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Abstract. In this paper we consider the optimization problem of an agent who wants to
maximize the total expected discounted utility from consumption over an infinite horizon.
The agent is under obligation to pay a debt at a fixed rate until he/she declares bankruptcy.
At that point, after paying a fixed cost, the agent will be able to keep a certain fraction
of the present wealth, and the debt will be forgiven. The selection of the bankruptcy
time is taken to be at the discretion of the agent. The novelty of this paper is that
at the time of bankruptcy the wealth process has a discontinuity, and that the agent
continues to invest and consume after bankruptcy. We show that the solution of a free
boundary problem satisfying some additional conditions is the value function of the above
optimization problem. Particular examples such as the logarithmic and the power utility
functions will be provided, and in these cases explicit forms will be given for the optimal
bankruptcy time, investment and consumption processes.
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1. Introduction

We consider a financial market that consists of a risky asset (stock) with price Sy and a
fixed interest rate . We assume that the stock follows a geometric Brownian Motion with
a constant average rate of return p and dispersion coefficient o. There is an agent in this
market who is under the obligation to pay a debt at a fixed continuous rate d until the time
he/she declares bankruptcy. At that point the debt is erased, the agent will pay a fixed
cost F' and keep a given fraction « of the remaining wealth. The decision variables are the



consumption and investment processes {(c;,m), 0 <t < oo} and a stopping time 7 < oo
representing the time of bankruptcy. We allow 7 = oo which corresponds to the event that

bankruptcy is never declared. We will maximize the quantity E [ fooo e U (cy)dt| where

U(+) is a utility function, and + is a given discount factor. The novelty in this optimization
problem is that the agent keeps investing and consuming after the possible bankruptcy,
and utility is derived from consumption after time 7 as well. Examples for this situation
include holders of housing loans, student loans, or small business loans where the business
proprietor is also personally liable for repayment of the loan.

Another mixed optimal stopping/control problem has been studied by Karatzas & Wang
(2001). In that paper the "duality method” have been used. In order to derive explicit
solutions, in particular for the optimal wealth level at bankruptcy, we are going to use the
dynamic programming method. The initial impetus for this work came from the above
mentioned paper where in Appendix B it is suggested that an optimization problem over
a consumption stream that extends beyond a discretionarily selected stopping time 7 is an
interesting open problem. It is an important feature of our model that the wealth process
is discontinuous at time 7.

We shall prove that the solution of a particular free boundary problem satisfying some
additional conditions is actually the value function of our optimization problem, and that
it is optimal to declare bankruptcy if and only if the wealth is less or equal than the free
boundary. It will be shown also that under the optimal policy bankruptcy will be declared
in finite time with probability one . Explicit solution for the free boundary problem will
be presented for the logarithmic and the power utility functions.

2. The optimization problem.

We consider a financial market that consists of a risky asset whose price Sy evolves accord-
ing to the dynamics
dS; = pSydt + oSydwy 3 t €0, 00)

and of a fixed interest rate r. The time horizon is [0,00), the process {w;,t < oo} is
a standard Brownian Motion on the filtered probability space (2, F, P), {F:, t < oo},
where the filtration is the augmentation of the natural filtration of the Brownian Motion
{wy, t < co}. Let m; be the amount of money invested in the risky asset, and ¢; be the
consumption rate at time ¢. The agent is under obligation to repay a debt at a fixed rate
d > 0 until he/she declares bankruptcy (which may never occur). Let X; be the wealth
at time f. At bankruptcy time 7 the agent has to pay F' > 0 as a fixed cost, and will be
able to keep the amount a(X,; — F) where 0 < a < 1 is a given constant. In order to
guarantee that the agent is able to cover the fixed cost of the bankruptcy and possibly still
has some minimum amount of wealth after that time, it will be required that the wealth
before bankruptcy is not below the level F'+ 7, where n is a “small”’non-negative constant.
After bankruptcy the debt is forgiven, and our agent continues to consume and invest. Let
x > F + n be the initial endowment. We postulate that the wealth process satisfies the
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following equation:
t t
X, =ux —I—/ [(u —r)ms+rXs —d— cs]ds —I—/ omgdwg , t<T, (2.1)
0 0

Xop =X, — F),

t t

Xt:XTJr—f—/[(,u—r)ws—i—rXS—cS}ds—l—/ omgdws , t>T.

T T

2.1 Definition: A strictly increasing, strictly concave function U : (0,00) +— R is
called a utility function if it is three times continuously differentiable on (0, 00), and
lime—oo U'(c) =0 .

We extend U(+) to [0,00) by U(0) 2 lim.—o4+ U(c) > —oo. The quantity lim._o4 U’'(c)

may be both finite or plus infinity. Notice that U’(-) is strictly decreasing on (0, 00).We
define the pseudo-inverse of U’(+) as

I(y) = inf{c > 0; U'(c) <y}
which becomes the inverse of U’(-) if lim._.o4 U'(c) = oc.
2.2 Definition: We call a policy (7, {(m,¢¢), t < o0}) admissible if

7 < o0 is a stopping time (not necessarily finite);

{ct; t > 0} is a measurable, adapted non-negative process such that fot csds < o0, a.s., for
all t < oo;

{m; t > 0} is a measurable adapted process such that fof 72ds < o0, a.s., for all t < oc;
Xy >0 ,as. t<oo;

Xipr 2 F 41 a8, t<oo;
E|ls" e_’YtU_(ct)dt] < 00 .

We denote by A(z) the class of admissible policies.

Let v > 0 be a fixed discount factor. Our optimization problem is to maximize

EUOOO e‘”tU(ct)dt} (2.2)

over all admissible policies (7, {(m,¢t), t < 00}) € A(x). We define the value function of
this problem as

V(x) = Sup{E[/ooo e_’th(ct)dt}; (7. {(m0,c1), 1 < 00}) € A(:z:)} |
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We shall call the above optimization problem with d = 0 Merton’s problem. In that case
obviously the agent will never declare bankruptcy since there is nothing to gain from
it (there is no debt). We denote by V(z) the value function for Merton’s problem and
by 7 = II(X;),é& = C(X;) the feedback form for the optimal investment/consumption
policies. The functions V(-),II(-), C(-) are computed in Karatzas et al. (1986) for different
choices of the utility function, and in the present paper we regard these functions as known.
Throughout this paper we shall assume that

V(z) <oo, x€(0,00). (2.3)

A sufficient condition for (2.3) is available in Karatzas et al. (1986). Obviously
V(x) < V(x) for all x € [F 4 n,00) thus also

V(z)<oo, x€l[F+n,0). (2.4)

An intuitively obvious fact is that after bankruptcy an optimally behaving investor will
follow the optimal investment /consumption policies II(X;), C(X;) for Merton’s problem,
thus we are only interested in the optimal bankruptcy time 7* and the optimal invest-
ment /consumption policies (7*,¢*) (for our original optimization problem) up to 7*.

2.3 Definition: We denote by A;(r) C A(z) the class of admissible controls such that

E Moo e”tU(ct)dt] =F {ewf/(a(XT — ) 1rcooy| - (2.5)

We have the following (rather obvious) proposition:

2.4 Proposition: If (7, {(m,¢), t < oo}) € A(x) is an admissible policy and { (7, ¢;), 7 <
t < oo} = {(II(Xy),C(Xy)), T <t < oo}, then (7, {(m,¢1), t < o0}) € Aj(x). Addition-
ally, for every = € [F + 1, 00)

Viz) = Sup{E[/ooo e_’YtU(ct)dt} (T e), t < 00)) € Al(:zz)} . (2.6)

We defer the proof of this proposition to Appendix A4.

By the above proposition it is sufficient to maximize (2.2) over the class A (z), and we are
going to do exactly that in the following sections.

3. Analytic characterization of the value function and the optimal policy

For every p € ® and ¢ > 0 we define the second order differential operator D®) in the
following way. For every open set G C R and ¢ € C?(G) the function DP9 ¢ : G — R will
be defined as

D) p(x) = ¢ (x) |p(p— 1) + 1 —d —c| + %éb"(ﬂ?)agpz +U(c) —yp(x), ze€dG. (3.1)
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We also define D¢ : G +— R U {oo} for every open set G C R and ¢ € C?*(G) as

Do(x) = sup DPVp(x), zeG.
pER,c>0

The following theorem will characterize the value function and the optimal policy in terms
of a solution of a free-boundary problem.

3.1 Theorem: Assume that there exist a continuous, strictly increasing function ¢ :
[F'+1n,00) — R and a constant b > F + 7 satisfying the following conditions:

¢ € C! <[F + 1, oo)) nC? <(F +n,b) U (b, oo)), and the limits lim, ., ¢”(x) and

lim, ., ¢"(x) exist and are finite;
d(x) > V(a(z — F)), z€ b oo);

¢(x) =V(a(x = F)), € [F+n.b]

Do(z) =0, =z € (b,o0);
Do(z) <0, =z € (F+mn,b);
There exist positive constants K, K7, and K5 such that
¢'(x)
() <Kr+K,, z¢€(b ), (3.2)

and the Lipschitz-condition |a(x) — a(y)| < Ka|x — y| for all z,y € (b, 00) holds with both
a(-) = <¢’/gb”> (-) and a(-) = I(¢'(:)). Furthermore, the constants K and K; can be
selected so that

2
where 6 = %(u) :
[e2

In the case when p # 7, the scale-function s(-) corresponding to the diffusion on (b, o00)

~v > 3max{0(K; + K) + g , 20K2) (3.3)

0¥ = | -2 500 + 1% = d = 16 ()t — L L vy (3.4

satisfies
s(00) = oc. (3.5)

If 4 = r then we assume
re—I(¢'(x)) <d, x>b.

Under the above conditions the value function of our optimization problem is
V(z) = d(x), x€l[F+n,00),
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and an optimal policy is given by

T =inf{t >0: X; <b}, (3.6)

T*/,Li/ : < .
7T£k _ ~O.2 @ (Xt)7 if ¢ =T (37)

H(Xt), if t > 7'*7

. JI(9(Xy)), ift <7
“ = {C’(Xt), if t > 7% (3.8)
Furthermore,

P(t"<o0)=1. (3.9)

3.2 Remark: Condition (i) and(iv) imply that ¢(-) is strictly concave on [F'+1, 00). Also,
(i) and (iii) imply
0

¢ (b) = %f/(a(:n ~-F) . (3.10)

r=b

Notice also the implicit assumption in (i) that ¢(F +n) > —oc.
The proof of this theorem will be deferred to Appendix Al.

In Sections 4 and 5 we are going to solve explicitly the free-boundary problem represented
by (iv), (iii), and (3.10) for the power and logarithmic utility functions, and then show
that the solution satisfies all assumptions of the above theorem. For an arbitrary utility
function the first relation of assumption (iv) is

1 .
10(r) = max {¢/() |plu—r) +re—d—c| 4+ 36" (@2 + U@} 2> b (311)

Under ¢”(r) < 0 the maximum on the right-hand side is achieved in p* = " %(T) and
¢ =1(¢'(x)), and (3.11) becomes

(¢')
¢Il

This nonlinear equation can be linearized. We borrow the idea from Karatzas et al. (1986)
and apply a change of variable ¢ = I(¢/(x)). Let as assume (it will be justified in the
coming sections) that the function

Yo = —0

T (m —d— I(¢’))¢’ +UI()), =>b. (3.12)

Clx) = 1(¢'(x)); x € (byo0) (3.13)

is strictly increasing and has an inverse function X : (C'(b), 00) + (b, 00). After this change
of variable (3.12) becomes

(U"(e)*X"(c)

,Y¢(X(C)) =—0 U”(C)

+ (TX(C) —d- c) U'(c) + Ulc). (3.14)
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After differentiation with respect to ¢ and using the identity
¢'(X(c)) =U'(c) (3.15)

we arrive to the following second order linear ordinary differential equation:

X" (c) = X' () (my — 20 + )LL) 4 eUW(C)} —(c+d) <U”(C> > 2 + 7~<U”(C) > 2X(c).

U'(e) — U"(c) U'(c) U'(c)
(3.16)
4. Explicit solution for the power utility function
We are going to consider the power utility function
s
U(c):gc ;o ¢c>0 (4.1)

with some constant 6 < 1, § # 0. It is known from Karatzas et al. (1986) that in the case
of 6 € (0,1) the condition

06

guarantees V(z) < oo, so we are going to assume in this section that (4.2) holds (if 6 is
negative then (4.2) is obviously satisfied since 7 is positive). Under this assumption

~ 1
Vix) = EDI*‘S.’I;‘S; x >0, (4.3)
where D is the positive constant
1-96
D = ; (4.4)
vy — me —rd

(see Karatzas et al. (1986), (14.6)). The linear ODE (3.16) with the power utility function
becomes

OX" = X'|(r —7)(6 —1) — 06 % + (6 — 1)2032)( —(c+d)(6 — 1)2032, (4.5)
and (3.13) becomes
¢() = (C))"", =0, (4.6)

A particular solution to the inhomogeneous equation (4.5) is X;(¢) = Dc + %, where the
constant D is given in (4.4). The general solution of the corresponding homogeneous
equation is

X(¢; B, )\, By, \) = BAAC—Y 4 M-, (4.7)
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where A > 0, Ay < 0 are the two solutions of the quadratic equation
O\ —(r—y—OON—r=0.

At this point we are only searching for a solution, and the correctness of the result will be
justified later. In this spirit we simply postulate that By = 0 and search for a solution of
the free boundary problem in the form of

d
X(¢) = De+ — 4+ BAGY, (4.8)
T

We anticipate that B will turn out to be negative, thus X (-) is increasing. For any B < 0

we have X : (0,00) 222 (—o0,00), thus its inverse C : (—00,00) P23 (0, 00) is well-defined

and strictly increasing. Condition (iii) with @ = b becomes

P(b) = %Dl—éaé(b — F)°, (4.9)

thus by (4.6) our candidate solution must have the form

v 1

P(x) = / (C(y)° tdy + 51)1*%/5(1; —F)°, x>0 (4.10)
b

For every B < 0 and b > 0 this determines a candidate solution for ¢(-). We need to

write two equations for the unknown parameters B,b. The "smooth fit” condition (3.10)

becomes ¢'(b) = D' 2a®(b— F)®~1, and using (4.6) this becomes

C(b) = %a%(b— ), (4.11)
bzx(%aﬁ(b—m) . (4.12)

Substituting (4.8) into this gives the following equation:
d
b=aT(b—F)+ - + BD1=9a (p — p)ME-1), (4.13)
r

We still need another equation. We arrived from (3.14) to (3.16) by taking a derivative. If
we want our solution X (-) to satisfy (3.14) as well as (3.16), then (3.14) must be satisfied
in a particular point ¢ = ¢;. We substitute ¢ = C'(b) into (3.14), use (4.9), (4.11), (4.8),
and derive the following equation:

0 52 s
YD (b= F)" = —6——=D""a7 (b~ F)’ [D + BA(6 — 1) DML gz (A=A

1 2
(b—FW—H} v [rb—d— Ba%(b—m} §DY 00 (b— F)P~L £ D807 T (b— F)°. (4.14)
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We have now two equations, (4.13) and (4.14). One can express B from (4.13), substitute
it into (4.14) and after some elementary but rather long algebra an explicit solution to b
arises, that is

b= (1—b0§>F+bo, (4.15)
where
by = . o(r — 63) d. (4.16)
7“(&0—1 - 1) (7 —6(r — 9)\))
One can easily see that
r > 6\ (4.17)

thus by > 0 (in the case of 6 € (0,1) recall our assumption (4.2)). An other restriction on
n (see the second inequality of (4.19) below) will guarantee b > F + 7, as required. From
(4.13) we get now

d

B= <b o (b F) — —’)D‘”Ma_m(b _ F) A (4.18)
T

which is negative provided that b > F and F' < d/r. Indeed, by (4.15)

5 d S S d
b—aTT(b—F)—— = F<1 - gb()(l —a_51>> +bo(l—arT)——.
T T

The coefficient of F' in the last expression is obviously positive if § € (0,1). It can be seen
easily that it is also positive if § is negative. Now F' < d/r indeed guarantees that the
above expression is negative.

Now we are ready to state and prove the following theorem:

4.1 Theorem: Suppose that the utility function is the power utility of (4.1) with 6§ < 1,
6 # 0. Assume (4.2) (which is active only if € (0,1)), and also

0 r 60 o (r r
wma{3( vt D) e O (T )Y wnd o< t(1FT).
1> mas{3( o2 "7 153 and D=msto{tm0y
(4.19)
Additionally, assume that 7 is strictly positive whenever § < 0. Let the constants D,b, B

onto

be as in (4.4), (4.15), (4.16) and (4.18), the increasing function X : (0,00) — (—00, c0)

given by (4.8), and let C': R 22 (0, 00) be the inverse function of X (-). Then the function
¢ : [F +n,00) — R given by (4.10) on [b,00) and ¢(x) = tD'°a’(xz — F)® on [F + n,b|
satisfies all conditions (i)-(vi) of Theorem 3.1.

The proof of this theorem is deferred to Appendix A2.

4.2 Corollary: Suppose that the utility function is the power utility (4.1), all assumptions
of Theorem 4.1 hold, and C(-), ¢(-) and b are as in that theorem. Then the value function
of our optimization problem is

V(z)=¢(x), z€l[F+mn,00).
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Furthermore, the optimal policy is given by (3.6) and

" 1 06
c; = C(Xt>l{[077_*]}(t) -+ —1 5 <’}/ —7rd — —1 — (S)th{(T*’oo)}(t>
* H—=r O(Xf)
= 1 (T X;1 t)]) .
™ 02(1_5)<C,(Xt) 0. () + Xl ((rroony (1))

Furthermore, 7* is almost surely finite.

Proof: This is a straightforward consequence of Theorems 3.1, 4.1, identities (3.13) and
(4.10), Theorem 14.1 in Karatzas et al. (1986), and the identities above (14.6) and below
(14.8) in the same reference.

4.3 Static analysis of the solution

It is interesting to examine what kind of monotonicity and limit properties does the solution
posses as a function of the different model parameters. We start with the exercise boundary
b. Straightforward differentiation reveals that b = b(f) is a decreasing function of #. This
means that if the interest rate r is fixed then b is a decreasing function of |y — 7|, and the
function o2 + b is increasing. All these make perfect intuitive sense; the stock is getting
more attractive if | —r| is increasing or if 02 is decreasing. The function F' + b is an affine
function, may be either increasing or decreasing. The function d +— b is affine, increasing.
For the limit properties of b we shall consider first d — 0. In that case we must assume
F — 0 as well in order to satisfy F' < %. Clearly then we have limg p—,0b = 0. On the
other hand, if a — 0 then in the case of 6 > 0 we must have n — 0 in order to satisfy the
second inequality of (4.19). We thus get that if 6 > 0 then lim, ,ob = F. If 6 < 0 then

lim, .ob > F. Finally, for all possible 6 we have lim,_,; b = co.

Next we look at the behavior of the consumption function C'(x). One can easily see that
C(z; ) = C(x) is an increasing function of a. Indeed, straightforward calculus shows that
a +— B is decreasing, hence a — X (c) is also decreasing, thus a — C(z; «) is increasing.
We can also verify that

lim1 C(r;a) = o0. (4.20)
Indeed, lim,_,;1 B = —o0, hence lim,_.; X(¢;a) = —o0, and (4.20) now follows. We must

interpret (4.20) together with the fact that lim,_,1 b = co. If « is very close to 1 then one
should claim bankruptcy unless the wealth level is very large, and in that case consumption
is very large until bankruptcy.

Considering the fixed cost F' as a variable, the function F' +— C(x; F) is decreasing. Indeed,
F +— B is increasing, thus F' — X(c; F') is also increasing, hence C'(x; F) is decreasing as
the function of F'.

The limit of the value function as o — 1 is given by lim,_.; V(z;a) = V(z — F) =
+D17%(z — F)°. This follows immediately from lim, .1 b = oc.
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Finally, we anticipate that the solution of our problem converges to that of Merton’s
problem if d — 0. We must assume F' — 0 as well in order to satisfy the constraint F' < %.
Now we have

. 1
d’lllrrgo C(x;d, F) = ke (4.21)
. p—r

1 I(z;d, F) = —4———2 4.22
dF 0 (z;d, F) o?(1—0) ! (422)

: . 1505
d,lll?IEOV(x7d7 F) = (5D x°, (4.23)
where Il(xz) = 0—2’%%, i.e., the feedback form of the optimal investment policy

up to bankruptcy. The right-hand sides of the above three relations characterize Mer-
ton’s solution for the d = 0 case. Relations (4.21) and (4.22) follow immediately from
limg p—o B = 0. Relation (4.23) can be verified in the following way. A change of variable
¢ =C(y) in (4.10) gives for x > b

D
6

B\

¢(@) A1

[Cé(m) _ Cé(b)] + [C(/\Jrl)(él)(x) — C’(“l)(él)(b)] + épléaé(b _ F)‘s.

From this last identity, (4.21), (4.11) and B — 0 follows that

1
li x) = -D'%z®
A P = gD

s \ 1 BA
1-6,.6 1 e (1 e\t A1-8) A6 (p _ p\A(6—1)
D °«a d,lz{ﬂmo{(b F) {(1 a >(‘5(b F) >\+1D a(b—F) }}

One can see that the expression in the square bracket of the right-hand side of the last
identity is zero; one needs to substitute F' = 0, use (4.15), (4.16), (4.18), and the definition
of \.

5. The logarithmic utility function
In this section we specialize the results of Section 3 to the logarithmic utility
U(c) =logc . (5.1)

Several of the computations here are similar to those in the previous section, one only
needs to substitute 6 = 0. We shall include in this section only those details that are
substantially different from the corresponding ones in Section 4.

We know from Karatzas et al. (1986) that with the logarithmic utility

1 —~v+40
Vi) =~ log(yr) + Ui A

72
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Equation (3.16) becomes

c+d

OX" = (v — r)%X' + c%X -— (5.2)
and the “free boundary conditions” are
o(b) = Llog{ra(p— F)} + L2 H0 (5.3)
Y Y
P = ——— (5.4)
(b= F)
A particular solution to (5.2) is Xi(c) = %c + 4 and the homogeneous equation has the

general solution (4.7) with the 6 = 0 substitution. We again set B; = 0 and search for a
solution to (5.2)-(5.4) in the form

1 d
X(¢)=—c+—+Bc . (5.5)
ry I”'

We hope that B will turn out to be negative, and so X(-) is increasing and has an inverse
function C(-). By (3.15)

by 1L
thus by (5.3) we get
Y A - r-y+é
o(x) _/b o) dy + 5 log{va(b—F)} + o x € [b,00) . (5.7)
Formulae (5.6) and (5.4) give
b= X(v(b - F)), C(b) = ~(b— F). (5.8)
This last identity and (5.5) yield
F— g =By *b-F)". (5.9)

Next we substitute ¢; = C(b) into (3.14) which after some algebra becomes

b—d
(b—F)(loga+2) = -ABoy A Lp - F) ™ + =2 (5.10)
Y Y
We solve (5.9)-(5.10) for the unknown constants B, b and get
— X0 /d
b=F+ 1 (5—F) (5.11)
v log ST
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B:_<E—F>)\+1<r_>\9>/\. (5.12)

log é

5.1 Theorem: Suppose that the utility function is the logarithmic utility, assume

M\ /d
r—1<——F>>n>0 (5.13)
ylog 2 \r
and
.
v > 3max{0(K1 1)+ 20} (5.14)
where
d +
K, = <>\<; . F) - F> . (5.15)
onto

Let the constants B and b be given by (5.11)-(5.12), the increasing function X : (0,00) —
R be given by (5.5), C': R — (0, 00) be the inverse of X (+), and the function ¢ : [F+n, 00) —
R be given by (5.7) on [b, 00) and by

r—vy+6

o x € [F+n,b).

oa) = ~log{rals — F)} +

Then b and ¢(-) satisfy all conditions of Theorem 3.1.
The proof of this theorem will be deferred to Appendix A3.

5.2 Corollary: Suppose that the utility function is the logarithmic utility (5.1), all as-
sumptions of Theorem 5.1 hold, and C(-), ¢(-) and b are as in that theorem. Then the
value function of our optimization problem is

V(e) = $(z), @€ [F+1,00).
Furthermore, the optimal policy is given by (3.6) and
C;,F = C(Xf)l{[O,T*]}(f) + PyXfl{(T*,oo)}(f)

. M—T<O(Xt)
"t = T \orx)

Additionally, 7* is almost surely finite.

Ljo,r+13 () + th{(T*,oo)}(t)> :

Proof: This is a straightforward consequence of Theorems 3.1, 5.1, Theorem 14.1 in
Karatzas et al. (1986), and the identities above (14.6) and below (14.8) in the same
reference.

5.3 Static analysis of the solution: All statements in section 4.3 remain true in the case
of the logarithmic utility function. We note that limg , 0b = F (this relation does not
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follow from the corresponding relation in the power utility case since there we separated
the 6 > 0 and 6 < 0 cases). It is worth spelling out the limits as d, F' — 0 in the logarithmic
utility case. We have

limOC’(qr;d, F)=~x (5.16)

d,F—

lim I(z;d, F) = M_grx
d,FF—0 o

1 - 6
lim V(x;d,F) = —logyx + &

1
d,F—0 y ~v? (5.17)

Here I(z) = 5" g,((z)) is the feedback form of the optimal trading strategy. The right-
hand sides of these three relations describe Merton’s solution to the d = 0 case. In order

to verify (5.17) we note that a change of variable ¢ = C'(y) in (5.7) gives for x > b

¢(r) =
1 B A1 -1 r—vy+60
S [log C(xz) —log C(b)] + i1 c () —C b)] + —

We use now relations (5.16),(5.8), B — 0, substitute F' = 0 and see that

+ %log (ya(b—F)).

, 1 r—y+6 A a1
d’lll?rgo o(r) = S log vx + B + lim {—BA—H(WI)) + S log a} :

After a substitution of (5.12), (5.11), and F' = 0, using the definition of A one can verify
that the expression in the curly brackets is zero.

5.4 Remark: Using elementary calculus one can see that the optimal bankruptcy level
for the power utility case (given by (4.15)-(4.16)) converges to the corresponding optimal
bankruptcy level for the logarithmic utility (given by (5.11)) as § — 0. Also, one can
formally derive the optimal consumption and investment policies from the corresponding
optimal policies for the power utility by substituting 6 = 0. Indeed, if we substitute
6 with zero in the X(-) function for the power utility (given by (4.8)) we get exactly
the corresponding function for the logarithmic utility. Hence a formal substitution of
6 = 0 in the optimal policies for the power utility case (see Corollary 4.2) will lead to the
corresponding optimal policies for the logarithmic case (given in Corollary 5.2). However,
the value function for the power utility given by (4.10) converges to infinity as § — 0, not
to the corresponding value function for the logarithmic case. This is quite intuitive, since
the power utility itself converges to infinity as 6 — oo.

6. Previous literature and application of the results

Utility maximization problems up to a possible bankruptcy have been addresses by several
authors in the literature. In their 1986 paper, Karatzas, Lehoczky, Sethi, and Shreve max-
imize the expected value of the discounted total utility from consumption up to a possible

14



bankruptcy plus the expected discounted fixed payment at bankruptcy. Bankruptcy is
defined as the first time the wealth of the consumer reaches zero. An explicit solution has
been presented for a general concave utility function and for various values of the payment
at bankruptcy. Also, the probability of bankruptcy has been computed under the optimal
policy.

Presman and Sethi (1991) examined the effect of the various parameters and the wealth
level on the absolute and relative risk aversion coefficients of the value function. These au-
thors also show that for a HARA type utility function the value function is not necessarily
of HARA type. Papers by Sethi, Taksar, & Presman (1992) and Presman & Sethi (1997)
present an analysis of the same maximization problem under a constraint that consumption
can never fall below a minimum (subsistence) rate. Cadenillas & Sethi (1997) extended
the model to include random coefficients in the equation for the security prices and ran-
dom interest rates. Lehoczky, Sethi, & Shreve (1983 and 1985) introduced a short-selling
constraint in addition to the subsistence constraint and solved the optimization problem
explicitly. Closest in spirit to our paper is the one by Sethi & Taksar (1992) since in that
model bankruptcy is non-terminal.

Our paper differs from all the above papers in that the selection of bankruptcy time is
taken to be at the discretion of the investor, hence it becomes one of the control variables.
The optimization problem examined here is a major concern for investors who have an
outstanding liability that is to be repayed at a fixed rate. Examples for such loans include
housing loans, student loans, and small business loans, as already pointed out in the
introduction. Since we have explicit formulas for the optimal bankruptcy time as well as for
the optimal portfolio and consumption processes, the basic remaining question for practical
applicability of these results is the estimation of the directly unobservable parameters p
and o and the selection of the utility function. Assuming that the present time is ¢ and
that we are observing the continuous path {S,,, u < t}, the volatility o causes no problem
since it can be read out exactly from the continuous path of the price process. Indeed, the
quadratic variation of the price can be written as < S >;= fg 0252du and it is the limit
of the sequence z:n:(ln) [S(tgn)) - S(tgi)l)]Q as n — o00. In this formula for every positive
integer n, D,, = (O = t(()n), t(ln), ... ,tfg’()
m(n) subintervals such that the length of the largest subinterval in partition D,, converges
to zero as n — oo.

ny = t) is a partition of the time-interval [0, t] into

A more interesting question concerns the estimation of the mean rate of return x based on
the continuous path up to time t. We suggest the maximum likelihood estimator (MLE)
ft which can be explicitly computed for this model in the following way. We denote by P,
the measure generated by the price process {S,, u <t} on the Borel-sets of C(]0,?]), and
by Py the measure generated by the same process for the parameter choice p = 0. It is
well-known (see, for example, Feigin (1976)) that the log-likelihood function is

dP w o [t1 w2
log| —=+ ) =+ | —dS, — —t
Og<dP0> o? /0 Su 2027
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hence the MLE for the instantaneous rate of return is

1 1
L = — —dS, .
8 t/Su o

The choice of the utility function is, of course, subjective. A more concave utility function
will lead to less consumption at large wealth levels thus smaller ¢ values in the power-utility
case will lead to less greedy optimal strategies. Naturally the logarithmic utility fits into
this scheme, if regarded as a power utility function with 6 = 0.

7. Conclusion

Theorem 3.1 provides a general framework for solving our optimization problem with
an optional bankruptcy. The method is the following: solve the second order ordinary
differential equation (3.16) with free boundary conditions ¢(b) = V(b — F)) and (3.10),
then prove that under appropriate constraints on the parameters the other conditions
of Theorem 3.1 are also satisfied. We completed this analysis for the power and the
logarithmic utility functions. In both cases we presented explicit formulas for the free
boundary b and for the optimal consumption/investment processes. The conditions for
the validity of our analysis require only that the discount factor « is sufficiently large, and
that the fixed cost of bankruptcy F' and the parameter 7 are sufficiently small (see (4.2),
(4.19), (5.13), and (5.14)).

A1l Appendix, Proof of Theorem 3.1

Let (7,{(m,ct), t < o0}) € Aj(x) arbitrary. We are going to show first that

EUOOO e”U(ct)dt] < ¢(x). (AL1.1)

For every positive integer n we define the stopping times

t 2
T = inf{t >0: / <6_75¢'(X8)7r3> ds > n},
0

T, =T, ANTAn,
thus
lim T, =7, a.s. (Al1.2)

n—oo

We note that 7,, and 7 may take the value co with positive probability. By (2.5) we have

E UOOO e—VfU(ct)dt} —E UOT e—’ﬂU(ct)dt] +E UTT e—VfU(ct)dt} +
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+E {e”f/(a(XT — F))1{7<Oo}} . (A1.3)

Relation (2.4) and item (vi) of Definition 2.2 imply that

EUOOO e”t\U(ct)\dt} < . (A1.4)

This implies that all the expectations on the right-hand side of (A1.3) are finite. By
assumption (i) we can apply the generalized version of Ito’s rule (Karatzas & Shreve
(1988), Problem 3.7.3), and using assumption (iv) we have

e (X)) — plz) =

T,
_ / e—’vf{—w(xt) (X)) [m(ﬂ ) X, —d— cf} + %¢"(Xt)a27rf}dt+
0

T, T T
+/ e (Xy)modw, < —/ e"YtU(Ct)dt+/ e ¢ (Xe)modw, .
0 0 0

The Optional Sampling Theorem and T, < 7,, imply that the last (stochastic) integral has
zero expectation, thus

E[ /O " eth(cgdt} < é(w) - E{eva(XTn)} | (AL5)

The expectation on the right-hand side is finite because of (Al.4) and ¢(F +n) > —oo.
We use (A1.3), (A1.5) and see that

B| [ e U] < o) - Bl 60n ) 1ram | - B 0060 ) 1oy | +
0

+E UTT e—VfU(ct)dt] +E [e—Wf/(a(XT - F))1{7<oo}} :

thus by the elementary liminf(a,, — b, — ¢;;) < liminfa,, — liminfb,, — liminf ¢,, we also
have

E [/OO e_'th(ct)dt] < ¢(x) — liminf F [e_'yT"qb(XTn)l{T<oo}} —
0

n—oo

—liminf F {e”T”fé(XTn)l{T:oo}] + liminf £ [/ thU(ct)dt] +

n—o n—oo Tn
+E {e”f/(a(XT — F))1{7<Oo}} . (A1.6)

The function ¢(-) is bounded below on [F'+17, 00) by the finite ¢(F +n), thus an application
of Fatou’s Lemma yields

liminf |:6_7T”¢(XT,L)1{T<00}:| > F {6_7T¢(X7)1{T<OO}:| . (Al?)

n—oo
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Another application of Fatou’s Lemma gives the bound

lim inf £/ {e ’VT”¢(XTH)1{T OO}} > ¢(F + n)E{ lim e_’yT"l{T:OO} =0. (A1.8)

n—oo n—oo

Relation (A1.4) implies
/ e MU (e)|dt < 00, as. (AL9)
0

Now by (A1.2) and (A1.9) we have

T

lim e MU (¢)dt =0, a.s. (A1.10)

n—oo T
n

Since

/ e MU (ey)dt / e MU (e)|dt, (AL11)

thus by (A1.10), (A1.11), (A1.4) and the Dominated Convergence Theorem

lim E[/T e"th(ct)dt] = 0. (A1.12)

n—oo T
n

We pull (A1.6), (A1.7), (A1.8) and (A1.12) together thus we have
E {/ e_'th(ct)dt] < ¢(xr)—FE |:€_7T¢(XT)1{T<OO}} + E{e_wf/(a(XT — )1l {r<oo
0

¢(x),
where the last inequality is a consequence of (ii) and (iii). Now we finished proving (A1.1)
It remains to show that the policy given by (3.6)-(3.8) is indeed optimal and (3.9) holds.
Proposition 2.4 guarantees that (7%, {(n],c}), t < oo}) € Aj(x). We start with showing
(3.9). If p # r then up to 7" the wealth process corresponding to our candidate optimal
policy is evolving according to the diffusion (3.4) (see (2.1), (3.7), (3.8)). Proposition 5.5.22
of Karatzas & Shreve (1988) and relation (3.5) imply that with probability one each path
of the diffusion Y reaches the level b in finite time. If 4 = r, i.e., # = 0 then the wealth
process is deterministic and satisfies the ordinary differential equation

dXt = TXt —d—I(Qb/(Xf)) dt,

and now the second part of condition (vi) guarantees that X reaches the level b in finite
(deterministic) time.

Now we proceed similarly to the first part of the proof and see that by (3.9), (2.5) and
condition (iii)

E { /O h e_VtU(c;f)] dt = B { /0 ' e‘”tU(c;f)dt} +E {e—’ﬂw(b)] . (A1.13)
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By Ito’s rule
e G(X ) — ()

- / eW{—ww+¢’<Xt>[w:<u—r>+rxt —d—c]+ §¢"<Xt>02<w:>2}dt
0

*

+ / e~ M (X))} odwy. (A1.14)
0
The selection of 7}, ¢} and condition (iv) imply that on {t < 7%}
0 = Dp(X;) = D<) p(X,), (A1.15)

thus by (A1.14), (A1.15) and (3.1) we have

eV p( Xy ) — plx) = —/OT e—VfU(cj:)dH/oT e~ (X)) odwy, (A1.16)

and (A1.13),(A1.16) now imply

*

E{/O e_’YtU(cf)dt} = ¢(x) + E[/O e 1 (X)) odw, | .

In order to complete the proof we need to show that

FE |:/ e_fYtgb/(Xt)ﬂ';‘wat} = O,
0

for which it is sufficient to show that

E[/OT (e”tcé’(Xt)ﬂf)Zdt} < .

We define the functions f, g : [b, 00) — R by

f(x) = —29%’(:17) +rex—d—1I(¢(x), =>b (A1.17)
and ,
o) = T2 0y e, (A1.18)

o ¢/I

and extend both functions to ® by f(z) = e °f(b) and g(x) = g(b) for x < b. From
condition (v) follows that both f(-) and g(-) are Lipschitz-continuous on . We want to
apply Lemma A4.1 of Appendix A4, so we need to bound xf(x) and g?(x). Assumption
(3.2) guarantees that for every x > b

wf(x) < =202 (x) +ra? < 20x(Kzx + K;) +ra® < x2<29(K1 + K) —I—r) +20K;.
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The function = — z f(z) is bounded on (—o0,b], thus for some constant A; we have
of(x) < :172<29(K1 +K)+ r) YA reR

Assumption (3.2) implies that for every x > b
g (r) < 20(Kx + K1) < 40K?2? + 40 K%,
The function g2(-) is constant on (—oo, b] thus for some constant As
g (x) < 40K?2? + Ay, xR
It follows that with
K2 = maX{ZQ(Kl FK) 4, 49}(2}

and A = A; + Ay we have
of(r) < K2z +A; 2eR (A1.19)

and
G (r) < K22+ A; zeR. (A1.20)

Now we consider the diffusion on R
dZy = f(Z)dt + g(Zi)dwy;  Zo = x (A1.21)

(it differs from the diffusion Y defined in (3.4) only insofar as the coefficients of Y have been
extended to R, so Y "explodes” at the hitting time of the boundary b whereas Z happily
diffuses further). Relations (A1.19), (A1.20), and the Lipschitz-continuity of f(-) and g(-)
guarantee that (A1.21) has a unique strong solution. Relation (A1.19) is unusual (it is
more standard to require that f satisfies a linear growth condition similar to (A1.20)); see,
however, Gihman & Skorohod (1972), Chapter 2, Remark 3. The paths of the processes
X and Z coincide up to 7*. Lemma A4.1 guarantees that

A
EZ? < ef‘K?ff(F + :ﬁ); t<oo. (A1.22)
3

By (3.7)

* *

E[/OT <e7t¢’(Xt)7r:)2dt] — const x EUOT eQW%dt} <

< const x (¢/(b))2E {/0 et <%>2dt] |

Now (A1.22) and our assumptions (3.2), (3.3) guarantee that the above quantity is finite.
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A2 Appendix, Proof of Theorem 4.1

Conditions (i), (iii), and the first identity of (iv) follow obviously from our construction.
We are going to verify the second relation of (iv). Notice that ¢(F' + n) is finite, because
we assumed 1 > 0 whenever § < 0. One can see that

(¢')°
QSI/

Using the definition of ¢(-) on (F' + n,b) this becomes

-

x e (F+mn,b).

Do() = ~6-2 () + (o — d — I(6/ (1)) )¢/ (x) + U(I($ () — 70 (x).

1 D
d—rF 1-=6|"

Do(x) = D%’ (x — F)°~Y(1 = 6)(d — rF) (x — F)

SN

By the second inequality of (4.19) we have d > rF hence we need to show only that the
quantity in the brackets is non-positive. It is bounded above by

(O‘ﬁ _1>%(b_F)d—1rF - 11—)5’

and using (4.15), (4.16) and (4.4) this can be written as

r— 06\ 1

r(y —6r4+66)\) 4 — 5015

A bit of algebra shows that this will be non-positive if

which has been assumed in (4.19) (this assumption is active only when ¢ is negative).
In order to show (ii), by (iii) it is sufficient to show that

# (@)= 2V (ale— F); 720 (42.1)

Using (4.6) and (4.3), inequality (A2.1) becomes

o)

Cl) < %am(aﬁ _F) x> (42.2)

and we note that equality holds in (A2.2) in x = b (see (4.11)). Substituting C(z) = ¢ this

becomes
1 s

c < Baﬁ(X(c) —F); c¢>C(b).
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Notice that equality holds in ¢ = C'(b) thus it suffices to show that
| < Lot X/(0)
— D )

but substituting (4.8) one can immediately see that this is true.
Next we are going to show that

/
—2/({3 < 1i5:1;+ %; x >b.
By (4.10) ,
_z”((i; - - L . g/((i)), (42.3)
thus we need to show that
1i<sgf((?) = 1i5‘”+g5 v >0
Substituting ¢ = C'(x) this becomes
1 L “eX'(c) < 1%X(c) + g; ¢ O,

Using (4.8) this becomes

0 < BAG-D (1—15 + A) + + 4 s o). (A2.4)

- r(l—6) 6

The right-hand side is an increasing function of ¢ thus it is sufficient to show that (A2.4)
holds in ¢ = C'(b). By (4.11), (4.13) and (4.15)

BOGPO (15 +A) + r(ld_ 5 8
= BDM1=9) M}y F)W—”(l—ié +2)+ T(ld_ 5 +g
o)k )
(g a4
N
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We separate two cases now. If 6 < 0 then this is larger or equal than

St RRORE e RR L (R

which is positive by (4.17). If 6 € (0,1) then by (4.2) and (4.16) we have
d(r —6X)

7“(04% = 1)0(1—i5 + )\) .

It follows that the last expression of (A2.5) is bounded below by

dir—6x)  d\; 1 d d
e [N

by <

and this expression is algebraically equal to zero. We have now proven that (3.2) holds

with K = 15 and K; = 4. Our assumption (4.19) implies that (3.3) is also satisfied.

Next we show that — <¢’/¢”) (+) is Lipschitz-continuous on (b, c0). By (A2.3) it suffices to
show that (C’/C”) () has bounded derivatives on (b, o0), i.e., that

O(z)C" ()

LT o)

is bounded on (b, 00). After substitution of ¢ = C'(x) this boils down to showing that the
function

(X (e)
(cxe)

is bounded on (C'(b), 00) (the function C(-) is increasing and convex). We note that

(42.6)

1
OI(X(C)> = X/(C)
and X0
c
C"(X(c)) = _Wv
thus (A2.6) becomes —c))((l,/—((cc)), and a substitution of (4.8) immediately shows that this

expression is bounded (on the entire (0,00)). In order to show that I(¢'(-)) = C(-) is
Lipschitz-continuous on (b, 00) it is sufficient to show that C’(x) is bounded on (b, o), but
this follows from the fact that 1/X’(c) is bounded on the entire (0, 00) by 1/D.
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Finally we show that (vi) is also satisfied. We start with the case p # r. The drift and
diffusion coefficients in (3.4) are (see also (A1.17), (A1.18), (A2.3))

¢/
¢//

(2) +re —d—I(¢ (x )):ﬁ@+r:ﬂ—d—c(1’); x> b

fle) =—20— 1-6C"(x)

and

_r—pd p—r Clr)
9@ = — =G0 = S o)

The scale-function corresponding to the diffusion given by (3.4) is

s(:z:):/:oexp{—Q ay gf((;)dz}dy, x> b,

where a > b is an arbitrary constant. It follows that in order to prove (3.8) it suffices to
show that
f (@)

g*(x)
for sufficiently large values of x. Using the definitions of f,¢g and substituting ¢ = C(x)
this becomes

x > b.

1
< —
2x

%CX’()+TX(C>—d—C< 1
20 2(X'(c))? ~2X(c)’

which should hold for sufficiently large values of c¢. This inequality becomes

26 0

X(c) 1_60X'(c)+rX(c)—d—c <

It is sufficient to show that the coefficient of ¢? on the left-hand side is larger than that on
the right-hand side, i.e.,

20 0
= D?+rD*—-D
—s T S =0y

However, substituting (4.4) this becomes 6 + r < ~, and this follows from assumption
(4.19).

If 4 = r then condition (vi) becomes rz — C(z) < d for all b < x, which amounts to
rX(c) —c < d for all ¢ > C(b), and this follows from our assumption v > r (see (4.19),
(4.8), and recall that now 6 = 0).

A3 Appendix , Proof of Theorem 5.1

Proof: Most parts of this proof can be transplanted in a straightforward manner from the
corresponding computations in Appendix A2. Formula (4.17) and our assumption (5.13)
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imply d/r > F. The only essentially different derivation in the logarithmic case is the
proof of conditions (3.2) and (3.3), so we include this derivation here. We are going to
show that

¢'(x)

~¢'(x)
where K is given in (5.15). By (5.6) this amounts to showing that

<z+4+ Ky, z€(boo)

C(x)
C'(x)

<zr+K;, z€(boo)
ie.,

cX'(c) < X(c)+ Ky, c>C(b).
By (5.5) this becomes

d
ogc*AB(1+A)+;+K1, c>C(b) .

The right-hand side of this inequality is increasing in ¢ so it suffices to show that the
inequality holds in ¢ = C'(b). By (5.8) and (5.9)

(C(b)) B(1+A) + g YK =7 b— F) B+ \) + g + Ky = —A(g —F) +F+ K,

r

which is indeed non-negative by the definition of K;. Now (3.3) follows from our assump-
tion (5.14).

A4 Appendix

We shall consider the diffusion

where the measurable functions f(-) and g(-) satisfy the following growth and Lipschitz
conditions:

vf(r) <Kz + A, zeR (A4.2)
@) <K3x* 4+ A reR (A4.3)

and
|f(x) = f)| +19(x) —g(y)| < Kalv —y|, zyeR (A4.4)

for some positive constants Ky, K3. It is known that under these conditions (A4.1) has a
unique strong solution and the second moment EZ? is bounded by (1+2?) exp{constant xt}
(see Gihman & Skorohod (1972), Chapter 2, Theorems 3,4 and Remark 3). In this paper
we need to identify the constant in the exponent.
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A4.1 Lemma: Let {Z;, t > 0} be the unique strong solution of (A4.1) where the functions
f(-) and g(-) satisfy conditions (A4.2)-(A4.4). Then

EZ2 < exp{3K3f}<— +2 ) . (A4.5)

Proof: We are going to imitate the proof of Theorem 4 in Gihman & Skorohod (1972),
Chapter 2, paying extra attention to the constants. For every n > 1 we set z, = z if |2| < n
and z, = n sign z if |z| > n. We define f,(z) = f(x) for |x| < n and f,(z) = f(n sign z)
for |x| > n. Similarly, we set g, () = g(z) for || < n and g, (x) = g(n sign z) for |z| > n.
Let {Z,,(t), t > 0} be the unique strong solution of

dZn(t) = fn(Zn(f))df + gn(Zn(t))dwt ) ZW(O) = Zn -

By Ito’s Lemma

Z2(1) =2 + / 27, (5) fu (Za(s))ds + / 2(Za(s))ds + / 97, (8)gn (Zu(5))dw, (A4.6)

0

Taking expectations in (A4.6) we get

EZ2(t) :z,%er/t [2fn( w(8) Zn(8) + 92 (Zn(s ))}dsﬁzi—%?)f(g/tE[Zg(s)] ds+3At .
0 0

By the Gronwall inequality (Gihman & Skorohod (1972), Ch. 2, Lemma 1)
2 A 2 3K3 (t—s) A _ 3KZ2t A 2 A
EZ%(t) < 22 + 3At + 3K ; (3As+ 22)ds = e <K§+Z”>_

A
< €3K§t<_‘ —|—z2) '
K2 ‘

The fact that Z,,(t) — Z;, almost surely as n — oo (see the proof of Theorem 3 in Gihman
& Skorohod (1972), Chapter 2) and Fatou’s Lemma imply (A4.5).

We proceed to prove Proposition 2.4.

Proposition 2.4, proof: Let (7,{(m,c;), t < oo}) € A(x) such that {(m,c;), 7 <1t <
oo} = {(II(Xy), (Xf)), T < t < oo}. Karatzas et al. (1986) guarantees that for every

(t,y) € [0,00) X [F + 1, 0)
E{/too e U(cs)ds | 7 =t, Xy =y| =e "V(a(y—F)) .

Integrating this inequality on [0,00) x [F 4 1, 00) with respect to the law of (7, X;) gives
(2.5). Next let (7,{(m1(t),c1(t)), t < o0}) € A(x) arbitrary. We define

ma(t) = m (Dl p<ry + LX) Lsmy
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and 3 ,
ea(t) = 1 (D1 pery + COX ) f1nry

where the superscript (2) above the X indicates that it is the wealth process corresponding
to (1, {(ma(t),ca(t)), t < oo}). It develops that (7, {(ma(t),ca(t)), t < o0}) € A;(x), and
for every (t,y) € [0,00) X [F'+ 1, 00)

E{/ e PU(ca(s))ds | 7=1t, X; = y} > E{/ e U (c1(s))ds | 7=1t, X; =y
¢ ¢

In this inequality we dropped the superscript (2) from X, since the wealth processes
corresponding to the two policies coincide up to 7. Integrating this inequality on [0, 00) X
[F' + 1, 00) with respect to the law of (7, X)) gives

e o]

E’[/TO<> e*VSU(CQ(s))ds} > E{/T e *U(e1(s))ds|

which implies (2.6).
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