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This paper is a companion paper of the two previous ones of the same authors (Hedging of De-
faultable Claims). The three papers will be published together in Paris-Princeton Lecture notes.

In this chapter, we present a few alternative ways of pricing defaultable claims in the situation
when perfect hedging is not possible. In the previous chapter, we have presented the mean-variance
hedging framework. Now, we study the indifference price approach that was initiated by Hodges
and Neuberger (1989). We shall refer to this approach as to the “Hodges price” approach. This
will lead us to solving portfolio optimization problems in incomplete market, and we shall use
the dynamic programming (DP) approach. We also present the Hamilton-Jacobi-Bellman (HJB)
equations, when appropriate, even though this method typically requires strong assumptions to give
closed-form solutions. In particular, when dealing with the general DP approach, we need not make
any Markovian assumption about the underlying processes; such assumptions are fundamental for
the HJB methodology to work.

In the first section, we define the Hodges indifference price associated to strategies adapted
with the reference filtration IF, and we solve the problem for exponential preferences and for some
particular defaultable claims. We shall use results obtained here to provide basis for a comparison
between the historical spread and the risk-neutral one.

In the second section, using backward stochastic differential equations (BSDEs), we work with
G-adapted strategies, and we solve portfolio optimization problems for exponential utility functions.
Our method relies on the ideas of Rouge and El Karoui (2000) and Musiela and Zariphopoulou
(2003). The reader can refer to El Karoui and Mazliak (1997), El Karoui and Quenez (1997), El
Karoui et al. (1997), or to the survey by Buckdahn (2000) for an introduction to the theory of
backward stochastic differential equations and its applications in finance.

In the third section, we study a particular indifference price based on the quadratic criterion;
we call such a price the quadratic hedging price. In particular, we compare the indifference prices
obtained using strategies adapted to the reference filtration F to the indifference prices obtained
using strategies based on the enlarged filtration G. It needs to be stressed though that quadratic
utility alone is not quite adequate for pricing purposes, although it represents a good criterion for
hedging purposes. This is one of the reasons we presented the mean-variance approach to pricing
and hedging in the previous chapter.

In the last section, we present in a very particular case the duality approach for exponential
utilities.

We emphasize that in this chapter, just as in the previous chapter, a very important aspect of our
analysis is the distinction between the case when admissible portfolios are adapted to the filtration
I, and the case when admissible portfolios are adapted to the filtration G.

1 Hedging in Incomplete Markets

We recall briefly the probabilistic setting of Chapter 2. The default-free asset is Z! with the dynamics
dZ} = Z} (vdt + odWy), Z§ >0,
and the price process of the money market account has the dynamics
dZ} = Zkrdt, 7% =1,

where 7 is the constant interest rate. The default-free market is complete and arbitrage free: one can
hedge perfectly any square-integrable contingent claim X € Fp. The default time is some random
time 7, and the default process is denoted as H; = 1 {;<;;. The reference filtration is the Brownian
filtration F; = o(Wy, u < t) and the enlarged filtration is G; = F; V H; where Hy = o(Hy, u < t).
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We assume that the hazard process F; = P{r < t|F;} is absolutely continuous with respect to
Lebesgue measure, so that F; = fot fu du (hence, it is an increasing process). Therefore, the process

tAT tAT f
M:Hf/ ’yudu:Hf-/ Y du
t t ; t . 1-F,

is a G-martingale, where ~ is the default intensity. Note that the stochastic intensity ~ is the
intensity of the default time 7 with respect to the reference filtration F generated by the Brownian
motion W.

For a fixed T > 0, we introduce a risk-neutral probability Q for the market model (Z!, Z?) by
setting dQ|g, = n: dP|g, for t € [0,T], where the Radon-Nikodym density 7 is the F-martingale
defined as

dng = —0ny dWy, mo =1,

where § = v/o. Under Q, the discounted process Ztl = e "7} is a martingale. It should be
emphasized that Q is not necessarily a martingale measure for defaultable assets. Let us recall,
however, that if Q is any equivalent martingale measure on G for the default-free and defaultable
market, then the restriction of Q to FF is equal to the restriction of Q to F. A defaultable claim
is simply any random variable X, which is Gp-measurable. Hence, default-free claims are formally
considered as special cases of defaultable claims.

1.1 Hodges Indifference Price

We present a general framework of the Hodges and Neuberger (1989) approach with some strictly
increasing, strictly concave and continuously differentiable mapping w, defined on R. We solve
explicitly the problem in the case of exponential utility for portfolios adapted to the reference
filtration.

The Hodges approach to pricing of unhedgeable claims is a utility-based approach and can be
summarized as follows: the issue at hand is to assess the value of some (defaultable) claim X as
seen from the perspective of an economic agent who optimizes his behavior relative to some utility
function, say w. In order to provide such an assessment one can argue that one should first consider
the following possible modes of agent’s behavior and the associated optimization problems:

Problem (P): Optimization in the default-free market.

The agent invests his initial wealth v > 0 in the default-free financial market using a self-financing
strategy. The associated optimization problem is,

(P) : V(v):= sup Ep{u(fo(qﬁ))},

Pee(F)
where the wealth process V; = V,”(¢), t € Ry, is solution of
dVy = rVydt + ¢ (dZ} — rZ}dt), Vo =w. (1)

Recall that ®(F) is the class of all admissible, F-adapted, self-financing trading strategies (for the
definition of this class, see Chapter 2).

Problem (P]FX ): Optimization in the default-free market using F-adapted strategies and
buying the defaultable claim.

The agent buys the contingent claim X at price p, and invests the remaining wealth v — p in the
financial market, using a trading strategy ¢ € ®(F). The resulting global terminal wealth will be

ViR (9) = VR (9) + X
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The associated optimization problem is

(P) : Vx(v—p):= sup Ep{u(Vy P(¢) + X)},
d€2(F)

where the process VV=P(¢) is solution of (1) with the initial condition V' ~*(¢) = v—p. We emphasize
that the class ®(F) of admissible strategies is the same as in the problem (P), that is, we restrict
here our attention to trading strategies that are adapted to the reference filtration F.

Problem (’P(éf ): Optimization in the default-free market using G-adapted strategies and
buying the defaultable claim.

The agent buys the contingent claim X at price p, and invests the remaining wealth v — p in the
financial market, using a strategy adapted to the enlarged filtration G. The associated optimization
problem is

(PE) : Vi(w—p) = sup Ep{u(V277(¢)+X)},
€2(G)
where ®(G) is the class of all G-admissible trading strategies (for the definition of the class ®(G),
see Chapter 2).

Next, the utility based assessment of the value (price) of the claim X, as seen from the agent’s
perspective, is given in terms of the following definition.

Definition 1.1 For a given initial endowment v, the F-Hodges buying price of a defaultable claim
X is the real number pj(v) such that V(v) = Vx (v — pj(v)). Similarly, the G-Hodges buying price
of X is the real number p(v) such that V(v) = V§ (v — p&(v)).

Remarks. We can define the F-Hodges selling price p% (v) of X by considering —p, where p is the
buying price of —X, as specified in Definition 1.1. By concavity of the utility function, the selling
price is lower than the buying price. A similar remark applies to the G-Hodges selling price.

If the contingent claim X is Fp-measurable, then the F- and the G-Hodges prices coincide with
the hedging price of X, ie., pi(v) = p&(v) = mo(X) = Ep({(rX), where we denote {; = n.R;
with Ry = (Z2)~! = e~ "'. Indeed, assume that there exists a self-financing portfolio ¢ such that

X = V;O(X)(gg), and let h be the F-Hodges buying price. Suppose first that h < mo(X). Then for
any ¢ we obtain

VETM6) + X = Vi (9) + VY (6) = v (),
where we denote ¢ = ¢ + ¢ € ®(FF). Hence

Vx(v—h) = sup Ep{u(Vy"(¢)+X)}
e (F)

= sup Ep{u(Vy @)} > V),
pED(F)

where the last inequality (which is a strict inequality) follows from v < v — h + mo(X) and the
arbitrage principle. Therefore, the supremum over ¢ € ®(F) of Ep(u(V:}f—h (¢) + X)) is greater
than V(v). We conclude that the F-Hodges buying price can not be smaller than the hedging price.
Arguing in a similar way, one can show that the F-Hodges selling price of an Fr-measurable claim
can not be smaller than the hedging price. Finally, almost identical arguments show that the G-
Hodges buying and selling price of an Fp-measurable claim are equal to the hedging price of X (see
Section 2.2).

Remarks. It can be shown (see Rouge and El Karoui (2000), or Collin-Dufresne and Hugonnier
(2002)) that in the general case of non-hedgeable contingent claim, the Hodges price belongs to the
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open interval
Jinf E~(Xe ™), supE~(Xe "1,
o Q 3 Q

where @ runs over the set of all equivalent martingale measures, and thus it can not induce arbitrage
opportunities.

1.2 Solution of Problem (P)

We briefly recall one of the solution methods for the problem (P). Towards this end, we first
observe that in view of (1) the discounted process e "'V," P(¢), t € Ry, is a martingale under
any equivalent martingale measure, hence (;V," ?(¢), t € R, is a P-martingale and, in particular,
Ep(VE(4)¢r) = v. It follows that in order to obtain a terminal wealth equal to, say V, the initial
endowment v has to be greater or equal to Ep(V {r); this condition is commonly referred to as the
budget constraint.

Now, let us denote by I the inverse of the monotonic mapping u’ (the first derivative of u). It is
well known (see, e.g., Karatzas and Shreve (1998)) that the optimal terminal wealth in the problem
(P) is given by the formula

Vit =I(ulr), P-as., (2)

where p is a real number such that the budget constraint is binding, that is,
v=Ep(CrVy™). (3)

Consequently, the optimal value of the objective criterion for the problem (P) is V(v) = Ep(u(V,")).

The above results are obtained by means of convex duality theory. The disadvantage of this
approach, however, is the fact that it is typically very difficult to identify an optimal trading strategy.
Thus, in general, using the convex duality approach we can only partially solve the problem (P).
Specifically, we can compute the optimal value of the objective criterion, but we can’t identify the
optimal strategy. Later in this chapter, we shall use the BSDE approach in a more general setting.
It will be seen that this approach will allow us to identify (at least in principle) an optimal trading
strategy.

1.3 Solution of Problem (Py)

In this subsection, we shall examine the problem (Pg) for a defaultable claim of a particular form.
First, we shall provide a solution Vx (v — p) to the related optimization problem. Next, we shall
establish a quasi-explicit representation for the Hodges price of X in the case of exponential utility.
Finally, we shall compare the spread obtained via the risk-neutral valuation with the spread deter-
mined by the Hodges price of a defaultable zero-coupon bond. The reader can refer to Bernis and
Jeanblanc (2003) for other comments.

1.3.1 Particular Form of a Defaultable Claim
We restrict our attention to the case when X is of the form
X =Xilory + Xollr<ry, (4)

where X;,7 = 1,2 are square-integrable under P and Fp-measurable random variables. In this case,
we have

VTP () = VETP(9) + Xy
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if the default has not occurred before maturity date T', that is, on the set {r > T}, and
Vi P () = Vi P (9) + Xe
otherwise. In other words,
quiip’x(ff)) = oy (Ve P(0) + X1) + Ly (Vi P (0) + X2).

Observe that the pay-off X5 is not paid at time of default 7, but at the terminal time 7.

Since the trading strategies are F-adapted, the terminal wealth V. ?(¢) is an Fpr-measurable
random variable. Consequently, it holds that

Er {u(Vy "% (¢))}
= Ee{u(Vr7P(0) + X0)Lprsry +u(Vy™0(0) + Xo) Lirary }
= Ep {Ep (u(V7 7(9) + X1) Lrsy +u (V7 (6) + Xo) Ur<ry ) }
= Ep{u(VZ"(¢) + X1)(1 — Fr) + u(VE " (¢) + Xa) Fr},

where Fp =P {7 < T |Fr}. Define, for every w € Q and y € R,
Ix(y,w) = u(y + X1(w))(1 = Fr(w)) + u(y + Xa2(w))Fr(w).
Notice that under the present assumptions, the problem (’Pf( ) is equivalent to the following problem:

(P&) : Vx(v—p):= sup Ep{Jx (V7 "(¢),w)}.
pe®(F)

The mapping Jx(-,w) is a strictly concave and increasing real-valued mapping. Consequently, for

any w €  we can define the mapping Ix(z,w) by setting Ix(z,w) = (Jé((-,w))_l(z) for z € R,

where (J%(-,w))~! denotes the inverse mapping of the derivative of Jx with respect to the first

variable. To simplify the notation, we shall usually suppress the second variable, and we shall write

Ix(-) in place of Ix(:,w).

The following lemma provides the form of the optimal solution.

Lemma 1.1 The optimal terminal wealth for the problem (PE) is given by Vi " = Ix(A\*(r),
P-a.s., for some A\* such that

v—p=TEe(GrVE ). (5)

Thus the optimal global wealth equals V%pr,X,* =V "+ X = Ix(NC¢r) + X and the optimal value
of the objective criterion for the problem (Pg) is

Vx (v —p) = Ep(u(Vy ")) = Ep(u(Ix (\'¢r) + X)) (6)

Proof. As a consequence of predictable representation property (see, e.g., Karatzas and Shreve
(1998)), one knows that in order to find the optimal wealth it is enough to maximize u(A) over the
set of square-integrable and Fr-measurable random variables A, subject to the budget constraint,
given by

Ep(¢rA) <v—p.

The associated Lagrange multiplier, say \*, is non-negative. Moreover, by the strict monotonicity
of u, we know that, at optimum, the constraint is binding, and thus A* > 0.

The mapping Jx (-) is strictly concave (for all w). Hence, for every wealth process V7P (¢),
starting from v — p, by tangent inequality, we have

Ep{Jx (V3 P(8) — Ix (VP b < Ep{ (Vi P(¢) — Vi ") I (Vy 7))
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Replacing V¥~P* by its expression given in Lemma 1.1 yields for any ¢ € ®(F)
Ep{Jx (V7 "(¢)) = Ix (V7 P7)} < ABp{Cr (V7P (0) = Vi P7)} <0,

where the last inequality follows from the budget constraint. To end the proof, it remains to observe
that the first order conditions are also sufficient in the case of a concave criterion. Moreover, by
virtue of strict concavity of the function Jx, the optimum is unique. O

1.3.2 Exponential Utility: Explicit Computation of the Hodges Price

For the sake of notational simplicity, we assume here that » = 0. Let us state the following result,
the proof of which stems from Lemma 1.1, by direct computations.

Proposition 1.1 Let u(z) = 1 — exp(—oz) for some ¢ > 0. Assume that for i = 1,2 the random
variable Cre= X" is P-integrable. Then we have

1
pp(v) = 5 Ep (CT 1n((1 — Fr)e 2% 4 FT679X2)) =Ep(¢r V),
where the Fr-measurable random variable ¥ equals

1
U =—=In((1 - Fr)e @ + Fre %), (7)
0

Thus, the F-Hodges buying price ps(v) is the arbitrage price of the associated claim V. In addition,
the claim U enjoys the following meaningful property

Ep{u(X — V) |Fr} =0. (8)

Proof. In view of the form of the solution to the problem (P), we obtain (cf. (2))

v, % 1 H*CT)
Voo =——In .
T 0 ( 0

The budget constraint Ep({rV;"™) = v implies that the Lagrange multiplier y* satisfies

1 w* ) 1

—In{— ) =—Ep(¢rInlr) —v. 9
o ( [ 0 P( g T) ©)
In the case of an exponential utility, we have (recall that the variable w is suppressed)

Jx(y) = (1 — e WHXOY (1 — Pp) + (1 — e~ 2w X2y,

so that
Jy(y) = Qe_gy(e_gxl(l —Fr)+ 6_‘QX2FT).

Thus, setting
A = eigxl(]_ — FT) —+ eigXZFT = eig\y,

o= dn(5) 1) o

It follows that the optimal terminal wealth for the initial endowment v — p is

I B v 1 /2 1
v—px _ _ 1 __* _ = _
Vr = an( Ag) an<g> QIHCT 0,

we obtain
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where the Lagrange multiplier \* is chosen to satisfy the budget constraint Ep(¢rVy ") = v — p,
that is,

éln ()\Q*) = —%EP(CTIHCT) —EP(CT\I/) —v+p. (10)

The F-Hodges buying price is a real number p* = pj(v) such that
Ez(exp(—oV7™)) = Ep(exp(—o(V7 """ + X)),

where p* and A\* are given by (9) and (10), respectively. After substitution and simplifications, we
arrive at the following equality

Ep{exp<—g(Ep(CT\I') —p*—l—X—W))} =1. (11)

Using (4), it is easy to check that
Ep(e ¢ ~9) | Fr) =1 (12)
so that equality (8) holds, and Ep(e 2¢X~%)) = 1. Combining (11) and (12), we conclude that
p]}‘(v) = EP(CT\II) O

We briefly provide the analog of (7) for the F-Hodges selling price of X . We have pf (v) = EP(CT{I;),
where

1
U = —In((1 - Fr)e?™ + Fre®*?). (13)
o

Remarks. It is important to notice that the F-Hodges prices pi(v) and pf(v) do not depend on the
initial endowment v. This is an interesting property of the exponential utility function. In view of
(8), the random variable ¥ will be called the indifference conditional hedge.

Comparison with the Davis price. Let us present the results derived from the marginal pricing
approach. The Davis price (see Davis (1997)) is given by

0*(v) = EP{“V(,% )X}

In our context, this yields
d*(’U) = ]E]P’{CT(XIFT + Xg(l — FT))}

In this case, the risk aversion ¢ has no influence on the pricing of the contingent claim. In particular,
when F' is deterministic, the Davis price reduces to the arbitrage price of each (default-free) financial
asset X', 7 = 1,2, weighted by the corresponding probabilities Fr and 1 — Frp.

1.3.3 Risk-Neutral Spread Versus Hodges Spreads
Let us consider the case of a defaultable bond with zero recovery, so that X; = 1 and Xo = 0. It

follows from (13) that the F-Hodges buying and selling prices of the bond are (it will be convenient
here to indicate the dependence of the Hodges price on maturity 7")

D3(0,T) = —% Ep{¢rIn(e™?(1 — Fr) + Fr)}

and L
DE(0,T) = p Ep{¢rIn(e?(1 — Fr) + Fr)},
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respectively. Let @ be a risk-neutral probability for the filtration G, that is, for the enlarged market.
The “market” price at time t = 0 of defaultable bond, denoted as D°(0,T), is thus equal to the
expectation under Q of its discounted pay-off, that is,

D%(0,T) = Eg (1> Rr) = Eg((1 - Fr)Rr),

where F, = Q{7 < t|F;} for every t € [0,T]. Let us emphasize that the risk-neutral probability
@ is chosen by the market, via the price of the defaultable asset. Hence, it should not be confused

with the probability measure Q, which combines, in a sense, the risk-neutral probability for the
default-free market (Z!, Z?2) with the real-life intensity of default.

Let us recall that in our setting the price process of the T-maturity unit discount Treasury
(default-free) bond is B(t,T) = e~"(T=%. The Hodges buying and selling spreads at time ¢t = 0 are
defined as

1 D(0,T)
*0.T) = —— n =22~/
e T(B)
and .
1 D;(0,T)
S*<O,T) —7f1nm,

respectively. Likewise, the risk-neutral spread at time ¢t = 0 is given as

0 _1.D%0,T)
S°(0,T) = TlniB(O,T) .

Since D;(0,0) = DE(0,0) = D°(0,0) = 1, the respective backward short spreads at time t = 0 are
given by the following limits (provided the limits exist)

d*InD5(0,T)

$*(0) = lim §*(0.7) = = ‘Tzo—r
and . .
L _ d™InD.(0,T)
5(0) =ImS.0.7) = === o
respectively. We also set
dtInD°(0,T)
0/ — T QO _ J _
s°(0) = ITHL%S 0,7) = dT ‘T:O "

Assuming, as we do, that the processes f‘T and Fr are absolutely continuous with respect to the
Lebesgue measure, and using the observation that the restriction of Q to Fr is equal to Q, we find
out that

%F(%OYT)) _ _% Eo{In(e~¢(1— Fr) + Fr)}

_ _2%{111(6:9(1—/0Tftdt)+/0Tftdt)}7

and

2N éEQ{ In (e2(1 — Fr) + Fr)}

B(0,T)
T T
%EQ{ln(eQ(l—/o ftdt>+/0 ftdt>}.
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Furthermore,
D°(0,T)

~ T ~
——= =FEo(l - Fr) =Eq(1— .
Bo.7) el — Ir) o /0 fudr)
Consequently,
1

s7(0) = P’ (1—e®) fo, 5:(0)==(1—e¢)fo,

SR

and s°(0) = fo. Now, if we postulate, for instance, that s,(0) = s°(0) (it would be the case if the
market price is the Hodges price), then we must have

Go=fo= g (1=e )= 5 (1= )

so that 5o < 7p. Similar calculations can be made for any ¢ € [0, T7.

2 Optimization Problems and BSDEs

The major distinction between this section and the previous one is that here we consider strategies
¢ that are predictable with respect to the full filtration G. Unless explicitly stated otherwise, the
underlying probability measure is the real-world probability P. We consider the following dynamics
for the risky asset Z!

dZ} = Z}_(vdt + adW; + pdM,), (14)

where M; = H; — fg A s ds, and where we impose the condition ¢ > —1, which ensures that the
price Z} remains strictly positive.

In order to simplify notation, we shall denote by £ the process such that dM; = dHy — & dt is a
G-martingale, i.e., & = v4(1 — H;). We assume that the so-called Hypothesis (H) holds, that is, any
F-martingale is a G-martingale as well.

Throughout most of the section, we shall deal with the same the market model as in the previous
section, that is, we shall set ¢ = 0. Only in Section 4 we generalize the dynamics of the risky asset
to the case when ¢ # 0, so that the dynamics of the risky asset Z! are sensitive to the default risk.
In particular, the limit case ¢ = —1 corresponds to the case where the underlying risky asset has
value 0 after the default.

We assume for simplicity that » = 0, and we change the definition of admissible portfolios to one
that will be more suitable for problems considered here: instead of using the number of shares ¢ as
before, we set m = ¢Z"', so that m represents the value invested in the risky asset. In addition, we
adopt here the following relaxed definition of admissibility of trading strategies.

Definition 2.1 The class II(F) (II(G), respectively) of F-admissible (G-admissible, respectively)

trading strategies is the set of all F-adapted (G-predictable, respectively) processes m such that
fOT n2dt < oo, P-a.s.

The wealth process of a strategy m satisfies
d‘/;g (7T) = T— (th + O'th + QOth) . (15)

Note that with the present definition of admissible strategies the “martingale part” of the wealth
process is a local martingale, in general.

Let X be a given contingent claim, represented by a Gr-measurable random variable. We shall
study the following problem:

sup Ep{u(VE(m)+ X)}.
Tell(G)
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2.1 Exponential Utility

In this section, we shall examine the problem introduced above in the case of the exponential utility,
and by setting ¢ = 0 in dynamics (14). First, we examine the existence and the form of a solution
to the optimization problem, under additional technical assumptions. Subsequently, we shall derive
the expression for the Hodges selling price.

2.1.1 Optimization Problem

Let X € Gr be a given non-negative contingent claim, and let v be the initial endowment of an
agent. Our first goal is to solve an optimization problem for an agent who sells a claim X. To this
end, it suffices to find a strategy = € II(G) that maximizes Ep(u(VE(m) + X)), where the wealth
process Vi = V;’(m) (for simplicity, we shall frequently skip v and 7 from the notation) satisfies

dVy = m, dZ} = m(vdt + odWy), Vo = v.
We consider the exponential utility function u(z) =1 — e~¢*, with ¢ > 0. Therefore,

sup Ep{u(VE(m)+ X)) =1— inf Ep(e 2Vr(Me0X),
A p{u(Vy(m) + X)} L B ( )

Let us describe the idea of a solution. Suppose that we can find a process Z with Zp = e~2¥X,
which depends only on the claim X and parameters p, o, v, and such that the process e~ ¢V¢ (™) Z,
is a G-submartingale under P for any admissible strategy m and is a martingale under P for some
admissible strategy 7* € II(G). Then, we would have

]E]P,(engT“(W)ZT) > e’QVOU(’T)ZO =e 7,
for any 7 € II(G), with equality for some strategy 7* € II(G). Consequently, we would obtain

inf Ep(e= V7™ e—0X) = F (e Ve (m") g—0X) — —ovg. 16
71-6111'11((}) p(e e ) p(e e ) e 0 (16)

and thus we would be in the position to conclude that 7* is an optimal strategy. In fact, it will
appear that we shall need to restrict further the class of G-admissible trading strategies.

We shall search for an auxiliary process Z in the class of all processes satisfying the following
BSDE
dZ; = fodt + 2, dWy + Z, dM;, t € [0,T[, Zp = e~ 9%, (17)

where the process f will be determined later (see equation (19) below). By applying It6’s formula,
we obtain
d(e 2"t) = e7 9% ((§ o*mio? — om) dt — ompo AWY)

so that

e 2,) = e (fi + Z(30°n70" — omv) — omio;)dt
+e Vi ((Z — omoZy) AW, + 2 dM;).

Let us choose 7* such that it minimizes, for every ¢, the following expression
Zt(% o*rio? — QTl'tI/) —omozy = —om(VZ + 02t) + % 0*nto’Z;.

It is easily seen that

I/Zt —|—0'/Z\t 1 ( /Z\t
A Sy 7) , 18
Tt QO'ZZt pPo + Zt ( )
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Now, let us choose the process f, by postulating that

fo = f(Z1,2) = Zi (omyv — 5 0°(77)?07) + omf 0%,

. ~ N vZi+0%)?
= omi(Zw +0%) — %QQ(Wt)QUQZt = %

We shall now study the BSDE (17) with the process f given by (19).

Lemma 2.1 Let X be a Gr-measurable random variable, such that a < X < b for some constants
a < b. Then there exists a solution (Z,%,%) of the BSDE

(Z/Zt + O':’I\t)

2
dZ; = dt + 2, dW; + Z dMy, t € [0,T[, Zr = e~ X, (20)
2U2Zt

Moreover, the process Z is strictly positive.

Proof. Recall that W is a Brownian motion under P, and that the risk-neutral probability Q is
given by dQ|z, = 1 dP|z,, where dn, = —m0dW, with 6 = v/o and 1y = 1. Thus the process
W;Q) = W, + 6t, t € [0,T], is a Brownian motion under Q. It will be convenient to write equation
(20) as
dZy = (30°Zy + 02 + 5 Z7'20)dt + 2o dWy + Z, dMy, t € [0,T[, Zr = e 2%,
We shall first establish the existence of a solution to the following auxiliary BSDE:
dY; = (3 0%Ys + 05,)dt + G AW, + G dM;, t € [0,T[, Yp = e X, (21)
To this end, let us consider the process Y defined as
Y, = e~ (T-1)9°/2 Eg(e™°% | Gy)
so that, in particular, Y7 = e~2X. Let us observe that the G-martingale m, given by the formula
m; = Eq(e ¥ | Gr) (22)
admits, by virtue of Kusuoka’s (1999) theorem, the following representation:
dmy = iy AWR + g dM,. (23)
for some processes m and m. Since manifestly
dY; = L0%(T — )Y, dt + e~ T~/ am,,
we have
dY, = 36°Yidt+ g, dW2 + 5, dM,
= (360°Y, +05,) dt + Gy AW, + 3, dM,,

where we denote

_ ef(Tft)OQ/Z M, T = ef(Tft)62/2 s

<)

t

We conclude that the triple

—~

Y, y,9) is a solution to (21). Moreover, we have
2 2
e e 7T <Y, = e T T VEg(e X |G) < e,

so that the process Y is bounded from above and from below by positive constants.
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In the next step, we shall focus on the following BSDE
dUy = (04, + L UY,°57 + LU 'ag)dt + 4y dWy, Up = 1. (24)
In order to prove that (24) has a solution (U, u, ), we write this equation as
AU, = (U + 3UYGE) dt + 0, dW2, Ur = 1, (25)

where the process ¢, = 3 Y, ? is given. Denoting A; = exp(— fg 15 ds) and introducing a process
Sy = Ui Ay, we see that S satisfies

ds.

1 A ~
L = 2751&(14,%)2 dt + Ay, W2,

so that the pair (S,3), where §; = Uz A, need to satisfy the following BSDE:

dS; = — 82 dt + 5, dW2, Sy = Ar. (26)

1
25
Moreover, since it also holds that m, and thus 7 as well, is square-integrable under Q, we see that the
random variable fOT Y dt is well defined (and it is Q-integrable). Consequently we have 0 < Sy < 1.

We shall now establish existence of a solution to (26). For this purpose, we consider the BSDE
R T
dK; = ke dW2, Kp=InAp = —/ Uy dt.
0

As we have already noted, the random variable K7 is Q-integrable. Thus, the solution to the above
equation is Ky = Eg(Kr|G:), and k; is the unique (Q-square-integrable) process providing for the
martingale representation of K;. Now, letting S; = exp(K;), we easily check that the pair (S,3),
where 5; = StEt, solves the BSDE (26). Consequently, the pair (U, @), where 4, = 5, 4; * and

U = 57 = exp {Ba(brlG) + [ veds} = exp{ ~o( [ weas|g.))

is a solution to the BSDE (24).

In the last step, we check that the process Z = UY is a solution to the BSDE (20). Indeed, we
have Zr = UpYy = e~ 2% and

AUYE) = (U3 02Y: + 050) + i (00 + S UY; 25 + S UT' @) + g ) e
+ (Yie + Uey) dWy + Upge dM,
= (30%Z, + 0%, + L 27'27) dt + Z, AW, + Z, dM,,

where z; = Uyy; + Yiu; and z; = Uy, Since Z = UY, it is a strictly positive process. O

Recall that the process Z depends on the choice of a contingent claim X, as well as on the
model’s parameters g,0 and v. The next lemma shows that the processes Z and 7* introduced
above have indeed the desired properties that were described at the beginning of this section. To
achieve this goal, we need to restrict the class of admissible trading strategies, however. We say
that a G-admissible strategy m is regular with respect to X if the martingale part of the process
e~2Vi'(M Z, is a martingale under P, rather than a local martingale. We denote by IIx (G) the class
of all G-admissible trading strategies that are regular with respect to a given claim X.

Lemma 2.2 Let X be a Gr-measurable claim, such that a < X < b for some constants a < b.
Assume that the default intensity v is bounded. Suppose that the process Z = Z(X,0,0,V) is a
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solution to the BSDE (20). Then:

(i) The process e~V (™) Z, is a submartingale for any strategy m € Mx (G).

(ii) The process e~V ™) Z, is a martingale for the process © given by expression (18).

(iil) The process m* belongs to the class x(G) of admissible trading strategies reqular with respect
to X.

Proof. In view of the definition of 7* and the choice of the process f (see formula (19)), the validity of
part (i) is rather clear. To establish (ii), we shall first check that the process e=2Y+ Z; is a martingale
(and not only a local martingale) under P, where V;* = V;?(7*). From the choice of 7*, we obtain

de " 2z,) = e ((Z — prjoZy) AW, + % dM,)
= —98_9‘/: Zy th + e_gvt* Zt th

This means that

t ~ ~
e~V 7, = eV 7, exp ( —OW,; — %922?) exp ( — / Zs &s ds) (1 + e Ht).
The quantity e=¢YZjexp ( — W, — %Hzt) is clearly a continuous martingale under P. From the
equality
Zs s
Zs Y,
and the boundedness of Y (hence of y, which is the jump size of Y'), this ratio is bounded. We

conclude that the process
t ~ ~
Zs Zr—
[ ea)2m
exp( /0 Zsf s + 7 t

is a bounded, purely discontinuous martingale under P. To complete the proof, it remains to check
that the process 7* given by (18) is G-admissible, in the sense of Definition 2.1. To this end, it
suffices to check that

T
/ 227;72dt < o0, P-as.
0

This is rather clear since fOTEtzdt < 00, P-a.s., and the process Z; is bounded from below by a
strictly positive random variable, since

Zy = U Y, >aexp(EQ(/0T¢tdt’gt)>a

where 0 < fOT Yy dt < 00, P-a.s. We conclude that 7* belongs to the class IIx(G). O

Recall that we now examine the following problem:

sup Ep(u(VP(m)+ X)) =1— inf Ep(e_QV;(”)e_QX).
m€llx (G) mellx (G)

We are in the position to state the main result of this section.

Proposition 2.1 Let X be a Gr-measurable claim, such that a < X < b for some constants a < b.
Assume that the default intensity v is bounded. Then

inf Ep(e_gvﬁ(”)e_gx) = ]Ep(e_gvfg(”*)e_gX) =e 7,
mellx (G)

where the optimal strategy 7 € lx(G) is given by the formula, for everyt € [0,T],
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where in turn ZX = Z; and ZX = Z; are the two first components of the solution (Zs, %, 2) of the

BSDE p B
V4 + o0z - -~ _
%dt+ztdwt+zthta Zp =e %, (27)

More precisely, Z, = YU, and z; = Uy + Yy, where

dZt =

}/t — 6792(T7t)/2 EQ(eng |gt),
v, = (3 0%y, + 0 ) dt + Gy AWy + gy dMy,
T
Ui = expq —E / L2y 2ds| G ) ¢,
el [t i)
U, = (0u, + 2 UY,°07 + LUy 'ad)dt + a4y dWs,
Ur = 1.

Proof. The proof is rather straightforward. The process Z which solves (27) is such that: (i) the
process Zye—V¢ (") is a martingale, and (ii) for any strategy = € IIx(G) the process Z;e 2%+ (™) is
equal to a martingale minus an increasing process (since the drift term is non-positive), and thus it
is a submartingale. This shows that (16) holds with II(G) substituted with IIx(G). O

Remarks. To the best of out knowledge, no general theorem, which would ensure the existence of
a solution to equation (27), is available. It is known that the comparison theorem does not work
for BSDEs driven by a jump process (see Barles et al. (1997)). Hence, the proofs of Lepeltier and
San-Martin (1997) and Kobylanski (2000) may not be extended to a quadratic BSDE driven by a
jump process.

2.2 Hodges Buying and Selling Prices

Particular case. Assume, as before, that »r = 0 and let us check that the Hodges buying price is
the hedging price in case of attainable claims. Assume that a claim X is Fp-measurable. By virtue
of the predictable representation theorem, there exists a pair (z, ), where x is a constant and Z; is
an F-adapted process, such that X =z + fo T, dWQ, where VV,;Q = W, + 0t. Here x = EgX is the
arbitrage price mo(X) of X and the replicating portfolio is obtained through z. Hence, the time ¢
value of X is X; = x + fo 7, dWQ. Then dX; = 7; thQ and the process

7 = 6—92(T—t)/2e—gXt
satisfies
az, = Zi((30% +30%53) dt + o3, aWY)

1 ~ ’
= gpag VW2t 00ZiB)* dt + 0Z,F AW
t

Hence (Z;, 02,74, 0) is the solution of (27) with the terminal condition e~¢%, and
Zo = 6—92T/26—Q;c
Note that, for X =0, we get Zy = 6_02T/2, therefore

inf Ep(efgviﬁ(ﬂ')) — e*gv6702T/2.
meIl(G)

The G-Hodges buying price of X is the value of p such that

inf Ep(e@7(™M) = inf Ep(e eV "(M+X))
mell(G) n€ll(G)
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that is,
e~ 0e—0'T/2 _ —o(v—ptmo(X)),—0"T/2
We conclude easily that p&(X) = mo(X) = EgX. Similar arguments show that pf (X) = mo(X).

General case. Assume now that a claim X is Gpr-measurable and the assumption of Proposition
2.1 are satisfied. Since the process Z introduced in Lemma 2.1 is strictly positive, we can use its
logarithm. Let us set ¢y = Z;/Z;, ¥y = Zi/Z; and

Ry = L,v 2 0.
In(1 + )
Then we get N _
d(In Z;) = L 0%dt + 0, dW2 + In(1 + 9b¢) (dM; + & (1 — ky) dt),
and thus N o
d(In Z,) = £ 0%dt + ¢y AW + In(1 + 4y) dM,,
where

dj\\jt = th + ft(l — Ht) dt = dHt — gtl’it dt.
The process M is a martingale under the probability measure @ defined as d©|gt = 7: dP|g,, where

dﬁt = —ﬁtf (9 th + §t(1 — :‘ﬂ?t) th)

Note that the process '[/; is equal to m/m, where the processes m and m are defined in (22) and (23),
respectively.

Proposition 2.2 The G-Hodges buying price of X with respect to the exponential utility is the
real number p such that e ¢V ZX = e~ 70 that is, pi(X) = o ' In(Z3/Z) or, equivalently,

pE(X) = E5(X).

Our previous study establishes that the dynamic hedging price of a claim X is the process
X, = E@(X | G¢). This price is the expectation of the payoff, under some martingale measure, as is
any price in the range of no-arbitrage prices.

3 Quadratic Hedging

We assume here that the wealth process follows
dVP (m) = m(vdt + odWy),  Vy(m) =wv.
The more general case
dVyP (m) = m(vdt + odWy + odMy), Vi (m)=wv

is too long to be presented here. In this section, we examine the issue of the quadratic pricing and
hedging, specifically, for a given P-square-integrable claim X we solve the following minimization
problems:

e For a given initial endowment v, solve the minimization problem:
min Ep((VE (1) — X)?).
s

A solution to this problem provides the portfolio which, among the portfolios with a given initial
wealth, has the closest terminal wealth to a given claim X, in sense of L?-norm under P.
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e Solve the minimization problem:

min Ep((VE (1) — X)?).

T

The minimal value of v is called the quadratic hedging price and the optimal 7 the quadratic hedging
strategy.

The mean-variance hedging problem was examined in a fairly general framework of incomplete
markets by means of BSDEs in several papers; see, for example, Mania (2000), Mania and Tevzadze
(2003), Bobrovnytska and Schweizer (2004) or Lim (2004). Since this list is by no means exhaustive,
the interested reader is referred to the references quoted in the above-mentioned papers.

3.1 Quadratic Hedging with F-Adapted Strategies
We shall first solve, for a given v, the following minimization problem

: v _ 2
i Ep((Vy(m) — X)),

where X is given as
X = Xillrory + Xollz<my

for some Fpr-measurable, P-square-integrable random variables X; and X5. Using the same approach
as in the previous section, we define

Ix(y) = (y — X1)*(1 = Fr) + (y — X2)*Fr
and its derivative
Jx(y)=2[(y—X1)1—Fr)+ (y — X2)Fr] =2y — X:1(1 — Fr) — XoFr].

Hence )
Ix(z) = 52 + Xl(]. — FT) + XQFT

and thus the optimal terminal wealth equals
Vit = % NCr+X1(1—Fr)+ XoFrp,
where \* is specified through the budget constraint:
Ep(CrVy™) = SAER(GE) + Ep(CrXi1(1 — Fr)) + Ep(Cr XoFr) = v.
We deduce that
min Ep (V7 — X)?)
- B {(%)\*CT +X1(1— Fr)+ XoFr — X;) (1 - FT)}
+Ep {(%/\*@ + X, (1= Fr) + XoFp) — X,)° FT}
= T\’ Ep(¢E) +Ep (X1 — X2)?Fr(1 - Fr))
= QIE;(C%) (’U — Ep(Cr (X1 + Pr(X2 — Xl))>2
+Ep((X1 — X2)?Fr(1 — Fr)).

Therefore, we obtain the following result.
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Proposition 3.1 If we restrict our attention to F-adapted strategies, the quadratic hedging price of
the claim X = X117y + Xollgr <) equals

Ep((r (X1 + Fr(X2 — X1)) =Eo(X1(1 — Fr) + FrXs).

The optimal quadratic hedging of X is the strategy which duplicates the Fp-measurable contingent
claim Xl(l - FT) + FTXQ.

In a more general case, we shall only examine the solution of the second problem introduced
above, that is,
min Ep((V{ (1) — X)?).
v,

As we have explained in the previous chapter, this problem is essentially equivalent to a problem
where we restrict our attention to the terminal wealth. From the properties of conditional expecta-
tions, we have

min Bp((V — X)?) = Ex((Ee(X | Fr) - X)?)

and the initial value of the strategy with terminal value Ep(X | Fr) is
Ep(¢rEp(X | Fr)) = Ep(CrX).

In conclusion, the quadratic hedging price equals Ep(¢7X) = EgX and the quadratic hedging
strategy is the replicating strategy of the associated attainable claim Ep(X | Fr).

3.2 Quadratic Hedging with G-Adapted Strategies
We are looking for G-adapted processes X, © and W such that the process
Ji(m) = (VP (r) = X,)°0,+ 0, Vielo,T], (28)

is a G-submartingale for any trading strategy m and a G-martingale for some strategy 7*. In addition,
we require that Xo = X, ©p =1, &7 = 0. Let us assume that the dynamics of these processes are
of the form

dXt = Xt dt + ZL'\t th + ft th, (29)
d@t = @tf (’19,5 dt + 'l?’\t th + 'B; th)7 (30)
AV, =ty dt+ Py dWy + vy dM,, (31)

where the drifts x4, ¥y and v, are yet to be determined. From Itd’s formula, we obtain (recall that
&= 'Yt]l{7->t})

d(V; — X,)? =2V, — X,)(mpo — Zy) dWy — 2(Vs — X, )T, dM,
+ [(Vt X 7)) — (Vi — Xt—)Q]th

n (2(14 — X)) (mw — @) + (mo — B1)?
+&4[(Vi— Xy —3)* — (Vi — Xt)z])dt’

where we denote V; = V,”(m). The process J(w) is a martingale if and only if its drift term
k(t, 7, x¢, O¢,9) = 0 for every t € [0,T). Straightforward calculations show that

k(t, w1, D1, w1, 60) = e + O [0V — X,)?
+2(Vi = Xo) [(mv — 1) + Dy(meo — T1) + &4 ]
(o = B0) + &+ 1) [(Vi = Xy = 7)* = (Vi — X0)?]]
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In the first step, for any ¢ € [0,7] we shall find 7} such that the minimum of k(t, my, x¢, ¥, 04) is
attained. Subsequently, we shall choose the processes x = x*,9 = 9* and ¢ = ¥* in such a way that
k(t, 7}, x5, 97,1%;) = 0. This choice will imply that k(¢, m¢, z}, 97, ;) > 0 for any trading strategy =
and any t € [0,7].

The strategy 7* which minimizes k(t, 7, x¢, Us, 1) is the solution of the following equation:
(V¥ (r) = X)) (v + Dy0) + o(mo —F) =0, Vtel0,T).
Hence, the strategy n* is implicitly given by
m =08 — o 2+ o) (VP (n7) = Xi) = Ay — Bi(VP (%) — Xy),

where we denote R
AtZO'_li'\t, BtZO'_Q(l/—F’ﬁtO').

After some computations, we see that the drift term of the process J admits the following represen-
tation:

k(t, me, Or, 2, 01) = e + 04 (Vi — X¢)? (9 — 0*B?)
+20,(V; — X;) (02 A By — 0@y — 013464 — 14) + ©:6(9; + 1)
From now on, we shall assume that the auxiliary processes ¥, z and 1 are chosen as follows:
9y = 9 = 0*B2,
=2} =0’ AB, — Dyzy — Do,
Y =) = —0u& (Vs + 1)77.

It is rather clear that if the drift coefficients ¢, z,v in (29)-(31) are chosen as above, then the drift
term in dynamics of J is always non-negative, and it is equal to 0 for 7} = A; — B:(V¥ (7*) — X¢).

Our next goal is to solve equations (29)-(31). Since ¥; = 0?B2, the three-dimensional process
(©,9,9) is the unique solution to the linear BSDE (30)

dO; = 0, (072 (v + 940)2 dt + 0y dW; + 0, dM,), Or = 1.
It is obvious that 9 = 0, J =0 and
0, = exp(—0*(T —t)), Vtel[0,T]. (32)

The three-dimensional process (X,Z,7) solves equation (29) with z; = 2} = 024,(v/0?) = 07;.
This means that (X, Z,Z) is the unique solution to the linear BSDE

dX, =0z, dt + =, dW, + 7, dM,;, Xr = X.

The unique solution to the last equation is Xy = Eq(X | G¢), where Q is the risk-neutral probability
measure, so that dQ = n; dP, where

dny = —0n, dWy, mo = 1.

The components 7 and 7 are given by the integral representation of the G-martingale X with respect
to W@ and M. Notice also that since ¥ = 0, the optimal portfolio 7* is given by the feedback formula

T = 071(@ — (VP (n*) — Xt)).

Finally, since 0= 0, we have ¢y = —&,770;. Therefore, we can solve explicitly the BSDE (31) for

the process ¥. Indeed, we are now looking for a three-dimensional process (\I!,zz;, zZ), which is the
unique solution of the BSDE

AW, = —0.&F2 dt + by AW, + Py dM;, W = 0.
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Noting that the process
t
v, —|—/ 0.£,7% ds
0

is a G-martingale under P, we obtain the value of ¥ in a closed form:
T
W, = By / 06,32 ds ‘ G). (33)
t

Substituting (32) and (33) in (28), we conclude that the value function for our problem is J;* =
Ji(m*), where in turn

T
Jy(m*) = (VP (x*) — Xt)2670 (T—t) + Ep(/ @stfg ds ‘ Qt)
t
2 T 2
=:<V?<w*>——J¥02e‘9<T‘“~+E/T e T Bp (1,2 755y | Gr) ds
t
_ (V'tv(,”*) _ Xt)2€702(T7t)

T
2 ~ p—
+]1{T>t}/ e 0 (T=9) Ep('ysxier‘ L
t

ft) dS,

where we have identified the process Z with its F-adapted version (recall that any G-predictable
process is equal, prior to default, to an F-predictable process). In particular,

T
Jp=e" T((’U - Xo)? + E[p(/ e sy 2T ds)).
0

From the last formula, it is obvious that the quadratic hedging price is Xy = EgX. We are in the
position to formulate the main result of this section. A corresponding theorem for a default-free
financial model was established by Kohlmann and Zhou (2000).

Proposition 3.2 Let a claim X be Gr-measurable and square-integrable under P. The optimal
trading strategy ©*, which solves the quadratic problem

. v _ 2
nin Ep((VF(m) — X)7),

is given by the feedback formula
T =0 (T — (VO (1) — X4)),
where Xy = Eq(X | Gy) for every t € [0,T), and the process Ty is specified by
dX, = 7 dWR + T dM,.

The quadratic hedging price of X is EgX.

3.2.1 Survival Claim

Let us consider a simple survival claim X = T ;.-7}, and let us assume that I' is deterministic,
specifically, T'(t) = fot v(s)ds. In that case, from the representation theorem (see Bielecki and
Rutkowski (2002), Page 159), we have dX, = Z; dM, with T, = —e"®~T(T) Hence

wtzEﬁ[@@ﬁMM)
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T
E]P’(/ GSV(S)H{T>S}62F(S)_2F(T) ds ’ gt)
t

T
= Dy oL (H)—20(T) EP(/ 6792(T75)7(S)6F(s) ds
t

)

T
_ H{T>t}er(t)_2F(T)/ 6—02(T—s),y<s)el"(s)d8.
t

One can check that, at time 0, the value function is indeed smaller that the one obtained with
F-adapted portfolios.

3.2.2 Case of an Attainable Claim

Assume now that a claim X is Fp-measurable. Then X, = Eq(X |G;) is the price of X, and it
satisfies dX; = Ty thQ. The optimal strategy is, in a feedback form,

7'(';:k = 0'_1 (/(E\t — 9(‘/;5 — Xt))
and the associated wealth process satisfies
dVy = nf (vdt + odWy) = i o thQ =g ! (Uit —v(Vy — Xt)) thQ.

Therefore,
d(Vi — X¢) = —0(V; — X;) AW,
Hence, if we start with an initial wealth equal to the arbitrage price mo(X) of X, then we that

Vi = X, for every t € [0,T], as expected.

3.2.3 Hodges Price

Let us emphasize that the Hodges price has no real meaning here, since the problem min Ep((V})?)
has no financial interpretation. We have studied in the preceding chapter a more pertinent problem,
with a constraint on the expected value of Vi under P. Nevertheless, from a mathematical point of
view, the Hodges price would be the value of p such that

T
(v — (v - p)?) = / e Bp (126 TV 1 oy ds
0

In the case of the example studied in Section 3.2.1, the Hodges price would be the non-negative
value of p such that

T
Qup — p? = e 21T / 6025"}/56FS ds.
0

Let us also mention that our results are different from results of Lim (2004). Indeed, Lim studies
a model with Poisson component, and thus in his approach the intensity of this process does not
vanish after the first jump.

4 Optimization in Incomplete Markets

In the last section, we shall examine a specific optimization problem associated with a defaultable
claim. We now assume that the only asset available in the market is

dz} = Z} (vdt + o dW; + @ dMy).
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Our goal is to solve the following problem:
max B (u(Vyr(m) + X))

for the claim X of the form

X = <ry9(Z7) + Loy h(Z7)
for some functions g, h : R — R. Note that here the recovery payment is paid at hit, that is, at the
time of default. In addition, we assume that the default intensity ~ is constant. After time 7, the

market reduces to a standard Black-Scholes model, and thus in this case the solution of optimization
problem is well-known.

In the particular case of the exponential utility function, we are in the position to use the duality
theory. This problem was studied by, among others, Rouge and El Karoui (2000) and Collin-Dufresne
and Hugonnier (2002). Let u(x) = — exp(—pz) and let

Uv) = max Ep (u(Vir(7) + X)).
We denote by u the conjugate function of u, that is,

u(y) = sup (u(z) —ay) = = In

ISHRS
USTIRSS

Let H(Q|P) stand for the relative entropy of Q with respect to P. It is well known that the dual
problem is
Uy) = = inf (HQ|P EopX),
(v) =ly) +, inf (H(Q|P) + 0EoX)
where Q stands for the class of all equivalent martingale measures. We write £(Y") to denote the
Doléans exponential of a semimartingale Y.

Lemma 4.1 The class Q of all equivalent martingale measures on (Q, Gr) is the set of all probability
measures of the form

dQ*"g, = n; " dP,

t

where
nf’h = E(kM)E(AW),

for some F-adapted process k such that the inequality ky > —1 holds, and for the associated process
hy = =0 — oy(1+ k). Under the martingale measure Q = Q""" the process

tAT
W2 = Wi, — / hg ds
0
is a stopped Brownian motion, and the process
tAT
Mg\‘r = Mt/\T - / ’Y(l + k‘?) ds
0
is a martingale stopped at T.

Straightforward calculations show that the relative entropy of Q with respect to P equals
TNAT TNT
E@(/ hs dW?Jr/ (102 = yhy + (1 + ko) In(1 + ky)) ds)
0 0

+ IE@(/OMT In(1 + k) dM;@).
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Consequently, the optimization problem

inf (H(Q|P) + ¢EqX) (34)
reads AT
ikr}}g EQ(/O (2n2 — vks + (1 + ks) In(1 + k) ds + QX).
Let us set

lks) = 3h? — ks +~y(1 + ks)In(1 + ks)

1
3
204+ oy(L+ky))? — vks +v(1 + k) In(1 + k),

and let us write a dynamic version of problem (34)
TAT
EQ(/ U(ks)ds + ol (;<119(Z7) + ol (7= h(Z7) ‘ gt)_
t
Denote Kt = ¢~ JT Ok du for t < s. Then we obtain, on the set {7 > ¢},

T
Bo( [ KU + 011+ kg Z2(1 + ) ds + oKEN(ZE) | 7).

The value function J(¢,z) of the latter problem satisfies

0 = 0 J(t )+ 30°2%0,,J(t,x)
+ Inf (= oy(1+k)ad, I (o) + 91+ k) I (t2) + 3 (k, ),

where we denote
Y(k,z) = L(k) + oy (L + k)g(z(1 + ¢)).

The minimizer is given by k = k*(¢, z), which is the unique root of the following equation:

R
o2

w+oy(1+ k) +In(l + &) = J(t,x) + oz J(t, ) — 09(z(1 + ¢)),

and the optimal strategy n* is given by the formula

. v 14 k*(t, Z}
7rt:72+<m( 2( i)
0o 0o

1
— Ezg,azJ(t, zZ).

Note that, in the case ¢ = 0, this result is coherent with our result. We refer to Lukas (2001) for
more details on this approach.
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