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F-91025 Évry Cedex
e-mail: francis.hirsch@univ-evry.fr

(2) Laboratoire de Probabilités et Modèles Aléatoires,
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1 Introduction

During the last two decades, a number of examples of intertwinings between
two Markov semigroups (Pt) and (Qt) defined respectively on (E, E) and
(F,F), via a Markovian kernel Λ : (E, E) −→ (F,F), have been discovered
and exploited. Precisely, (Pt) and (Qt) are intertwined via Λ if

Qt Λ = Λ Pt (1)
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where, for two kernels M and N , M N denotes the composition of these
kernels.

To illustrate, let us present an important example. Let us denote, for
α > 0 and β > 0 , by Λα,β the “multiplication kernel” by a beta(α, β)
variable, that is:

∀x ∈ R+ Λα,βf(x) = E[f(xZα,β)], f : R+ −→ R+, Borel,

and P (Zα,β ∈ dz) =
zα−1(1− z)β−1

B(α, β)
dz (0 < z < 1).

We also denote, for δ > 0, by (Qδ
t ) the semigroup of the squared Bessel

process with dimension δ. One then has, for α > 0 and β > 0, the following
intertwining relation (Yor [17]):

Q
2(α+β)
t Λα,β = Λα,β Q

2α
t . (2)

This result is an extension (at the semigroup level) of the so-called beta-
gamma algebra. In the case α = 1/2 and β = 1, the intertwining (2) is
closely related to Pitman’s theorem asserting that Rt := 2St − Bt, t ≥ 0, is
a 3-dimensional Bessel process, when (Bt) is the Brownian motion starting
from 0, and St = sups≤tBs.

We refer to the paper Carmona-Petit-Yor [4] and to the list of references
therein, for various examples of intertwinings. These are obtained very often,
as explained in that paper, via a filtering type framework. We also mention
the papers of Biane [2] and of Matsumoto-Yor [13, 14].

In the present paper, we shall discuss a kind of intertwining which is
different from that induced by a Markovian kernel Λ via (1). Our motivation
comes from the following relation:

∀f ∈ E1 Qδ+2
t Df = D Qδ

t f (3)

where E1 denotes the space of C1-functions on R+ which tend to 0 at infinity
as well as their first derivative, D denotes the first derivative and, as previ-
ously, for δ > 0, (Qδ

t ) denotes the semigroup of the squared Bessel process
with dimension δ. This formula (3) is found in an equivalent but different
form, in Hirsch-Song [7], and has been helpful in the discussion of pseudo-
inverses of squared Bessel processes developed recently by Roynette-Yor [15]
(see also Section 5 below).

In this paper, we are more generally interested in the intertwining via the
fractional derivative operator Dα, that we call the α-intertwining. So the
organization of the present paper is as follows:
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• in Section 2, we define precisely the operators Dα and V α, respectively
of differentiation and of integration of order α, for α ∈ (0, 1],

• in Section 3, we prove some equivalent forms of the α-intertwining,

• in Section 4, we discuss two classes of examples. The first one is
in the framework of branching processes with immigration (Kawazu-
Watanabe [8]), and the second one is in the framework of processes
obtained in Yor [17] by intertwining (in the sense of (1)) from squared
Bessel processes,

• in Section 5, we present as an application of the 1-intertwining, an
approach to the problem of the existence of some pseudo-inverses.

2 Operators Dα and V α

2.1

Let E be the space of continuous functions on R+ = [0,+∞), tending to 0
at infinity, equipped with the norm:

‖ f ‖E = sup
x∈R+

|f(x)|.

We denote by E1 the space of C1-functions f on R+ such that f and its
derivative f ′ belong to E, equipped with the norm:

‖ f ‖E1 = ‖ f ‖E + ‖ f ′ ‖E.

We denote by D the closed operator on E with domain domD = E1 and
defined by

∀f ∈ E1 Df = f ′.

We define E−1 as the set of functions f ∈ E such that limx→∞
∫ x

0
f(t) dt

exists (then denoted by
∫∞

0
f(t) dt).

We denote by V the closed operator on E with domain domV = E−1 and
defined by

∀f ∈ E−1 V f(x) =

∫ ∞
x

f(t) dt.

The space E−1 is equipped with the norm

‖ f ‖E−1 = ‖ f ‖E + ‖V f ‖E.

3



2.2

If F is a space of functions on R+, F+ (resp. F c) will denote the subspace of
F consisting of functions which are nonnegative (resp. with compact support
in R+). Obviously, E1 is dense in E, Ec

1 is dense in E1, and Ec is dense in
E−1.

2.3

If we consider D as an operator from E1 onto E−1 and V as an operator from
E−1 onto E1, then these operators are isometries satisfying

V D = −IE1 and DV = −IE−1

where IE1 (resp. IE−1) denotes the identity operator on E1 (resp. E−1).
One also has D = −V −1 and V = −D−1 as closed (non-everywhere

defined) operators on E.

2.4

Let 0 < α < 1. We define Dα as the closure in E of the operator defined on
E1 by

∀f ∈ E1, ∀x ∈ R+, Dαf(x) =
α

Γ(1− α)

∫ ∞
0

[f(x+ t)− f(x)] t−1−α dt.

In other words, Dα is defined as −(−D)α in the sense of fractional powers of
closed operators (Balakrishnan [1]).

We remark that Dα(Ec
1) ⊂ Ec.

Lemma 2.1 For f ∈ E1,

Dαf(x) = lim
a→∞

1

Γ(1− α)

∫ a

0

f ′(x+ t) t−α dt

uniformly with respect to x ∈ R+. Moreover, Dα is continuous from E1 into
E.

Proof If f ∈ E1 and a > 0,

Dαf(x) =
1

Γ(1− α)

[
α

∫ ∞
a

[f(x+ t)− f(x+ a)] t−1−α dt+

∫ a

0

f ′(x+ t) t−α dt

]
.

Hence the uniform limit holds and

‖Dαf ‖E ≤
1

Γ(1− α)
(2 ‖ f ‖E + (1− α)−1 ‖ f ′ ‖E).

2
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2.5

According to general results on fractional powers (Komatsu [9, Theorem
4.4]), one has a precise description of the domain of Dα as the set of f ∈ E
such that

lim
ε→0

∫ ∞
ε

[f(x+ t)− f(x)] t−1−α dt

exists uniformly with respect to x. Moreover,

∀f ∈ domDα Dαf(x) =
α

Γ(1− α)
lim
ε→0

∫ ∞
ε

[f(x+ t)− f(x)] t−1−α dt.

2.6

Let 0 < α < 1. We define V α as the closure in E of the operator defined on
E−1 by

∀f ∈ E−1, ∀x ∈ R+, V αf(x) =
1

Γ(α)
lim
a→∞

∫ a

0

f(x+ t) t−1+α dt.

Therefore, by Lemma 2.1, we have

∀f ∈ E−1 V αf = −D1−αV f.

In other words, V α is defined as the α-power of V in the sense of fractional
powers of closed operators (Balakrishnan [1]).

We remark that V α(Ec) ⊂ Ec. Moreover, by Lemma 2.1, V α is continuous
from E−1 into E.

2.7

One has a precise description of the domain of V α as the set of f ∈ E such
that

lim
a→∞

∫ a

0

f(x+ t) t−1+α dt

exists uniformly with respect to x. Moreover,

∀f ∈ domV α V αf(x) =
1

Γ(α)
lim
a→∞

∫ a

0

f(x+ t) t−1+α dt.

This result, in a much more general framework, can be found in Hirsch [5,
Corollaire du Théorème 4]. We also refer to Hirsch [6] and to the references
therein.
We notice that we could use, in what follows, another precise description of
the domain, that given in Komatsu [9, Theorem 2.10].
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2.8

By the general theory of fractional powers (see, for example, Komatsu [10,
Theorem 3.2]), for 0 < α < 1, Dα = −(V α)−1 and V α = −(Dα)−1 as closed
operators on E. This result plays an important role in what follows. As seen
above, this also holds for α = 1, setting D1 = D and V 1 = V .

2.9

Let 0 < α ≤ 1. We denote by Ṽ α the kernel defined, for a generic nonnegative
Borel function on R+, f , by

∀x ∈ R+ Ṽ αf(x) =
1

Γ(α)

∫ ∞
0

f(x+ t) t−1+α dt ≤ +∞.

We have the following relation between V α and Ṽ α.

Lemma 2.2 If f ∈ E+, then f ∈ domV α if and only if Ṽ αf ∈ E. In this
case, V αf = Ṽ αf .

Proof This follows easily from the precise description of domV α given in
Subsection 2.7, by using Dini’s lemma. 2

3 Intertwining of order α

In this section, we fix 0 < α ≤ 1 and we consider two Feller semigroups:
P = (Pt) and Q = (Qt), on R+. We denote by P̃t and Q̃t the kernels
associated with Pt and Qt.
If A and B are two (non-everywhere defined) operators on E, we denote by
A ⊂ B the relation:

domA ⊂ domB and ∀f ∈ domA, Af = Bf,

and by AB the composition of operators A and B, whose domain is:

dom(AB) = {f ∈ domB ; Bf ∈ domA}.

Definition 3.1 The pair (P,Q) is said α-intertwined if, for any t > 0,

QtD
α ⊂ Dα Pt,

which means that, if f ∈ domDα, then Ptf ∈ domDα and Dα Ptf = QtD
αf .

6



Property 1, in the following theorem, gives a useful characterization of the
α-intertwining.

Theorem 3.2 The following properties are equivalent:

1. For all t > 0, P̃t Ṽ α = Ṽ α Q̃t.

2. For all t > 0, Pt V
α ⊂ V αQt.

3. (P,Q) is α-intertwined.

Proof

1. ⇒ 2. Suppose that property 1 holds and let f ∈ (Ec)+. Then Ṽ αf = V αf
and

Ṽ αQtf = Pt V
αf ∈ E.

Therefore, by Lemma 2.2,

Qtf ∈ domV α and V αQtf = Pt V
αf. (4)

As Ec is dense in E−1 and V α is continuous from E−1 into E, we see,
using the fact that V α is closed, that (4) is true for f ∈ E−1.
Now, if f ∈ domV α, by the definition of V α, there exists a sequence
(fn) in E−1 which converges to f in E and such that (V αfn) converges
to V αf in E. As V α is closed, f satisfies (4), and hence, property 2
holds.

2. ⇒ 1. Suppose that property 2 holds. Then, by Lemma 2.2,

∀f ∈ (Ec)+ P̃t Ṽ αf = Ṽ α Q̃tf

and therefore property 1 holds.

2. ⇒ 3. Suppose that property 2 holds and let f ∈ domDα. We set g =
Dαf . As V α = −(Dα)−1, then g ∈ domV α and V αg = −f . By
property 2, Qtg ∈ domV α and

V αQtD
αf = V αQtg = Pt V

αg = −Ptf.

Using again V α = −(Dα)−1, we have:

Ptf ∈ domDα and Dα Ptf = QtD
αf,

and therefore, property 3 holds.

3. ⇒ 2. The proof is analogous to the previous one.

2
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4 Examples

4.1 Branching processes with immigration

Recall that a Bernstein function is a nonnegative continuous function H on
R+, which is C1 on (0,+∞), and such that H ′ is completely monotone.

We consider a Bernstein function F such that F (0) = 0. In other words,
F is the Laplace exponent of a subordinator. We have (Bernstein’s theorem):

F (x) = a x+

∫
(1− e−tx) n(dt) (5)

with a ≥ 0 and n a σ- finite, positive measure on (0,+∞) such that

∫
t

1 + t
n(dt) <

+∞.
We consider another Bernstein function, G, defined by:

G(x) = b x+

∫ ∞
0

(1− e−tx)ϕ(t) dt (6)

with b ≥ 0 and ϕ a nonnegative decreasing function on (0,+∞) such that∫ ∞
0

t

1 + t
ϕ(t) dt < +∞.

We now set R(x) = −xG(x). We then easily have:

R(x) = −b x2 +

(∫ ∞
0

t3

1 + t2
dϕ(t)

)
x

+

∫ ∞
0

(
e−tx − 1 +

x t

1 + t2

)
dϕ(t) (7)

and

∫ ∞
0

t2

1 + t
(−dϕ(t)) < +∞.

We then define ψG(t, λ) and ϕF,G(t, λ) (t ≥ 0, λ ≥ 0) by

∂

∂t
ψG = R(ψG) and ψG(0, λ) = λ (8)

ϕF,G(t, λ) = exp

{
−
∫ t

0

F (ψG(s, λ)) ds

}
. (9)

By Theorem 1.1 in Kawazu-Watanabe [8], it follows from (5), (7), (8) and
(9), that there exists a Markovian Feller semigroup: QF,G = (QF,G

t ), whose
Laplace transform is given by:

∀λ > 0, ∀x ≥ 0, QF,G
t (eλ)(x) = ϕF,G(t, λ) exp[−xψG(t, λ)]

where eλ(s) = e−λs.
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Theorem 4.1 For α ∈ (0, 1], the pair (QF,G, QF+αG,G) is α-intertwined.

Proof For every λ > 0, V α(eλ) = λ−αeλ. Therefore,

Q̃F,G
t Ṽ αeλ = λ−α ϕF,G(t, λ) eψG(t,λ)

and

Ṽ α ˜QF+αG,G
t eλ = ϕF+αG,G(t, λ)ψ−αG (t, λ) eψG(t,λ).

But, by (8) and (9),

ψG(t, λ) = λϕG,G(t, λ) and ϕF+αG,G = ϕF,G (ϕG,G)α.

Consequently, for every λ > 0,

Q̃F,G
t Ṽ αeλ = Ṽ α ˜QF+αG,G

t eλ.

Thus, by injectivity of the Laplace transform, the property 1 in Theorem 3.2
is satisfied. 2

We now can extend the previous theorem to any α > 0.
It is not difficult to see, using the explicit definition of Dα (Subsection

2.5) and of V α (Subsection 2.7), that, if 0 < α ≤ 1,

DDα = DαD and V V α = V α V.

Therefrom, for α > 0, one defines

Dα := DnDα′ = Dα′ Dn and V α := V n V α′ = V α′ V n

with α = n + α′, n ∈ N and α′ ∈ (0, 1]. We still define, for any α > 0, the
α-intertwining by Definition 3.1. Then, reasoning by induction, we obtain:

Corollary 4.2 For any α > 0, the pair (QF,G, QF+αG,G) is α-intertwined,
and, for t > 0, we also have

QF,G
t V α ⊂ V αQF+αG,G

t .
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4.1.1 Example

Let δ > 0, F (x) = δ x, G(x) = 2x (which corresponds, in (5) and (6), to
a = δ, n = 0, b = 2, ϕ = 0).

Then

ψG(t, λ) =
λ

1 + 2tλ
ϕF,G(t, λ) = (1 + 2tλ)−δ/2

and QF,G = Qδ, the semigroup of the squared Bessel process of dimension δ.
By Corollary 4.2, we have:

∀δ > 0, ∀α > 0, (Qδ, Qδ+2α) is α-intertwined.

In particular, Qδ+2
t D ⊂ DQδ

t , which is the property (3) in the introduction.

4.1.2 Example (Kawazu-Watanabe [8, Example 1.1])

Let δ > 0, r > 0, 0 < β < 1. We set F (x) = δ xβ and G(x) = r xβ

(which corresponds, in (5) and (6), to a = 0, b = 0, ϕ(t) =
rβ

Γ(1− β)
t−β−1,

n(dt) =
δ

r
ϕ(t) dt).

Then

ψG(t, λ) =
λ

(1 + rβλβt)1/β
ϕF,G(t, λ) = (1 + rβλβt)−

δ
rβ

We denote by Qδ,r,β the associated semigroup. By Corollary 4.2, we have:

∀r, δ > 0, ∀β ∈ (0, 1), ∀α > 0, (Qδ,r,β, Qδ+rα,r,β) is α-intertwined.

We remark that the process associated with Qδ,r,β is a semi-stable Markov
process of order β−1 in the sense of Lamperti [11], which means:

∀a > 0, ∀t ≥ 0,∀f ∈ E, Qδ,r,β
at f(x) = Qδ,r,β

t (τaβ−1f)(a−β
−1

x)

where τaβ−1f(x) = f(aβ
−1
x).

4.2 Processes obtained by intertwining from squared
Bessel processes

4.2.1 Kernel Ma

For a > 0, we denote by Ma the multiplication kernel by 2 γa, where γa is an
exponential variable of index a, that is:

∀x ≥ 0 Maf(x) =
1

Γ(a)

∫ ∞
0

f(2xs) sa−1 e−s ds.

We have the following density lemma.
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Lemma 4.3 If a > 1, then the space spanned by {Maeλ ; λ > 0} is dense
in E−1.

Proof Let L be a continuous linear form on E−1. There exist two signed
bounded measures on R+, µ and ν, such that

∀f ∈ E−1 Lf =

∫
f dµ+

∫
V f dν.

For any λ > 0, Maeλ(x) = (1 + 2λx)−a, then, since a > 1, Maeλ ∈ E−1.
Denoting by L the Laplace transform, we have

L(Maeλ) =
1

Γ(a)

[∫ ∞
0

Lµ(2λs) sa−1 e−s ds+

∫ ∞
0

1

2λs
Lν(2λs) sa−1 e−s ds

]
=

(2λ)−a

Γ(a)

∫ ∞
0

[uLµ(u) + Lν(u)]ua−2 e−u/2λ du.

Suppose now that L(Maeλ) = 0 for every λ > 0. Then, by the injectivity of
the Laplace transform,

∀u > 0 uLµ(u) + Lν(u) = 0.

Let N(x) = ν([0, x]). Then, using again the injectivity of the Laplace trans-
form, we obtain

µ(dx) = −N(x) dx.

Consequently, for f ∈ Ec,

Lf = −
∫ ∞

0

f(x)N(x) dx+

∫ ∞
0

V f(x) ν(dx) = 0.

As Ec is dense in E−1, we get L = 0, and the result follows by the Hahn-
Banach theorem. 2

In what follows, for x > 0, we set:

c(x) = 2x Γ(x).

Lemma 4.4 For any a > 0 and α ∈ (0, 1],

c(a) Ma Ṽ α = c(a+ α) Ṽ αMa+α.

Proof An easy calculation yields, for λ > 0 and x ≥ 0,

c(a) Ma Ṽ αeλ(x) = c(a)λ−α (1 + 2λx)−a = c(a+ α) Ṽ αMa+αeλ(x),

and the result follows by the injectivity of the Laplace transform. 2

11



4.2.2 Semigroup Qδ′,δ

Let δ ≥ 2 and 0 < δ′ < δ. We still denote by Qδ′ = (Qδ′
t ) the semigroup of

the squared Bessel process of dimension δ′. According to Yor [17] (see also
Carmona-Petit-Yor [3]), there exists a Feller semigroup Qδ′,δ satisfying, for
all t ≥ 0,

Qδ′,δ
t Mδ/2 = Mδ/2Q

δ′

t . (10)

Theorem 4.5 For every α > 0, the pair (Qδ′,δ, Qδ′+2α,δ+2α) is α-intertwined.

Proof Suppose first 0 < α ≤ 1. By Lemma 4.4, (10) and the example 4.1.1,
we get, for any λ > 0,

Qδ′,δ
t V αM(δ/2)+αeλ = V αQδ′+2α,δ+2α

t M(δ/2)+αeλ.

As (δ/2) +α is > 1, by Lemma 4.3, the continuity of V α on E−1 and the fact
that V α is a closed operator on E, we obtain

∀f ∈ E−1 Qδ′,δ
t V αf = V αQδ′+2α,δ+2α

t f,

and then, by definition of V α,

Qδ′,δ
t V α ⊂ V αQδ′+2α,δ+2α

t .

Property 2 in Theorem 3.2 is therefore satisfied.
The case α > 1 can be obtained by induction as explained at the end of

Subsection 4.1. 2

4.2.3 Kernel M̂a

For a > 0, we denote by M̂a the multiplication kernel by (2 γa)
−1, where γa

is as before an exponential variable of index a, that is:

∀x ≥ 0 M̂af(x) =
1

Γ(a)

∫ ∞
0

f
( x

2s

)
sa−1 e−s ds.

We have the following uniqueness lemma.

Lemma 4.6 Let a > 0 and let f and g be nonnegative Borel functions on
R+. Suppose

∀x ≥ 0 M̂af(x) = M̂ag(x) < +∞.

Then f = g almost everywhere on R+.

12



Proof We have

M̂af(x) =
xa

Γ(a)

∫ ∞
0

f

(
1

2u

)
ua−1 e−ux du.

Then the result follows from the injectivity of the Laplace transform. 2

We also have the analogue of Lemma 4.4.

Lemma 4.7 For any a > 0 and α ∈ (0, 1],

c(a) Ṽ α M̂a = c(a+ α) M̂a+α Ṽ α.

Proof An easy calculation yields, for λ > 0 and x ≥ 0,

c(a) Ṽ α M̂aeλ(x) = 2a+αλ−α
∫ ∞

0

e−
λx
2t e−t ta+α−1 dt = c(a+α) M̂a+αṼ αeλ(x),

and the result follows again from the injectivity of the Laplace transform. 2

4.2.4 Semigroup Q̂δ′,δ

Let δ > 2 and 0 < δ′ < δ. We still denote by Qδ′ = (Qδ′
t ) the semigroup of

the squared Bessel process of dimension δ′. According to Yor [17] (see also

Carmona-Petit-Yor [3]), there exists a Feller semigroup Q̂δ′,δ satisfying, for
all t ≥ 0,

Qδ′

t M̂(δ−δ′)/2 = M̂(δ−δ′)/2 Q̂
δ′,δ
t . (11)

Theorem 4.8 For α > 0 such that δ′ + 2α < δ, the pair (Q̂δ′,δ, Q̂δ′+2α,δ) is
α-intertwined.

Proof Suppose first 0 < α ≤ 1 and δ′ + 2α < δ. By Lemma 4.7, (11) and
the example 4.1.1, we get, for any f ∈ (Ec)+,

M̂(δ−δ′)/2 Q̂
δ′,δ
t Ṽ αf = M̂(δ−δ′)/2 Ṽ α Q̂δ′+2α,δf.

Using Lemma 4.6, we see that Property 1 in Theorem 3.2 is therefore satisfied.
The case α > 1, δ′ + 2α < δ, can be obtained by induction as explained

at the end of Subsection 4.1. 2
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5 An application of the 1-intertwining

Let β > 0. We consider a Markovian Feller semigroup: P = (Pt), on R+,
that we assume to be semi-stable of order β (Lamperti [11]):

∀a > 0, ∀t ≥ 0,∀f ∈ E, Patf(x) = Pt(τaβf)(a−βx)

where τaβf(x) = f(aβx). We denote by ((Xt), (Px)) the process associated
with P . Moreover, we assume that there exists a Markovian Feller semigroup:
Q = (Qt), on R+, which is also semi-stable of order β, and such that the pair
(P,Q) is 1-intertwined.

We set, for 0 ≤ x < y and t ≥ 0,

F y
x (t) = Px(Xt ≥ y).

Theorem 5.1 Let 0 ≤ x < y. We have:

i) limt→0 F
y
x (t) = 0.

ii) If P0(X1 = 0) = 0, then limt→∞ F
y
x (t) = 1.

iii) If, for any t > 0, Pt and Qt admit densities pt and qt which are contin-
uous on R+ × R∗+, then

∀t > 0
d

dt
F y
x (t) =

β

t
[y pt(x, y)− x qt(x, y)].

Proof

i) As F y
x is a nonnegative u.s.c. function on R+ and F y

x (0) = 0, clearly
property i) holds.

ii) Let, for ε > 0, gε be a nonnegative decreasing continuous function which
vanishes on [y + ε,+∞) and is equal to 1 on [0, y]. We have:

F y
x (t) ≥ 1− Ptgε(x) = 1− P1[τtβgε](t

−βx).

As gε is decreasing, for any s > 0,

lim inf
t→∞

F y
x (t) ≥ 1− P1[τsβgε](0).

Taking the limit for s tending to infinity, we get

lim inf
t→∞

F y
x (t) ≥ 1− P0(X1 = 0) = 1.
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iii) Let 0 < ε < y−x and fε be a nonnegative decreasing C1-function which
vanishes on [y,+∞) and is equal to 1 on [0, y − ε]. We set

Fε(t) := 1− Ptfε(x) = 1− P1[τtβfε](t
−βx).

Using the 1-intertwining, we get:

F ′ε(t) = β t−1 xQ1[τtβf
′
ε](t
−βx)− β t−1 P1[τtβ(Y f ′ε)](t

−βx)

=
β

t
[xQt(f

′
ε)(x)− Pt(Y f ′ε)(x)]

where Y denotes the identity function: Y (x) = x. Property iii) follows,
taking the limit for ε tending to 0.

2

The following corollary is an approach to the problem of existence of pseudo-
inverses.

Corollary 5.2 Suppose that the hypotheses in iii) of Theorem 5.1 hold and,
moreover,

∃m ∈ [0, 1], ∀(u, v) ∈ R+ × R∗+, vm pt(u, v)− um qt(u, v) ≥ 0. (12)

Then, for 0 ≤ x < y, F y
x is the distribution function of a random variable

Y y
x on R+ whose density is:

t ∈ R+ −→
β

t
[y pt(x, y)− x qt(x, y)].

[ (Y y
x )y>x is a pseudo-inverse of the process X in the sense of Madan-

Roynette-Yor[12] and Roynette-Yor [15].]

Proof Under the condition (12), we have, for 0 ≤ x < y,

y pt(x, y) ≥ y1−m xm qt(x, y) ≥ x qt(x, y),

which proves, by Theorem 5.1, that F y
x is an increasing function and, there-

fore, a distribution function. 2

Example Suppose (P,Q) = (Qδ, Qδ+2) as in Example 4.1.1. We also
assume δ ≥ 1. Then the hypotheses stated at the beginning of this section
are fulfilled with β = 1. The hypotheses of Corollary 5.2 are also satisfied
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with m = 1/2. This is equivalent to the inequality Iν+1 ≤ Iν on R+, with
ν = (δ/2) − 1 ≥ −1/2 and Iν+1 (resp.Iν ) denoting as usual the modified
Bessel function of index ν + 1 (resp. ν). This inequality is well-known and
can be proved by different methods. We have for example, for δ > 1,

Iν+1

Iν

(√
xy

t

)
= Ex

(
exp

[
−δ − 1

2

∫ t

0

1

Xs

ds

]
| Xt = y

)
where X is the squared Bessel process of dimension δ (see Yor [16], and also
Hirsch-Song [7]).

The above example is studied in detail in Roynette-Yor [15].
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