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Abstract

In this work we have tried to solve several problemsthatinvolve scalarandvectorialimageinfor-

mationlying on the planeor on 3D surfaces.We will presentanddiscussfour novel algorithms
devisedto solve thoseproblems: tracking of objectsin movies, tracking of regionson deform-
ing 3D surfaces restoratiorof damagedgictures,removal of objectsfrom images.andsolving of

PDE’s on implicit surfacesfor denoising texture synthesisandflow visualization. Examplesare
shavn andfuture lines of researcharesuggestedpothto improve performanceandto extendthe
presentechniquego new applications.
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Chapter 1
Intr oduction

Theuseof partial differentialequationdPDE’s) andcurvaturedrivenflows in imageanalysishas
becomeaninterestraisingresearchopicin the pastfew years.The basicideais to deforma given
curve, surface,or imagewith a PDE, and obtainthe desiredresultas the solution of this PDE.
Sometimesaswe will seein the following chapter a systemof coupledPDE’s is used. The art
behindthis techniquds in the designandanalysisof thesePDE'’s.

Before we commenton the specificsof this work, we shall give a brief introductionon the
basicsof thefield; for this purposewe have heavily dravn from Sapiros bookonthesubject[84].
Thenwe will presenthe goalsthat our work triesto achiese, andin wich way. Finally we will
commenton the organizationandcontentsof the following chapters.

1.1 Derivation of PDE’s

Partial differential equationscan be obtainedfrom variationalproblems. Assumea variational
approacto animageprocessingroblemformulatedas

arg {MinU(u)},

wherel/ is a givenenegy computedover theimage(or surface). Let F(®) denotethe Euler
derivative (first variation)of Z/. Sinceundergeneralassumptionsa necessargonditionfor I to
be a minimizerof U is that 7(I) = 0, the (local) minima may be computedvia the steadystate

solutionof theequation
ol
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wheret is an ‘artificial’ time marchingparameter PDE’s obtainedin this way have beenused
alreadyfor quite sometime in computervision andimageprocessingandthe literatureis large.
Themostclassicakexampleis the Dirichlet integral,

u(r) = [ VI (a)de,

whichis associateavith thelinearheatequation

ol
More recently extensve researchis beingdoneon the direct derivation of evolution equations
which arenot necessarilybtainedrom the enegy approachesExamplesof bothtypesof PDE’s
arestudiedin thisthesis.

1.2 Advantagesof this approach

Clearly, whenintroducinga nev approacho a givenresearcharea,one mustjustify its possible
adwantages.Using partial differential equationsand curve/sureiceflows in imageanalysisleads
to modelingimagesin a continuousdomain. This simplifiesthe formalism,which becomegrid-
independenandisotropic. Theunderstandingf discretelocal nonlinearfiltersiis facilitatedwhen
onelets the grid meshtendto zeroand,thanksto an asymptoticexpansion,rewrite the discrete
filter asa partial differentialoperator

Corversely whenthe imageis represente@sa continuoussignal, PDE’s canbe seenasthe
iteration of local filters with an infinitesimal neighborhood.This interpretationof PDE’s allows
oneto unify andclassifya numberof theknown iteratedfilters, aswell asto derive new ones.

Anotherimportantadvantageof the PDE approachs the possibility of achiezing high speed,
accurayg, andstability, with the help of the extensve literatureavailable on numericalanalysis.
Of coursewhenconsidering®DE’s for imageprocessinggndnumericalimplementationswe are
dealingwith dervativesof non-smoothsignals,and the right framewvork mustbe defined. The
theoryof viscositysolutionsprovidesa framework for rigorouslyemploying a partial differential
formalism,in spiteof the factthattheimagemay be not smoothenoughto give a classicalsense
to derivativesinvolvedin the PDE. Lastbut not least,this areahasa quite uniquelevel of formal
analysisgiving thepossibilityto provide notonly successfuglgorithmsbut alsousefultheoretical
resultslik e existenceanduniquenessf solutions.
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1.3 When PDE’s started to be usedfor Image Processing

Ideason the useof PDE’s in imageprocessingyo backat leastto Gabor[35], anda bit morere-
cently, to A. K. Jain[42]. However, the field really took off thanksto the independentvorks of
Koenderink[51] andWitkin [102]. Theseresearchersgorouslyintroducedthe notion of scale-
spacethatis, therepresentationf imagessimultaneoushat multiple scales Their seminalcontri-
butionis to a large extentthe basisof mostof theresearchn PDE’s for imageprocessingln their
work, the multi-scaleimagerepresentatiofis obtainedby Gaussiarfiltering. This is equivalent
to deformingthe original imagevia the classicaheatequation,obtainingin this way anisotropic
diffusionflow. In thelate 80’s, R. Hummel[41] notedthatthe heatflow is not the only parabolic
PDEthatcanbe usedto createa scale-spacegndindeedarguedthatan evolution equationwhich
satisfieshe maximumprinciplewill definea scale-spacaswell. Maximum principle appearso
be a naturalmathematicatranslationof causality Koenderinkonceagainmadea major contri-
bution into the PDE’s arenawhenhe suggestedo adda thresholdingoperationto the processof
Gaussiarfiltering. As later suggestedy Osherandhis colleaguesand proved by a numberof
groups thisleadsto a geometridPDE, actually oneof the mostfamousones,curvaturemotion.

Peronaand Malik’s [77] work on anisotropicdiffusion hasbeenone of the mostinfluential
papersn thearea.They proposedo replaceGaussiarsmoothingequivalentto isotropicdiffusion
via the heatflow, by a selectve diffusion that preseresedges. Their work openeda numberof
theoreticalandpracticalquestionghatcontinueto occupy the PDEimageprocessingommunity
e.g.,[2, 81]. In the sameframework, the seminalworks of Osherand Rudin on shockfilters
[69] andRudin,OsherandFatemi[82] on Total Variationdecreasingnethodsexplicitly statedthe
importanceandthe needfor understanding®DE’s for imageprocessin@gpplications.

Many of the PDE’s usedin imageprocessin@ndcomputervision arebasedn moving curves
andsurfaceswith curvaturebasedvelocities. In this area,the level-setnumericalmethoddevel-
opedby OsherandSethian[70] wasvery influentialandcrucial. Early developmentsn this idea
wereprovidedin [68], andtheir equationsverefirst suggestedor shapeanalysisin computervi-
sionin [46]. The basicideais to representhedeformingcurve, surface,or image,asthelevel-set
of a higherdimensionahypersurace. This techniquenot only providesmoreaccuratenumerical
implementationshut alsosolvestopologicalissueswhich werevery difficult to treatbefore. The
representationf objectsaslevel-setgzero-sets)s of coursenot completelynew to the computer
vision andimageprocessinggommunitiessinceit is oneof thefundamentatechniquesn mathe-
maticalmorphology{83]. Consideringheimageitself asa collectionof its level-setsandnotjust
asthelevel-setof a higherdimensionafunction,is a key conceptn the PDE’s community[3].
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Otherworks, like the segmentationapproachof Mumford and Shah[65] andthe snales of
Kass,Witkin, andTerzopouloshave beenvery influentialin the PDE’s communityaswell.

It shouldbenotedthatanumberof theabove approacheeely quiteheavily onalargenumberof
mathematicahdvancesn differentialgeometryfor curve evolution [37] andin viscositysolutions
theoryfor curvaturemotion (seee.g.,EvansandSpruck[32].)

Theframevorksof PDE’'s andgeometrydrivendiffusionhave beenappliedto mary problems
in imageprocessingand computervision, sincethe seminalworks mentionedabove. Examples
include continuousmathematicamorphology invariantshapeanalysis shapefrom shading sey-
mentation,tracking, object detection,optical flow, stereo,image denoising,image sharpening,
contrastenhancemengndimagequantization.

1.4 Literatur eonthe subject

Importantsource®f literatureareSapiros bookon PDE'sin ImageProcessing84], thecollection
of paperdn thebookeditedby Bart Romety [81], thebookby GuichardandMorel [36] thatcon-
tainsadescriptiorof thetopicfrom the pointof view of iteratedinfinitesimalfilters, Sethians book
on level-setg[85], Lindeben’s bookin Scale-Spac¢éheory[55], Weickert’s book on anisotropic
diffusionin imageprocessing100], Kimmel's lecturenotes[47], Toga’s book on Brain Warping
that includesa numberof PDE’s basedalgorithmsfor this [93], the specialissueon the March
1998issueof the IEEE Transaction®n ImageProcessingthe specialissuesn the Journalof Vi-
sualCommunicatiorandimageRepresentatiorg seriesof SpecialSessionst a numberof IEEE
InternationalConferenceon Image ProcessingICIP), and the Proceeding®f the ScaleSpace
Workshop.

1.5 Contrib ution of this work

In this work we will be dealingwith the processingof flat and non-flatimageinformation on
arbitrarymanifoldsusingPDE'’s. It wasnot our goalto presenta “big picture” of the discipline,
ratherto presentand discussfour novel algorithmsthat we have developedusing PDE-related
techniquesEachof thesealgorithmswasdevelopedasa solutionfor a particularsetof problems.
Specifically we have tried to solve several (seeminglyunrelated)problemsthatinvolve scalar
andvectorialimageinformationlying on the planeor on 3D surfaces. Theseproblemsarisedin
areasasdifferentasComputerGraphicsandNeurobiology For instancethe objecttrackingalgo-
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rithm presentedh Chapter2 wasdevelopedfor theautomaticsegmentatiorof sequencesf neuron
slices;the inpainting algorithmof Chapter3, developedfor imagerestorationandalteration,can
alsobeusedfor compression.

Themaincontribution of ourwork is thatwe have createdsolutionsfor agivensetof problems.
Thesesolutionsare algorithmsthat we have designedjmplementedandtested. The algorithms
performvery well, providing resultsat leastas good asthoseavailablein the literaturebut with
a muchsimplerformulation. This simplicity allows for an easyimplementationjnvolving very
little code. No parametetuningis required: the algorithmsarefastandrequirelittle or no user
interaction.They have sometheorybackingthemwhich allows for rigorousimprovementandfor
the extensionto otherapplications.

1.6 Organizationof this work

Thebookis organizedasfollows.

Chapter2 introducestwo algorithmsthat use systemsof coupledPDE’s and projection of
velocitiesto performtracking: trackingof objectsin movies,trackingof regionson deforming3D
surfaces. The conceptgpresentedere,speciallythat of projection,will hopefully helpto better
understandhe materialto comein chapters3 and4.

Chapter3 present@ novel algorithmfor digital inpaintingof still imageghatattemptgo repli-
catethe basictechniquesisedby professionatestoratorsinpainting,the techniqueof modifying
an imagein an undetectabldorm, has numerousapplications,like the restorationof old pho-
tographsand damagedilm, the removal of superimposedext like dates,subtitles,or publicity;
andthe removal of entire objectsfrom the imagelik e microphonesr wiresin specialeffects. In
contraswith previousapproacheghetechniquehereintroduceddoesnotrequiretheuserto spec-
ify wherethe missinginformationcomesfrom. This is automaticallydone(andin a fastway),
therebyallowing to simultaneouslyill-in numerousegionscontainingcompletelydifferentstruc-
turesandsurroundingoackgroundsln addition,no limitationsareimposedon thetopologyof the
regionto beinpainted.

Chapted presentanovel framework for solvingvariationalproblemsandPDE'sfor scalarand
vectorvalueddatadefinedon surfaces.Thekey contributionis thatthis frameawork allows working
in a fixed Cartesiancoordinatesystem,which eliminatesthe needfor performingcomplicated
and not-accurateeomputationson triangulatedsurfaces,asit is commonlydonein the graphics
and numericalanalysisliterature. We describethe frameavork and presentexamplesin texture
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synthesisflow field visualization,aswell asimageandvectorfield regularizationfor datadefined
on 3D surfaces.

Chapters is the concludingchapterin which we have tried to briefly summarizehe concepts
previously introduced aswell aspointingout severallinesof futureresearch.

And without furtherado,we cannow startwith thebody of the dissertation.



Chapter 2
Preliminary work

In this chapterwe will review somework that startedduring the authors Masters studiesbut

wascompletedat the Doctoralstage.Two algorithmsareintroduced:Morphing Active Contours
andRegion Trackingon Surfaces.Both involve a systemof coupledPDE’s anduseprojectionof

velocities. This preliminarywork is introducedboth for completenesandasbackgroundor the

materialto comein chapters3 and4.

2.1 Mor phing Active Contours

A methodfor deformingcurvesin a givenimageto a desiredpositionin a secondmageis intro-
ducedin this section.The algorithmis basedon deformingthe first imagetowardthe secondone
via a Partial DifferentialEquation(PDE), while trackingthe deformationof the curvesof interest
in thefirstimagewith anadditional,coupled PDE.Thetrackingis performedby projectingtheve-
locities of thefirst equationinto the secondone. In contraswith previous PDEbasedapproaches,
boththeimagesandthecurvesontheframes/slicesf interestareusedfor tracking. Thetechnique
canbe appliedto objecttracking and sequentiakegmentation. The topology of the deforming
curve canchangewithout arny specialtopology handlingproceduresaddedto the scheme.This
permitsfor exampletheautomatidrackingof scenesvhere,dueto occlusionsthetopologyof the
objectsof interestchangedrom frameto frame. In addition,this work introducesthe conceptof
projectingvelocitiesto obtainsystemsf coupledPDEsfor imageanalysisapplications We showv
examplesfor objecttrackingandsegmentatiorof electronicmicroscoypy.
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2.1.1 Intr oduction

In a large numberof applicationswe canuseinformationfrom one or moreimagesto perform
someoperationon anadditionalimage. Examplesof this aregivenin Figure2.2. Onthetop row
we have two imagesof consecutie slicesof neuraltissueobtainedfrom electronicmicroscop.
Theimageon theleft has,superimposedhe contourof anobject(the boundaryof a neuron).We
canusethis informationto drive the sggmentationof the next slice, theimageon the right. On
thebottomrow we seetwo consecutie framesof a video sequenceTheimageon theleft shovs
a marked objectthatwe wantto track. Onceagain,we canusethe imageon the left to perform
thetrackingoperationin theimageon theright. Thesearethetype of problemswe addressn this
section.

Our approachs basedon deformingthe contoursof interestfrom the first imagetoward the
desiredplacein the secondone. More specifically we usea systemof coupledPDE’s to achiere
this (coupledPDE's have alreadybeenusedin the pastto addressotherimageprocessingasks,
see[81, 80] andreferencesherein).Thefirst PDEdeformsthefirstimage,or featureof it, toward
the secondone. The additionalPDE is driven by the deformationvelocity of the first one,andit
deformsthecurvesof interestin thefirstimagetowardthedesiredoositionin thesecondne. This
lastdeformationis implementedisingthelevel-setsnumericalschemedevelopedn [70], allowing
for changesn thetopologyof thedeformingcurve. Thatis, if the objectsof interestsplit or meige
from the first imageto the secondone, thesetopology changesare automaticallyhandledby the
algorithm. Thismeanghatwewill beableto trackscenesvith dynamicocclusionsandto segment
3D medicaldatawherethe slicescontaincutswith differenttopologies.

2.1.2 Basiccurve evolution

LetC(p,t) : IR x [0,7) — IR? beasetof closedplanarcurves. Assumethesecurvesdeform“in

time” accordingto
9C(p,t)

ot
whereg is agivenvelocityand A theinnerunit normalto C(p,t). We shouldnotethatatangential
velocity can be addedto the flow, althoughit will not affect the geometryof the deformation,
justthe internalparameterizationf the curve C. Therefore,(2.1) givesthe mostgeneralform of
geometriacdeformationdor planarcurves.
Let'snow assumehatC(p, t) is thelevel-set(isophotepf agivenfunctionu : IR?x[0,7) — IR.

= BN, (2.1)
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Then,in orderto representheevolution of C by thatof u, u mustsatisfy

=51vul, 22)
whereg is computedatthelevel-setof u. Thisis theformulationintroducedoy OsherandSethian
[70] to implementcurve evolution flows of the type of (2.1). Thisimplementatiorhasseveralad-
vantageover a directdiscretizationof (2.1). Probablythe main advantages thatchangesn the
topologyof C(p, t) areautomaticallyhandledwhenevolving u, thatis, thereis no needfor ary
specialtrackingof the topology of the level-sets;see[70] for detailsand[20, 32] for theoretical
analysisof this flow. Thediscretizatiorof (2.2)is performedwith anEulerianapproachfixedco-
ordinatesystem)asopposedo a Lagrangiarapproacttlassicallyusedto discretized2.1), where
marker particlesareused.This givesa numericallystabledigital-grid implementation.Theserea-
sonshave motivatedthe useof this formulationfor alargenumberof applicationsincludingshape
from shading segmentationmathematicaimorphology stereoandregularization. Extensionof
thelevel-setsalgorithmto higherdimensionsareof coursestraightforvard.

2.1.3 Mor phing active contours

LetZ,(z,y,0) : IR? — IR bethe currentframe (or slice), wherewe have alreadysegmentedhe
objectof interest. The boundaryof this objectis givenby Cz, (p, 0) : IR — IR? . Pleasenotethat
Cz, maybeonecurve or a setof them,asin mostof the examples sothis notationis not entirely
correct.Let Z,(z, y) : IR? — IR betheimageof the next frame,wherewe have to detectthe new

positionof the objectoriginally givenby Cz, (p,0) in Z;(z, y,0). Let usdefinea continuousand
Lipschitzfunctionu(z, y,0) : IR?> — IR, suchthatits zerolevel-setis the curve(s)Cz, (p, 0). This
function canbe for examplethe signeddistancefunctionfrom Cz, (p, 0). Finally, let's alsodefine
Fi(z,y,0) : IR> — IR andFy(z,y) : IR*? — IR to beimagesrepresentindeaturesof Z, (z, y, 0)

andZ,(z,y) respectiely (e.g.,F; = Z;, or F; equalsthe edgemapsof Z;, i = 1,2). With these
functionsasinitial conditions,we definethe following systemof coupledevolution equationyt

standdor themarchingvariable):

W = ﬁ(x,y,t) || V.?i(x,y,t) || (2_3)
MELD Byt | Vaep.0 |

wherethevelocity 3(z, y, t) is givenby
B(xayat) = B(xayat)j\?fl j\_/-u (24)
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and/\qu:1 and\, arethenormalsto thelevel setsof F, andu, respectiely:

VFl(xayat) 7 VU,(.Z',y,t)

Ny, = , Ny =
7 || Vfl(l‘ayat) || || VU(Q?,y,t) ”

Thefirst equationof this systemis themorphingequationwhereg(z, y, t) : IR? x [0,7) — IR
is a function measuringhe ‘discrepang’ betweerthe selectedeatures?, (z, y,t) and Fa(z, y).
This equationis morphingF; (z, y, t) into Fy(x, y,t), sothat 8(z, y,o0) = 0 and Fy(z, y, 00) =
Fa(z,y,t).

The secondequationof this systemis the tracking equation.The velocity in the secondequa-
tion, 3, is justthe velocity of thefirst one(ﬁﬁfl) projectedinto the normaldirectionof the level-
setsof u (N, ).

Remembetthat an equationof the type of (2.3) implies that the level setsof F; move with
normalvelocity 3 andthelevel setsof « move with normalvelocity 3. Thus,if we wantthe zero-
level setof u to trackthe evolution of the pointsin F, the projectionof velocitiesis required:see
Figure2.1. In this figure, the contourC at time n goesthroughpoints A and B in F;. Point A
moveswith velocity 5 normalto its level setin F;, andattimen + 1 it hasthe position A’. Now
if we considerA asbelongingto C, the zerolevel setof u, thenattime n + 1 this point hasthe
position A” in u. Thereforethe curve C thatwentthroughA and B attime n evolvesinto curve
C' thatgoesthroughpoints A’ and B" attime n + 1. In otherwords,the projectionof velocities
allows usto performtracking.

To conclude sincetangentialvelocitiesdo not affect the geometryof the evolution, both the
level-setsof F; andu are following exactly the samegeometricflow. In particular the zero
level-setof u is following the deformationof Cz,, the curve(s)of interest(detectedboundaries
in Zy(z,y,0)). It isimportantto notethatsinceCz, is not necessarilya level-setof Z; (z, y,0) or
Fi(z,y,0), ascanbeseenin Figure2.1,u is neededo trackthe deformationof this curve.

Sincethecurvesof interestin F; andthezerolevel-setof u have thesamanitial conditionsand
they move with the samegeometricvelocity, they will thendeformin the sameway. Therefore,
whenthemorphingof F; into F, hasbeencompletedthe zerolevel-setof v shouldbethecurve(s)
of interestin thesubsequerframeZ,(z, y).

Onecouldamguethatthe steadystateof (2.3) is not necessarilygivenby the conditiong = 0,
sinceit canalsobeachievedwith || VFi(z,y,t) |= 0. Thisis correct,but it shouldnot affect our
trackingsincewe areassuminghattheboundarieso trackarenot placedoverregionswherethere
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is noinformationandthenthe gradientis flat. Therefore for a certainbandaroundour boundaries
theevolutionwill only stopwhens = 0, thusallowing for thetrackingoperation.

2.1.4 Examples

For the examplesin this section,we have optedfor a very simpleselectionof the functionsin the
trackingsystemnamely
Fi=L(T;), i=1,2, (2.5)

and
ﬁ(ﬂf,y,t) = fZ(x:y)) - f1($7y7t): (26)

whereL(-) indicatesa bandaroundCz, . Thatis, for the evolving curve Cz, we have an evolving
bandB of width w aroundit, andL(f(z,y,t)) = f(z,y,t) if (z,y) isin B, andit is zeroother
wise!. Thisparticularmorphingtermin equation(2.6)is alocalmeasuref thedifferencebetween
Z,(t) andZ,. It worksincreasinghegrey valueof Z; (x, yo, t) if it is smallerthanZ,(zo, o), and
decreasingt otherwise.Thereforethe steadystateis obtainedwhenbothvaluesareequalVzy, 3,
in B, with ||[VZ,|| # 0. Notethatthis is alocal measureandthatno hypothesisoncerningthe
shapeof the objectto be tracked hasbeenmade.Having no modelof the boundariego track,the
algorithmbecomesrery flexible. Being so simple,the main dravbackof this particularselection
is thatit requiresan importantdegreeof similarity amongthe imagesfor the algorithmto track
the curves of interestand not to detectspuriousobjects. If the setof curves(Cz, isolatesan al-
mostuniform interior from an almostuniform exterior asin Figure2.4, thenthereis no needfor
a high similarity amongconsecutie images.On the otherhand,whenworking with imagessuch
asthosein Figure2.3,if Cz, (0) is too far away from the expectedlimit lim;_,-Cz, (t), thenthe
aborementionecerrorsin thetrackingproceduranay occur This similarity requirementoncerns
notonly theshape®f theobjectsdepictedn theimagebut especiallytheir grey levels,sincethis 5
function measuregrey-level differences.Therefore histogramequalizationis alwaysperformed
asapre-processingperation.

We have foundvery satishctoryresultsfor thesesimpleselectionf featuresanddiscrepang
functions. Betterselectionswill of courseimprove the algorithmperformance We could for ex-
ampleusecontrastinvariantfeatureso avoid the necessityof histogramequalization(or contrast

1The bandusedfor theseexamplesis of threepixels’ width, andit getsreinitializedwheneerthe zerolevel setof
u touchedts boundary The purposeof this bandis to reduceerrorsandcomputatiortime
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invariantdiscrepang functions). We could alsousediscrepanyg functionslik e correlationor mu-
tual information, or more sophisticatedmagemetrics,to bettercapturethe information present
in the band. We shouldalsonotethatthis particularselectionof 5 only involvesinformation of
the two presenimages. Betterresultsare expectedif informationfrom additionalimagesin the
sequences taken into accountto performthe morphingamongthesetwo. All thesevariations
arepartof theframewvork hereintroduced andthe exactselectionof the featuresanddiscrepang
functionscouldandshouldbetailoredto theapplication.

Ourtradkingfunctionu isinitialized asthesigneddistancdunctionto thecurveCy, . Noticethat
the useof level-setmethodsallows usto forgetaboutthe parameterizationf the curve, we work
on a fixed grid andjust evolve in time the 2D functionsF; (z, y, t) andu(z, y, t). The numerical
implementations very simpleandusescentraldifferencedor the computationof the normalsas
well asslopelimiter for thenormof thegradientqthisis aclassicabpproachfor detailssee[70]).

Thefirst exampleof our trackingalgorithmis presentedn Figure2.3. This figure shons nine
consecutre slicesof neuraltissueobtainedvia electronicmicroscoly (EM). The goal of the bi-
ologistis to obtaina threedimensionakeconstructiorof this neuron. As we obsene from these
examplesthe EM imagesarevery noisy, andtheboundarie®f the neuronarenot easyto identify
or to tell apartfrom othersimilar objects. Segmentingthe neuronis thena difficult task. Before
processingor segmentation the imagesare regularizedusing anisotropicdiffusion [2, 11, 77].
Sincethe variationbetweenconsecutie slicesis not too large, we canusethe sggmentationob-
tainedfor thefirst slice (segmentatiorobtainedeithermanuallyor with thetechniquedescribedn
[98]), to drive the segmentationof the next one,andthenautomaticallyproceedto find the seg-
mentationin the following images recursvely usingthe Morphing Active Contoursformulation.
Active contourgechniquessthosein [18, 43,45, 57] will normallyfail with thistype of images:
1- The deformingcurve getsattractedto local minima, and often fails to detectthe neuron;an
accuratemodelof the noiseis required. 2- Thosealgorithmsnormally deformeitherinwardsor
outwards (mainly dueto the presenceof balloon-typeforces), while the boundarycurve corre-
spondingto thefirst imageis in generalneitherinsidenor outsidethe objectin the secondmage.
To solwe this, more elaboratedechniquese.g.,[74, 74], have to be used. Therefore evenif the
imageis not noisy, specialtechniqguesieedto be developedandimplementedo direct different
pointsof the curve towarddifferentdirections.

In Figure 2.3, thetop left imageshowns the manualor semi-automaticegmentationsuperim-
posedwhile thefollowing onesshav theboundariesoundby our algorithm.Dueto our particular
choiceof the (simplest)s function, dissimilaritiesamongthe imagescausehe algorithmto mark
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aspartof the boundarysmall objectswhich aretoo closeto our objectof interest. Thesecanbe
removedby simplemorphologicabperationsCumulative errorsmight causehealgorithmto lose
trackof theboundariesfterseveralslices,andre-initializationwould berequired.Note thatthese
possibleproblemsaresimpleto correct,while normallyactive contourgechniquesvill beveryfar
from the solution,makingthe errorsquiteimpossibleto correct.

Figure 2.4 shavs an exampleof objecttracking. The top left imagehas,superimposedthe
contoursof the objectsto track. Thefollowing imagesshow the contoursfound by our algorithm.
Notice how topologicalchangesare handledautomatically A pioneeringtopologyindependent
algorithmfor trackingin videosequenced$jasedn thegeneralgeodesidramavork introducedn
[18, 45] canbefoundin [72]. In contrastvith ourapproachthatschemas basednauniquePDE,
deformingthe curve toward a (local) geodesicune. In [72] moreelaboratednodelsto perform
tracking are used,andtestingon someof the samesequencese.g., the highway and two-man-
walking sequences)ye foundthata simpleralgorithmasthe onehereproposedalreadyachieres
satishctory results. On the other hand, the Paragios-Derichdechnique,including the recently
reportedextensiong[73, 74], are neededor more complicatedscenesor longerones. Note that
dueto the similarity betweenframes,our algorithmcorvergesvery fast(typically in lessthan30
iterations,insuminga few secondson our PC, of a nhon-optimalexplicit implementation). The
CONDENSAION algorithmdescribedn [12] canalsoachiese,in theory topology-freetracking,
thoughto the bestof our knowledge real examplesshaving this capability have not beenyet
reported.In addition,this algorithmrequireshaving a modelof the objectto trackanda modelof
the possibledeformationsevenfor simpleandusefulexamplesasthe onesshowvn in this section
(notethatthealgorithmhereproposedequiresno previous or learnedinformation). On the other
hand theoutstandingrackingcapabilitiesfor clutteredsceneshavn with the CONDENSA'ION
schemecannot be obtainedwith the simpleselectiondor F; and 3 usedfor the examplesin this
section,and more advancedselectionsmust be investigated. Additional tracking examplesare
givenin thenext two figures.
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Figure2.1: Projectionof velocitiesis neededo performtracking(seetext).

MPEG Play MPEG Play

Figure2.2: Examplesof the problemsaddressedly the Morphing Active Contoursalgorithm. See
text.
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Figure2.3: Nine consecutre slicesof neuraltissue.Thefirstimagehasbeenseggmentednanually
The sggmentationover the sequencéasbeenperformedusing the Morphing Active Contours
algorithm.
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Figure2.4: Trackingexampleon the“Walking Swedes'movie.

Figure2.5: Trackingexampleon the “Highway” movie.
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Figure2.6: Trackingexampleonthe“Heart” movie.

17
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2.2 RegionTracking on Level-SetsMethods

Sincethe work by OsherandSethianon level-setsalgorithmsfor numericalshapesvolutions,the
techniquehasbeenusedfor alargenumberof applicationsn numeroudields. In medicalimaging,
this numericatechniquenasbeensuccessfullyusedto implementdeformablemodelsfor segmen-
tation, for example. The migrationfrom a Lagrangianmplementatiorto an Eulerianonevia im-
plicit representationsr level-setsbroughtsomeof the main adwantagef the techniquemainly;,
topologyindependencandstability. This migrationmeansalsothatthe evolution is parametriza-
tion free,andthereforewe do not know exactly how eachpartof the shapes deforming,andthe
point-wisecorrespondencis lost. In this notewe presenttechniqueto numericallytrackregions
on surfacesthataremoving usingthe level-setsmethod. The basicideais to representhe region
of interestasthe intersectiorof two implicit surfacesandthentrackits deformationfrom the de-
formationof thesesurfaces.This techniqguethensolvesoneof the main shortcomingof thevery
usefullevel-setsapproachApplicationsincludelesiontrackingin medicalimagesyegiontracking
in functionalMRI visualizationandgeometricsurfacemapping.

2.2.1 Intr oduction

The useof level-setsfor the numericalimplementationof n-dimensional shapedeformations
becamextremelypopularfollowing the seminalwork of OsherandSethian70]

Extendingto surfacesthe conceptsintroducedin the previous sectionfor curves, we have
that the basicideais to representhe deformationof a n-dimensionalclosedsuriaceS asthe
deformationof an + 1-dimensionafunction®. The surfaceis representeth animplicit formin
®, for example,via its zerolevel-set.

Formally, let’s representheinitial surfaceS(0) asthe zerolevel-setof @, i.e.,5(0) = {X €
R" : ®(X,0) = 0}. If thesurfaceis deformingaccordingo

20 _ @7)
whereNs is theunit normalto thesurface thenthis deformatioris representedsthezerolevel-set
of (X, t) : R™ x [0,7) — IR deformingaccordingto

83(X, 1)

ot = /B(Xat) ” V(I)(X’ t) ||’ (28)

2In this notewe considem > 3.
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wheref(X, t) is computedn thelevel-setsof (X, ¢).

In a numberof applicationsjt is importantnot just to know how the whole surfacedeforms,
but alsohow someof its regionsdo. Sincethe parametrizatioms missing,thisis not possiblein a
straightforvardlevel-setsapproachThis problemis relatedto theapertureproblemin opticalflow
computationandit is alsothe reasonwhy the level-setsapproactcanonly dealwith parameteri-
zationindependentlows that do not containtangentialvelocities. Although tangentialvelocities
do notaffectthe geometryof thedeformingshapethey do affectthe‘point correspondencenh the
deformation.For example with astraightlevel-setsapproachit is not possibleto determinevhere
agivenpoint X, € §(0) is at certaintime ¢. Oneway to solve this problemis to track isolated
pointswith a setof ODE’s, andthis wasdonefor examplein grid generationsee[85]. Thisis a
possiblesolutionif we arejustinterestedn trackinga numberof isolatedpoints. If we wantto
trackregionsfor example,thenusing‘particles’ bringsusbackto a ‘Lagrangianformulation’ and
someof the problemsthatactuallymotivatedthe level-setsapproach For example,whathappens
if the region splits during the deformation?What happensf the region of interestis represented
by particlesthatstartto cometoo closetogetherin somepartsof the region andtoo far from each
otherin others?

In this note we proposean alternatve solutionto the problemof region trackingon surface
deformationsmplementediia level-sets® Thebasicideais to representhe boundaryof theregion
of interestR € S astheintersectionof the given surfaceS andan auxiliary surfaceS, both of
themgivenaszerolevel-setof n+ 1-dimensionafunctions® and® respectiely.* Thetrackingof
theregion R is givenby trackingthe intersectiorof thesetwo surfaceq(thatis, by theintersection
of thelevel-setsof @ and®). In therestof this sectionwe give detailson thetechniqueandpresent
examples.

2.2.2 The algorithm

Assumethe deformationof the surface S, given by (2.7), is implementedusing the level-sets
algorithm,i.e., Equation(2.8). Let R € S bearegion we wantto track duringthis deformation,
andoR its boundary DefineaneNfunctioni)(X, 0) : IR™ — IR (adistancdunctionfor example),

3A differentlevel-setapproachor meancurvaturetype of motionsof generic3D curves,togethemwith very deep

andeleganttheoreticakresults,s introducedn [4].
4Theuseof multiple level-setfunctionswasusedin the pastfor problemslike motion of junctions[61]. Boththe

problemandits solutionaredifferentfrom the onesin this section.
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suchthattheintersectiorof its zerolevel-setS with S definesdR andthenR. In otherwords,
OR(0) := S(0)NS(0) = {X € R" : ®(X,0) = &(X,0) = 0}.

The trackingof R is doneby simultaneoushdeforming® and®. The auxiliary function &
deformsaccordingo

0b(X,t) 4 .
PUD _ ey || VK1) 29)
andthenS deformsaccordingto X
oS -
i BN;. (2.10)

We have thento find the velocity 3 asafunctionof 3. In orderto track the region of interest,gR
musthave exactly the samegeometricvelocity bothin (2.8) and(2.9). The velocity in (2.8) (or
(2.7))is given by the problemin hand,andis SA/s. Therefore the velocity in (2.10)will bethe
projectionof this velocity into the normal direction]\?s (recallthattangentialcomponent®f the
velocity do not affect the geometryof theflow). Thatis, for (atleast)oR,

B = BNs- N

Outsideof the region correspondingo R, the velocity 5 canbe ary function that connects
smoothlywith thevaluesin OR.
This techniquefor themomentrequirego find theintersectiorof the zero-level setsof ¢ and
d ateverytime step,in orderto compute3. To avoid this, we choosea particularextensionof 3
outsideof OR, andsimpledefine/ asthe projectionof BN for all thevaluesof X in thedomain
of ® and®.® Thereforetheauxiliary level-setsflow is givenby
09

T = (sx)

Ve(X, 1) VX1 )
IVOX, ) || || VX, 1) |
I VX, |,

andtheregion of interestR () is givenby theportionof thezerolevel-setthatbelongso ® (X, t) N

(X, 1):
OR(t) = {X € R": ®(X,t) = (X, t) = 0}. (2.11)
5To avoid the creationof spuriousintersectionsduring the deformationof & and &, thesefunctionscan be re-
initialized every few stepsasfrequentlydonein thelevel-setsapproach.
®Note that althoughS and S do not occupy the sameregionsin the n dimensionalspace their corresponding

embeddindunctions® and® do have the samedomain,makingthis velocity extensionstraightforward.
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For a numberof velocities3, shortterm existenceof the level-setsflow for & canbe obtained
from theresultsof EvansandSpruck.

This formulationgivesthe basicregion trackingalgorithm. In the next subsectionye present
someexamples.

2.2.3 Examplesand comments

We now presentexamplesof the proposedechnique. We shouldnotethat: (a) Fasttechniques
like narrav bands fast-marching85], or local methodg62], canalsobe usedwith the technique
hereproposedo evolve eachoneof the surfaces;(b) In the examplesbelow, we computea zero-
ordertype of intersectionbetweenthe implicit surfaces,meaningthat we considerpart of the
intersectionthe full vortex whereboth surfacesgo through(giving a jaggedboundary). More
accuratentersectionganbe easilycomputedusingsub-dvisionsasin marchingcubes.

Examplesaregivenin Figure2.7. In all the columns,the 1strow shows the original surface,
andthedeformationis shovn top to bottom.

Figure2.7first shavstwo toy examplesn thefirst two columns.While the surfacemoveswith
amorphingtype velocity [6, 7], we aretrackingthe paintedregionson the surfaces.The lastrow
in eachcolumngivesa differentview of the laststepof the deformation.Note how theregion of
interestchangegsopology(splitsontheleft exampleandmeigeson the next one).

Figure 2.7, two right columns,presentone of the main applicationsof this technique.Both
thesecolumnsfirst shav, on the top, a portion of the humancortex, obtainedfrom MRI andseg-
mentedwith the techniquedescribedn [92]. In orderto visualize brain actiities recordervia
functionalMRI in oneof the non-visiblefolds (sulci), it is necessaryo ‘unfold’ the surface,while
trackingthe color-codedregions. In theseexamplesthe colorssimply indicatesign of Gaussian
curvatureon the original surface(indicatingthe sulci). We track eachoneof the coloredregions
with the techniquedescribedn this note,while the surfaceis deformingwith the positive part of
Gaussiarcurvature,anda morphingtype velocity [6, 7], respectrely. Thecolorsof thedeforming
surfacesndicatethenthesignof the Gaussiarcurvaturein theoriginal surface.Note how thesur
faceis unfolded,andthetrackingof thecoloredcodedregionsallow to find thematchingplacesn
theoriginal 3D surfacerepresentinghe cortex.

The sametechniquecanbe appliedto visualizelesionsthat occuron the *hidden’ partsof the
cortex. After unfolding,theregionsbecomevisible, andthe trackingallows to find their position
in the original surface. Whenusinglevel-setsechniquego deformtwo givenshapespnetoward
the other(a 3D cortex to a canonicalcortex for example),this techniquecan be usedto find the
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region-to-region correspondenceél his techniquehensolvesoneof the basicshortcomingof the
very usefullevel-setsapproach.
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Dooool
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Figure2.7: Examplesof the algorithmintroducedin this note (yellow regionsarethe onesbeing
tracked). Thetwo left columnsshav toy examplesdemonstratingpossibletopologicalchange®n
thetrackedregion. The next columnsshown unfolding the cortex, andtrackingthe yellow colored
regions,with a Gaussiarcurvaturebasedlow anda 3D morphingone,respectiely.



Chapter 3
Image Inpainting

Inpainting, the techniqueof modifying an imagein an undetectabldorm, is as ancientas art
itself. The goalsandapplicationsof inpainting are numerousfrom the restorationof damaged
paintingsand photographdo the removal/replacemenbf selectedobjects. In this chapter we
introducea novel algorithm for digital inpainting of still imagesthat attemptsto replicatethe
basictechniquesisedby professionatestoratorsAfter the userselectgheregionsto berestored,
the algorithm automaticallyfills-in theseregions with information surroundingthem. The fill-
in is donein sucha way thatisophotelines arriving at the regions’ boundariesare completed
inside. In contrastwith previous approacheghe techniquehereintroduceddoesnot requirethe
userto specifywherethe novel informationcomesfrom. Thisis automaticallyjdone(andin afast
way), therebyallowing to simultaneouslyill-in numerousegionscontainingcompletelydifferent
structureandsurroundingrackgroundsln addition,nolimitationsareimposedonthetopologyof
theregionto beinpainted.Applicationsof thistechniquencludetherestoratiorof old photographs
anddamagedilm; removal of superimposetext lik e datessubtitles or publicity; andtheremoval
of entireobjectsfrom theimagelik e microphone®r wiresin specialeffects.

3.1 Intr oduction

Themodificationof imagesn away thatis non-detectablér anobsenerwho doesnotknow the
originalimageis a practiceasold asartisticcreationitself. Medieval artwork startedo berestored
asearly asthe Renaissancehe motivesbeing often asmuchto bring medieval pictures“up to
date”asto fill in ary gaps[99, 31]. This practiceis calledretouding or inpainting. The objectof
inpaintingis to reconstitutehe missingor damagegortionsof thework, in orderto make it more

24
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Figure3.1: Detail of “Cornelia,motherof the Gracchi’by J. Suvee(Louvre). Thisis aphotograph
of amanualrestoratiorof afresco,takenfrom [31].

legible andto restoreits unity [31]. In figure 3.1 we seea detail of aninpaintedpainting.

The needto retouchthe imagein an unobtrusve way extendednaturally from paintingsto
photographyand film. The purposesemainthe same: to revert deterioration(e.g., cracksin
photographor scratchesand dust spotsin film), or to add or remove elements(e.g., removal
of stampeddateandred-g/e from photographsthe infamous“airbrushing” of political enemies
[49)).

Digital techniquesrestartingto be a widespreadvay of performinginpainting,rangingfrom
attemptsto fully automaticdetectionand removal of scratchesn film [52, 53], all the way to
softwaretoolsthatallow a sophisticatedbut mostly manualprocesg14].

In this article we introducea novel algorithmfor automaticdigital inpainting, beingits main
motivationto replicatethebasictechniquesisedby professionatestoratorsAt this point,theonly
userinteractionrequiredby the algorithmhereintroducedis to markthe regionsto be inpainted.
Althoughanumberof techniquegxist for thesemi-automatidetectiorof imagedefectmainlyin
films), addressinghisis out of the scopeof this chapter Moreover, sincetheinpaintingalgorithm
herepresentedanbe usednot just to restoredamageghotograph$ut alsoto remove undesired
objectsandwritings on the image,the regionsto beinpaintedmustbe marked by the user since
they dependon his/hersubjectve selection Herewe areconcernean how to “fill-in” theregions
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to be inpainted,oncethey have beenselected. Marked regionsare automaticallyfilled with the
structureof their surroundingjn aform thatwill be explainedlaterin this chapter

3.2 Relatedwork and our contribution

We shouldfirst notethat classicalimagedenoisingalgorithmsdo not apply to imageinpainting.
In commonimageenhancemenapplications the pixels containboth information aboutthe real
dataandthe noise(e.g.,imageplus noisefor additive noise),while in imageinpainting,thereis
no significantinformationin theregion to be inpainted. Theinformationis mainly in theregions
surroundingheareado beinpainted.Thereis thenaneedo developspecifictechniqueso address
theseproblems.

Mainly threegroupsof works canbe foundin the literaturerelatedto digital inpainting. The
first onedealswith the restoratiorof films, the secondoneis relatedto texture synthesisandthe
third one, a significantlylessstudiedclassthoughvery influential to the work herepresentedis
relatedto disocclusion.

Kokaramet al. [53] usemotion estimationandautorgressve modelsto interpolatelossesn
films from adjacenframes.Thebasicideais to copy into thegaptheright pixelsfrom neighboring
frames(seefigure 3.2). The techniquecan not be appliedto still imagesor to films wherethe
regionsto beinpaintedspanmary frames.

Hirani and Totsuka[39] combinefrequeny and spatialdomaininformationin order to fill
a givenregion with a selectedexture. This is a very simpletechniquethat producesncredibly
goodresults. On the otherhand,the algorithmmainly dealswith texture synthesigandnot with
structuredoackground)andrequiresthe userto selectthe texture to be copiedinto the region to
be inpainted(seefigure 3.3). For imageswherethe region to be replacedcovers several differ-
ent structuresthe userwould needto go throughthe tremendousvork of sggmentingthemand
searchingcorrespondingeplacementshroughoutthe picture. Although part of this searchcan
be doneautomatically this is extremelytime consumingandrequiresthe non-trivial selectionof
mary critical parameterse.g.,[30]. Othertexture synthesisalgorithms,e.g.,[30, 38, 87], canbe
usedaswell to re-createa pre-selectedextureto fill-in a (squareyegionto beinpainted.

In the group of disocclusionalgorithms,a pioneeringwork is describedn [67]. The authors

1In orderto studythe robustnessf the algorithmhereproposedandnot to be too dependenbn the marking of
theregionsto beinpainted we markthemin averyroughform with arny availablepaintbrushsoftware. Markingthese
regionsin theexamplesreportedn this chapterjust takesa few seconddo a non-expertuser
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Figure 3.2: Threeconsecutre framesof a movie are shovn. With the techniquein [53], the
inpaintingis performedby usinginformationin adjacenframes.

Figure3.3: With thetechniquen [39], theuserselectsvhatto putwhere.
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|

Figure3.4: With thetechniquan [59], straightlinesareusedto join pointsat the boundarywhich
have equalgraylevel.

presentedh techniquefor removing occlusionswith the goal of imagesegmentatior? The basic
ideais to connectT-junctionsat the samegray-level with elasticaminimizing curves. Thetech-
niqguewasmainly developedfor simpleimageswith only afew objectswith constangray-levels,
andwill not be applicablefor the exampleswith naturalimagespresentedater in this chapter
Masnouand Morel [59] recentlyextendedtheseideas,presentinga very inspiring generalvari-
ational formulation for disocclusionand a particular practicalalgorithm (not entirely basedon
PDE’s) implementingsomeof theideasin this formulation. Thealgorithmperformsinpaintingby
joining with geodesicurvesthe pointsof theisophoteglinesof equalgrayvalues)arriving atthe
boundaryof theregion to beinpainted.As reportedoy the authorstheregionsto beinpaintedare
limited to having simpletopology e.g.,holesarenotallowed? In addition,the anglewith which
thelevel linesarrive at the boundaryof theinpaintedregionis not (well) presered: the algorithm
usesstraightlinesto join equalgray valuepixels (seefigure 3.4.) Thesedravbacks which will be
exemplifiedlaterin this chapteyaresolved by our algorithm. On the otherhand,we shouldnote
thatthisis the closesttechniqueto oursandhasmotivatedin partandinspiredour work.

3.2.1 Our contribution

Algorithmsdevisedfor film restoratiorarenot appropriatéor our applicationsincethey normally
work onrelatively smallregionsandrely on the existenceof informationfrom severalframes.
Ontheotherhand,algorithmsbasedon texture synthesianfill large regions,but requirethe

2Sincethe region to be inpaintedcan be consideredas occluding objects,removing occlusionsis analogougo
imageinpainting.

3Thisis notintrinsic to the generalvariationalformulationthey proposepnly to the specificdiscreteémplementa-
tion they perform.
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userto specify what texture to put where. This is a significantlimitation of theseapproaches,
asmay be seenin examplespresentedater in this chaptey wherethe region to be inpaintedis
surroundedy hundredsf differentbackgroundssomeof thembeingstructureandnot texture.
The techniguewe proposedoesnot requireary userintervention, oncethe region to be in-
paintedhasbeenselected. The algorithmis able to simultaneouslfill regions surroundedoy
differentbackgroundswithout the userspecifying“what to put where: No assumption®n the
topologyof theregion to beinpainted,or onthe simplicity of theimage,aremade.Thealgorithm
is devisedfor inpaintingin structuredregions(e.g.,regionscrossingthroughboundaries)though
it is notdevisedto reproducdargetexturedareas As we will discusdater, thecombinationof our
proposedapproactwith texture synthesigechniquess the subjectof currentresearch.

3.3 Theddigital inpainting algorithm

3.3.1 Fundamentals

Let 2 standfor the region to be inpainted,and 0%2 for its boundary(note once againthat no
assumptioron thetopologyof €2 is made).Intuitively, the techniquewe proposewill prolongthe
isophotelinesarriving at 052, while maintainingthe angleof “arrival.” We proceeddraning from
00 inward in this way, while curving the prolongationlines progressiely to preventthemfrom
crossingeachother

Beforepresentinghedetaileddescriptiorof thistechniquelet usanalyzehow expertsinpaint.
Consenratorsatthe Minneapolisinstituteof Arts wereconsultedor thiswork andmadeit clearto
usthatinpaintingis avery subjectve proceduregifferentfor eachwork of artandfor eachprofes-
sional. Thereis no suchthing as“the” way to solve the problem,but the underlyingmethodology
is asfollows: (1.) The global picturedeterminesow to fill in the gap,the purposeof inpainting
beingto restorethe unity of the work; (2.) The structureof the areasurrounding is continued
into thegap,contourlinesaredravn via the prolongatiorof thosearriving at9f2; (3.) Thedifferent
regionsinside(?, asdefinedby the contourlines, arefilled with color, matchingthoseof 052; and
(4.) Thesmalldetailsarepainted(e.qg. little white spotson an otherwiseuniformly blue sky): in
otherwords,“texture” is added.

A numberof lessonscanimmediatelybe learnedfrom thesebasicinpainting rules usedby
professionals. Our algorithm simultaneouslyand iteratively, performsthe steps(2.) and (3.)
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above? We progressiely “shrink” the gapQ by prolonginginward, in a smoothway, the lines
arriving atthe gapboundaryof).

3.3.2 Theinpainting algorithm

We needto translatethe manualinpainting conceptsexpressedabove into a mathematicabnd
algorithmiclanguage .We proceedo do this now, presentinghe basicunderlyingconceptdirst.
Theimplementatiordetailsaregivenin the next section.

Let Iy(Z,7) : [0, M] x [0, N] — IR, with [0, M] x [0, N] C IN x IN, beadiscrete2D gray
level image. From the descriptionof manualinpaintingtechniquesan iterative algorithmseems
a naturalchoice. The digital inpainting procedurewill constructa family of imagesI (i, j,n) :
[0, M] x [0, N] x IN — IR suchthat(i, j,0) = Io(i, 7) andlim, I (i,j,n) = Ir(i,j), where
I(7,7) is the outputof the algorithm (inpaintedimage). Any generalalgorithmof thatform can
bewrittenas

"N i, j) = I"(i, j) + AtIP (i, ), (i, j) € Q (3.1)

wherethe superind& n denotegheinpainting“time” n, (i, j) arethe pixel coordinatesAt is the
rateof improvementandI} (i, j) standdor theupdateof theimagel” (i, j). Notethattheevolution
equationrunsonly inside(?, theregion to beinpainted.

With this equationtheimagel™*!(z, 5) is animprovedversionof I"(z, 5), with the “improve-
ment” givenby I7(i, j). As n increaseswe achieve a betterimage. We neednow to designthe
updatel} (i, 7).

As suggestedby manualinpaintingtechniqueswe needto continuethe lines arriving at the
boundaryof? of theregion €2 to beinpainted(seepoint (2) in Section3.3.1). In otherwords,we
needto smoothlypropagatenformationfrom outsides2 into Q2 (points(2) and(3) in Section3.3.1).
Being L" (i, j) theinformationthatwe wantto propagateand Nm(z’, j) the propagatiordirection,
this meanghatwe musthave

Whereﬁ(z’,j) is a measureof the changein the information (4, 5).° With this equation,we
estimatethe information L™ (7, j) of our imageand computeits changealongthe N direction.

“4In the discussiorsectionwe will arguehow bothstepscanbe performedseparatelyandwe will alsodiscussstep

4.).

SBorrowing notationfrom continuousmathematicsye could alsowrite W(i, j)asVL.
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Figure3.5: Propagatiomlirectionasthenormalto the signeddistanceo theboundaryof theregion
to beinpainted.

Figure 3.6: Unsuccessfuthoice of the information propagationdirection. Left: detail of the
originalimage,regionto beinpaintedis in white. Right: restoration.

Note that at steadystate,that is, whenthe algorithm corverges, I"*1(z, j) = I"(4,j) andfrom
(3.1)and(3.2) we have thatW(z’,j) . T\/m(z',j) = 0, meaningexactly thatthe information L has
beenpropagatedn the direction V.

Whatis left now is to expresstheinformation L beingpropagate@dndthe directionof propa-
gationﬁ.

Sincewe wantthe propagatiorto be smooth,L™ (7, j) shouldbe animagesmoothnesgstima-
tor. For this purposewe may usea simple discreteimplementatiorof the Laplacian: L™ (7, j) :=
I;.(i,5) + I, (i, j) (subscriptsepresentlerivativesin this case). Other smoothnes@stimators
might be usedthoughsatistctoryresultswerealreadyobtainedwith this very simpleselection.

Then,we mustcomputahechangﬁ(i,j) of thisvaluealongﬁ. In orderto dothiswe must
first definewhatthe direction N for the 2D informationpropagatiorwill be. Onepossibilityis to
defineN asthenormalto thesigneddistanceo 09, i.e.,ateachpoint (i, j) in Q2 thevectorﬁ(z’, J)
will benormalto the“shrinkedversion”of 92 to which (i, j) belongs seeFigure3.5. This choice
is motivatedby thebeliefthatapropagatiomormalto theboundarywould leadto the continuity of
theisophotesatthe boundary Instead whathappenss thatthelinesarriving at 9§2 curvein order
to align with ﬁ seeFigure3.6. Thisis of coursenot whatwe expect. Note thatthe orientationof
092 is notintrinsic to theimagegeometrysincetheregionto beinpaintedis arbitrary
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If isophotedendto alignwith ﬁ the bestchoicefor N is thentheisophotedirections.This
is a bootstrappingoroblem: having the isophotedirectionsinside (2 is equvalentto having the
inpaintedimageitself, sincewe caneasilyrecover thegraylevelimagefrom its isophotedirection
field ( seethediscussiorsectionand[44]).

We usethenatime varyingestimatiorof theisophoteslirectionfield: for ary givenpoint(z, j),
the discretizedgradientvectorVI™ (i, j) givesthedirectionof largestspatialchangewhile its 90
degreesrotation V1" (i, j) is the direction of smallestspatialchange so the vector V-1 (i, 5)
givestheisophotesiirection.OurfieldJ_\/> isthengivenbythetime-varyingﬁ(z’,j, n) = V+In(i, §).
We areusinga time-varying estimationthatis coarseat the beginning but progressiely achieves
thedesiredcontinuityatos?, insteadof afixedfield N)(i, j) thatwouldimply to know thedirections
of theisophotedrom the start.

Notethatthedirectionfield is not normalizedjts normis the normof the gradientof 1™ (3, j).
This choicehelpsin thenumericalstability of thealgorithm,andwill bediscussedh thefollowing
subsection.

Sincewe areperforminginpaintingalongtheisophotesit isirrelevantif V417 (i, j) is obtained
asaclockwiseor counterclockwiseotationof VI" (i, 7). In bothcasesthechangeof I"(i, j) along
thosedirectionsshouldbe minimum.

Recapping,we estimatea variation of the smoothnessgiven by a discretizationof the 2D
Laplacianin our case,and projectthis variationinto the isophotesdirection. This projectionis
usedto updatethe valueof theimageinsidetheregion to be inpainted. Writing equation(3.2) in
PDE form we gettheinpaintingequation

I, =V(AI)-V*I (3.3)

To ensurea correctevolution of the direction field, a diffusion processis interleaved with
the imageinpainting processdescribedabove® Thatis, every few steps(seebelow), we apply
a few iterationsof imagediffusion. This diffusion correspondso the periodicalcurving of lines
to avoid themfrom crossingeachother aswasmentionedin Section3.3.1. We useanisotropic
diffusion,[77, 2], in orderto achiese this goal without losing sharpnes# the reconstructionln
particular we apply a straightforward discretizatiorof the following continuous-time/continuous-
spaceanisotropiadiffusionequation:

oI

E(ﬂc, Yy, 1) = ge(z, y)k(w,y,1t) |VI(2,y,1t)],V(z,y) € Q (3.4)

5We canalsoaddthediffusionasanadditionaltermin I7*(i, j), the resultsbeingvery similar.
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where)¢ is a dilation of 2 with a ball of radiuse, « is the Euclideancurvatureof the isophotesf
I andg.(z, y) is asmoothfunctionin Q¢ suchthatg.(z,y) = 0 in 0Q¢, andg.(z,y) = 1 in Q (this
is away to imposeDirichlet boundaryconditionsfor the equation(3.4)).

Let usnotea key fact, which waskindly pointedoutto usby S. Betell andA. Bertozzi. The
steadystateof the inpaintingequation(3.3), namely0 = V(AI) - V11, is the samesteadystate
of the so-calledNavier-Stokesequationfor the streamfunctionof anincompressiblénviscid fluid
(seefor instanceg54]). In otherwords,solvingtheinpaintingproblemfor animagel is analogous
to solvingthe Navier-Stokesequation(with specificboundaryconditions)for aflow with a stream
functionl. Theanalogyinvolvesotherquantitiesalso: V* 1 is thevelocity, A1 is thevorticity, etc.
Theimplicationsof this factarevery important,andwill beaddresseth Chapters.

3.3.3 Discreteschemeand implementation details

Theonly inputto our algorithmaretheimageto berestorecandthe maskthatdelimitsthe portion
to be inpainted. As a preprocessingtep,the whole original imageundegoesanisotropicdiffu-
sionsmoothing.The purposeof thisis to minimize the influenceof noiseon the estimationof the
directionof the isophotesarriving at 952. After this, the imageentersthe inpaintingloop, where
only the valuesinside (2 aremodified. Thesevalueschangeaccordingto the discreteimplemen-
tation of the inpaintingprocedurewhich we proceedo describe.Every few iterations,a stepof
anisotropicdiffusionis applied(a straightforvard, centraldifferencesmplementatiorof (3.4) is
used;for detailsse€[77, 2]). This processs repeatedintil a steadystateis achieved.

Let I"(i, j) standfor eachoneof theimagepixelsinsidetheregion (2 attheinpainting“time”
n. Then,the discreteinpainting equationborrowns from the numericalanalysisliteratureandis
givenby

"0, §) = I"(i,5) + AT (i, §), (i, j) € Q (3.5)
where
n.._—g.._ﬁ(i,j,n) e
It (Z’j) - <5L (Z’]) ‘ (Z,],n)|> |VI (11])|’ (36)
ST (i, ) = (L"(i+1,5) = L6 — 1,5), L"(i,j + 1) — L" (i, j — 1)), (3.7)

’Otherfilters, e.g.,form mathematicamorphology canbe appliedaswell, thoughwe found the resultsobtained
with this equationsatisactory
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NGgn)| IR+ I, 4)?
N(i,j,n)
8™, §) = 6L (i, §) - oW (3.10)
(l J) (l J) W
and
V) + (L) + (In)? + Lear)?,
. wheng™ > 0
VI, 5)| = 3.11
VIGIIZN ST+ P+ Wi+ T, @1y
wheng™ < 0

We first computethe 2D smoothnessstimation. in (3.8) andtheisophotajirectionﬁ/‘ﬁ| in
(3.9). Thenin (3.10)we computes™, the projectionof 5L ontothe(normalized)\/ectorj_\/), thatis,
we computethe changeof L alongthedirectionof N. Finally, we multiply 5™ by a slope-limited
versionof thenormof thegradientof theimage,| V|, in (3.11).8 A centraldifferencesealization
would turn the schemeunstable andthatis the reasonfor usingslope-limiters. The subindees
b and f denotebackward and forward differencesespectrely, while the subindeesm and M
denotethe minimumor maximum,respectiely, betweerthe derivative andzero(we have omitted
the spacecoordinateqs, j) for simplicity); see[70] for details. A pseudo-codéor the numerical
implementatiorof the inpaintingequationis includedin AppendixA. Finally, let usnotethatthe
choiceof anon-normalizedield V insteadof a normalizedversionof it allows for a simplerand
morestablenumericalschemesee[58, 82].

Note onceagainthatwhenthe inpaintingalgorithmarrivesto steadystate thatis, I; = 0, we
have geometricallysolved V(Smoothness V+I = 0, meaningthatthe “smoothnessis constant
alongtheisophotes®

When applying equations(3.5)-(3.11)to the pixels in the borderof) of the region 2 to be
inpainted,known pixels from outsidethis region are used. Thatis, conceptually we compute

8Notethat|VI| = |V+I|.
9This type of information propagatioris relatedand might be applicableto velocity fields extensionin level-set
techniqueg71, 109.
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equationg3.5)-(3.11)in the region Q¢ (an e dilation of 2), althoughwe updatethe valuesonly
inside(2 (thatis, (3.5) is appliedonly inside(2). Theinformationin the narrav bandQ¢ — € is
propagatednside(2. Propagatiorof this information,both gray-valuesandisophotedirections,
is fundamentafor the succes®f thealgorithm.

In the restorationoop we perform A stepsof inpaintingwith (3.5), then B stepsof diffusion
with (3.4),againA stepsof (3.5),andsoon. Thetotal numberof stepsis T'. This numbermaybe
pre-establishedyr thealgorithmmaystopwhenchangesn theimagearebelow a giventhreshold.
Thevalueswe useare: A = 15, B = 2, atspeedAt¢ = 0.1. Thevalueof T' dependon the size
of Q. If Q is of considerablesize,a multiresolutionapproachs usedto speed-uphe processwe
basicallyusethe corvergedresultof a lower resolutionstageto initialize the higherone, asit is
classicallydonein imageprocessing.l.e., we take the original image I, reduceits dimensions
to, say 25% obtaining/, .5, performits inpainting obtainingasa result Itmp 25, thenincrease
thesizeof Itmpg.o5 by @ 100%to Itmpg.50, USethis asaninitial conditionfor the next inpainting
operationandsoon.

Color imagesare consideredas a setof threeimages,andthe above describedtechniqueis
appliedindependentlyo eachone.For instancejf thecolorimageto inpaint/ useshetraditional
(R,d, B) color model, we candecomposét into threescalar(“grayscale”)images/g, Iz and
1; we performtheinpaintingon eachof thethreeimagesseparatelyandthenobtainaninpainted
colorimageby combiningtheresultinginpaintingsof I, I and/p.

To avoid the appearancef spuriouscolors, we usea color model (very similar to the LUV
model)with oneluminancegp) andtwo chroma(sing,siny) componentsSeeFigure3.7. Fromthe
tradtional( R, G, B) colormodelwe cangetto ourswith thesesimpleformulas:p = v R? + G? + B?,
sini) = %, andsing = ﬁ. Converselyto gobacktoa(R, G, B) imageweuse:G = psini,
R = p\/1 — p%sing, B = \/p? — G? — R2.

3.4 Results

The CPU time requiredfor inpaintingdependon the size of 2. In all the color exampleshere
presentedtheinpaintingprocessvascompletedn lessthan5 minutes(for thethreecolor planes),
usingnon-optimizedC++ coderunningon a PentiumlIPC(128MbRAM, 300MHz)underLinux.

All theexamplesuseimagesavailablefrom public databasesvertheInternet. Themainexamples
herepresentedandadditionalones canbeseerathttp://www.ece.umn.edu/users/marcelo/restoration.html
wherein additionto theoriginalandinpaintedmageseproducedbelow, theevolutionprocessan
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Figure 3.7: Relation betweenthe (R, G, B) color model and the one used in this article,
(pa Sin¢a 5Z7’L¢)

beobsered.

Figure 3.8 shaws, on the left, a syntheticimagewith the region to inpaintin white. Here )
is large (30 pixelsin diameter)and containsa hole. The inpaintedreconstructions shovn on
theright. Noticethatcontoursarerecovered,joining pointsfrom theinnerandouterboundaries.
Also, thesereconstructeatontoursfollow smoothlythe directionof the isophotesarriving at o052
(thealgorithmreportedn [59] will fail with thistype of data).

Figure3.9is atoy examplethatshovsthatthechoiceof aclockwise(CW) or counterclockwise
(CCW) rotation of the gradientdoesnot affect the final result. The top row shaws the evolution
for aCW rotation,the bottomrow the evolutionfor a CCW rotation. Eventhoughtheintermediate
stepsaredifferent,the steadystateachievedis the same.

Figure3.10shaws theinfluenceof thediffusionstepsn our algorithm.If too little diffusionis
used,shocksaredevelopedandthe evolution turnsunstable With the numberof stepssuggested
previously, the resultis good. With too muchdiffusion, the resultis poor: informationis blurred
inside(?, doesnot propagatdrom outside.

Figure3.11shaws a deteriorated&W image(first row) andits reconstructior{secondrow).
Asin all theexamplesn thisarticle,theuseronly suppliedthe“mask” image(lastrow). Thismask
wasdravn manually usinga paintbrush-like program.The variablesweresetto the valuesspeci-
fiedin the previoussectionandthe numberof iterationsT” wassetto 3000. Whenmultiresolution
is notusedthe CPUtimerequiredby theinpaintingproceduravasapproximately? minutes.With
a2-level multiresolutionschemepnly 2 minuteswereneededObsene thatdetailsin thenoseand
right eye of themiddlegirl couldnotbecompletelyrestoredThisis in partdueto thefactthatthe
maskcoversmostof therelevantinformation,andthereis not muchto be donewithout the useof
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highlevel prior information(e.qg.,thefactthatit is aneye). Theseminor errorscanbe correctecoy
the manualproceduresnentionedn the introduction,andstill the overall inpaintingtime would
be reducedby ordersof magnitude. This examplewastestedand shaved to be robustto initial
conditionsinsidetheregionto beinpainted.

Figures3.12and3.13show two vandalizedcolorimagesandtheir correspondingestorations,
followed by anexamplewhereoverimposedext is removed from the image(figure 3.13.) These
aretypical exampleswvheretexture synthesisalgorithmsasthosedescribedn theintroductioncan
not be used,sincethe numberof differentregionsto befilled-in is very large.

Thenext figureshavsthe progressie natureof thealgorithm,severalintermediatestepsof the
inpaintingprocedureareshavn, remaoving paintedtext over a naturalscene.

Finally, Figure 3.16 shavs an entertainmenapplication. The bungeecord andthe knot tying
theman’slegshave beenremoved. Giventhesizeof 2 a 2-level multiresolutionschemevasused.
Hereit becomesapparenthat it is the userwho hasto supplythe algorithmwith the masking
image,sincethe choiceof theregionto inpaintis completelysubjectve.
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Figure3.8: Syntheticexample: (2 is shavn in white. Topologyis not anissue,andtherecovered
contourssmoothlycontinuetheisophotes.

Figure3.9: Top: evolution usingCW rotationof gradient.Bottom: evolution usingCCW rotation
of gradient.Notethatthe steadystateis the same.

S,

Figure3.10: Fromleft to right: originalimage resultwith nodiffusion,resultwith somediffusion,
resultwith too muchdiffusion.
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Figure3.11: Restoratiorof anold photograph.
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Figure3.12: Restoratiorof colorimages.
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Figure3.13: Restoratiorof colorimages(contd).
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Figure3.14: Removal of superimposedtext.
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Figure 3.15: Progressie natureof the algorithm. Several intermediatestepsof the inpainting of
figure3.12areshownn.

Figure3.16: The bungeecordandthe knot tying the mans feethave beenremoved.
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Figure3.17: Limitationsof the algorithm:textureis notreproduced.



Chapter 4

Solving Partial Differ ential Equationson
Implicit Surfaces

A novel frameawork for solving variationalproblemsand partial differentialequationsfor scalar
andvectorvalueddatadefinedon surfaceds introducedn this chapter Thekey ideais to implic-

itly representhe surfaceasthe level setof a higherdimensionafunction, andsolve the surface
eguationsn afixed Cartesiarcoordinatesystemusingthis new embeddingunction. This thereby
eliminategheneedfor performingcomplicatecandnot-accurateomputation®ntriangulatedsur

faces,asit is commonlydonein the graphicsand numericalanalysisliterature. We describethe
framewnork andpresenexampledn texturesynthesisflow field visualization aswell asimageand
vectorfield regularizationfor datadefinedon 3D surfaces.

4.1 Intr oduction

In anumberof computergraphicsapplicationsyariationalproblemsandpartial differentialequa-
tions(PDE’s) needto besolvedfor datadefinedon arbitrarymanifolds threedimensionabkurfaces
in particular Examplesof this aretexture synthesig97, 104], vectorfield visualization[25], and
weathering26]. In addition,datadefinedon surfacesoften needsto be regularized,e.g.,aspart
of avectorfield computationor interpolationprocesq78, 101], for inverseproblems[33], or for

surfaceparameterizatiof27]. Thesdastexamplescanbeaddressebly solvingavariationalprob-
lem on the surface,or its correspondingyradient-descerftow on the surface,usingfor example
the theory of harmonicmaps[29], which hasrecentlybeendemonstratedo be of usefor com-
putergraphicsapplicationsaswell, e.g.,[27, 89, 108]. All theseequationsaregenerallysolvedon

45
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triangulatedor polygonalsurfaces.Thatis, the surfaceis givenin polygonal(triangulatedYorm,
andthedatais discretelydefinedonit. Thisinvolvesthe non-trivial discretizatiorof theequations
in generalpolygonalgrids, aswell asthe difficult numericalcomputationof otherquantitieslike
projectionsonto the discretizedsurface(whencomputinggradientsandLaplaciandor example).
Althoughthe useof triangulatedsurfacesis extremelypopularin computergraphics thereis still
not awidely acceptedechniqueto computedifferentialcharacteristicsuchastangentsnpormals,
principaldirections,andcurvaturesseefor example[24, 64,91] for afew of theapproaches this
direction. On the otherhand,it is widely acceptedhat computingtheseobjectsfor iso-surtices
(implicit representationsy straightforvard and much more accurateandrobust. This problem
in triangulatedsurfacesbecomeseven biggerwhenwe not only have to computethesefirst and
secondorderdifferential characteristic®f the surface,but alsohave to usethemto solve varia-
tional problemsandPDE’s for datadefinedon the surface. Moreover, virtually no analysisexists
onnumericalPDE’s on non-uniformgridsin the generalityneededor computergraphicsmaking
it difficult to understandhe behaior of the numericalimplementatiorandits proximity (or lack
thereof)to the continuousmodel.

In this chaptemwe presentnew framework to solve variationalproblemsandPDE's for scalar
andvectorvalueddatadefinedon surfaces.We use,insteadof a triangulated/polygonaiepresen-
tation, animplicit representationour surfacewill be the zero-level setof a higherdimensional
embeddingunction (i.e., a 3D volume with real values, positive outsidethe surfaceand nega-
tive insideit). Implicit surfaceshave beenwidely usedin computergraphics.e.g.,[13, 34, 103],
asan alternatve representatioto triangulatedsurfaces.We smoothlyextendthe original (scalar
or vectorvalued)datalying on the surfaceto the 3D volume, adaptour PDE’s accordingly and
thenperformall the computation®n the Cartesiargrid correspondingo the embeddingunction.
Thesecomputationsare neverthelessntrinsic to the surface. The adwvantagef usingthe Carte-
siangrid insteadof a triangulatedmesharemary: we canusewell studiednumericaltechniques,
with accurateerrormeasuresthetopologyof theunderlyingsurfaceit is notanissue;andwe can
derive simple,accuraterobustandelegantimplementationslf the original surfaceis not already
in implicit form, andit is for exampletriangulatedwe canuseary of a numberof implicitation
algorithmsthatachieve this representatiogiven a triangulatednput, e.g.,[28, 50, 90, 106]. For
example,the public domainsoftware[60] canbe used. If the datais just definedon the surface,
anextensionof it to thewhole volumeis alsoeasilyachievedusinga PDE,aswe will see.There-
fore, the methodhereproposedvorks aswell for non-implicit surfacesafterthe preprocessings
performed.This preprocessings quite simpleandno complicatedregriddingneedso be doneto
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go from onesurfacerepresentatioto another(seebelow). Finally, we will solve the variational
problemor PDE only in a bandsurroundingthe zerolevel set (a classicalapproach;see[75]).
Therefore,althoughwe will be increasingby onethe dimensionof the spacethe computations
remainof the samecompleity, while theaccurag andsimplicity aresignificantlyimproved.

4.1.1 Our contribution

Representingleformingsurfacesaslevel setsof higherdimensionalfunctionswasintroducedin
[70] asavery efficienttechniquefor numericallystudyingthedeformation(seealso[103] for stud-
iesonthedeformatiorandmanipulatiorof implicit surfacedor graphicsapplications) As we have
seenn previouschapterstheideais to representhe surfacedeformatiorvia theembeddingunc-
tion deformation,which addsaccurag, robustnessand, as expected,topologicalliberty. When
the velocity of the deformationis given by the minimization of an enegy, the authorsin [109]
proposed “variationallevel set” method wherethey extendedheenegy (originally definedonly
onthesurface)to thewholespace.This allows for theimplementatiorto bein the Cartesiargrid.
Thekey of thisapproachs to go from a“surfaceenegy” to a“volumeenepgy” by usingaDirac’s
deltafunctionthatconcentratethe penalizatioron thegivensurface.

We will follow this generaldirectionwith our fixed,nondeformingsurfaces.In our casewhat
is being“deformed”is the(scalaror vectorvalued)dataonthesurface.If thisdeformationis given
by anenegy-minimizationproblem(asis thecasen datasmoothingapplications)we will extend
the definition of the enegy to the whole 3D space andits minimizationwill be achiezedwith a
PDE, which despiteits beingintrinsic to the underlyingsurface, it is alsodefinedin the whole
space.Therefore,it is easilyimplementable.This is straightforvard, asopposedo approaches
whereonemapsthe surfacedataonto the plane,performsthe requiredoperationghereandthen
mapstheresultsbackontothetriangulatedepresentationf thesurface;or approachethatattempt
to solve the problemdirectly on a polygonalsurface.

Very interestinglythe new framework proposederealsotells ushow to translatento surface
termsPDE’s thatwe know thatwork onthe planebut which do notnecessarilyninimizeanenegy
(e.g.,texture synthesisor flow visualizationPDE's). Insteadof runningthesePDE’s on the plane
an then mappingthe resultsonto a triangulatedrepresentatiorof the surface, or running them
directly on the triangulateddomain, we obtaina 3D straightforvard Cartesiangrid realization
thatimplementghe equationintrinsically on the surlaceandwhoseaccurag depend®nly onthe
degreeof spatialresolution.

Moreover, we considerthatfor computingdifferentialcharacteristicandsolving PDE’s even
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for triangulatedsurfaces,it might be appropriateto run an implicitation algorithmasary of the
onesusedfor the examplesin this chapterand thenwork on the implicit representation.Cur-
rentalgorithmsfor doingthis, someof thempublically available[60], areextremelyaccurateand
efficient.

Thecontribution of this chaptelis thenanew techniqueo efficiently solve acommonproblem
in mary computergraphicsapplications:ithe implementatiorof PDE’s on 3D surfaces.In partic-
ular, we shav how to transformary intrinsic variationalor PDE equationinto its corresponding
onefor implicit surfaces.In this chapterwe arethenproposinga new frameavork to bettersolve
existentproblemsandto helpin building up thesolutionsfor new ones.To exemplify thetechnique
andits generality we implementand extend popularequationgpreviously reportedin the litera-
ture. Herewe solve themwith our framework, while in the literatureweresolvedwith elaborated
discretization®n triangulatedepresentations.

4.2 The generalframework

As mentionedefore, ourapproactrequiresusto have animplicit representationf thegivenfixed
surface,andthedatamustbe definedin abandsurroundingt andnotjustonthesurface.Theim-
plicit surfacesusedin this chaptetave beenderivedfrom public-domairtriangulatedsurfacesvia
the computatiorof a (signed)distancefunction(z, y, z) to thesurfaceS. Arriving atanimplicit
representatiofrom atriangulatedoneis not anissue therearepublicly availablealgorithmsthat
achieve it in avery efficient fashion.To exemplify this, we have usedseveral of thesetechniques.
For somesurfacesthe classicaHamilton-Jacobequation|| V¢ ||= 1 wassolvedon apre-defined
grid enclosingthe given surfacevia the computationallyoptimal approactdevisedin [94]. Accu-
rateimplicit surfacesfrom triangulationsof the orderof onemillion trianglesareobtainedin less
thantwo minutesof CPU-timewith this technique.Alternatively we usedthe implementatiorof
the ClosestPoint Transformavailablein [60]. The teapotandknot surfaceswere obtainedfrom
unoiganizeddatapointsusingthe techniquedevisedin [110]. We thereforeassumdrom now on
thatthe threedimensionakurfacesS of interestis givenin implicit form, asthe zerolevel setof a
givenfunctiony : IR?* — IR. This functionis negative insidethe closedboundedregion defined
by S, positive outside,Lipschitz continuousa.e.,with S = {z € IR?® : ¢(z) = 0}. To ensure
that the data,which needsnot to be definedoutsideof the surfaceoriginally, is now definedin
the whole band,onesimplepossibility is to extendthis datau definedon S (i.e the zerolevel set
of 1) in sucha form thatit is constantnormalto eachlevel setof . This meansthe extension
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satisfiesVu - Vi = 0. (For simplicity, we assumeiow « to be a scalarfunction,althoughwe will

alsoaddressn this chaptermproblemswherethe datadefinedon S is vectorvalued. This is solved

in ananalogougashion.) To solve this we numericallysearchor the steadystatesolutionof the

CartesiarPDE 9
5%+S©deVu-Vw):O.

This techniquewasfirst proposedandusedin [21]. Note thatthis keepsthe givendatau on the

zerolevel setof ¥ (thegivensurface)unchanged.

Both theimplicitation anddataextension(if requiredat all by the givendata),needto bedone
only onceoff line. Moreover, they will remainfor all applicationghatneedthis type of data.

We will exemplify our framewnork with the simplestcasethe heatflow or Laplaceequatiorfor
scalardatadefinedon a surface.For scalardatau definedon theplane thatis, u(z,y) : R* —» R
it is well known thatthe heatflow 5

%:Au (4.1)

whereA := 2% + 24 is the Laplacians the gradientdescentiow of the Dirichlet integral

1
> |, IV | dedy, (4.2)

whereV is thegradient.

Eq. (4.1) performsisotropicsmoothingof the scalardatau, andthis smoothingprocessro-
gressvely decreasethe enegy definedin eq. (4.2). Figure4.1 showvs a planarscalarimage(left),
theresultof runningeq. (4.1) onit for acertaintime ¢, (middle),andtheresultof runningeq. (4.1)
onit for acertaintime t; > t, (right).

If we now wantto smoothscalardatau definedon a surfaceS, we mustfind the minimizer of
theenegy givenby

1
5 [ Vsul ds. (4.3)
Theequationthatminimizesthis enepy is its gradientdescenflow:
ou

Here Vs is the intrinsic gradientand As the intrinsic Laplacianor Laplace-Beltramioperator
Theseare classicalconceptan differentialgeometry and basicallymeanthe naturalextensions
of the gradientandLaplacianrespectiely, consideringall deriativesintrinsic to the surface. For

instancetheintrinsic gradientis justthe projectionontoS of theregular3D gradient.
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Classicallybothin thecomputegraphicsandnumericalanalysiscommunitieseq.(4.4)would
beimplementedn atriangulatedsurface,giving placeto sophisticate@ndelaboratedlgorithms
evenfor suchsimpleflows. We now shov how to simplify this whenconsideringmplicit repre-
sentations.

Recallthat S is givenasthe zerolevel setof a functiony : IR®* — IR, ¢ is negative inside
the region boundedby S, positive outsidewith S = {z € IR? : ¥(z) = 0}. We proceedhow to
redefinetheabove enegy andcomputeits correspondingradientdescenflow. Let + bea generic
threedimensionalector and P; the operatorthat projectsa giventhreedimensionalectoronto
the planeorthogonalko o
QU
|71

It is theneasyto shawv thatthe harmonicenegy (4.3)is equialentto (seefor example[86])

1
5/5 | PgVu |? dS, (4.6)

where N is the normalto the surfaceS. In otherwords, Vsu = PgVu. Thatis, the gradient
intrinsic to the surface(Vs) is just the projectiononto the surfaceof the 3D Cartesianclassical)
gradientV. We now embedthisin thefunction:

1
2 — . 2
[ I Vsul?ds =3 [ || Pgvul ds

S | PV | 86) || 9 | da

N[ —

N[

whered(-) standsfor the deltaof Dirac, andall the expressionsibore areconsideredn the sense
of distributions. Note thatfirst we got rid of intrinsic derivativesby replacingV s by Py Vu (or
Py, Vu) andthenreplacedheintrinsicintegration( /s dS) by theexplicit one( [, s dz) usingthe
deltafunction. Intuitively, althoughthe enepy livesin thefull spacethe deltafunctionforcesthe
penaltyto be effective only on thelevel setof interest. The lastequalityincludesthe embedding,
andit is basedn thefollowing simplefacts:

1. V¢ || N.
2. [o0(¢) || VY || dx = [4dS = surfacearea.

In AppendixB we shav thatthe gradientdescenbf this enegy is givenby

ou 1




SolvingPDE’s on Implicit Suriaces 51

In otherwords,this equationcorrespondso theintrinsic heatflow for dataon animplicit sur
face.But all the gradientsn this PDE aredefinedin thethreedimensionalCartesiarspacenotin
the surfaceS (this is why we needthe datato be definedat leaston a bandaroundthe surface).
The numericalimplementations thenstraightforvard. This is the beautyof the approach!Basi-
cally, for this equationwe usea classicalschemeof forward differencesn time anda succession
of forward andbackward differencesn space(seeAppendix E for details). The otherequations
in this chapteraresimilarly implemented.This follows techniquesasthosein [82]. Onceagain,
dueto the implicit representationglassicnumericsare used,avoiding elaborateprojectionsonto
discretesurfacesanddiscretizatioron generaimeshese.g.,[24, 40].

It is easyto shav a numberof importantpropertiesof this equation:

1. For ary secondembeddindgunction¢ = ¢(¢), with ¢’ # 0, we obtainthe samegradient
descenflow. Sincebothy and¢ have to sharethe zerolevel set,andwe areonly interested
in theflow aroundthis zerolevel set,this meanghattheflow is (locally) independenof the
embeddindunction?

2. If v is the signeddistancefunction, a very popularimplicit representationf surfaces(ob-
tainedfor examplefrom the implicitation algorithmspreviously mentioned),the gradient

descensimplifiesto

ou

We notethatwe couldalsohave derivedeq.(4.7) directly from the harmonicmapsflow

— = A
ot su,

via the simplegeometryexerciseof computingAsu for S in implicit form. This last propertyis
of particularsignificancelt basicallyshovs how to solve generaPDE’s, not necessarilgradient-
descenflows, for datadefinedon implicit surfaces. All thatwe needto do is to recomputethe
component®f the PDE for implicit representationsf the surface.Notethatin this way, concep-
tually, we canre-defineclassicalplanarPDE’s on implicit surfacesmakingthembothintrinsic to
theunderlyingsurfaceanddefinedon thewhole space.

Fromthis very simpleexamplewe have seernthekey point of ourapproachlf the procesghat
we wantto implementcomesfrom the minimizationof anenegy, we derive a PDE for thewhole
spaceby computingthe gradient-descendf the whole-spacexdensionof thatenepgy. Otherwise,

IWe thankF. Mémolifor helpingwith this fact.



52 Processingf imageinformationwith PDE’s

givenaplanarPDEwe recomputdts component$or animplicit representationf the surface.For
instanceanisotropiadiffusioncanbe performedon the planeby

ou Vu
7 — ; 4,
oY (n wn)’ (*9)

which minimizestheenegy 1 [ || Vu || dzdy (se€[82]).

Figure4.2 shows a planarscalarimage(left), theresultof runningeq. (4.9) onit for acertain
timet, (middle),andtheresultof runningeq. (4.9) onit for a certaintime ¢; > ¢, (right).

If we now wantto performanisotropicdiffusion of scalardataon a surfaceS, we caneither
recomputethe gradient-descerftow for an extensionof the enegy or just substitutein eq. (4.9)
the correspondingxpressions Either way, we obtainthe sameresult,the following PDE, which
is valid in the Euclideanspace:

ou 1 Ppru )
ou _ . v ). (4.10)
Tl (n Pogva ] | VY

In thefollowing sectionmoreequationswill be presented.

4.3 Experimental examples

We now exemplify the framework justintroducedfor anumberof importantcasesThe numerical
implementatioruseds quitesimple,andrequiresafew linesof C++ code. TheCPUtimerequired
for the diffusion examplesis of a few secondn a PC (512Mb RAM, 1GHz)underLinux. For
the texture synthesisexamplesthe CPU time rangesrom a few minutesto onehour, depending
on the patternand parameterghosen.All the volumesusedcontainroughly 128 voxels. Note
onceagainthat dueto the useof only a narrov bandsurroundingthe zerolevel set,the order of
thealgorithmiccompleity remainghe same.Ontheotherhand,the useof straightforvard Carte-
siannumericsreducegsheoverallalgorithmiccompleity, improving accurag andsimplifying the
implementation.

4.3.1 Diffusion of scalarimageson surfaces

Theuseof PDE’s for imageenhancemertasbecomeoneof the mostactive researclareasn im-
ageprocessingl7]. In particular diffusionequation@recommonlyusedfor imageregularization,
denoisingandmultiscalerepresentation§epresentinghe imagesimultaneoushat severalscales



SolvingPDE’s on Implicit Suriaces 53

or levelsof resolution).This startedwith theworksin [51, 102, wherethe authorssuggestedhe
useof thelinearheatflow (4.1)for thistask,whereu representtheimagegrayvalues(theoriginal
imageis usedasinitial condition). As we have seenthisis the gradient-descertf (4.2),andthe
generalizationsf theseequationdor dataon the surfacearegivenby (4.4) and(4.3) respectiely.
In implicit form, the heatflow on surfacess givenby (4.7). Figure4.3 shavs a simpleexampleof
imagediffusionon a surface. Pleasenotethatthis is not equivalentto performing3D smoothing
of thedataandthenlooking to seewhathappenean S. Our flow, thoughusingextended3D data,
performssmoothingdirectlyonthesurface,it is anintrinsic heatflow. Thecompletedetailsof the
numericalimplementatiorof this flow aregivenin AppendixE (thiswill onceagainshav how the
implementatioris significantlysimplifiedwith theframework heredescribed).

Figure4.4 shavs anexampleof addinga constrainto the surfacePDE, following [82]. In this
case the varianceof the noiseis known andthis is addedto the variationalformulation. To the
flow (4.10)we add

MY — o),

whichcomesromtheEulerLagrangavhentheconstraing [(u—uo)dS (Or 3 [ps (u—ug)?8(¢) ||
V1 || dx) is addedto the harmonicenegy () is a parameteandu, is theinitial noisyimage;see
AppendixC for away to estimate)). In the samefigure, comparethe resultsobtainedwhenno
constrainis imposed.

Thesameapproachthatof anisotropiaiffusionwith a stoppingterm,maybeusedto perform
intrinsic deblurring, see[22].

We shouldnotebeforeproceedinghat[48] alsoshavedhow to regularizeimagesdefinedona
surface.Theauthors approachs limited to graphg(not genericsurfaces)andonly appliesto level
setbasedmotions. The approachs simply to projectthe deformationof the dataon the surface
ontoa deformationontheplane.

4.3.2 Diffusion of dir ectional data on surfaces

A particularlyinterestingexampleis obtainedwhenwe have unit vectorsdefinedon the surface.
Thatis, we have dataof theform« : S — S™~'. Whenn = 3 our unit vectorslie on the sphere.
Particularexamplesof thisareprincipaldirectiong(or generabirectionalfieldson 3D surfaces)and
chromaticityvectors(normalizedRGB vectors). This is alsooneof the moststudiedcasesf the
theoryof harmonicmapsdueto its physicalrelationshipwith liquid crystals,andit wasintroduced
in [89] for the regularizationof directionaldata,unit vectors,on the plane. This framewvork of
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harmonicmapswasusedin computergraphicsfor texture mappingandsurfaceparameterization,
aspointedoutearliet
We still wantto minimizeanenegy of theform

L Vsu P ds,
S

thoughin this caseV s is the vectorialgradientandthe minimizeris restrictedto be a unit vector
It is easyto shaw, e.g.,[15, 88], thatthe gradientdescenbf this enegy is givenby the coupled
systemof PDE’s

ou;
ot
This flow guaranteeshattheinitial unit vectoru(z, y, z,0) remainsa unit vectoru(z, y, z, t) all
thetime, therebyproviding anequatiorfor isotropic(p = 2) andanisotropiqp = 1) diffusionand
regularizationof unit vectorson a surface.
We cannow proceedasbefore,andembedthe surfacesS into the zerolevel-setof ¢, obtaining
thefollowing gradientdescentlows:

= divs (|| Vsu [P~? Visu;) +wi || Vsu [P, 1<i<n.

Ou,; 1 ( PgyVu;

| PoyVu ||>77

-t Vo ||| +u || PouVu | . 4.11
= o 196 1)+l oy V| @.11)

SeeAppendix D for a derivation of this resultfor p = 2. Note onceagainthat althoughthe

regularizationis doneintrinsically on the surface,this equationonly containsCartesiargradients.
An exampleof this flow for anisotropicdiffusionof principal directionvectorsis givenin Figure
4.5. Onthe left, we seethe surfaceof a bunry with its correspondentectorfield for the major
principaldirection. Any irregularity on the surfaceproducesa noticeablealterationof thisfield, as
canbeseenin the detailsa andb. In thedetailsa’ andb’, we seethe resultof applyingthe flow

(4.11).Onceagain theimplementatiorof thisflow with our framework is straightforvard,while it

would requirevery sophisticatedechnique®n triangulatedsurfaces(techniqueghat, in addition,
arenotsupporteddy theoreticakesults).

Following alsothe work [89] for color imagesdefinedon the plane,we shav in Figure 4.6
how to denoisea color imagepaintedon animplicit surface. The basicideais to normalizethe
RGB vector(athreedimensionalector)to a unit vectorrepresentinghe chroma,anddiffusethis
unit vectorwith the harmonicmapsflow (4.11)? The correspondingnagnitudeyepresentinghe

2We re-normalizeat every discretestepof the numericalevolution to addressleviationsfrom the unit normdueto
numericalerrors[23]. We couldalsoextendthe framework in [1] andapplyit to our equations.
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brightnessjs smoothedseparatelyia scalardiffusion flows asthosepresentedefore(e.g.,the
intrinsic heatflow or theintrinsic anisotropicheatflow). Thatis, we have to regularizea maponto
S? (thechroma)andanothemneonto IR (the brightness).

4.3.3 Pattern formation on surfacesvia reaction-diffusion flows

The useof reaction-difusion equationsfor texture synthesisbecamevery popularin computer
graphicsfollowing the works of Turk [97] andWitkin andKass[104]. Theseworks follow orig-
inal ideasby Turing [96], who shaved how reactiondiffusion equationscanbe usedto generate
patterns.The basicideain thesemodelsis to have a numberof “chemicals”thatdiffuseat differ-
entratesandthatreactwith eachother The patternis thensynthesizedy assigninga brightness
valueto the concentratiorof oneof the chemicals.The authorsin [97, 104] usedtheir equations
for planartexturesandtextureson triangulatedsurfaces.By usingthe framewnork heredescribed,
we cansimply createtextureson (implicit/implicitized) surfaces without the elaboratedschemes
developedin thosepapers’®
Assuminga simpleisotropicmodelwith justtwo chemicalsu; andu,, we have

ou
a—tl = F(Ul,’U,Q) + DlA’U,l,
% = G(Ul, ’U,Q) + DQA’U,l,

whereD, andD, aretwo constantsepresentinghe diffusionratesand F' andG arethefunctions
thatmodelthereaction.

Introducingour framework, if u; andu, aredefinedon a surfaceS implicitly representeas
thezerolevel setof 1) we have

(9u1 1
- =F Di—V - (P 4,12
N2 G, up) + Dy - (Poy Vs || V0 ) (4.13)

For simpleisotropicpatterns;Turk [97] selected

F(uy,ug) = s(16 — uyus),

3Note that this is not the schemeproposedn [76], wherethe texture is createdin the full 3D space. Here,the
textureis createdvia reaction-difusionflows intrinsic to the surface just theimplementatioris on theembedding3D
space.
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G(uy, ug) = s(uyug — ug — B),

wheres is a constantand s is a randomfunction representingrregularitiesin the chemicalcon-
centration. Examplesof this, for implicit surfaces,are givenin Figure 4.7 (the coupledPDE’s
showvn above arerun until steadystateis achieved). To simulateanisotropictextures,insteadof
usingadditionalchemicalsasin [97], we useanisotropiadiffusion,assuggestedh [104]. For this
purposewe replaceeq.(4.12)with:

8u1

ot V(4 - PoyVur)d || Vo |, (4.14)

1
B R
where d is a vectorfield tangentto the surface, e.g.,the field of the major principal direction
(whichfor our exampleshasbeenalsoaccuratelycomputedlirectly ontheimplicit surface,using
the techniqueproposedn [63]). Note how this particularselectionof the anisotropicreaction-
diffusionflow directionprovidesa texture thathelpson the shapeperceptiorof the object. Addi-
tional patternscanbe obtainedwith differentcombinationsof the reactionanddiffusion partsof
theflow.

4.3.4 Flow visualization on 3D surfaces

Inspiredby the work on line integral corvolution [16] andthat on anisotropicdiffusion[77], the

authorsof [25] suggestedio useanisotropicdiffusionto visualizeflows in 2D and3D. The basic
ideais, startingfrom a randomimage,anisotropicallydiffuseit in the directionsdictatedby the

flow field. The authorspresentedrery nice resultsbothin 2D (flows on the plane)and 3D (flows

on a surface), but once againusing triangulatedsurfaceswhich introducemary computational
difficulties. In a straightforvard fashionwe cancomputetheseanisotropicdiffusion equationn

theimplicit surfaceswith the framework hereintroduced.The equationusedis simply

ou 1
ot ||V |l
Someresultsarepresentedn Figure4.8. Notethe complicatedopologyandhow boththein-
sideandoutsidepartsof the surfacesareeasilyhandledwith ourimplicit approachAlso notethat,
whenwe choosehe vectorfield to bethatof oneof the principaldirections theresultemphasizes
thesurfaceshape.

V- (d - PoyVu)d || V4 |), (4.15)
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Figure4.1: Planarisotropicdiffusion. Left: originalimage.Middle andRight: increasinghumber
of diffusionsteps.

Figure 4.2: Planaranisotropicdiffusion. Left: original image. Middle and Right: increasing
numberof anisotropiadiffusionsteps.

Figure4.3: Intrinsic isotropicdiffusion. Left: original image. Middle: after 60 diffusion steps.
Right: after 160diffusionsteps.



58 Processing@f imageinformationwith PDE'’s

Figure 4.4: Intrinsic Total Variation (TV) denoising(anisotropicdiffusion with stoppingterm).
Scalardatashown in colorfor visualizationpurposesLeft: original. Middle: TV at step80. Right:
intrinsic anisotropicdiffusion, with no stoppingterm, at step80. Notice how TV doesnot smear

thedata.
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Figure4.5: Intrinsic vectorfield regularization.Left: original field of major principal directionof
thesurface.Detailsa andb: originalfield. Detailsa’ andb’: afteranisotropiaegularization.
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Figure 4.6: Intrinsic vector field regularization. Left: original color image. Middle: heay
noise hasbeenaddedto the 3 color channels. Right: color imagereconstructedfter 20 steps
of anisotropiadiffusionof thechromavectors.

Figure 4.7: Texture synthesisvia intrinsic reaction-difusion flows on implicit surfaces. Left:
isotropic. Right: anisotropic.Pseudo-colorepresentatiomf scalardatais used. The numerical
valuesusedin thecomputationsvere D; = 1.0, D, = 0.0625, s = 0.025, 8 = 12.0 £ 0.1, u;(0) =
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Figure 4.8: Flow visualizationon implicit 3D surfacesvia intrinsic anisotropicdiffusion flows.
Left: flow alignedwith the major principal directionof the surface. Right: flow alignedwith the
minor principaldirectionof the surface.Pseudo-colorepresentationf scalardatais used.



Chapter 5

Conclusionand futur ereseach

In this chaptemwe will briefly summarizehe conceptgpreviously introduced Also, futurelines of
researcharesuggestedyothto improve performanceandto extendthe presentechniquego new
applications.

5.1 Preliminary work

In Chapter2 we presentedwo algorithmsthat usea systemof coupledPDE’s and projection
of velocitiesto performtracking. This conceptof projectingquantitieswas later usedboth for

theinpaintingequation(Chapter3) andfor the framawork for solving PDE’s onimplicit surfaces
(Chapterd). The key ideais thatthe projectionof velocitiesmakesour tracking surfacehave the

samevelocity asthatof the objectto betracked. The formulationis very generalandallows for

improvementspeciallyin theMorphingActive Contoursalgorithm:findingmorerobustselections
of thefeaturemap F; andthediscrepang function 3, usingmorethanjust 2 frames(via Kalman
filtering or usingthe techniquesn the novel schemedevelopedin [12]), proving existenceand
uniquenessheoreticaresults.

5.2 Image Inpainting

In Chapter3 we introduceda novel algorithmfor imageinpaintingthat attemptsto replicatethe
basictechniquesusedby professionatestorators.The basicideais to smoothlypropagatenfor-
mationfrom the surroundingareasn the isophotedirection. The userneedsonly to provide the

61
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regionto beinpaintedtherestis automaticallyperformedby the algorithmin a few minutes.The
inpaintedimagesaresharpandwithout color artifacts. The examplesshovn suggest wide range
of applicationdlik e restorationof old photographsand damagedilm, removal of superimposed
text, andremoval of objects. Theresultscaneitherbe adoptedasa final restorationor be usedto
provide aninitial pointfor manualkestorationtherebyreducingthetotal restoratiortime by orders
of magnitude.

Oneof the main problemswith our techniquds the reproductiorof large texturedregions,as
canbe seenin Figure3.17. The algorithmhereproposeds currentlybeingtestedin conjunction
with texture synthesisdeasto addresghis issue.We are mainly investigatingthe combinationof
this approachwith the reaction-difusion ideasof Kassand Witkin andof Turk, andthe texture
synthesidgdeasof Efros[30]. An idealalgorithmshouldbe ableto automaticallyswitch between
texturedandgeometricareasandselectthe bestsuitedtechniqudor eachregion. Thisis currently
beinginvestigatedfor the specificapplicationof recovery of lossesn JPEGcompressionby S.
Rane(Graduatestudentat the ECE Department.)

We would alsolik eto investigatenow to inpaintfrom partialdegradation.In theexampleof the
old photofor example,ideally the maskshouldnot be binary, sincesomeunderlyinginformation
existsin thedegradedareas.

Althoughtheoreticalresultsfor high orderequationsareavailable,e.g.,[10], andsomeprop-
ertieslik e preseration of the imagemomentscanbe immediatelyproved for our corresponding
equation(thiswasdoneby A. Bertozzi),furtherformal studyof our inpaintingequationis needed
(seealso[95, 19]). Neverthelessthis suggestsheinvestigationof the useof lower, secondordet
PDE’s to addresghe inpainting problem. We can split the inpainting probleminto two coupled
variationalformulations,onefor the isophotedirection (point (2) in Section3.3.1)andonefor
the gray-\values,consistenwith the estimateddirections(point (3) in Section3.3.1). The corre-
spondinggradientdescentlowswill givetwo coupledsecondrderPDE’sfor whichformalresults
regardingexistenceanduniquenessf thesolutionscanbeshowvn. An alternatve formulationjoins
bothequationsn asinglePDE. Thisis reportedn [5].

Finally, let us commenton the notedlink betweenthe inpainting equationand the Navier-
Stokesone. Finding a correspondencm terminologyfor ImageProcessingaind Fluid Dynamics
may prove to be of significance helpingto understandomeproblemsby looking at themin a
differentway. We can usetools that have alreadybeendevelopedwith greatsuccess:in our
casewe will try stateof the art numericalimplementation®f the Navier-Stokesequationfor our
inpaintingproblem,hopefullyincreasingspeedandperformance The factthatthe Navier-Stokes
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equationallows for spatialperiodicity in its solutionsmay be a way to incorporatetexturein our
problem.This analogywith the physicalworld mightalsohelpfinding away to extendinpainting
for new applicationsinpaintingin video, high quality digital zooming,image/videacompression.

5.3 PDE’sonimplicit surfaces

In this chapterwe introduceda novel framework for solving variationalproblemsand PDE’s for
datadefinedon surfaces. The techniqueborrowns ideasfrom the level settheory andthe theory
of harmonicmaps. The surfaceis embeddedn a higherdimensionalfunction, and the Euler
Lagrangeflow or PDE is solved in the Cartesiancoordinatesystemof this embeddingfunction.
Theequationsareintrinsic to theimplicit surface,following the generaformulationsin harmonic
maptheory With this framework we enjoy accurag, robustnessandsimplicity, asexpectedirom
the computationof differentialcharacteristic®n iso-surbices(implicit surfaces). In additionto
presentinghe generalapproachwe have exemplifiedit with equationsarisingin imageprocess-
ing and computergraphics. We are currently investigatingotherapplicationsof this framework,
e.g,imageinpaintingon surfaceg9], inverseproblemsasthosein [33], andtexture mappingfor
implicit surfacesfollowing [27].



Appendix A

Numerical implementation of the Inpainting

Equation
/***** n-aln ***********************/
fr: imge

B: mask (=1 inside inpainting region, 0 outside)

dt: tinme step

T: total # of iterations

pasosK= # of ani sotropic difusion steps

pasosL= # of inpainting steps in between difusion steps

for(int t=0; t<T;t++)
i f(div(t, pasosL).rem =0)
{
ut _tnp2=fr->Laplaciano(); //ut_tnp2 is the Laplacian of fr
ut _t mp=fr->i npai nt (B, ut _tnp2);
ut =ut _t np*dt;
fr=fr+ut;
del ete ut _tnp2;
del ete ut _tnp;
}
el se
fr->di fusi on(pasosK, B);
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Numericalimplementatiorof the Inpainting Equation

/********** Iapl aCIan **************/

f: original imge
LAP: | apl aci an of f

for (int i=1; i <rows ;i++)
for (int j=1;j < cols; j++)

fxx=f[i+1][j]-2*f[i][j]+F[i-1][j];
fyy=t[i][j+1]-2*f[i][j1+F[i][]j-1];
LAP[i][]]=fxx+fyy;

/************* |npa| ntll’lg **************/

res=i m>i npai nt (B, | ap)
im original imge

B: mask

| ap: laplacian of im
res: final result

for (int j=1;j<cols-1; j++)
for (int i=1;i <rows-1 ;i++)
if(B[i][j]) //if we are inside the inpainting region

Ix=(C infi+1][j]-inli-110]1 )/2;

Ly=(C infi][j+1]-in{i][j-1] )/2;

Modd =sqrt (I x*I x+ly*ly+le-6); //Modd is the norm
/lof the gradient of im

NI x=I x/ MbdQ ;
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Nly=ly/Modd; //Nix and NIy are the conponents
/1 of the normalized gradient

Ixat=infi][j]l-imi-21]1[j];//backward derivative
Ixad=infi+1][j]-imi][j];//forward derivative
lyat=infi][j]-in{i][j-1];
lyad=in{i][j+1]-infi][j];

| xat memi n( | xat, 0);
| xat M=emax( | xat , 0) ;
| xadnmem n( | xad, 0) ;
| xadMemex( | xad, 0) ;
I yat n=m n( Il yat, 0);
| yat M=max( | yat, 0);
| yadnem n(1yad, 0);
| yadMemax( 1 yad, 0) ;

c=0.5*( (lap[i+1][j]-lap[i-1][j])*(-Ny) +
apli][j+1]-Tap[i][j-1])*(NIx) );

(

if (c>0)
Modd =sqrt ( | xatnflxatm + | xadM| xadM +
lyatntlyatm + | yadM | yadM ) ;
el se
Modd =sqrt( | xat Ml xatM + | xadnt| xadm +
lyat MlyatM + | yadntlyadm);

c*=ModQd ;

fl oat ssigno=signo(c);//ssignois the sign (1 or -1) of c

res[i][j]=ssigno*sqrt(sqrt(ssigno*c)); //non-Ilinear scaling
//of the inpainting equation



Numericalimplementatiorof the Inpainting Equation

/********** an| SOt ropl c d| fUSI on *******************/
res=f->di fusion(T, B)

f: original imge

T. # of steps of difusion
B: mask

res: final result

res=fr;
for(t=0;t<T;t++)
for (int j=1;j <cols-1;j++)
for (int i=1; i<rows-1;i++)

PE(Bli]0I])

fx=C fLI+1][j]-f[i-2][j] )/2;

fy=C fLi10i+1]-f01][j-1] )/2;

fxx=C fLI+1][j]-2*F[i ] [JI+F[0P-210)] );

fyy=C fLIT0]+1]-27f[i][j]1+f[i][j-1] );

fxy=( fLi+2)[j+1)-F[i-21[j+2]-F[i+2][j-2)+F[i-2]1[j-1] )/4;
n2=f x*f x+f y*fy+1le- 10;

res[i][jl= f[i][j]+0.2*(fyy*fx*fx+fxx*fy*fy-2*fx*fy*fxy)/n2;



Appendix B

Heat flow on implicit surfaces

Considering
1

2 Joem3

E(u) :
andy a perturbatiorof u,
4 lmoBu+tn) = [ (PoyVu- PoyVu)o) || V¥ || da
. . B Vv -Vu
= [ (Peu¥u- Vi) || Vi | da

V-V
= [ PovVu V)5 0(@) 1| Vo |l da

N /Q(P vy V- Vu)o(y) | Vi || de

= [V (PoyVus(y) || Vi

= — [ V- (PoyVu || Vo )0()ude
— [ (PoyVu- V) (@) || V9 | pda

- /QV - (PoyVu || V4 [)5(4) pdz

- _/sngo}mv'

Sincetheabove hasto be zerofor all i, we concludethatat the zerolevel setof ),
1

Ve |

I PoyVu |l* 6(v) | V¢ | da,

(PouVul| Vo [)uds.

V- (PoyVu || Vi []) =0,
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andwe make a naturalextensionto thewholedomain( by consideringhisto holdonit.* Wethen
obtainthatthe gradientdescentor the“implicit harmonicenegy” is givenby

ou 1
5= oY PesVull VU . ©.1)

We have assumedhat|| V¢ ||# 0, atleaston a bandsurroundingthe zerolevel set. This assumptioris valid
sincewe canmake the embeddingunctionto be a distancefunction (|| Vi ||= 1), or simply multiply 3 by another
functionthatguaranteethatthe zero-level setS is presered andthatthe gradientof the nev embeddindgunctionis
notzero.



Appendix C

Denoisingwith stoppingterm

We have addedan extra term to equation(4.10) so that the evolution stopsby itself, given an
estimateof theamountof noisethatthe originalimagehas.TheresultingPDEis:
ou 1 Py, Vu
5 = o™ (rewep I 781 -0 w). D
AssumingGaussiamoisewith known variances? onthesurface,0? = [ ps (u — u0)?6(¥) ||
V1 || dz, we needthento estimatethe paramete\. A way to do this, assuggestedh [82], is the
following. We merelymultiply eq.(C.1) by (u — u0)d(v) || V¢ || andintegrateby partsover (2.
If the steadystatehasbeenreachedtheleft sideof eq.(C.1)vanishesandwe have:

1

This givesusadynamicvalue\(t).

Pv¢Vu

A= S A A
| PoyVu ||

dS (C.2)
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Appendix D

Diffusion of dir ectional data on surfaces

We consider to bedataof theform v : S — S 1. Forn = 3 we have unit vectorsonthesphere:
u = (ug, ug, ug), || v ||=1.
We definethe norm of thevectorialgradientof u:
IV ll= (I Vo 12+ 1| Vus |2 + || Vus [|)2
andalsothe normof theintrinsic vectorialgradient:
| PoyVu ||= (|| PoyVus |2+ || PoyVus |2 + || PoyVus |2)?

We wantto minimizetheenegy

1

EA(U) = 5 QelR3

I PoyVu [ 6(¥) || Vo || da,

with the constrainthatw is of unit norm:
1

- 57 QcIr3

Ep(u): (w* = 1)6(¥) || V¥ || da,

soin practicewe wantto minimizetheenegy E(u) = E4(u) + Eg(u).
Applying to E4(u) themethoddescribedn AppendixB,

4 hoBlu+tw) = [ (PoyVur - PoyVim)s() || Vi || do
+ [ (PoeVus - PoyVim)o@) | Vo | da
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72 Processingf imageinformationwith PDE’s

we obtainthatthe gradientdescentor E 4 is givenby

— = 7—=——=V - (PyyVu; | V . D.1
for eachof thethreecomponent®f u.
Thegradientdescentor Ep is simply
aui
5 = T (D.2)

Sothecomposedyradientdescentfor E, is

= V - (PyyVu; || V — Yu;. D.3

We mustfind the valueof v. Multiplying bothsidesof eq. (D.3) by u;, makinga summation
overi andbearingin mindthat|| » ||= 1, we get

V= Su;V - (| VY | PoyVu) (D.4)

I w |

Usingtheequalities

V(I VY Il PoyVui) =V - (ui || V|| PoyVus) - Vui' I Vi || PoyVus,

ViyVu; 5 VpVu?
v (Vo= g oV = 5V = g V)
Vi || Vi || PoyVu; =|| VO || V- PoyVu; =|| VO ||| PoyVau; ||
andthefactthat
EVuZ? = V(Euf) =V(1) =0, (D.5)
we finally obtain
7= || PoyVu P (D.6)

sothegradientdescentor E is

ou; 1
‘= —— V- (P ; i |l P 2, D.7




Appendix E

Numerical implementation of the heat flow
onimplicit surfaces

We now provide detailson the numericalimplementationof the intrinsic heatflow on implicit
surfaces. All otherequationgeportedin this chapterare similarly implemented.Recallthat all
equationsare on Cartesiangrids, therebypermittingthe useof classicalnumerics. We work on
acubicgrid (Az = Ay = Az = 1), usingan explicit schemewherewe computethe value of
uy;y, = u(iAz, jAy, kAz,nAt) basedonly in previousvalues(t = (n — 1)At) of its neighbors,
i.e.,forwardtime differences.

Firstly, we computethe 3D gradientof u usingforwarddifferences:

n,J k= VUi gk~ Uigk Uik — Uik Uit — un,J,k)
We computethe vectorﬁ (i, 7, k), which givesthe direction of the (outward) normalto the
isosurficeof ¢ atthepoint (z, j, k):

ﬁi,j,k = V¢i,j,k = %(¢i+1,j,kz - ¢i—1,j,k7 wi,j-l—l,k - Qpi,j—l,lc; @bi,j,kz—l—l - ¢i,j,kz—1)-

Herewe have usedcentraldifferences Note that, since is fixed, ﬁ(z’, J, k) doesnot change
in time andwe needonly to computeit once. Its normis: || N)Uk = ( f’n:l(Ni,j,k[m]V)%. The
squarebracletsdenotethe component®f thevector Thenwe computetheintrinsic gradient;.e.,
we projectVu ontothe planensormalto N:

2 et Nig,klm]-vi gk [m]
Py ) LA W | |

Finally, we usea backward-diferencesmplementatiorof the divergence:

V-Wijk = wigkll] — wio1g61] + wigel2] — wig-14[2] + wik[3] — wige-a[3]

For theimplementatiorof somePDE’s lik e theflow visualizationeq.(4.15),it mightbecorve-
nientto alternatebackwardandforwarddifferencegor thecomputatiorof the 3D gradientandthe

Z]k a]ak - Z,],k
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74 Processingf imageinformationwith PDE’s

divergence.This way we avoid numericalartifacts. Sincewe have 3 dimensionsthereare2? = 8
waysto computethe gradientor divergence dependingon which sortof differenceschemegback-
ward B or forward F') we usefor eachdimensionihe bestway is to usecomplementargchemes
in gradientanddivergence(e.g.,(B, F, B) for thegradientand(F, B, F’) for thedivergence)and
changeo otherof the 8 possibilitiesin eachiterationof thealgorithm.

With forwardtime differencesthe numericalimplementatiorof the heatflow onimplicit sur
faced(eq. (4.7))is then:

Uik = Uyt A=AV (PP | Vs )
1,7,k
If the embeddingunctif)n is a signeddistancefunction, obtainingeq. (4.8), this expression
for the numericalimplementationof the intrinsic heatflow is simplified even further, makingit

virtually trivial.
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