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Abstract - We introduce, in the general setting of a measure space endowed with a measurable metric in
the sense of N. Weaver, the concentration function. We then extend some results concerning the Gaussian con-
centration property. In particular, we study relations between this property and transportation type inequalities

or logarithmic Sobolev inequalities.

1 Introduction

In the paper [18], N. Weaver introduced the notion of measurable metric and that of Lipschitz
function with respect to such a metric. The study of these notions was pursued by the same
author in subsequent papers ([19, 21, - --]) and in the book [20]. In our paper [11], we treated
various important examples and, in particular, we studied the intrinsic measurable metric
associated with a local Dirichlet form and notably the case of Wiener spaces.

This paper is a sequel of [11]. In the general setting of a measure space endowed with a
measurable pseudometric, we shall first introduce (Section 2) the distance function to a set.
This notion appears under a somewhat hidden form in [20] and plays an important role, in the
case of Dirichlet forms, in the very nice paper [10]. From the distance function, we define in
Section 3 the concentration fonction and we state an equivalent definition in terms of Lipschitz
functions. Then, we study the Gaussian concentration property and its links, in the general
framework, with Kantorovich metrics and inequalities involving the entropy (Section 4) or, in
the framework of Dirichlet forms, with logarithmic Sobolev inequalities (Section 5). Finally,
we give in Section 6 representation results for Wasserstein metrics in the case of Wiener spaces.

2 Distance function

We first recall some fundamental definitions and notation (see [11] and references therein).

In the following, we consider a o-finite measure space (X, u). The space L™ is related to
this measure space. All functions that we consider in this paper are real functions. We denote
by € the collection of all positive measure subsets of X. If A and B belong to €2, we denote
by A ~ B the fact that A and B only differ from a null set (u(A\ B) = u(B\ A) =0).



Definition 2.1 A measurable pseudometric is a map p : 22 — [0, 00| such that
1. A~ A= p(A',B) =p(A,B)
2. p(A,A)=0
3. p(A, B) = p(B, A)
4. p(Us Ay, B) = inf,>1 p(An, B)
5. for any A, B, C, p(A,C) <suppg(p(4,B)+ p(B',C))
where all subsets which appear above belong to ).

Let u be a p-class of measurable real functions. If A € Q, we denote by F4(u) the support
of the image measure (u4)«(pa), where the index A indicates the restriction to A. This
support F4(u) also is the essential image of the restriction uy of u to A. We set, for A, B € ,

pu(A,B) =inf{|z —y| : x € Fa(u),y € Fp(u)}.

We also have
pu(A, B) = ess inf{|u(x) —u(y)| : z € A,x € B},

this notation meaning
max{C > 0:C < |u(x) — u(y)| for p-almost every x € A and for p-almost every y € B},
where % denotes any representative of the class u.

We henceforth consider a measurable pseudometric p, on the o-finite measure space (X, p).

Definition 2.2 Let u be a p-class of measurable real functions. Then u is said to be a
p-Lipschitz function if there exists a constant C' > 0 such that

VA,BEQ pu(A,B)<C p(A,B).

In this case,
Ly(u) = sup{pu(4, B)/p(A, B) : A, B € Q and p(A, B) > 0}

is finite and called the Lipschitz constant of wu.

We shall denote by Lip(p) the set of all p-Lipschitz functions, and by Lip®™(p) the set Lip(p) N
L.

If S is a set of classes, we denote by \/ S (resp. A S) the essential supremum (resp. essential
infimum) of S. Then \/ S and A S are classes.

The following two Propositions come from [20]. Some proofs in [20] are partially erroneous
but the main results hold true ([22]).



Proposition 2.3 ([20, Theorem 6.2.7]) Let F = Lip™(p) and, for f € F, set ||fllo =
L,(f). Then F is a subspace of L* containing the constant function 1, and || |lo is a
seminorm on F such that ||1||o = 0. Moreover, for any M,N >0 , for any subset S of the set

Fury = {f € F ¢ |flloe < M and | f]lo < N},

the essential supremum \/ S belongs to Fr .

In other words, the space F' = Lip™(p) equipped with the seminorm || ||o = L, satisfies the
hypotheses of Proposition 2.6. in [11].
In what follows, if B C X, we denote by 1p the indicator function of B.

Proposition 2.4 ([20, Lemma 6.2.8]) Let A€ Q and a > 0. Set
ph = \/{min(p(4, B),a) 15 : B € Q}.
Then p% € Lip™(p) and L,(p%) < 1. Moreover, p%(x) = 0 almost everywhere on A.
Corollary 2.5 For any A, B € (),
p(A, B) = sup{ps(A, B) : f € Lip™(p) and L,(f) < 1}.

Proof: We clearly have
IOP% (A’ B) > min(p(Av B)7 a)'

Therefore, by Proposition 2.4,
sup{ps(A, B) : [ € Lip®(p) and L,(f) < 1} > min(p(A, B), a)

for any a > 0. This yields one inequality and the other one is obvious. O
By previous Proposition 2.3 and Corollary 2.5, we therefore see that any measurable pseudo-
metric may be defined by the method of Proposition 2.6. in [11].

Definition 2.6 Set, for A € (),

pa=\/{p(A,B)1p: B € Q}.
The class p4 is called the distance function to A.

It is easy to verify that, for any a > 0, p% = pa A a.
The characterization below shows in particular that this distance function coincides with
that introduced in [10] in the framework of local Dirichlet forms.

Theorem 2.7 Let A € Q. Then
pA = \/{f s feLlip™(p), Ly(f) £1,f >0, f(x) =0 a.e. on A}.
Moreover, pa is the unique class ¢ satisfying the following properties:

1. ¢ >0 and p(x) =0 a.e. on A



2. VB € Q, ess inf{p(z) : x € B} = p(A, B)
3. VYa>0, (pAa) € Lip(p) and L,(¢ Na) < 1.

Proof: Consider first ¢ = p4. By Proposition 2.4, ¢ satisfies Properties 1 and 3 of the above
statement. By the definition, we also have, for B € Q, ess inf{¢(x) : x € B} > p(A, B). Now,
Property 3 entails

min(ess inf{p(x): x € B},a) < p(A, B).

Finally, ¢ satisfies Property 2 too.
Consider next

w= \/{f c feLip®(p), Ly(f) £1,f >0, f(x) =0 a.e. on A}.

Obviously ¢ satisfies Property 1 and, as

pAha=\/{fra:[eLip™(p),L,(f) <1,f>0,f(x) =0ae on A},

by Proposition 2.3 ¢ satisfies Property 3. Then we have as before, for any B € (,
ess inf{p(z) : € B} < p(A,B). Let now a be a real number with @ < p(A, B). By
Corollary 2.5, there exists f € Lip™(p) with L,(f) < 1 such that ps(A, B) > a. Now, by
Proposition 2.3 and Lemma 2.7. in [11], there exists g € Lip™(p) with L,(g) < 1 such that
g>0,g(x)=0o0n A and g(x) = ps(A, B) on B. Then by definition ¢ > g. Hence,

ess inf{p(x):x € B} > ps(A,B) > a.

Finally, ¢ satisfies Property 2 too.

Consider now a function ¢ satisfying Properties 1, 2 and 3. By Property 2 we have clearly
@ > pa. By Property 3, for any B € Q, ess inf{p(z) : © € B} < p(A4,B) = ess inf{pa(z) :
x € B}. Therefore, ¢ < py, and finally, ¢ = p4. O

Proposition 2.8 Let A € Q. Then pa(x) < +oo a.e. if and only if, for any B € ,
p(A, B) < +o0. If this is satisfied, pa € Lip(p) and L,(pa) < 1.

Proof: For B € Q, ess inf{pa(z) : v € B} = p(A,B). Therefore, if pa(x) < +oo ae.,
p(A, B) < +oo for any B € Q. Likewise, if ps(x) = oo for x € B with B € §, p(4, B) = +oc.
Suppose pa(z) < +oo a.e. Set, forn € N, H,, = {pa < n}. If B,C € Qand p > max(m,n),

ppa(B,C) < ppo (BN Hy,C O Hy) = pppp(B N Hyy, C N H,) < p(BO Hy, C 0 Hy).
Taking the infimum with respect to m and to n, we see that ps € Lip(p) and L,(pa) < 1. O
Particular case: Let pg be a map from X? into [0, oc] satisfying, for any x,y,2 € X,
po(x,2) =0, po(x,y) = poly,x) and po(z,z) < po(x,y) + po(y, 2).

For A, B € Q, we set
po(A, B) = inf{po(x,y) : ©* € A,y € B},



and

p(A, B) = sup{po(A’, B') : A" ~ A, B’ ~ B}.
We also have

p(A, B) =ess inf{pg(x,y): x € A,y € B}.
For A C X, we denote by pOA the function

po(z) = inf{po(z,y) : y € A}.

Suppose that moreover pg satisfies the following assumption:

For all A € Q, there exists A’ € Q with A’ C A, A’ ~ A and p{' measurable.

Then, by Proposition 2.3. of [11], p is a measurable pseudometric which we call the measurable
pseudometric associated with py.

Proposition 2.9 Under the above conditions, we have, for A € Q,
pA = \/{PE)AI LA CAA ~ A pd measurable}.

Proof: Set
0= \/{pél A C A A ~ A, p measurable}.

Obviously, ¢ satisfies Property 1 of the statement of Theorem 2.7.

If B e,

ess inf{py (z):xz € B} =sup{po(4’,B’): B ~ B}.
Hence,
ess inf{p(z) :x € B} >sup{po(4’,B"): A’ ~ A, B’ ~ B} = p(A, B).

On the other hand, we have clearly that, for a > 0, (o5 Aa) € Lip™(p) and L,(pf Aa) < 1.
Therefore, by Proposition 2.3, ¢ satisfies Property 3 of the statement of Theorem 2.7. We
conclude as previously that ¢ satisfies Property 2 too, and we may apply Theorem 2.7. o

3 Concentration function

We assume, in this section, that p is a probability measure on X. As before, p denotes a
measurable pseudometric on (X, u).

Definition 3.1 For A € Q and r > 0, we denote by A, the class (with respect to the relation
~) {pa < r}. We then define the concentration fonction a (related to the triplet (X, i, p)) by

Vr>0 a(r)=1—inf{u(4,): AeQ, uld) >1/2}.

Consider first the particular case described in the previous section. For A € X and r > 0,
we set A = {pg! < r}. We then define the “classical” concentration function cq (related to

(Xnua pO)) by
Vr >0 ag(r)=1—inf{u. (A% :AcQ, ulAd) >1/2},

where . denotes, for example, the interior measure. The next proposition shows that this
classical concentration function coincides with the concentration function in the sense of Def-
inition 3.1.



Proposition 3.2 If « is the concentration function related to (X, u, p), where p is the mea-
surable pseudometric associated with pg, then oy = a.

Proof: Let A € Q with u(A) > 1/2. There exists A’ € Q, A’ ¢ A, A’ ~ A, such that p§" is
measurable. We have p < pa. Therefore, A, C (A")? a.e. We also have (A")? ¢ A%. Hence,
p((ANY) < 14 (A%). Finally, for any A € Q with p(A4) > 1/2, u(A,) < p.(A%), which implies
a > ag.

Conversely, suppose A € Q with p(A) > 1/2. If (A,)¢ (the complement of A,) belongs to
), then by Theorem 2.7

ess inf{pa(z):z € (A,)°} = p(4, (4,)°).

Therefore p(A, (A;)¢) > r and there exist A, B € Q with A’ C A, BD A,, A~ A, B~ A,,
such that
p(A, (AT)C) = pO(A,a BC)'

Consequently, B D (A")? and p.((A4")?) < u(A,). This implies ag > a. O

We now come back to the general situation. The following proposition is the analogue, in
the general setting, of a classical result (see for example [1, Proposition 7.2.5]).

Proposition 3.3 We have

a(r) =sup{u(F >mp +1): F € Lip(p), L,(F) < 1,mp median of F'}
and we may replace above Lip(p) by Lip™(p).
Proof: We set

ai(r) =sup{u(F > mp+r): F € Lip(p), L,(F) < 1, mp median of F'},

as(r) =sup{u(F > mp +r) : F € Lip™(p), L,(F) < 1, mp median of F'}.

Suppose F' € Lip(p) with L,(F) < 1 and let mp be a median of F. We have, if {F >
mp+r} € Q,

r<pr({F <mp},{F>mp+r}) <p{F <mp},{F >mp+r}).

This entails
{F>mp+r}C ({F <mp},)".

Therefore,
p({F = mp+r}) <1—p({F < mp}y).

As u({F <mp}) > 1/2 (mp is a median of F'), we have by the definition of «
p{F = mp +1}) < afr).

Consequently, a1 < a.



Let now A € Q with pu(A) > 1/2. By Proposition 2.4, for any r > 0, p’y € Lip™(p),
L,(p) <1 and 0 is a median of p’;. Therefore

plpa =) < as(r).
Now,
{Ph =1t ={pazr}=(A)"
Then 1 — p(A,) < as(r), which yields o < as. O

We finish this section with the definition of the Gaussian concentration property.

Definition 3.4 Let ¢ be a positive constant. We say that the triplet (X, u, p) satisfies the
Gaussian concentration property denoted by G(c) if the associated concentration function «
satisfies

2
C>0 Vr>0 a(r)ﬁCexp(—%).

We see by Proposition 3.2 that, in the particular case where the measurable pseudometric p is
associated with a pointwise semimetric py (see Section 2), the above Gaussian concentration
property coincides with the classical one related to (X, u, pg) (see for example [1, Définition
7.2.3]).

4 Kantorovich metric and Gaussian concentration

We keep, in this section, the general framework and the notation of Section 3.

We denote by II(u) the set of all probability measures on X which are absolutely continuous
with respect to p. We first define, in this setting, the Kantorovich metric (see, for example,
[16, p.88]).

Definition 4.1 We define the Kantorovich metric x on II(x) by
Ve € ) w(eon) =supl [ £dg~ [ Fdnsf € Lip¥(p),Ly(F) £ 1) < o

Generally, x is not a true metric on II(x). We have

Ve ell(p)  k(En) =0 = &=n
if and only if p is what is called a measurable metric (see [11, Definition 2.9.]).

We now define transportation type inequalities (this terminology being taken from [1]).
We recall that, if £ = ¢ du belongs to II(u), the entropy of £ is defined by

Ent, (&) = Eu(plog @)

where E,, denotes the expectation with respect to p.



Definition 4.2 Let ¢ be a positive constant. We say that the triplet (X, u,p) satisfies the
transportation inequality denoted by T'(c) if

VEETI()  K(E ) < \/eEnt, (o).

We can now state in this framework a result of S.G. Bobkov and F. Gotze ([2]).

Proposition 4.3 The transportation inequality T(c) is equivalent to the following property:
For all ¢ € Lip™(p) such that L,(v) <1, one has

VieR E,(exp(t1)) < exp <§ t2 + tEuW)) .

Proof: According to our definition of the transportation inequality from the Kantorovich
metric, the proof of [2, Theorem 3.1.]) (see also [1, Théoréme 8.3.2]) works without modifica-
tion. O

The following theorem shows the equivalence between a transportation inequality and the
Gaussian concentration property.

Theorem 4.4 Let ¢ be a positive real number. If T'(c) holds, then G(c') holds for any ¢’ > c.
Conversely, if G(c) holds, then there exists ¢ > 0 such that T(c') holds.

Proof: Assume first that T'(c) holds. We can use Marton’s argument ([14, 2, 13, 1, ...]).
Suppose A, B € Q and consider the conditional probabilities ugq = u(-|A) and pup = u(-|B).
By T'(c) we have

K(pa, pp) < K(pa, 1) + £(p, pp) < /—c log(u(A)) + v/—c log(u(B)).

Let r > 0 and set B = (4,)¢ If B € Q, we have by the definition of x and Proposition 2.4,
for a > 0,

K(1a, kB) = /p% dup > p(A, B) Aa.
Now, as we have seen in the proof of Proposition 3.2, p(A, (A,)¢) > r. Therefore

r < v/=clog(u(A)) + v/—clog[l — pu(A,)].

This implies

1

2 Ve ToglulA) = 11~ (4] < oo [~ (7= v Toatu(a)) ]

Consequently
1 2
r>y/clog2 = a(r) <exp [— - (r —\/c log2) ] ,
c
which implies G(¢’) for any ¢ > c.

Assume conversely that G(c) holds. By Proposition 3.3, if F' € Lip™(p) with L,(F) <1
and if mp is a median of F', we have for » > 0

2
u(FZmF+r)§Cexp<T—>.
c

8



Therefore, applying this inequality to F' and to — F', we get
2

E.(|F —mp|) <2C / exp <— %) dr=Cvy/me.
0
We then have |E,(F) — mp| < C’" (with C" = C /7w c) and, for r > ",
(r—C’)2>

p(F>EL(F)+7r) < C exp <— .

We deduce therefrom that, if ¢; > ¢, there exists C7 > 0 such that, for any F' € Lip®(p) with
LP(F) S ]-7

2
Vr >0 u(FzEM(F)—i—T)SC’leXp(—Z—).
1

Let now ¢ € Lip™(p) with L,(¢) <1 and E,(¢)) = 0. We have

E(exp(ty)) =1+1 /000 e p(y >r)dr—t /Ooo e " u(y < —r) dr.

Bu) = [tz dr = [utw <=y ar=o,

we also have
Bulesp(t) =1+t [ (€ = Duw =) dr vt [T (1) < - ar
0 0

Using what precedes, we get

tcq

2 = 2
E,(exp(tvy)) <1+tCy exp <01 t—) / exp <_ T_> dr,
4 _te Cc1

2

N

2
<1+t2Cy ¢1 exp <61 Z) < exp(ca t?)

for some constant co independent of ¢. This implies T'(¢') for ¢ = 4¢5 by Proposition 4.3.

5 Logarithmic Sobolev inequality and (Gaussian concentration

In this section, we particularize the previous framework. We consider a Dirichlet form (D, &)
on the probability space (X, i), in the sense of [3] to which we refer for the main definitions
and properties. We assume that the Dirichlet form £ is local (which means e.g.

Vi,geDVYaeR (f+a)g=0=&(f,g)=0)

and there exists a carré du champ operator I' (which means that there exists a continuous
map I' : D x D — L'(x) such that

Vi g h € DALY E(fh,g)+E(gh, ) — E(fg.h) = / KT/, 9) dp).

9



In what follows, we write I'( f) instead of I'(f, f) and £(f) instead of E(f, f). We recall that,
under the above conditions,

We assume moreover that the constant function 1 belongs to D.
We set
D*={feDnNL>®:T(f) € L>}.

Following [11], we now define the intrinsic metric p by
VA, B € Q p(A, B)=sup{ps(A,B): feD>*and I'(f) < 1}.

Then, by [11, Corollary 3.2.], p is a measurable pseudometric on (X, u), Lip>(p) = D> and,
for any f € D>,

L(f) = IT())"?]| oo
We recall that, if f € L?(u), the entropy of f? is defined by
Ent,,(f?) = Eu(f* log f*) = Eu(f?) log Eu(f?).

Definition 5.1 Let ¢ be a positive constant. We say that the Dirichlet form (X, u,D,E)
satisfies the logarithmic Sobolev inequality denoted by LS(c) if

VfeD  Ent,(f?) <c&(f).

We can then prove that, as in classical cases, a logarithmic Sobolev inequality implies a
transportation inequality.
In the rest of this section, ¢ denotes a positive real number.

Theorem 5.2 If the Dirichlet form (X, u,D,&) satisfies the logarithmic Sobolev inequality
LS(c), then the triplet (X, u, p) satisfies the transportation inequality T'(c/2).

Proof: We use Herbst’s argument (see [13, 1]). Let ¢ € D> with I'(¢)) < 1 and set, for t > 0,

t
H(t) =E,(exp(ty)) and f; = exp(§ ).
By [3, Corollary 6.1.3] (functional calculus of T")

2
L(f:) = 1 exp(ty) ['(9).

Therefore,
2

D(f) < 77 esp(te).

By the logarithmic Sobolev inequality LS(c) applied to f;, we then obtain

tH'(t) — H(t) log H(t) < th H(t)

10



or

On the other hand, we have clearly

Consequently, for all £ > 0,
c
H(t) < exp (g 12+ tEu(@b)) :
It is now enough to apply Proposition 4.3. a

Corollary 5.3 If the Dirichlet form (X, u,D,&) satisfies the logarithmic Sobolev inequality
LS(c), then the triplet (X, u,p) satisfies the Gaussian concentration inequality G(c') for any
d > (¢/2). More precisely, one has

2
2
r> glog2:a(r)<exp[——<r— glog2>],
\ c \

where a denotes the concentration function related to (X, u, p).
Proof: See the proof of the first part of Theorem 4.4. O

Corollary 5.4 If the Dirichlet form (X, u, D, &) satisfies the logarithmic Sobolev inequality
LS(c), then, for any F € D such that T'(F) < 1, one has

2
Vr >0 p(F > EL(F)+1r) < exp <_E7~2>.

Proof: We follow again [13, 1]. Let F' € D such that I'(F) < 1 and set, for n € N, F,, =
(FAn)V (—n). By the proof of Theorem 5.2, for all £ > 0 and for all n € N,

B, (exp(t F,)) < exp (g £2 4 tE”(Fn)) .

We may pass to the limit for n tending to co in the above inequality. Thus, for all ¢ > 0,
E, (exp(t F)) < exp (g 12 4+ tEM(F)) .

By Chebyshev’s inequality, for every t,r > 0,
W(F > E,(F) +71) < exp (th - tr) .

Optimizing in ¢, we obtain the result. O

11



6 Wasserstein metrics on Wiener spaces

We consider in this section the particular setting of an abstract Wiener space (X, H, 11) in the
sense of L. Gross [8] (see also [17, 3, ...]. We recall that, in particular, X is a separable Banach
space,  is a centered Gaussian probability measure on X with support X, and (H,| |g)isa
Hilbert space compactly embedded in X, which is called the Cameron-Martin space. We refer
to [3] for a precise definition and for the notation we adopt here. Actually, we could take the
more general framework considered in [5].

As shown in [3], there is a canonical Dirichlet form (D, £) on (X, ), which is local and admits
a carré du champ I'. Moreover, 1 € D. The results of the previous section are available and
we keep the same notation. In particular the intrinsic metric p is defined as before.

We now set, for z,y € X,

po(z,y) = |v—ylg if x—yeH
= +00 otherwise.

We are then in the situation of the particular case described in Section 2, whose we keep the
notation, and, by [11, Theorem 4.6.], p is actually the measurable pseudometric associated
with po. In fact, p is a measurable metric and, for all A,B € Q, p(A,B) < oo (see [11]).
Moreover, we know ([9]) that the logarithmic Sobolev inequality LS(4) holds.

A measurable real function f is called H-Lipschitz continuous if

3C 20 Ve,ye X [f(@) = fW)] < po(z,y).

A class f is called p-a.e. H-Lipschitz continuous ([4]) if f admits a representative f which is
H-Lipschitz continuous. In this case, the H-Lipschitz constant of f is defined by

Ly(f) =ess sup{ sup \f(z+h) — f(z)|:z e X}

1
nem\{o} |PlH

We then recall the following characterization ([4, 11]):
Let f € L*°. Then f is p-a.e. H-Lipschitz continuous if and only if f € Lip™(p) and, in this

case, Ly (f) = L,(f).
If ¢ and n are probability measures on X, we denote by 3(&,n) the set of all probability
measures on X X X with marginal distributions £ and 7.

Definition 6.1 For p € [1, 0o[ we define the LP-Wasserstein metric by

1/p

W, (¢m) = [inf{ [ el dn(e.p) : m e sie.my

We shall first extend to this situation the classical Kantorovich representation theorem
(see for example [16, Theorem 2.5.6]).

Theorem 6.2 For every §,n € I(u),

Wl (Ev 77) = K‘(&? 77)7

where K denotes the Kantorovich metric defined in Definition 4.1

12



Proof: Let &,n € TI(n). As pg is lower semicontinuous on X x X, the duality theorem [12,
Theorem 2.6] gives,

Wi(&n) =sup{[ fdé— [gdn : feL'),gcL(n) and
Vr,y € X f(x) < +00,9(y) > —o0, f(z) — g(y) < po(=,y)}

Replacing in the sup, f and g respectively by (fAM)V (—=M) and (g AM)V (—M) and letting
M tend to infinity, we may assume, in the sup, that f and g are bounded. By the regularity
of 1, we may assume, moreover, that g is lower semicontinuous. Suppose then that f and g
satisfy:

Vo, ye X [f(@)] <M, |lg(y)| <M, f(z)—g(y) < po(z,y)

and that g is lower semicontinuous. Let U be a K, of X with pu(U) =1 and set, for x € X,

fi(x) = inf{g(y) + po(z,y) :y € U} A M.

As g is l.s.c., f1 is a limit of a decreasing sequence of l.s.c. functions. Hence, f; is a Borel
function. Moreover we have clearly f1 > f, |fi] < M and fi(y) < g(y) for y € U and

therefore p-a.e. We denote by ¢ the class of fi. Clearly, ¢ is p-a.e. H-Lipschitz continuous
and Ly () < 1. Therefore ¢ € Lip™(p) and L,(¢) < 1. Now

[rac- [gans [nac- [nan=[oac- [om

This implies W1 (&, 1) < k(§,n). The converse inequality is easy, using again the characteriza-
tion of u-a.e. H-Lipschitz continuous functions. O

For p > 1, we have the following extension of [16, Corollary 2.5.2] (see also [15, Theorem
5.2.1]). We also mention the deep study [6, 7] of the L?- Wasserstein metric on abstract
Wiener spaces related to transportation problems. In what follows, if h € Lip®(p), h denotes
an H-Lipschitz continuous representative of h.

Theorem 6.3 Let p > 1. For every {,n € 1I(u),

(Wp(&,m)]P =sup{[ fd& — [gdn : feLip™(p), g € Lip®(p) and
Vo,ye X f(x) = 3(y) < [po(z,y)]P}.

Proof: Let £,n € TI(u). As before, the duality theorem [12, Theorem 2.6] gives,

(Wp(&m)]P =sup{[ fd§ — [gdn : feL(€),g€ L (n) and
Vo,y € X f(x) < +00,9(y) > —o0, f(z) — g(y) < [po(z,y)]P}.

As in the previous proof, we may assume that, in the sup, f and g satisfy:

Ve,ye X |f(x)] <M, |g(y)| < M, f(x)—g(y) < [po(z,y)]”

and that f is upper semicontinuous. Let U be a K, of X with U =U + H and pu(U) = 1. We
set, for y € X and N € N,

gn (y) = sup{f(x) — (po(z,y) AN)P : 2 € U}.
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Then gy is a Borel function, —M — NP < gy < M and gy is H-Lipschitz continuous. We set
v = 1Uf—(M—‘er)1Uc.

We have
Ve,y € X In(@) —gn(y) < [po(z,y)]P.

We see easily that (gn) is a decreasing sequence which converges to k defined by

k(y) = sup{f(z) - [po(z,y)]" - x € U}.

Nliinoo/gzvdn—/kdné/gdn
[wae=[sae

Therefore, replacing in the sup the couple (f,g) by (fn,gn), we may suppose that f and g
are bounded and that ¢ is H-Lipschitz continuous. Let C > 0 such that

We have k£ < g. Hence,

and, for all IV,

Ve,ye X g(x) —g(y)| < Cpo(z,y)
and let h be an l.s.c. function such that g < h. We set
h(z) = inf{h(y) + C po(z,y) : y € U}.

Then g < h and h(z) < h(z) for & € U. This implies

/gdUS/ﬁdné/hdn-

Therefore, by the regularity of n, we may replace g by h. Now, if U = Up>0K,, with each K,
being a compact set, then h is the decreasing limit of the sequence (h,,) with

hp(x) = inf{h(y) + C po(z,y) : y € K, }.

As h, is an ls.c. H-Lipschitz continuous function, this shows that we may assume that
the H-Lipschitz continuous function ¢ is moreover a lower semicontinuous function. Then,
symmetrizing the construction of the first part of the proof, we may finally assume that f and
g are bounded H-Lipschitz continuous functions. O
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