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2 MARKET COMPLETENESS UNDER CONSTRAINED TRADING

1 Introduction

In this note, we provide a rather detailed and comprehensive study of the basic properties of self-
financing trading strategies in a general security market model driven by discontinuous semimartin-
gales. Our main goal is to analyze the issue of replication of a generic contingent claim using a
self-financing trading strategy that is additionally subject to an algebraic constraint, referred to as
the balance condition. Although such portfolios may seem to be artificial at the first glance, they
appear in a natural way in the analysis of hedging strategies within the reduced-form approach to
credit risk.

Let us mention in this regard that in a companion paper by Bielecki et al. (2004b) we also
include specific defaultable assets in our portfolio, and we show how to use constrained portfolios to
derive replicating strategies for defaultable contingent claims (e.g., credit derivatives). The reader
is also referred to Bielecki et al. (2004a), where the case of continuous semimartingale markets
was studied, for some background information regarding the probabilistic and financial set-up, as
well as the terminology used in this note. The main emphasis is put here on the relationship
between completeness of a security market model with unconstrained trading and completeness of
an associated model in which only trading strategies satisfying the balance condition are allowed.

2 Trading in Primary Assets

Let Y;', Y2, ..., Y/ represent cash values at time ¢ of k primary assets. We postulate that the
prices Y1, Y2 ... Y* follow (possibly discontinuous) semimartingales on some probability space
(Q,F,P), endowed with a filtration F satisfying the usual conditions. Thus, for example, general
Lévy processes, as well as jump-diffusions are covered by our analysis. Note that obviously F¥ C F,
where FY is the filtration generated by the prices Y1, Y2,...,Y* of primary assets. As it is usually
done, we set Xg_ = Xg for any stochastic process X, and we only consider semimartingales with
cadlag sample paths. We assume, in addition that at least one of the processes Y1, Y2, ... Y’ say
Yl is strictly positive, so that it can be chosen as a numeraire asset. We consider trading within
the time interval [0,7] for some finite horizon date T' > 0. We emphasize that we do not assume
the existence of a risk-free asset (a savings account).

2.1 Unconstrained Trading Strategies

Let ¢ = (¢',92,...,0") be a trading strategy; in particular, each process ¢' is predictable with
respect to the reference filtration F. The component ¢; represents the number of units of the ith
asset held in the portfolio at time t. Then the wealth V;(¢) at time t of the trading strategy

¢ = (¢!, 8%,...,¢%) equals

k

Vt((b) = Z(b)zty;fza Vi e [O’T]’ (1)

i=1

and ¢ is said to be a self-financing strategy if

k t
Vio) = Vale)+ Y [ dhavi. vee.T) (2)
i=1

Let ® be the class of all self-financing trading strategies. By combining the last two formulae, we
obtain the following expression for the dynamics of the wealth process of a strategy ¢ € ®

k k
avi(9) = (Vi(@) = Y_ o1/ ) (¥) 1y} + > o dyy.
1=2

=2
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The representation above shows that the wealth process V' (¢) depends only on k — 1 components of
¢. Note also that, in our setting, the process (Vt(qb) - Ef:2 ¢>§Y;> (Y,1)~! is predictable.

Remarks. Let us note that Protter (2001) assumes that the component of a strategy ¢ that
corresponds to the savings account (which is a continuous process) is merely optional. The interested

reader is referred to Protter (2001) for a thorough discussion of other issues related to the regularity
of sample paths of processes ¢!, ¢?,...,¢" and V(o).

Choosing Y as a numeraire asset, and denoting V;'(¢) = Vi(¢)(Y;) ™!, Y"' = Yi(V) ™!, we
get the following well-known result showing that the self-financing feature of a trading strategy is
invariant with respect to the choice of a numeraire asset.

Lemma 2.1 (i) For any ¢ € ®, we have

k t
Vie) =Vi@)+ Y / ol dvit, Vie[0,T). 3)
1=2

(ii) Conversely, let X be a Fr-measurable random variable, and let us assume that there exists x € R
and F-predictable processes ¢, 1 =2,3,...,k such that

k T
X=Y}|z+ /¢;dY;’1 .

Then there exists a F-predictable process ¢! such that the strategy ¢ = (', %, ..., ¢F) is self-
financing and replicates X. Moreover, the wealth process of ¢ satisfies Vi(¢) = V,IY,!, where the
process V1 is given by formula (4) below.

Proof. The proof of part (i) is given, for instance, in Protter (2001). We shall thus only prove part
(ii). Let us set

k t
1% :x+Z/ ¢l Ayt Ytelo,T), (4)
i=2 /0
and let us define the process ¢! as
koo koo
o =V =Y ot = e (Vi= Yoy,
i=2 =2

where V; = V,'Y;!. From (4), we have dV,! = Zf:z ¢l dY;"!, and thus

v, = dVY)) = VLAY +YLav! +dy v,
k

= VEAY! 4} (YR dYP 4 dyt YY),
=2

From the equality
Ay} = d(Y;"'Y") =Y, aYy + ViLdyPt +dyt Y,

it follows that
AV, = VEdY! +) 6i(dYy - YY)
1=2
(VL =Yooy )avt + 3 o ayy,

=2 =2
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and our aim is to prove that
k
Vi =) _ ¢y dY;.

The last equality holds if

k

k
b=V =) oy =VL =) ey, (5)
=2

=2

ie., if AV} = Zf:z $iAY,"' | which is the case from the definition (4) of V1. Note also that from
the second equality in (5) it follows that the process ¢! is indeed F-predictable. Finally, the wealth
process of ¢ satisfies V;(¢) = V'Y, for every t € [0,T], and thus Vr(¢) = X. O

2.2 Constrained Trading Strategies

In this section, we make an additional assumption that the price process Y* is strictly positive. Let
o= (¢',¢2,...,¢") be a self-financing trading strategy satisfying the following constraint:

k

> Yi =2, Vtelo,T), (6)
i=l+1

for some 1 <[ < k—1 and a predetermined, F-predictable process Z. In the financial interpretation,
equality (6) means that the portfolio ¢ should be rebalanced in such a way that the total wealth
invested in securities Y1, Y*2 . Y* should match a predetermined stochastic process (for in-
stance, we may assume that it is constant over time or follows a deterministic function of time). For
this reason, the constraint (6) will be referred to as the balance condition.

Our first goal is to extend part (i) in Lemma 2.1 to the case of constrained strategies. Let ®;(Z)
stand for the class of all self-financing trading strategies satisfying the balance condition (6). They
will be sometimes referred to as constrained strategies. Since any strategy ¢ € ®;(7) is self-financing,
we have

AVi(¢ Z GAY] = Z oY
and thus we deduce from (6) that
Vie(¢) =Y oiYi =" oiYi + Z.
i=1 i=1

Let us write Y"! = V()= Y% = Yi(y})~!, Z8 = Z,(Y,}))"!. The following result extends
Lemma 1.7 in Bielecki et al. (2004a) from the case of continuous semimartingales to the general
case. It is apparent from Proposition 2.1 that the wealth process V(¢) of a strategy ¢ € ®,(2)
depends only on k — 2 components of ¢.

Proposition 2.1 The relative wealth V' (¢) = Vi (¢) (Y1)~ of a strategy ¢ € ®,(Z) satisfies

v, ! bzl

V2 (9) =V ( +Z/¢’dY“+Z/¢l (dY” ki ) o (7)
1=l+1 u u—

Proof. Let us consider discounted values of price processes Y, Y2, ..., Y* with Y taken as a

numeraire asset. By virtue of part (i) in Lemma 2.1, we thus have

k t
Vi(0) = Vi(e)+ Y / o, Y (8)
i=2 70
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The balance condition (6) implies that

k
S ey =2,

i=1+1
and thus
k
of = (v (2l - Y o). (9)
i=l+1
By inserting (9) into (8), we arrive at the desired formula (7). O

Let us take Z = 0, so that ¢ € ®;(0). Then the balance condition becomes Zf:l+1 Y, =0,
and (7) reduces to

l t ‘ k=1 ‘ Yi,l
v (e) =) /0 S Y + Y 4 (dYJ’l - S
=2 t—

i=l+1

dYtk’l> . (10)

2.3 Case of Continuous Semimartingales

For the sake of notational simplicity, we denote by Y%*1 the process given by the formula

4 t S G
v :/ Ayt — 4= dye! (11)
0 Y,”
so that (7) becomes
l t ) k-1 t ) t ol
WO =W@+Y [ savi+ X [onavets [ Doaves gy
= /o iz 70 0o Y,

In Bielecki et al. (2004a), we postulated that the primary assets Y, Y2 ... Y* follow strictly
positive continuous semimartingales, and we introduced the auxiliary processes Ytl’k’1 = Ytl’ke"”‘i'k’1

where

u

az,k,l _ <1nyz,k’1nyl,k>t :/ (Yuz,k)—l(yl,k)—l d(Yl’k7Y1’k>u.
0

In Lemma 1.7 in Bielecki et al. (2004a) (see also Vaillant (2001)), we have shown that, under
continuity of Y1, Y2, ... ,_Y’_“, the discounted wealth of a self-financing trading strategy ¢ that satisfies
the constraint Zf:z 11 9tYy = Z; can be represented as follows:

k—1 t o t Zl
> [ ataviety [ Smavi
0 0 Yu’

i=l+1

l t
Vi(9) = Vi) + 3 / o, YL +
i=2 Y0

where we write ¢! = ¢i(V;1'*)"le™" . The following simple result reconciles expression (12)
established in Proposition 2.1 with representation (13) derived in Bielecki et al. (2004a).

Lemma 2.2 Assume that the prices Y',Y" and Y* follow strictly positive continuous semimartin-
gales. Then we have

t
. ikl S
Ythk,l:/ (Yl,k)—leau dYJ’k’l
0

dY;Z’kJ _ (}/tl,k)fl(dy;z,k o Y—tz,k dai’k’l).
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Proof. In the case of continuous semimartingales, formula (11) becomes

t ]f‘ 1 t

. . Z’ . .

Yz,lc,l — dyz,l _ Tu dyk,l _ (dyz,l _ Yz,k d(]’lvk)_l).
t 0 u Yk’l u 0 u u u

On the other hand, an application of It6’s formula yields
d?tzyk,l _ e_a;‘«kvl (dYti,k . (Yt1,k>_1d<yi,k7yl,k>t)
and thus
(Yt1,k)71eaivk~1 dffu“k’l _ (Yth)A(dYtz‘,k _ (Ytl,k)fld<yi,k,yl,k>t).
One checks easily that for any two continuous semimartingales, say X and Y, we have
Y (dX, = Y7 (X, Y)) = d(XG YY) - X dYT

provided that Y is strictly positive. To conclude the derivation of the first formula, it suffices to
apply the last identity to processes X = Y** and Y = Y'1'F. For the second formula, note that

i,k,1

dY;i’k’l — (}/tl,k)—leat,

ik, 1

dﬁi7k’1 _ (}/tl,k)—leat

ik, 1

Ay e ) = () THA T = Y det),
as required. O
It is obvious that the processes Y% and Y%1 are uniquely specified by the joint dynamics of

Y1 Y% and Y*. The following result shows that the converse is also true.

Corollary 2.1 The price Y} at time t is uniquely specified by the initial value Y and either
(i) the joint dynamics of processes Y1, Y* and Y*1 or
(ii) the joint dynamics of processes Y1, Y* and YF-1.

. ik, 1 ik ikl
Proof. Since Y,""" =Y,""e~ " | we have
ay™t = (Y F InyhE) = (In YR In YRy,

and thus
. Sikl okl Sik1 rigk,1 1,k
Vi =YY Ple T = y YR le(n Y Y

This completes the proof of part (i). For the second part, note that the process Y1 satisfies

i1

t

) ) . Y

VAED (R Vi +/ S dypr. (14)
0 Yu’

It is well known that the SDE

t
Xt:X0+Ht+/ X, dY,,
0

where H and Y are continuous semimartingales (with Hy = 0) has the unique, strong solution given
by the formula

X, = &(Y) (Xo n /Ot E-NY)dH, — /Ot £-HY) (Y, H)u).

Upon substitution, this proves (ii). ]
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3 Replication with Constrained Strategies

The next result is essentially a converse to Proposition 2.1. Also, it extends part (ii) of Lemma 2.1
to the case of constrained trading strategies. As in Section 2.2, we assume that 1 <1 < k — 1, and
7 is a predetermined, F-predictable process.

Proposition 3.1 Let a Fr-measurable random variable X represent a contingent claim that settles
at time T. Assume that there exist F-predictable processes ¢', i =2,3,...,k — 1 such that

: r i 2,1 - r i i,k,1 r Zl k,1
X =Y} I+Z/O PLdY,t + Z/O A e +/O Y,f’ldYt’ . (15)
1=2

i=l+1 t—
Then there exist the F-predictable processes ¢' and ¢* such that the strategy ¢ = (o', ¢2,. .., %)
belongs to ®;(Z) and replicates X. The wealth process of ¢ equals, for every t € [0,T],

l t k—1 t t 1
S o 7
Vi(9) =Y} (m +> / AR / AV, P + / R deJ) : (16)
i=2 /0 i=i+170 o Y,”
Proof. As expected, we first set (note that ¢* is F-predictable)

=k (m- Y on) (17)

+ = 7]6
Y,
= i=1+1

and

l t ) k—1 t . t Zl
Vot [oavit+ Y [alavitig [ Seave
i=2 .

i=l+1
Arguing along the same lines as in the proof of Proposition 2.1, we obtain

k t
vi=via Y [ olargt
i=2 70
Now, we define
of =V =Y et = () (V- Y ey,
i=2 1=2
where V; = V,'Y;}. As in the proof of Lemma 2.1, we check that
k: . .
o =V = > v,
i=2
and thus the process ¢! is F-predictable. It is clear that the strategy ¢ = (¢!, ¢%, ..., ¢") is self-

financing and its wealth process satisfies Vi(¢) = V; for every t € [0,T]. In particular, Vy(¢) = X,
so that ¢ replicates X. Finally, equality (17) implies (6), and thus ¢ € ®;(2). a

Note that equality (15) is a necessary (by Proposition 2.1) and sufficient (by Proposition 3.1)
condition for the existence of a constrained strategy replicating a given contingent claim X.

3.1 Modified Balance Condition

It is tempting to replace the constraint (6) by a more convenient condition:

k
> eiYi =12, Vte[0,T], (18)
i=l4+1
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where Z is a predetermined, F-predictable process. If a self-financing trading strategy ¢ satisfies the
modified balance condition (18) then for the relative wealth process we obtain (cf. (7))

- [ 1 Yt k,1 ' Z, k,1
}:EA<% Ay, - Jhy Y +zlygﬂn;u (19)

i=l+1

l t
Vi(0) = Vo) + 3 / oL avi +
i=2 70

Note that in many cases the integrals above are meaningful, so that a counterpart of Proposition
2.1 with the modified balance condition can be formulated. To get a counterpart of Proposition 3.1,
we need to replace (15) by the equality

1 LT i vl — [T p i1 v k1 Tz} k1
X=Yt(z+) | didY, + > o\ Y - D Y i) (20)
1=2 t—

i=l+1 t—

where ¢, ¢*, ..., ¢F are F-predictable processes. We define

l t ) ) k—1 t ) ) Y’i,l ¢ Zl
imard [opavite 3 [ o (avit- Sipavie )« [ S avi,
= Jo 0 Y, 0o Y,

i=l+1 u—
and we set

k—1 k
o =gr(z- X oxi). el=vi-Yav
=2

i=l+1

Suppose, for the sake of argument, that the processes ¢' and ¢* defined above are F-predictable.
Then the trading strategy ¢ = (¢!, ¢?, ..., ¢") is self-financing on [0, 7], replicates X, and satisfies
the constraint (18). Note, however, that the predictability of ¢! and ¢* is far from being obvious,
and it is rather difficult to provide non-trivial and practically appealing sufficient conditions for this

property.

3.2 Synthetic Assets

Let us fix i, and let us analyze the auxiliary process Y*! given by formula (11). We claim that
this process can be interpreted as the relative wealth of a specific self-financing trading strategy

associated with Y1 Y2 ... YE Specifically, we will show that for any i = 2,3, ...,k — 1 the process
Y#k1 given by the formula

u—

. , t oyt
}/tl,k:,l _ 1/;1}/;,/6,1 _ 1/tl / (dYJJ _ ’Uzkfl dYuk,l ,
0 Y,”

represents the price of a synthetic asset. For brevity, we shall frequently write Y? instead of Y¥k1,
Note that the process Y is not strictly positive (in fact, Y7 = 0).

3.2.1 Equivalence of Primary and Synthetic Assets
Our goal is to show that trading in primary assets is formally equivalent to trading in synthetic

assets. The first result shows that the process Y can be obtained from primary assets Y, 3{’ and
Y'* through a simple self-financing strategy. This justifies the name synthetic asset given to Y.

Lemma 3.1 For any fized i =2,3,...,k — 1, let a Fr-measurable random variable YTi be given as

t—

. . r D A
W=ﬁﬁ“=ﬁ£ Mﬁ—ﬁﬂﬁﬂ. (21)
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Then there exists a strategy ¢ € ®1(0) that replicates the claim Y. Moreover, we have, for every
t e 0,7,

. t _ vl iy
Vo) =Yyt =y [yt - D avlt) < v (22)
0 ,

u—

Proof. To establish the existence of a strategy ¢ with the desired properties, it suffices to apply
Proposition 3.1. We fix i and we start by postulating that ¢* = 1 and ¢/ = 0 for any 2 < j <
k —1, j # i. Then equality (21) yields (15) with X = Y}, # = 0,1 =1 and Z = 0. Note that the
balance condition becomes

k
DAYl =Y. + v =0,

Jj=2

Let us define ¢! and ¢* by setting
of = - o =V =Y -yt

Note that we also have
i1 k1
oL =VE — Y gy = v

Hence, ¢! and ¢"* are F-predictable processes, the strategy ¢ = (¢!, ¢2, ..., ") is self-financing, and
it satisfies (6) with I = 1 and Z = 0, so that ¢ € ®;(0). Finally, equality (22) holds, and thus
Vr (o) =Y. 0

Note that to replicate the claim Y. = YTi’k’l, it suffices to invest in primary assets Y'!,Y? and
Y*. Essentially, we start with zero initial endowment, we keep at any time one unit of the ith asset,
we rebalance the portfolio in such a way that the total wealth invested in the ith and kth assets is
always zero, and we put the residual wealth in the first asset. Hence, we deal here with a specific
strategy such that the risk of the ith asset is perfectly offset by rebalancing the investment in the
kth asset, and our trades are financed by taking positions in the first asset.

Note that the process Y1 satisfies the following SDE (cf. (14))

i1 il | il D
ir =Yy +Y + YkldYuH (23)
0 YVE

u—

which is known to possess a unique strong solution. Hence, the relative price Y;i’l at time t is
uniquely determined by the initial value Y;'" and processes Y and Y*'. Consequently, the price
Y} at time ¢ of the ith primary asset is uniquely determined by the initial value Y¢, the prices Y1, V¥
of primary assets, and the price Y? of the ith synthetic asset. We thus obtain the following result.

Lemma 3.2 Filtrations generated by the primary assets YL Y2 ... YF and by the price processes
YLy2 YLyl YR YE coincide.

Lemma 3.2 suggests that for any choice of the underlying filtration IF (such that FY C F), trading
in assets Y1, Y2, ..., Y" is essentially equivalent to trading in Y, Y2 ... YL Y+l  YVk-L vk
Let us first formally define the equivalence of market models.

Definition 3.1 We say that the two unconstrained models, M and M say, are equivalent with
respect to a filtration F if both models are defined on a common probability space and every primary
asset in M can be obtained by trading in primary assets in M and vice versa, under the assumption
that trading strategies are F-predictable.

Note that we do not assume that models M and M have the same number of primary assets.
The next result justifies our claim of equivalence of primary and synthetic assets.
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Corollary 3.1 Models M = (Y1, Y2 ... )Y*;®) and M = (YL, Y2, ... ) YLYHL | Y-l Yk )
are equivalent with respect to any filtration F such that FY CF .

Proof. In view of Lemma 3.1, it suffices to show that the price process of each primary asset Y? for
i=11+1,...,k—1 can be mimicked by trading in Y',Y? and Y*. To see this, note that for any
fixedi=1,1+1,...,k— 1, we have (see the proof of Lemma 3.1)

V) =Vi(¢) = 1Y + Y + oF Y

with
dY{ = dVi(¢) = 1 AV} +dY + ¢ Y]
Consequently,
Y = =01V +Y) - 1Y/
and

dY; = —g}dY}! + Y} — g dv}.
This shows that the strategy (—¢!, 1, —¢*) in Y'!,Y? and Y* is self-financing and its wealth equals
Y. |

3.2.2 Replicating Strategies with Synthetic Assets
In view of Lemma 3.1, the replicating trading strategy for a contingent claim X, for which (15) holds,

can be conveniently expressed in terms of primary securities YL Y2 ..., Y!and Y, and synthetic
assets YL yi+2 YE=L1 To this end, we represent (15)-(16) in the following way:

! T k-1 .7 T g1
x=vi (a3 [Coiant 3 [Cotant s [0 S ant (29
=2

i=1+170 t—

where V"' = Vi /vl = V! and

l t
Vi(¢) =Y} <w+ Z/O ¢, dYt +
=2

L togl
> / oL Ayt + / o dy Rt (25)
0 0o Y,

i=l+1

Corollary 3.2 Let X be a Fr-measurable random variable such that (24) holds for some F-predictable
process Z and some F-predictable processes ¢, ¢, ..., ¢F 1. Let ' = ¢* fori=2,3,... . k—1,

wk _ Ztl _ Zt
t - )
S il
and
! k—1 ! k—1
ivt, i1, k, iy, it k,
Gf =V = iyt = T vt byt = VE = eyt = Y iyt - gyt
1=2 1=l+1 1=2 1=l+1

Thenp = (P1,92, ... %) is a self-financing trading strategy in assets Y1, ... Y, YL Ykl vk,
Moreover, v satisfies YrY,) = Z,, t € [0,T], and it replicates X.

Proof. In view of (24), it suffices to apply Proposition 3.1 with I = k — 1. |

4 Model Completeness

We shall now examine the relationship between the arbitrage-free property and completeness of a
market model in which trading is restricted a priori to self-financing strategies satisfying the balance
condition.
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4.1 Minimal Completeness of an Unconstrained Model

Let M = (Y1, Y2 ..., Y%, ®) be an arbitrage-free market model. Unless explicitly stated otherwise,
® stands for the class of all F-predictable, self-financing strategies. Note, however, that the number
of traded assets and their selection may be different for each particular model. Consequently, the
dimension of a strategy ¢ € ® will depend on the number of traded assets in a given model. For the
sake of brevity, this feature is not reflected in our notation.

Definition 4.1 We say that a model M is complete with respect to I if any bounded Fp-measurable
contingent claim X is attainable in M. Otherwise, a model M is said to be incomplete with respect
to IF.

Definition 4.2 A model M = (Y1, Y2 ... Y*:®)is min_imally complete With respect to F if M is
complete, and for any i = 1,2, ...,k the reduced model M* = (Y, Y2, ..., Y=L Y+l Yk ®)is
incomplete with respect to [F, so that for each ¢ there exists a bounded, Fp-measurable contingent

claim, which is not attainable in the model M®. In this case, we say that the degree of completeness
of M equals k.

Let us stress that trading strategies in the reduced model M? are predictable with respect to F,
rather than with respect to the filtration generated by price processes Y, Y2, ... Y=L Yitl Yk
Hence, when we move from M to M?, we reduce the number of traded asset, but we preserve the
original information structure F. Minimal completeness of a model M means that all primary assets
Y1, Y2, ..., Y* are needed if we wish to generate the class of all (bounded) Fpr-measurable claims
through F-predictable trading strategies. The following lemma is thus an immediate consequence of
Definition 4.2.

Lemma 4.1 Assume that a model M is complete, but not minimally complete, with respect to F.
Then there exists at least one primary asset Y, which is redundant in M, in the sense that it
corresponds to the wealth process of some trading strategy in the reduced model M®.

Complete models that are not minimally complete do not seem to describe adequately the real-
life features of financial markets (in fact, it is frequently argued that the real-life markets are not
even complete). Also, from the theoretical perspective, there is no advantage in keeping a redundant
asset among primary securities. For this reasons, in what follows, we shall restrict our attention to
market models M that are either incomplete or minimally complete. Lemma 4.2 shows that the
degree of completeness is a well-defined notion, in the sense that it does not depend on the choice
of traded assets, provided that the model completeness is preserved.

Lemma 4.2 Let a model M = (Y1, Y% ... Y*: ®) be minimally complete with respect to F. Let
M = (}71,}72,...,}7’“;@), where the processes yi = Vigi),i = 1,2,...,k represent the wealth
processes of some trading strategies ¢1,pa, ..., ¢ € . If a model M is complete with respect to F
then it is also minimally complete with respect to F, and thus its degree of completeness equals k.

Proof. The proof relies on simple algebraic considerations. By assumption, for every i = 1,2, ...k,
we have

k
av; =3 o7 vy,
j=1

for some family oY, 4,5 = 1,2,...,k of F-predictable stochastic processes. By assumption, the
market M is complete. To check that it is minimally complete, it suffices to show that the market
M = (Y2, ... Y* ®)is incomplete (the same proof will work for any reduced model M?). Suppose,

on the contrary, that M* is complete with respect to F. In particular, the price of each primary asset
Y! 1 =1,2,...,k can be replicated in M! by means of some trading strategy ' = (12, ..., ).
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In other words, there exists a family !, [ = 1,2,... k,i = 2,3,...,k of F-predictable stochastic
processes such that

k
dy! =Y "y dyy. (26)
i=2
Since ¥, 9?2, ..., ¥F are F-predictable processes with values in R*~! it is rather clear that there

2

exists a family o', a?,...,a* 1 of F-predictable processes such that we have, for every ¢ € [0, T,

k k
k (92 193 ik i
wtlz(tmv t13ﬂ"'7 tl)zzag(gﬂ AT g)ZZOZW?
j=2 j=2
Consequently, using (26), we obtain
CORDSES 9 ST DED SN ST
i=2 i=2 j=2 j=2 =2 j=2

We conclude that Y! is redundant in M, and thus the reduced model M is complete. This
contradicts the assumption that M is minimally complete. ([

By combining Lemma 4.2 with Corollary 3.1, we obtain the following result.

Corollary 4.1 A model M = ng,Yz, ., YR ®) is minimally complete if and only if a model
M= (YL Y2 . YLYHL YR YR D) has this property.

As one might easily guess, the degree of a model completeness depends on the relationship
between the number of primary assets and the number of independent sources of randomness. In
the two models examined in Sections 5.1 and 5.2 below, we shall deal with k = 4 primary assets,
but the number of independent sources of randomness will equal two and three for the first and the
second model, respectively.

4.2 Completeness of a Constrained Model

Let M = (Y1, Y2 ... ,Y*;®) be an arbitrage-free market model, and let us denote by M;(Z) =
(YL, Y2 ...,Y*: ®/(Z)) the associated model in which the class ® is replaced by the class ®;(Z) of
constrained strategies. We claim that if M is arbitrage-free and minimally complete with respect to
the filtration F = FY, where Y = (Y1, Y2, ..., Y¥), then the constrained model M;(Z) is arbitrage-
free, but it is incomplete with respect to F. Conversely, if the model M,(Z) is arbitrage-free and
complete with respect to [F, then the original model M is not minimally complete. To prove these
claims, we need some preliminary results.

The following definition extends the notion of equivalence of security market models to the case
of constrained trading.

Definition 4.3 We say that the two constrained models are equivalent with respect to a filtration FF if
they are defined on a common probability space and the class of all wealth processes of F-predictable
constrained trading strategies is the same in both models.

Corollary 4.2 The constrained model
M(Z) =YL Y2 . YR e(2))
is equivalent to the constrained model

Mk—l(Z) = (Yl’YQ, . 'aYl7Yl+17 . 'aYk717Yk;(I)k—1(Z))'



T.R. BIELECKI, M. JEANBLANC AND M. RUTKOWSKI 13

Proof. It suffices to make use of Corollaries 3.1 and 3.2. ]

Note that the model M_;(Z) is easier to handle than M, (Z). For this reason, we shall state the
next result for the model M;(Z) (which is of our main interest), but we shall focus on the equivalent
model My_1(Z) in the proof.

Proposition 4.1 (i) Assume that the model M is arbitrage-free and minimally complete. Then for
any F-predictable process Z and anyl = 1,2,...,k—1 the constrained model M(Z) is arbitrage-free
and incomplete.

(ii) Assume that the constrained model M(Z) associated with M is arbitrage-free and complete.
Then M is either not arbitrage-free or not minimally complete.

Proof. The arbitrage-free property of M;(Z) is an immediate consequence of Corollary 4.2 and the
fact that ®;_1(Z) C ®. In view of Corollary 4.1, it suffices to check that the minimal completeness
of M implies that Mj,_;(Z) is incomplete. By assumption, there exists a bounded, Fr-measurable
claim X that cannot be replicated in M* = (Y1, Y2 ... YL Y+ VE~1.®) (ie., when trading
in Y* is not allowed). Let us consider the following random variable

"z
Y:X+/4%Mf
o Y

We claim that Y cannot be replicated in Mj,_1(Z). Indeed, for any trading strategy ¢ € ®;_1(Z),

we have
k—1 T T
> [ otarie [ Cravk,
i=i+170 o Y;

l T . .
wm:%w+z/¢ww+
i=1 70

and thus the existence of a replicating strategy for Y in M;._1(Z) will imply the existence of a
replicating strategy for X in M*  which contradicts our assumption. Part (ii) is a straightforward
consequence of part (i). O

It is worth noting that the arbitrage-free property of M;(Z) does not imply the same property
for M. As a trivial example, we may take l = k — 1 and Z = 0, so that trading in the asset Y* is
in fact excluded in M;(Z), but it is allowed in the larger model M.

5 Jump-Diffusion Case

In order to make the results of Sections 2-4 more tangible, we shall now analyze the case of jump-
diffusion processes. For the sake of concreteness and simplicity, we shall take k = 4. Needless to say
that this assumption is not essential, and the similar considerations can be done for any sufficiently
large number of primary assets.

We consider a model M = (Y1, Y2 ... Y* ®) with discontinuous asset prices governed by the
SDE
dY; =Y} (uidt +o; AWy + k; dMy) (27)

fori =1,...,4, where W, = (WX, W2,...,Wg),t € [0,T], is a d-dimensional standard Brownian
motion and M; = Ny — At, t € [0,T], is a compensated Poisson process under the actual probability
P. Let us stress that W and N are a Brownian motion and a Poisson process with respect to F,
respectively. This means, in particular, that they are independent processes. We shall assume that
F = F"'Y is the filtration generated by W and N.

The coefficients u;,0; = (0},02%,...,0%) and k; in (27) can be constant, deterministic or even
stochastic (predictable with respect to the filtration F). For simplicity, in what follows we shall

assume that they are constant. In addition, we postulate that x; > —1, so that Y,! > 0 for every



14 MARKET COMPLETENESS UNDER CONSTRAINED TRADING

€ [0,77], provided that Y > 0. Finally, let Z be a predetermined F-predictable process. Recall
that ®1(Z) is the class of all self-financing strategies that satisfy the balance condition

4
Y aYL =27, Yte[0,T). (28)

=2

Our goal is to present examples illustrating Proposition 4.1 and, more importantly, to show how to
proceed if we wish to replicate a contingent claim using a trading strategy satisfying the balance
condition. It should be acknowledged that in the previous sections we have not dealt at all with the
issue of admissibility of trading strategies, and thus some relevant technical assumptions were not
mentioned. Also, an important tool of an (equivalent) martingale measure was not yet employed.

5.1 Complete Constrained Model

In this subsection, it it assumed thro that d = 1, so that we have two independent sources of
randomness, a one-dimensional Brownian motion W and a Poisson process N. We shall verify
directly that, under natural additional conditions, the model M;(Z) is arbitrage-free and complete
with respect to I, but the original model M is not minimally complete, so that a redundant primary
asset exists in M.

Lemma 5.1 Assume that § := det A # 0, where

A | o2—0s Ro—ka
03 — 04 K3z — Rg

Then there exists a unique probability measure ]TD, equivalent to P on (Q, Fr), and such that the

relative prices Y31 = Y2/Y1 and Y31 = Y3 /Y1 of synthetic assets Y2 and Y3 are P-martingales.

Proof. Let us write Wt = Wi — o1t _and ]\//E = M; — Ak1t. By straightforward calculations, the
relative value of the synthetic asset Y satisfies, for i = 2, 3,

dYti’l = d}/;iA’I = )ftl;l ((ILL2 — [1,4) dt + (O'»L‘ — 0'4)(th — O'ldt) + 4 (th - )\lﬁ}ldt)), (29)

“!‘/’61

or equivalently,

av;t =vh ((Hi — ) dt+ (07 — 04) AW, + S d@)
]. + K1
By virtue of Girsanov’s theorem, there exists a unique probability measure IE” equivalent to P on
(Q, Fr), and such that the processes W and M follow F-martingales under P. Under our assumption
0 := det A # 0, the equations

4 — K
14k

,LL4*,UJ1‘:( )0+ V)‘v i=2,3, (30)

uniquely specify 6 and v. Using once again Girsanov’s theorem, we show that there exists a unique
probability measure P, equivalent to P on (2, Fr), and such that the processes Wy, = W, — 0t =
Wi — (01 4 0)t and

Z\Z:]\Z—Aut:Nt—)\(l—i—m—i—u)t

are F-martingales under P. We then have, for ¢ = 2,3 and every t € [0, T,

4% = Y (0 = o) s + S G,

+ K1
Note that N follows under P a Poisson process with the constant intensity A1+ k1 4+ v), and thus

M is the compensated Poisson process under P. Moreover, under the present assumptions, the
processes W and M are independent under P. O
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From now on, we postulate that § = det A # 0 and k; > —1 for every i = 1,2,...,4. Under this
assumption, the filtration F coincides with the filtration FY generated by primary assets.

In the next result, we provide sufficient conditions for the existence of a replicating strategy

satisfying the balance condition (28). Essentially, Proposition 5.1 shows that the model M;(Z) =
(Y1 Y2 V3 Y4 ®,(Z)) is complete with respect to F .

Proposition 5.1 Let X be a Fr-measurable contingent claim that settles at time T'. Assume that
the random variable X, given by the formula

~ X Tz

is square-integrable under IF’, where P is the unique probability measure equivalent to P on (2, Fr)
such that the relative prices Y1 and Y31 are P-martingales. Then X can be replicated in the model

Mi(Z).

Proof. To prove the existence of a replicating strategy for X in the class ®1(Z), we may use either
Proposition 3.1 (if we wish to work with traded assets Y'', Y2, Y3 Y*4) or Corollary 3.2 and Lemma
5.1 (if we prefer to work with Y Y2 Y3 Y*). The second choice seems to be more convenient,
and thus we shall focus on the existence a trading strategy ¢ = (1,12, ...,9*) with the properties
described in Corollary 3.2. In view of (24) and Corollary 3.2, it suffices to check that there exist a
constant x, and F-predictable processes ¢? and ¢ such that

3 T
X :x—i—Z/ pLdY,t. (32)
i=2 70

To show that such processes exist, we shall use Lemma 5.1. It is crucial to observe that the pair
(W, M), which was obtained in the proof of Lemma 5.2 from the original pair (W, M) by means of
Girsanov’s transformation, enjoys the predictable representation property (see, for example, Jacod

and Shiryaev (2002), Sections II1.4 and IIL.5). Since X is square-integrable under P, there exists a
constant x and F-predictable processes ¢ and ¢ such that

X=$+/ ftth—F/ Ctht.
0 0

Observe that

— B d}_/271 d}_/g,l B _
AW, = ¢! ((53 — Ka) b — (k2 — k1) —ip | = ©FdY! + ©F av>!
Y, Y>>
and 3,1 52,1
~ ay,” dy;” _ _
th = (1 =+ /4'/1)6_1 <(0’2 — 0'4)% — (0'3 — 0'4)}/;1> = \II? d}/tQ,l + \Ilf d}/t371.
t— t—

Hence, upon setting
¢? = gt(-)? + gt‘llfv (Z)? = ft@? + gt\I/?7

we obtain the desired representation (32) for X. To complete the proof of the proposition, it suffices
to make use of Corollary 3.2. ]

Remarks. If we take the class ®5(Z) of constrained strategies, instead of the class ®1(Z), then we
need to show the existence of F-predictable processes ¢? and ¢ such that

T T
X = x—i—/ ) fan +/ o Ay (33)
0 0
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To this end, it suffices to focus on an equivalent probability measure under which the relative prices
Y2! and Y?! are F-martingales, and to follow the same steps as in the proof of Proposition 5.1.

In view of Lemma 5.1, the reduced model M* = (Y1, Y2, V3; ®) admits a martingale measure P
corresponding to the choice of Y'! as a numeraire asset, and thus it is arbitrage-free, under the usual
choice of admissible trading strategies (e.g., the so-called tame strategies). By virtue of formula
(7) in Proposition 2.1, for the arbitrage-free property of the model M;(Z) to hold, it suffices, in
addition, that the process

tz
/YT“del, vt e 0,7,
0 u—

follows a martingale under P.

Note, however, that the above-mentioned property does not imply, in general, that the probability
measure P is a martingale measure for the relative price Y*!. Since

K4 — K
Ayt = y! <(u4 — ) dt + (o4 — 01) (AW, — o dt) + 14 :

o (M, mm)), (34)

a martingale measure for the relative prices Y21, Y3! and Y*! exists if and only if for the pair (6, v)
that solves (30), we also have that

K4 — K1
1+ k1

VA.

p1 — pa = (04 —01)0 +

This holds if and only if det A= 0, where A is the following matrix

H1— M4 01 — 04 K1 — R4
A= | po—py 02—04 Kz — Ky
U3 — g 03 — 04 K3 — kg

Hence, the model M (or, equivalently, the model M) is not arbitrage-free, in general. In fact,
M is arbitrage-free if and only if the primary asset Y is redundant in M. The following result
summarizes our findings.

Proposition 5.2 Let M be the model given by (27). Assume that k; > —1 for every i =1,2,...,4
and § = det A # 0. Moreover, let the process

" Z, 4,1
/0 v dy,
follow a martingale under P. Then the following statements hold.
(i) The model M1(Z) is arbitrage-free and complete, in the sense of Proposition 5.1.
(ii) If the model M is arbitrage-free then it is complete, in the sense that any Fr-measurable random
variable X such that X (Y})™! is square-integrable under P is attainable in this model, but M is not
mintmally complete.

Example 5.1 Consider, for instance, a call option written on the asset Y4, so that X = (YT4 - K)*,
and let us assume that Z; = Y, . Under assumptions of Proposition 5.2, models M and M;(Z) are
arbitrage-free and the asset Y is redundant. It is thus rather clear that the option can be hedged
by dynamic trading in primary assets Y'', Y2 Y3 and by keeping at any time one unit of Y4. Of
course, the same conclusion applies to any European claim with Y4 as the underlying asset.

5.2 Incomplete Constrained Model

We now assume that d = 2, so that the number of independent sources of randomness is increased
to three. In view of (27), we have, for i =1,...,4,

Yy =Y (pidt + o} dW} + o7 dW} + k; dM,).
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We are going to check that under the set of assumptions making the unconstrained model M
arbitrage-free and minimally complete, the constrained model M;(Z) is also arbitrage-free, but it
is incomplete. To this end, we first examine the existence and uniqueness of a martingale measure
associated with the numeraire Y!.

Lemma 5.2 Assume that det A % 0, where the matriz A s given as

1 1 2 2
0y —0y 01 —0y K1—Hkg

A= | od—0o} 03—07 ka—ry

1 1 2 2
03—04 0'3—0'4 K3 — R4

Then there exists a unique probability measure ﬁ’, equivalent to P on (Q, Fr), and such that the
relative prices Y21 =Y2/Y1 Y31 = Y3/Y? of synthetic assets Y2, Y3, and the relative price Y41
of the primary asset Y* follow martingales under P.

Proof. Let us write
Wt Wi — o1t = (tha Wz) (01#7%)75

and J\Z = M, — MAx1t. By straightforward calculations, the relative values Y»!, i = 2,3 and V%!
satisfy

av;t = v ((Ni — pa)dt + (05 — o4) AW, + = K14 dM\t)

and

dYt4’1 _ Yt4il ((M4 — 1) dt + (04 — 1) (AW — oy dt) + (th Anldt)).

1+

By virtue of Girsanov’s theorem, there exists a unique probability measure IE” equivalent to P on
(€, Fr), and such that the processes W and M follow F-martingales under P. Now, let § = (6, 62)
and v be uniquely specified by the conditions

“MN i=2,3,4.
1+f<:1

o — i = (o5 = 0)0 + =

Another application of Girsanov’s theorem yields the existence of a unique probability measure IP’
equivalent to P on (2, Fr), such that the processes Wt Wt — 0t =W, — (01 + 0)t and

M:M—)\Vt:Nt—)\(l-l-K)l-l-l/)t

are F-martingales under P. We then have, for ¢ = 2,3 and every t € [0,T],

AV =Y (0 — 04) dW, + S g, 35
t t

1+I€1

while

dyst =yl ((04 ~oy)dW, + AT dJ\Z). (36)
Note that N follows under P a Poisson process with the constant intensity A(1 + k1 + /), and thus

M is the compensated Poisson process under P. Moreover, under the present assumptions, the
processes W and M are independent under P. (]

It is clear that the inequality det A # 0 is a necessary and sufficient condition for the arbitrage-
free property of the model M. Under this assumption, we also have F = FY and, as can be checked
easily, the model M is minimally complete.

In the next result, we provide sufficient conditions for the existence of a replicating strategy
satisfying the balance condition (28) with some predetermined process Z. In particular, it is possible
to deduce from Proposition 5.3 that the model M;(Z) is incomplete with respect to F.
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Proposition 5.3 Assume that det A #0. Let X be a Fr-measurable contingent claim that settles
at time T. Assume that the random variable X given by the formula

~ X T
X i=—- — dY 37
Y% 0 Y4 ( )
is square-integrable under ﬁ’, where P is the unique probability measure, equivalent to P on (2, Fr),
such that the relative prices Y21, Y31 and Y41 follow martingales under P. Then X can be replicated
in M1(Z2) if and only if the process ¢* given by formula (41) below vanishes identically.

Proof. We shall use similar arguments as in the proof of Proposition 5.1. In view of Corollary 3.2,
we need to check that there exist a constant z, and F-predictable processes ¢? and ¢3 such that

3 T
X ::c—i—Z/ PLdy;!. (38)
i—a J0

Note that the palr (W M ) introduced in the proof of Lemma 5.2 has the predictable representation

property. Since X is square-integrable under IP’ there exists a constant x and F-predictable processes
& and ¢ such that

T T
X =+ /0 ft th =+ /(; Gt th (39)
In view of (35)-(36), we have
L I I
dWE | = AT ()Y
dM; (V2 tav

so that there exist F-predictable processes ¥, A?, ©F, § = 2, 3,4 such that

awl = 24y + 63 dv +etayt,
AWP = A7V AFAY ALY, (40)
dM, = U2dy>' +wlay>t + wtaytt
Let us set, for i = 2,3,4,
oL = &1OL+ &AL+ VL, Vte[0,T). (41)

Suppose first that ¢ = 0 for every t € [0,T]. Then, by combining (39), (40) and (41), we end up
with the desired representation (38) for X. To show the existence of a replicating strategy for X in
M (2), it suffices to apply Corollary 3.2. If, on the contrary, ¢* does not vanish identically, equality
(38) cannot hold for any choice of ¢ and ¢*. The fact that ¢? is non-vanishing for some claims
follows from Proposition 4.1. O

In general, i.e., when the component ¢* does not vanish, we get the following representation
X ST 1 T 4,1
ﬁ=x+2/ oL dY; +/ ot dy;, (42)
YT i=2 0 0

where we set 54 = ¢} + Zy(YA)7L. Hence, as expected any contingent claim satisfying a suitable
integrability condition is attainable in the unconstrained model M.

Example 5.2 To get a concrete example of a non-attainable claim in M;(Z), let us take X =
(Y2 — K)" and Z; = Y;*. Then, for K = Y}, we obtain X = (Y@ — YA)T(Y})~!, and thus we
formally deal with the put option written on Y* with strike Y. We claim that X does not admit
representation (38). Indeed, equality (38) implies that the hedge ratio of a put option with respect
to the underlying asset equals zero. This may happen only if the underlying asset is redundant so
that hedging can be done with other primary assets, and this is not the case in our model.
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