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Abstract

In this work we have tried to solveseveralproblemsthatinvolvescalarandvectorialimageinfor-

mationlying on theplaneor on 3D surfaces.We will presentanddiscussfour novel algorithms

devisedto solve thoseproblems: trackingof objectsin movies, trackingof regionson deform-

ing 3D surfaces,restorationof damagedpictures,removal of objectsfrom images,andsolvingof

PDE’s on implicit surfacesfor denoising,texturesynthesisandflow visualization.Examplesare

shown andfuture linesof researcharesuggested,both to improve performanceandto extendthe

presenttechniquesto new applications.
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Chapter 1

Intr oduction

Theuseof partialdifferentialequations(PDE’s) andcurvaturedrivenflows in imageanalysishas

becomeaninterestraisingresearchtopic in thepastfew years.Thebasicideais to deformagiven

curve, surface,or imagewith a PDE, andobtain the desiredresultas the solutionof this PDE.

Sometimes,aswe will seein the following chapter, a systemof coupledPDE’s is used.The art

behindthis techniqueis in thedesignandanalysisof thesePDE’s.

Beforewe commenton the specificsof this work, we shall give a brief introductionon the

basicsof thefield; for thispurposewehaveheavily drawn from Sapiro’sbookonthesubject,[84].

Thenwe will presentthe goalsthat our work tries to achieve, andin wich way. Finally we will

commenton theorganizationandcontentsof thefollowing chapters.

1.1 Derivation of PDE’s

Partial differential equationscan be obtainedfrom variationalproblems. Assumea variational

approachto animageprocessingproblemformulatedas

arg ? Min @BA��C9���DE�
where A is a given energy computedover the image(or surface) F . Let GH��IJ� denotethe Euler

derivative (first variation)of A . Sinceundergeneralassumptions,a necessaryconditionfor F to

be a minimizer of A is that GK�CF4� �L�
, the (local) minima maybe computedvia thesteadystate

solutionof theequation M FM � � GH��F*���
1



2 Processingof imageinformationwith PDE’s

where
�

is an ‘artificial’ time marchingparameter. PDE’s obtainedin this way have beenused

alreadyfor quitesometime in computervision andimageprocessing,andthe literatureis large.

Themostclassicalexampleis theDirichlet integral,A��CF4� �)NPORQ F O ( ��S��UT&SV�
which is associatedwith thelinearheatequationM FM � � � �WS�� �YX F���S�� %
More recently, extensive researchis being doneon the direct derivation of evolution equations

which arenot necessarilyobtainedfrom theenergy approaches.Examplesof bothtypesof PDE’s

arestudiedin this thesis.

1.2 Advantagesof this approach

Clearly, whenintroducinga new approachto a givenresearcharea,onemustjustify its possible

advantages.Using partial differentialequationsandcurve/surfaceflows in imageanalysisleads

to modelingimagesin a continuousdomain.This simplifiestheformalism,which becomesgrid-

independentandisotropic.Theunderstandingof discretelocal nonlinearfilters is facilitatedwhen

onelets the grid meshtendto zeroand,thanksto an asymptoticexpansion,rewrite the discrete

filter asapartialdifferentialoperator.

Conversely, whenthe imageis representedasa continuoussignal,PDE’s canbe seenasthe

iterationof local filters with an infinitesimalneighborhood.This interpretationof PDE’s allows

oneto unify andclassifya numberof theknown iteratedfilters,aswell asto derivenew ones.

Anotherimportantadvantageof thePDEapproachis thepossibilityof achieving high speed,

accuracy, andstability, with the help of the extensive literatureavailableon numericalanalysis.

Of course,whenconsideringPDE’s for imageprocessingandnumericalimplementations,we are

dealingwith derivativesof non-smoothsignals,and the right framework mustbe defined. The

theoryof viscositysolutionsprovidesa framework for rigorouslyemploying a partialdifferential

formalism,in spiteof thefact that the imagemaybenot smoothenoughto give a classicalsense

to derivativesinvolvedin thePDE.Lastbut not least,this areahasa quiteuniquelevel of formal

analysis,giving thepossibilityto providenotonly successfulalgorithmsbut alsousefultheoretical

resultslikeexistenceanduniquenessof solutions.
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1.3 When PDE’sstarted to beusedfor ImageProcessing

Ideason theuseof PDE’s in imageprocessinggo backat leastto Gabor[35], anda bit morere-

cently, to A. K. Jain[42]. However, the field really took off thanksto the independentworksof

Koenderink[51] andWitkin [102]. Theseresearchersrigorouslyintroducedthenotion of scale-

space, thatis, therepresentationof imagessimultaneouslyatmultiplescales.Theirseminalcontri-

bution is to a largeextentthebasisof mostof theresearchin PDE’s for imageprocessing.In their

work, the multi-scaleimagerepresentationis obtainedby Gaussianfiltering. This is equivalent

to deformingtheoriginal imagevia theclassicalheatequation,obtainingin this way anisotropic

diffusionflow. In thelate80’s,R. Hummel[41] notedthat theheatflow is not theonly parabolic

PDEthatcanbeusedto createa scale-space,andindeedarguedthatanevolution equationwhich

satisfiesthemaximumprinciplewill definea scale-spaceaswell. Maximumprincipleappearsto

be a naturalmathematicaltranslationof causality. Koenderinkonceagainmadea major contri-

bution into thePDE’s arenawhenhesuggestedto adda thresholdingoperationto theprocessof

Gaussianfiltering. As later suggestedby Osherandhis colleagues,andproved by a numberof

groups,this leadsto ageometricPDE,actually, oneof themostfamousones,curvaturemotion.

PeronaandMalik’ s [77] work on anisotropicdiffusion hasbeenoneof the most influential

papersin thearea.They proposedto replaceGaussiansmoothing,equivalentto isotropicdiffusion

via the heatflow, by a selective diffusion that preservesedges.Their work openeda numberof

theoreticalandpracticalquestionsthatcontinueto occupy thePDEimageprocessingcommunity,

e.g., [2, 81]. In the sameframework, the seminalworks of Osherand Rudin on shockfilters

[69] andRudin,OsherandFatemi[82] onTotalVariationdecreasingmethodsexplicitly statedthe

importanceandtheneedfor understandingPDE’s for imageprocessingapplications.

Many of thePDE’susedin imageprocessingandcomputervisionarebasedonmoving curves

andsurfaceswith curvaturebasedvelocities. In this area,the level-setnumericalmethoddevel-

opedby OsherandSethian[70] wasvery influentialandcrucial. Early developmentson this idea

wereprovidedin [68], andtheir equationswerefirst suggestedfor shapeanalysisin computervi-

sionin [46]. Thebasicideais to representthedeformingcurve,surface,or image,asthelevel-set

of a higherdimensionalhypersurface.This technique,not only providesmoreaccuratenumerical

implementations,but alsosolvestopologicalissueswhich werevery difficult to treatbefore.The

representationof objectsaslevel-sets(zero-sets)is of coursenot completelynew to thecomputer

vision andimageprocessingcommunities,sinceit is oneof thefundamentaltechniquesin mathe-

maticalmorphology[83]. Consideringtheimageitself asacollectionof its level-sets,andnot just

asthelevel-setof ahigherdimensionalfunction,is akey conceptin thePDE’scommunity[3].



4 Processingof imageinformationwith PDE’s

Otherworks, like the segmentationapproachof Mumford andShah[65] and the snakesof

Kass,Witkin, andTerzopouloshavebeenvery influentialin thePDE’scommunityaswell.

It shouldbenotedthatanumberof theaboveapproachesrely quiteheavily onalargenumberof

mathematicaladvancesin differentialgeometryfor curveevolution [37] andin viscositysolutions

theoryfor curvaturemotion(seee.g.,EvansandSpruck[32].)

Theframeworksof PDE’s andgeometrydrivendiffusionhavebeenappliedto many problems

in imageprocessingandcomputervision, sincethe seminalworks mentionedabove. Examples

includecontinuousmathematicalmorphology, invariantshapeanalysis,shapefrom shading,seg-

mentation,tracking, object detection,optical flow, stereo,imagedenoising,imagesharpening,

contrastenhancement,andimagequantization.

1.4 Literatur eon the subject

Importantsourcesof literatureareSapiro’sbookonPDE’sin ImageProcessing[84], thecollection

of papersin thebookeditedby BartRomeny [81], thebookby GuichardandMorel [36] thatcon-

tainsadescriptionof thetopicfrom thepointof view of iteratedinfinitesimalfilters,Sethian’sbook

on level-sets[85], Lindeberg’s book in Scale-Spacetheory[55], Weickert’s book on anisotropic

diffusionin imageprocessing[100], Kimmel’s lecturenotes[47], Toga’s bookon Brain Warping

that includesa numberof PDE’s basedalgorithmsfor this [93], the specialissueon the March

1998issueof theIEEE Transactionson ImageProcessing,thespecialissuesin theJournalof Vi-

sualCommunicationandImageRepresentation,a seriesof SpecialSessionsat a numberof IEEE

InternationalConferenceon ImageProcessing(ICIP), and the Proceedingsof the ScaleSpace

Workshop.

1.5 Contrib ution of this work

In this work we will be dealingwith the processingof flat and non-flat imageinformation on

arbitrarymanifoldsusingPDE’s. It wasnot our goal to presenta “big picture” of thediscipline,

ratherto presentand discussfour novel algorithmsthat we have developedusing PDE-related

techniques.Eachof thesealgorithmswasdevelopedasasolutionfor aparticularsetof problems.

Specifically, we have tried to solve several(seeminglyunrelated)problemsthat involve scalar

andvectorialimageinformationlying on theplaneor on 3D surfaces.Theseproblemsarisedin

areasasdifferentasComputerGraphicsandNeurobiology. For instance,theobjecttrackingalgo-
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rithm presentedin Chapter2 wasdevelopedfor theautomaticsegmentationof sequencesof neuron

slices;the inpaintingalgorithmof Chapter3, developedfor imagerestorationandalteration,can

alsobeusedfor compression.

Themaincontributionof ourwork is thatwehavecreatedsolutionsfor agivensetof problems.

Thesesolutionsarealgorithmsthat we have designed,implementedandtested. The algorithms

performvery well, providing resultsat leastasgoodasthoseavailablein the literaturebut with

a muchsimpler formulation. This simplicity allows for an easyimplementation,involving very

little code. No parameter-tuning is required: the algorithmsarefastandrequirelittle or no user

interaction.They havesometheorybackingthemwhichallowsfor rigorousimprovement,andfor

theextensionto otherapplications.

1.6 Organizationof this work

Thebookis organizedasfollows.

Chapter2 introducestwo algorithmsthat usesystemsof coupledPDE’s and projectionof

velocitiesto performtracking:trackingof objectsin movies,trackingof regionsondeforming3D

surfaces.The conceptspresentedhere,speciallythat of projection,will hopefully help to better

understandthematerialto comein chapters3 and4.

Chapter3 presentsanovel algorithmfor digital inpaintingof still imagesthatattemptsto repli-

catethebasictechniquesusedby professionalrestorators.Inpainting,thetechniqueof modifying

an imagein an undetectableform, hasnumerousapplications,like the restorationof old pho-

tographsanddamagedfilm, the removal of superimposedtext like dates,subtitles,or publicity;

andtheremoval of entireobjectsfrom the imagelike microphonesor wires in specialeffects. In

contrastwith previousapproaches,thetechniquehereintroduceddoesnot requiretheuserto spec-

ify wherethe missinginformationcomesfrom. This is automaticallydone(and in a fastway),

therebyallowing to simultaneouslyfill-in numerousregionscontainingcompletelydifferentstruc-

turesandsurroundingbackgrounds.In addition,no limitationsareimposedon thetopologyof the

region to beinpainted.

Chapter4presentsanovel framework for solvingvariationalproblemsandPDE’sfor scalarand

vector-valueddatadefinedonsurfaces.Thekey contributionis thatthisframework allowsworking

in a fixed Cartesiancoordinatesystem,which eliminatesthe needfor performingcomplicated

andnot-accuratecomputationson triangulatedsurfaces,as it is commonlydonein the graphics

and numericalanalysisliterature. We describethe framework and presentexamplesin texture
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synthesis,flow field visualization,aswell asimageandvectorfield regularizationfor datadefined

on 3D surfaces.

Chapter5 is theconcludingchapter, in which we have tried to briefly summarizetheconcepts

previously introduced,aswell aspointingoutseverallinesof futureresearch.

And without furtherado,wecannow startwith thebodyof thedissertation.



Chapter 2

Preliminary work

In this chapterwe will review somework that startedduring the author’s Master’s studiesbut

wascompletedat theDoctoralstage.Two algorithmsareintroduced:MorphingActive Contours

andRegion Trackingon Surfaces.Both involve a systemof coupledPDE’s anduseprojectionof

velocities.This preliminarywork is introducedboth for completenessandasbackgroundfor the

materialto comein chapters3 and4.

2.1 Mor phing ActiveContours

A methodfor deformingcurvesin a givenimageto a desiredpositionin a secondimageis intro-

ducedin this section.Thealgorithmis basedon deformingthefirst imagetowardthesecondone

via a Partial Dif ferentialEquation(PDE),while trackingthedeformationof thecurvesof interest

in thefirst imagewith anadditional,coupled,PDE.Thetrackingis performedby projectingtheve-

locitiesof thefirst equationinto thesecondone.In contrastwith previousPDEbasedapproaches,

boththeimagesandthecurvesontheframes/slicesof interestareusedfor tracking.Thetechnique

canbe appliedto object tracking andsequentialsegmentation. The topologyof the deforming

curve canchange,without any specialtopologyhandlingproceduresaddedto the scheme.This

permitsfor exampletheautomatictrackingof sceneswhere,dueto occlusions,thetopologyof the

objectsof interestchangesfrom frameto frame. In addition,this work introducestheconceptof

projectingvelocitiesto obtainsystemsof coupledPDEsfor imageanalysisapplications.Weshow

examplesfor objecttrackingandsegmentationof electronicmicroscopy.

7



8 Processingof imageinformationwith PDE’s

2.1.1 Intr oduction

In a large numberof applications,we canuseinformationfrom oneor moreimagesto perform

someoperationon anadditionalimage.Examplesof this aregivenin Figure2.2. On thetop row

we have two imagesof consecutive slicesof neuraltissueobtainedfrom electronicmicroscopy.

Theimageon theleft has,superimposed,thecontourof anobject(theboundaryof a neuron).We

canusethis informationto drive the segmentationof the next slice, the imageon the right. On

thebottomrow we seetwo consecutive framesof a videosequence.Theimageon theleft shows

a markedobjectthatwe want to track. Onceagain,we canusethe imageon the left to perform

thetrackingoperationin theimageon theright. Thesearethetypeof problemsweaddressin this

section.

Our approachis basedon deformingthe contoursof interestfrom the first imagetoward the

desiredplacein thesecondone. More specifically, we usea systemof coupledPDE’s to achieve

this (coupledPDE’s have alreadybeenusedin the pastto addressotherimageprocessingtasks,

see[81, 80] andreferencestherein).Thefirst PDEdeformsthefirst image,or featuresof it, toward

thesecondone. TheadditionalPDEis drivenby thedeformationvelocity of thefirst one,andit

deformsthecurvesof interestin thefirst imagetowardthedesiredpositionin thesecondone.This

lastdeformationis implementedusingthelevel-setsnumericalschemedevelopedin [70], allowing

for changesin thetopologyof thedeformingcurve. Thatis, if theobjectsof interestsplit or merge

from the first imageto thesecondone,thesetopologychangesareautomaticallyhandledby the

algorithm.Thismeansthatwewill beableto tracksceneswith dynamicocclusionsandto segment

3D medicaldatawheretheslicescontaincutswith differenttopologies.

2.1.2 Basiccurveevolution

Let ZE�\[]� � �_^;F �a`7b � �Wc��6d F � ( bea setof closedplanarcurves. Assumethesecurvesdeform“in

time” accordingto M Ze�f[]� � �M � � 0hgi � (2.1)

where0 is agivenvelocityand gi theinnerunit normalto Ze�f[]� � � . Weshouldnotethatatangential

velocity can be addedto the flow, althoughit will not affect the geometryof the deformation,

just the internalparameterizationof thecurve Z . Therefore,(2.1) givesthemostgeneralform of

geometricdeformationsfor planarcurves.

Let’snow assumethat Ze�f[]� � � is thelevel-set(isophote)of agivenfunction 9j^&F � ( `kb � �Wc;�edlF � .
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Then,in orderto representtheevolutionof Z by thatof 9 , 9 mustsatisfyM 9M � � 07m Q 9nm3� (2.2)

where0 is computedatthelevel-setsof 9 . This is theformulationintroducedby OsherandSethian

[70] to implementcurve evolution flows of thetypeof (2.1). This implementationhasseveralad-

vantagesover a directdiscretizationof (2.1). Probablythemainadvantageis thatchangesin the

topologyof Ze�f[]� � � areautomaticallyhandledwhenevolving 9 , that is, thereis no needfor any

specialtrackingof the topologyof the level-sets;see[70] for detailsand[20, 32] for theoretical

analysisof this flow. Thediscretizationof (2.2) is performedwith anEulerianapproach(fixedco-

ordinatesystem),asopposedto aLagrangianapproachclassicallyusedto discretized(2.1),where

marker particlesareused.This givesa numericallystabledigital-grid implementation.Theserea-

sonshavemotivatedtheuseof this formulationfor a largenumberof applications,includingshape

from shading,segmentation,mathematicalmorphology, stereo,andregularization.Extensionsof

thelevel-setsalgorithmto higherdimensionsareof coursestraightforward.

2.1.3 Mor phing activecontours

Let op!q��SV�1rs� � �t^�F � ( d F � be thecurrentframe(or slice),wherewe have alreadysegmentedthe

objectof interest.Theboundaryof this objectis givenby Z.u3vq�f[]� � �_^�F �ad F � ( . PleasenotethatZ&uwv maybeonecurve or a setof them,asin mostof theexamples,sothis notationis not entirely

correct.Let o](3��SV�Wr>�x^*F � ( d F � betheimageof thenext frame,wherewe have to detectthenew

positionof theobjectoriginally givenby Z.uwvy�f[]� � � in oz!:��SV�1rs� � � . Let usdefinea continuousand

Lipschitzfunction 9z��SV�1rs� � �J^*F � ( d F � , suchthat its zerolevel-setis thecurve(s) Z&uwv:�f[�� � � . This

functioncanbefor examplethesigneddistancefunctionfrom Z.u3vq�f[]� � � . Finally, let’s alsodefineGt!:��SV�1rs� � �{^;F � ( d F � and Gk(3��SV�Wr>�{^;F � ( d F � to be imagesrepresentingfeaturesof oz!:��SV�1rs� � �
and o](|��SV�1r*� respectively (e.g., G6}�~Po�} , or Gk} equalstheedgemapsof o�} , � ��# � - ). With these

functionsasinitial conditions,we definethe following systemof coupledevolution equations(
�

standsfor themarchingvariable):M G�!q��SV�1rs� � �M � � 0���SV�1rs� � �6m Q Gt!:��SV�Wr�� � �km (2.3)M 9z��SV�1rs� � �M � � �0E��SV�Wr�� � �km Q 9z��SV�Wr�� � �xm
wherethevelocity

�0���SV�Wr�� � � is givenby�0���SV�1rs� � ��^ � 0���SV�1rs� � �{gi�� v��"gi�� (2.4)
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and gi�� v and gi�� arethenormalsto thelevel setsof Gt! and 9 , respectively:

gi�� v�^ � Q G�!q��SV�1rs� � �m Q G�!q��SV�1rs� � �6m � gi�� ^ � Q 9z��SV�Wr�� � �m Q 9z��SV�Wr�� � �xm
Thefirst equationof thissystemis themorphingequation,where0���SV�Wr�� � ��^�F � ( `Hb � �Wc;�edlF �

is a function measuringthe ‘discrepancy’ betweentheselectedfeaturesG�!:��SV�1rs� � � and Gk(3��SV�1r>� .
This equationis morphing Gt!:��SV�Wr�� � � into G_(w��SV�1r�� � � , so that 0���SV�Wr����h� ���

and Gt!:��SV�Wr����h� �Gk(3��SV�1rs� � � .
Thesecondequationof this systemis the tracking equation.Thevelocity in thesecondequa-

tion,
�0 , is just thevelocityof thefirst one( 0 gi�� v ) projectedinto thenormaldirectionof thelevel-

setsof 9 ( gi�� ).

Rememberthat an equationof the type of (2.3) implies that the level setsof Gt! move with

normalvelocity 0 andthelevel setsof 9 movewith normalvelocity
�0 . Thus,if we wantthezero-

level setof 9 to tracktheevolutionof thepointsin Gt! , theprojectionof velocitiesis required:see

Figure2.1. In this figure, the contour Z at time � goesthroughpoints � and 
 in G�! . Point �
moveswith velocity 0 normalto its level setin G�! , andat time ��� # it hastheposition �k� . Now

if we consider� asbelongingto Z , the zerolevel setof 9 , thenat time ��� #
this point hasthe

position � � � in 9 . Therefore,thecurve Z thatwent through � and 
 at time � evolvesinto curveZ � thatgoesthroughpoints � � and 
 � at time ��� #
. In otherwords,the projectionof velocities

allowsusto performtracking.

To conclude,sincetangentialvelocitiesdo not affect the geometryof the evolution, both the

level-setsof G�! and 9 are following exactly the samegeometricflow. In particular, the zero

level-setof 9 is following the deformationof Z.uwv , the curve(s)of interest(detectedboundaries

in op!:��SV�Wr�� � � ). It is importantto notethatsince Z&uwv is not necessarilya level-setof op!q��SV�1r�� � � orGt!:��SV�1rs� � � , ascanbeseenin Figure2.1, 9 is neededto trackthedeformationof this curve.

Sincethecurvesof interestin G�! andthezerolevel-setof 9 havethesameinitial conditionsand

they move with the samegeometricvelocity, they will thendeformin the sameway. Therefore,

whenthemorphingof Gt! into G_( hasbeencompleted,thezerolevel-setof 9 shouldbethecurve(s)

of interestin thesubsequentframeo](w��SV�1r>� .
Onecouldarguethat thesteadystateof (2.3) is not necessarilygivenby thecondition 0 �P�

,

sinceit canalsobeachievedwith m Q Gt!:��SV�1r�� � �km ���
. This is correct,but it shouldnot affectour

trackingsinceweareassumingthattheboundariesto trackarenotplacedoverregionswherethere
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is no informationandthenthegradientis flat. Therefore,for acertainbandaroundourboundaries

theevolutionwill only stopwhen 0 ���
, thusallowing for thetrackingoperation.

2.1.4 Examples

For theexamplesin this section,we have optedfor a very simpleselectionof thefunctionsin the

trackingsystem,namely G6} �Y� �\o�}����j� �a# � - � (2.5)

and 0���SV�1rs� � � � Gk(3��SV�1r>�U�p��Gt!:��SV�1rs� � ��� (2.6)

where
� ���\� indicatesa bandaroundZ.u v . That is, for theevolving curve Z&u v we have anevolving

band 
 of width � aroundit, and
� ������SV�1rs� � �W� � ����SV�1r�� � � if ��SV�1r*� is in 
 , andit is zeroother-

wise1. Thisparticularmorphingtermin equation(2.6)is a localmeasureof thedifferencebetweenop!q� � � and o]( . It worksincreasingthegrey valueof op!q��S;�q�1r���� � � if it is smallerthano](w��S;�|�1r���� , and

decreasingit otherwise.Therefore,thesteadystateis obtainedwhenbothvaluesareequal�sS;�|�1r��
in 
 , with m Q op!�mH����

. Note that this is a local measure,andthatno hypothesisconcerningthe

shapeof theobjectto betrackedhasbeenmade.Having no modelof theboundariesto track,the

algorithmbecomesvery flexible. Beingsosimple,themaindrawbackof this particularselection

is that it requiresan importantdegreeof similarity amongthe imagesfor the algorithmto track

the curvesof interestandnot to detectspuriousobjects. If the setof curves Z&u v isolatesan al-

mostuniform interior from analmostuniform exterior asin Figure2.4, thenthereis no needfor

a high similarity amongconsecutive images.On theotherhand,whenworking with imagessuch

asthosein Figure2.3, if Z&uwv:� � � is too far away from the expectedlimit  ���¡"¢8£6¤_Z&uwv:� � � , thenthe

abovementionederrorsin thetrackingproceduremayoccur. This similarity requirementconcerns

notonly theshapesof theobjectsdepictedin theimagebut especiallytheirgrey levels,sincethis 0
functionmeasuresgrey-level differences.Therefore,histogramequalizationis alwaysperformed

asapre-processingoperation.

Wehave foundverysatisfactoryresultsfor thesesimpleselectionsof featuresanddiscrepancy

functions.Betterselectionswill of courseimprove thealgorithmperformance.We could for ex-

ampleusecontrastinvariantfeaturesto avoid thenecessityof histogramequalization(or contrast
1Thebandusedfor theseexamplesis of threepixels’ width, andit getsreinitializedwhenever thezerolevel setof¥ touchesits boundary. Thepurposeof this bandis to reduceerrorsandcomputationtime
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invariantdiscrepancy functions).We couldalsousediscrepancy functionslike correlationor mu-

tual information,or moresophisticatedimagemetrics,to bettercapturethe informationpresent

in the band. We shouldalsonotethat this particularselectionof 0 only involvesinformationof

the two presentimages.Betterresultsareexpectedif informationfrom additionalimagesin the

sequenceis taken into accountto performthe morphingamongthesetwo. All thesevariations

arepartof theframework hereintroduced,andtheexactselectionof thefeaturesanddiscrepancy

functionscouldandshouldbetailoredto theapplication.

Ourtrackingfunction 9 is initializedasthesigneddistancefunctionto thecurve Z*@ v . Noticethat

theuseof level-setmethodsallows usto forgetabouttheparameterizationof thecurve, we work

on a fixedgrid andjust evolve in time the2D functions Gt!:��SV�1rs� � � and 9z��SV�1r�� � � . Thenumerical

implementationis very simpleandusescentraldifferencesfor thecomputationof thenormalsas

well asslopelimiter for thenormof thegradients(this is aclassicalapproach,for detailssee[70]).

Thefirst exampleof our trackingalgorithmis presentedin Figure2.3. This figureshows nine

consecutive slicesof neuraltissueobtainedvia electronicmicroscopy (EM). The goal of the bi-

ologist is to obtaina threedimensionalreconstructionof this neuron.As we observe from these

examples,theEM imagesareverynoisy, andtheboundariesof theneuronarenoteasyto identify

or to tell apartfrom othersimilar objects.Segmentingtheneuronis thena difficult task. Before

processingfor segmentation,the imagesare regularizedusinganisotropicdiffusion [2, 11, 77].

Sincethe variationbetweenconsecutive slicesis not too large,we canusethe segmentationob-

tainedfor thefirst slice(segmentationobtainedeithermanuallyor with thetechniquedescribedin

[98]), to drive the segmentationof the next one,andthenautomaticallyproceedto find the seg-

mentationin thefollowing images,recursively usingtheMorphingActive Contoursformulation.

Activecontourstechniquesasthosein [18, 43,45, 57] will normallyfail with this typeof images:

1- The deformingcurve getsattractedto local minima, andoften fails to detectthe neuron;an

accuratemodelof the noiseis required.2- Thosealgorithmsnormally deformeitherinwardsor

outwards(mainly due to the presenceof balloon-typeforces),while the boundarycurve corre-

spondingto thefirst imageis in generalneitherinsidenor outsidetheobjectin thesecondimage.

To solve this, moreelaboratedtechniques,e.g.,[74, 74], have to be used.Therefore,even if the

imageis not noisy, specialtechniquesneedto be developedandimplementedto direct different

pointsof thecurve towarddifferentdirections.

In Figure2.3, the top left imageshows themanualor semi-automaticsegmentationsuperim-

posed,while thefollowing onesshow theboundariesfoundby ouralgorithm.Dueto ourparticular

choiceof the(simplest)0 function,dissimilaritiesamongtheimagescausethealgorithmto mark
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aspartof theboundarysmall objectswhich aretoo closeto our objectof interest.Thesecanbe

removedby simplemorphologicaloperations.Cumulativeerrorsmightcausethealgorithmto lose

trackof theboundariesafterseveralslices,andre-initializationwouldberequired.Notethatthese

possibleproblemsaresimpleto correct,while normallyactivecontourstechniqueswill beveryfar

from thesolution,makingtheerrorsquiteimpossibleto correct.

Figure2.4 shows an exampleof object tracking. The top left imagehas,superimposed,the

contoursof theobjectsto track. Thefollowing imagesshow thecontoursfoundby our algorithm.

Notice how topologicalchangesarehandledautomatically. A pioneeringtopology independent

algorithmfor trackingin videosequences,basedon thegeneralgeodesicframework introducedin

[18,45] canbefoundin [72]. In contrastwith ourapproach,thatschemeis basedonauniquePDE,

deformingthecurve towarda (local) geodesiccurve. In [72] moreelaboratedmodelsto perform

trackingareused,andtestingon someof the samesequences(e.g., the highway andtwo-man-

walking sequences),we foundthata simpleralgorithmastheonehereproposedalreadyachieves

satisfactory results. On the other hand,the Paragios-Derichetechnique,including the recently

reportedextensions[73, 74], areneededfor morecomplicatedscenesor longerones. Note that

dueto thesimilarity betweenframes,our algorithmconvergesvery fast(typically in lessthan30

iterations,insuminga few secondson our PC, of a non-optimalexplicit implementation).The

CONDENSATION algorithmdescribedin [12] canalsoachieve,in theory, topology-freetracking,

thoughto the bestof our knowledgereal examplesshowing this capability have not beenyet

reported.In addition,this algorithmrequireshaving a modelof theobjectto trackanda modelof

thepossibledeformations,evenfor simpleandusefulexamplesastheonesshown in this section

(notethatthealgorithmhereproposedrequiresno previousor learnedinformation).On theother

hand,theoutstandingtrackingcapabilitiesfor clutteredscenesshown with theCONDENSATION

schemecannot beobtainedwith thesimpleselectionsfor G6} and 0 usedfor theexamplesin this

section,and more advancedselectionsmust be investigated.Additional tracking examplesare

givenin thenext two figures.
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Figure2.1: Projectionof velocitiesis neededto performtracking(seetext).

Figure2.2: Examplesof theproblemsaddressedby theMorphingActiveContoursalgorithm.See

text.
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Figure2.3: Nineconsecutiveslicesof neuraltissue.Thefirst imagehasbeensegmentedmanually.

The segmentationover the sequencehasbeenperformedusing the Morphing Active Contours

algorithm.
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Figure2.4: Trackingexampleon the“WalkingSwedes”movie.

Figure2.5: Trackingexampleon the“Highway” movie.
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Figure2.6: Trackingexampleon the“Heart” movie.
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2.2 RegionTracking on Level-SetsMethods

Sincethework by OsherandSethianon level-setsalgorithmsfor numericalshapeevolutions,the

techniquehasbeenusedfor alargenumberof applicationsin numerousfields.In medicalimaging,

thisnumericaltechniquehasbeensuccessfullyusedto implementdeformablemodelsfor segmen-

tation,for example.Themigrationfrom a Lagrangianimplementationto anEulerianonevia im-

plicit representationsor level-setsbroughtsomeof themainadvantagesof thetechnique,mainly,

topologyindependenceandstability. This migrationmeansalsothattheevolution is parametriza-

tion free,andthereforewe do not know exactly how eachpartof theshapeis deforming,andthe

point-wisecorrespondenceis lost. In thisnotewepresenta techniqueto numericallytrackregions

on surfacesthataremoving usingthe level-setsmethod.Thebasicideais to representtheregion

of interestastheintersectionof two implicit surfaces,andthentrackits deformationfrom thede-

formationof thesesurfaces.This techniquethensolvesoneof themainshortcomingsof thevery

usefullevel-setsapproach.Applicationsincludelesiontrackingin medicalimages,regiontracking

in functionalMRI visualization,andgeometricsurfacemapping.

2.2.1 Intr oduction

The useof level-setsfor the numericalimplementationsof � -dimensional2 shapedeformations

becameextremelypopularfollowing theseminalwork of OsherandSethian[70]

Extendingto surfacesthe conceptsintroducedin the previous sectionfor curves, we have

that the basic idea is to representthe deformationof a � -dimensionalclosedsurface ¦ as the

deformationof a ��� #
-dimensionalfunction I . Thesurfaceis representedin animplicit form inI , for example,via its zerolevel-set.

Formally, let’s representthe initial surface ¦§� � � asthezerolevel-setof I , i.e., ¦§� � �_~L?3¨ª©F �_«¬^�I§�C¨H� � � ��� D % If thesurfaceis deformingaccordingtoM ¦§� � �M � � 0hgi�­ � (2.7)

where gi�­ is theunit normalto thesurface,thenthisdeformationis representedasthezerolevel-set

of I§��¨H� � ��^.F � « `®b � �Uc;�¯d F � deformingaccordingtoM I§�C¨H� � �M � � 0���¨H� � �6m Q I§�C¨H� � �km3� (2.8)

2In this noteweconsider°²±"³ .
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where0���¨H� � � is computedon thelevel-setsof I§��¨H� � � .
In a numberof applications,it is importantnot just to know how thewholesurfacedeforms,

but alsohow someof its regionsdo. Sincetheparametrizationis missing,this is not possiblein a

straightforwardlevel-setsapproach.Thisproblemis relatedto theapertureproblemin opticalflow

computation,andit is alsothereasonwhy the level-setsapproachcanonly dealwith parameteri-

zationindependentflows thatdo not containtangentialvelocities.Although tangentialvelocities

donotaffect thegeometryof thedeformingshape,they doaffect the‘point correspondence’in the

deformation.For example,with astraightlevel-setsapproach,it is notpossibleto determinewhere

a givenpoint ¨´��©h¦{� � � is at certaintime
�
. Oneway to solve this problemis to track isolated

pointswith a setof ODE’s, andthis wasdonefor examplein grid generation;see[85]. This is a

possiblesolutionif we arejust interestedin trackinga numberof isolatedpoints. If we want to

trackregionsfor example,thenusing‘particles’ bringsusbackto a ‘Lagrangianformulation’ and

someof theproblemsthatactuallymotivatedthelevel-setsapproach.For example,whathappens

if the region splitsduring thedeformation?Whathappensif the region of interestis represented

by particlesthatstartto cometoo closetogetherin somepartsof theregion andtoo far from each

otherin others?

In this notewe proposean alternative solution to the problemof region trackingon surface

deformationsimplementedvia level-sets.3 Thebasicideais to representtheboundaryof theregion

of interestµ ©¶¦ asthe intersectionof the givensurface ¦ andan auxiliary surface
�¦ , both of

themgivenaszerolevel-setsof ��� # -dimensionalfunctionsI and
�I respectively.4 Thetrackingof

theregion µ is givenby trackingtheintersectionof thesetwo surfaces(thatis, by theintersection

of thelevel-setsof I and
�I ). In therestof thissectionwegivedetailsonthetechniqueandpresent

examples.

2.2.2 The algorithm

Assumethe deformationof the surface ¦ , given by (2.7), is implementedusing the level-sets

algorithm,i.e., Equation(2.8). Let µ ©®¦ bea region we want to trackduring this deformation,

and
M µ its boundary. Defineanew function

�I§�C¨H� � ��^.F � « dlF � (adistancefunctionfor example),
3A differentlevel-setapproachfor meancurvaturetypeof motionsof generic3D curves,togetherwith very deep

andeleganttheoreticalresults,is introducedin [4].
4Theuseof multiple level-setfunctionswasusedin thepastfor problemslike motionof junctions[61]. Both the

problemandits solutionaredifferentfrom theonesin this section.
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suchthattheintersectionof its zerolevel-set
�¦ with ¦ defines

M µ andthen µ . In otherwords,M µ·� � �J^ � ¦{� � �V¸ �¦{� � � � ?3¨¹©KF � « ^�I§��¨H� � � � �It��¨H� � � �Y� D %
The trackingof µ is doneby simultaneouslydeforming I and

�I . The auxiliary function
�I

deformsaccordingto M �It�C¨H� � �M � � �0E��¨H� � �km Q �I§�C¨H� � �km3� (2.9)

andthen
�¦ deformsaccordingto M �¦M � � �0hgi$º­ %

(2.10)

We have thento find thevelocity
�0 asa functionof 0 . In orderto tracktheregion of interest,

M µ
musthave exactly the samegeometricvelocity both in (2.8) and(2.9). The velocity in (2.8) (or

(2.7)) is givenby theproblemin hand,andis 0hgi�­ . Therefore,thevelocity in (2.10)will be the

projectionof this velocity into thenormaldirection gi$º­
(recall that tangentialcomponentsof the

velocitydo notaffect thegeometryof theflow). Thatis, for (at least)
M µ ,�0 � 0hgi�­ �"gi º­ %

Outsideof the region correspondingto µ , the velocity
�0 canbe any function that connects

smoothlywith thevaluesin
M µ .5

This technique,for themoment,requiresto find theintersectionof thezero-level setsof I and�I at every time step,in orderto compute
�0 . To avoid this, we choosea particularextensionof

�0
outsideof

M µ , andsimpledefine
�0 astheprojectionof 0hgi�­ for all thevaluesof ¨ in thedomain

of I and
�I .6 Therefore,theauxiliary level-setsflow is givenbyM �IM � �C¨H� � � � » 0��C¨H� � � Q I§�C¨H� � �m Q I§�C¨H� � �_m � Q �I§�C¨H� � �m Q �I§�C¨H� � �km.¼m Q �It�C¨H� � �km3�

andtheregionof interestµ·� � � is givenby theportionof thezerolevel-setthatbelongsto I§�C¨H� � ��¸�I§�C¨H� � � : M µ·� � � � ?3¨�©KF � « ^½I§�C¨H� � � � �It��¨H� � � �Y� D % (2.11)
5To avoid the creationof spuriousintersectionsduring the deformationof ¾ and ¿¾ , thesefunctionscanbe re-

initializedevery few steps,asfrequentlydonein thelevel-setsapproach.
6Note that although À and ¿À do not occupy the sameregions in the ° dimensionalspace,their corresponding

embeddingfunctions ¾ and ¿¾ dohave thesamedomain,makingthis velocityextensionstraightforward.
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For a numberof velocities 0 , shorttermexistenceof thelevel-setsflow for
�I canbeobtained

from theresultsof EvansandSpruck.

This formulationgivesthebasicregion trackingalgorithm. In thenext subsection,we present

someexamples.

2.2.3 Examplesand comments

We now presentexamplesof the proposedtechnique.We shouldnotethat: (a) Fast techniques

like narrow bands,fast-marching[85], or local methods[62], canalsobeusedwith thetechnique

hereproposedto evolve eachoneof thesurfaces;(b) In theexamplesbelow, we computea zero-

order type of intersectionbetweenthe implicit surfaces,meaningthat we considerpart of the

intersectionthe full vortex whereboth surfacesgo through(giving a jaggedboundary). More

accurateintersectionscanbeeasilycomputedusingsub-divisionsasin marchingcubes.

Examplesaregivenin Figure2.7. In all thecolumns,the1st row shows theoriginal surface,

andthedeformationis shown top to bottom.

Figure2.7first showstwo toy examplesin thefirst two columns.While thesurfacemoveswith

a morphingtypevelocity [6, 7], we aretrackingthepaintedregionson thesurfaces.Thelast row

in eachcolumngivesa differentview of the laststepof thedeformation.Notehow theregion of

interestchangestopology(splitson theleft exampleandmergeson thenext one).

Figure2.7, two right columns,presentsoneof the main applicationsof this technique.Both

thesecolumnsfirst show, on the top, a portionof thehumancortex, obtainedfrom MRI andseg-

mentedwith the techniquedescribedin [92]. In order to visualizebrain activities recordervia

functionalMRI in oneof thenon-visiblefolds (sulci), it is necessaryto ‘unfold’ thesurface,while

trackingthecolor-codedregions. In theseexamples,thecolorssimply indicatesignof Gaussian

curvatureon theoriginal surface(indicatingthesulci). We trackeachoneof thecoloredregions

with the techniquedescribedin this note,while thesurfaceis deformingwith thepositive partof

Gaussiancurvature,andamorphingtypevelocity [6, 7], respectively. Thecolorsof thedeforming

surfacesindicatethenthesignof theGaussiancurvaturein theoriginal surface.Notehow thesur-

faceis unfolded,andthetrackingof thecoloredcodedregionsallow to find thematchingplacesin

theoriginal3D surfacerepresentingthecortex.

Thesametechniquecanbeappliedto visualizelesionsthatoccuron the ‘hidden’ partsof the

cortex. After unfolding,theregionsbecomevisible, andthetrackingallows to find their position

in theoriginal surface.Whenusinglevel-setstechniquesto deformtwo givenshapes,onetoward

the other(a 3D cortex to a canonicalcortex for example),this techniquecanbe usedto find the
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region-to-regioncorrespondence.This techniquethensolvesoneof thebasicshortcomingsof the

veryusefullevel-setsapproach.
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Figure2.7: Examplesof thealgorithmintroducedin this note(yellow regionsaretheonesbeing

tracked).Thetwo left columnsshow toy examplesdemonstratingpossibletopologicalchangeson

thetrackedregion. Thenext columnsshow unfoldingthecortex, andtrackingtheyellow colored

regions,with aGaussiancurvaturebasedflow anda3D morphingone,respectively.



Chapter 3

Image Inpainting

Inpainting, the techniqueof modifying an imagein an undetectableform, is as ancientas art

itself. The goalsandapplicationsof inpaintingarenumerous,from the restorationof damaged

paintingsand photographsto the removal/replacementof selectedobjects. In this chapter, we

introducea novel algorithm for digital inpainting of still imagesthat attemptsto replicatethe

basictechniquesusedby professionalrestorators.After theuserselectstheregionsto berestored,

the algorithm automaticallyfills-in theseregions with information surroundingthem. The fill-

in is donein sucha way that isophotelines arriving at the regions’ boundariesare completed

inside. In contrastwith previous approaches,the techniquehereintroduceddoesnot requirethe

userto specifywherethenovel informationcomesfrom. This is automaticallydone(andin a fast

way), therebyallowing to simultaneouslyfill-in numerousregionscontainingcompletelydifferent

structuresandsurroundingbackgrounds.In addition,nolimitationsareimposedonthetopologyof

theregionto beinpainted.Applicationsof thistechniqueincludetherestorationof old photographs

anddamagedfilm; removal of superimposedtext likedates,subtitles,or publicity; andtheremoval

of entireobjectsfrom theimagelikemicrophonesor wiresin specialeffects.

3.1 Intr oduction

Themodificationof imagesin away thatis non-detectablefor anobserverwhodoesnotknow the

original imageis apracticeasold asartisticcreationitself. Medieval artwork startedto berestored

asearly as the Renaissance,the motivesbeingoften asmuchto bring medieval pictures“up to

date”asto fill in any gaps[99, 31]. This practiceis calledretouchingor inpainting. Theobjectof

inpaintingis to reconstitutethemissingor damagedportionsof thework, in orderto make it more

24
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Figure3.1: Detailof “Cornelia,motherof theGracchi”by J.Suvee(Louvre).This is aphotograph

of amanualrestorationof a fresco,takenfrom [31].

legibleandto restoreits unity [31]. In figure3.1weseeadetailof aninpaintedpainting.

The needto retouchthe imagein an unobtrusive way extendednaturally from paintingsto

photographyand film. The purposesremain the same: to revert deterioration(e.g., cracksin

photographsor scratchesand dust spotsin film), or to add or remove elements(e.g., removal

of stampeddateandred-eye from photographs,the infamous“airbrushing” of political enemies

[49]).

Digital techniquesarestartingto bea widespreadway of performinginpainting,rangingfrom

attemptsto fully automaticdetectionand removal of scratchesin film [52, 53], all the way to

softwaretoolsthatallow asophisticatedbut mostlymanualprocess[14].

In this article we introducea novel algorithmfor automaticdigital inpainting,beingits main

motivationto replicatethebasictechniquesusedby professionalrestorators.At thispoint,theonly

userinteractionrequiredby thealgorithmhereintroducedis to mark theregionsto be inpainted.

Althoughanumberof techniquesexist for thesemi-automaticdetectionof imagedefects(mainlyin

films), addressingthis is out of thescopeof thischapter. Moreover, sincetheinpaintingalgorithm

herepresentedcanbeusednot just to restoredamagedphotographsbut alsoto remove undesired

objectsandwritings on the image,the regionsto be inpaintedmustbemarkedby theuser, since

they dependon his/hersubjectiveselection.Hereweareconcernedon how to “fill-in” theregions
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to be inpainted,oncethey have beenselected.1 Marked regionsareautomaticallyfilled with the

structureof their surrounding,in a form thatwill beexplainedlaterin this chapter.

3.2 Relatedwork and our contribution

We shouldfirst notethat classicalimagedenoisingalgorithmsdo not apply to imageinpainting.

In commonimageenhancementapplications,the pixels containboth informationaboutthe real

dataandthenoise(e.g.,imageplus noisefor additive noise),while in imageinpainting,thereis

no significantinformationin theregion to be inpainted.Theinformationis mainly in theregions

surroundingtheareasto beinpainted.Thereis thenaneedto developspecifictechniquesto address

theseproblems.

Mainly threegroupsof workscanbefound in the literaturerelatedto digital inpainting. The

first onedealswith therestorationof films, thesecondoneis relatedto texturesynthesis,andthe

third one,a significantlylessstudiedclassthoughvery influential to thework herepresented,is

relatedto disocclusion.

Kokaramet al. [53] usemotionestimationandautoregressive modelsto interpolatelossesin

films from adjacentframes.Thebasicideais to copy into thegaptheright pixelsfrom neighboring

frames(seefigure 3.2). The techniquecannot be appliedto still imagesor to films wherethe

regionsto beinpaintedspanmany frames.

Hirani and Totsuka[39] combinefrequency and spatialdomaininformation in order to fill

a given region with a selectedtexture. This is a very simpletechniquethat producesincredibly

goodresults.On theotherhand,thealgorithmmainly dealswith texturesynthesis(andnot with

structuredbackground),andrequirestheuserto selectthe texture to becopiedinto the region to

be inpainted(seefigure 3.3). For imageswherethe region to be replacedcoversseveral differ-

ent structures,the userwould needto go throughthe tremendouswork of segmentingthemand

searchingcorrespondingreplacementsthroughoutthe picture. Although part of this searchcan

bedoneautomatically, this is extremelytime consumingandrequiresthenon-trivial selectionof

many critical parameters,e.g.,[30]. Othertexturesynthesisalgorithms,e.g.,[30, 38, 87], canbe

usedaswell to re-createapre-selectedtextureto fill-in a (square)region to beinpainted.

In thegroupof disocclusionalgorithms,a pioneeringwork is describedin [67]. The authors
1In orderto studythe robustnessof thealgorithmhereproposed,andnot to be too dependenton the markingof

theregionsto beinpainted,wemarkthemin averyroughform with any availablepaintbrushsoftware.Markingthese

regionsin theexamplesreportedin this chapterjust takesa few secondsto a non-expertuser.
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Figure 3.2: Threeconsecutive framesof a movie are shown. With the techniquein [53], the

inpaintingis performedby usinginformationin adjacentframes.

Figure3.3: With thetechniquein [39], theuserselectswhatto putwhere.
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Figure3.4: With thetechniquein [59], straightlinesareusedto join pointsat theboundarywhich

haveequalgraylevel.

presenteda techniquefor removing occlusionswith the goal of imagesegmentation.2 The basic

ideais to connectT-junctionsat the samegray-level with elasticaminimizing curves. The tech-

niquewasmainly developedfor simpleimages,with only a few objectswith constantgray-levels,

andwill not be applicablefor the exampleswith naturalimagespresentedlater in this chapter.

MasnouandMorel [59] recentlyextendedtheseideas,presentinga very inspiring generalvari-

ational formulation for disocclusionand a particularpracticalalgorithm (not entirely basedon

PDE’s) implementingsomeof theideasin this formulation.Thealgorithmperformsinpaintingby

joining with geodesiccurvesthepointsof theisophotes(linesof equalgrayvalues)arriving at the

boundaryof theregion to beinpainted.As reportedby theauthors,theregionsto beinpaintedare

limited to having simpletopology, e.g.,holesarenot allowed.3 In addition,theanglewith which

thelevel linesarriveat theboundaryof theinpaintedregion is not (well) preserved: thealgorithm

usesstraightlinesto join equalgrayvaluepixels(seefigure3.4.) Thesedrawbacks,which will be

exemplifiedlater in this chapter, aresolvedby our algorithm. On theotherhand,we shouldnote

thatthis is theclosesttechniqueto oursandhasmotivatedin partandinspiredour work.

3.2.1 Our contribution

Algorithmsdevisedfor film restorationarenotappropriatefor ourapplicationsincethey normally

work on relatively smallregionsandrely on theexistenceof informationfrom severalframes.

On theotherhand,algorithmsbasedon texturesynthesiscanfill largeregions,but requirethe
2Sincethe region to be inpaintedcanbe consideredasoccludingobjects,removing occlusionsis analogousto

imageinpainting.
3This is not intrinsic to thegeneralvariationalformulationthey propose,only to thespecificdiscreteimplementa-

tion they perform.
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userto specify what texture to put where. This is a significantlimitation of theseapproaches,

asmay be seenin examplespresentedlater in this chapter, wherethe region to be inpaintedis

surroundedby hundredsof differentbackgrounds,someof thembeingstructureandnot texture.

The techniquewe proposedoesnot requireany userintervention,oncethe region to be in-

paintedhasbeenselected. The algorithm is able to simultaneouslyfill regions surroundedby

differentbackgrounds,without the userspecifying“what to put where.” No assumptionson the

topologyof theregion to beinpainted,or on thesimplicity of theimage,aremade.Thealgorithm

is devisedfor inpaintingin structuredregions(e.g.,regionscrossingthroughboundaries),though

it is notdevisedto reproducelargetexturedareas.As wewill discusslater, thecombinationof our

proposedapproachwith texturesynthesistechniquesis thesubjectof currentresearch.

3.3 The digital inpainting algorithm

3.3.1 Fundamentals

Let � standfor the region to be inpainted,and
M � for its boundary(note onceagain that no

assumptionon thetopologyof � is made).Intuitively, thetechniquewe proposewill prolongthe

isophotelinesarriving at
M � , while maintainingtheangleof “arrival.” We proceeddrawing fromM � inward in this way, while curving the prolongationlines progressively to prevent themfrom

crossingeachother.

Beforepresentingthedetaileddescriptionof this technique,let usanalyzehow expertsinpaint.

Conservatorsat theMinneapolisInstituteof Arts wereconsultedfor thiswork andmadeit clearto

usthatinpaintingis averysubjectiveprocedure,differentfor eachwork of artandfor eachprofes-

sional.Thereis no suchthing as“the” way to solve theproblem,but theunderlyingmethodology

is asfollows: (1.) Theglobalpicturedetermineshow to fill in thegap,thepurposeof inpainting

beingto restoretheunity of the work; (2.) Thestructureof theareasurrounding� is continued

into thegap,contourlinesaredrawn via theprolongationof thosearriving at
M � ; (3.) Thedifferent

regionsinside � , asdefinedby thecontourlines,arefilled with color, matchingthoseof
M � ; and

(4.) Thesmalldetailsarepainted(e.g. little white spotson anotherwiseuniformly bluesky): in

otherwords,“texture” is added.

A numberof lessonscan immediatelybe learnedfrom thesebasicinpainting rulesusedby

professionals.Our algorithm simultaneously, and iteratively, performsthe steps(2.) and (3.)
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above.4 We progressively “shrink” the gap � by prolonginginward, in a smoothway, the lines

arriving at thegapboundary
M � .

3.3.2 The inpainting algorithm

We needto translatethe manualinpainting conceptsexpressedabove into a mathematicaland

algorithmiclanguage.We proceedto do this now, presentingthebasicunderlyingconceptsfirst.

Theimplementationdetailsaregivenin thenext section.

Let Fq�w���W�ÂÁ½��^�b � ��Ã=Äe`hb � ��Å�Ä�d F � , with b � ��Ã=Äe`hb � ��Å�ÄkÆÇF Ål`�F Å , be a discrete2D gray

level image. Fromthedescriptionof manualinpaintingtechniques,an iterative algorithmseems

a naturalchoice. The digital inpaintingprocedurewill constructa family of imagesF��C�W�ÈÁ&�1�]��^b � ��Ã¶Äp`¬b � �1Å�Äp`·F ÅÉd F � suchthat F����W�ÂÁ&� � � � Fq�3���W�ÂÁ½� and  ���¡ « £x¤{F��C�W�ÈÁ&�1�]� � FqÊp���W�ÂÁ½� , whereF�Êp�C�U�ÂÁ½� is theoutputof thealgorithm(inpaintedimage).Any generalalgorithmof that form can

bewrittenas

F «|Ë ! ���W�ÂÁ½� � F « �C�W�ÈÁ4�]� X	� F «¢ �C�U�ÂÁ½�y�������W�ÂÁ½��©Ì� (3.1)

wherethesuperindex � denotestheinpainting“time” � , �C�W�ÈÁ4� arethepixel coordinates,
X	�

is the

rateof improvementandFÍ«¢ �C�U�ÂÁ½� standsfor theupdateof theimageF.«����W�ÂÁ½� . Notethattheevolution

equationrunsonly inside � , theregion to beinpainted.

With this equation,theimage F «|Ë ! ���W�ÂÁ½� is animprovedversionof F « �C�U�ÂÁ½� , with the“improve-

ment” givenby FÍ«¢ �C�U�ÂÁ½� . As � increases,we achieve a betterimage. We neednow to designthe

updateF.«¢ ���W�ÂÁ½� .
As suggestedby manualinpaintingtechniques,we needto continuethe lines arriving at the

boundary
M � of theregion � to be inpainted(seepoint (2) in Section3.3.1). In otherwords,we

needto smoothlypropagateinformationfrom outside� into � (points(2) and(3) in Section3.3.1).

Being Î�«>�C�W�ÈÁ4� theinformationthatwe wantto propagate,and
�d Å « �C�W�ÈÁ4� thepropagationdirection,

this meansthatwemusthave

F «¢ �C�W�ÈÁ4� � �C�8dÏ Î « �C�W�ÈÁ4�p� �d Å « �C�U�ÂÁ½�y� (3.2)

where
���8dÏ Î « �C�U�ÂÁ½� is a measureof the changein the information Î�«>�C�U�ÂÁ½� .5 With this equation,we

estimatethe information Î�«;���W�ÂÁ½� of our imageand computeits changealong the
�d Å direction.

4In thediscussionsectionwe will arguehow bothstepscanbeperformedseparately, andwe will alsodiscussstep

(4.).
5Borrowing notationfrom continuousmathematics,we couldalsowrite ÐÑÐÓÒÔ�ÕsÖ.×fØÈÙÛÚqÜ as Ý Õ .
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Figure3.5: Propagationdirectionasthenormalto thesigneddistanceto theboundaryof theregion

to beinpainted.

Figure 3.6: Unsuccessfulchoiceof the information propagationdirection. Left: detail of the

original image,region to beinpaintedis in white. Right: restoration.

Note that at steadystate,that is, whenthe algorithmconverges, F.«|Ë ! ���W�ÂÁ½� � F.«>�C�U�ÂÁ½� andfrom

(3.1)and(3.2)we have that
���8dÏ Î « �C�U�ÂÁ½�e� �d Å « ���W�ÂÁ½� �$�

, meaningexactly that theinformation Î has

beenpropagatedin thedirection
�d Å .

What is left now is to expresstheinformation Î beingpropagatedandthedirectionof propa-

gation
�d Å .

Sincewe wantthepropagationto besmooth,Î�«;���W�ÂÁ½� shouldbeanimagesmoothnessestima-

tor. For this purposewe mayusea simplediscreteimplementationof theLaplacian: Î�«;���W�ÂÁ½�t^ �F «Þ�Þ �C�W�ÈÁ4�E�)F «ß�ß �C�W�ÈÁ4� (subscriptsrepresentderivativesin this case). Othersmoothnessestimators

mightbeused,thoughsatisfactoryresultswerealreadyobtainedwith this verysimpleselection.

Then,wemustcomputethechange
���8dÏ Î « ���W�ÂÁ½� of thisvaluealong

�d Å . In orderto dothiswemust

first definewhatthedirection
�d Å for the2D informationpropagationwill be. Onepossibility is to

define
�d Å asthenormalto thesigneddistanceto

M � , i.e.,ateachpoint �C�W�ÈÁ4� in � thevector
�d Åh�C�U�ÂÁ½�

will benormalto the“shrinkedversion”of
M � to which ���W�ÂÁ½� belongs,seeFigure3.5.Thischoice

is motivatedby thebelief thatapropagationnormalto theboundarywould leadto thecontinuityof

theisophotesat theboundary. Instead,whathappensis thatthelinesarriving at
M � curve in order

to align with
�d Å , seeFigure3.6. This is of coursenot whatwe expect.NotethattheorientationofM � is not intrinsic to theimagegeometry, sincetheregion to beinpaintedis arbitrary.
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If isophotestendto align with
�d Å , thebestchoicefor

�d Å is thentheisophotesdirections.This

is a bootstrappingproblem: having the isophotesdirectionsinside � is equivalentto having the

inpaintedimageitself, sincewecaneasilyrecover thegraylevel imagefrom its isophotedirection

field ( seethediscussionsectionand[44]).

Weusethenatimevaryingestimationof theisophotesdirectionfield: for any givenpoint �C�U�ÂÁ½� ,
thediscretizedgradientvector

Q F.«>�C�W�ÈÁ4� givesthedirectionof largestspatialchange,while its 90

degreesrotation
Qáà F « ���W�ÂÁ½� is the directionof smallestspatialchange,so the vector

Q�à F « �C�U�ÂÁ½�
givestheisophotesdirection.Ourfield

�d Å is thengivenby thetime-varying
�d Åh�C�U�ÂÁ&�1��� �YQ à F « �C�U�ÂÁ½� .

We areusinga time-varyingestimationthat is coarseat thebeginningbut progressively achieves

thedesiredcontinuityat
M � , insteadof afixedfield

�d Åh�C�U�ÂÁ½� thatwouldimply to know thedirections

of theisophotesfrom thestart.

Notethatthedirectionfield is not normalized,its normis thenormof thegradientof F.«>�C�U�ÂÁ½� .
Thischoicehelpsin thenumericalstabilityof thealgorithm,andwill bediscussedin thefollowing

subsection.

Sinceweareperforminginpaintingalongtheisophotes,it is irrelevantif
Q à FÍ«>�C�U�ÂÁ½� is obtained

asaclockwiseorcounterclockwiserotationof
Q F.«����W�ÂÁ½� . In bothcases,thechangeof F.«>�C�U�ÂÁ½� along

thosedirectionsshouldbeminimum.

Recapping,we estimatea variation of the smoothness,given by a discretizationof the 2D

Laplacianin our case,andproject this variation into the isophotesdirection. This projectionis

usedto updatethevalueof the imageinsidetheregion to beinpainted.Writing equation(3.2) in

PDEform wegetthe inpaintingequation:

F:¢ �)Q � X F4�p� Q à F (3.3)

To ensurea correctevolution of the direction field, a diffusion processis interleaved with

the imageinpaintingprocessdescribedabove.6 That is, every few steps(seebelow), we apply

a few iterationsof imagediffusion. This diffusioncorrespondsto theperiodicalcurvingof lines

to avoid themfrom crossingeachother, aswasmentionedin Section3.3.1. We useanisotropic

diffusion, [77, 2], in orderto achieve this goalwithout losingsharpnessin thereconstruction.In

particular, we applya straightforwarddiscretizationof thefollowing continuous-time/continuous-

spaceanisotropicdiffusionequation:M FM � ��SV�1r�� � � �¶â�ã ��SV�1r>�UäV��SV�1rs� � � O Q F���SV�Wr�� � � O ������SV�1r*��©H� ã (3.4)

6We canalsoaddthediffusionasanadditionaltermin å Öæ ×fØÈÙÑÚ�Ü , theresultsbeingverysimilar.
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where � ã is a dilation of � with a ball of radius ç , ä is theEuclideancurvatureof theisophotesofF and
â�ã ��SV�1r>� is asmoothfunctionin � ã suchthat

â�ã ��SV�1r*� ���
in
M � ã , and

â�ã ��SV�1r>� �2#
in � (this

is away to imposeDirichlet boundaryconditionsfor theequation(3.4)).7

Let usnotea key fact,which waskindly pointedout to usby S. Beteĺu andA. Bertozzi. The

steadystateof the inpaintingequation(3.3), namely
����Q � X F4��� Q à F , is thesamesteadystate

of theso-calledNavier-Stokesequationfor thestreamfunctionof anincompressibleinviscidfluid

(seefor instance[54]). In otherwords,solvingtheinpaintingproblemfor animageI is analogous

to solvingtheNavier-Stokesequation(with specificboundaryconditions)for aflow with astream

functionI. Theanalogyinvolvesotherquantitiesalso:
Q à F is thevelocity,

X F is thevorticity, etc.

Theimplicationsof this factarevery important,andwill beaddressedin Chapter5.

3.3.3 Discreteschemeand implementation details

Theonly input to ouralgorithmaretheimageto berestoredandthemaskthatdelimitstheportion

to be inpainted. As a preprocessingstep,the wholeoriginal imageundergoesanisotropicdiffu-

sionsmoothing.Thepurposeof this is to minimizetheinfluenceof noiseon theestimationof the

directionof the isophotesarriving at
M � . After this, the imageentersthe inpaintingloop, where

only thevaluesinside � aremodified. Thesevalueschangeaccordingto thediscreteimplemen-

tationof the inpaintingprocedure,which we proceedto describe.Every few iterations,a stepof

anisotropicdiffusion is applied(a straightforward,centraldifferencesimplementationof (3.4) is

used;for detailssee[77, 2]). Thisprocessis repeateduntil asteadystateis achieved.

Let F.«����W�ÂÁ½� standfor eachoneof theimagepixelsinsidetheregion � at theinpainting“time”� . Then, the discreteinpaintingequationborrows from the numericalanalysisliteratureand is

givenby

F «|Ë ! ���W�ÂÁ½� � F « �C�W�ÈÁ4�]� X	� F «¢ �C�U�ÂÁ½�y�������W�ÂÁ½��©Ì� (3.5)

where

F «¢ ���W�ÂÁ½� �éèês���8dÏ Î « �C�U�ÂÁ½�p� �d Åh���W�ÂÁ&�1���ëëë �d Åh���W�ÂÁ&�1��� ëëëÓìí OîQ F « �C�U�ÂÁ½� O � (3.6)

�C�8dÏ Î « ���W�ÂÁ½��^ � ��Î « �C�s� # �ÂÁ½�p�®Î « ���]� # �ÂÁ½�y��Î « �C�U�ÂÁ{� # �p�®Î « ���W�ÂÁ�� # �W��� (3.7)
7Otherfilters, e.g.,form mathematicalmorphology, canbeappliedaswell, thoughwe foundtheresultsobtained

with this equationsatisfactory.
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Î « �C�U�ÂÁ½� � F «Þ�Þ �C�W�ÈÁ4�]�®F «ß�ß �C�W�ÈÁ4��� (3.8)�d Åh�C�U�ÂÁ&�1�]�ëëë �d Åh�C�U�ÂÁ&�1�]� ëëë ^ � ���6F «ß ���W�ÂÁ½�y�WF «Þ ���W�ÂÁ½�W�ï �CF «Þ �C�U�ÂÁ½�W� ( �Y�CF «ß ���W�ÂÁ½�U� ( � (3.9)

0 « �C�U�ÂÁ½� � ���8dÏ Î « �C�U�ÂÁ½�p� �d Åh���W�ÂÁ&�W�]�ëëë �d Åh���W�ÂÁ&�W�]� ëëë � (3.10)

and

O Q F « �C�U�ÂÁ½� O�� ðññññññò ññññññó

ï �CF «Þ�ôÛõ � ( �Y�CF «Þyö�÷ � ( �Y�CF «ßWôÛõ � ( ����F «ßWö�÷ � ( �
when 0]«�ø �ï �CF «Þ�ô�÷ � ( ���CF «Þyö1õ � ( �Y�CF «ßWô�÷ � ( ���CF «ß1ö1õ � ( �
when 0]«�ù � (3.11)

Wefirst computethe2D smoothnessestimationÎ in (3.8)andtheisophotedirection
�d Åûú ëëë �d Å ëëë in

(3.9). Thenin (3.10)wecompute0]« , theprojectionof
� dÏ Î ontothe(normalized)vector

�d Å , thatis,

we computethechangeof Î alongthedirectionof
�d Å . Finally, we multiply 0]« by a slope-limited

versionof thenormof thegradientof theimage,
ORQ F O , in (3.11).8 A centraldifferencesrealization

would turn the schemeunstable,andthat is the reasonfor usingslope-limiters.The subindexesü
and � denotebackward and forward differencesrespectively, while the subindexes ¡ and Ã

denotetheminimumor maximum,respectively, betweenthederivativeandzero(wehaveomitted

thespacecoordinates���W�ÂÁ½� for simplicity); see[70] for details.A pseudo-codefor thenumerical

implementationof theinpaintingequationis includedin AppendixA. Finally, let usnotethatthe

choiceof a non-normalizedfield
�d Å insteadof a normalizedversionof it allows for a simplerand

morestablenumericalscheme;see[58, 82].

Noteonceagainthatwhenthe inpaintingalgorithmarrivesto steadystate,that is, F:¢ �$�
, we

havegeometricallysolved
Q � Smoothness��� Q à F �)�

, meaningthatthe“smoothness”is constant

alongtheisophotes.9

When applying equations(3.5)-(3.11)to the pixels in the border
M � of the region � to be

inpainted,known pixels from outsidethis region are used. That is, conceptually, we compute
8Notethat ý Ý�å�ý:þ·ý Ý�ÿ�å�ý .
9This type of informationpropagationis relatedandmight be applicableto velocity fields extensionin level-set

techniques[71, 109].
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equations(3.5)-(3.11)in the region � ã (an ç dilation of � ), althoughwe updatethe valuesonly

inside � (that is, (3.5) is appliedonly inside � ). The informationin the narrow band � ã �=� is

propagatedinside � . Propagationof this information,bothgray-valuesandisophotesdirections,

is fundamentalfor thesuccessof thealgorithm.

In therestorationloop we perform � stepsof inpaintingwith (3.5), then 
 stepsof diffusion

with (3.4),again� stepsof (3.5),andsoon. Thetotal numberof stepsis � . This numbermaybe

pre-established,or thealgorithmmaystopwhenchangesin theimagearebelow agiventhreshold.

Thevalueswe useare: � � #|/ ��
 �Ç-
, at speed

X��{���*%8#
. Thevalueof � dependson thesize

of � . If � is of considerablesize,a multiresolutionapproachis usedto speed-uptheprocess:we

basicallyusethe convergedresultof a lower resolutionstageto initialize the higherone,asit is

classicallydonein imageprocessing.I.e., we take the original image F , reduceits dimensions

to, say, 25% obtaining Fq��� (�� , performits inpaintingobtainingasa result F � ¡	[���� (�� , thenincrease

thesizeof F � ¡	[���� (�� by a 100%to F � ¡	[���� �Â� , usethis asaninitial conditionfor thenext inpainting

operation,andsoon.

Color imagesareconsideredasa setof threeimages,and the above describedtechniqueis

appliedindependentlyto eachone.For instance,if thecolor imageto inpaint F usesthetraditional���	�1
á��
	� color model,we candecomposeit into threescalar(“grayscale”)imagesF�Ê , F�� andF�� ; weperformtheinpaintingon eachof thethreeimagesseparatelyandthenobtainaninpainted

color imageby combiningtheresultinginpaintingsof F�Ê , F�� and F�� .

To avoid the appearanceof spuriouscolors,we usea color model(very similar to the LUV

model)with oneluminance( � ) andtwochroma( �����]� , ������� ) components.SeeFigure3.7.Fromthe

tradtional ���	��
���
�� colormodelwecangettoourswith thesesimpleformulas: � �
	 � ( � 
 ( �¬
 ( ,������� � � � , and ������� � Ê� Ê�
 Ë ��
 . Conversely, to gobackto a �C�	��
���
�� imageweuse: 
 � �½������� ,� � � 	 # �û� ( ������� , 
 � 	 � ( �®
 ( �®� ( .
3.4 Results

The CPU time requiredfor inpaintingdependson the sizeof � . In all the color exampleshere

presented,theinpaintingprocesswascompletedin lessthan5 minutes(for thethreecolorplanes),

usingnon-optimizedC++ coderunningonaPentiumIIPC(128MbRAM, 300MHz)underLinux.

All theexamplesuseimagesavailablefrom publicdatabasesovertheInternet.Themainexamples

herepresented,andadditionalones,canbeseenathttp://www.ece.umn.edu/users/marcelo/restoration.html,

wherein additionto theoriginalandinpaintedimagesreproducedbelow, theevolutionprocesscan
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Figure 3.7: Relation betweenthe ���	��
���
�� color model and the one used in this article,�C�����|���]�V����������� .
beobserved.

Figure3.8 shows, on the left, a syntheticimagewith the region to inpaint in white. Here �
is large (30 pixels in diameter)andcontainsa hole. The inpaintedreconstructionis shown on

theright. Notice thatcontoursarerecovered,joining pointsfrom the innerandouterboundaries.

Also, thesereconstructedcontoursfollow smoothlythedirectionof the isophotesarriving at
M �

(thealgorithmreportedin [59] will fail with this typeof data).

Figure3.9is atoy examplethatshowsthatthechoiceof aclockwise(CW) or counterclockwise

(CCW) rotationof thegradientdoesnot affect the final result. The top row shows theevolution

for aCW rotation,thebottomrow theevolution for aCCWrotation.Eventhoughtheintermediate

stepsaredifferent,thesteadystateachievedis thesame.

Figure3.10shows theinfluenceof thediffusionstepsin our algorithm.If too little diffusionis

used,shocksaredevelopedandtheevolution turnsunstable.With thenumberof stepssuggested

previously, the resultis good. With too muchdiffusion,the resultis poor: informationis blurred

inside � , doesnotpropagatefrom outside.

Figure3.11shows a deterioratedB&W image(first row) andits reconstruction(secondrow).

As in all theexamplesin thisarticle,theuseronly suppliedthe“mask” image(lastrow). Thismask

wasdrawn manually, usinga paintbrush-likeprogram.Thevariablesweresetto thevaluesspeci-

fied in theprevioussection,andthenumberof iterations� wassetto 3000.Whenmultiresolution

is notused,theCPUtimerequiredby theinpaintingprocedurewasapproximately7 minutes.With

a2-level multiresolutionscheme,only 2 minuteswereneeded.Observethatdetailsin thenoseand

right eyeof themiddlegirl couldnotbecompletelyrestored.This is in partdueto thefactthatthe

maskcoversmostof therelevantinformation,andthereis not muchto bedonewithout theuseof
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high level prior information(e.g.,thefactthatit is aneye). Theseminorerrorscanbecorrectedby

themanualproceduresmentionedin the introduction,andstill the overall inpaintingtime would

be reducedby ordersof magnitude.This examplewastestedandshowed to be robust to initial

conditionsinsidetheregion to beinpainted.

Figures3.12and3.13show two vandalizedcolor imagesandtheir correspondingrestorations,

followedby anexamplewhereoverimposedtext is removedfrom the image(figure3.13.) These

aretypicalexampleswheretexturesynthesisalgorithmsasthosedescribedin theintroductioncan

notbeused,sincethenumberof differentregionsto befilled-in is very large.

Thenext figureshowstheprogressivenatureof thealgorithm,severalintermediatestepsof the

inpaintingprocedureareshown, removing paintedtext overa naturalscene.

Finally, Figure3.16shows anentertainmentapplication.Thebungeecordandtheknot tying

theman’s legshavebeenremoved.Giventhesizeof � a2-level multiresolutionschemewasused.

Here it becomesapparentthat it is the userwho hasto supply the algorithmwith the masking

image,sincethechoiceof theregion to inpaintis completelysubjective.
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Figure3.8: Syntheticexample: � is shown in white. Topologyis not an issue,andtherecovered

contourssmoothlycontinuetheisophotes.

Figure3.9: Top: evolutionusingCW rotationof gradient.Bottom: evolution usingCCW rotation

of gradient.Notethatthesteadystateis thesame.

Figure3.10:Fromleft to right: original image,resultwith nodiffusion,resultwith somediffusion,

resultwith too muchdiffusion.
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Figure3.11:Restorationof anold photograph.
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Figure3.12:Restorationof color images.
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Figure3.13:Restorationof color images(cont’d).
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Figure3.14:Removal of superimposedtext.
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Figure3.15: Progressive natureof thealgorithm. Several intermediatestepsof the inpaintingof

figure3.12areshown.

Figure3.16:Thebungeecordandtheknot tying theman’s feethavebeenremoved.
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Figure3.17:Limitationsof thealgorithm:textureis not reproduced.



Chapter 4

SolvingPartial Differ ential Equationson

Implicit Surfaces

A novel framework for solving variationalproblemsandpartial differentialequationsfor scalar

andvector-valueddatadefinedonsurfacesis introducedin this chapter. Thekey ideais to implic-

itly representthe surfaceasthe level setof a higherdimensionalfunction,andsolve the surface

equationsin afixedCartesiancoordinatesystemusingthisnew embeddingfunction.This thereby

eliminatestheneedfor performingcomplicatedandnot-accuratecomputationsontriangulatedsur-

faces,asit is commonlydonein thegraphicsandnumericalanalysisliterature. We describethe

framework andpresentexamplesin texturesynthesis,flow field visualization,aswell asimageand

vectorfield regularizationfor datadefinedon 3D surfaces.

4.1 Intr oduction

In a numberof computergraphicsapplications,variationalproblemsandpartialdifferentialequa-

tions(PDE’s)needto besolvedfor datadefinedonarbitrarymanifolds,threedimensionalsurfaces

in particular. Examplesof this aretexturesynthesis[97, 104], vectorfield visualization[25], and

weathering[26]. In addition,datadefinedon surfacesoftenneedsto be regularized,e.g.,aspart

of a vectorfield computationor interpolationprocess[78, 101], for inverseproblems[33], or for

surfaceparameterization[27]. Theselastexamplescanbeaddressedby solvingavariationalprob-

lem on the surface,or its correspondinggradient-descentflow on the surface,usingfor example

the theoryof harmonicmaps[29], which hasrecentlybeendemonstratedto be of usefor com-

putergraphicsapplicationsaswell, e.g.,[27, 89,108]. All theseequationsaregenerallysolvedon

45
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triangulatedor polygonalsurfaces.That is, thesurfaceis givenin polygonal(triangulated)form,

andthedatais discretelydefinedon it. This involvesthenon-trivial discretizationof theequations

in generalpolygonalgrids,aswell asthedifficult numericalcomputationof otherquantitieslike

projectionsonto thediscretizedsurface(whencomputinggradientsandLaplaciansfor example).

Althoughtheuseof triangulatedsurfacesis extremelypopularin computergraphics,thereis still

not a widely acceptedtechniqueto computedifferentialcharacteristicssuchastangents,normals,

principaldirections,andcurvatures;seefor example[24,64,91] for afew of theapproachesin this

direction. On the otherhand,it is widely acceptedthat computingtheseobjectsfor iso-surfaces

(implicit representations)is straightforward andmuchmoreaccurateandrobust. This problem

in triangulatedsurfacesbecomeseven biggerwhenwe not only have to computethesefirst and

secondorderdifferentialcharacteristicsof the surface,but alsohave to usethemto solve varia-

tional problemsandPDE’s for datadefinedon thesurface.Moreover, virtually no analysisexists

onnumericalPDE’sonnon-uniformgridsin thegeneralityneededfor computergraphics,making

it difficult to understandthebehavior of thenumericalimplementationandits proximity (or lack

thereof)to thecontinuousmodel.

In thischapterwepresentanew framework to solvevariationalproblemsandPDE’s for scalar

andvector-valueddatadefinedon surfaces.We use,insteadof a triangulated/polygonalrepresen-

tation, an implicit representation:our surfacewill be the zero-level setof a higherdimensional

embeddingfunction (i.e., a 3D volume with real values,positive outsidethe surfaceandnega-

tive insideit). Implicit surfaceshave beenwidely usedin computergraphics,e.g.,[13, 34, 103],

asanalternative representationto triangulatedsurfaces.We smoothlyextendtheoriginal (scalar

or vector-valued)datalying on the surfaceto the 3D volume,adaptour PDE’s accordingly, and

thenperformall thecomputationson theCartesiangrid correspondingto theembeddingfunction.

Thesecomputationsareneverthelessintrinsic to thesurface. Theadvantagesof usingtheCarte-

siangrid insteadof a triangulatedmesharemany: we canusewell studiednumericaltechniques,

with accurateerrormeasures;thetopologyof theunderlyingsurfaceit is not anissue;andwe can

derive simple,accurate,robustandelegantimplementations.If theoriginal surfaceis not already

in implicit form, andit is for exampletriangulated,we canuseany of a numberof implicitation

algorithmsthatachieve this representationgivena triangulatedinput, e.g.,[28, 50, 90, 106]. For

example,thepublic domainsoftware[60] canbe used.If thedatais just definedon thesurface,

anextensionof it to thewholevolumeis alsoeasilyachievedusinga PDE,aswe will see.There-

fore, themethodhereproposedworksaswell for non-implicit surfacesafter thepreprocessingis

performed.This preprocessingis quitesimpleandno complicatedregriddingneedsto bedoneto
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go from onesurfacerepresentationto another(seebelow). Finally, we will solve thevariational

problemor PDE only in a bandsurroundingthe zero level set (a classicalapproach;see[75]).

Therefore,althoughwe will be increasingby onethe dimensionof the space,the computations

remainof thesamecomplexity, while theaccuracy andsimplicity aresignificantlyimproved.

4.1.1 Our contribution

Representingdeformingsurfacesaslevel setsof higherdimensionalfunctionswasintroducedin

[70] asaveryefficient techniquefor numericallystudyingthedeformation(seealso[103] for stud-

iesonthedeformationandmanipulationof implicit surfacesfor graphicsapplications).Aswehave

seenin previouschapters,theideais to representthesurfacedeformationvia theembeddingfunc-

tion deformation,which addsaccuracy, robustness,and,asexpected,topologicalliberty. When

the velocity of the deformationis given by the minimizationof an energy, the authorsin [109]

proposeda“variationallevel set”method,wherethey extendedtheenergy (originally definedonly

on thesurface)to thewholespace.This allows for theimplementationto bein theCartesiangrid.

Thekey of thisapproachis to go from a“surfaceenergy” to a “volumeenergy” by usingaDirac’s

deltafunctionthatconcentratesthepenalizationon thegivensurface.

Wewill follow this generaldirectionwith ourfixed,nondeformingsurfaces.In our case,what

is being“deformed”is the(scalaror vector-valued)dataonthesurface.If thisdeformationis given

by anenergy-minimizationproblem(asis thecasein datasmoothingapplications),wewill extend

thedefinition of theenergy to thewhole3D space,andits minimizationwill beachievedwith a

PDE, which despiteits being intrinsic to the underlyingsurface,it is alsodefinedin the whole

space.Therefore,it is easily implementable.This is straightforward, asopposedto approaches

whereonemapsthesurfacedataonto theplane,performstherequiredoperationsthereandthen

mapstheresultsbackontothetriangulatedrepresentationof thesurface;or approachesthatattempt

to solve theproblemdirectlyon apolygonalsurface.

Very interestingly, thenew framework proposedherealsotellsushow to translateinto surface

termsPDE’sthatweknow thatwork ontheplanebut whichdonotnecessarilyminimizeanenergy

(e.g.,texturesynthesisor flow visualizationPDE’s). Insteadof runningthesePDE’s on theplane

an then mappingthe resultsonto a triangulatedrepresentationof the surface,or running them

directly on the triangulateddomain,we obtain a 3D straightforward Cartesiangrid realization

thatimplementstheequationintrinsically on thesurfaceandwhoseaccuracy dependsonly on the

degreeof spatialresolution.

Moreover, we considerthat for computingdifferentialcharacteristicsandsolvingPDE’s even
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for triangulatedsurfaces,it might be appropriateto run an implicitation algorithmasany of the

onesusedfor the examplesin this chapterand then work on the implicit representation.Cur-

rentalgorithmsfor doingthis, someof thempublically available[60], areextremelyaccurateand

efficient.

Thecontributionof thischapteris thenanew techniqueto efficiently solveacommonproblem

in many computergraphicsapplications:theimplementationof PDE’s on 3D surfaces.In partic-

ular, we show how to transformany intrinsic variationalor PDE equationinto its corresponding

onefor implicit surfaces.In this chapterwe arethenproposinga new framework to bettersolve

existentproblemsandto helpin building upthesolutionsfor new ones.To exemplify thetechnique

andits generality, we implementandextendpopularequationspreviously reportedin the litera-

ture. Herewe solve themwith our framework, while in theliteratureweresolvedwith elaborated

discretizationson triangulatedrepresentations.

4.2 The generalframework

As mentionedbefore,ourapproachrequiresusto haveanimplicit representationof thegivenfixed

surface,andthedatamustbedefinedin abandsurroundingit andnot just on thesurface.Theim-

plicit surfacesusedin thischapterhavebeenderivedfrom public-domaintriangulatedsurfacesvia

thecomputationof a (signed)distancefunction �_��SV�1rs���.� to thesurface¦ . Arriving at animplicit

representationfrom a triangulatedoneis not an issue,therearepublicly availablealgorithmsthat

achieve it in a very efficient fashion.To exemplify this,we have usedseveralof thesetechniques.

For somesurfacestheclassicalHamilton-Jacobiequationm Q ��m �a#
wassolvedonapre-defined

grid enclosingthegivensurfacevia thecomputationallyoptimalapproachdevisedin [94]. Accu-

rateimplicit surfacesfrom triangulationsof theorderof onemillion trianglesareobtainedin less

thantwo minutesof CPU-timewith this technique.Alternatively we usedthe implementationof

the ClosestPoint Transformavailablein [60]. The teapotandknot surfaceswereobtainedfrom

unorganizeddatapointsusingthetechniquedevisedin [110]. We thereforeassumefrom now on

that thethreedimensionalsurface ¦ of interestis givenin implicit form, asthezerolevel setof a

givenfunction �P^sF ���§d F � . This function is negative insidetheclosedboundedregion defined

by ¦ , positive outside,Lipschitz continuousa.e.,with ¦�~É?|S)©�F ����^��{��S�� � � D . To ensure

that the data,which needsnot to be definedoutsideof the surfaceoriginally, is now definedin

thewholeband,onesimplepossibility is to extendthis data 9 definedon ¦ (i.e thezerolevel set

of � ) in sucha form that it is constantnormal to eachlevel setof � . This meansthe extension
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satisfies
Q 9á� Q � ���

. (For simplicity, weassumenow 9 to beascalarfunction,althoughwewill

alsoaddressin this chapterproblemswherethedatadefinedon ¦ is vector-valued.This is solved

in ananalogousfashion.)To solve this we numericallysearchfor thesteadystatesolutionof the

CartesianPDE M 9M � � sign�C���q� Q 9�� Q ��� �Y�*%
This techniquewasfirst proposedandusedin [21]. Note that this keepsthe givendata 9 on the

zerolevel setof � (thegivensurface)unchanged.

Both theimplicitationanddataextension(if requiredat all by thegivendata),needto bedone

only onceoff line. Moreover, they will remainfor all applicationsthatneedthis typeof data.

Wewill exemplify our framework with thesimplestcase,theheatflow or Laplaceequationfor

scalardatadefinedon asurface.For scalardata 9 definedon theplane,thatis, 9z��SV�1r*��^½F � ( d F �
it is well known thattheheatflow M 9M � �YX 9 (4.1)

where
X ^ ��� 
 �� Þ 
 � � 
 �� ß 
 is theLaplacian,is thegradientdescentflow of theDirichlet integral#- N @ Ê 
 m Q 9�m ( T&SsT.r�� (4.2)

where
Q

is thegradient.

Eq. (4.1) performsisotropicsmoothingof thescalardata 9 , andthis smoothingprocesspro-

gressively decreasestheenergy definedin eq. (4.2). Figure4.1showsa planarscalarimage(left),

theresultof runningeq.(4.1)on it for acertaintime
� � (middle),andtheresultof runningeq.(4.1)

on it for acertaintime
� !�ø � � (right).

If we now wantto smoothscalardata 9 definedon a surface ¦ , we mustfind theminimizerof

theenergy givenby #- N ­ m Q ­ 9·m ( T&¦k� (4.3)

Theequationthatminimizesthis energy is its gradientdescentflow:M 9M � ��X ­ 9 % (4.4)

Here
Q ­

is the intrinsic gradientand
X ­

the intrinsic Laplacianor Laplace-Beltramioperator.

Theseareclassicalconceptsin differentialgeometry, andbasicallymeanthe naturalextensions

of thegradientandLaplacianrespectively, consideringall derivativesintrinsic to thesurface.For

instance,theintrinsicgradientis just theprojectiononto ¦ of theregular3D gradient.
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Classically, bothin thecomputergraphicsandnumericalanalysiscommunities,eq.(4.4)would

beimplementedin a triangulatedsurface,giving placeto sophisticatedandelaboratedalgorithms

evenfor suchsimpleflows. We now show how to simplify this whenconsideringimplicit repre-

sentations.

Recall that ¦ is givenasthe zerolevel setof a function � ^pF � � d F � , � is negative inside

theregion boundedby ¦ , positive outsidewith ¦2~ ?|S¬© F ���	^��_��S�� �Ç� D . We proceednow to

redefinetheaboveenergy andcomputeits correspondinggradientdescentflow. Let g� beageneric

threedimensionalvector, and ���� theoperatorthatprojectsa giventhreedimensionalvectoronto

theplaneorthogonalto g� : ���� ^ � F � g��� g�m g� m ( (4.5)

It is theneasyto show thattheharmonicenergy (4.3) is equivalentto (seefor example[86])#- N ­ m�� �� Q 9·m ( T&¦k� (4.6)

where gÅ is the normal to the surface ¦ . In otherwords,
Q ­ 9 � � �� Q 9 . That is, the gradient

intrinsic to thesurface(
Q ­

) is just theprojectiononto thesurfaceof the3D Cartesian(classical)

gradient
Q

. Wenow embedthis in thefunction � :!( N ­ m Q ­ 9·m ( T&¦ � #- N ­ m�� �� Q 9·m ( T&¦� !( N��! @ Ê�" m��$#&% Q 9nm ( Ï �����_m Q �)m�T&SV�
where

Ï �B�\� standsfor thedeltaof Dirac, andall theexpressionsabove areconsideredin thesense

of distributions. Note that first we got rid of intrinsic derivativesby replacing
Q ­

by � �� Q 9 (or�'#(% Q 9 ) andthenreplacedtheintrinsic integration( ) ­ T&¦ ) by theexplicit one( ) �! @ Ê�" T&S ) usingthe

deltafunction. Intuitively, althoughtheenergy livesin thefull space,thedeltafunctionforcesthe

penaltyto beeffective only on thelevel setof interest.The lastequalityincludestheembedding,

andit is basedon thefollowing simplefacts:

1.
Q �)m�gÅ .

2. ) � Ï �C���km Q �YmJT&S � ) ­ T&¦ � surfacearea.

In AppendixB weshow thatthegradientdescentof this energy is givenbyM 9M � � #m Q �)m Q �.�*�'#(% Q 9·m Q �)m:� % (4.7)
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In otherwords,this equationcorrespondsto theintrinsic heatflow for dataon animplicit sur-

face.But all thegradientsin this PDEaredefinedin thethreedimensionalCartesianspace,not in

the surface ¦ (this is why we needthe datato be definedat leaston a bandaroundthesurface).

Thenumericalimplementationis thenstraightforward. This is thebeautyof theapproach!Basi-

cally, for this equationwe usea classicalschemeof forwarddifferencesin time anda succession

of forward andbackwarddifferencesin space(seeAppendixE for details). Theotherequations

in this chapteraresimilarly implemented.This follows techniquesasthosein [82]. Onceagain,

dueto the implicit representation,classicnumericsareused,avoiding elaborateprojectionsonto

discretesurfacesanddiscretizationon generalmeshes,e.g.,[24, 40].

It is easyto show anumberof importantpropertiesof this equation:

1. For any secondembeddingfunction � � �p����� , with ���{�� �
, we obtainthe samegradient

descentflow. Sinceboth � and � have to sharethezerolevel set,andweareonly interested

in theflow aroundthis zerolevel set,this meansthattheflow is (locally) independentof the

embeddingfunction.1

2. If � is thesigneddistancefunction,a very popularimplicit representationof surfaces(ob-

tainedfor examplefrom the implicitation algorithmspreviously mentioned),the gradient

descentsimplifiesto M 9M � ��Q �½�+�'#&% Q 9�� % (4.8)

We notethatwecouldalsohavederivedeq.(4.7)directly from theharmonicmapsflowM 9M � ��X ­ 9��
via thesimplegeometryexerciseof computing

X ­ 9 for ¦ in implicit form. This lastpropertyis

of particularsignificance.It basicallyshowshow to solvegeneralPDE’s,notnecessarilygradient-

descentflows, for datadefinedon implicit surfaces. All that we needto do is to recomputethe

componentsof thePDEfor implicit representationsof thesurface.Notethat in this way, concep-

tually, we canre-defineclassicalplanarPDE’s on implicit surfaces,makingthembothintrinsic to

theunderlyingsurfaceanddefinedon thewholespace.

Fromthis verysimpleexamplewehaveseenthekey point of ourapproach.If theprocessthat

we wantto implementcomesfrom theminimizationof anenergy, we derivea PDEfor thewhole

spaceby computingthegradient-descentof thewhole-space-extensionof thatenergy. Otherwise,
1We thankF. Mémoli for helpingwith this fact.
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givenaplanarPDEwerecomputeits componentsfor animplicit representationof thesurface.For

instance,anisotropicdiffusioncanbeperformedon theplanebyM 9M � �)Q � » Q 9m Q 9nm ¼ � (4.9)

whichminimizestheenergy !( ) @ Ê 
 m Q 9·mJT&SsT.r (see[82]).

Figure4.2shows a planarscalarimage(left), theresultof runningeq. (4.9)on it for a certain

time
� � (middle),andtheresultof runningeq. (4.9)on it for a certaintime

� !�ø � � (right).

If we now want to performanisotropicdiffusionof scalardataon a surface ¦ , we caneither

recomputethe gradient-descentflow for an extensionof the energy or just substitutein eq. (4.9)

thecorrespondingexpressions.Eitherway, we obtainthesameresult,the following PDE,which

is valid in theEuclideanspace:M 9M � � #m Q �)m Q � » �'#&% Q 9m,�'#&% Q 9�m m Q ��m ¼ % (4.10)

In thefollowing sectionmoreequationswill bepresented.

4.3 Experimental examples

Wenow exemplify theframework just introducedfor anumberof importantcases.Thenumerical

implementationusedis quitesimple,andrequiresafew linesof - ++ code.TheCPUtimerequired

for thediffusionexamplesis of a few secondson a PC(512Mb RAM, 1GHz) underLinux. For

the texturesynthesisexamples,theCPUtime rangesfrom a few minutesto onehour, depending

on the patternandparameterschosen.All the volumesusedcontainroughly
#3-/. � voxels. Note

onceagainthatdueto theuseof only a narrow bandsurroundingthezerolevel set,theorderof

thealgorithmiccomplexity remainsthesame.Ontheotherhand,theuseof straightforwardCarte-

siannumericsreducestheoverallalgorithmiccomplexity, improving accuracy andsimplifying the

implementation.

4.3.1 Diffusion of scalar imageson surfaces

Theuseof PDE’s for imageenhancementhasbecomeoneof themostactive researchareasin im-

ageprocessing[17]. In particular, diffusionequationsarecommonlyusedfor imageregularization,

denoising,andmultiscalerepresentations(representingtheimagesimultaneouslyat severalscales
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or levelsof resolution).This startedwith theworks in [51, 102], wheretheauthorssuggestedthe

useof thelinearheatflow (4.1)for this task,where9 representstheimagegrayvalues(theoriginal

imageis usedasinitial condition). As we have seen,this is thegradient-descentof (4.2),andthe

generalizationsof theseequationsfor dataon thesurfacearegivenby (4.4)and(4.3) respectively.

In implicit form, theheatflow onsurfacesis givenby (4.7). Figure4.3showsasimpleexampleof

imagediffusionon a surface.Pleasenotethat this is not equivalentto performing3D smoothing

of thedataandthenlooking to seewhathappenedon ¦ . Ourflow, thoughusingextended3D data,

performssmoothingdirectlyon thesurface,it is anintrinsicheatflow. Thecompletedetailsof the

numericalimplementationof thisflow aregivenin AppendixE (thiswill onceagainshow how the

implementationis significantlysimplifiedwith theframework heredescribed).

Figure4.4showsanexampleof addingaconstraintto thesurfacePDE,following [82]. In this

case,the varianceof the noiseis known andthis is addedto the variationalformulation. To the

flow (4.10)weadd 0 �C�û� �z�y�y�
whichcomesfromtheEuler-Lagrangewhentheconstraint1 ( ) ­ �C9V�k9;��� ( T&¦ (or 1 ( ) @ Ê2" ��9��69;��� ( Ï �C���kmQ �Pm6T&S ) is addedto theharmonicenergy (

0
is a parameterand 9;� is theinitial noisyimage;see

AppendixC for a way to estimate

0
). In thesamefigure,comparethe resultsobtainedwhenno

constraintis imposed.

Thesameapproach,thatof anisotropicdiffusionwith astoppingterm,maybeusedto perform

intrinsicdeblurring, see[22].

Weshouldnotebeforeproceedingthat[48] alsoshowedhow to regularizeimagesdefinedona

surface.Theauthor’sapproachis limited to graphs(notgenericsurfaces)andonly appliesto level

setbasedmotions. The approachis simply to projectthe deformationof the dataon the surface

ontoadeformationon theplane.

4.3.2 Diffusion of dir ectional data on surfaces

A particularlyinterestingexampleis obtainedwhenwe have unit vectorsdefinedon thesurface.

That is, we have dataof theform 9�^�¦Yd 3p«54 ! . When � �76
our unit vectorslie on thesphere.

Particularexamplesof thisareprincipaldirections(orgeneraldirectionalfieldson3Dsurfaces)and

chromaticityvectors(normalizedRGB vectors).This is alsooneof themoststudiedcasesof the

theoryof harmonicmapsdueto its physicalrelationshipwith liquid crystals,andit wasintroduced

in [89] for the regularizationof directionaldata,unit vectors,on the plane. This framework of
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harmonicmapswasusedin computergraphicsfor texturemappingandsurfaceparameterization,

aspointedoutearlier.

We still wantto minimizeanenergy of theformN ­ m Q ­ 9nm98kT&¦_�
thoughin this case

Q ­
is thevectorialgradientandtheminimizer is restrictedto bea unit vector.

It is easyto show, e.g.,[15, 88], that the gradientdescentof this energy is givenby the coupled

systemof PDE’s M 9;}M � � div
­;: m Q ­ 9·m98 4 ( Q ­ 9�}=<_�®9�}Em Q ­ 9nm98.� #?> � > � %

This flow guaranteesthat the initial unit vector 9z��SV�1rs���*� � � remainsa unit vector 9z��SV�1rs���*� � � all

thetime,therebyproviding anequationfor isotropic([ ��-
) andanisotropic([ �P#

) diffusionand

regularizationof unit vectorsonasurface.

Wecannow proceedasbefore,andembedthesurface¦ into thezerolevel-setof � , obtaining

thefollowing gradientdescentflows:M 9;}M � � #m Q ��m Q � » �'#&% Q 9�}m,�'#&% Q 9·m ( 4 8 m Q ��m ¼ �¬9�}¯m��$#&% Q 9nm98 % (4.11)

SeeAppendix D for a derivation of this result for [ � -
. Note onceagainthat althoughthe

regularizationis doneintrinsically on thesurface,this equationonly containsCartesiangradients.

An exampleof this flow for anisotropicdiffusionof principaldirectionvectorsis givenin Figure

4.5. On the left, we seethe surfaceof a bunny with its correspondentvectorfield for the major

principaldirection.Any irregularityon thesurfaceproducesanoticeablealterationof thisfield, as

canbeseenin thedetailsa andb. In thedetailsa’ andb’, we seetheresultof applyingtheflow

(4.11).Onceagain,theimplementationof thisflow with our framework is straightforward,while it

would requireverysophisticatedtechniqueson triangulatedsurfaces(techniquesthat,in addition,

arenotsupportedby theoreticalresults).

Following also the work [89] for color imagesdefinedon the plane,we show in Figure4.6

how to denoisea color imagepaintedon an implicit surface. The basicideais to normalizethe

RGB vector(a threedimensionalvector)to a unit vectorrepresentingthechroma,anddiffusethis

unit vectorwith theharmonicmapsflow (4.11).2 Thecorrespondingmagnitude,representingthe
2We re-normalizeateverydiscretestepof thenumericalevolution to addressdeviationsfrom theunit normdueto

numericalerrors[23]. We couldalsoextendtheframework in [1] andapplyit to our equations.
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brightness,is smoothedseparatelyvia scalardiffusion flows asthosepresentedbefore(e.g.,the

intrinsicheatflow or theintrinsicanisotropicheatflow). Thatis, wehave to regularizeamaponto3 ( (thechroma)andanotheroneonto F � (thebrightness).

4.3.3 Pattern formation on surfacesvia reaction-diffusionflows

The useof reaction-diffusion equationsfor texture synthesisbecamevery popularin computer

graphicsfollowing theworksof Turk [97] andWitkin andKass[104]. Theseworks follow orig-

inal ideasby Turing [96], who showedhow reactiondiffusionequationscanbe usedto generate

patterns.Thebasicideain thesemodelsis to have a numberof “chemicals”thatdiffuseat differ-

entratesandthatreactwith eachother. Thepatternis thensynthesizedby assigninga brightness

valueto theconcentrationof oneof thechemicals.Theauthorsin [97, 104] usedtheir equations

for planartexturesandtextureson triangulatedsurfaces.By usingtheframework heredescribed,

we cansimply createtextureson (implicit/implicitized) surfaces,without theelaboratedschemes

developedin thosepapers.3

Assumingasimpleisotropicmodelwith just two chemicals9�! and 9;( , wehaveM 9�!M � �A@ ��9�!��19;(��]�  �! X 9�!��M 9;(M � � 
���9�!��19;(��]�  �( X 9�!y�
where  �! and  �( aretwo constantsrepresentingthediffusionratesand

@
and 
 arethefunctions

thatmodelthereaction.

Introducingour framework, if 9]! and 9s( aredefinedon a surface ¦ implicitly representedas

thezerolevel setof � wehaveM 9�!M � �B@ �C9�!1�19;(��]�  �! #m Q �)m Q �½�*�$#&% Q 9�!6m Q �)m:��� (4.12)M 9s(M � � 
��C9�!��19;(��]�¬ �( #m Q ��m Q �½�*�$#&% Q 9;(�m Q ��m:� % (4.13)

For simpleisotropicpatterns,Turk [97] selected@ ��9]!��19;(�� � �Í� #|, � 9�!B9;(����
3Note that this is not the schemeproposedin [76], wherethe texture is createdin the full 3D space.Here, the

textureis createdvia reaction-diffusionflows intrinsic to thesurface,just theimplementationis on theembedding3D

space.
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���9]!��19;(�� � �Í�C9�!B9;(e�û9;(���0p���
where � is a constantand 0 is a randomfunction representingirregularitiesin thechemicalcon-

centration. Examplesof this, for implicit surfaces,are given in Figure4.7 (the coupledPDE’s

shown above arerun until steadystateis achieved). To simulateanisotropictextures,insteadof

usingadditionalchemicalsasin [97], we useanisotropicdiffusion,assuggestedin [104]. For this

purpose,we replaceeq.(4.12)with:M 9�!M � �B@ ��9�!��19;(��]�¬ "! #m Q �)m Q �.�W� �d T=�C�'#(% Q 9]!�� �d T m Q �)m:��� (4.14)

where
�d T is a vectorfield tangentto the surface,e.g., the field of the major principal direction

(which for our exampleshasbeenalsoaccuratelycomputeddirectlyon theimplicit surface,using

the techniqueproposedin [63]). Note how this particularselectionof the anisotropicreaction-

diffusionflow directionprovidesa texturethathelpson theshapeperceptionof theobject.Addi-

tional patternscanbeobtainedwith differentcombinationsof the reactionanddiffusionpartsof

theflow.

4.3.4 Flow visualization on 3D surfaces

Inspiredby thework on line integral convolution [16] andthaton anisotropicdiffusion [77], the

authorsof [25] suggestedto useanisotropicdiffusion to visualizeflows in 2D and3D. Thebasic

ideais, startingfrom a randomimage,anisotropicallydiffuseit in the directionsdictatedby the

flow field. Theauthorspresentedvery niceresultsboth in 2D (flows on theplane)and3D (flows

on a surface),but onceagainusing triangulatedsurfaceswhich introducemany computational

difficulties. In a straightforwardfashionwe cancomputetheseanisotropicdiffusionequationson

theimplicit surfaceswith theframework hereintroduced.Theequationusedis simplyM 9M � � #m Q �)m Q �½�U� �d T¶�D�'#&% Q 9�� �d TÇm Q �)m:�y� (4.15)

Someresultsarepresentedin Figure4.8. Notethecomplicatedtopologyandhow boththein-

sideandoutsidepartsof thesurfacesareeasilyhandledwith our implicit approach.Also notethat,

whenwechoosethevectorfield to bethatof oneof theprincipaldirections,theresultemphasizes

thesurfaceshape.
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Figure4.1: Planarisotropicdiffusion.Left: original image.Middle andRight: increasingnumber

of diffusionsteps.

Figure 4.2: Planaranisotropicdiffusion. Left: original image. Middle and Right: increasing

numberof anisotropicdiffusionsteps.

Figure4.3: Intrinsic isotropicdiffusion. Left: original image. Middle: after 60 diffusion steps.

Right: after160diffusionsteps.
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Figure4.4: Intrinsic Total Variation (TV) denoising(anisotropicdiffusion with stoppingterm).

Scalardatashown in color for visualizationpurposes.Left: original. Middle:TV atstep80. Right:

intrinsic anisotropicdiffusion,with no stoppingterm,at step80. Noticehow TV doesnot smear

thedata.

Figure4.5: Intrinsic vectorfield regularization.Left: original field of majorprincipaldirectionof

thesurface.Detailsa andb: original field. Detailsa’ andb’: afteranisotropicregularization.
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Figure 4.6: Intrinsic vector field regularization. Left: original color image. Middle: heavy

noisehasbeenaddedto the 3 color channels.Right: color imagereconstructedafter 20 steps

of anisotropicdiffusionof thechromavectors.

Figure 4.7: Texture synthesisvia intrinsic reaction-diffusion flows on implicit surfaces. Left:

isotropic. Right: anisotropic.Pseudo-colorrepresentationof scalardatais used.The numerical

valuesusedin thecomputationswere  �! �a#&%+� �� �( ���*%+�&,.-&/ ��� ���4%'�.-�/ �10 �P#3-4%+�e5n�4%Ó# �W9]!y� � � �9;(3� � � �Y<>%+� .
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Figure4.8: Flow visualizationon implicit 3D surfacesvia intrinsic anisotropicdiffusion flows.

Left: flow alignedwith themajorprincipaldirectionof thesurface.Right: flow alignedwith the

minor principaldirectionof thesurface.Pseudo-colorrepresentationof scalardatais used.



Chapter 5

Conclusionand futur e research

In thischapterwewill briefly summarizetheconceptspreviously introduced.Also, futurelinesof

researcharesuggested,bothto improveperformanceandto extendthepresenttechniquesto new

applications.

5.1 Preliminary work

In Chapter2 we presentedtwo algorithmsthat usea systemof coupledPDE’s and projection

of velocitiesto performtracking. This conceptof projectingquantitieswas later usedboth for

theinpaintingequation(Chapter3) andfor theframework for solvingPDE’s on implicit surfaces

(Chapter4). Thekey ideais that theprojectionof velocitiesmakesour tracking surfacehave the

samevelocity asthatof theobjectto be tracked. The formulationis very generalandallows for

improvement,speciallyin theMorphingActiveContoursalgorithm:findingmorerobustselections

of thefeaturemap Gk} andthediscrepancy function 0 , usingmorethanjust 2 frames(via Kalman

filtering or using the techniquesin the novel schemedevelopedin [12]), proving existenceand

uniquenesstheoreticalresults.

5.2 Image Inpainting

In Chapter3 we introduceda novel algorithmfor imageinpaintingthat attemptsto replicatethe

basictechniquesusedby professionalrestorators.Thebasicideais to smoothlypropagateinfor-

mationfrom thesurroundingareasin the isophotesdirection. Theuserneedsonly to provide the

61
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region to beinpainted,therestis automaticallyperformedby thealgorithmin a few minutes.The

inpaintedimagesaresharpandwithout color artifacts.Theexamplesshown suggestawide range

of applicationslike restorationof old photographsanddamagedfilm, removal of superimposed

text, andremoval of objects.Theresultscaneitherbeadoptedasa final restorationor beusedto

provideaninitial point for manualrestoration,therebyreducingthetotal restorationtimeby orders

of magnitude.

Oneof themainproblemswith our techniqueis thereproductionof largetexturedregions,as

canbeseenin Figure3.17. Thealgorithmhereproposedis currentlybeingtestedin conjunction

with texturesynthesisideasto addressthis issue.We aremainly investigatingthecombinationof

this approachwith the reaction-diffusion ideasof KassandWitkin andof Turk, andthe texture

synthesisideasof Efros [30]. An idealalgorithmshouldbeableto automaticallyswitchbetween

texturedandgeometricareas,andselectthebestsuitedtechniquefor eachregion. This is currently

beinginvestigated,for thespecificapplicationof recovery of lossesin JPEGcompression,by S.

Rane(GraduateStudentat theECEDepartment.)

Wewouldalsoliketo investigatehow to inpaintfrom partialdegradation.In theexampleof the

old photofor example,ideally themaskshouldnot bebinary, sincesomeunderlyinginformation

existsin thedegradedareas.

Although theoreticalresultsfor high orderequationsareavailable,e.g.,[10], andsomeprop-

ertieslike preservation of the imagemomentscanbe immediatelyproved for our corresponding

equation(thiswasdoneby A. Bertozzi),furtherformalstudyof our inpaintingequationis needed

(seealso[95, 19]). Nevertheless,this suggeststheinvestigationof theuseof lower, secondorder,

PDE’s to addressthe inpaintingproblem. We cansplit the inpaintingprobleminto two coupled

variationalformulations,onefor the isophotesdirection(point (2) in Section3.3.1)andonefor

the gray-values,consistentwith the estimateddirections(point (3) in Section3.3.1). The corre-

spondinggradientdescentflowswill givetwocoupledsecondorderPDE’sfor whichformalresults

regardingexistenceanduniquenessof thesolutionscanbeshown. An alternativeformulationjoins

bothequationsin asinglePDE.This is reportedin [5].

Finally, let us commenton the notedlink betweenthe inpainting equationand the Navier-

Stokesone. Findinga correspondencein terminologyfor ImageProcessingandFluid Dynamics

may prove to be of significance,helping to understandsomeproblemsby looking at themin a

different way. We can use tools that have alreadybeendevelopedwith greatsuccess:in our

case,we will try stateof theart numericalimplementationsof theNavier-Stokesequationfor our

inpaintingproblem,hopefully increasingspeedandperformance.Thefact thattheNavier-Stokes
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equationallows for spatialperiodicity in its solutionsmaybea way to incorporatetexture in our

problem.This analogywith thephysicalworld mightalsohelpfinding away to extendinpainting

for new applications:inpaintingin video,highquality digital zooming,image/videocompression.

5.3 PDE’son implicit surfaces

In this chapterwe introduceda novel framework for solvingvariationalproblemsandPDE’s for

datadefinedon surfaces. The techniqueborrows ideasfrom the level set theoryandthe theory

of harmonicmaps. The surfaceis embeddedin a higher dimensionalfunction, and the Euler-

Lagrangeflow or PDE is solved in the Cartesiancoordinatesystemof this embeddingfunction.

Theequationsareintrinsic to theimplicit surface,following thegeneralformulationsin harmonic

maptheory. With this framework we enjoy accuracy, robustness,andsimplicity, asexpectedfrom

the computationof differentialcharacteristicson iso-surfaces(implicit surfaces). In additionto

presentingthegeneralapproach,we have exemplifiedit with equationsarisingin imageprocess-

ing andcomputergraphics.We arecurrentlyinvestigatingotherapplicationsof this framework,

e.g,imageinpaintingon surfaces[9], inverseproblemsasthosein [33], andtexturemappingfor

implicit surfacesfollowing [27].



Appendix A

Numerical implementation of the Inpainting

Equation

/***** main ***********************/

fr: image

B: mask (=1 inside inpainting region, 0 outside)

dt: time step

T: total # of iterations

pasosK= # of anisotropic difusion steps

pasosL= # of inpainting steps in between difusion steps

for(int t=0; t<T;t++)

if(div(t,pasosL).rem!=0)

{

ut_tmp2=fr->Laplaciano(); //ut_tmp2 is the Laplacian of fr

ut_tmp=fr->inpaint(B,ut_tmp2);

ut=ut_tmp*dt;

fr=fr+ut;

delete ut_tmp2;

delete ut_tmp;

}

else

fr->difusion(pasosK,B);
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/********** laplacian **************/

f: original image

LAP: laplacian of f

for (int i=1; i < rows ;i++)

for (int j=1;j < cols; j++)

{

fxx=f[i+1][j]-2*f[i][j]+f[i-1][j];

fyy=f[i][j+1]-2*f[i][j]+f[i][j-1];

LAP[i][j]=fxx+fyy;

}

/************* inpainting **************/

res=im->inpaint(B,lap)

im: original image

B: mask

lap: laplacian of im

res: final result

for (int j=1;j<cols-1; j++)

for (int i=1;i <rows-1 ;i++)

if(B[i][j]) //if we are inside the inpainting region

{

Ix=( im[i+1][j]-im[i-1][j] )/2;

Iy=( im[i][j+1]-im[i][j-1] )/2;

ModGI=sqrt(Ix*Ix+Iy*Iy+1e-6); //ModGI is the norm

//of the gradient of im

NIx=Ix/ModGI;
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NIy=Iy/ModGI; //NIx and NIy are the components

//of the normalized gradient

Ixat=im[i][j]-im[i-1][j];//backward derivative

Ixad=im[i+1][j]-im[i][j];//forward derivative

Iyat=im[i][j]-im[i][j-1];

Iyad=im[i][j+1]-im[i][j];

Ixatm=min(Ixat,0);

IxatM=max(Ixat,0);

Ixadm=min(Ixad,0);

IxadM=max(Ixad,0);

Iyatm=min(Iyat,0);

IyatM=max(Iyat,0);

Iyadm=min(Iyad,0);

IyadM=max(Iyad,0);

c=0.5*( (lap[i+1][j]-lap[i-1][j])*(-NIy) +

(lap[i][j+1]-lap[i][j-1])*(NIx) );

if (c>0)

ModGI=sqrt( Ixatm*Ixatm + IxadM*IxadM +

Iyatm*Iyatm + IyadM*IyadM );

else

ModGI=sqrt( IxatM*IxatM + Ixadm*Ixadm +

IyatM*IyatM + Iyadm*Iyadm );

c*=ModGI;

float ssigno=signo(c);//ssigno is the sign (1 or -1) of c

res[i][j]=ssigno*sqrt(sqrt(ssigno*c)); //non-linear scaling

//of the inpainting equation
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/********** anisotropic difusion *******************/

res=f->difusion(T,B)

f: original image

T: # of steps of difusion

B: mask

res: final result

res=fr;

for(t=0;t<T;t++)

for (int j=1;j <cols-1;j++)

for (int i=1; i<rows-1;i++)

if(B[i][j])

{

fx=( f[i+1][j]-f[i-1][j] )/2;

fy=( f[i][j+1]-f[i][j-1] )/2;

fxx=( f[i+1][j]-2*f[i][j]+f[i-1][j] );

fyy=( f[i][j+1]-2*f[i][j]+f[i][j-1] );

fxy=( f[i+1][j+1]-f[i-1][j+1]-f[i+1][j-1]+f[i-1][j-1] )/4;

n2=fx*fx+fy*fy+1e-10;

res[i][j]= f[i][j]+0.2*(fyy*fx*fx+fxx*fy*fy-2*fx*fy*fxy)/n2;

}



Appendix B

Heat flow on implicit surfaces

Considering E ��9���^ � #- N �! @ Ê�" m��$#&% Q 9�m ( Ï �����km Q �)m�T&SV�
and F a perturbationof 9 ,GG ¢ O ¢IH>� E �C9	� � FV� � N�� �+�'#&% Q 9��C�'#&% Q FV� Ï �����km Q �)m�T&S� N��j» �$#&% Q 9�� » Q F�� Q �û� Q Fm Q �)m ( Q � ¼E¼ Ï �C���km Q �)m�T&S� N�� �*�'#(% Q 9�� Q F]� Ï �C���km Q �)m�T&S� N � �*�$#&% Q 9�� Q ��� Q �û� Q Fm Q ��m ( Ï �C���{m Q �)m�T&S� N�� �*�'#(% Q 9�� Q F]� Ï �C���km Q �)m�T&S� � N � Q �½�+�'#&% Q 9 Ï �C���km Q �)m:�JF]T&S� � N��{Q �½�+�'#&% Q 9·m Q ��m:� Ï �C���JF]T&S� N � �*�$#&% Q 9�� Q ��� Ï � �C���km Q �)mKF]T&S� � N � Q �½�+�'#&% Q 9·m Q ��m:� Ï �C���JF]T&S� � N ­MLON %PH>�JQ #m Q ��m Q �½�+�'#&% Q 9·m Q �)m:�JF]T&¦ %
Sincetheabovehasto bezerofor all F , weconcludethatat thezerolevel setof � ,#m Q �)m Q �½�*�$#&% Q 9nm Q ��m:� �Y� �
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andwemakeanaturalextensionto thewholedomain� by consideringthis to holdonit.1 Wethen

obtainthatthegradientdescentfor the“implicit harmonicenergy” is givenbyM 9M � � #m Q �)m Q �.�*�'#(% Q 9·m Q �)m:� % (B.1)

1We have assumedthat R�ÝKSTRDUþWV , at leaston a bandsurroundingthe zerolevel set. This assumptionis valid

sincewe canmake theembeddingfunctionto bea distancefunction( R�ÝKSXRUþWY ), or simply multiply S by another

functionthatguaranteesthat thezero-level set À is preservedandthat thegradientof thenew embeddingfunction is

not zero.



Appendix C

Denoisingwith stopping term

We have addedan extra term to equation(4.10) so that the evolution stopsby itself, given an

estimateof theamountof noisethattheoriginal imagehas.TheresultingPDEis:M 9M � � #m Q �)m Q � » �'#&% Q 9m,�'#&% Q 9�m m Q ��m{� 0 �C9���9s��� ¼ % (C.1)

AssumingGaussiannoisewith known varianceZ ( on thesurface,Z ( � ) �! @ Ê2" �C9��Ì9;��� ( Ï �C���kmQ �2m6T&S , we needthento estimatetheparameter

0
. A way to do this,assuggestedin [82], is the

following. We merelymultiply eq.(C.1)by ��9"�¬9s��� Ï �C���	m Q � m andintegrateby partsover � .

If thesteadystatehasbeenreached,theleft sideof eq.(C.1)vanishes,andwehave:0 � � #- Z ( N ­ � Q 9�� Q 9;���p� �'#&% Q 9m,�'#&% Q 9nm T&¦ (C.2)

Thisgivesusadynamicvalue

0 � � � .
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Appendix D

Diffusion of dir ectional data on surfaces

Weconsider9 to bedataof theform 9�^&¦ d 3p«54 ! . For � �A6
wehaveunit vectorson thesphere:9 � �C9�!��19;(q�W9 � �y��m�9nm �a#

.

We definethenormof thevectorialgradientof 9 :m Q 9�m � ��m Q 9�!_m ( �Çm Q 9;(tm ( ��m Q 9 � m ( � v

andalsothenormof theintrinsicvectorialgradient:m,�'#&% Q 9nm � ��m��'#&% Q 9�!km ( ��m��'#(% Q 9s(tm ( � m��$#&% Q 9 � m ( � v


We wantto minimizetheenergyE\[ �C9���^ � #- N��! @ Ê�" m��$#&% Q 9nm ( Ï �����_m Q �)m�T&SV�
with theconstraintthat 9 is of unit norm:E �E��9���^ � #-�] N �! @ Ê�" ��9 ( � # � Ï �����km Q �)m�T&SV�
soin practicewewantto minimizetheenergy

E �C9�� � E^[ ��9��]� E �E��9�� .
Applying to

E^[ ��9�� themethoddescribedin AppendixB,

GG ¢ O ¢IH>� E �C9 � � FV� � ND� �*�$#&% Q 9�!z�C�'#&% Q Fz!�� Ï �C���{m Q �)m�T&S� N � �*�$#&% Q 9;(e�C�'#&% Q F�(y� Ï �����km Q ��m�T&S� N � �*�$#&% Q 9 � �C�'#&% Q F � � Ï �����km Q ��m�T&S
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weobtainthatthegradientdescentfor

E^[
is givenbyM 9;}M � � #m Q �)m Q �.�*�'#(% Q 9�}¯m Q ��m:� % (D.1)

for eachof thethreecomponentsof 9 .

Thegradientdescentfor

E � is simply M 9;}M � � � ] 9 % (D.2)

Sothecomposedgradientdescent,for

E
, isM 9�}M � � #m Q �)m Q �½�*�'#(% Q 9;}¯m Q �)m:�z� ] 9�} % (D.3)

We mustfind thevalueof ] . Multiplying bothsidesof eq. (D.3) by 9�} , makinga summation

over � andbearingin mind that m�9·m �P#
, weget

] � #m Q �)m�_ 9;} Q �½��m Q �)m,�'#&% Q 9�}�� (D.4)

Usingtheequalities9�} Q �½��m Q ��m��$#&% Q 9�}�� ��Q �½��9�}¯m Q �)m,�'#(% Q 9;}��p� Q 9�}È��m Q �)m��'#&% Q 9�}��9;}`�'#&% Q 9�} � 9�}Â� Q 9�}�� Q � Q 9�}m Q ��m ( Q ��� � #- � Q 9 (} � Q � Q 9 (}m Q �)m ( Q ���Q 9�}��]m Q �)m��$#&% Q 9;} � m Q �)m Q 9�}��C�'#(% Q 9�} � m Q �)m.m,�'#&% Q 9�}¯m (
andthefactthat

_ Q 9 (} �YQ � _ 9 (} � ��Q � # � ��� � (D.5)

wefinally obtain ] � � m,�'#&% Q 9·m ( (D.6)

sothegradientdescentfor

E
isM 9�}M � � #m Q ��m Q �½�+�'#&% Q 9�}¯m Q �)m:�]�¬9�}¯m��$#&% Q 9nm ( % (D.7)



Appendix E

Numerical implementation of the heatflow

on implicit surfaces

We now provide detailson the numericalimplementationof the intrinsic heatflow on implicit

surfaces.All otherequationsreportedin this chapteraresimilarly implemented.Recall that all

equationsareon Cartesiangrids, therebypermittingthe useof classicalnumerics.We work on

a cubic grid (
X S ��X r � X � � #

), usingan explicit scheme,wherewe computethe valueof9�«}=a bJa c � 9z�C� X SV�ÂÁ X rs�ed X �*�W� X	� � basedonly in previousvalues(
�k� �C��� # � X	� ) of its neighbors,

i.e., forwardtimedifferences.

Firstly, wecomputethe3D gradientof 9 usingforwarddifferences:�d � «}=a bJa c ��Q Ë 9�«}=a bJa c � �C9�«} Ë !�a b9a c �û9�«}=a bJa c �19�«}=a b Ë !�a c � 9�«}=a bJa c �19�«}=a b9a c Ë ! � 9�«}=a bJa c � %
We computethe vector

�d Åh���W�ÂÁ&��d>� , which gives the directionof the (outward) normal to the

isosurfaceof � at thepoint �C�U�ÂÁ&�ed>� :�d Ån}=a bJa c ��Q �z}fa bJa c � !( ���z} Ë !�a bJa c��û�z} 4 !�a b9a c��1��}=a b Ë !�a c�� �z}=a b 4 !�a cw�W�z}=a bJa c Ë !�� �z}=a bJa c 4 !�� %
Herewe have usedcentraldifferences.Note that,since � is fixed,

�d Å=���W�ÂÁ&�ed*� doesnot change

in time andwe needonly to computeit once.Its normis: m �d Ån}=a bJa cám � �*g �õ H�! ��Åt}=a bJa c�bî¡"ÄÛ� ( � v
 % The

squarebracketsdenotethecomponentsof thevector. Thenwecomputetheintrinsic gradient,i.e.,

weproject
Q 9 ontotheplanenormalto

�d Å :�*� �d Å �d � �B«}=a b9a c � �d � «}=a b9a c �¶� g "hji v �jkml n*l oep õ$qmr � kml n*l oep õ$qs �d Å ktl n*l o s 
 � �d Ån}=a bJa c %
Finally, weuseabackward-differencesimplementationof thedivergence:Q 4 �d ��}fa bJa c � ��}=a b9a c�b # Ä�����} 4 !�a bJa c�b # ÄÍ�¬��}=a bJa c�b - Ä�� ��}=a b 4 !�a c�b - ÄÍ�¬��}=a bJa c�b 6 Ä�� ��}=a b9a c 4 !�b 6 Ä %
For theimplementationof somePDE’s liketheflow visualizationeq.(4.15),it mightbeconve-

nientto alternatebackwardandforwarddifferencesfor thecomputationof the3D gradientandthe
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divergence.This way we avoid numericalartifacts.Sincewe have
6

dimensions,thereare
- � �
.

waysto computethegradientor divergence,dependingonwhichsortof differencescheme(back-

ward 
 or forward
@

) we usefor eachdimension;thebestway is to usecomplementaryschemes

in gradientanddivergence(e.g., ��
�� @ ��
	� for thegradientand � @ �1
�� @ � for thedivergence),and

changeto otherof the
.

possibilitiesin eachiterationof thealgorithm.

With forwardtime differences,thenumericalimplementationof theheatflow on implicit sur-

faces(eq. (4.7)) is then:9 «|Ë !}=a bJa c � 9 «}=a bJa c � X	� � !s �d Å kml n*l o s Q 4 �½�W�*� �d Å �d � � «}=a bJa c m �d Ån}=a bJa c m:�U� %
If the embeddingfunction is a signeddistancefunction, obtainingeq. (4.8), this expression

for the numericalimplementationof the intrinsic heatflow is simplified even further, making it

virtually trivial.
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