequence of the product rule of Stochastic Analysis.
This rule and Lemma 7.1 imply

t t

e "V, =V + /Vude_m —i—/e_m dV,

0 0
t t t
=Vy— /Vur e ™ du + /em &, dS, + /eT“(Vu — &Sy du
0 0 0

t t

= V0+/e_”‘ & dSu+/re_’"“ &Sy du .

0 0
Note that
Sy =d(e™"S) = —re " Sydt+e 7" dS,
and hence
t
V=Vt [ 6dS,
0
hence the result, which is but another way of writing this. QED

Existence of an EMM

We will prove the existence of an EMM (Equivalent Martingale Measure) by
a classical result of Stochastic Analysis, GIRSANOV’s Theorem, which we now
recall:
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Proposition 7.4. (GIRSANOV Theorem) Let (au)o<t<r be an adapted process

T
satisfying [ a2 ds < oo P-a.s. and such that
0

t t

1
M, := exp —/adeS—§/a§ds

0 0

is a martingale on [0,T] (sufficient conditions for this to be the case are supplied
by NOVIKOV’s Theorem, e.g. it suffices that «v is bounded). Let Q) be the measure
on Fr defined by

(74) Q[A] Z:/]lAMTdP , Ae Fr.

Then @ s a probability measure with Q ~ P, and for any P-martingale X the
process
t

(7.5) X, =X, — (M, X), = X, + /asd<WS,X)
0

. t
is a Q-martingale with (X) = (X). In particular, Wy = W, + [asds is a
0

Brownian Motion under @) .
PRrROOF. The proof is a standard topic in Stochastic Analysis lectures. QED

To throw some more light upon the mechanisms behind this theorem it might be helpul to
reformulate it in terms of the stochastic exponential. First, suppose X is a deterministic variable,
i.e. afunction X : U — IR defined on some open U C R. Then the function Y := exp (X)
satisfies the ODE dY = YdX and is the unique solution of this ODE with initial value exp (X).

Now let X be a continuous semimartingale and consider the process Y := exp (X). By ITO’s
formula, Y satisfies

dY = YdX + %d(X)

and we see that, as soon as X has nonvanishing quadratic variation, the usual exponential does
not have the property of obeying the simple SDE dY = YdX. This leads to the following defini-
tion. The stochastic, or DOLEANS—DADE, ezponential £ (X) of a continuous semimartingale X
is defined to be the unique solution Y of the SDE dY = YdX with initial value Yy = exp (Xp).

For this definition to make sense one must, of course, show that such a solution does indeed
exist and is unique. To find a candidate for the solution, we start with some heuristics. Given
such a solution Y, apply ITO’s formula to logY:
1 1
dlogY = YdY NG a(y’)
(this only makes sense if Y is strictly positive; although it will turn out that this is always the
case, we do not know this yet, and it is here where the heuristics comes into the play). Now
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dY = YdX yields d(Y) = dYdY = Y2dXdX = Y?d(X), and plugging all this stuff into the
last equation gives

dlogY =dX — %d(X) =d(X - %(X))
leading to
Y =exp (X — ;(X))
establishing our candidate. So we put
1
E(X):=Y :=exp (X — 2<X>>

and have to show that Y is indeed a solution satisfying the requirements. Applying again ITO’s

formula, this time to exp (Z) with Z := X — 1(X) (note that Y = exp (2)):

dY =exp (Z)dZ + %exp (Z2)d{Z) =YdZ + %Yd(Z} .

But dZ = dX — 1d(X) and (Z) = (X —
Therefore . )
dY =YdX — 5Yd<X> + §Yd(X> =YdX.

Since, in addition,

Yo —exp (X = 5000 ) = exp (X0)

because (X)o = 0, this establishes existence.

Uniqueness now is simple but somehow a bit tricky. Let Y be a solution of dY = YdX with
Yy = eXo. Consider the process Y€ (—X) and compute its differential by the product formula
(this is the first trick):

dYE(—X))=dYE(—X)+YdE(—X) +dYdE (—X)
—YE(-X)dX —YE(-X)dX — YE(-X)dXdX
=-Y&(=X)d(X),
since dY = YdX and d€ (-X) = —£(—X)dX. Hence the process Z := Y& (—X) satisfies
dZ = —ZdX. On the other hand, a solution of this SDE for Z is given by & (—(X)) = e~ (X,
Therefore we consider (this is the second trick):
dYE(=X)ePN) =d(YE (—X)) e +YE (=X) d e +d(YE (—X))d ™)
= -YEX)eMAX)+YE(-X)eX dX +VE(—X) e d(X)d(X)
=YE(-X)eM d((X))
= 0 5
since (X) is of bounded variation. So Y€ (—X)eX) is a constant, and putting ¢t = 0 shows
this constant is 1. Hence Y& (=X)elX) = Ye X 2(X (X)) = yeX+2(X) = 1, whence
Y = eX~2(X) = £(X). This establishes uniqueness.
After this trickery a little pondering reveals, of course, what has happened. Since £ (X) =
eX=3(X) its inverse is € (—X + (X)) = e X+2(X) and not just £ (—X) as in the deterministic
case. So what we have computed is d(Y/€ (X)) = 1, and we see what we have been going

through was just the same proof of uniqueness as in the classical Calculus, camouflaged by the
more complicatd ITO Calculus.
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In the same vein, one can define the stochastic logarithm. If X is a strictly positive continuous
semimartingale, its stochastic logarithm L (X) is defined to be the unique solution of the SDE

1
dY = de s YO = logXo .

This time, existence and uniqueness are no issue, since this SDE merely asserts, applying the
semantics of the ITO Calculus

¢
K—Yoz/%dX , Yy =log X,
0
and so merely defines £ (X) via
¢
L(X),:= logXo—&—/XLstS.
0

More interesting is the relation of the stochastic logarithm £ to the stochastic exponential £.
IfY = £(X), then dY = dX/X with Y, = log Xy, hence dX = XdY with X, = e¥° and so
X =& (Y). We thus have € (£ (X)) = X. Moreover,

X=£E)= V3 =gV em3(Y)

and . .
d(Y)=dYdY = ﬁdXdX = ﬁd<X>

and so

or

1
Y = logX—l—/Wd(X).

In other words, we get
t

£, =lo X+ [ Fid(X):
0
a much nicer formula than the defining formula above, since we no longer have a stochas-
tic integral here, but a nice well-behaved RIEMANN-STIELTJES—integral. The compatibility
with the above defining integral is an immediate application of ITO’s formula. Finally, also
L(E(Y)) =Y since dX = XdY and X, = ¥ iff Y = dX/X and Yy = log Xo. So € and L
are inverse to one another.

The stochastic exponential has the nice property of being a local martingale as soon as X is,
a property also not shared by the usual exponential. The same holds true for the stochastic
logarithm. This is because the ITO integral has the following decisive feature:

If X is a local martingale with values in the open set U C R and f € C1(U), then the ITO
integral

M, = /tf(Xu)qu
0

is a local martingale.

This is the key result motivating ITO’s ansatz to the Stochastic Calculus via his integral and
making his integral superior to other notions of a stochastic integral. The reason for this
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favourable behaviour of the ITO integral can be seen from the formula (#) on page 4: In the
usual approximating sums of the RIEMANN-STIELTJES integral the integrand may be evaluated
at any point of the subdivision intervals; in the approximating sums of the ITO integral, on the
contrary, the integrand must be evaluated at the left endpoints of the subdivision intervals, a
prescription known as the non—anticipating character of the ITO integral; its computation does
not lean on future knowledge, thus keeping the game fair. This feature makes the ITO integral
a perfect fit to the needs of Mathematical Finance in describing the value process of a hedging
strategy.

Since the SDE for X can be written
/ 1 1
t
0

the above described key feature of the ITO integral implies that Y is a local martingale as soon
as X, hence X — 1(X), is a local martingale.

This raises the question when it will be a martingale. This is equivalent to £ (X); being
the density of a probability measure, i.e. to E[€(X),] = 1, a question which often can be
surprisingly difficult to decide. A suffiecient, but by no means necessary, criterion is provided
by the famous

Novikov Condition: If X is a martingale with E [3(X)r] < oo, then £ (X) is a martingale.
With these preliminaries out of the way one may try to make the mechanics behind the Gir-
SANOV Theorem a little bit more transparent. The first thing to note is that in the formulation
above there is a hidden stochastic exponential: If we put X; := — fot as dWy, we have (X); =
f(f a?ds by the ITO formula and so we recognize M; = £ (X) as a stochastic exponential, and
as such it is a local martingale since X is (X is even a genuine martingale). The measure Q
d

can be alternatively characterized as being defined by the density d—g = & (X)y. Since this
density is clearly strictly positive, it is immediate that the measure @) is equivalent to P.

The next thing that arises is the question why the density considered to define the new measure

is to come from a stochastic exponential and required to be a martingale. In fact, there is a
very general scheme behind this.

Suppose one is given a filtered probability space (2, F, (F;)icjo,1], PP) and wants to analyze the
transition to an equivalent measure (Q ~ P. This equivalent measure ) then induces for all ¢
measures Q; := @Q|F; which are equivalent to P, := P|F; and so we get a family of random
variables Dy, i.e. a process D = (D¢)c[o,7], by

_ Q.

- dpP,
The first clou here is that D is a martingale, since by construction for all s < ¢t we have

Q+ [As] = Qs [As] for all A; € F; and so E [ Dy| Fs] = Ds by the construction of the conditional
expectation. This martingale is strictly positive.

D, : the density of Q; w.r.t. P;.

Conversely, suppose one is given a strictly positive martingale D on the filtered probability
space (2, F, (F), P), then it defines a whole family of probability measures Q; via prescribing

their densities to be —; := D;. The fact that D is a martingale implies that Q; ~ P|F;

for all ¢ and that all these measures are compatible in the sense that Q:|Fs = Qs for s < ¢,
hence defining a terminal measure @) := Q7 on the terminal o-algebra Fr = o (|J, ) which
is equivalent to P|Fr. So we suppose Fr = F from now on.

85



S. ANKIRCHNER Mathematical Finance Bonn WS 2012/13

So a measure change from P to an equivalent measure () is the same as the giving of a strictly
positive martingale D w.r.t. to the filtration (F;). The next clou is then that a semimartingale
Y under P stays a semimartingale under (), because the property of being a semimartingale
is stable under a change to an equivalent measure (see e.g. [18], beginning of 5.6, pp.249-
250); this is a highly nontrivial result, which shows amongst other things the feasibility of the
semimartingales as a class of integrators for stochastic integration. Therefore, the only change
that the measure change from P to @) can make to Y is to its DOOB-MEYER decomposition

Yo = M — A7 = MP - AP,
and so one has
ME =M -B, , AP =4F_B,

where B, = AY — AP, hence a process of bounded variation, and so (M®@) = (MF) = (Y); a
change to an equivalent measure can change the martingale part of a semimartingale only by
a process of bounded variation — a so—called drift part — and so cannot change the quadratic
variation of the semimartingale. Thus P- semimartingales stay (Q—semimartingales, but P—
martingales get transformed into (Q—martingales by shifting them by a drift and vice versa.
This is the gist of the GIRSANOV Theorem.

The final clou of the GIRSANOV theorem is that it succeeds in identifying this shift. In the
most general situation, if M* is a local P-martingale, it states that the shift B is given as

1 P
B:/BCW,D) = (Y,£(D)) = (M", £ (D)),

In particular, if M* is a local P-martingale, then

M@ .= MP —(£(D),M")
is a local Q-martingale with (M®) = (MT) which will be a Q-martingale if M¥ was a P-
martingale. Written with differentials this reads

1 1
dM® = dM?P — 5d<MP, D) equivalently dMT =dM® + Bcz<MP, D).

If M is a P-martingale, M is a Q-martingale, and so upon taking expectations w.r.t. Q,
the M@—term drops out and we get that the term %d(MP, D) desribes the infinitesimal change
of the expectation E? [MP] w.r.t. @, hence the name drift term.

The core of the argument actually is rather straightforward, but the full chain of arguments is
cluttered with technicalities. To give a bare outline, one starts with the plausible equivalence

M (local) Q-martingale <= D - M (local) P-martingale

by establishing the BAYES formula: if X is a Q—integrable random variable, then for all 0 <
t<T

D,EC [ X| 7] =E" [D:X| 7] .
After that, the claim is just the product rule: we have,

d(D-M®)=dD -M®+ D -dM® + d(D, M%)
=dD-M®+D- <dMP - %(D, MP>) + d(D, M?)

=dD-M® 4+ D-dM¥ —d(D, M?) 4+ d(D, M)
=dD-M® + D-dM"”
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since d(D, M®) = d(D,MF) as MT and M® differ only by a process with locally bounded
variation. But d(D-M®) =dD-M® + D -dM?* shows that D - M? is a (local) P-martingale.
So M€ is a (local) Q-martingale.

This has been so far the story from the perspective of a given probability measure @) equivalent
to P. In many applications it is just the other way round; one is given a semimartingale Y
and wants to construct an equivalent measure which transforms Y in a specific way, e.g. into
a solution of a specific SDE. Since the transformation of Y is determined by £ (D) where D is
the density process of the sought—for measure (Q w.r.t. the start measure P, one begins with a
process G — which we will call the GIRSANOV process — and requires G = L (D), i.e. D := & (G).
Since the process D should be a martingale in the end, the starting process G should at least
be a local martingale. One then has usually to verify the following two basic properties:

e The process & (G) should be a true martingale. This is equivalent with @ defined
by the density £ (G), being a probability measure, which, in turn, is equivalent to
E [£ (G);] = 1. This can be surprisingly difficult to verify.

e The transformed process Y — (G)Y should have the desired properties w.r.t. @, e.g.
be a martingale.

In this way, on a filtered probability space, measure change processes D induced by a probability
measure ) equivalent to a given probability measure P and local P—martingales G such that
the stochastic exponential £ (G) is a martingale correspond under G := £ (D) and D := &£ (G).
In particular, this explains the presence of the stochastic exponential in the usual formulations
of the GIRSANOV Theorem.

Therefore, the setup of the GIRSANOV Theorem, which might look hermetic at first sight, reveals
itself as being the generic scenario for the change to an equivalent measure. In particular, if one
manages, given a semimartingale Y under a measure P, to find a G such that (G,Y’) matches
the drift part of Y, this drift part is annihilated under the new measure generated by G via the
density £ (G), and Y turns into a martingale under the changed measure. This explains the
predominant role the GIRSANOV theorem plays in constructing martingale measures.

Finally, the above formulation in Proposition 7.4 describes the measure changes corresponding
to local martingales G under a BM. The structure of those local martingales is described in the
famous ITO Representation Theorem (see Proposition 7.8 and the subsequent comments with
the Propositions 7.8A. and 7.8B. below). From these result one sees that the required form of
M, above is general, and I hope that this quite long elaborations have shed some light on the
question why the formulation of Proposition 7.4 is as given.

In the following let

9.=0"" (ususally called the “market price of risk”)
o
M, = o~ IWi—39°t

Let P* be defined by

. 0<t<T.

P LA ::/ILAMTdP CAeF

and put
Bt = Wt + vt .
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By Proposition 7.4 B = (By)icjo,r) is a BM under P*.

Proposition 7.5. The discounted price S isaP* —martingale, and dgt = agtdBt .

PROOF. One computes
dS, : = d(e™™ S,)
= —re "t S,dt +e "t dS,
= —re " Sudt + e puSidt + e " oS, dW,
=(u—r)e " Sidt +oe " S, dW,
=Joe " S,dt +oe " S, dW,
=oe " S d(9t + W)
= 0§tdBt ,
and so the second claim holds true. It implies
Sy = Sy Bzt

a GBM (Geometric Brownian Motion), and hence a (strict, not only local) mar-
tingale under P*. QED

The choice of ¥ might appear to come out of the blue, but is, in fact, quite direct and natural

once one follows consequently the GIRSANOV setup as described in the comments immediately

following Proposition 7.4. Since the filtration on our probability space is the one generated

by the presupposed BM W, we start with the GIRSANOV-martingale as a martinale w.r.t. the

given BM W; by the Martingale Representation Theorem (Proposition 7.8 below) it must be
t

of the form Gy = [ ~, dW, and should have the properties
0

e the associated densitiy process
t t
1
M, =& (G), = exp /’ystVs — i/yfds ,
0 0

which is a local martingale, should be a true martingale, so that P* with dP*/dP :=
Mr is a probability measure;
e under P*, the discounted price S; should be a martingale.

Now we have seen above that §t =e "t S, satisfies the SDE
§t =(u— 7’)§tdt + Ugtth .

Under the GIRSANOV transformation with G; the process W, which is a BM under P, gets

transformed into
t

Bt:Wt—<G,W>t:Wt—/’}/st.
0
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Define P* by dP*/dP := My. Under this measure P*, the SDE for S, becomes
¢
dS, = (1 — r)gtdt +oSd | W, + /*ys ds | =(pu—r+ U%)gtdt + oS, dW;
0

so that we see that, if we choose

Yt 1= *'u ; " = -9 i.e. Gt = *ﬂWt,

we get dS = 0SdB = Sd(oB), hence S = £ (¢B). In order to finish, we have to show

o M :=¢&(G)=E(—vW) is a P-martingale: Since W is a local P-martingale, M is a
local P-martingale, and NoviKkov’s Condition (see page 85) is trivially fulfilled, so
M is indeed a P-martingale;

e S=¢ (0B) is a P*—martingale: since M is a P-martingale, B is a BM under P* and
so S is a local P*-martingale. But again Novikov’s Condition is trivially fulfilled,
and so S is a P*—martingale.

Hence P* is an EMM.
As a byproduct, we get the solution given above:
S;=£&(0B), = e Bi=30%t — goWit(od =30t
which is compliant with the solution for S given at the beginnng of the course (see page 1).

Note that this discussion reveals that the risk—neutral measure is unique. In the discrete case
this implies that the model under consideration is complete, so it suggests at least that the BS
model is complete; this will be the next topic of the course after we will have discussed the
issue of arbitrage—freeness.

It is, by the way, interesting to note that the BLACK—SCHOLES SDE retains it form under the
new measure P*:

dSt = ’I“Stdt + O'StdBt
which is immediately verified on the basis of B; = Wy + ¢¢. The difference to the SDE under
the real-world measure P is that the drift rate u, which is unobservable anyway, has been
transformed away by the GIRSANOV transformation and been replaced by the constant interest
rate r. This makes one think about the roles of a real-world measure and of an EMM in
modelling financial processes, and some helpful remarks concerning this can be found in [13],
Section 4, pp. 7-9.

Thus we have constructed an EMM. In the discrete case this would allow us to
conclude that the model is arbitrage—free, since in this case the existence of an
EMM and arbitrage—freeness are equivalent notions. In the continuous case this
is not quite so, and we are now going to see that we have to modify the notion
of being arbitrage-free, albeit in a way which is quite meaningful economically.

Definition. A self-financing strategy € is called admissible if the associated value
process V' is bounded from below, i.e. if there exists ¢ € R such that V;, > ¢, P—
a.s. for allt €[0,T].
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Lemma 7.6. Let & be an admissible strategy with value process V = (Vi)eepo, -
Then the discounted value process D = (Dy)icjor), Di = e Vi, is a P*~
supermartingale.

PROOF. Note that by Lemma 7.3
dD; = & dS; = 05, dB,

which immediately implies that D is a local martingale under P*. Recall from
Stochastic Analysis that any non—negative local martingale with My € R (i.e. M,
a deterministic point) is a supermartingale (this is a direct application of FATOU’s
Lemma,; if M is allowed to be random, counterexamples can be constructed).
Since D is bounded from below by assumption, it becomes non-negative by
adding a suitable constant; this shows that D is a P*-supermartingale.  QED

Definition. A self-financing strategy & = (€°,€) is called an arbitrage opportu-
nity if the associated value process V' satisfies

(i) o <0;
(ii) Vr >0 P-a.s.;
(iii) P[Vr >0] > 0.
Proposition 7.7. There are no admissible strategies that are arbitrage opportu-

nities.

PROOF.. Let £ be an admissible strategy. Assume that its associated value
process V' satisfies Vp > 0 P-a.s. and P[Vy >0] > 0. By Lemma 7.6 the
discounted value process D; = e "V, is a P*—supermartingale. Hence

Vo =Dy > E*[Dr] >0,
which shows that £ cannot be an arbitrage opportunity. QED

We next give an example for a self-financing strategy that is an arbitrage oppor-
tunity (and thus cannot be bounded from below).

1 1
Example. Let Vj := 0 and (, .= ———, t € [0,T). Define a process on

T—tgS,
[0,7) via
t t 1
X,:= [ ¢dS,= | ——dB, , tel0,T
N € [0.7)
0 0

(note that the last integrand is square—integrable over any interval [0,¢] with
t < T, but not over [0,7)). One can interpret X; as a time—changed BM: Let

A(t) == <X>t:/(T—2du . tel0,T)

0 _u>
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the (pathwise defined) quadratic variation of X, and let a(t) := A~(t) for t €
R, . We put Wt := X, and claim this is a BM. For this, use LEVY’s Theorem:
If a local martingale M is such that (M), = ¢, then M is already a BM. Observe
that (W)t = (X)awy = Ala(t)) = t for all t € Ry, and so LEVY’s Theorem
implies that W is indeed a BM under P*. Let

T:=inf{t>0]| X, =1}
and
yi=inf{t>0] Wt:1}.

Recall that P* [y < oo] = 1 and E* [y] = oo. Since a(y) = 7, we have P* [1 < T
=1.

Now we can define our arbitrage strategy. Let

& = Glpq(t).

T
Note that [£2du < oo P-a.s. The quantities & and Vy = 0 uniquely define a
0

self-financing strategy & = (€9, &) by Corollary 7.2. Let V be the associated value
process. By Lemma 7.3

T T
~ 1
eTTVT:/gtdSt:/—dBu:XTzl
T—u
0 0

P-a.s., and so P*—a.s., which implies that £ is an arbitrage opportunity.

This kind of arbitrage possibility is a continuous cousin of a family of strategies in
discrete models known classically, in the case of gambling strategies, as martingale
strategies, or martingales in brief. Originally, the term martingale referred to
the doubling strategy in a fair coin-tossing game, but then was applied to any
strategy which runs higher and higher risks in order to compensate for all former
losses (the origin of the term martingale has been a subject of much debate over
the years, without conclusive results, see [26]). It is the classical way into ruin,
but nevertheless again and again through the years people fall prey to one or the
other variant of this strategy, as did the guy who ruined the Barings Bank in
1995.

Proposition 7.7 implies that £ is not admissible (it is an exercise to check this di-
rectly). In light of the above discussion the notion of admissibility is economically
meaningful; the ruin probability for these martingale strategies is 1, since the case
of arbitrary large resource needs will occur almost surely, and no one has limitless
resources. It makes therefore sense to consider only admissible strategies. 0
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As said above, in the continuous case the existence of an EMM is not equivalent to arbitrage—
freeness as defined in the discrete case. This observation initiated the search for a notion
replacing arbitrage—freeness which would be equivalent to the existence of an EMM on one
hand and economically plausible on the other, and which would be valid in maximal generality.
This was the begin of a long and convoluted, but interesting, story, which ended for the time
being with the quite technical notion of “no free lunch with vanishing risk” of DELBAEN and
SCHACHERMAYER see [6], [7] and [37]. A clear and lucid survey of this story can be found in
[33]; see also [8].

Completeness of the BM Model

Recall the Martingale Representation Theorem.:

Proposition 7.8. (Martingale Representation Theorem for square integrable
Brownian martingales) Let W; be a Brownian Motion on the filtered probability
space (0, F, (Fi)cpr), P), the filtration (Fi)wcpm being generated by W. Let
M = (M), be a square—integrable P-martingale w.r.t. (Fi)icpr- Then

there exists an adapted process H = (Hy)ieo,r) such that |E [fOT H? ds] < 0o and
¢
Mt:MOJr/HdeS . tel0,T].
0

PROOF. Stochastic Analysis lectures (e.g. [32], Theorem 2.5.2) or any generic
book on Stochastics (e.g. [28], p. 186, Theorem 43, or [18], Satz 5.37).  QED

There are a couple or remarks to make here which will be useful in future comments.

1) This representation is unique in the sense that, if one has
t t
M, :M0+/HSdWS :M0+/fISdWS,
0 0

then H = H P ® \a.s., where H, H are considered as maps  x [0,7] = R and X denotes
LEBESGUE measure.

This is a special case of the following simple result:

Lemma. Let W; be a Brownian Motion on the filtered probability space (2, F, (Ft)ico. 1), P) s
the filtration (Fi):epo,) being generated by W. Let a = (ay)iejo,r) be an adapted process with

E [fOT a? ds] < oco. If the integral process [ adW vanishes P @ A-a.s., then so does a.

For the proof, just observe that the integral process has quadratic variation [ o2 ds.

¢ _
From this, uniqueness above follows easily since we have [(Hys — Hy) dW, =0 P ® A-a.s.
0
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2) There are two succesive generalizations which will be of importance in later comments.
The first one is that the Martingale Representation Theorem holds as above for general local
P-martingales:

Proposition. 7.8A. (Representation Theorem for local Brownian martingales) Let W; be a
Brownian Motion on the filtered probability space (Q, F, (F¢)tcjo,r), P) , the filtration (Fi)icio,1)
being generated by W. Let M = (M;);cio,r) be a local P-martingale w.r.t. (Fi)icpo,r)- Then
M is continuous, and there exists a P ® A-almost unique adapted process H = (Hy)icjo,1) such

that E [fOT H? ds} < 0o and
¢
Mt:MOJr/HSdWS . tel0,T].
0

The references for the proof are as above.

In particular, since any ITO integral w.r.t. a BM is a local martingale (see ), this result
characterizes the local martingales under a BM.

Secondly, this generalizes to d—dimensional BMs:

Proposition. 7.8B. (Representation Theorem for local d-dimensional Brownian martingales)
Let Wy = (W}, ..., WZ) be a d-dimensional Brownian Motion on the filtered probability space
(% F, (Ft)eepo. 1), P) , the filtration (Fi)icpo,r) being generated by W. Let M = (M;).cp0,1) be a
local P-martingale w.r.t. (Fi)icjo,r)- Then M is continuous, and there exist a d—dimensional

P ® A-almost unique adapted processes Hy = (Hy).c(o,1) such that E [fOT | H|? ds} < 0o and

t d t
Mt:M0+/HS.dWs :M0+Z/Hsidwj . telo,T],
0 i=ljp

where H := (H',...,H?) .

Again, the references for the proof are as above.

Definition. In this section, by a contingent claim we mean an Fr-measurable
random variable C > 0 that is square—integrable w.r.t. P*.

Theorem 7.9. For any contingent claim C' there exists an admissible strategy
€= (£°€) such that the associated value process is given by

V, =e "TOE[C|F .
In particular, Vp = C', i.e. € replicates C'.

PrOOF. The Theorem is essentially a consequence of the Martingale Repre-
sentation Theorem. Let M, := e ") E*[C|F,]. Then M is a martingale, in
fact a martingale which is square-integrable w.r.t P*. That M is a martingale
is immediate from the tower property of conditional expectations. That M is
square—integrable w.r.t. P* follows since C' is square—integrable w.r.t P*. The
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Martingale Representation Theorem then implies that there exists an adapted
process H with E* [ I B ds] < oo and M, = My + [} H,dB, t € [0,T].

Let
H,

f = —=.
‘ O'St
Moreover,let £ = (£, €) be the self financing strategy determined by Vo := My
and . Then the discounted value process D, = e~ "V} associated to £ satisfies

t
D, = Dy + / ¢,dS, by Lemma 7.3
0
t
=Dy + /ﬁuagu dB, by Proposition 7.5
0

¢
:Mo—l—/HudBu
0

— Mt .
This implies
Vi=e" My =T E[C|F] .
Why is ¢ admissible? This is just one simple observation: since C' > 0 P-a.s.
and so P*-a.s., we have V; > 0 P*-a.s. and so P-a.s. QED

Next, I want to argue that the value of the replicating portfolio is the only
arbitrage-free price. So let C be a contingent claim and £ = (£, €) the replicating
process with value process V; = e™ M, = e """ E* [C|F;]. Suppose that the
claim is traded at a market price M; # V; at time t. Then we are now going to
show there exists an arbitrage opportunity. The general philosophy behind the
construction of such an arbitrage opportunity is, of course, to sell the claim when
the market price is too high (i.e. larger than V;) and to buy when it is to low
(i.e. smaller than V;).

1°" case: My < V;. Buy the claim at time ¢ and sell the replicating portfolio. So
you hold

Q=€+ %(Vt — M;) non-risky asset shares
Cu = —&4 t risky asset shares
at u € [t,T]. Then
Portfolio value at ¢:
OS]+ GuSi + My = (=&)S) + Vi — My) + (=&5) + M,
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= &8 - &S +V,
=0.
Portfolio value at 7"

C%S:(; + (ST + My = C%S% +GSr+C

(since any other value of My would lead to an immediate arbitrage opportunity
modifying the market price)

SO
= <_§%S% + S_:(F)(V;f — M)+ (=&2Sr) + C
t
SO
= —&7.5% = &S+ C + 55 (Vi = My)
t
SO
= S—?(VZ — M)
>0 P-as.

and so we have arbitrage.

2md case: M, > V. Sell the claim at time ¢ and buy the replicating portfolio. So
you hold

1

Q=&+ @(Mt — Vi) non-risky asset shares
t

Cu=&u risky asset shares

at u € [t,T]. Similar calculations as above show:

Portfolio value at ¢: 0.

SU
Portfolio value at T S_g(Mt -V;)>0.
t

and so again we have arbitrage.

The upshot is that the value process V; = e (7= E* [O|F] is the only candidate
for an arbitrage—free price process for C'. And it is indeed an arbitrage—free price
process in the sense that in the extended market model (S, S, V) there are no
arbitrage opportunities. I will not give a formal proof of this statement which is
sufficiently parallel to the discrete case. The philosophy should be clear: one sets
up the extended market model, chooses an EMM P* for the original model; then
P* will be an EMM for the extended model iff the discounted value process of a
replicating portfolio is a P*—martingale.

As a final remark, note that the fact that P* is an EMM for the extended model
(S°,S, V) implies that there are no admissible strategies in the extended model

that are arbitrage opportunities (in the discrete case this was the easy part of
the FEToAP).
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Definition. The BS—price (BLACK-SCHOLES—price) of a contingent claim C' at
time t is defined by e "IV E* [C|F,].

Now the time has come for the famous BLACK—SCHOLES—formula.
Proposition 7.10. Let C = (Sy — K)", the payoff of a European call. Then the
BS-price of C' at time t =0 1s
BS-call(Sy, K, T,r,0) = So®(d;) — e K®(dy)
where @ is the distribution function of N'(0,1) and
_ log(So/K) + (r+0%/2)T
= o
_ log(So/K) + (r—o*/2)T
= T
=d; — oVT.

dli

dg:

PROOF. Note that
ST — SO eoBTJr(rfaQ/Z)T )

Now recall that, if X : @ — R is a random variable on a probability space (2, F, P) and
f : R — R a measurable function, the expectation value E[f(X)] of the random variable
f(X) can be computed as an integral over R:

E[f(X)] = / JdPy

where Px is the probability measure on the BOREL measure space (R, B(R)) given by
VAeB(R): Px[A]:=P[X '(A)] =P[X € A].

In particular, if Px is absolute continuous w.r.t. the LEBESGUE measure on IR with densitiy
function ¢x , one has

E [f(X)] = / F(@)ox (@) da

In our case we have (S — K)* = f(X)* with
@) = SaeoVTotr—o*/20 g

and

Br
X =—
VT

an N (0, 1)—distributed random variable.

Hence

E* [(ST _ K)+} _ / (SO e Tx+(r—o2/2)T _K)+ gp(q;)da;

96



Chapter 7. The BLAC

K-SCHOLES Model

where ¢(z) = (1/v/27) e **/%. Now

log(So/K) + (r —a?/2)T

S, ea\/Ta:+(r702/2)T > K — 1> = —d,.
0 = - U\/T 2
Therefore
E* [(ST _ K)—i—} _ / <SO eO’\/TJ?“F(T’—o'Q/Q)T —K) (,D(I‘)dl'
—ds
da
_ / <SO e Tz+(r—o?/2)T —K) go(x)d:c
—00
da 1 do 1
-9 erT / efa\/fxfchT/Q efx2/2 dr — K efx2/2 dr
’ V2T V2T
d2 d2
1 2 1
-G erT / e—(x-i-a\/T)Q/Q — dr - K / e~ T /2 - dr
’ V2T V2T
do+oVT 1 do 1
= Sye'’ ey — K / o /2 —dx,
’ V2T V2T

whence the result.

QED

Proposition 7.11. Let P = (K — St)*, the payoff of a European put. Then the

BS-price of P at time t =0 is
BS-—put(Sy, K, T,r,0) = =5
(Mnemonic: Just reverse all the signs.)
PrOOF.
the proof of Proposition 7.10.
Another method of proof appeals to

Proposition 7.12. (Put-Call-Parity)

O(—dy) + e Kd(—dy).

Amounts to a calculation entirely analogous to the one performed in

QED

BS-put(Sy, K, T,r,0) = BS—call(Sy, K, T,r,0) — Sy +e " K .

|x| + x

PROOF. Note that for any real number z one has zt = . Hence
(—2)* = |—x| — x _ |x| — _ |z| + et
2 2 2

So we have

(K—=Sr)"=(Sr—K)" =S+ K,
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and hence, upon taking expectations,
e TE[(K—8r)"| = E (S —K)T| —e "B [Sr] +e T K
= BS-—call(Sy, K, T,r,0) — Sy +e " K.
QED

Remark. The Put—Call-Parity holds true not only in the BS—model but also in
other models which are based on the same general principles (e.g. pricing based
on the no-arbitrage paradigm). It holds in such models, since otherwise there
would be — what else? — arbitrage opportunities.

The BLACK-SCHOLES-PDE

Let h : Ry — R, be BOREL—measurable. Suppose that there exists ¢,p > 0
such that h(z) < ¢(1 + 2zP). Note that h(Sr) is square—integrable w.r.t. P* and
hence a contingent claim. Let

Ve = e "IV E [h(Sr)|F
be the BS—price of h(Sr) at time ¢.
Now, for any u,v € [0,7T] such that v+ v € [0, 7] there holds
Suro = So e Butvt(r—o?/2)(u+v)
— G, o0 (Bu)+(r=0%/2uto(Buto—Bu)+(r—0?/2)v
Sy e B =02/ Du (o(Buso=Bu)+(r—o* /2w
-8, eo(Bu_H,fBu)+(Tfaz/2)v _
In particular, we have for any ¢ € [0,T] (putting v :=t and v :=T — t:)
Sy =S, o0 (Br—Bi)+(r—0?/2)(T—t)
Since the BM B has independent increments, Lemma 4.3 yields
TARRSICE oF [ h ( s, ea(BTthH(r—o—?/z)(Tft)) ’ f’t]
=o(t, Sy)
where
o(t,z) = o (T—t) o+ [h (x ea(BTth)+(rfa2/2)(T7t)>:|
a deterministic function. This deterministic function satisfies the following PDE:

Proposition 7.13. v belongs to C*([0,T) x (0,00)) N C%*([0,T] x (0,00)) and
solves the PDE

1
(7.6) v (t, x) + rev,(t, x) + 5025521)m(t, r)—rv(t,z) =0
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with boundary condition

v(T,z) = h(x).

(This PDE is sometimes referred to as the BLACK-SCHOLES PDE.)

ProoOF. The random variable

7, = g o (Br=Bo+r—o* (1)

has densitiy 9, , with
1 _ (log(2)—m—log(x))?

1
z(2) = — e 202 (T—t)
Yral?) 2n0?(T —t) 2

where m = (r — o2 /2)(T —t).

To see this, write
Z; = eU(BT*Bt)+(T*02/2)(T7t)+log(m)
to conclude that Z; is log (11, 72)—distributed, where
p=(r—o’/2)(T—t)+log(x) , 7=0VT—t.

Therefore, Y := log Z has the distribution density

oy () = M. 72)(0) = < e 0/
Writing Z, = eY , the distribution function &4, turns out as
log(z) z
b2 (s) = P [ <2 = P'Y <logla)] = [ ev(u)dy= [ Levllop(w)do
0 0

hence Z; has the distribution density
1
Yia(2) = 02,(2) = S pr(log(2))

as claimed.

Note that

u(t,x)z?oh wm z)dz

[e.e]

1 (log(z) — m — log(x))?
= / h(z) 20 (T = 1) Ui (2) dz

is defined and finite for all (¢,x) € [0,7) x (0,00). This implies that we can
change differentiation and integration and so obtain v, (¢, ) = u(t, x).

Putting ¢ := T in the definition of v(¢, x) immediately shows the boundary con-
dition v(T,x) = h(x). One can then show v(t,z) € C®*([0,T] x (0,00)).
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The last claim follows from the fact that one can write v(t,z) = e~ "(T=Y E* [h(Z,)] and that
the family (h(Z;))¢cjo, 1) is uniformly integrable due to the bound ¢(1 + z?) on h(z). The Lg-
BESGUE Dominated Convergence Theorem then implies limgr E* [h(Z;)] = E* [h(Z7)] = h(z)
and so limyp v(t, x) = v(T, x) .

In many cases where h is given concretely, explicit computations may show directly that v(¢, z)
has the stated continuity and differentiability properties. For this, one can use the expression
of v(t,x) as an expectation value given above and use the fact that By — By is N(0,T — t)—
distributed:

v(t,x) = e TV E [W(Z,)] = e T ET [f(Y)]

with
f(y) —h (l‘ eamy—&—(r—az/Q)(T—t))
and
y_Br-Bi
T—t

an N(0, 1)—distributed random variable. Hence

D vfta) = B 0] = [ (e TN iy

where ¢(y) = (1/v/27) e v /2,

Now we are in business. Let us consider the important example of a European call, i.e. h(z) :=
(z — K)*. The computation of this integral then is virtually identical with the computation
done in the case of the BS-price at time t = 0 with Sy replaced by x and T replaced by T —t.
The outcome is

dl d2
Tyt z) = zem T /e*y2/2 \/%dyff( / e v’/ \/%dy,
with
g .= log(x/K) + (r+02/2)(T — 1)
b oVl —t
and
P log(z/K) + (r —a?/2)(T — t)
S oVl —t
= dl —O'\/T—t.
So there comes
log(x/K)+(r+02/2)(T—t))
t,x) =ad
vit,e) =@ ( T 1
_ log(z/K) + (r — 02/2)(T —t)
_ (T t)Kq)( & .
¢ oVl —t

which shows that v(t,z) € C12([0,T) x (0,00)) .

As an extra bonus we note that, because v(t, S;) is the BS—price of a European call at time ¢,
we get the following generalization of the BLACK—SCHOLES formula:
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Corollary. Let C = (St — K)*, the payoff of a European call. Then the BS—price of C at time
te[0,7) is

BS-call(Sy, K,T —t,r,0) = S;®(d1) — e "I~ K&(dy)
where ® is the distribution function of N'(0,1) and

L log(S;/K) + (r+ 02/2)(T — t)

i T =1
and
P log(S;/K) + (r — 02/2)(T — t)
2 oVl —t
= dl 70’\/T7t.

(|
That v,, and v; are defined and continuous on [0,7") x (0,00) can be shown in a
similar manner.

It remains to show that v satisfies (7.6). The ITO-formula for v(t,S;) reads

t t t
1
v(t, St) = v(0,S)) + /vt(u, Sw) du + /vr(u, S.) dS, + 3 /Um(u, Su) d{S)u
0 0 0

with (S) the quadratic variation process of S. Now the SDE defining S is

dSt = /LSt dt + O'St th
and by construction, B; = W; 4+ 9t , whence dW; = dB; — ¥dt. Therefore

dSt = ,USt dt + USt (dBt — ﬂdt) = (H — Uﬂ)Stdt + UStdBt

and so, in terms of B, the SDE for S reads

dSt = 'I"Stdt + O'StdBt .
The formal ITO Calculus gives

d(S); = dS; dS; = r*Sidt dt + 2roSidt dB; + 0*S?dB; dB;
= r?SZd(t) + 2raSid(t, B); + o*d(B);
and so
d(S); = o?S2dt
since (t) = (t,B); = 0, and (B), = t, a famous result of LEVY. Plugging these
formulas for dS; and d(S); into ITO’s formula yields
t t
v(t, Sy) = v(0,Sy) + /Ut(u, Su) du + /Ux(u, Su) (rSudu+ 0S,dB,)+
0 0
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t

1
+ é/vm(u,SU)UQSfL du

0
/ 1
= (0, So) + / {vt(u, Su) + rSuve(u, Sy) + 50255”0”(% Su)} du+
0

t

+ /aSuvm(u, Sy) dBy,

0

Let D; := e "w(t,S;). Then D is a P*-martingale. The Product Formula of
ITO Calculus yields

t t
(7.7) Dy =ew(t,S;) = v(0,8) + /au du + /e_” oSy (u, Sy) dBy
0 0
with

a, =e " {vt(u, Su) + 1rSyvs(u, Sy) + %UQSZU:BQC(U, Su) — rv(u, Su)}

We have

t t

/au du = D; —v(0,5p) — /e” 0 Sy (u, Sy,) dB, .
0 0

On the left hand side we have a process of bounded variation and hence with
vanishing quadratic variation. On the right hand side we have a local martingale;
this martingale, then, is to have vanishing quadratic variation, hence it has P*-

a.s. constant paths, so the process f a, du has P*—a.s. constant paths, and taking

0
t = 0 it follows that this process has to vanish P*—a.s. This entails
T
(7.8) B / Loy sy du| = 0.
0

FUBINT's Theorem then implies that for LEBESGUE-a.a. u € [0,T) we have
a, =0 P-a.s.

To see this, first note that the P*-a.s. vanishing of [ a, du means P*[A] = 1 where A is the
0

t
A= {Vt: /audu:O}.

0
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o fa ol

0
Then surely A C B¢ and so B C A€, hence B is a null set w.r.t P*. Then for any non—negative
bounded random variable X with {X # 0} C B we have E* [X] = 0 and (7.8) follows.

Now consider the event

FUBINI now entails

0=E"

T T T
/l{a,ﬁéo} du] = /]E* [L14,201] du= /P* [ay, # 0] du
0

0 0
and so for LEBESGUE-a.a. u € [0,T) there holds P* [a, # 0] =0, i.e. a, =0 P*-as.

Since the distribution of S; is equivalent to the LEBESGUE measure on (0, 00) and
v € CH?| there follows that v must satisfy the equation (7.6) on [0,7T) x (0,00).

To put some more flesh onto this meagre argumentative bone, define, for any given u € [0,T)
a function g3, as

1
Bu(x) = ve(u, x) + revg (u, ) + 5026}2%3@(% x) —rov(u, ).

We then have a,, = e~ "t 8,(S,) and so 8,(S,) = 0 P*-a.s. Since S,, is log—normally distributed,
its distribution is equivalent to LEBESGUE measure. But if X is a random variable whose
distribution is equivalent to LEBESGUE measure, it must have dense image. Otherwise, there
would be a nonempty set U C R such that {X € U} = () and so P*[X € U] = 0 contradicting
the fact that U has nonzero LEBESGUE measure. Therefore 5, = 0 on a dense subset of R,

and since f3, is continuous, we have (8, = 0 everywhere. As this holds for all v, we get equation
(7.6)

QED

Proposition 7.14. Let £ = (£°,€) be the admissible strategy that replicates C' =
h(Sr) and so with value process V; = e " T E*[h(Sy)| F;]. Then

& =v(t,S;) A® P-a.s.
with \ the LEBESGUE measure on (R, B(R)).

PROOF. Recall that the discounted value process D, := e "V, satisfies
t
D, = Dy + / £,0S, dB, .
0

by Lemma 7.3 and Proposition 7.5 and so, in particular, is a P*-martingale as
an ITO-integral process w.r.t. a BM. From (7.7) in the proof of Proposition 7.13
above we get, because a, = 0:

t t

D, = Dy + /ert oSz (u, S,) dB, = Dy + /vx(u, Su)agu dB, .
0 0
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This implies
t

t
/fuagu dB, = /vx(u, Su)agu dB, .

0 0
But when two integral processes coincide, their integrands coincide; this follows
directly from the Lemma of the discussion on page 92 above. Hence the result.
QED

Remark. The quantity v,(u,S,) is called the delta of the contingent claim at
time ¢. Confer with the delta from Section 4: In the BOPM, the delta was a
difference quotient, namely

v (uz) — v(dx)
Ay(x) = )

() ur — dx
Since the BOPM approximates the BS-model and converges to it in the limit
when the time intervals go to zero, this difference quotient becomes a derivative,

and things fit together nicely.

Implied volatility

Let C be a contingent claim with BS—price at t = 0 given by e "7 E* [C]. For the
calculation of the BS—price one needs to specify the parameters r and . The
interest rate r can be derived from bond markets and so is not a big problem in
general (which is not quite true as it stands, but we leave it at that here).

How to choose o7 There are two approaches to this problem, one goes under the
name historical vola (where vola is a common abbrevation of the term wvolatility),
and the other under the name implied vola.

1. Historical vola. The vola can be estimated from historical data. E.g.
calculate the empirical std ( = standard deviation) of the log returns log(S;, /Sy, ),
log(S:, /St ), - - ., where tg, tq,ts, ... are trading days. Note that historical volatil-
ity is based on price movements of the underlying.

But in practice, one refrains from proceeding this way. Instead, one uses

2. Implied vola. The vola o is derived (one also says calibrated) from
current market prices of liquidly traded plain vanilla options (this notion refers
to standard common options like calls and puts and the like, which are traded
by exchange, so you have a market price at any moment in time, in contrast to
more individual, complex derivatives, which usually are traded off-the-counter
(OTC), the exotic options). With these volatilities one can price the more exotic
options which are not traded by exchange. So implied volatility is, in contrast
to historical volatility, not based on price movements of the underlying, but of
other derivatives on the market.
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For a given plain vanilla option there exists only one value of ¢ such that the BS
price coincides with the market price. Why is this the case?

Lemma 7.15. (Vega of a call or put) Let c¢(o) := BS—call(Sy, K,T,r,0) and
p(0) = BSput(So, K, T,r,0). Then

dc  Op

_— = —— = @

Jo  Oo Su®(ch)VT

where

 log(So/K) + (r + o%/2)T
— T ,

PrOOF. Straightforward. QED

(In particular, the lemma shows that the derivatives are positive, which means
that ¢ and p grow with rising volatility. The economic rationale behind this
result is as follows. Options can be regarded as an insurance against capital
losses. Increase in volatility means higher risk, and as a consequence higher value
of the insurances ¢ and p.)

di

The derivative of the option value w.r.t. the volatility is called vega (a fictitious
greek letter, meant to be a cousin of gamma, delta, ..., and member of the family
known in finance as The Greeks). Note that the vega is positive.

Definition. Let M be the market price of a call (or put) with maturity T and
strike K . A real o™ € R is called implied volatility if

BS—call(Sy, K, T,r,0™P) = M .
Remark. a) Notice that Lemma 7.15 implies that the implied vola is unique.

b) There is no closed form expression for ¢™P. The implied vola has to be
approximated numerically, e.g. with NEWTON’s method (which is very fast; cue:
“quadratic convergence”). O

Suppose that for a fixed maturity 7T several calls are traded with strikes K; <
K, < --- < K,, at market prices M(T, K;) 1 < j < n. For any strike K; we

can calculate the implied volatility O';-mp, 1 < 7 < n. In practice, the function
Kj = 0™ usually is not constant. One observes frequently one of two following

phenomena:

1) Volatility smile. Wikipedia’s explanation is as follows:
(source http://en.wikipedia.org/wiki/Volatility_smile)

In finance, the volatility smile is the pattern in which in- and out-of-the-
money options are observed to have higher implied volatilities than at-
the-money options. A graph of implied volatility vs. strike price for a
given expiry will form a upturned curve similar to the shape of a smile.
The pattern displays different characteristics for different markets and is
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believed to result from risk averse traders’ valuations of the probability
of extreme price movements in the underlying instrument. Equity options
traded in American markets did not show a volatility smile before the Crash
of 1987 but began showing one afterwards.[1] The phenomenon is not fully
understood, and modeling the volatility smile is an active area of research
in quantitative finance ...

References

[1] John C. Hull, Options, Futures and Other Derivatives, 5th edition,
page 335

As a complement the following definition of the web site Dogs of the Dow:
(source http://www.investorglossary.com/volatility-smile.htm)

The options phenomena known as the volatility smile occurs when an at-
the-money option (ATM) exhibits a lower implied volatility than either
the in-the-money (ITM) or out-of-the-money (OTM) options. On a chart
plotting implied volatility on the vertical axis and strike price on the hor-
izontal axis, a u-shaped ’volatility smile’ is formed. The volatility smile
is graphed for options with the same expiration date. The volatility smile
became more noticeable in equity and index options after the crash of 1987.
Prior to observing the post-1987 volatility smile, it was assumed that there
existed a constant and independent relationship between implied volatility
and the strike price of options; the volatility smile was therefore a direct
contradiction to one of the main assumptions in the Black Scholes Op-
tion Pricing Model. The presence of a volatility smile generally infers that
there is more demand by option traders for in-the-money and/or out-of-
the-money options rather than at-the-money options. The presence of a
volatility smile then implies that the extrinsic values of the ITM and OTM
options are greater than that of the ATM option. The volatility smile is
generally a result of an anticipated increase in market volatility. To hedge
against this expected volatility, traders are more likely to purchase and sell
OTM and ITM options rather than ATM options; this excess demand is
expressed by the shape of the volatility smile.

2) Volatility skew: Here, Wikipedia has to say the following (loc. cit.):

When implied volatility is plotted against strike price, the resulting graph
is typically downward sloping for equity markets, or valley-shaped for cur-
rency markets. For markets where the graph is downward sloping, such as
for equity options, the term "volatility skew" is often used. For other mar-
kets, such as FX options or equity index options, where the typical graph
turns up at either end, the more familiar term "volatility smile" is used.
For example, the implied volatility for upside (i.e. high strike) equity op-
tions is typically lower than for at-the-money equity options. However, the
implied volatilities of options on foreign exchange contracts tend to rise in
both the downside and upside directions. In equity markets, a small tilted
smile is often observed near the money as a kink in the general downward
sloping implicit volatility graph. Sometimes the term "smirk" is used to
describe a skewed smile.
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One also frequently observes that o™ varies with the time to maturity 7.

Let M(T, K) be the market price of a call with maturity 7" and strike K . The
mapping (T, K) — o™P(T, K) is called wvolatility surface. This is the crucial
object for option traders.

Since the vola surface usually is not constant, practitioners and researchers have
come up with models more general than the BS model (most of them containing
the BS model aa a special case). Within these more general models the option
price paradigm remains true: an arbitrage—free price of an option is equal to the
discounted expectation of its payoff under an EMM.
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CHAPTER 8

The Local Volatility Model

The local volatility (LV) model is a generalization of the BS model. Again it will
be a complete model (I will not be going to prove this, I just state it), so there
exists exactly one EMM P*. The risky asset price process is assumed to satisy
an SDE of the form

(81) dSt == T'Stdt + StO'(t, St)dBt y S() S (O, OO) .

Again, r > 0 is the interest rate and B a BM w.r.t. P*. The function o :
0,T]xRy — Ry, called local volatitlity function, is assumed to be measurable
and bounded. Moreover, we suppose that x — & (t,z) := zo(t,z) is LIPSCHITZ—
continuous and satisfies a growth condition, so that the SDE (8.1) has a unique
strong solution with initial condition Sy (cf. Stochastic Analysis lectures). Note
that o is given by a deterministic function and has no independent stochastics
of its own; the only stochastics also in this model enters only through the price
process S .

Lemma 8.1. The price process S is positive. Moreover, E* [supte{oﬂ Sﬂ < 00.

PROOF. Note that the solution S to (8.1) satisfies
t t

S; = Spexp /0(u7Su)dBu+/r—

0 0

o?(u, Sy)

5 du | ,

(semiexplicit solution formula for linear SDEs) and the RHS of this is positive
for all t € [0,T].

In order to prove the second statement, put
t t

M, := exp /J(u, S.)dB, — %/02(% Sy) du , tel0,T].
0 0
As a stochastic exponential, it is a priori a local martingale, but we can use
NovikOV’s Criterion to deduce it is, in fact, a martingale.

The intergral process X; = fot o(u,S,)dB, is, as an ITO integral, a local martingale, and has,

by the ITO formula, quadratic variation (X) = fot 0?(u,S,)du. Due to the growth conditions
imposed on ¢, Novikov’s Condition (see page 85) is satisfied and so indeed M; as given above,
is a P*-martingale on [0,77].
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Now DOOB’s L?~inequality (an extremely strong and surprising result!) )implies

E* | sup M}| <4E* [M7] .
t€[0,7)
Therefore,
E* | sup S7| < S5 E* | sup M| <485 E* [M7] .
te[0,T] te[0,T)

QED
What is our aim? Our aim is to price options within the local volatility model.

Let h: Ry — R, be the payoff function of a European option. Since there is
only one EMM, there is only one arbitragefree price. This arbitragefree price
of the option at t € [0,T] is given by

e "I E [W(Sr)| Fi]

with F; = FP VN, where FP is the filtration generated by the BM B completed
by the null sets N of P*.

Next step: You want to characterize the arbitrage—free price in terms of a PDE
as in the BS model.

Theorem 8.2. Let v € C?([0,T) x (0,00)) NC°([0,T] x (0,00)). Suppose that
v, is bounded on [0,T) x (0,00), and that v satisfies

(8.2) V4 rav, + 50°(t x) v, —ro =0, Y(t,x) € [0,T) x (0,00);
' o(T,x) = h(z) Ve (0,00) (terminal condition).

Then v(t, S;) = e "=V E[h(ST)| Fr].

PROOF. The proof is very similar to the corresponding proof for the BS PDE in
the BS model, so I give only the steps.

The 116 formula and (8.2) imply
¢ ¢
v(t, St) = v(0,S) + /vx(u, Su)o(u, Sy)S, dB, + /rv(u, Su)du  forte[0,T).
0 0
With the product formula, we further get

e "u(t, Sy) = v(0,8) + M;,

where
t

M, = /vx(u, Su)o(u, Sy)S, e ™ dB, forte[0,T).
0
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With Lemma &.1 one can show that
T

E* /vg(u, S (u, Sy) e ™ S? du| < oo
0
and so M, is a martingale on [0,7).

A priori My does not have a meaning, but since M, is an L>-bounded martingale,
it is uniformly integrable, and LEBESGUE’s Dominated Convergence Theorem
shows that

My = lim M,
T

exists and that (M,)iejor] is an L*>-martingale.

In particular, e " v(t, S;) is an L* martingale on [0,7] (here we use continuity
of v in T). This implies

e " u(t,S) =E* [e (T, ST)‘ Fi]=E*[e"" h(ST)| Fil .
QED

If one wants, as illustrated by the last theorem, to apply the model in practice and
price options by numerically solving such PDEs, the next task before being able to
do so is to extract the form of the local volatility function o from empirical data,
or, as one says, to calibrate the local volatility function. How to do so belongs to
the best kept secrets of the trade. So one can be sure that each bank involved
in the business has his own well-guarded method of calibration, and each time
a paper appears whose authorship can be traced back to a bank or some other
institution and which describes one method of calibration or the other, one can
rest assured that this institution meanwhile has switched to some other method
and the method described is no longer in use. Therefore, one can only give some
hints. Nevertheless, I will sketch a method which became popular twenty years
ago, just to give a taste of the matter. In the literature it goes under the heading
DUPIRE’s formula and runs as follows. As in the case of implied volatility one
looks at plain vanilla options which are liquidly traded and hence have market
prices to extract from them the local volatility function which then, in turn, is
used to price more exotic options. So suppose there is a market call price C(T, K)
for any maturity 7' > 0 and strike K > 0. One can show that if C' is “nice” (e.g.
sufficiently smooth), then

(8.3) o(T,K)= |29 0K

and this is DUPIRE’s formula. It has been first derived by Bruno DUPIRE in 1994
(see [9]) from the FOKKER-PLANCK and KOLMOGOROV equations, but under
somewhat blurry premises. The idea here is to determine C(T, K) from empirical
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data and then to use DUPIRE’s formula to obtain the local volatility function. To
determine, or calibrate, C'(T, K) can e.g. be done by a parametric ansatz: Model
C(T, K) by a polynomial of low degree and then adjust its coefficients as to get
the optimal fit reproducing the empirical data. This, however, does not seem
to be the method exercised in practice; here one uses a link between the local
volatility function and the volatility surface describing BS—implied volatility; see
Jim GATHERAL'’s book [17]| and his lecture notes [15], [16].

Allin all, this calibration business is a very delicate and difficult affair and requires
financial engineers combining the theoretician’s knowledge with the practitioner’s
finesse. Anyway, we now suppose the calibration done and now we are going to
use it.

Once we have calibrated o(t,z) to current market prices of calls (and puts), we
can use the model for pricing exotic options (which are OTC). As an example,
consider an up—and—out call option with payoff

C' = Livuepo.1]: Su<a}(ST — K)T,
where a > max {Sy, K} .
To simplify the analysis, we assume in the following that
(%) {Vuel0,T]: Su<a}={Vuel0,T): S,<a} P-as..
We can obtain the arbitrage—free price of C' by solving the following PDE:

O+ 120, + 502 (8 T) v, —rv =0 V(t,z) € [0,T) x (0,00);
(8.4) v(T,z) = (x — K)* Vz € (0,a);
v(t,0) =v(t,a) =0 Vte[0,T].

Theorem 8.3. Let v € CY2([0,T) x [0,a]) NC°([0,T] x (0,a)) . Let v be bounded
on [0,T] x [0,a] and v, be bounded on [0,T) x [0,a]. If v satisfies (8.4), then
v(0,Sp) = e T E*[C].

PROOF. Introduce a stopping time

Ty = (T—l>/\inf{t20| Si=a}.
n

Let D; := e "w(t,S;). With ITO’s formula one can show that D, is a P*-
martingale. Hence

v(0,5) = Dy = E* [D,,]
= [E* |::H-{Tn<T7%}D’Tn + :H'{TnZTf%}DT—%

* —TrTn —r(T—1
- E {1{%@_” e "™ (T, a) + H{Tn:T_%} e " I=2) (T — =, ST,%)
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The first term is 0 because of the last formula in (8.4), and we are left with

1 1
U(O, S(]) = H{Tn:T—%} e (%) U(T s ST,%) .

1
{Tn:T—l}:{Vt<T——: St<a}
n n

m{Vt<T: Sy < a}

=4qsup Sy <ayp,
te[0,7

We have

where we have made use of the assumption (). Dominated Convergence then

implies

0(0,S,) = E* [11 / T o(T, ST)} — o TE[C] .

SUP;c(o, 7] St <a} €

QED

Remark. 1) In general, there is no closed form solution of the PDE (8.4). To
solve it one has to resort to numerical procedures, e.g. finite difference methods.

2) A solution of (8.4) cannot be continuous in (7, a). Indeed, the boundary

conditions imply

limv(t,a) =0 and
AT

liglv(T,x) =(a—K)".
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CHAPTER 9

Affine Processes

Literature: [10]

We are on our way of describing further refined stochastic volatility models, in
particular the HESTON model, and for this we first enter a more general discussion
in an abstract setting and describe the so—called affine models.

Let d € N and W a d—dimensional BM on a probability space (2, F, P). Let
Fi=FV VN with FV = o(W, : s <t) and N the collection of P-null sets.

Let X C R? be a closed set with non-empty interior; consider this as a state
space. Assume that b: X — R%and p: X — R%? are continuous functions.
Consider the SDE

We assume that for every x € X there exists a unique strong solution X of (9.1),
and X; € X for all £ > 0. If we want to stress the dependence on z we write
X7 = X,. Throughout we set a(z) := o(x)o(x)"

Definition. The process X uniquely solving (9.1) is called affine if there exist
functions ¢ : Ry x iRY — C and ¢ : Ry x iRY — C¢ such that

a) ¢ and ¥ are continuously differentiable in t ;
b) forallz € X,0<t<T, and u € R? we have

(9.2) E [ei“TX%

]_-t] — ST —tiw+(T—tiu) X7

Here we consider d—dimensional vectors as colum vectors, i.e. as d x 1-matrices
and so the matrix product ="y is a 1 x 1-matrix, i.e. a number, in fact the scalar

product x -y = Z;l:l T;Y; -

Remark. 1) Note that ’ei“TX%‘ =1, where |z| = \/Re(2)? + Im(2)? = /22 + 2
is the absolute value or modulus of z = x +iy € C with x,y € R. By JENSEN’s
inequality, the modulus of the LHS of (9.2) then is bounded by 1, hence so is
the modulus of the RHS, i.e. it is also bounded by 1, and thus Re(¢(T —¢,iu) +
O(T —t,iu)" X7) <0.

To see this, recall the famous EULER formula:

e'" = cos(u) +isin(u) forallu € R,
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hence |e'*| = \/cos2(u) +sin?(u) =1forall u € R.

Further, we have the complex conjugation mapping z = z + iy — Z := & —iy. As is easily
computed, this is an involutive automorphism of the field C over R, i.e. one has

Clearly 2z = |z|2 . It is then an easy matter to derive that the modulus is multiplicative; just
compute
1227 = 2227 = 22'77 = 2227 = |2 |2,
and since the modulus is nonnegative by definition there results |zz'| = |z| |Z/|.
Now, if z=x +iy € C, we have
% — e:bJriy — % eiy

and so

|ez‘ — ’emeiy‘ — |e’I‘| ’eiy’ — |e’I'| — % :eRe(z) )

There follows
le*| <1 <= ) <1 «= Re(z) <0
as desired.
2) We always assume that ¢(0,iu) = 0 and ¥(0,iu) = iu. Then ¢ and ¢ are
uniquely determined.

The first main result on affine models is the following lengthy theorem.

Theorem 9.1. Suppose that X is an affine process. Then the matriz a(x) and
the drift b(x) are affine in x, i.e.
d
a(z) =a+ ) v

(9.3) szl

j=1
for a,a; € R™ and b, 5; € R?.
Moreover, ¢ and 1 solve the RICCATI equations

(Gu(t,iu) = Lo(t,iu) Tap(t,iu) + b (tiu);
¢(0,iu) =0;

(9.4)

Wl (t,iu) = %w(t,iu)Tajw(t,iu) + 8Tt iu) , j=1,....d;

. ¥(0,iu) =iu.

In particular,

o(t,iu) :/{%w(s,iu)Taz/z(s,iu)—|—bTw(s,iu)} ds.
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Conversely, suppose that a(x) and b(z) are affine of the form (9.3), and sup-
pose that there exists a solution (¢,v) of the RICCATI equations (9.4) such that

Re(p(t,iu) + ¢¥(t,iu) z) <0 for allt € Ry, u € R, and x € X . Then X is
an affine process.

PROOF. Suppose that X is affine. For fixed T > 0 and v € R? we consider the
function f: [0,7] x R? — C defined by

tf@7$):::éﬂT—Lhn+¢Gl¢4me
Equation (9.2) implies (is equivalent with the fact) that
M, := f(t, X,) = e/ T-Hw+e(T—tin X

is a C—valued martingale on [0,7] (i.e. M, = X; +1Y; with X;,Y; R-valued
martingales).

Indeed, if we denote the process on the LHS of (9.2) by N, we have by the tower property of
conditional expectation for all 0 < s <t < T

E[N|F,] =E |E [ ¥F| 7 |

IFS:| - F |:eiuTX§;

F] =N,

and so N is a martingale by construction. Hence if (9.2) holds, M = N is a martingale.
Conversely, if M is a martingale, we have

E[Mr| F;] = M,
but My = e?(Oiw+v(0iw) " X5 — oiu' X7 g0 this is just (9.2).

Applying ITO’s formula to the real and imaginary part of f yields
dAM, = Mt<—¢t(T i) — (T — t,iu)TXt) dt + M (T — t,iu)"dX,

1
+ 5 Mip(T —t, iu) a(X)O(T —t,iu)dt
which implies, by replacing dX; using (9.1):
(%) dM; = MIdt + Mp)(T — t,iu) ' o(Xo)dW,

where

I = —¢u(T — t,iu) — (T — t,iu) X, + (T — t,iu) "b(X,)

0T — 1) a(X)(T ~ 1),

Recall the multidimendional ITO formula. Let X = (X!,..., X%) be a d-dimensional continuous
semimartingale with values in the open set U C R? and F € C*(U). Then ITO’s formula is

(1) dF(X), = F'(X,)dX, + %F”(X)dXtht

with
d ‘ d
() F'(X))dX; =Y Fp(Xe)dX] and F"(X;)dX;dX; = > Fuoe(Xo)d(X7, X*), .

j=1 jk=1
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Needless to say that these are formal stochastic differentials and that equations like ITO’s
formula have to be interpreted properly by relations between stochastic integrals, which will
not be repeated here. ITO’s formula first holds for real-valued F', but since it is linear in F',
it holds, when F is complex—valued, for Re(F') as well as for Im(F') and so recombines linearly
into an ITO’s formula for F' which takes just the same form.

IT0’s formula takes a particularly interesting form when we replace d by d+1 and write points in
R as (t,z) = = (t, x', ..., 2%, interpreting t as time, and consider d+ 1-dimensional processes
X of the form X, = (t Xt) with X a d-dimensional process. ITO’s formula then specializes to
its “time—dependent” form:

(f11) df (t, X¢) = fe(t, X¢)dt + fo(t, X¢)d X + %fz:c(tv Xy)dXdX,

With f(¢,z) defined as above, one computes

) = )~ (T — tiw) — T — tyiuTa)
Jai (t,.’L’) :f(t7x)wj<T_t7iu);
Joige(t,x) = f(t,2)00; (T — ¢, iw)p(T —t,iu).

The terms in the time—dependent ITO formula for dM; then come out as

Fu(t, X, )dt — M, (¢t(T ~ i) — (T — iu)TXt)dt;
fa(t, X,)dX, =M, Zzp] —t,iu)dX] = Mypp(T — t,iv)  dX,;
d .
Fra(t, X)dXydXy = My > 0h;(T — tiu)n(T — t,iu)dX]dX}
G.k=1

d
=M, Y (T — tiu)i(T — t,iu) o) (Xy) o (Xy)dt

7,k,p=1
= Muap(T —t,iu) o(X)o(Xy) " o(T — t,iu)dt .

In the third formula we have made use of (9.1), which in component form yields
d
dX] =V (Xy)dt + > o (X)dWP , j=1,....d,
p=1
and so

dX}dxF =

/N

d d
VI (Xo)dt+ ) gg<Xt>de> (bkm)dt +> d;(xt)de)

p=1 q=1

050y d(WP, W),

1

M= 3=

gég’,jtqudt,
1

p.q

since the cross variations of ¢ with any other process vanish. It is now clear that they combine
into the formula for dM; given above,
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Since M is a martingale, we must have that the di—term vanishes, i.e. M; I, =0
P-a.s. Since M; # 0 P-a.s., it must hold true that I; = 0 for P ® A-a.a. (w,t)
(with A denoting LEBESGUE measure). Since [; is continuous in ¢, there exists a
P-null set N such that for all w € N° and all ¢ € [0,7] we have [, = 0.

This is the same kind of argumentation as in the proof of the BLACK—-SCHOLES PDE. Writing
(*) properly as an equation between integrals gives

t t
M, — M,y — /MS¢(T —tiu) o(X,)dW, = /MSIS ds.
0 0

On the LHS we have a martingale, on the RHS an integral process which therefore is of bounded
variation. Hence both sides must vanish. So the integral process on the RHS has constant paths,
which must be zero, and then the FUBINI argument as in loc.cit. provides the statements above.

In particular, Iy =0, i.e.
1
(9.5) Gi(T,iu) 4+ (T, iu) ' = (T, i) b(x) + §¢(T,iu)Ta(x)¢(T, iu)
forallz € X, u € R, and T > 0. Since ¢ and 1) are continuously differentiable
in ¢, letting 17" | 0 yields
1

(%) $:(0,iu) + 0, (0,iu) "z =iu"b(x) + 5nﬁa(;c)(iu) .

I claim this equation already implies that a and b are affine, i.e. of the form (9.3):

In particular, for u := e;, where e; is the j—th unit vector in R?, we have

. . . 1
(x1) ¢:(0,1e;) +1(0,ie;)xr =ibj(x) — 5 i -
Choosing u := 2e; leads to
(x2) 1(0,12¢;) + 14(0,12¢;)x =12bj(x) — 2a,; .
Let
. 1
i —=
A= 2
21 =2
Then A is invertible with .
_9j !
A—l _ 2
2 —1
(x1) and (*2) mean
bj(l'> ¢t(0,i€j) +¢t(0,i€j)$
A = . . =:7(z),
aji(x) ¢:(0,12e;) + 14(0,i2¢;)x
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and so
bj()

a;;()
Now the RHS is affine in x, hence the b;(x) and a;;(x) are affine in . From

equation (x) we can now further derive that the ajx(x), j # k, are affine in
(choose u :=e; + ex). So a(x) and b(x) are affine functions in x .

= A" y(z).

The coefficients a, a; b, §; in (9.3) are at first complex numbers, why are they
real? Notice that a(z) and b(x) are real functions by assumption. Choose an x
in the interior of X', which is non—empty by assumption. Now suppose one entry
of a or a; would have nonzero imaginary part. This must be cancelled exactly
by the contribution of the imaginary parts of the other summands in (9.3) as to
achieve that the corresponding entry in a(x) has vanishing imaginary part. But
by conveniently varying x (note that X has non—empty interior) I can destroy this
balance and the corresponding entry of a(z) would acquire a nontrivial imaginary
part in contradiction to its being real. The same argument applies to b and the
Bi. Soa,a; b, [;in (9.3) are all real.

The RICCATI equations (9.4) are now a straight consequence of (9.5).

We finally prove the reverse direction. Suppose that a(z) and b(x) are of the form
(9.3). Let (¢, ) be a solution of (9.4) such that Re(¢p(T —t,iu)+o(T —t,iu) z)
<Oforallt>0,u € RY € X. Then M, := f(t,X,) with f defined as
above is a local martingale, since if you write down ITO’s formula as above
thus obtaining (x), the bounded variation term M,[;dt in (x) drops out due
to the RICCATI equations (9.4). Moreover, |M;| < 1 due to the assumption
Re((T —t,iu) + (T —t,iu) 2) < 0. Hence M is a bounded local martingale,
hence a martingale, and then

E[Mr| F] = M,
which is just (9.2). QED
I think now it is time for an example.
Example. Let d := 1 and

dX; = pdt + odWy ,

where p€ R , 0 >0.

Here, X = R (the only natural choice in this case, because we can solve the SDE
for any initial value, and W, reaches any x € R with probability 1).

Notice that a(z) = a = o?
and b(x) =b=p.
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The RICCATI equations in this case read

(1 1) = 5PV i) + (1)

#(0,iu) =0.
P(0,iu) =iu.
The solutions are:
W(t,iu) =iu
and
o(t,iu) /{ +,u1u} ds
0
o)
Note that Re(o(t,iu) + ¢ (t,iu)x ) o?u*t/2 < 0. So all assumptions for the
reverse conclusion of Theorem 9.1 a satlsﬁed so it implies that X is affine. In

particular, if Xq =0,

iuXe] iutu—la2tu2
E [e } =e 2 ,

which indeed is the characteristic function of N'(ut, 0t) , a result we know already,
but in this way we have checked it is consistent with the new results here on affine
processes. 0

We next ask

Question: Are there conditions just on the coefficients of the SDE (9.1) which
guarantee that X s affine?

The answer will be: yes; there are such conditions which will be necessary and
sufficient, but they will work only if the state space will have a canonical form.

So our next aim is: refinement of Theorem 9.1 when the state space X has the
following canonical form

X =R™x R",

where m.n € Z, with m+n=d.

We first need some auxiliary results.
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Lemma 9.2. Suppose a(x) and b(x) admit continuous extensions to R?. Let u €
RN{0} and H:={z e R | u'2>0}. Wewrite H* :={z € R | u'2>0}
for the interior and OH = {x c R4 } 'y = O} for the boundary of H. Let
x € OH and X = X* be a solution of (9.1).

If X, € H for allt > 0 then

u'a(z)u =0
and
w'b(z)u > 0.
To interpret these results geometrically, note that
uTa(w)u=u" o(w)ox) "u=u" o(x)(u o)) = lu" o()|?

so the first equation v a(x)u = 0 is equivalent to Q(I)Tu =0 , i.e. the diffusion driving X
stays parallel to the boundary H . The second equation u ' b(z)u > 0 says that the drift either
stays parallel to the boundary 0H or is “pointing inward”, i.e. into the direction leading into
the interior H®.

PROOF (of Lemma 9.2). We first prove the second statement. Note that, writing
(9.1) as an integral equation and multiplying it on the left with " , one may pull
u' through the integrals due to their being linear, and hence

t t

u' X, = /uTb(Xs) ds—i—/uTg(Xs)dWs.
0 0

Since a(x) and b(z) are continuous, it is possible to choose a constant K € R, and
a stopping time 7; > 0 P-a.s. such that |u"b(X;r.,)| < K and [[u” o(Xinr )||? =

tATL

uw'a(Xinm)u < K forallt > 0. Then [ u'o(X,)dW; is an L*-local martingale,
0

hence a true martingale. Therefore, upon taking expectations in the last equation,
this martingale part drops out and leaves us with

tAT1

E[u" Xinn ] =E / u'b(X,) ds

forallt > 0.
We now argue by contradiction. Suppose u'b(z) =: k£ < 0. Choose a further
stopping time 7, as
= Af{t>0] u'b(X;) >r/2} .

Then 75 > 0 P-a.s., and

tAT2

E [u'Xin,] =E / u'b(X,)ds <0
0
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contradicting X; € H for all ¢ > 0. Hence it must hold true that u'b(x) > 0,
which is the second statement.

For the first statement, take C' > 0 and define a process
t
Z:=& —O/uTg(XS)dWS

0
t t

2
= exp —C/UTQ(XS)CZWS — %/uTa(Xs)uds :

0 0

t

the stochastic exponential of the process —C [u' o(X;) dW,. The product for-
0

mula from ITO Calculus yields

t t
u' X2, = / u' X, dZ, + / Zau'dX,+ (u' X, Z),
0

0
t

t
= Mt—l—/ZSUT b(Xs)als+/uTQ(XS)ZS(—CuTQ(XS))T ds
0

0
t

=M, + /Zs (u"b(Xs) — Cu'a(X,)u) ds
0
with
t t
M, : = / u' X, 2, (—Cu' o(X,)) dW, + / Za' o(X,) dW,
0 0
a local martingale.

We now again argue by contradiction. So assume u'a(x)u > > 0. Let 73 be a
localizing stopping time for M, i.e. M™ is a martingale. Moreover, set

Ti=1AT A ARf{t>0]| u'a(X)u<e/2} .

Then 74, > 0 P-a.s. (since a(z) is continuous). If now C is so chosen that
C > 2K/e, we have

E[u'X,,Z,] = ]E/ ' Z, (u"b(X,) — Cu'a(Xs)u) ds
0 —_— Y

<K >Ce/2>K
Ny - J

<0

< 0.
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Z is a stochastic exponential, so is positive. Hence u " X; must be negative at some
t between 0 and 74, which contradicts X; € H for all t > 0. Hence u'a(z)u =0,
which is the first statement. QED

The following technical result is an exercise in Linear Algebra:

Lemma 9.3. Let A = (a;;) € R™? be a positive semi—definite matriz (i.e. A
symmetric, Vo € R? : a7 Ax > 0).

(a) If a;; =0 for alli € {1,...,d}, then A=0.
(b) Let m,n € N withm+n=d, Be€ R™", C € R"™" and suppose

0 B
A:(BT C)'
Then B=20.

Since this result will be used in the proof of the following crucial result, we give a proof for
convenience. We stick to the convention that when a matrix is called positive semi—definite it
is automatically symmetric and real.

PrROOF. We will now prove the following statement:

Let A be a positive semi—definite d x d—matriz. Let 0 < i < d be an index such that the diagonal
element a;; = 0. Then a;; = a;; =0 for 1 <j <d.

It should be clear that this statement immediately implies both (a) and (b). To prove it let 8
be the symmetric bilinear form defined by A:

Bu,v) :=u' Av for wu,v e R?,

and let
q(u) == B(u,u) =u' Au for wuec R?

be the associated quadratic form. This is a map ¢ : R? — IR, and the property of A being
positive semi-definite is equivalent to g(u) > 0 for all u € R?. Let e1,...,eq € R be the
canonical unit vectors. We have

a;j = PBlei,ej) , aiy = PBleie) =q(es)

for all 1 < 4,7 < d. Choose any pair (i,7) with 1 < ¢,j < d and consider the map v : R — R
defined by

P(t) = qlte; +e;).
We have ¢(t) > 0 for all t € R. On the other hand, one computes easily
qlte; + e;) = t2q(es) + 2tB(es, ¢5) + qlej) = awt” + 2ai5t + a; .
Now let i be such that a;; = 0. Then
Y(t) =2a;t+a; >0 forallteR.
But this clearly entails a;; = 0. QED

For the statement of the next fundamental result we need some notation. Re-
call that X = R? x R", m +n = d. Define I := {1,...,m} and J :=
{m+1,...,m+mn}. For a vector p € R* and M C {1,...,d} we write uy :=
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Denr - We use a similar notation for matrices: for v € R>*?and N C {1,...,d
U
we define

VMN = (Vij)ieM,jeN-
Finally, let
B:=(B,...,0) € R™,

Proposition 9.4. Let X be an affine process on the canonical space X =
RT x R". Then

(1) a, a; are positiv semi—definite ;

(2) aj =0 foralljeJ;

(3) a;r =0 (and thus a;y =a;; =0);

(4) qigr =i =0 for ke I\ {i} and 1 <i,l<d;

(5) be RT xR"™;

(5) B]J =0 ;

(7) Br; has non-negative off-diagonal entries.

PROOF. Ad (1):  Since a(x) = o(z)o(z)", a(z) is symmetric and positive
semi—definite for all x € X'; the claim then follows from (9.3).

Ad (2): Let eq,...,eq be the canonical unit vectors. If j € J, we have z :=
Ee; € X for any € € R. Then, by (9.3),
a(z) =a+&a;
and so
T T T d
woa(@)u=u au+&u aju>0 forall{e R andueR?.
But this clearly enforces o; =0 .

(Note that this argument does not work for j € I, since then e; ¢ X for all
§#0.)

Ad (3) & (4):  This proof is somewhat more involved. For any real number
y let y* := max{y,0} and consider the following continuous extensions of b(z),
o(r) and a(x) to RY:

b(I) :b—i_zx:—/@z—i_zxjﬁj ’ Q(ZE) = Q(xii_w"7x;7$m+17"‘7xm+n);
iel jeJ
then for x € R¢

a(z) =a+ Zx;rai .
icl
Let x be a boundary point of X . Then z;, = 0 for some k € I.

To see why this is so, use the relation (M x N) = (OM x N)U (M x ON) for subsets M C Y,
N C Z of topological spaces Y, Z. This comes about as follows. Recall the definition of
boundary: If T' is a topological space, A C T, then 0A := ANA¢. Thus (M x N) =M x NN
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(M x N)°. Now (y,2) € M x Niffy g M or z ¢ N, hence (M x N)* = (M¢x Z)U(Y x N°),
and so

(M x N)=Mx NN (M x N)®
=MxNN(MexZUY x N¢)
M x NN (M- xZUY x N°)
= (M xN)n(M¢x ZUY x N°)
=(MxNNMe¢xZ)U(MxNNY x N°¢)
= (OM x N)U (M x ON)

as desired. This being so, we now put ¥ := R™, Z := R", and M := R*, N := R", so
that M x N = X. We then have, as OR™ = (), 90X = (OR}*) x R™. Further, by the same
formula, OR7 = O(R4 x R7™!) = (OR4 x R ') U (R4 x OR""). Iterating this and using
ORy = {0} we end up with

m—1 m—1
0X = U (R, x {0} x R ' xR") = < U R’ x {0} x Rtg—'i*) x R™.
1=0 1=0

By Lemma 9.2 we have e; ' a(x)e, =0, i.e.

e’ | a+ Z rio; | e, =0.
iel\{k}

In particular, choose all x; = 0 for i € {1,...,d}, then ay. = e, "a(z)e, = 0; this
holds for all k € I. By Lemma 9.3 (a), a;; = 0, which is (3).

Similarly, by putting all z; = 0 except one, we get a; = 0 for k € M := I\ {i},
and by Lemma 9.3 (a) again we get a; par = 0. With N := {1,...,d}, Lemma
9.3 (b) implies a; ;v = 0, which is (4).

Ad (5), (6) & (7): Let x € X be again a boundary point, i.e. zx = 0 for some
k € I. Lemma 9.2 implies

iel\{k} jeJ

Choosing all z; = 0 and x; = 0 we get by, > 0 for all k£ € I which is (5). Moreover,
(&) implies

er B >0 forie I\ {k}
and
er Bj=0 forjeJ

(argue as above in both cases by taking +xz;, £z, large enough ). Thus we obtain
(6) and (7). QED
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Definition. We say that a,«;,b,3; are admissible parameters if the properties
(1) — (7) from Proposition 9.4 are satisfied.

We now have a reverse statement to Proposition 9.4 (a really strong result):

Proposition 9.5. Let a(x) and b(z) be affine functions with admissible param-
eters a, oy, b, B; Then the process X determined by them via the SDE (9.1) is an
affine process.

PrOOF. The proof involves very cumbersome notation, so I will only give a
rough sketch; the case of the HESTON model presented below will be treated
paradigmatically in more detail. A rigorous, albeit terse, proof can be found in
[10], pp. 148-150.

Let C_ be the set of complex numbers wth non—positive real part. Consider the
system of ODEs (cf. with (9.4))

. 1 . . :

(a) ot iv) = §wj(t, 1v)ays(tiv) + b a(t,iv),

¢(0,iv) =0;

1

(b) it 10) = S0 (t10) gt iv) + BTt iv) ke
() Vit iv) = B Y(tiv) , jET

¥(0,iv) =1iv
for v € R,
Since (c) is a linear ODE, one can write down immediately its solution, namely
(9.6) Wyt iv) =iePiiuy .

as a solutlon on [0,00) with ¢;(t,iv) € C™. Moreover,
one can show that (b( v) € C_ (use e.g. property (5)); see [10]. Therefore,
Re(é(t,iv) + ¢(t,iv) z) <0 for all z € R x R". By the last statement of
Theorem 9.1, X is affine. QED

This is what T wanted to tell you on affine models in general; now we turn to the
HESTON model.

One can show that (b) ha
t,iv
z)
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CHAPTER 10

The HESTON Model

The HESTON Model, first introduced in [20], is a generalization of the BLACK—
SCHOLES Model, intended to improve on some of the shortcomings, but retaining
the benefits, of the latter. One of the main weaknesses of the BLACK-SCHOLES
Model is the assumption of constant volatility which is not in agreement with
the observed behaviour of markets where phenomena like volatility smile and
skew occur. So the main feature of the HESTON model is the introduction of
a stochastic volatility. At the same time it also allows for closed formulas for
pricing European calls and so keeps the numeric tractability of the BLACK-SCHO-
LES Model. Numeric tractability is one of the main reasons to render a model
useful for practitioners since it makes the model easy to calibrate, whereas models
giving abstract or general answers which require extensive numeric simulations
like Monte Carlo techniques for solution may be mathematically beautiful, but
are not feasible for practical purposes. Therefore, the HESTON Model has been
widely accepted also in practice and has come into common use. It belongs to
the class of affine models, which is interesting for just the same reason, namely to
be numerically tractable and so easy to calibrate, and consequently it has been
extensively studied the last ten years.

The HESTON Model is an option pricing model with one non-risky asset with
value SY = e at time ¢t € R, and one risky asset, the underlying of the option. It
will have two processes driven by stochastics, the price process and the volatility
process, and the stochastics will be a BM in both cases which however will be
correlated, which is what is observed in practice.

So the first step is to obtain two correlated BMs. We start with a 2—-dimensional
BM W = (W' W?) on a probability space (Q,F, P*) with filtration F; =
FV'VN. Then W' and W? are two 1-dimensional BMs which are indepen-
dent. Let p € [—1,1] and define

W2 = pW' + /1 - p2W?2.

Then WZ is again a BM and has correlation coefficent p with W'. Let us see
why. That W% is a BM is most easily seen via LEVY’s Theorem by computing
the quadratic variation of W#; since (W', W?2) = 0 there comes

(W7 = (pW' + /1= pPW?), = p(Wh 4+ (1= ) (W?)y = p*t+ (1= p*)t =t
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and LEVY’s Theorem immediately tells us that WZ is a BM, but it would also be
possible to check directly the defining properties of a BM, without using LEVY’s
heavy gun.

Since W', W? and W7 are standard BMs, the random variables W}, W2 and
W7 have mean 0 and variance ¢, hence
var(Wi) =E[(W{)}] =t , j=1,272.
For the covariance between W, and W7 there comes
cov(W}, W) = cov(W}, pW; + /1 — p?WW7)
= pcov(W}H, WhH + /1 — p2cov(W}, W2)
= pvar(Wy) = pt,

because cov(W}, W2) = 0 as W' and W? are independent. So the correlation
coefficient between W}! and W7 comes out as
cov(W}, W# t
COI‘I‘(th, WtZ> — ( t t ) — P =,
Vvar(Wh)y/var(W¥) ViVt

i.e. W' and WZ are correlated BMs with correlation parameter p. This is a
wanted effect, because this allows, in particular, to implement a negative cor-
relation coefficient, which is what one observes in reality, where falling prices
enhance the nervousness in the market and thus fuel the volatility, so that the
price process and the volatility process develop opposite trends.

The volatility process of the risky asset is described by its variance process which
is supposed to satisfy the SDE

(10.1a) dVi = k(0 — V) dt + o/ VidW} Vo >0,
where k > 0, 0 >0, and ¢ > 0; one should think of \/V; as being the volatitlity
process. From this we see

Vi>0 - drift < 0

Vi< drift > 0.
so V; is a process fluctuating around 6, a behaviour known as being mean revert-
mng.

As soon as V;, and hence the diffusion term, approaches 0, the drift term becomes
positive and dominating, driving the process off 0, so the diffusion term has the
effect that the process stays above 0.

In more detail, the following possible behaviour of the volatility process is claimed in the
literature (citation from [22]:

The Feller classification of boundaries for one-dimensional diffusions (see
[47, Chapter 15, Section 6]) implies the following:
(i) if 20 > 02, then the origin is unattainable;
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(i) if 260 < o2, then the origin is a regular, attainable and reflecting
boundary; this means that the variance process can touch 0 in finite
time, but does not spend time there;

(iii) infinity is a natural boundary, i.e. it can not be attained in finite time
and the process can not be started there.

As a rule, therefore, when considering the HESTON model the condition 2x6 > ¢2 is assumed
(FELLER condition).

Remark. Concerning the solvability of (10.1a) note that this SDE has a diffusion
coefficient that is not LIPSCHITZ continuous (the square root function has a
vertical tangent at 0) , so that the standard ITO theory of existence and uniquenss
of solutions of SDEs does not apply. One can, however, show that there exists
a unique strong solution, but the proof is quite involved. A rough sketch of the
steps to take:

1) Show first that there exists a weak solution.

2) Then show that there exists at most one strong solution (= pathwise
uniqueness).

3) Now use the funny result of YAMABE & WATANABE: Existence of a weak
solution + pathwise uniqueness imply existence of a strong solution. For
details see e.g. [23|, Chapter 5, 5.3.D.

The risky asset price is supposed to evolve according to the SDE

(10.1b) dS, = rSydt + /ViS, dW7 . Sy € (0,00).

Note that V; = 6, 0 = 0 is possible in (10.1a), which turns this SDE for S; into
dS; = rSydt + VOS,dW7 . Sy e (0,00),

the BLACK-SCHOLES SDE for the price process; hence, the BLACK-SCHOLES
model is a special case of the HESTON model, namely the case of constant volatil-

1ty.

One should emphasize that the equations (10.1a) and (10.1b) are supposed to hold under a
given martingale measure P*, not under the real-world measure P. Such a supposition is,
somewhat chivalrously, quite often made, with some handwaving into the direction that it is
“essentially” equivalent to the no—arbitrage condition. This point, however, can be quite subtle
and has led in some cases to serious difficulties; see the discussion in [36], as in the case of
continuous time “essentially” means that the naive “no— arbitrage” condition has to be replaced
by the subtle and technical “no free lunch with vanishing risk” condition, which may be difficult
to verify (all this, and much more, is very nicely explained in [33], see also [8]). Fortunate
for us, [36] has checked that, under some mild assumptions, martingale measures do exist in
the HESTON model; however, there is not a unique one, but they form a family (see loc.cit,
THEOREM 3.5, THEOREM 3.6). So the HESTON model is known to be incomplete, there is no
unique such measure, and so we expect that the measure will show up explicitely in the option
pricing formula, in contrast to the BS—formula.
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We now give an outline of the construction of a risk-neutral measure P*, starting from the
formulation of the HESTON model under a real world measure P. For this, one starts with a
pair W = (W', W?2) of uncorrelated BMs and postulates the equations

dVy = k(0 — V;)dt + oV V . dW}
dSt = ,LLStdt + \/VtStthZ 5

with parameters k,0, 1, 0, where at least k,0 might a priori differ in value from the model
under P*, which we therefore just for the discussion at hand denote by x*,6*. The parameter
1 does not appear in the model under P* and corresponds to an unknown drift, as in the BS
model. Additionally, we assume as before a constant interest rate r for the risk—free bond.
Finally, we have a correlation coefficient p € [—1, 1] such that W% = pW?! + /1 — p2W?2. Thus
the BM W drives the volatility process V' and the BM W# drives the price process S, so that
V and S are correlated.

To make the measure change from P to a risk-neutral measure, i.e. a measure P* that turns
the discounted price process S; := e~" S, into a P*-martingale, we proceed along the lines of
our action in the BS case. Since this time we start with an underlying two-dimensional BM
W = (W', W?) which generates the filtration, we start with a GIRSANOV process G which is
supposed to be a local W—martingale and which therefore has the form

¢ t t t
G = /ygdwj ds+/7§dwj ds =: —/qﬁde ds — /19§de ds

0 0 0 0

by the Representation Theorem for Local Martingales 7.8B (see page 93). Here, 9!, 92 are
adapted processes satisfying IE {fOT(ﬁl)Q dt} < o0, E [fOT(ﬁQ)Q dt} < oo. The process 9! is
called the market price of volatility risk. We want to find out for which 9¥',9? we have

e D :=£&(G) is a martingale (and hence the measure P* defined by dP*/dP := Dy is
a probability measure);
e if this is the case, then the discounted price process S; = e~ ™ S; is a P*—martingale.

First we have to make further assumptions since we do not yet have enough conditions to fix
9¥! and 92 (since we have a nontradable asset — the volatility process — we expect the model to
be incomplete anyway). We begin by computing the change of the BMs under the GIRSANOV
transformation. If we denote the transformed processes by a tilde, we get

t
WE=Ww}—(GWh, =W} + /19; ds;

0
t

W2 =W2—(G,W?), =W2+ /193 ds;

0
t

WE =W = (@ W =W+ [ (o} VI= 702 as.
0

or in differential formulation
AW} = dw} + 9} dt or AW} = dWw} —9ldt;
dW? = dW? + 92dt or dW? = dW? —¥dt;
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AWE = dW7 + (p0h + V1= g203) dt or dW7 = dW7 — (pvl++/T— 203 ) dt .

Under the new measure P* defined by dP*/dP := Dy = £ (G), the HESTON SDEs take the
form

v, = (;-;(0 — V) - avamg) dt + o'V, dW}
ds, = (u —VV, (pﬁ; + ﬂﬁf)) Syt + V1S dWE .
For the discounted price process S; = e~ "t S; we have dS; = —re "t S, + e "t dS, and so
a8, = (=1 = Vi (poh+ V1= 203 ) ) Sudt + VV S

and so we get as a necessary condition for S, to be at least a local martingale that the coefficient

of dt is to vanish, hence
“;r = p0 + V1 - p*9}
t

a quantity called the market price of stock risk, for then we will have dgt =V tSN’tthZ and so

S=¢ /\/VdWZ

In particular, we see that under this condition the equation for S under P* simplifies to
dSt = ’I"Stdt + \/VtStthZ .

So, just as in the BS model, under a risk neutral measure, the unknown trend p has been
transformed away and been replaced by the constant interest rate 7.

This does not fix 91, 92. In [20], HESTON makes the additional proposal to take 9! proportional
to v/V and defends this choice by referring to some places in the literature on finance, but
notwithstanding those economical arguments this is a clever thing to do mathematically, since
this causes nice simplifications: If we put

A
o= 2VV
o
with a real parameter A, the SDEs above simplify to
AV, = (k(0 — V) — AV,) dt 4 oV V d W}
dSt = Tstdt + \/VtStthZ .
We thus see that they retain their form: they can be written
AV, = &*(0* — Vy)dt + oV Vo dW,
dSt = rStdt + \/VtStthZ y
with
Kb
DN
the form we have postulated at the beginning. In particular, the nasty parameter A\, which
parametrizes the possible nonunique choices of measure change, has been nicely stuffed away

into the parameters x and 6 of the model, which have to be determined by calibration anyway,
and this will take care of unique prices at the end.

(%) K':i=r+A , 6

Now the real work begins. By quite involved arguments, the paper [36] establishes
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o for —k < A < 00, D := £(G) is a martingale, and hence the measure P* defined
by dP*/dP := Dr is a probability measure (loc. cit., p. 8, THEOREM 3.5). In

particular, WZ is a BM and so the discounted stock price S = & (f dez) a
local martingale;

o for po — k < A < oo, the discounted stock price S=¢ (f \/VdWZ> is a martingale
and so P* a risk—neutral probability measure (loc. cit., p. 8, THEOREM 3.6).

Thus our initial assumption of the existence of a risk—neutral measure for the HESTON model
has been justified.

We next are going to see in which sense the HESTON model is affine. The affine
process will not be Sy, but its logarithm Z; := log S;. For this process, ITO’s
formula implies

1 1 1
dlog S; = —dS; — —2d(S>t = rdt + \/thWtZ — =Vidt
St 25; 2
and hence
1
dZz, = <r — 5v;) dt + /V;dW?
(10.2)

1
= <r — Ev;) dt 4+ /VipdW + /Vi/1 = p2dW?2.

Let us now check that the process X := (V, Z) is an affine process.

First, note that X is a stochastic process with canonical state space ¥ = R, xR.
The system (9.1) reads in this case

AV, = k(0 — V) dt + o/ V,dW}

1
dZ, = (7’ - 5%) dt + /VipdW,} + \/Vin/1 — p2dW?.

With the notation from Section 9 we read off, with z = (v,2) € X :

b(z) = (“f)__g’)) ;
)= (e )

Next we compute he matrix a(z) as

2
o T [(o%v pov
o) = olole) = (70 77
Note that a(x) and b(x) are affine with parameters
o’ po
a= 0 , a1:<pa pl) , a9 =0;
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) ae () s

We now check that the parameters a, a;,b, 5; are admissible. We have I = {1},
J ={2}, and

(1) a, a; are positiv semi-definite: a and ay are trivially positiv semi-definite.
For a4 either use the Main Minors Criterion (a matrix is positive semi-definite iff
the determinant of ts main minors are non-negative). Or check it directly: one
easily computes

2

o o T
(1, x2) (pa pv ) (x;) — 02:1:% + 20pr179 + :L'g

= (021 + pr2)* + (1 = p*)a; > 0.

(2) a;j =0 for all j € J: clear.
(3) a;r =0 (and thus ar; = ay; = 0): clear.

(4) iy = cige =0 for k€ I'\ {i} and 1 <i,1 < d: I\ {1} =0, so no condition
on a7 . And as = 0, so these conditions are met.

(5)be R xR™ k>0,60>0, hence k§ > 0.
(6) Br; = 0: We have

5= = (75 ().

2
By inspection, B = 0.

(7) Bir has non—negative off-diagonal entries: By = (—k) has no off-diagonal
entries at all.

So we can directly see from the parameters that X is an affine process by Propo-
sition 9.5. This conclusion is, however, not entirely satisfactory, since we did not
prove this proposition. But I already announced, when I stated it, to prove it in
the case of the HESTON model. Tt will then transpire that the same proof goes
through in the general case virtually without a change but of notation which
then will be much more elaborated and cumbersome, thus more hindering un-
derstanding than facilitating it. Hence, going through the proof in this special
case hardly falls short in result of plodding through the general case, which, in
contrast might be easy to understand after this special case has been digested.
The general case, by the way, is done in [10], pp. 149-150.

So we are now going to check directly with Theorem 9.1 that X is an affine
process. The appropriate RICCATI equations read (where the prime denotes
differentiation w.r.t. ¢) (see Theorem 9.1)

{(b’(t, iu) = KOV (t,iu) + ripg(t,iu);

(10.3) $(0,iu) = 0.
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Yitiu) = 30t ie) e (tiu) + B et i)
(10.4) = % (0] 4 2poihrihy + 1V3) — Kipy — %¢2 ;
wl(O,IUI) :iul.

¢é<tviu) =0;
(10.5) {%(O,iu) .

We have to show that a solution (¢, 1)) exists and that Re(¢(t,iu) + ¢ (t,iu) x)
<O0foralltcR,,ucR? and z € X.
The solution of (10.5) obviously is given by
Po(t,iu) =1iuy.
Now you could solve (10.4) explicitely. But I want to give instead an abstract

general argument why a solution exists (it will be this argument which also applies
to the general case).

Lemma 10.1. For allu € R?, the ODE (10.4) has a solution on Ry . Moreover,
Re(¢(t,iu)) <0 for allt € Ry, then.

PROOF*. For z = (21, 2) € C? put

1 1 1
R(z) = §ZTa1Z +h 'z = B} (0°2 +2p02120 + 23) — K21 — 372
The ODE (10.4) can be rewritten as
() Vi(tiu) = R (i) i), 1(0,iu) = ius.

R is locally LiPsCHITZ continuous. Therefore, there exists ¢, € [0, oo] such that
(x) has a unique solution on [0,¢,), and ¢, = oo or the solution explodes at
t=ty,ie limyue, [¢1(t,iu)| = co. What we want to show is ¢, = oo, i.e. the
modulus of the solution stays bounded on any finite interval.

But first we prove that Re(¢(¢,iu)) < 0 for all £ < ¢, . Note that (x) unfolds as
(for clarity of notation we suppress the argument (¢,iu))

U= ¢ (0707 + 200 Lty — ) — sy — L i
Let
f(t) == Re(u(t,iu)).
Then

f'(t) = Re(v}) = 5 (Re(o™¥}) + 2Re(po iun) — uz) — £ f(t)

DN | —

*This is FILIPOVIC’s proof in [10] of Proposition 9.5, applied to this case. I use more or
less his notation.
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(UQfQ(t) — o’ Im(¢1)2 — 2poug Im(iy) — Ug) —Kf(t)
1

a? f3(t) - 3 (0% Tm(¢1)? + 2pous Tm(¢n) + u3) — K f(t)

= S0P (0) — (1) — 5 (o Tm(yn) + pus)? + (1= )

For f(t) = 0 the RHS is < 0. Moreover, f(0) = 0. Hence f must always stay
below 0, i.e. we have indeed Re(¢y(t,iu)) = f(t) <0 for all t < ¢, .
We finally show that ¢, = co.

Note that |11]> = Re(1)1)? + Im(¢/1)?, hence

d d d
7 101" = 2Re() 2 Re(vn) + 2 Tm(¢hr) - Tm(¢)

= 2Re(¢);) Re (%m) +2Im(¢;) Im (%%)
= 2Re(¢1) Re(R(¢1,1u2)) + 2Im(¢hy) Im(R(¢1,1uz)) (because of (x))

= 2Re[t); R(11,1us)].
This might look more complicated as it really is; we have just made use of the formula
Re(z1) Re(z2) + Im(z1) Im(z2) = Re(Z122)

which holds for any two complex numbers 2,22 € C. To see this, either write z; = a; +1ib;,
j =1,2 and note that both sides equal ajas + b1bs. Or just observe that

21+2Z1 22+Z2  z;1—Z1 Z2—Z2  Z1Z2+ 2172
2 2 21 21 2

Now let us derive an estimate for this last expression. For z = (21, 22) € C? we
have

1 1 1
Re[§1R<2)] = 521210'2 Re(21> + 0',05121 Re(Zz) + 5 Re(?lzg) — KZ1%21 — 5 Re(Ele) .

Further, we have Re(z) < 14 |21]” and Re(zy) < 1+ |2|°.

For this, we claim that for any = € C we have Re(z) < 1+ |z|*: Let = a +ib, with a,b € R,
then the claim is a < 1+ a? + b%. This is equivalent to a(1 —a) < 1+ b2. If a < 0, the LHS is
negative and things are OK. If ¢ > 0, then either a > 1 and the LHS is < 0 whereas the RHS
is > 1; or a < 1, in which case a(1 — a) < 1, and still the RHS is > 1. So again things are OK.

Moreover, Re(Z,22) < |[Z122| = |21]|22|*. Checking each term in the formula for
Re[z1 R(z)] above reveals that there exists C' € Ry such that for all z € C?

Re[71R(2)] < C(1+ Re(21)* + |2)(1+ [
Now let us apply this estimate to ) = (¢, 9):
d .

i [1]* < C(1+Re(yh) ™ + [iua]*) (1 + [¢n]*) .
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From above we know that Re(¢1)" = 0. Hence, with g(t) := 1 + |i)1|*:
gt <201 +u3)g(t) .

Now recall GRONWALL’s Lemma:

¢ t
Ifg(t) < a+ [by(s)ds, then g(t) < a+ [abe’™* ds = ae”, where a,b > 0.
0 0

Applying this here with a := ¢(0) and b := 2C(1 + u3)) we see that g, hence
|¢1], remains bounded on any finite interval and so does not explode. Therefore,
t, = oo, and so, for each u € R?, a solution (¢, ) exists globally on R,. QED

GRONWALL’s Lemma exists in numerous variants. One formulation of which the above formu-
lation is a special case goes as follows (see [34]):

Lemma. (GRONWALL’s Lemma) Let I denote an interval of the real line of the form [a,00) or
[a,b] or [a,b) with a <b. Let o, B8 and v be real-valued functions defined on I. Assume that f3
and v are continuous and that the negative part of « is integrable on every closed and bounded
subinterval of I. If B is non-negative and if v satisfies the integral inequality

Vtel : y(t) <alt)+ /B(s)’y(s) ds
then

Viel : v(t) < a(t)+/a(s)ﬂ(s)exp /ﬁ(r)dr ds.

Whatever version one stumbles on, the gist is one has a function satisfying an integral or
differential inequality involving itself on the RHS and is allowed then to conclude then this
function satisfies the same inequality with itself on the RHS replaced by a solution of the
corresponding integral or differential equation. So it gets eliminated on the RHS and one obtains
an explicit inequality with no bootstraps. Correspondingly there exist versions of GRONWALL’s
Lemma in integral and differential formulations; the formulation above is an integral variant.

To conclude with, applying GRONWALL’s Lemma in the situation above is cracking a peanut
with a sledgehammer. Getting the wanted bound on ¢(t) is straightforward: If

g'(t) <20(1 +u3)g(t)

we can, ince g(t) > 0 for all ¢, divide by ¢(¢) and obtain
g'(t)
g(t)

Integrating this inequality over the intervall [0, ] yields

= (logg)'(t) <2C(1+u3) =: A.

t

log g(t) —log g(0) = /(logg)’(S) ds < At
0
and applying the exponential function which s strictly monotonous:

g(t) < g(0) e,
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which definitely shows that g, and hence |¢1]|, remains bounded on any finite interval and so
does not explode.

Lemma 10.1 implies that the solution of (10.3) satisfies
t

Re(o(t,iu)) = / {KkORe(¢1(s,iu)) + 7 Re(¢a(s,iu)) } ds

= [ kO Re(¢1(s,iu)) ds
0 <0

<0
Hence
Re [¢(t,iu) + (L, iu)Tx} <0
for any x € X = R, x R. This means we can apply Theorem 9.1, which says X
is affine. This completes our explicit check of affineness of the HESTON model.

The proof of the general case of admissible parameters is, modulo more cumber-
some notation, the same; hence we consider Proposition 9.5 proved, too.

So we have seen the HESTON model is affine. In fact, you can explicitely solve
the ODEs, but for the time being we have no need for these explicit solutions.

Our next aim is to derive the famous HESTON formula; it is an analytic expression
for the price of an European call option (the formula for a put is similar).

The terminology often seen used in this context is “semi—analytic” in place of “analytic”; this
refers to the fact that the underlying martingale measure will appear explicitely in the formula
in shape of its characteristic function, in contrast to the BLACK—-SCHOLES formula, which is
called “analytic”, because it only contains numerical parameters of the model and the well-
known simple analytic functions log and ®. The value of such a distinction may be considered
questionable.

Recall the price paradigm. The arbitragefree price of a call with maturity 7'
and strike K is given by

HESTON—call(K,T) = e " E* [(S — K)T] =e T E* [(e”7 —K)*] .

with [E* the expectation w.r.t the martingale measure P* which we regarded from
the beginning as input to the model and which underlies the SDEs (10.1a) and
(10.1b).

We split the expectation into two parts:
E* [(e” —K)*] = E* [(e” —K)1{z;>1og(50)}]
= E" [(e”) Lz >108(5}] — KP"[Zr > log(K))
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For X a random variable there is a formula P*[X > z] = H(px(z)) in terms
of the characteristic function of X (see Corollary 10.3 below). The second part
of the RHS has this form, and the strategy is now to convert the first part of
the RHS also into this form, i.e. to convert the expectation into a probability of
a random variable exceeding a given level x. The technique for doing so which
presents itself is to make a measure change to a new probability measure ) ~ P*
which involves exp Zr as a density. Wanting @ ~ P* cries for GIRSANOV, and
GIRSANOV cries for e " e?t = S, being a martingale, which it is since we are
working under a risk-neutral measure. We are thus in the position to define a
new equivalent probability measure @) via

dQ . —rT 1 Zr
P =€ SO e .

With this definition of () there comes

B (") Lizy 2105} = € SoE? [Zr > log(K)] .

Now note that e " e?t = e S, is a stochastic exponential, namely e~ S, =
t

& (f VV, dWSZ) (for a discussion of the stochastic exponential see page 82 ff).
0

To see this, compute d(e™""S;) by the product formula and use (10.1b) to show
the SDE for the corresponding stochastic exponential is satisfied. GIRSANOV’s
theorem then implies that

AWH? = AW} — d(G, W) = dW} — pV/V,dt
AWZ? = dWf — d(G,W?) = dW7 —VV,dt
are BMs. The SDEs for V' and Z under the new measure () are

AV, = k(0 — V,)dt + oV V,(dW}C + pVV dt)
= (k0 — (k — po))Vydt + oV, dW;9 ;

a7, = (7‘ - % ) dt + VV (dW/C + VV dt)
t
- (r + % ) dt + V'V dW/? .
t
Now let X := (U,Y) be the solution of the SDE system
AU, = (k0 — (k — po))Usdt + oV U dW} ;
dY, = (r—l—% ) dt + VU dWE .
t
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From this we see that X = (U,Y) is also an affine process under P* with para-
meters
2

_ _ g po —0-
a = 0 , Q1 = (pU 1) ) Oé2*0a

() = () L a

which will be important later for the complete formulation of the HESTON formula
for a call.

Now (X, W) = (U,Y),(W!,W?)) and (X, W?) = ((V,Z), (W', W) are
two weak solutions of the SDE system for a process (@, R)

dQ: = (k0 — (k — po))Qudt + 0'\/@tdBt1 :
dR; = (r+%)dt+\/@tdBtZ.

with B = (B!, B?) some fixed reference BM and B? := pB' + /1 — p2. As
described above, this SDE system has a unique strong solution. The more it
has a unique weak solution, where uniqueness for weak solutions mean they are
equivalent in law, i.e. have the same distributions. In particular, this entails

Q[Zr = log(K)] = P [Yr > log(K)] .

Then the pricing simplifies to the following preliminary version of the HESTON
formula

(10.6) HESTON—Ccall(K,T) = SoP* [Yr > log(K)] — e ™" KP*[Zr > log(K)] .

This is not yet an analytical formula, but a probabilistic formula, since the prob-
ability measure P*, () and the random variables Yy, Zr enter explicitely. This
implies that it is of not much practical use, since its numerical evaluation requires
extensive computations, e.g. via Monte Carlo simulations. Therefore, providing
an analytic formula is desirable, so now we set off for such a task.

Remark. It is interesting to note the structural similarity of this formula with
the BS—formula; in both cases the option price is a difference of two terms, the
first one involving the start value Sy and the second one the discounted strike K.
In fact, T claim that this formula is a generalization of the BS—formula. Namely,
if the volatility V; is constant, Y; and Z; are are normally distributed, and (10.6)
coincides with the BS—formula (see Proposition 7.10) for the call option price.

EXCURSION: CHARACTERISTIC FUNCTION AND THE INVERSION THEOREM

First recall the definition of the characteristic function of a random variable. Let
X be an R-valued random variable on some probability space (2, F, P). The
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characteristic function px : R — C is defined by
ox(u):=E [ei”X} :
Further recall that the distribution px of X is the probability measure on the
measurable space (R, B(R)) defined by
VAeB : ux|[Al:=P[X € A]

(to enhance readability we write P [X € A] in place of P[{X € A}], leave alone
P{we Q| X(w) € A}]). In particular, then,

pxtu) = [ ap = [ iy (a)

Q R

and so we have expressed ¢y in terms of px. The following theorem inverts this
relation and expresses py in terms of ¢x.

Theorem 10.2. (The Inversion Formula) Let X be an R-valued integrable ran-
dom variable on a probability space (2, F, P) with distribution px and character-
istic function ox. Then for all v € R

— € wx(u) d

px [0, ) + g [{o}] = 3 + i o [ SEXEU = “

0

One may wonder whether this formula indeed recovers the full probability measure i x, in which
case the characteristic function ¢y and the distribution px would determine each other. This
is, in fact, the case, but it requires some work.

A somewhat roundabout abstract proof goes as follows. The distribution function Fx : R —
R is defined as

Fx(2) = P[X <] = x [(—o0,a]] -
It is monotonously increasing and thus is known to have at most countably many discontinuities.

It is easy to see that the c—algebra generated by the intervals (—oo,z], € R, is the BOREL—
algebra B(R) and so pyx is determined by the values px [(—oo, z]], i.e. by Fx.

Now by the Inversion Theorem ¢x determines the values pux [(—oo, x)] = px [(—o0, z]] for those
2 such that {} s not an atom of px. These are the points of discontinuity of Fx, and so there
are only at most countably many. If A C R is the set of those, R\ A is dense in R, and for any
xg € A there is a monotone sequence x; > x9 > x3 > --- such that z,, € A and lim,,_,, = x¢.
Then (—o0,z1] D (—00,x2] D (—00,23] D -+ D (—00, 0] and (—o0,zo] =, (—00,z,]. Then
px [(—o0,x0]] = limy,—e0 px [(—00, 2,]], and so ¢x determines all the px [(—o0,z]], z € R,
which shows it determines px.

A proof more in the spirit of the calculations that follow is to show by the same methods as
below

px [{z}] = lim —/{e_“”” u) — e px(—u)} du

c—o00 2¢
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(exercise). Then the formula of the Inversion Theorem and the last formula determine all the
px [(—00,2]] via

i (=00, = (s (=00 2)] + gax [l ) + o o).

PROOF (of Theorem 10.2). Since X stays fixed in the discussion, we write
p:=px and u = pux. We proceed in three steps.

Step 1. Note that

¢ p(—u) — ¢ pu) | _ | p(—u) — 6 p(u) + ¢ plu) — e ()
iu iu
- @(—U) _ QO('LL) eiuz _ e—ium
< o] B =AY o) |
1U 1Uu
—u) — U eium_e—ium
< ‘90( )~ ‘
1U 1u

‘2]E [sinuX]' ‘QSinux
< +
u

u
(since p(u) = E[cosuX]+iE [sinuX] and so ¢(—u) = E [cosuX] —i[E [sin uX])

sin ux

—om|
U

inuX
sin u }4_2

<2E[|X]|] + 2 ||

(since |siny| < |y| for all y € R). This shows that the integral in the theorem is
defined.

Step 2. Let € > 0. Then

/ eiuw w(_u) _ efiux QO(U) du _ / efiux QO(U) du
iu iu
€ [76701\(7575)

(note that the integrand on the RHS is not LEBESGUE-integrable around 0)

JIECt

[—ed\(=
elu —ac
- // , du p|dy] (FUBINT).
1Uu
[—e.c]\(—e.e)
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We next perform the inner integral:

iu(y—z) — i s _
/ ¢ duy — / {COS u(y — x) + isinu(y x)} "
iu iu

[7670}\(7‘575) [7070}\(7575)
_ / cosu(y — ) P / sinu(y — z) du
U u
[—C,C}\(—S,E) [_670]\(_575)
_ / sinu(y — z) du.
u
[—ec\(—e)

cosu(y — x)

because the first integral vanishes as is odd in w. Note that the

inu(y — )
u

u

S
surviving integrand is LEBESGUE-integrable around 0. There results

C

IR T PR TUEE P

Step 3. One can show

sinu(y — x)

CILIEO " du = msign(y — )
where
1 y>x;
sign(y — x) = 0: y=
—1 y<x.

This can be seen as follows. Let a € R. The function
sinua
f(u) =

is continuous on R and so integrable over any bounded interval. Let ¢ > 0 be any positive real.
Then, by making the substitution = := ua

ca

sinx
/ dx :a>0;
T
(&
. —ca
sin ua
/ du = 0 a=0;
sinx
—/ dr :a<0.
T
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With ¢ — oo there follows

o0 oo
sinua . sin x
du = signa dx
u x
— 00 — o0

in the sense that if the right integral exists as a proper or improper integral so does the left
and the values are equal. We will see below that the right integral does not exist in the proper
sense. But it does exist as an improper, or conditional, integral; for this, write, for N € N,

N N-1 (k+1)m N—1
SlIlSC Sln:L‘

[ =y [ Bra-Y-

0 k=0 k=0

and observe that the sequence (S%) with

(k+1)m )
Sk = (_1)k / Sin x de
x
km

is positive, monotonously decreasing, and satisfies Sy < 1/(k7), hence limg_,, Sx = 0. By the
LEIBNIZ criterion for alternating series there follows (note that sinz/x is even)

oo N7 00
sin x . smx
/ dr = lim 22 Sk < 0.
T N—o00
—o0 —Nm =0
The claim finally is
e .
sin x
/ der=m,
x
— 00

a very classical improper integral known as the DIRICHLET integral (one out of many).

The verification of this formula is quite subtle and often used on different occasions to demon-
strate the various techniques to handle improper integrals:

1) By Real Analysis: As will be demonstrated below, the integrand is not integrable over [0, oc].
The idea then is to force integrability by multiplying with a parametrized family of functions
which decay fast enough at infinity to make the product integrable and then to remove the
parameter in the end. The candidates of choice are, of course functions with an exponential
decay, so we consider the family

i
fla,z) :=e™ " e , a>0.
x

This function is continuous on [0,00) x R and continuously differentiable on (0,00) x R. The
usual theorems on integrals of functions depending on a parameter (see [1], p. 111, Theorem
3.18) tell us that the integral

0 .
sinx
F(a) = /e*‘m —dx
x
0
is differentiable w.r.t. o on (0, 00) and the derivative can be obtained by “differentiating under

the integral sign™
o0

oo

* sinx _ .
/ dx:—/e T gin xdx .
0

0

145



S. ANKIRCHNER Mathematical Finance Bonn WS 2012/13

This is — oh lucky us — an integral we can handle; applying partial integration twice leaves us
— doing the indefinite integrals first — with

1 1
/e*amsinxd:v: ——e*‘”}sinm—i——/e*a””coswdx—i—C
« «

1 1 1
=——e “gsinx — —ze*‘” cosT — — /efo‘x sinzdxr + C
o o o
and so
e—a$
(%) /e"“sinxdm:—ﬁ(asinw—kcosx)—kC,
o

where C is an arbitrary integration constant. Hence

oo

eiam =00
e *sinxdr = — —— (asinz + cosx)
14+ a2 _
(%) 0 v=0
1
C14a?’

This immediately entails

1
F(a):—/mda:—arctana—&—c.

The integration constant C' can be determined since

VezeR,z#£0: |28 <1
T
and so
1
VaeR,a>0: |F(a)| < /e_w de| = —
«@
0
whence lim,, o, F'(a) = 0. We obtain
0= lim F(a) = — lim arctana + C = —~ + C
a—0 a— 00 2

hence
0
Va>0: Fla)= 5 — arctan .
Thus we would get

0 .
sinx T
dr = F(0) = —
[ = =P0)-]
0
if we knew that F' be continuous in 0. But — oh pitiful us — we do not know this yet, and the

standard theorems on parameter integrals do not cover this particular case. So we have to find
a workaround.

Writing

e “sinxdr do

F(0) = /OOF’(a) da = —/OO
0 0
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if it were allowed (which it is not) would prove the claim, but it at least suggests to consider the
double integral on the RHS. If it were allowed to apply FUBINI (which it is not), there would

come
oo o0 oo o0
//e*m”sinxdzdoz://e*‘”sinxdadx
00 00

The LHS would give, by equation (xx) above,

oo

oo o0

1
//e_o‘zsinxdxda:/mdazg
0 0 0

oo o0 o0 1 o0
//ewsinxdadx:/<—em")
x
00 0

which is our desideratum.

and the RHS weould give

The situation changes on the spot, however, the moment one realizes that it is allowed to apply
FUBINI over the region [0,00) x (0,c) where ¢ > 0 is any positive real. So we fix ¢ > 0 and
consider the equality

c o0

oo C
//e*azsinxda:da:/ e “sinzdadr
00

0 0

which now is allowed by FUBINI. The LHS gives by equation () above

oo C [ee]
e*OLZL’
e”*sinxdrda = — ——(asinz + cos )
14+ a2
00 0

oo e—ac 1
= — asinc+cosc)da+ | ——= da
( ) 5
+ «
0 0

r=c

do

z=0

1+ a2 1
:g—sinc/;l)[j_a2 doz—cosc/ile_i_a2 da.
0 0

The RHS gives

c c

¢ oo 1 =00 .
sin
//efo‘xsinxdozda:/ (—e‘”) sinxda::/ xda:.
T x
0 0

0 a=0 0

Collecting our findings we get

c o

o0
/Su;xdx—g:—sinc/%da—cosc/f_‘_ﬁda
0

0 0

and so

C

oo o0
sinx s e ¢ e «¢
dr — —| <lsinec —— da + |cos e — da«
/ T 2 | |/ 14+ a2 + |/ 1+ a2
0 0

0
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oo

ae ““da+ -/e*ac do
0

N
0\8

for ¢ > 1. There follows

1 1 a=oe
=——e (a—l——i—l)
c c -
1/1
:(+Q
c\c
2
< —
c
oo C
/sinxdx: lim sinxdx_ ™
€T c— 00 €T
0 0

and we are done.

For an enhanced FUBINI setup which applies in particular to the DIRICHLET integral here see

[25].

b) By Complex Analysis: Improper integrals usually cry for treatment by the Residue Theorem.
Let f be the function f(z) :=e% /2. It has the form

f(z) = 1 +g(z) , g holomorphic with g(0) # 0,
z

and so has a simple pole in 0.

Now fix two positive real numbers 0 < ¢ < R. consider the points Py := FR+i0, @ := Fe+i0
and finally the points Ry := FR+iRallin R+i0={z+i0] € R} CC.

We consider the following paths. Let 4. be the straight line segments from P_ to Q_ and Q4
to P, respectively, o. the upper half-circle of radius € from Q_ to @+ in the clockwise direction,
and finally p = p4pop— the linear path from P, over R} and R_ to P_ in the counter-clockwise
direction along the boundary of the rectangle Py Ry R_P_. Then v := y_.0.v4cp is a closed
circuit wich does not contain the only pole of f in its interior and therefore by CAUCHY’s
Integral Theorem

Oz/f(z)dz: /f(z)dz+/f(z)dz+/f(z)dz+/f(z)dz

—€ R

:i/smzdx—kl/f(z)dz—l—i/&ﬂdx—k/f(z)dz
T 2 T
—0e € p

—R
—€ R

:i/Sh;mdx—i—i/Sizxd:c—F%/f(z)dz+/f(z)dz
) y)

—R e -

where —0; is the boundary of the circle around the origin of radius ¢ in the clockwise direction.

Therefore

—€ R

i/Sh;xdz+i/812xdx:%/f(z)dz—/f(z)dz.
O P

—R €
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where 0. is the boundary of the circle around the origin of radius ¢ in the counter—clockwise
(= mathematically positive direction. Now

/f dz-/ dz+/ dz-217r—|—/g( )dz

Oe

and so

lim/f dz-217r—|—hm/ Ydz =2im

e—0

since lim._,o [ g(z) dz = 0. Thus

85
R . —€
i/Smxda::limi/Smxdaﬂ-hml/—dx—lﬂ'—/f(z)dz
x e—0
-R -R
Now . )
/f e—dz—i—/e dz
z z
Po P—
and
iz 1— —R
/—dz—e‘R hence e—dz < -—°
R+1y z R
P+ +
/e—dz:e_R/ e. dx hence /e—dz <2e
z r+iR z
PO R PO
iz y —y iz 1 —R
/%dz:e’iR/%_‘_iydy hence e7dz g%.
p— R o—
Therefore
4
dz| < =
JECLAES-
P
and so
oo R
i/smxdm:limi/sm de =im— hm f(z)dz=1im
X R—o00 x R—o0
— 0 —R P

as was to be shown.

3) By Trickery: What makes Mathematics fascinating and amazing is the degree to which
ideas, definitions and theorems of seemingly disparate disciplines are interrelated so that its
universe appears to be subjected to the small world paradigm (i.e. to be modelled by a graph
in which any two vertices are linked by a path of bounded length where the bound is small,
see [35]). So there are always unexpected and astonishing shortcuts or elegant twists to obtain
results in a way very different from the standard route. In particular, when a master opens his
bag of tricks, this event may always be good for a surprise. The following road of attacking
the DIRICHLET integral I did find in [29] , Kap. 14, §2, 3., pp. 324-5 (a book to be highly
recommended); I somewhat modified the approach.
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We begin by playing around with trigonometric identities and observe
sinz = 2sin(z/2) cos(z/2) = (2sin?(z/2))’
and so by partial integration

/ sizx dr = (2 sinz(x/Q))% + /(2 sin2($/2))% dr = Sinx(/i;/Q) * / Sian(;Eim d(@/2)

thus arriving at identity

2c 9 c 9
ST S C ST T
dr =2 + 5— dx
X & x
—2c —c

for any ¢ > 0. Since |Sin2 /x2’ < 1/2? this immediately settles the question of existence
of [%_sin® /z?dx and hence also of the existence of [~ sin/zdz, and we have by letting
¢ — oo

o0 oo 2
sin x sin® x
dr = 5 dr .
T T
— 00 hde o}

We now compute the integral on the RHS. Fix NV € N; then

(N+1)m pen (BT
sin? :c sin? J: sm :v—i—knr
=D Z e )
—N7 k=-N km x+ Tr
/7T sin? x h=l 1
Z dr = /sin T Z 72dx
RN x + km)? ) Ly (@ k)

Since the integral on the LHS and the series on the RHS are absolutely convergent, there is no
problem with taking the limit N — oo :

oo ™ k=00

sin? 1
(1) / > dx—/sln x Z Wdaz

—00 0

One of the highlights of a first course in Complex Analysis is the partial fraction development
of the classical functions, in particular that of the sine (see [29], Kap. 11, §2, 3. on p. 260):

o0

S
Nt (z+k)?2  sin?nz

By putting z = /7 we may rewrite this as

2 a2
Rt (z + k) sin® x
thus arriving at
/ szxdas:/d:czw.
T
—o00 0

Lovely.
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Remark. 1) Of course one now is tempted to play the same game directly with ffooo sin /x dx;
There is no need of a preparing partial integration then; directly proceeding to chopping the
integral into pieces as above leads to

(N+1)m s

. k=N
sing [ (—1)*
/ . dx—/smx E m—i—kwdx'

—Nx 0 k=—-N

One then would like to take limits:

T sinz r ' (—1)F
/ dx = /sinx lim E dx ,
€T n—o00 T + km
— o 0 k=—Nm

but has to be careful here since the series on the RHS is only conditionally convergent and
so the interchange of integration and summation needs further justification which makes this
apparent direct approach more tedious. If one applies the convention to evaluate the sum by
always pairing the summands corresponding to +k (the so—call EISENSTEIN sumnmmation) one
has indeed the partial development (see [29], Kap. 11, §2, 3. on p. 261)

k=00 k=N k=N
D . D D L D

k=—0c0 k=—Nm
1 h=ce 2z s
- —1)* =
z + k:z_:oo( ) 22 —k?2  sinmz’

hence

o
x+kr sinz’
k=—o00

and things go through as desired. The trick above of reducing ffo sin /z dx to ffo sin? /22 dx
o0 o0
circumvents these more cumbersome subtle convergence considerations.

2) In fact, all the integrals

OO m

sin™ x

Im,n::/ o de , mmneN
0

are known. Of course, some of them are trivially properly or improperly divergent and so we
exclude the cases m = 0 or n = 0, hence consider only m,n > 1. Likewise, we can exclude the
cases m < n, since then sin™ x/2" = (sinz/z)™(1/2"~ ™) and so we can find a > 0 such that
sin™ x/z™ > 1/(22™~™) on [0, a] whence I, ,, is properly divergent. Thus the interesting cases
are m > n > 1. We then have (see [27], the only source I found on these matters)

A) For m > n > 1 of equal parity the I, ,, are rational multiples of 7 and in fact
1 m—n m
Ipn=—7—"—— -1 th — 2k,
w2 (O )20
0<k<m/2
B) For m > n > 1 of opposite parity the I,, ,, are
1 m—n—1 m

[ _1\"o—tk _ n—1 . .
10 — 1] E (=1) = <k> (m —2k)" " "log(m —2k) n>2;

0<k<m/2
00 n=1.
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As an example for A), we know values of I, := I, ,, for n = 1, 2; the first new values are

3 1 115 11
I3 =— Iy=- Is = — Is = —.
3=gm o, ha=gm o, b=gam o, = gT
As an example for B), we have

3 5 27 3 256
.[372 = Z 10g(3) 5 I473 = IOg(Q) s I572 = T6 IOg <5) 5 16,3 = Tﬁ IOg <27> .

The rest of this remark which follows is purely recreational; it is a reworking of the computations
in [27]. For the proof we first consider the case n > 2. We use the formula

1 17
_ —zy nfld
" (n—l)!/e 4 Y
0

(easily proved by induction using partial integration) to write

o0 . m o0 oo
sin™ x
(n— 1)!/ —dr = /sinm z/efxy y"ldydr.
x
0 0 0

Because of n > 2 there is no trouble to apply FUBINI, and so there comes

oo . m oo (oo}
s
(n—l)!/ H;nxdx: /y”’l/sinmme*zy dz dy .
0 0 0

We now have

elr —emte\™ R m\ |
G — — 1 k i(m—2k)x
(%) sin™ x ( 21 ) om ™ E (1) <k>e

by the bimomial theorem. Therefore

2" (n — 1)!/Sinmxeﬂy dr = > (=D <Tl?> /e(i<m72k>fy>x da
0 R 5
1 m k m 1
B _Tkzzo(_l) (k)l(m 2k) —y
so that
2™ (n — 1)'/ sin™ x gy — 1 i(—l)k m / n—1 ;
xrn _lm k y—1(m—2k) Y
0 k=0
— ii(—l)k m 7 yn—l _in—l(m_2k)n—1 N i"_l(m—2k)"—1 dy
i e~ k / y —i(m — 2k) y —i(m — 2k)
But
n—1 n—1 n—1 n—1
Y —1i""(m — 2k) 1
i = Y iP(m — 2k)P,
y —i(m — 2k) 1;
therefore
m i n—1 n—1 n—1 n—1 m
k(MmN [y =i (m - 2k) B / A N
Z( D (/f)/ y —i(m — 2k) dy—z Yy IZ( 1) s (m — 2k)P dy
k=0 0 parll —
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Now observe that the TAYLOR development of the sine allows to write sin™ & = ™4,,(x) with
1y an analytic function, which implies that the p—fold derivative of sin™ vanishes at x = 0 for
0 < p < m. Hence

(sin )(P) 2m — ( ) m 2]€) I(M—2k)x
1
and so
() Z(—l)k (7:) —2k)P=0 forO<p<m.
k=0

Therefore, the sum of integrals above vanishes since so does each summand, and we are left
with

sin™ x 1 & m ooi”_l(m —2k)n—1
m _ | — E _1\k
2" (n 1)/ " d i (=1 (k)/ y —i(m — 2k) dy.
0 0

For m odd there is no summand with £k = m/2 and for m even the corresponding summand
vanishes since n > 2 by assumption. For k < m/2 we group the summands corresponding to k
and m — k together; these give

() [ <m”i k> / ;7;2%;;”1; g

0

We thus arrive at

2m(n—1)!/sm T iz
xn
0
1 [ (m—2k)m L (m— 2k
= —]_k m) /|: +_1m+n 1 \"v—ah) d
oggn/z( ) (k jm-ntl ) y —i(m — 2k) (=1) y +i(m — 2k) 4

A) Suppose m and n are of equal parity. Then m + n — 1 is odd, and there comes

<>osinmac m 1 7 m — 2k
2™ (n —1)! de= Y (V") oey2i 2k:”1/—d
(n )/ o (=1) (k)ﬂ” ntl (m — 2k) y2 + (m — 2k)? 4
0

0 0<k<m/2

oo

I
(]

_1\k m 1 _ n—1 Y
(-1) <k)'m_”2(m 2k) arctanm_%

0<k<m/2 0

= > (-F <TIZ> (—1)"7"2(m — Qk)mg
0<k<m/2
and hence the claim A) above.
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For n =1 we directly get from (x), since m is odd,

sin™ x 1 w (M) sin(m — 2k)x
= _1
x gm—1im=1 Z ( ) (k) T
0<k<m/2

Integrating this over (0,00) and using [~ sin(m — 2k)z/xdx = [, sinz/x dz = 7/2 yields the
formula for I,,, 1 above.

B) Suppose m and n are of opposite parity. Then m +n — 1 is even, and there comes

Oosinmac m 1 - [ 2y
gm — 1) dr = -1 k —_— —2k)" ! / 5 d
(n ) / " ’ 0<kz: 1) (k') jm-ntl (m ) y? + (m — 2k)? Y
0 Sk<m/2 0
m 1 _ [ 2y
= lim > (1)k< >-m—n+1(m2k)n 1/ﬁdy
5—00 Oham/2 k 1 0 Yy + (m - 2k>

= lim Z (—1)%'% (TZ) (m — 2k)" " log(y? + (m — 2k)?)

Ende el

0<k<m/2 0
m—n+1 m 82
— lim (—1)"= +k( )(m—Qk;)"_llog (+1) .
§—00 Ogl;n/Z k (m - 2]€)2
Now write
s? 1= s? 1_‘_(m—2k)2

(m — 2k)2 (m — 2k)2 52 ’

whence

log ((mik)g + 1) = 2log(s) — 2log(m — 2k) + log (1 + (’”;221“)2> :

In the resulting sum for 2™ (n — 1)! [;° sin™ /2™ dz the first term on the RHS sums up to 0
because of the relations (). The sum over the third term goes to 0 under s — co. So after
performing this limit we are left with

2 (n — 1)!/ TR T gy = Z (—1)"=k (m) (m — 2k)""*2log(m — 2k),
" k
0

x
0<k<m/2
and hence the claim B) above.

Finally, if n = 1, m must be even. As above, we chop the integral into pieces and obtain

N by

sin” x ' =1
dr= | sin™x Z dr .
T = + k7

0 0

Since the harmonic series is properly divergent, so is the integral, which settles the last open
case.
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sinu(y — )

Since is locally LEBESGUE-integrable, the Dominated Convergence

u
Theorem implies

lim [ & go(—u).— © Q) du = —W/Sign(y —x) pldy] .
c—00 1u
Now
sign(y — ) = Lze0) = L(-oo)
=1 = T(ooa] = L(-oo)
=1- 1} = 2L(-c00)
whence
) iux QD(—U) _ efiux QD(U) /
1 du = — 1 =T — 21 Loz d
e m u=—7 [ {1= 1 — 2L (oo} pldy]
= —m{l = p[{z}] - 2p (o0, )]}
= {1+ p[{z}] +2p[(—o0, z)]}
and the theorem is proved. QED

Remark. Note that the integral in the theorem might not be defined in the LE-
BESCGUE sense. Consider, for example, X = 0, i.e. u = dy, the DIRAC measure
centered at 0. Then ¢(u) =E[1] =1 for all u € R and

eiu:r QD(—U) _ efiu:v QO(U) eiu:p _ efiuz QSiH UL
1u N iu N U
which is not LEBESGUE-integrable on [0, 00) .
By a simple variable rescaling it suffices to show that f(u) := sinw/u is not LEBESGUE—

integrable on [0, 00). Suppose it were, then |f| would also be LEBESGUE-integrable on [0, 00).
Now for any N € N

sinu pl sinu
/ Z du .
U
[0,N~] k= [kﬂ' (k+1)m)
Since for all £k € N
sinu |sin |
f km, (k+1
W |2 Trnyr or welkmktlm
we get
sinu sinu 2 fhle 1
du > == _—
[15eey [ |ee=i e
[0,N] Olker, (k41)m) k=0
But the harmonic series is unbounded, and we get a contradiction. QED
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The slickest proof of the unboundedness of the harmonic series I know of runs as follows.
Suppose it were bounded. It then would be abolutely convergent, and so any of its subseries
would be so. Now put

1 1 1
1+*+*+*+"'7

H:=1+5+3+;
oimrelilyd,
E::%—&-i—ké—i—%—k---.
Then H = O + E. On the other hand,
- 3(1vhedeie) b

and so O = F, which is plainly absurd.

Corollary 10.3. Let X be integrable and such that P[X = x] =0 for all z € R.
Then

1 1 ; —iuz
P[X > 1] =5+ lim Re{e,—%{(u)} du.
T c—0o0 1U
0

PrOOF. For z € C we have

Z_,Z:2Rei:—2Rei.
) i i

Hence,
— o iuz

A _gp [ ot).

and Theorem 10.2 implies
PX>z]=1-P[X <z]=1— pux[(—o0,2)]
1 1 y —iux
1 L [Re {w} du.
2 iu

T c—00

QED

END OF THE EXCURSION

Now back to the pricing formula of a call — here it is, the famous HESTON formula:

Theorem 10.4. (The HESTON pricing formula for European calls) Let ¢y (u) :=
E* [e™7] and ¢z (u) := E* [e™?T], u € R. Then

HesTON—call(K,T)
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1 1 N —iulog(K)
~ 5 —+—/Re[e , “‘)Y(“)} du b —
2 0w iu
0
R S / Re | ez
2 T 1u

0

PROOF. Recall (see (10.6))
HesToN—call(K,T) = Sy P* [Yr > log(K)] — e KP* [Zr > log(K)] .
The result follows from Corollary 10.3. QED
The ultimate goal in this development of the HESTON formula finally is the
explicit determination of the characteristic functions ¢y and ¢z. Recall that the
process X = (V,Z) was shown to be affine. Hence, we can write by applying
(9.2) with ¢ = 0:
]E* [ei(ulvT-i-uQZT)] — e(ﬁ(T,iul,iug)-i—wl(T,iul7iu2)‘/b-|—w2(T,iu17iu2)Zo .

where ¢, 11, and 1) satisfy the system of RiccAaTi ODEs (10.3) — (10.5). In

particular, we know already that ¥o(t,ius,ius) = iug. If we put uy := 0, the

LHS gives ¢z := ¢z,, and so, writing u in place of uy to simplify notation:
SOZ(U> — E* [eiUZT:| — eqS(T,O,iu)—i-'gZ)l(T,O,iu)Vo—i-iuZo

I

where ¢ and 1, satisfy the equations (see equations (10.3) - (10.5)):
(¢’ = kO +riu;

#(0,0,iu) =0;
(10.7) X )
) U iu
U = 5o+ (poiu— Ry — o

\wl(0,0,iu) =0.

Our aim now is to determine ¢ and v, explicitely; note that, once v is knwn, ¢
can be found immediately by a direct integration.

Lemma 10.5. Let A; B,C € C be such that B> — 4AC # 0. Then the RICCATI
equation with constant coefficients

y'(t) = Ay*(t) + By(t) + C , y(0)=0
has the unique local solution
20 (e —1
y(t) = 575 ( )ﬂt
J(e?" 4+1) — B (" —1)

where 9% := B2 — 4AC.
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PROOF. Since locally the necessary LIPSCHITZ condition is satisfied, the stan-
dard Existence and Uniqueness Theorem for ODEs shows that locally around 0
there is a unique solution. The proof then amounts to a direct verification that
the explicitely given function is indeed a solution. QED

Proceeding this way is, of course, not entirely satisfactory since it leaves the origin of the
explicitely given solution in complete darkness and loads one with the rather heavy burden of
stupid verification. To get some enlightment and relief, let us try to solve the equation by some
reasoning instead of violence.

First recall that it is common lore that the substitution y = —z'/(Az) transforms a RICCATI
equation into a linear ODE of second order which then can be explicitely solved by traditional
methods, e.g. by variation of constants in case of with constant coefficients. The solution
process simplifies significantly, however, if one gets rid of the linear term beforehand:

First we treat the case A = 0. We then have the ODE
y=By+C , y(0)=0

which is readily solved; we have B # 0 and hence can write

. B C
Yy By+C’B<y+B)

and putting y + C'/B =: z we arrive at

=Bz , 2(0)=C/B.
Therefore,
¢ 5 ¢ B
z:Eet hence yzE(e t—l)

which is compliant with the above formula.

If A # 0, apply the thousands years old “completion of the square”

B\? B2 B\? 2
’_ = _ 2 =) -2
yA(y+2A) O~ A(lﬁzA) 1A

Substituting y + B/(2A) =: u leaves us with a RICCATI equation bare of the linear term:

92 B
! _ 2_ v -
u' = Au 1A u(0) 54"
We now make the substitution v = —z’/(Az). Then
, Az — A(Y)?
T A
and so the ODE for u gets transformed into
_AZZ”—I—A(Z/)Q _A(ZQ) B ,1972 B Z/(O) B E
A222 A2 44 Az(0) 24
or
L 20 _ B
17 %0 2"

Now we have reached safe waters without having had to vary the constants. The solution to
this equation is first—semester—stuftf:

5= aeﬁt/Q_’_ be—ﬂt/2 _ e—z?t/? (aeﬂt+ b)
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hence
o — 4 (aeﬁt/z _ be*mp) _ 4 o—Ut/2 (aeﬁt _ b)
2 2

where we have to determine a and b so that the initial condition 2’(0)/2z(0) = —B/2 is satisfied.
Since this is a single condition, but the ODE is of order 2, this does not uniquely fix the solution,
but since u = —2'/(Az) we can scale z, and hence 2’, with a nonzero constant without changing
the final solution y. So we only have to fix the ratio a : b, and for this the initial condition is

sufficient; it yields

—— or =

2a—-b 2 b—a

da+b B b+a E
9

and so
a:b=(—-DB):(¥+B).
We thus arrive at

z=e V2 (9 - B) eV (9 + B)) = e V2 (15‘(e19'5 + 1) — B(e¥ — 1))

and
o = ge—ﬁtﬂ ((19 _ B) eﬂt N (19_'_ B)) _ gefﬂt/Q (19(61% i 1) . B(em—ﬁ— 1)) ,
whence
29 (ﬂ(em— 1) — B(e" + 1))
Az 2A(W0(e% + 1) — B(eVt — 1))
and so
B 90— D+ B+ 1) - B3+ 1) - B - 1)
R 24 (ﬁ(eﬂt * 1) =BEr D)
—2(e" = 1) + 9B(e” + 1) — Bo(e" + 1) + B2 — 1)

24 (9(e + 1) — B(et — 1))
(=92 + B2)(e" — 1)
2A(0(e" + 1) — B(e? — 1))’

which completes the proof.
We can then use this lemma to find the solution of (10.7); just put

A::§02 , B=poiu—r , Ci=————.

QED

Finally, we observed on page 141 that the process X = (U,Y) is an affine process,
too, and from the parameters given there we read off the RICCATI equations.
Hence, there are functions ¢ and v satisfying analogous RICCATI equations such

that

oy (u) = eg(T,o,iu)+zZ1(T,o,iu)vo+iuyo

and one can again use Lemma 10.5 to obtain explicit expressions for 25 and {ﬁvl.
The corresponding system of RICCATI equations is very similar to the system
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(10.7)
(qb’ = kO +riu;

¢(0,0,iu):0;
, 1, ) w? iu
¢1:§U¢1+(001U_(“_P0))¢1—5+7§

[ ©1(0,0,iu) =0.

so we see only the equation for v’ has slightly changed. We read off the parameters
A, B, and C' as

1 2
A::§a2 , B:=poiu—(k—po) |, C::—%Jr%.

This concludes our derivation of a closed form for the HESTON formula.

Let us complete here the explicit derivation of HESTON’s formula and present it in the form
how it shows up in the literature (where virtually all authors appear to copy it from [20]). In
general terms, Lemma 10.5 provides us with the solution for 1, where we have to plug in the
concrete values of A, B, and C. Before doing so, however, we complete the general solution to
¢ (recall that ¢, 11, and 15 together determine the characteristic function ¢z). Recall that ¢
is given by 10.7 as

' (t,iu) = kO (t,iu) +riu;
¢(0,iu) =0,
and so by a direct integration.

Lemma 10.6. Let A; B,C € C be such that B> — 4AC # 0. Then the integral of the solution
of Lemma 10.5 of the RICCATI equation with constant coefficients

y'(t) = A () + By(t) + C , y(0)=0

is given by
t

/ (syds— L1 29 _
YA =8\ Y e? 1) B (e 1)) 9+ B
0

where 92 := B2 — 4AC.

PROOF. As in the case of proof of Lemma 10.5, a valid proof is provided by just checking, and
this proof is equally unsatisfactory. So we give again a derivation of this formula.

We have for the indefinite integral

B 2C (e’ —1) _ 2C (e 1)
Jroi= [ s =g = [ G perorn
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and so, to simplify notation, an integral of the type

,.Y(eﬂt_l)
/mdt , OZ,B,'YE(D

1975_1 9t
/ﬂe)dt_/vedt/vdt
ae’t +3 ae’t +3 ae’ 4+

and we observe that the second integral is of the same type, since

—ot
/Ldt:/Ldt
aedt 4+ o+ BeUt

/mdt:/ 1”+ﬁ /Be 5

The first integral on th RHS is easily calculated, once one has observed that the nominator is
essentially the derivative of the denominator:

ot
ve ade’ It
_— l
/ aedt —1—5 T ol / eVt —1—5 T a0 ( +ﬁ)

Then

and so

and so
ye Ut —9t o=Vt It —0t
mdt:f@bg (6 +a) :f%log((ﬂ +a)e e )
— ﬁﬂ log ((B+ae’)e ) = 519 log (ae” +8) — ;19 log (e7")

= log( m—l—ﬁ)—&—%t.

There results

vt 1
/va(;t —I-ﬁ) dt = % log (aeﬁt +8) + % log (cve vt +8) — %t

= (oa9 + W) log (ave” +5) — %t

_ (a+8)y 9 0
= " apv log (e’ +8) Bt.
Therefore
t
v (e -1 + s '
/04(6195 +ﬁ) ds = 7(010[&9)7 log (e’ +5) — %s )
(a+B)y 9 v, (ot B)y
) log( ae t+5)—Bt_ B log(a + 5)
_(a+8)n ae” 48\ v
= ol 1°g< ot P > 5'
_lad By (et B
a9 aelt +3 B
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Now put o := 49 — B, :=19 + B, v := 2C, and use 9> = B? — 4AC. QED

Lemma 10.5 and 10.6 together completely solve the problem of giving an analyical formula for
the characteristic function ¢z (u):

@Z(u) — egﬁz(T,iu)-‘,—’l,/)z(T,iu)Vo—‘ri Zo
with ¥z (T,iu) := ¢¥1(T,0,iu) and ¢z (T,iu) := ¢(T,0,iu) given by Lemma 10.5 and Lemma
10.6, respectively, where
1 Z
A=Ay := -0 |, B:=Bz=poiu—k C::CZ::—U——H.
2 2 2
We finally rewrite the solutions in a way they appear in the literature since they show up there

in an apparently very different form which may be difficult to match with our form given here.
Rewrite the solution of Lemma 10.5 as

2C (" —1) B 2C (" —1)
9 (e” +1) — B (e —1) (9 — B)e’t —(J + B)
2C (1 —e”?)

(0 + B) — (¥ — B) et
e 1— e ]
U+ B |1- 95
1_e’L9t
1_19—361%1

v+B

20(0 — B)
0+ B)(0 — B)

2000 —B) [ 1—e

2 _ R2 __ Y—B 9t
v*-B 1= 955"

2C (Y — B) 1 — e
—4AC 1 — 9=B oot

9+B
2C(0 —B) | 1—e?

_ Y9—B 9t
4AC _1 — meﬂf_

Rewrite the solution of Lemma 10.6 as

llog 249 ]_ 2Ct:110g{ 20 ]_ 2C¢
A 9 (% +1) — B (e —1) 94+ B A (9 — B)edt —(9+ B) v+ B
_ —llog {(ﬂ—B)em—(zﬂ—B)} 209 -B)
A 24 (¥ + B)(W — B)
:_1log{(19+B)—(z9—B)e1%]_20(19—B)t
A —20 92 — B2
_9-B, 1, 1—31
2A A 2

! -5
— —{ (W —B)t—2log [g .
2A{ 1-5=%

The analytic expression for ¢ := ¢z in the HESTON formula of Theorem 10.4 is then

QD(U) — e(ﬁ(T,iu)—i—w(T,iu)Vo-i-i Zo
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with
K0 1-— 19+BeﬂT
+B
and
. 2C(Y — B) 1—¢e'T
T =
Y(T,iu) —4AC 1_ z+geﬂT ’
where
9% .= B? —4AC
and
1,5 . u?  iu
A::Azzzia , B:=Bz=poiu—x , C’::C'Z::—?f?.

The analytic expression for ¢ := ¢y in the HESTON formula of Theorem 10.4 is given by just
the same procedure of solving the appropiate R1CCATI equations with only slightly different
coefficients whose values we have seen above (on page 160) to be

1 u?  iu

A::AyZ=§O'2 , B:=By=poiu—(k—po) |, C’::C’y::—?—}—?.

If one now compares these formulas with the original ones of HESTON ([20], p. 331), one has
to cope with two little bad surprises:

1) The formulas above for ¢ and 1 do not match completely Heston’s formulas for C(7; ¢) and

D(r; ¢); one has to switch from ¥ to —1. This issue itself is not a surprise, since the solutions
given in Lemma 10.5 and Lemma 10.6 have only 92 as input, and so it may happen; the bad
surprise is that it does happen. Of course, the solutions given above better be invariant under
1 — —1 since they are unique, and it is a nice computational exercise to verify this. But it is
conceptually more satisfying to see if they can be written in such a way that this symmetry
becomes manifest, and this is indeed the case. One may write for the solution y(¢) of Lemma
10.5 by multiplying nominator and denominator by e~?*/2

= 2C (e’ —1) B 2C (sinh(9t/2))
y(t) = J(e9 +1) — B (e —1) o cosh(vt/2) — Bsinh(¥t/2)

Here the nominator and denominator are clearly odd and so y(t) is even. To rewrite the
solution of Lemma 10.6 is slightly more work. Again one starts with multiplying nominator

and denominator by e~?%/2:
1 [ 21 2C
/y(t)dt = A8 | G 1) — B (o 1)} Y

R [ 20 e "t/2 1.2,
A | ¥ cosh(9t/2) — Bsinh(d¢/2)| 9+ B

] 20 | (222
A | ¥ cosh(¥t/2) — Bsinh(dt/2) 2A  9+B

—llog_ 29 ( (¥ + B) +4AC)
A | ¥ cosh(¥t/2) — Bsinh(d¥t/2) | 2A(9+ B

:llog_ 20 ] ( +ﬁB+4AC>t
A | ¥ cosh(¥t/2) — Bsinh(dt/2) | 2A(W+ B

:llog_ 20 | (B2 4AC+19B+4AC>
A | ¥ cosh(¥t/2) — Bsinh(dt/2) | 2A(0 + B)
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=5 {1 e | 3}

A 9 cosh(9t/2) — B sinh(9t/2) 27

which again is even. So if we now make the change ¥ — —9 and employ the relations
1—e™® _; 1—¢" 1—he™™® s l—h7te”
I—he® ' TI—hle > 1-h = 1-h1

HEsTON’s formulas should now match our formulas ...

2) ...if there were not little bad surprise #2: where we have a « in the parameter B, HESTON
has a k¥ + A with an additional parameter A. To see how this discrepancy arises, one has to
realize that HESTON sets up his model under the real world measure P, whereas we set up
our model under the assumption of a risk—neutral measure P*. When trying to implement the
GIRSANOV scheme on a measure change P — P* making the discounted stock price e=" S;
into a martingale, one has to introduce an additional parameter A to parametrize the possible
GIRSANOV transformations, because one now has two BMs. It thus turns out that the HESTON
model is not complete and there are various EMMSs parametrized by A (not all A can occur,
see [36], Section 3, or p. 134 above). The choice made in [20] has the effect that, analogous
to the situation in the BS model the equations maintain their form with the drift parameter p
replaced with the constant interest rate r and the parameter A hidden in the parameters x and
6 of the model under the risk—neutral measure (see pp. 131 — 134 for more details on how the
measure change in the HESTON model works).

There seems to be a certain agreement in the literature that HESTON’s choice is arbitrary and
further inverstigation is needed by what methods to determine an optimal EMM to deal with
the intrinsic risks existing in incomplete models which cannot be hedged away (see [14], [19]
and [11]). At any rate, under a risk-neutral measure obtained this way and assumed in our
approach from the beginning, HESTON’s formulas in [20] take the form which has been derived
here; the complete identification is accomplished by making use of the formula (%) on p. 133.
The parameter A is the only relic of the incompleteness of the HESTON model and has vanished
completely from the formulas under a risk—neutral measure rendering them unique; it has been
absorbed into the parameters x and 6, which have to be determined by calibration (see the
next topic) anyway. In this manner we end up with unambiguous price formulas. But keep in
mind that the price for this was to choose the market price of volatility 9! proportional to v/V.

We now come to our last topic in this chapter.

Calibration of the HESTON model

Given a parametric model, the first task to cope with before the model can be put
to use is the determination of those numerical values of the parameters, which
optimize the predictions of the model. This is a kind of inverse to the problems
the model has been set up to solve. E.g. if the model is set up for predicting
option prices, one first collects a sample of actual markt prices of liquidly traded
options and sets out to find those values of the parameters which make the model
produce the best approximations to the observed prices with respect to some
chosen error distance. This process of determining optimal parameters is called
calibrating to model. After this process of calibration the model can then be used
to predict prices of other options, which then may also be exotic. So, while the
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standard task, which the model has been designed for, is to predict prices given
the parameters, the calibration process predicts, given the prices, the optimal
parameters, and so is inverse to the standard task of the model.

We describe this now in some more detail. First, introduce some notation. let
0 <T) <--- < Ty be a set of maturities, and K;;, i € {1,...,M} and j €
{1,...,N(i)} a set of strikes. Suppose that the call with maturity 7; and strike
K;; is liquidly traded at a market price Cp (T}, K;;) forall 1 <i < M, 1< 5 <
N(i). Let © := (K, 0,0,p,Vy) be the HESTON model parameters. The calibration
of the model consists in finding the © that minimizes

M N()

> [Cu(Ty, K;) — HesToN—calle(T;, Ki)] -

i=1 j=1
We write HESTON——callg to remind of the fact that the HESTON formula for the
price of a call is a function of the parameters. HESTON-callg(7}, K;;) and its
derivatives (the Greeks) are known explicitely. Hence one can use one of the
known efficient and fast optimization methods, e.g. the NEWTON method, for
finding an optimal ©.

The HESTON model parameters can thus be approximated quickly. This is the
strength of the HESTON model, and of, more generally, the affine models.
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CHAPTER 11

FOURIER Transform of Exponentially Weighted Plain Vanilla
Options

From a numerical point of view, there is a problem with the HESTON formula:
since it has iu in the denominator of the integrand, it has a singularity in u = 0
which makes the evaluation of the integral numerically unstable, so one has to
be very careful about this point. In particular, this prevents the use of the FF'T
(Fast Fourier Transform) for evaluating the integral, which is highly regrettable
in view of the speed advantages of this method.

Now numerical tractability of pricing formulae is quite an issue in daily financial
practice; the methods of evaluation must be practicable, fast, and stable. One
trick to circumvent the singularity at © = is to use an exponential weight and is
due to [3] (a very famous landmark paper, perhaps not quite in the league of |2]
or [20] but surely among the Top Ten of the All-Time Greatest of Mathematical
Finance ...) This makes the HESTON formula amenable to FFT calculations.
We now explain the details.

Let (Q, F, P*) be a probability space. We consider a model allowing analytical
formulas for option prices (like the HESTON model, but there are others, see [3]).
Let SY = e be the price at time ¢ € Ry of a non-risky asset, and S; the price
of a risky asset, the underlying. We assume that e S; is a P*-martingale; in
other words, P* is supposed to be a risk—neutral measure.

We make a couple of assumptions. We assume that X7 :=log(Sr) has a density
w.r.t. the LEBESGUE measure on R, denoted ¢r(z), + € R. Moreover, we
suppose that the characteristic function pr of Xrp:

is “known” for u € C, i.e. given by some explicit analytic expression (which is for
instance the case for affine processes).

Let K be a strike price and 7' > 0 a maturity date. We define k := log(K). The
price of a call with strike K and maturity 7" is given by

Cr(k)=e"" / (e" — ek)+ qr(z)dz = e_rT/ (e —e") gr(z) du.
—o0 k
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Now recall the FOURIER Inversion Theorem. Let LP(R) stand for the functions
f:R — C such that |f|” is integrable. For f € L*(R), define

the FOURIER transform of f.

Here one has to be careful about the meaning of this formula. As a LEBESGUE integral, it defines
the FOURIER transform on the subspace L'(R) N L?(IR) C L?(R). In fact, this formula defines
F on all of L'(R) with image contained in C% (IR), the space of continuous functions vanishing
at infinity (RIEMANN-LEBESGUE Lemma). Unfortunately, C2 (IR) is not contained in L' (RR), so
F does not map L*(R) to L!(R), which makes L!(RR) a bad domain to study F and its inverse.
However, L' (R)NL?*(R) is dense in L?(R) and can be shown to map into C% (R)NL?(R) under F
([1], Chap. X, Lemma 9.17). Hence F maps L'(R) N L?(R) into L?(R) and extends to an
isometry F : L?(R) — L?(R) ([1], Chap. X, Theorem 9.23). We thus have for any f € L?(R):

FIf) = lim FIf]

for any sequence (f,,) in L*(R) N L?(R) with lim,,_, f, = f, the limits taken in the L?-sense.
In particular, one may take the sequence f,, := fli_g, r,], where (R,) is any monotonously
increasing unbounded sequence of real numbers. This shows

R 0o
AU = fim [ o pa)dn= [ e po) e,
R —00

so that the integral above has to be read as an improper integral, which might not be LEBESGUE.

The FOURIER Inversion Theorem then is the statement

o [ Pl du = f(a).

Again, this equation has to be interpreted properly. As it stands, i.e. with the integral inter-
preted as a LEBESGUE integral, it holds for those f € L'(IR) such that F[f] € L'(R) NC% (R).
For f € L?*(R) it then holds again by density arguments, and the integral again has to be
interpreted as an improper one.

Notice that one has Cr(k) — Sy as k — —oo; this prevents Cr(k) from being
in L'(R). This should be intuitively plausible, since k& — —oo corresponds to
K — 0; but the closer the strike K approaches 0, the sooner the option becomes
active and so, because the price process has continuous paths, the closer it stays
to So.

For a formal proof, note that, because the discounted price process is a P*—martingale,

So=e"TE* [Sr] =E* [T Sr] = E* [e¥7] = E*T ["] = / e® qr(z) dz
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and so
(O —50) :/ e” —ef x)dr — /e‘”qT(x)d:L'
k s
k o0
— [ Cawdn- [F o,
—o0 k
whence
k )
" |Cr(k) — Sol < L/ e’ qr(z)dr| + /ekQT(l‘) dx
oo k
k oo
<er L/ qr(z) dz| + " /qT(x)dx
oo k

k
=" / gr(x)de =

which proves the claim.

In order to be able to apply the FOURIER transform, the trick is to multiply
Cr(k) with an exponential weight to render it integrable. Suppose that there
exists a > 0 such that

Dr(k) := e Op(k)
is in L'(R) N L*(R). Then the FOURIER transform

Yp(v) = /ei”k Dy (k) dk

is defined.
Lemma 11.1. We have

r(v) = e T op(v—(a+1)i)

a?+a—v2+ (2a+1)iv’

PROOF. We compute

@/}T(v):/ i”k/e"“ke T (e — ") qr(z) du dk
—00 k
— /e—rTqT(v)/eivk (em-‘roak_ek:-‘rock) dk dr
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oo T

— /erT QT(U> / (ex+ak+ivk_ek+ak+ivk) dk dr.

—00 —00
(. /
~~

=:A

Then

ez+ak+ivk z ek+ak+i vk |T

oa+iv

. lta+tiv|_

ea:+ocac+i VT ew—l—ocw-l—i VT

ativ ld+a-tiv

(1+ a+iv)el+ativle (o 4 jy)ell+ativa
(a+iv)(1+a+iv)

e(1+a+iv)r

a2+ a—v24+2aiv+iv’

which imples

e(1+a+i V)

ur()= [ e (o)

a?+a—v2+ (2a+1)iv

1 r |
— 1T (1+a+iv)z d
¢ a2+a—02+(2a+1)iv/qT(v>e v

—0o0

oo
—rT

e . .
— i(v—i(14+a))x d
042+05—U2+(20z—|—1)iv/e ar(v)dx

— 00

efrT

= —1(1 .
a2+a—02+(2a+1)iv¢T(U i(1+a))

QED
Corollary 11.2. The call price satisfies

Cr(k) = e * % Re/e_i”k Yr(v)dv.
0
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PrROOF. The FOURIER Inversion Theorem implies

Cr(k) = o= Dy (k) = e % / o= 1 g () o

Make the following observations:

e~ 1k hp(v) = e~ 1k hp(v) = el Yr(—v),

and
[e%e) 0 o)
/ e—ivk 77Z)T(U) dv = / e—lvk / 1vk
—00 —00 0
00 00

— /elvk / 1vk dv

0

(0@ + b (0)) o

I
0\8 o

0\8

2 [ Re (e "*4r(v)) dv

[e.9]

2Re / e R (v) dv

0

QED

Calibration using the Fast Fourier Transform (FFT)

The FFT is an efficient algorithm for computing sums of the following type:

Ze—l—j 1) (k— l)x(j)

for k = 1,...,N € N (it brings the computational cost of O(N?) operations
using the traditional implementation of the basic arithmetic operations down to
O(Nlog N)). This is of particular importance for the calibration process, where
you have to compute not just one price, but a whole bunch of prices at one stroke.
Applying it to our situation leads to the following scheme.
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For simplicity, assume Sy = 1. Let n > 0 and v; :=n(j —1) for j =1,...,N.
Then

ZWJ ~ g ( (vj)n

(you could interpret this as an approxunatlng RIEMANN sum for the FOURIER
integral). The w; are weights depending on the numeric integration rule that you
use. For the trapezoidal rule, for instance, we have w; = wy = 1/2 and w; =1
for all other j.

Let A := (2n/N) - (1/n) and define b := N)/2. We set
kp:=—-b+AXn-1) , n=1,...,N.

Then
—ak N
Cr(k ¢ 'R Zwe oikn ahr (v5)
~ (S
T( n) T = J T\V;)1] -
Rewrite
e—ivjk:n _ e—ivj(—b+)\(n—1)) _ eivjb e—i)\(n—l)vj

. X s _ - . X 7.277( o .
:el'ujbe iAn(n—1)(5-1) :elvjbe i5(n=1)(j—-1) )

To sum up, we get

—aky, N o ) )
OT(]{?n) ~ e . Reze_l%(n_l)(]_l)@j ewjbwT(Uj)@ .
Jj=1 0
=z

Now one can apply the FFT algorithm to compute C'(k,) quickly also for a whole
range of strikes; this is what you need in applications, e.g., as mentioned above,
in calibrations.
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