Pricing of contingent claims in a two-dimensional

model with random dividends*

Pavel V. Gapeev! Monique Jeanblanct

We study a model of a financial market, in which two risky assets are paying dividends
with rates, changing from one fixed value to another when some credit event occurs.
The credit events are associated with the first times at which the asset values fall below
some given constant levels. The behavior of the asset values is described by exponential
diffusion processes with random drift rates and independent driving Brownian motions.
We obtain closed form expressions for the rational prices of certain European and barrier-
type contingent claims whose structure is similar to the first- and the second-to-default

options in credit risk theory.

1 Introduction

In the present paper, we study a first passage time model for two dividend paying assets,
whose dividend rates are random and change from one fixed value to another, during the

allowed infinite time horizon. The times of change of the dividend rates are assumed to be the
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first times at which the asset values reach some given lower constant barriers. Such a model
corresponds to a situation in which the fall of one of the asset values leads to the changes of
dividend rates not of the same asset only, but of the other ones as well. For instance, this may
happen in a model with one firm, having several branches, in which a change in the dividend
rate of one of the branches makes an influence on the dividend policy not of the same branch
only, but of the other ones as well. The obtained structure of dependent credit events can
be also considered as a contribution to the wide range of the first passage time models with
dependent defaults (see, e.g. Zhou [14], Giesecke [4], Overbeck and Schmidt [9], Valuzis [13]
and also Bielecki and Rutkowski [1; Chapter X] or Schénbucher [12; Chapter X]| for further
references). Note that some other models with random dividends were earlier considered in the
literature (see, e.g. Geske [3]).

The purpose of the present paper is to derive the rational prices of certain European and
barrier-type contingent claims whose structure is similar to the so-called first- and second-to-
default options. The models are considered in which the information is generated by both asset
values and by the value of one of the assets only. The risk-neutral dynamics of the asset values
is modeled by geometric Brownian motions with random drift rates, changing their values from
one fixed to another at the first times when the value processes fall to some constant levels,
on the infinite time interval. For simplicity of exposition, we restrict our consideration to a
two-dimensional case and assume that the driving Brownian motions are independent. The
rational prices of the claims are expressed through the transition density of the joint marginal
distribution of a linearly drifted Brownian motion and its running minimum, and the density
of its first passage time on a constant level. The consideration of dependent driving Brownian
motions would lead to more complicated and less explicit formulas (see, e.g. Iyengar [6], He
et al. [5] or Patras [10]). The results of the paper can be naturally extended to the case of
a model with several underlying risky assets whose value processes are driven by independent
Brownian motions with random drift rates.

The paper is organized as follows. In Section 2, we introduce the two-dimensional structural
model, described above. We also recall the expressions for the joint transition density of a
linearly drifted Brownian motion and its running minimum, and for the density of the first
time at which it hits a constant level. These explicit expressions are used for the derivation of
subsequent formulas. In Section 3, we derive expressions for the rational prices of contingent
claims, having the structure similar to the first- and the second-to-default options, with respect

to the filtration, generated by both asset value processes (full information). In Section 4, we



present expressions for the same contingent claims with respect to the filtration, generated by
one of the processes only (partial information). In Section 5, we consider some particular cases
of the first-to-default options under full information, in which the expressions of rational prices
can be simplified, and thus, they become more appropriate for Monte Carlo simulations. The

main results of the paper are stated in Theorems 3.1, 3.2, 4.1 and 4.2.

2 The model

In this section, we introduce a model with two underlying risky asset processes, paying random
dividends. We solve the problem of pricing of derivatives such as European claims, or products,
having a structure similar to the first- and the second-to-default options, under full and partial

information.

2.1 The dynamics of asset prices

For a precise formulation of the problem, let us consider a probability space (€2, G, P) with two
independent standard Brownian motions W* = (W});>q, ¢ = 1,2. Suppose that there exist two
processes X' = (X})i0, i = 1,2, given by:

2

th = T; exXp ((T — % — 57;,0) t— (52'71 — 52'70) (t — 7'1)+ — (52'72 — 51"0) (t — 7'2)+ + g; Wtz) (21)

where (t — 7;)7 = max{t — 7,0}, » > 0, and oy, d;y, x; are some given strictly positive
constants for every ¢ = 1,2 and ¢ = 0,1,2. The processes X¢, i = 1,2, describe the risk-
neutral dynamics of the values of some assets paying dividends, and 7;, ¢ = 1,2, are random
times to be specified below, at which some credit events occur that lead to the changes of
dividend rates. In more details, for every ¢ = 1,2 fixed, the asset number i pays dividends at
the rate d;¢ until the time 7 A 7 at which the first credit event occurs and the dividend rate
is changed to 0;,, where £ =1 if 4, A7 = 71, and ¢ = 2 if 7y A9 = 7. Then, the asset ¢ pays
dividends with the rate d;, until the time 7y V 7o at which the second credit event occurs and
the dividend rate is changed to 0;3 = d;1 + d;2 — ;0. After both credit events occur, the asset
¢ pays dividends with the rate d;3. Here r is the interest rate of a riskless banking account,
and o; is the volatility coefficient.

Following the structural approach, let us define the random time 7; by:
7 =inf{t > 0| X} < b;} (2.2)
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where b; > 0 is a given constant. By construction, 7; is a stopping time with respect to the
natural filtration G, = o(X}, X2 |0 < s < t), generated by X’, i = 1,2. Then, the existence
of such a pair of processes (X', X?) can be easily deduced from the classical diffusion model

with constant dividend rates, by means of standard change-of-measure arguments.

2.2 The payoffs of contingent claims

The purpose of the present paper is to determine the rational (ex-dividend) prices of two
contingent claims, having the following payoff structure. Note that we have 3—¢ =2 for i =1,
and we have 3 —i =1 for ¢ = 2, obviously. In the first claim, the amount C'(X}, X?) is paid
at the maturity T' if and only if no credit event occurs before the maturity. Additionally, the
amount Dy ;(7;, X, X27") is paid at the time 7; if the time of the first credit event is 7; that
occurs before the maturity, for every i = 1,2. In the second claim, the amount Cj(XZ., X27)
is paid at the maturity 7' if and only if two credit events occur before the maturity, and the
time of the second credit event is 7;. Additionally, the amount Dy ;(7;, X%, X277) is paid at the
time 7; if the time of the second credit event is 7; that occurs before the maturity, for every
1 =1,2. Without loss of generality, we further assume that the payoffs are already discounted
by the banking account, which is equivalent to letting r equal to zero. We shall also extend
our study to the case of European contingent claims with payoffs C'(X1, X2).

Note that the contingent claims described above have the structure similar to the first- and
the second-to-default options in credit risk theory. The rational price processes V}', i = 1,2, of

such claims are given by:

2
CXp, X)) I(T <mi A7)+ > Dii(r, X2, X3 I(7 < T, 73 < 73.5)

i=1

Vi=E

o] s

and

‘/1;2 =F (DQJ(TZ‘, X;L_Z,X.?:l) + Cl(X%,Xg)wiz)) I(Tgfi <T; S T) ’ Qt

1

(2.4)

2

for any 0 < t < T, respectively (see, e.g. [1; Chapter X]| or [12; Chapter X]). Here, the
expectations are taken with respect to the martingale measure, and I(-) denotes the indicator
function. We further assume that C(xy,x2), Ci(x;, x5—;) and Dy ,(t, x;, x3-;), k,i = 1,2, are
nonnegative functions such that the integrals appearing below are well defined. For example,
for a barrier-type basket call or put option with the strike price K > 0, we may set C(z1, )

and Cj(z;, r3_;) being equal to (oz; + az ;23 ; — K)* or (K — oy — ag_;ws_;)T with some



a; > 0 for every i = 1,2, respectively. We may also assume the recovery to be linear, by setting

Dy i(t, xi, x3—;) = v+ Bixi + B3_;x3—; with some v >0 and ; > 0, for every k,i=1,2.
Moreover, we shall also determine the rational prices of the contingent claims under the

assumption that the information available on the market is generated by one of the assets only.

In that case, the rational price processes Vf’j , © = 1,2, of the claims are given by:

2
‘/tl’j =F C(X%UXYQ’) I(T <7 VAN 7—2> + Z Dl,i<7—i7 X‘;L'ﬂ Xiil) I(TZ S T’ Ti < 7'37@') gg] (25>
=1
and
. 2 . . . . .
VA =F (Dai(ms, X1, X270 + Ci(X 5, X37) I3 <1 < T) ‘ g/ (2.6)
=1

for any 0 < ¢ < T, respectively. Here gg’ = o(X7|0 < s < t) is the natural filtration of the

process X7 for every j = 1,2.

2.3 The minimum process

For the process X", let us introduce the corresponding running minimum process M* = (M} );>¢
given by:

M} = Orzlsigt XA m; (2.7)
for any x; > m; > b; > 0 fixed. Then, it is seen from the structure of (2.2) that the default
time 7; takes the form:

7 = inf{t > 0| M} < b;} (2.8)
and, in order to obtain the initial values of the expressions in (2.3)-(2.4) and (2.5)-(2.6), we
shall put x; = m; for every i =1, 2.

It thus follows from (2.8) that the event {7, > t} can be expressed as {M; > b;} for any

t > 0, so that, the process X* admits the representation:
dXZ = —XZ ((5,’70 + ((51"1 — (Si’()) I(Mtl S bl) + ((5,’72 — (5,’70) [(ME S bg)) dt + XZ g; dVVtz (29)

with X! = x;. Therefore, we may conclude that (X', M X2 M?) = (X}, M}, X2, M?)i>o is a
(time-homogeneous) strong Markov process with respect to the filtration (G;)¢>o. In the sequel,
we also use the notation 7; = 7;(x1, my, xe, ms) for x; > m; > b; > 0 and every i = 1, 2.

Note that, by means of standard arguments of filtering theory (see, e.g. [8; Chapter IX]),

it is shown that the process X* admits the following representation in its own filtration:
dX} = =X} (804 (6:—650) [(Mj < b)+(8i5_i—0i0) PIMP™" < by ;| GI]) di+X{ o dW, (2.10)
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with X = z;, where the innovation process W = (Wi)tZO defined by:

. R N . . .

A S S / (I(M3 < by) — PIM3 < by | Gl)ds  (2.11)
Oi 0

is a standard Brownian motion with respect to the filtration (G});>o, according to P. Lévy’s

characterization theorem (see, e.g. [11; Chapter IV, Theorem 3.6]).

2.4 Some formulas

Let us introduce the process X = (X}”);>o defined by:
2

Xti’j = I; exXp <— <§i,j + %) t+o0; WZ) (212)

and its running minimum process M* = (M;*);>q given by:

M = in, XA m, (2.13)
for any x; > m; > b; > 0 and every ¢ = 1,2 and j = 0,1,2,3. Observe that it is seen from
(2.1) and (2.12) that X} = X" holds for all 0 <t < 7 A 7y, since we have put r = 0. It is
known (see, e.g. [11; Chapter III, Section 3], [7; Appendix E] or [2; Part II, Section 2]) that

the transition density g;; of the Markov process (X, M*/) defined by:
Py, [ X1 € dz, M} € dy] = g;.j(xi, mist, 2,y) dz dy (2.14)

admits the representation:

Gij(xi,mist, 2, y) =

2 In(y?*/( In®(y?/ (x; ij it
?/52) (WD) sy
0‘? 27t3 zY 201t g; 2

(2.15)

for all ¢ > 0 and z > y with m; > y > 0, and equals zero otherwise. Here, P, ,, denotes
the probability under the assumption that (X%, M*7) starts at (z;,m;), and we set p;; =
_5i7j/gi — O'Z/Q
Let us also define the corresponding hitting time 7; ; of the form:
7.5 = inf{t > 0] X;7 < b} (2.16)
for every i = 1,2 and j = 0,1,2. It is known that the density h;; of 7;; defined by:
Pxi,mi [Ti,j S dt] = hiﬂ‘({Ei;t) dt (217)

admits the representation:

In(z;/b;) (In(a;/b;) + pijoit)?
hi i(zit) = ——L== — ; 2.18
Jwst) = o P < 207 (2.18)

forall ¢t >0 and x; > m; > b; > 0.




3 The case of full information

In this section, we compute the conditional expectations in (2.3) and (2.4).

3.1 The first-to-default

3.1.1. Let us begin by computing the terms for the first-to-default in (2.3). For this, applying
the Markov property of the process (X!, M1, X2 M?), we get:

By iy anms [C( X0, X2) LT < 71 A72) | Gi] (3.1)

= I(t < 71 AT2) By iy o0 [C(X7, X3) I(T < 71 A7) | GY]

= I(t <71 AT2) Exp sy xzan2[C(Xqr, X30) I(T" < 1 A1)
where we set 7" =T —t and 7] = 7;(X}, M}, X2, M?) = 7;(x1, my, x9,ms) — t for each 0 <
t < T. Here, Eg m,z.m, denotes the expectation under the assumption that the process
(X1, MY X2 M?) starts at (a1, mq, To, my) with some z; > m; > b; > 0 for every i = 1,2.

Then, using the fact that the event {r; > t} can be represented in the form {M} > b;}, we

have:

By wa,ms [C(X g, X3) I(T" < 1) A 75)] (3.2)
= By my ooy [C(Xgv, X3) I(M7, > by, M7, > by)]
= Exl,ml,:fcz,ma [C(leﬂ”07 X%'O) [(M%'O > bla M:%’O > b2)]

where 7/ = 7;(x1,m1, T2, my) and the processes (X0, M*0) 4 = 1,2, are defined in (2.12)-

(2.13) above. Hence, we obtain from (3.1) and (3.2) that:
Eey ma wama [C(Xilﬁ XZQF) I<T <7 A 7’2) ’ gt] (3.3)

o0 oo o0 oo 2
=I(t<mA 7'2)/ / / / C(x}, x}) Hggyo(Xf, M T —t, 2, m)) de), dm),
b Jor Jbe Jbs P

where the functions g¢;, ¢ = 1,2, are given in (2.15) above.

3.1.2. In a similar way, using again the Markov property of the process (X', M, X2 M?),



we get:
By iy s s [Dri (i, X2, X2 I < Ty < m33) | G (3.4)
= Dy (7, bi,Xf;i) I <t,7i < T3-)
+ By i wo,mo [ D1,i (T3, bi, Xf’i_i) It<7 <T,7<713.)|G
= Dy (7, bi,Xf;") I <t, 70 < T3-4)
+1(t <71 AT2) Exyoan xz, 2 [Dri(t + 7., b;, Xfi,_i) I(r] <T' 7] <715.,)]

for 0 <t <T and

Eoy g agms [ D1i(t + 71, by, Xf[i) I(r] <T' 7l <75,) (3.5)
= By g [Dvi(t + 7/, b0, X0 I(7] < T M > bsi)]
= By iy wsma | D1a(t 4 Ti0, 0, X370 Lm0 < T/, MY > by )]

for z; > m; > b; > 0, where the processes (X3>7%0 M37%0) as well as the hitting times 7,0,

i = 1,2, are defined in (2.12)-(2.13) and (2.16) above. Therefore, taking into account the
independence of 7,5 and (X370 M37%0) we conclude from (3.4) and (3.5) that:

Exl,ml,xg,mg [Dl,i(T'h X:_Z, X?;l) I(t <7< T, T < Tgfz') ‘ Qt] (36)
T—t 00 o0
—tt<nan) [ [ [ Dttt ubia ) ba(Xi
0 bs—i Jbz—;
X g3—i0(XP " MY~ u, oy, miy ) dudaly_; dml_

where the functions g¢;¢ and h; o, i = 1,2, are given in (2.15) and (2.18).
Summarizing the facts proved above, let us now formulate the following assertion.

Theorem 3.1. The rational price of the first-to-default option in (2.3) under full informa-
tion is given by the sum of the terms in (3.3) and (5.6).



3.2 The second-to-default

3.2.1. Let us continue with computing the terms for the second-to-default in (2.4). For this,
applying the Markov property of the process (X!, M X2 M?), we get:
By iy oz [(Dai(73, X5, X270) + Ci(Xa, Xp7) I35 < 73 < T) | G (3.7)
= By aaims|(Da,i (73,05, X270) + Ci( X5, X37) I3 < 7 < 1) | G
+ Eoymawoyms [(D2,i(Ti, b, Xo7) + Ci(Xp, X37) (13- <t <7, < T) | G
+ Eay i o ma [(Da2,i(Ti, b, X271 4+ Ci(Xp, X37)) It < 13- <7 < T) | Gy
= I(73_i <75 <) (Daoi(7i, bi, X27°) + Exaan x2 a2 [Ci( X, X37)])
+ (13- <t <75) Exaoagg x2, 2 (Dot + 7, b, X_i,—i) + Cy(Xh, X237 I(7] < T)]

+ ](t <7 N 7'2) Eth,vaXf:Mf [(DQﬂ(t + 7—7;/, bi, Xiil) + CZ(X%H X%/il)) I(Té7< < 7'</ S T/)]

for all 0 <t < T, and we then continue with computing each of the terms separately.

3.2.2. Firstly, we see that:
i —i i3 +3—i,3
Ex1,m1,x2,m2 [Ci(XT’v X%’ )] = Exl,ml,xQ,mQ [Ci(XT’ ) XT’ )] (38)

for z; > m; with b; > m; > 0, where the processes (X3 M%) ¢ = 1,2, are defined in
(2.12)-(2.13) above. Then, using the independence of (X** M®3) and (X373 M37%3)  we

have:
Ey mawams [Ci(X”fF» X%_i)I(Ti&—i <1, <t)| G (3.9)
o¢] bi o0 b3_1‘ 3—1i
=1I(r3 ;<7 < t)/ / / / Ci(x), x5_;) Hgg’g(Xf, ML T —t, 2, m)) do), dm),
o Jo Jo Jo i

where the functions g¢; 3, ¢ = 1,2, are given in (2.15) above.

3.2.3. Secondly, we observe that:

E$17m179627m2[D2,i<t +T{7bi>Xf(_i) I(Tz, S Tl)] (310)
= By miwame [ D2,i(t + Tiz—i, bs, Xi’_;fs_z) I(tiz—i <T")]
for x; > m; > b; > 0 and x3_; > ms_; with bs_; > ms_; > 0, where the processes

(X376371 MB3~4371) as well as the hitting times 7;3_;, i = 1,2, are defined in (2.12)-(2.13) and
(2.16) above. Then, taking into account the independence of 7;3_; and (X3737¢ M3=43=1)



we get:

By ma wama [ Dai(t + 73, qui_i) I3 <t <7, <T)|G (3.11)

T—t bs_; )
= [(7‘3_2' S t < Ti) / / D27i(t + u, bi, l'é_z) hi,S—i (XZ, U)
0 0
X g3_iz—i( X7 M u, 2y, my ) dudaly_ dmly

where the functions ¢gs3—; 3—; and h;3—;, i = 1,2, are given in (2.15) and (2.18) above.

3.2.4. Thirdly, applying the strong Markov property of (X!, M X2 M?), we have:

By o | (X, X ) (7 < T')] (3.12)
= Ef’?17m17x27m2 [@(Xﬁ,, Mi.’a Xfflv Mf(iiQ T — TZ/) I(TZ/ < T/)]
= Erymyaama|Cilbis by, X5 57 ME 0T — 1y ) I(mygy < T')]

Ti,3—1

for x; > m; > b; > 0 and x3_; > ms_; with b3_; > ms3_; > 0, where the functions @-, 1=1,2,

are defined by:

ai (xia My, T3—i, M3—i; T/ - u) = E:rl,m1,xg,m2 [C’L (Xé“/_ X%/__Z )] (313)
= Ezl m1,T2,m2 [O (XT/ X?” : 3)]

for ©, > my with b, > my > 0, £ = 1,2, and any 0 < u < T’ fixed. Thus, using the
independence of 7;3_; and (X337 M37437%) " we obtain from (3.12) that:

Exl ,M1,T2,M2 [C (XT7X3 ' T3 i St<m < T)] (314>
Tt b3_i 2
=I(r3; <t<m) / / / Ci(biy by, _symly ;i T —t —u) bz (X} u)
X g3-ig—i(X0 T M, g, miy ) dudaly_; dmy

where, by virtue of the independence of (X3 M*3) and (X373 M3~%3) it follows from (3.13)
that:

~

Ci(xl,mi ay ,my T —t—u) (3.15)

bs_; 3—1
/ / / / (zf, x5_;) Hgg,g(xg, my; T —t —w,xy, my) dxy dmj
=i

and the functions g¢;, and h; s, i =1,2, £ =1,2,3, are given in (2.15) and (2.18) above.
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3.2.5. Now, applying the strong Markov property of (X', M1 X2 M?), we get:
By oy [Dai(t +7/,b5, X0 Iy < 7] < T'))] (3.16)
= Exy s anma [Doi(t + 7/, b0, X7 LMy, > by, 1) < T')]
= Eu s ma (Do (b + 74, Xop MYy X5 M T — 74 ) I(My > b7y, < T)]
= Fu\ iy wo0,mo [ﬁ2,i(t + T3-4,0, X;BO 00 Mi;,f)_w, by_i,bs—i; T" — T3_;0) I(Mif_i,o > by, T30 < T")]
for x; > m; > b; > 0, where the functions 1/527“ t = 1,2, are defined by:
ﬁ27,~(t + v, 25, my, T35, ma_i; T — v) (3.17)
= Euymyagms | D2i(t + v+ 7], b;, Xfifi)I(Ti’ <T' —w)
= Farmnma Dot 0 + iy by X375 (5, < T/ — )]
for x; > m; > b; > 0 and x3_; > m3_; with b3_; > m3_; > 0, and any 0 < v < T” fixed.

Hence, using the independence of 73_; and (X% M%), we obtain from (3.16) that:

Ez\mywz,ms [D2z szbzaxg Z)I(t <73 <T; < T) ’ gt] (318)
T—t
It <71 ATo) / / / Dzl (t+v,2,,ml bs ;b3 ;T —t—v) h37i,0(X,537i;1))

X gio( X}, M}; v, 2, m)) dv dz), dm!,

Y 7

where, by virtue of the independence of 7;3; and (X3737¢ M3~437%) it follows from (3.17)
that:

Dot +v, 2, ml,ay . omly ;T —t—) (3.19)
T—t—v b3—;
/ / Do i(t +v+u, by, xs_;) hiz_i(x);u)

"
X g3—i,3— ,(xg z7m3 ir Uy 5E3 z7m3 z)dde _idmy_

and the functions g;, and h;,, i = 1,2, £ =0,1,2, are given in (2.15) and (2.18) above.
3.2.6. Finally, we see that:
ey s oo ma | Co( X, X 7) (7 < 7 < T')] (3.20)
= Boymaeama[Ci( X, X)) I(My, > by, 7] < T7)]
= Buymanma[Ci(Xyy MYy X2 M5 T — 7 ) I(My > by, < T')]

= Loy imizz,me [C (Xz M; ,53—2‘, bs_i; T' — 7'3—z‘,o) ](Mfg_i,o > bi, T340 < T’)]

T3—i,07 T3—
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for x; > m; > b; > 0, where the functions @, 1 = 1,2, are defined by:

Ci(xi, mi, 234, m3; T" — v) (3.21)
= Eﬂﬁl,ml,xz,mz [6Z(XZ’7 Mi(a X37i7 Mg{ii; T —v— TZ/) I(TZI < T — 'U)]

= Exl,ml,xz,mg [C (b’L7 bZ7X3 13 ’ M3 b3, T/ v — Ti,S—i) I(Ti,3—i S T, - U)]

Ti,3—1

for x; > m; > b; > 0 and x3_; > ms_; with b3_; > ms_; >0, and any 0 < v < T fixed, where
the functions @-, i = 1,2, are defined in (3.13) above. Hence, using again the independence of

T30 and (X% M%) we obtain from (3.20) that:
By apmn [Ci( X, X3V It < 13 < 7, < T) | Gy (3.22)
It <1 A1) /Tt/ / (2, ml s b T —t —v) ha_io( X% 0)
X gio(X}, M}; v, xi,ml) dvdx) dm!,

where, by virtue of the independence of 7;5_; and (X3~%37% M3~%379) it follows from (3.21)
that:

Ly, s omy T —t—v) (3.23)

T—t—v bs_; ,-\
" . /.
/ / / bzabzaxS Zam3 17 t—’U—U) hi73—i(xi’u)

"
X g3— 1,3— 1(1'3 z7m3 ir Us $3 z’mS z)dUd'r?) zdm —1i

the functions @ admit the representation (3.15), and the functions g;, and h;p, i = 1,2,
¢=0,1,2, are given in (2.15) and (2.18).

Therefore, summarizing the facts proved above, we are now ready to formulate the following

assertion.

Theorem 3.2. The rational price of the second-to-default option in (2.4) under full infor-
mation is given by the sum of the terms in (3.9), (3.11), (3.14), (3.18) and (3.22).

4 The case of partial information

In this section, we compute the conditional expectations in (2.5) and (2.6).

12



4.1 The first-to-default

4.1.1. Let us proceed by computing the terms for the first-to-default in (2.5). For this, let
H(xz;,m;,x3_;,ms_;) be a nonnegative continuous function for any j = 1,2 fixed. By virtue
of the independence of the processes (X79 M70) and (X370 M3779)  defined in (2.12)-(2.13),
we get:
By ma w2,ms [H(Xg7 Mtjv X?_j> Mtg_j) It <7j AT3-5) | gg] (4.1)
= I(t < 7) Euy oo, [H (X7, M7, X770 M) I(MT70 > by 5) | G

e.9]
— 50 pAg30 . ! . / ! ! /
— I(t < 7—])/ H(Xt 7Mt ,[E3_],7713_])93_]70(1‘3_],7713_],15,{133_J,m3_]) d[173_J dm3_]
bs_;

bg_]'

for all 0 <t <T', where the functions gs_jo, j = 1,2, are given in (2.15) above.
4.1.2. Now, we see that:
By s wnima | D13 (73, X2, X2 I(7j < t,75 < 75-5) | G (4.2)
= 1(7j <) By myanms (D1 (75,5, X2I) I(ME7 > by_;) | G
= I(7j < 1) By iy anms [D1,j (7.0, b5, X230 (M 70 > bs_;) | G
for 0 < ¢ < T, where the hitting times 7,0, j = 1,2, are defined in (2.16). Thus, using the
independence of 7;¢ and (X?770 M3779) we have:

By eima D1 (73, XL, X3 I(7y < t,m5 < 735) | G (4.3)

(0.) (o]

/ . / / / /

=I(7; < t)/ Dy (75, b;, 373—j) 93—5.0(T3—j, M3—j; Tj>x3—j>m3—j) de—j dm_;
b3 j bg_j

where the functions gs_;0, 7 = 1,2, are given in (2.15) above.
4.1.3. Then, we observe that:
By waima D1 (73, XL, X2 17y < b7 < 735) 1 G (4.4)
= Euy s ama [D1,(75, b5, X277) (75 < 135 < 1) |Gy )
+ By s wnma D13 (75,05, X2) Iy <t < 73.5) |G}
for 0 <t <T and j = 1,2. Hence, by virtue of the independence of 7;¢ and (X?~79 M3770)
we obtain:
By enima D13 (75, b5, XE9) Iy < 755 < 1) |G (4.5)
= I(73-5 < 1) By eama[D3(75, b5, X29) 15 < 73-) [ G/
= I(73-5 < 1) By eama[ D13 (750, by X 70) (70 < m3-5) | G )
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and
By i enima D15 (75, b3, XE9) 11y <t < 7135) |G (4.6)
= I(t < 73-) Buyyms,eama [ D1 (73,03, X2 9) I(1; < )| G )
= I(t < 73-5) Bxy myanma[Dsa (10, b5, X2 30) 1m0 < )| G
and thus, we conclude from (4.4) that:
By eaima D13 (73, b5, XE9) I(my < 75 < 713-5) 1G] (4.7)
B /TSW D j(u,bj, X377) hyo(ws5u) du
0
where the functions h;g, j = 1,2, are given in (2.18).
Summarizing the facts proved above, let us formulate the following assertion.

Theorem 4.1. The rational price of the first-to-default option in (2.5) under partial infor-
mation is given by the sum of the terms in (4.1) and (4.3) or (4.7), where the function H is
given appropriately by the corresponding value in (3.3) or (3.6), respectively.

4.2 The second-to-default

4.2.1. Let us conclude with computing the terms for the second-to-default in (2.6). Firstly,
taking into account the Markovian structure of the process (X!, M1, X2 M?), we get:

By ez [H(XT, M7, X0 M) (35 <t < 73) | G (4.8)
=1I(t< Tj)/o /0 " H(th, M7, ngj, mgfj) hs—jo(xs_j;u)
X g3—ja3—j(bs_j,bs_jit —w, a5 ;,my ;) dudry ;dms_;
and
Euy s e [H(X], M7 X7 M) (35 <t < 75) | G (4.9)
=I(13-; <t) /OO /Oo ﬁ(m},m;,Xf’fj, M7t — T35) gj.0(xz, my; T35, %, mY) da dm)
where the function H is defined by:
ﬁ( , MG, x5, my it —v) (4.10)

14 "
/ / ij,mj,x?) j,m3 i) i3 ](xj,m t—v,xj,m ) da dm
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for 0 <t < T, and the functions g¢;,, j = 1,2, £ =0,1,2, are given in (2.15) above.
4.2.2. Now, by virtue of Markovian structure of the process (X!, M, X? M?), we see that:
By mi a,mo [DZJ (Tj> bj7 ijij) I(TS*J' <7< t) | QZ] (4'11)
Tj 0 b3,j ,
=1I(r; < t)/ / Doy (75, b5, 25_;) ha—jo(x3—j;u)
o Jo Jo
X gg_jyg_j(bg_j, bg_j; T; — U, lL‘g_j, mg_j) du dl’g_j dmg_j

and

EZ'I my ér2m2[D2J TJ’b X3 J)](T?) - < Tj St”g ] (4'12)

7'3 —j St / / / D2J u, bj,XSij) hjvgfj(.%;;u—Tgfj)

. AN / /
X gjo(@s, my; T35, x5, m}) dudz’; dm)

for 0 <t¢ < T, where the functions g¢;, and h;e, j = 1,2, ¢ =0,1,2, are given in (2.15) and
(2.18) above.

4.2.3. Finally, using again the Markovian structure of the process (X', M X2 M?) we

obtain:

Eﬂ?l,m1712,m2 H<XtJ7Mt]7X3 7 M3 ]) I<T3 J < TJ S t) | gt] (413)
ba—j _
5 < t) / / H( XtJ,M,f,acB j,mS st —75) ha_jo(x3_j;v)
X 93—j73—j(b3—j7 b3_j; T; —, lL‘g_j, mg_j) dv dl’g_j dmg_j

where the function H is defined by:

ﬁ(x;,m;,ngj,mgfj;t —v) (4.14)
b3 ! / / " " Vi
= / H(xj,mj,ngj,m?hj) G3—j3 (xj,m t— v,y ],m3 ])d:z:3 i dmyy i
and
E$17m1,12,m2 [H(th? Mtjv Xw?ijv Mtgij) I(T3—j < T < t) | gf*j] (415)

t [e¢) o]
= I(15_; < 1) / /b /b H(bj, by, X{ 77 M} 75t —u) hysj (20 — 3 )
T3—j ¥ Uj j

x gjo(@j, my; T3, 5, m}) duda’; dm’;
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where the function H is defined by:
H(al,m, ol mh 5t —u) (4.16)

/ ’. " "
/ / H$],m],x3 ],mg i) i@, mit — u,x],m ) da dm

for 0 <t < T, and the functions g;, and h;,, j = 1,2, £ =0,1,2,3, are given in (2.15) and
(2.18).

Therefore, summarizing the facts proved above, we are now ready to formulate the following

assertion.

Theorem 4.2. The rational price of the second-to-default option in (2.6) under partial
information is given by the sum of the terms in (4.1), (4.8), (4.9), (4.11), (4.12), (4.13) and
(4.15), where the function H is given appropriately by the corresponding value in (3.9), (3.14)
or (3.22), respectively.

5 Some remarks and examples

In this section, we derive some expressions for the rational prices of the European and the

barrier-type first-to-default basket call options with linear recovery, under full information.

5.1 The European claims

The rational price process V; of a standard (non-defaultable) European contingent claim with

the payoff C'(X1, X2) is given by:
Vi = E[C(X7, X7)| G (5.1)
for any 0 <t <T'. Observe that the value in (5.1) can be represented as:
E[C(X7, X7)|Gi] = B[C(X7, X7) (T < 1 A7) | G (5:2)
+ E[C(X}, X I V7 <T)|G]

+ZE (X7, X)) I(1; <T < 13_3) | Gl

for 0 <t < T. The first term in the right-hand side of expression (5.2) was computed in
(3.1)-(3.3), while the other terms can be computed similarly to the formulas in (3.8)-(3.9),
(3.12)-(3.15) and (3.20)-(3.23).
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5.2 The first-to-default basket call

According to the example mentioned above, for the rest of the paper, let us set C(x1,x9) =
(ayx1 + agrs — K)T with some K > 0 and a; > 0, for every i = 1,2. In this case, we get from

(3.1) that:

Eoy iy wpms (1 X7 + o X3 — K)T (T < 7 A7) | Gi] (5.3)
=1t <71 AT2) By oy apme (01 X T 4+ 0o X2 — K) (T < 71 A Toy a1 X + o X7 > K) | Gy
= I(t <7 A7) Exian xe a0 X g + 0o X — K) (T < 7] A7y, o0 X + 0o X7 > K]

for all 0 <t¢ <T'. Hence, we have from (3.2) that:

Eoy iy aems (1 X3 + o X3, — K) (T < 7] A1y, 00 X 70 + 0o X3, > K)] (5.4)
= By oo (1 X 70 + 0o X3 — K) I(M}, > by, M3, > by, a1 X + ap X3, > K))
= By myanma (1 X770 4 ao X3 — K) I(M3Y > by, M7 > by, an X720 + o Xod > K]

for z; > m; > b; > 0, where the processes (X M"%), i = 1,2, are defined in (2.12)-(2.13)
above.

Let us now observe that, following the line of the arguments from [11; Theorem A.6.1], it is
shown that there exists a probability measure P such that it is locally equivalent to P on the

filtration (G;):>0 and its density process is given by:

2

= exp (O'i W} — % > (5.5)

AP’
dP

Gt

for all £ > 0 and every i = 1,2. Then, by Girsanov’s theorem (see, e.g. [8; Theorem 6.3]),
we may conclude that the process Wi = (W;);s0, defined by Wi = Wi — o, ¢, is a standard
Brownian motion under the measure P'. Thus, it is seen from (2.1) that the process X' has
the expression:

2

. o —~
th = I; exXp ((71 — 5i,0> t— (51',1 — (51"0) (t — 7'1)Jr — ((51"2 — (51"0) (t — 7'2)+ + g; th) (56)

for every ¢ = 1,2. We also note that, using explicit expression (2.12), we obtain from (5.5)

that: . 0
AP | X
dP Gt ZT;

(5.7)

for all ¢ > 0.
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Therefore, we conclude from (5.3)-(5.4) and (5.7) that the expression in (3.3) takes the form:
Eay iy aoims (1 X7 + 00 X7 — K)T (T <11 A7) | Gy (5.8)

=I(t <7 AT) (—K Py xae[Mp2, > b, ME2, > by, 0n X720, 4+ 0o X720, > K]

2
—0; 0(T—t1 i 1,0 2,0 1,0 2,0
+ E e i,0( )Oéil‘i P;(tlng?XthMtz [MT—t > bl, MT—t > bg, alXT—t + O[QXT_t > K])
=1
where

1,0 2,0 1,0 2,0
Pth,Mtl,X,?,ME [MT—L‘ > bl, MT—t > bg, OélXT_t + OéQXT_t > K] (59)

) oo 00 00 9
- / / / / I(onz} + axry > K) | [ geo(Xy, M T — t, 2, my) day dim
b1 b1 b2 ) 71

and

7 1,0 2,0 1,0 2,0
X} M} X2 M? [MT—t > bl, MT—t > bg, alXT_t + agXT_t > K] (510)

oo 0 ) 00 9
N / / / / I(aq ) + agzy > K) ng,o(Xf, M T —t, 2, m)) da, dm),
b1 by b2 bo

=1
with the functions g;, @ = 1,2, defined as g, in (2.15) above with p; ; = =0, ;/0; + 0;/2 in
place of p; ;.

5.3 The linear recovery

Let us now set D1 ;(t,z;, x3-;) = v+ Bix; + P3_ix3—; with some v > 0 and 3; > 0 for every

i =1,2. In a similar way, we get from (3.4) that:

By my eama [(V + Bibi + 53—1‘X3i_i) It <7 <T,1 <73-4) |G (5.11)
=1(t <71 AT2) By zomse (v + Bibi + 534)(3_71') I(r; <T,7 < 13-5) | Gi

= I(t <71 A7) Exa v xz a2 [(v + Bibi + Bs i X3 (] <T', 7] < 15,)]
for all 0 <t¢ <T'. Hence, we have from (3.5) that:

Ewhmmrz,mz[("y + Bib; + 63—1‘X31(_i) ](Ti/ <T, Ti/ < Té—i)] (5.12)
= By iy anma | (7 + Bibi + B3 i X2 I(r) < T, M%7 > bs3)]

= By myeamo [(7 + Bibi + 53—z’X§i:f’0) I1ip T, Mf_ozo > b3_q)]
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for z; > m; > b; > 0, where the processes (X370 M37%0) as well as the hitting times Ti0,
i =1,2, are defined in (2.12)-(2.13) and (2.16) above.
Therefore, we conclude from (5.11)-(5.12) and (5.7) that the expression in (3.6) takes the

form:
E117m1,$2,m2[(7 + Bib; + 6372‘X§;i) I(t <7 <T,1; < 7—371') ’ gt] (513>
= [(t <71 A 7'2) X <(’}/ + ﬁibi)PX,},M},Xf,Mtz[Mi-;ip > b3—i,7_i,0 < T— t]
+ Bs_ir3_; Ei?Mtlevaf [6_637i,0(t+7’i,0) [(Mgi:)i,o > by_i, 70 < T — t)])
where
Py xzan2[M2 0 > by, 1o < T — 1 (5.14)
T—t o) 00
= / / / hio(X{5w) g3—i0(X7 " MY ™', oy, miy ) dudaly_; dmy_
0 b3—; Jb3—;
and
E?(?Mg,XE,ME [em 0 e0 o) [T > by, 1o < T — 1)) (5.15)

T—t 00 [e%¢)
_ —63_i0(t+u) T i\ 3—i 3—i. / / / /
— / / / e 3 Z’O( ) hq/,() (Xt7 u) g3—’L,O(Xt 5 Mt 5 u, 1’3_2-, mg_z) du dxg_z dm3_z
0 bg—; Jbz—;

with the functions g;o and 711-70, i = 1,2, defined as g;p and h; in (2.15) and (2.18) above
with p; ; = —d; /0, + 0:/2 in place of p; ;.
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