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Abstract

In this article, we consider the subspace of W™ of functions that vanish on a part
~o of the boundary. The convolution-translation method, a variant of the standard
mollifier technique, allows to prove the density of smooth functions, which vanish
in a neighborhood of ~g, in this subspace. The result is first proved for m = 1,
then generalized to the case where m > 1, in any dimension, in the framework of
Lipschitz-continuous domain. We don’t need, as may be expected, to make addition-
nal assumptions on the boundary of «y. An application of the same type of technique
is given in the space of functions L? with divergence in L?. Contrary to the previous
case, assumptions are needed on the boundary of q.

Résumé

Cet article considere le sous-espace de W™ des fonctions qui s’annulent sur une
partie vg de la frontiere. On montre que la méthode de convolution-translation, vari-
ante de la technique standard de convolution par une fonction C'*° & support compact,
permet de démontrer la densité des fonctions régulieres, nulles sur un voisinage de g,
dans ce sous-espace. Le résultat est démontré, d’abord pour m = 1, puis généralisé
a m > 1, en dimension quelconque, dans le cadre des domaines Lipschitziens, et il
n’est pas néssaire, contrairement & ce qu’il était attendu, de faire des hypotheses
supplémentaires sur la frontiere de ~y. On donne une application du méme type de
technique, dans l'espace des fonctions L? & divergence dans L2, qui, elle, nécessite
des hypotheses sur la frontiere de ~g.
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1 Introduction

Let © be a bounded domain in IR%, d > 2, whose boundary is Lipschitz-continuous.
This article mainly deals with functions of W™ (2, vq), where r > 1 and m > 1, which are
functions of W™ (Q)) that vanish on an open part 7y of the boundary 9€2. More precisely,
we study the density of smooth functions that vanish on a neighborhood of 7, in the space
W™ (2, 70). This density is well known in particular cases and used in [1]. It is proven in
two dimensions for m = 1 in [2] by introducing a convolution-translation operator. How-
ever, as far as I know, there is no proof in the general case. The reason why is, perhaps,
that these results of density appeared true, without no doubt, but the general proof seemed
difficult or, at least, not particularly interesting. Thus, it seemed to me useful to give a
detailed proof of these significant results.

Let ~; denotes the complementary set of 75 in the boundary 0€2. In two dimensions, it
is generally assumed, as in [2], that 75N77 is composed of a finite numbers of points. But, in
the general case, do we have to assume conditions on this intersection, as may be expected,
to prove the density theorem 7 In this article, we assume that the intersection 7 N7y has
a finite number of connected components, but no additionnal assumption is necessary to
prove the density theorem. We use a modified mollification technique, initiated by [7] and
rediscovered simultaneously in [2] and [5], which consists to combine a convolution and
a translation. First, we localize and we establish a partition of unity, which allows us to
distinguish three parts in the boundary. On a neighborhood of a point of vy, we make a
translation outside the domain, in a neighborhood of a point of v;, we make a translation
inside the domain and, next, we apply, in theses two cases, the mollification technique. On
the third part of the boundary, which is composed of neightborhhoods of the connected
components of 75 N7y, because of Poincaré’s inequality, we approximate the function by 0.

In dimension d > 3, the neightborhood of the connected components of 75 N 77 are
no longer simple balls, which complicates the previous approximation by 0: we consider
an optimal covering by balls and a special technique of permutation and partition to deal
with the intersections of balls in the estimates.

In this paper, the main result is Theorem 3.1, which establishes the density in W17 (Q, v),
that is to say the result of density for m = 1. The generalization to the case m > 1, which
is Theorem 4.1, is straightforward. Finally, the partition of unity on ), that we used to
prove the previous theorems of density, allows us to prove a result in the space H(div, 2),
which, contrary to what one might expect, is not obvious: a function of H(div,(2), that
vanishes on vy and v, where vy and ; are defined previously, vanishes on 0f2. However,
to prove this result, contrary to the proofs of the density theorems, we shall need to make
additionnal assumptions on the set 75 N 77.

This article is organized as follows. In Section 2, we define the adequate covering of
and the partition of unity subordinated to this covering. In Section 3, we prove our main
result of density in W (£2,70). Section 4 is devoted to the generalization of this result
to the space W7 (2, vg),with m > 1. Finally, in Section 5, we give an application of the
previous partition of unity in the space H(div, ().

We end this introduction with some notation that we shall use further on. We recall
that Q is a bounded domain in IRY, d > 2, whose boundary is Lipschitz-continuous. Let



Y and y; be two non empty open parts of 9 such that they have a finite number of
connected components and such that they verify

q
k=1

where K}, 1 < k < ¢, denotes the connected components of 75 N 77 and, for 1 < k < ¢, let
us set

Va >0, Gpa = {x € R, d(x,K}) < a}, (1.2)
where d(.,.) is the euclidian distance in IR?. Afterwards, we choose a such that
1 .
0<a<- min d(K;,K;) and o<L (1.3)
1<i,j<q, i#]

We define : for each real » > 1 and each integer m > 1,

m,r m,r ajv .
W™ (Q,v0) = {v e W™ (Q), (%)WO =0, 7=0,...,m—1}, (1.4)
D(Q,7) = {v € D(Q), v is equal to 0 in a neighborhood of 7y} (1.5)

Finally, we shall use the space

H(div,Q) = {v € L*(Q)?, divv € L*(Q)}.

2 Partition of unity

2.1 First covering of )

Since the boundary of 2 is Lipschitz-continuous, for every x € 02, there exist an open
hypercube Cy, neighborhood of x in IRY, and new orthogonal coordinates y = (y’,4a),
where y' = (y1,...,Y4—1), such that:

d

1) C’x = H] - ax,jaax,j[-

j=1
d—1
ii) There exists a Lipschitz-continuous function ®* defined in [ | —ax j, ax ;| of constant
=1
it ax d ’
Ly such that Yy’ € 1] — ax, ax;[, |2*(y')] < 7 and
j=1
QNCx={y €Cx, ya<®(y)}, 0UNCx={y € Cx, ya=P*y)}. (2.1)

Moreover, Vx € vo U7, Vj = 1,...,d, we choose the reals ax ; such that Cx N7 N7A7 = 0.
Since Vz € 79, Cx N7 = 0 and Vx € 71, Cx N7y = 0, we have

Vx €, 0NCx={y € Cx, ya=2*(y)}, Vxem, mNCx={y € Cx, ya=2*(y)}.



For every strictly positive real number « verifying (1.3), let us define a finite open
covering of ) as it follows : First, we have

q

00c( U Cou(UGrs))

xEvoU1 k=1

Note that, owing to (1.3), Gia N Gja =0, 1 <i,j < ¢, i # j. Second, the compactness
implies that there exists a finite open covering of 0f2 :

q Ta
o0 C (U Gk,%) U( U ka,a>7 (2'2)
k=1 k=q+1

where the open sets Cx are defined by (2.1) and Gy, is defined by (1.2). Moreover, there
exists an open set Cp, such that

q To
CoaCQ and QCCoaU(JGra)U( U Cm,.) (2.3)
k=1 k=q+1

which is an open covering of Q denoted R,.

2.2 Second covering of ) and associated partition of unity

Let p be a standard mollifier, which means that p is a positive C*° function in IR?

supported in the unit ball and such that /IR ,p(x)dx = 1. For every p € IN*, we define

vx € RY, py(x) = p’p(px). (2.4)
Let ¢ belong to C'(IR) such that

9 11
vt e [07 T6]7 So(t) = ]-7 Vit Z Ev (P(t) =0 and vt € IR-H |90/(t)| S A.

11 1 8mt — &
S Myvy o) = T2 i
A = 4r. Let us recall (see [5]) that, for k = 1,...,gand i = 1...,d, x — 0;d(x, K})
belongs to L>(IR?) and verifies

For example, we can choose ¢ defined on |

Vi=1,...,d, ¥x € R? |0id(x, K})| < 1. (2.5)
Then, we set
1
Vi, 1 <k <q, 0o =p(=d(.,Kr)) * pp., (2.6)
a
with p, = [£8] + 1, where [z] denotes the integral part of the real number z, and p, defined

e}

by (2.4). This function belongs to D(G,) and verifies, for i = 1,...,d,

SRS

VX € Grg, Oak(x) =1, VX & G 3a; bak(x) =0 and Vx € R, [0i0a(x)] < —. (2.7)

3



Considering successively that: 6, ; + (1 —6,;) =1, for j =1,...,¢, we obtain

q
Oaq + (1= 0a1)00p+ ...+ (J](1 = b4 H

But, since the sets G, are disconnected and since 6, ; belongs to D(G,,), for 1 < j <gq,
k—
we have ( H (1 —04;))0ar = 0ok Thus, we obtain

]_

q
Ga,l —|— ea,g —|— N —|— Hayq —|— H(l - Ha,j) - 1
7j=1

Hence, we derive, for every u € W1 (Q, o)

q
u = Gaylu + HQ,QU + ...+ Ha,qu + (H(]. — QQJ))U. (28)

J=1

Let {fa,j}j20 be a partition of unity on € (see [3] or [4]), subordinated to the covering R,
defined by (2.3). Substituting the functions f, ; in (2.8) yields

Ta q

UIGO[JU—FGQ,QU—F...‘FGQ,(]U"‘ZH a] ﬁaku

k=0 j=1

q

Considering that, for every 1 <k < g, [[ (1 —6a,j)Baxr =0, since, if x € Gy g, Our(x) = 1,
=1

we obtain

U = Z Por kU (2.9)
k=0

q

where Pa,k = (H (1 - ea,j))ﬁa,ka k =0 or q_|'1 <k< Ta and Pa,k = 9&,k7 1 <k<Z q.
j=1

Thus, for a verifying (1.3), Py = {@ar}ieo 1S a partition of unity on Q, subordinated to

the covering {Oy o }1%,, with

Ova = Coar Oka = Grafor1<k<q and Opa=Cn,, forg+1 <k <1y, (2.10)

where the sets Cp o, Gi.o and Cx are respectively defined by (2.3), (1.2) and (2.1).

3 Density result in W1 (Q, )

Theorem 3.1 Letr > 1 be a real number. Let Q a bounded domain in IR whose boundary
is Lipschitz-continuous and let 7o be an open part of 02 verifying (1.1). Let the spaces
W (2, 740) and D(2, o) be defined respectively by (1.4) and (1.5). Then the space D(Q, o)
is dense in W (Q, ).



Proof. From now on, we suppose that a verifies (1.3), so we can consider the partition
P, defined by (2.10). For every real number £ > 0, let us define a real a. > 0 such that,
for 0 < a < a, the partition of unity P, subordinated to the covering {O o } =, allows us
to construct an approximation u. € D(8, 7o) of u € WL (€, 7) in W norm.

Lemma 3.2 For every real number ¢ > 0, there exists a real number a. verifying (1.3)
such that, for every 0 < a < a.,

3

<4 (3.1)

Vk = 1, .4, ||9a,ku||W1v7'(Gk,aﬂQ)
Proof. For k = 1,...,q, let {B(x;,a)}’_; be an open optimal covering of Gy, where
B(x;,«) denotes the open ball with center x; and radius o. This means that there is no
covering of Gy, with less than p balls of radius a. Let ¢ € IN* such that 1 < ¢ < p. Note
that B(x;, ) NGy # 0 and let z; belongs to B(x;, &) N Gy 4. Then, there exists y; € Ky,
such that d(z;,y;) < a, which implies d(x;,y;) < 2a. Hence, we derive

Gra C OB(Xi,a) C OB(Xi,Qa), (3.2)

=1 =1

such that the covering { B(x;,@)}’_; is maximal and the covering {B(x;, 2a)}_, verifies,
Vi=1,...,p,

B(x;,2a) N Ky, # 0. (3.3)

Note that, ¥x € IRY, ¥n € IN* and Va > 0, there exists a covering {B(x}, a)};mi of

the ball B(x,na) with p,q4 = ([nv/d] + 1)%, where [2] denotes the integral part of the real

number z. Indeed, the ball of radius na is inscribed in a hypercube of edge 2na and the

2
hypercube of edge £ s inscribed in a ball of radius a. Let i € IN" such that 1 <7 <p

Vd
N; ={j e N",1 < j <p, B(xj,20) N B(x;,2c) # 0}. (3.4)
On the one hand, we have

U B(xj,a) C |J B(xy,2a) C B(x;,6a).

JEN; JEN;

and let us set

On the other hand, the previous note implies

P6,d
B(x;,60) C |J B(x], ).

j=1
Since the covering { B(x;, &) }i_; of Gy, is maximal, we derive
Vie IN*, 1 <i<p, card N; < pgq = ([6Vd] +1)% = My, (3.5)

where NV; is defined by (3.4).
Let & € W' (IR?) be an extension of u € W (£, ) outside Q. For every i = 1,...,p,
setting x = x; + az yields

15y < 0 [ Nl -0z d (3.6)

bt



Since w vanishes on B(x;, 2a) N 7y, which has a strictly positive measure because of (3.3),
4 also vanishes at least on the same set and we can apply Poincaré inequality to deduce
that there exists a constant C; > 0 such that

/ lu(x; + az)|" dz < C4 / V. i(x; + az)|" dz. (3.7)
B(0,2) B(0,2)
Next, using again X = x; + az, we have
/ IV, ii(x; + az)|" dz = o’ / Vii(x; + az)|" dz = o/ ¢ / IVa(x)|" dx,
B(0,2) B(0,2) B(x;,2a)
which gives, owing to (3.6) and (3.7),
7 (B 20)) < C1a7 VU r (5 (x;,20))- (3.8)

Then, from (3.2), we derive

p
||U||2r(Gk,amQ) < ||ﬂ||2r((;k’a) < Z ||a||ET(B(xi,2a))7
i=1

and, in view of (3.8), we obtain
P
[l (G aney < Cra" DIVl (5xg 20))- (3.9)
i=1

Now, we can assume that the integrals |V o p(x s(5,20)) are in decreasing order with
respect to ¢ where 1 is a permutation of the set {1,...,p}. To simplify the notation, we
still denote the index i instead of (). Thus, we assume that, fori =1,...,p — 1,

IVl Lr(B(x;200) = IV Lr(Bxi41,20)) - (3.10)

Next, we construct by finite induction a partition of I = {i € IN*, 1 < i < p} in the
following way: we define Iy =1, i1 = 1 and for k > 1

Jo ={j € Iy_1, B(xj,2a)NB(x;,,20) # 0}, I, ={j € Ix_1, B(xj,2a) N B(x;,,2a) = 0}

and iy, = min I, if I;, # (). Note that iz, > iz, because, by construction, i, > i, and
ir & I,. Let | > 1 such that [; = () and I, ; # (. Considering that I;_; = J, U I, for
k=1,...,1, we obtain the following partition of

I = U J. (3.11)
k=1
Moreover, by construction, the balls B(z;,,2a), k = 1,...1, are disconnected two by two.
Hence, on the one hand, we derive
l
[Val” & > IVal|7r (5, 20 (3.12)
Lr( X;,200 k=1

=1



On the other hand, we have
l
Z HVUHL’" B(x;,2a)) Z(Z ||va‘|z’°(3(x]~,2a)))‘
k=1 jeJi

But, in view of (3.5) and (3.10), we can write

> IVl 5x; 20y < Mall Vil sx,, 20)-

JE€Jk

Thus, we derive
p
DIVl (s 20y < Mdz IVallirBx, 20))-

Finally, owing to (3.12), we obtain the crucial estimate

(Gr,4a)

ZIIVUHU Bxi200) < MallVallpr - pg2ay < MallVallzy
(U, Blxi 20)

which gives, in view of (3.9),
ullZr iy ane) < C1Mad" (VU1 .- (3.13)

Finally, for i = 1,...,d, 0;,(6axu) = 0;(0ar)u + 04 r0;u, where 6, is defined by (2.6).
From (2.7) and (3.13), we derive

T

10: O )ullzr Gy ey < - ullr 6y ey < CLMaA VL, u0)-
Considering (2.7) again and
10 (Oawt) 16y arey < 27 10 (Oap)ull oy ey T 10ardiullrc, .no):
we obtain, for k=1,...,¢q
10akullivrrcyane) < N7 Gpan) + 27 (Cy Mg A + (V|1 )

Note that

ﬂ Graa = Ky

a>0

and the measure of K is 0 in IR?. Since @ belongs to W' (IR%), for k = 1,...,q, we have
(]:.v% ||9a7ku||wl,7‘(Gk‘amQ) — 0

Thus, there exists a real a. > 0 such that the inequalities (3.1) and (1.3) are verified. ¢
Let us note that, considering the partition of unity P, defined by (2.10), such that
0 < o < o, and in view of 0, 1, € D(Gya), (3.1) can be written

V]{? = ]., o4, HgomkuHWm(Q) S (314)

€
4q’



so that, for every k =1,...,¢q, we can approximate ¢, ,u by 0 in O o = G q-

We now deal with the case k = 0, that is to say, we want approximate ¢, ou in Oy 4.
Let us recall that ¢, ou has a compact support in Oy, with Oy, C €. Therefore, we have

d(supp (@ao0t), 000.4) = o > 0 (3.15)

and we can note that @, ou belongs to W' (IR?), where the latter denotes the extension
by zero. Then, for every p € IN*, we define u, by

d — — — /av _ d
Vx € R, uy(x) = (o) #pp)(3) = [ palulx —y)pp(y) dy,

where p, is defined by (2.4). In a standard way, we obtain that
lim wu, = @gaou in W (IRY),

p—+oo
which implies that there exists P. € N* such that, Vp > P.,

3

< 1 (3.16)

a0t — Upllwrr 0 0)

3
Next, taking care of the support of w,, we choose p > — and we define the set
Ho

E={x€ 0y, dx,000,) < %} This implies that Yy € B(0,1/p) and Vx € E,

d(x =y, supp (a,0t)) = (000, 5upPp (Paou)) — d(x —y,x) — d(x,000,4) = % > 0.

In the same way, we have Vy € B(0,1/p) and Vx € Q\ Op,,

9
d(x —y,supp (gaou)) > % > 0.

Hence, we derive that u, vanishes on EU(Q\ Op,). Setting u. g = uy,., where m, is defined
3 .

by m. = max([—], P-) ([r] is the integral part of r), and considering the supports of ¢, ou
Ho

and u. o, yield

with Ug o € D(Oo7a), (317)

R

@0t — Ueollwir(©pann) = [[Pa0tt = tepllwir@) <
where Oy, C €.

The next lemma gives an approximation of ¢, v in O, for k = ¢+ 1,...,7, such
that my , € 1, that is to say an approximation of u localized around ~;.

Lemma 3.3 Let a be a real number verifying (1.3). For every real number > 0 and

for every k = q+1,...,1, such that my, € v, there exists a function u.y € D(S) with
compact support in O, N Q such that

£
4r,’

| Panrtt — vekllwir @) < (3.18)

where 14, is defined by (2.2).



Proof. For k =g+ 1,...,7, with m;, € 71, we want to approximate ¢, yu. To simplify
the notations, we drop the indexes, replacing ok u by u and Oy by O, so that we may
assume that u has compact support in O N €2 and we set

d(00 N Q,supp u) = pu > 0. (3.19)

Considering (2.1) and (2.10), we may assume that O is an open hypercube, neighborhood
of a point of 71, such that, in new orthogonal coordinates y = (y’, y4), we have

ONQ={ye€0, yu<®y)} and HNO={yeO, ys=2(y')}, (3.20)

d
where @ is a Lipschitz-continuous function, defined in [] ] — ay, a;{, of constant L.

1
=1
Let n € IN*. We set

=

un(y) = u(y’,ya — 1/n), (3.21)

which is a function defined on
Q,={y cR? (y,ys— 1/n) € ONQ}.

The set €2, is obtained by translating ON{2 to the direction of positive y;. We denote by 1,
the extension of u, by zero. Considering the support of u, we can see that the restriction
of @, to O N belongs to WH"(ONQ).

Next, since the translation is continuous on L"(IR%), we derive

lim Gpono=u in L'(ONQ).

n—-+00

Moreover, as 0;(tnjona) = (%)momg, where the wide latter denotes the extension by zero
of (Qu), in ONQ\ ,, as we can verify by deriving in the sense of distribution, we have
the same convergence for the partial derivatives. Thus, we obtain

im dpone=u in WY (ONQ). (3.22)

n—-+o0o

For every n € IN* and p € IN*, we define
Unp = TUp * Pp. (3.23)
The standard properties of the convolution imply

lim w,, =1, in  L'(IRY. (3.24)

p—-+oo

Next
&-un,p = aﬂln * Pp-

We cannot pass to the limit in L"(IR?) because, usually, 9, is not in L"(IR?). First, let
us show that, for p large enough, @, 0, belongs to W' (0,), where O, is defined by

0,={yeR% d(y,0nQ) <1/p}. (3.25)

9



We set
I, ={yeR%(y,ya—1/n) € QN O}, (3.26)

and, thus, we can write
09, =T,ul’,  withT, NI, =0.
We can note that, since, Vy € I, (y',y4 — 1/n) € QN (00),
Vyell, u,(y)=0. (3.27)

Let us estimate, for every z € T, the distance d(z, O N Q) = d(z, O N 0N). Indeed,
Vy e ONQ, [z,y]N(ONIN) £ 0.

vz €T, Vy € (0N0Q), |z—y|* =2 -y + (1/n+ 2(z) - 2(y))".
The properties of ¢ yield
1/n+@(z') — (y') = 1/n— L||z’ - y'||.

Then, if |2’ —y'|| < 1/(2nL), we have ||z —y| > 1/(2n), and, if ||z’ —y'|| > 1/(2nL), we
have ||z — y|| > 1/(2nL). Therefore, we obtain

d(T,, 0N <) > min(1/(2n),1/(2nL)). (3.28)

Next, we have by definition

Vi € D(O,), < it >p(o,)= — / i (X)000(x) dx = — / i (X)505(x) dx.

Oy 0N,

Since u,, belongs to W"(€,), the Green’s formula yields

< Oiin, Y >p(0,)= /

0PN

Oiun (X)) (x) dx — / un(8)Y(s) n; ds.

A(0pNy)

Let us choose
1/p < min(1/(2n),1/(2nL)). (3.29)

Then, owing to (3.28), we have for every y € O,
dly,ONnQ) <1/p <min(1/(2n),1/(2nL)) < d(T,,0NNQ),

which implies

r,no,=0.
Hence, we obtain
(0, NQ,) C(0(0,)UI0Q,))NO, C (0(0,) UTT).

Therefore, with (3.27) in addition, u,1) vanishes on 9(O, N 2,,) and we derive

< Oiflin, Y >p(0,)= / Oiun (x)(x) dx,

pMEdn

10



that is to say -
linjo, belongs to W (O,)  and  9jiiy0, = Oitn, (3.30)

where the wide latter is the extension by zero of dju, € L™ (2, N O,) in O,.

Second, let us show, that, for p large enough, d;u,,, = d;ju, * p,. In view of the Fubini
Theorem,

WEDONQ), < Bty >pioney=— [ ([ (= Y)nply) dy)ou (x) dx

- _ /B(O,l/p) pp(y)(/ Un (X — y) 030 (x) dx)dy.

onQ

In view of (3.30), for every y € B(0,1/p), x — u,(x — y) belongs to W'"(O N Q) and

Yx e ONQ, Yy € B(0,1/p), Oiliny (X —y) = Ojun(x —y).

Then, the Green’s formula and the Fubini Theorem yield

< Dt >ponay= [ ([ Bunx = y)ouly) dy)v(ee) dx
which implies, for every p verifying (3.29),
Oinp = Oitt,, * Pp-
From the standard properties of the convolution, we derive

lim (Qjtnp)jon0 = o,  and L"(ONQ)

p—Foo

and, in view of (3.24),

lim (unp)ono =i, in  WH(ONQ). (3.31)

p—-+oo
Then, (3.22) and (3.31) yield that there exists N. € IN* such that, for min(n,p) > N,

€
||'LL — un’pnwl,r(OmQ) S F (332)

6
Finally, we set z, = (0,1/n) and, for min(n,p) > — where u is defined by (3.19), we
L
consider the set

E={xe0nQ, dx,00nQ) < -}

W=

Vx € E, Yy € B(0,1/p), we have

d(x —y — Zn,supp u) > d(0O N Q,supp u) — d(x,00N Q) —d(x,x —y — 2,,) >

> 0.

wi=

In the same way, ¥x € 2\ O, Vy € B(0,1/p), we have

21

d(x —y — z,,supp u) > d(x,supp u) —d(X,X —y — z,,) > 3 > 0.

11



Hence, we derive that, for every x € EU (Q2\ O) and y € B(0,1/p), x —y — 2z, does not
belong to suppu, which implies w,, ,(x) = 0. Thus, the function u. = ., where u,,
is defined by (3.23) and m. by m. = max([g] + 1, N.), belongs to D(Q2) with a compact
support in O N Q and verifies

€
|u = uc|lwrrona) = [Ju — uellwrrq) < T
which ends the proof of the lemma. &
The next lemma deals with an approximation of ¢, st in Ok, for k =g+ 1,...,714

such that my , € 7, that is to say an approximation of u localized around ~y, that is the
part of the boundary where u vanishes.

Lemma 3.4 Let a be a real number verifying (1.3). For every real number € > 0 and for
every k = q+1,...,r, such that my, € ¥, there exists a function u.y € D(Q N Oy),

such that
€

4r,’

| Partt — Uekllwir) < (3.33)

where rq, is defined by (2.2).

Proof. Asin the previous lemma, to simplify the notations, we drop the indexes, replacing,
for k =q+1,...,74, Yaru by uwand Oy, by O, so that we may assume that v has compact
support in O N €2 and we set

d(00 N Q, supp u) = v > 0. (3.34)

Considering (2.1) and (2.10), we may assume that O is an open hypercube, neighborhood
of a point of 7y, such that, in new orthogonal coordinates y = (y', y4), we have

ONQ={ycO, yu<®y)} and YHNO={ycO, ya=dy)}, (3.35)

d
where @ is a Lipschitz-continuous function, defined in [] ] — ay, a;{, of constant L.

1
=1
Let n € IN*. We set

j=
un(y) = uly'sya +1/n), (3.36)
which is a function defined on
Q,={y R (y,ya+1/n) e ONQ}.

The set €2, is obtained by translating O N () to the direction of negative y,, that is to say,
contrary to previously, inside the domain 2. We denote by u,, the extension of u, by zero
outside 2,,. Considering the support of u and since u vanishes on 7y, we can see that the
restriction of i, to O N belongs to W1T(O N Q) and, as in the previous lemma, we have

lim Gyono=u in  WY(ONQ). (3.37)

n—-+00
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1
Note that, if — < v, where v is defined by (3.34), then u,, has a compact support in O N
n
and, therefore, @, belongs to W' (IR%). Hence, setting
Upp = Uy * Pp,
we derive

Jlim (wnp)iore = (@n)jora i WH(ONQ),

which implies, in view of (3.37), that there exists N! € IN*, such that, for min(n,p) > N/,

3

— 3.38
I (3.38)

U = Unpllwrrone) <

We set
[ ={y € R, (y',ya + 1/n) € 92N O}, (3.39)

Note that d(0QN0O, 0%2,,) = d(9QNO,T%) because Vz € IQNO and Vy € Q,, [z, y|N[F # 0.
Moreover, in the same way as for I, we obtain the analogous of (3.28):

d(02N O0,00,) = d(0Q2N O,T,) > min(1/(2n),1/(2nL)) = 0,. (3.40)

We recall thal
an - ~nx_} pp Y d;

Let us define the two following sets:

E={xeQn0, dx,00Nn0) <4§,/3} and F={xeQnO, dx,00Nn0Q)<v/3}.
On the one hand, choosing p > 53, Vy € B(0,1/p) and Vx € E, we have

d(x —y,09,) > d(0QN 0,09,) - d(x,02N 0) - d(x,x —y) > (; 0

which implies @,(x —y) = 0. Thus, we obtain
Vx € E, uy,,(x) =0. (3.41)
On the other hand, setting z, = (0,1/n) and choosing n and p large enough such that
1/n+1/p< %, Vy € B(0,1/p) and Vx € E, we have
d(X —y + zn,suppu) > d(OQ N Q, suppu) — d(x,00N Q) —d(x,x —y + 2,) > g > 0,
which implies @, (x —y) = 0 and, therefore,

Vx € F, upp(x) =0. (3.42)

13



Thus, since (2N O) = (A0 N Q) U (92N O), owing to (3.41) and (3.42), for n > 6 and
v

p > max(g, 53), with d,, defined in (3.40), w,, belongs to D(2 N O). Finally, in view of
v

(3.38), the function u. = u,,_,._, where

6 6 3
- — _ 1 N/ d e = - 1 17 N/ )
belongs to D(2 N O) and verifies
€
|u — Usﬂww(om) = |lu— UEHWM(Q) < A
hence, the lemma follows. &

We can now complete the proof of Theorem 3.1. Let ¢ > 0 be a given real number.
Lemma 3.2 leads us to define a partition of unity P,, with a < a., where P, is defined
by (2.10). Next, (3.17), Lemma 3.3 and Lemma 3.4 allow us to construct a function wu. of
D(Q) defined by :

Ue = U+ D Uk (3.43)

q+1<k<rq

Then, we have

q
Ju—uc|lwir@) < llaou—uteollwir@y+ D, NGart—terllwirg + D |Par tllwir@),
q+1<k<rq k=1

which implies, in view of (3.14), (3.17), (3.18) and (3.33)
|u — ue|lwrro) < e (3.44)

Moreover, owing to Lemma 3.3, we obtain that, for every k = q¢+1,...,7, withmy , € 7

(note that by construction O N7 = Cm,, N0 = V), ucy belongs to D(€, ) and,

consequently, u. belongs to D(€2, ), where D(€2,7o) is defined by (1.5). Thus, Theorem
3.1 is proven. O

4 Density result in W™ (0, )

Let k > 1 be an integer and let us suppose that the boundary 052 is of class C*!, which
means that, for every x € 99, the functions ®*, defined by (2.1), are of class C*!. The
following theorem generalizes Theorem 3.1.

Theorem 4.1 Let r > 1 be a real and m > 1 be an integer. Let ) a bounded domain in
IR? whose boundary is of class C*', where k is an integer such that k + 1 >m, and let yo

be an open part of O verifying (1.1). Let the spaces W™ (82, v9) and D(2, 7o) be defined
respectively by (1.4) and (1.5). Then the space D(2, 7o) is dense in W™ (£, 7).

14



Proof. Let us prove the result for m = 2, the extension to the general case is straightfor-
ward. We suppose that u belongs to W2"(£2,v,). The proof of this theorem is analogous
to that of Theorem 3.1. Indeed, we use the same covering {Oj o }1%,, defined by (2.10),
and an associated partition of unity Pa, analogous to P,, defined as follows :

First, we define the functions éa,k, fork=1,...,q, by

g
Vka 1 S k S q, ea,k = @(ad( . 7Kk)) * Ppas (41)

with po = [%] + 1 and p, defined by (2.4), where the function ¢ belongs to C?(IR™) and
verifies

9 11

Vi e [07 TG]’ @(t) = 17 vt > E> @(ﬂ =0 and vt e IR+7 ’(ﬁ/(t)’ < Aa ’@Il(t)‘ < B.
For example, we can choose ¢ defined on [1%, }—é] by

p(1) = 15(16%) [ (- 196)2@ _ E)Qd”

Since the boundary is at least of class C1! the first and second order partial derivatives of
the function x +— d(x, K}) belongs to L>(IR%) (see [6]). Setting M = ||0%d(., Kk)”LOO(IRd),
we derive the following estimations for the functions émk € D(Gy.o) and its derivatives, for
k=1,...,q,fore,7=1,....,d,

Vx € Gk%, Hayk(x) =1, Vx ¢ Gk,‘%’? 9a7k<X) =0
s A s
and Vx € IRY, |0i00x(x)| < o~ 10;0;00.6(x)| < 0(;’ (4.2)
where G}, is defined by (1.2) and C' = B + AM.
Second, we set P, = {Pak } iy With

q ~ ~
Do = (H(l —00.j))Bak: k=0o0r ¢+ 1<k <ry,and $or ="0or, 1<k<gq (43)
j=1

As previously, for every real e, we must compute a parameter o, allowing us to con-
struct an adequate partition of unity P, with o < al. Thus, we prove an analogous lemma
to Lemma 3.2.

Lemma 4.2 For every real number ¢ > 0, there exists a real number o verifying (1.3)
such that, for every 0 < a < o,

£

<4 (4.4)

Vk = 17 - q, ”éoz,ku”WlT(Gk’aﬂQ)
Proof. By the same way as in the Lemma 3.2, using an extension @ € W?"(IR%) of
u € W2"(Q,7y) we prove

lim 6o gettl| W (G2 = O (4.5)
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On the one hand, for j = 1,...,d and i = 1,...,p, 0,4 vanishes on B(x;,2a) N 7o,
which has a strictly positive measure, and we can apply Poincaré inequality to deduce

||V1~LHZT(B( ) = Cla7"||82ﬁH’Lr(B(

Xi, 20 X;,2a))

where C is the constant defined in (3.7). As in the proof of Lemma 3.2, setting the
integrals ||0%| 1r(B(x; 20) In decreasing order, by analogous method we obtain

IVl g, ) < Cro" Mal| 0|7 g, ). (4.6)
where My is defined by (3.5). Moreover, owing to (3.13), we derive
||U||2r(ck,arm) <4 01204er§||82ﬂ||2r(ck,16a)- (4.7)

On the other hand, we can write

(91'(%'((90471C u) = 8i8j(0a,k) U+ ai(9a7k)8ju + 8j (Ha,k) @u + (6a7k>6iaju.
Then, in view of (4.2), (4.6) and (4.7), we obtain
10 Gk W17 (61 ) < 477 (AC) (d Cy Mg)® +2d Cy Mg A” 4+ D)[[0% 071 5y 10

Hence, since
Bﬂ% ||82ﬂ||Lr(Gk,16a) =0,

we derive ~
cluiir(l) HaQ(ea,k‘ u) ”U(Gk,aﬂm =0,

which implies, owing to (4.5),
lim Héa,kuHW?m(Gk,amQ) =0

and the result of the lemma follows. &

We consider a partition of unity P, defined by (4.1), with 0 < a < o, subordinated
to the covering {Oy o }12, defined by (2.10), where a_ is defined in the Lemma 4.2. Since
k.o belongs to D(Gy4), (4.4) can be written, with the notation of the partition P,,

~ 5
Vk = 1, o q, ”Spa7ku||w2,7‘(ﬂ) S Zq, (48)

so that, for every £k =1,..., ¢, we can approximate ¢, zu by 0 in Oy o = Gj .

)

We now deal with the case & = 0, that is to say, we want approximate ¢, ou in Op,. In
the same way as in the proof of Theorem 3.1, we set u, = ({o;;u) * pp, Where the wide latter
denotes the extension by zero. In a standard way, considering that @;Vou € W“(IRd), we
obtain that

lim wu, = @aou in W2 (IRY),

p—too
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which implies that there exists P/ € N* such that, Vp > P!,

. (4.9)

=~ M

H@a,ou - upHWQ”“(Oo,a) <
Then considering g = d(supp(Paou),00p4) > 0 and setting u.o = um,, where m. is

defined by m. = max([i,}, P!) ([r] is the integral part of r), yield
Ho

Hgﬁa,gu — u5’0||W2,r(007amQ) = H@a,ou — U€70”W2,7'(Q) S With ue,g c ’D(Oo’a), (410)

A~ M

where Oy, C Q.

Next, we take care of an approximation of @, ,u in Oy, for k =g+ 1,...,7r, such
that my, € 71, that is to say an approximation of u localized around ;. As in Lemma
3.3, to simplify the notations, we drop the indexes, replacing ¢, u by v and Oy, by O,
so that we may assume that u has compact support in O N and we set

d(00 N Q,supp u) = u’ > 0. (4.11)

We define u,,, €2, by (3.21) and we denote by 1, the extension of u,, by zero. We can verify,
by deriving in the sense of distribution, that

az‘(ﬂn\om) = (%)moma ajai(ﬂnloﬁﬂ) = (aﬁu)n\om’

where the wide latter denotes the extension by zero in O N Q \ €2, which implies that the
restriction of @, to O N belongs to W27(O N Q) and the following convergence

im Gpone=u in  W>(ONQ). (4.12)

n—-+o0o

Next, we define u,, by (3.23) and in the same way as in Lemma 3.3, we prove that
linjo, belongs to W7 (0,), where O, is defined by (3.25), and 9;0;Uy0, = d;0;u,,, where
the wide latter is the extension by zero of 9;0;u,, € L™ (2, N O,) in O,. Moreover, as in the
proof of (3.31), we can show that, for p verifying (3.29),

0,0 p = @%n * p,  almost everywhere in ~ O N
and we obtain

lirll (Unplionn = Un in W (ONQ).
p—-+oo

Hence, with (4.12), we derive that there exists N € IN* such that, for min(n, p) > N/,

19
|l — un,p”W?’T(OmQ) < 1 (4.13)

Thus, the function u. = Uy, m:, where m. is defined by

6
m. = max([—] + 1, N)),
L
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with g/ defined by (4.11), belongs to D(Q) with a compact support in O N Q and verifies

€
[ = we[lwzronn) = [[u — tellwar9) < I
Ta
Then, with the initial notation, we obtain, for every k = ¢+1,...,7, such that my, € v,
. €
[Bak u — te k| [w2ronn) < 1 (4.14)
TO[

where the function u. ; belongs to D(Q) with compact support in Oy , N, which ends the
problem of the approximation of u localized around ~;.

Finally, we still have an approximation of @, ;u in Ok, to do, for k =g+ 1,...,7r,
such that my , € 7, that is to say an approximation of u localized around -y, that is the
part of the boundary where u vanishes.

As previously, to simplify the notations, we replace, for k = ¢+ 1,...,74, @aru by u
and Oy, by O, so that we may assume that u has compact support in O N Q and we set

d(00 N Q,supp u) =/ > 0. (4.15)

We again define u,, by (3.36) and u,, again denotes the extension of w, by zero. In the
same way as in the proof of Lemma 3.4, we have

lim_ i jon0 = © in  W»(OnNQ) (4.16)

n—-+o0o

1

and, for — < v/, u,, has a compact support in O N . Moreover, setting again w, , = 1, * p,
n

yields that there exists N € IN* such that, for min(n,p) > N”,

€
||u — un’p||W2,r(OﬁQ) S R (417)
Then, the function u. = u, ,, where
/ 6 1 / 6 3 1"
n. =max([—]+1,N/) and p.=max([—]+1,] | +1,N]),

v v/ min(1/(2n’),1/(2n.L))
belongs to D(2N O) and verifies

£

|u = uc|lw2rona) = ||u — uel|war @) < T

With the initial notation, we obtain, for every k = ¢+ 1,...,7, such that m; , € v,

. €
| Pae v — us,k”W?ﬂ"(Q) < T (4.18)

where the function u. j belongs to D(2N Ok, ), which ends the problem of the approxima-
tion of u localized around .
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We can complete the proof of Theorem 4.1. Let € > 0 be a given real number. Lemma
4.2 leads us to define an adequate partition of unity P,, with 0 < a < a.. Next (4.9),

(4.14) and (4.18) allows us to construct a function u. of D(2) defined by :

Ue = Ugo + Z Ue k)
q+1<k<rq
that verifies
||U — Uuszr(Q) <e.

With the same argument as in the end of the proof of Theorem 3.1, we prove that u,

belongs to D(£2, ), where D(€2,7) is defined by (1.5). Thus, Theorem 4.1 is proven. <

5 Another application of the partition of unity P,

Let Q a bounded domain in IR?, d > 2, whose boundary 92 and the parts of boundary
7o and v verify (1.1). Let us suppose, in addition, that, if d > 3, for k =1,...,q and for
every X € 75 N7, there exist an open hypercube Cy, neighborhood of x in IR, and new
orthogonal coordinates y = (y”, Y41, va), where y” = (y1,...,ya—2), such that:

d
1) Cx = H] - ax,jaax,j[-

j=1
d—2
ii) There exist Lipschitz-continuous functions ®¥ and ®¥ defined in []] — ax;, ax ;[ of
j=1
constants, respectively, L; x and Ly x such that
Ky N Cx ={y € Cx, ya1 = 1(y"), ya = 23(y")}. (5.1)

Let us consider the partition of unity Po = {@par}i2o on £, subordinated to the covering
{Ok.a}120, defined by (2.10). The approximation constructed in the proof of the density
Theorem 3.1 allows us to prove the following theorem.

Theorem 5.1 Let Q a bounded domain in IR® whose boundary is Lipschitz-continuous and
let 7o and ~, be open parts of ) verifying 1.1 and such that, in addition, the connected
components of Yo N 71 werify (5.1). Let v belong to H(div,Q) such that v.np, = 0 and
v.np,, = 0. Then, we have v.njpo = 0.

Proof. Note that this theorem is not trivial, because, in the general case, these normal
components are not defined as functions defined almost everywhere. Let us recall that, if
Yo and 41 verify (1.1), H=Y2(y0) = (Hg)" (7)), where

H&(P(’%) = {u\’ym u € HI(Q)’ Uy, = O}’

and we have the following Green’s formula : Yu € H'(Q), with w,, =0, Vv € H(div, ),
/Q(div v)udx + /Qv Nudx =< v.n,u >g-1/2(, - (5.2)
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Let v € H(div,Q) verifying the assumptions of Theorem 5.1 and let pu € HY/2(9Q).
There exists u € H'(Q) such that

<V, U > ga2p0)=< V.0, U >go1/290)= /Q(divv) udx+/QV . Vudx. (5.3)

Since D(Q) is dense in H'(Q), we can assume that u belongs to D(Q2). We begin to prove
a lemma that deals with the sets G, k =1,...,q, defined by (1.2).

Lemma 5.2 Let the sets Gra, k=1,...,q, be defined by (1.2). There exist real numbers
ag >0 and M > 0 such that, for every 0 < a < oy verifying (1.3) and k =1,...,q,

Ghoal < Ma?. (5.4)

Proof. When d = 2, for kK = 1,...,q, the set Gy, is the open ball with center x; and
radius v and the estimate (5.4) is trivial with M = 7. Let us assume that d > 3. Since,

for k=1,...,q, the set K}, is compact, we derive
Sk
K, C U ij,
j=1
where m; € Ky, for j =1,..., s, and where C is defined at the beginning of the section.

There exists a real o such that, for a < o), we have

Sk
Gra C |J Cr,- (5.5)

j=1
On the one hand, let My be a real number such that, in local coordinates, for every

j = 17"'7Sk7 \V/y € Gk,ancmj7
Iy"l < My, (5.6)

where y = (y",y4-1,%q) and ||.|| = d(.,0) is the euclidian norm in IR®. Moreover, we
define the following notations: for every subset E of Cp,;, in local coordinates :

(E)ar ={y € E, y" = 2"}

and for every j =1,...,q,

Ci=Cm \( U Cm)

1<I<sp, 1#]

On the other hand, we can assume that, for k =1,... ¢, for j,l =1,... s, with [ # j,
OCm; N OCm, N Ky, = 0. (5.7)

Indeed, if not, we can cover Kj by a finite number of hypercubes C} smaller than the
hypercubes Cy and next, if necessary, increase a little the edges of the hypercubes C. such
that the previous result is true. From (5.7), we derive, for k = 1,...,¢q, for j,l = 1,... sy,
with [ # 7,

d(Cm; \ Cmyy K N (C, \ Cyy)) > 0.
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Then, we set, for k=1,...,q,
o= min d(Cp; \ Cmy), Ky 0 (Ciny \ Com))

7,0=1,..., k

and we chooze
0<a<ay= kr%in (a}), (5.8)

where «f is defined by (5.5). Then, we obtain, for k = 1,..., ¢, owing to (5.6),

y//

Sk Sk
Gral = / dy < / dy" / dya1dya). 5.9
G jz::l Grarcy 7 Jz::l s, Y Uiyanay,, 1) (59)

Let y belong to (Gya N C})yr. In view of (5.8), for k= 1,...,q, we have

d(Ya Kk) = d<y7 5’)7

with y € K N C’m].. But
(dy, Ki)? = [Iy" = ¥"I* + (Ya—1 — D7 (v")* + (ya — D37 (v"))*.
Since d(y, K1) < a, we derive
Iy =yl < yas = Oy <o and  Jya— B3 (y")] <o
Then (5.1) yields
[Ya-1 — 77 () < (L4 Limg)o, [ya— @57 (") < (1 + Lom, ).

Hence, considering (5.9), we obtain
Sk

(Gral < 4[Ba2(0, Mi)|(Q_((1+ Lim,) (1 + Lam,))) o,

Jj=1

where By_2(0, My) is the open ball with center 0 and radius M}, in R%2 and setting

Sk
M = max (4]Bi-2(0, Mi)l(Q_((1+ Lim;) (1 + Lom,))));
o jzl
the result of the lemma follows. O

First, for k =1,...,q, we have

16wl = [ 0200 (0) dx.
Let x € Q and let a < 3 d(z,09). Since x ¢ G50, OWing to (2.7), we derive 6, x(x) = 0,
which implies

EL% Hiyk(x) u?(x) = 0.
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But, we have
02, u? <u® in Q

and u? € L*(Q2). Therefore, we obtain
}Yii% 10k ullz2(Gyane) = 0
and there exists a real é. such that, for every 0 < a < @, verifying (1.3),

15
Vk = 17 - q, Hea,k u"LQ(Gk’aﬂQ) < (510)

Next, let us construct an approximation u. = u? 4+ u! of u € D(Q) in H*($), such that
(u?), = 0 and (u}),, = 0. Applying Lemma 3.3 to the function u, with r = 2, but with
7o instead of 71, yields functions u. g, k = ¢+ 1,...,7, with my, € 7, veryfying (3.18).

Indeed, we can apply Lemma 3.3 with every function u € D(£2) in place of functions of
H(Q, 7). Then, with, in addition, u. o defined by (3.17), we set

W =g+ Y. Uy (5.11)
g+1<k<ra
mg, o €70
Note that the functions wu., have compact support in O, N Q with my, € 7 and
uso € D(Q). Thus, owing to (2.1) and (2.10), these functions wu.; vanish on 7; and,
therefore, (u?)},, = 0.
We apply again Lemma 3.3 to the function w, which gives functions w.y, for
k=q+1,...,1r, with my , € 7y, verifying (3.18). Then, we set

ul = > . (5.12)

q+1<k<rq
myg €71

In the same way, considering the support of the functions u. ; where my , € 1, we obtain

1y oy 0
(ul)}yy = 0. Next, we have, considering u. = u? + uZ,

Ju—te|20) < Qa0 — uepllrz)y + D, ak t — ter| 20
q+1<k<rq
mk,ae'yo

q
+ Y earu —uerllz@) + D 10ak ull2(0)-
q+1<k<rq k=1
mk,ae'yl

Then, (5.10), (3.17 and (3.18) imply, for 0 < a < @& verifying (1.3),
lu — el 20y < €.

Thus, we have
limu. =u  in L*(9), (5.13)

where u. = u? + u} with (u2),, = 0 and (u})},, = 0.
Let us show the weak convergence of u. towards u in H'(€). We choose ¢ < 1. On

22



the one hand, in view of (3.17) and (3.18) applied with r = 2 and with u localized on 7,
instead of v, and, next, with u localized on 7, as we made previously for the convergence
in L2, we have

q
|u— el o) < [leaot — vepllmr@) + D, @ankt — uekllm@) + D 0ok ullm@),
q+1<k<rq k=1

which implies
3

q
—+ > b ull g0
k=1

uellm ) < [Julla o) + 1

On the other hand, considering (2.7) yields
d
1005 w0y < 0as ull2() + 2000k VulZ2q) + 22/ (9 Oo.1:(x)) u(x)* dx

< llullZz@) + 2IIVullZzq) +2dA [ullZoe ()| Gral-
Hence, for a < oy, owing to (5.4), we derive
100k tll 30y < V2l[ull o) + V24 M Aljul (0,
which implies
el 10y < (1 + aV2)llull 1o + +qV2d M Alful| =0
Finally, in view of (5.13), we have
lii% u. =u weakly in  HY(Q). (5.14)

We can now complete the proof of the Theorem 5.1. First, we can write

/Q(divv) U dx + /Qv.VuE dx = /Q(divv) u? dx

—|—/§2V.Vu2dx+/g(divv)uidx+/Qv.Vu;dx.

Applying twice the Green’s formula (5.2) and owing to the assumptions on v yields

/(dlvv) uedx+/ V.V dx =< v.n,ul >po1pp0) + < V.Ul >po12,)=0.
Then, (5.3) and (5.14) imply
<V > g gg)= /(dlvv)udx+/ v.Vudx =0,
which ends the proof of the theorem. &
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