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1 Introduction

1.1

Recently, Carr et al [5] showed that the arithmetic average A of geometric
Brownian motion EW:

1 t
At:_/gy)ds, £>0
t 0

where

)\2
EXN = exp ()\BS— 73) , §2>0
with (Bjs) a standard Brownian motion and A € R, is increasing in the convex
order, meaning that:
for every convex function f : R — R, the function

t — E[f(A)] (€ (—00,+7])

mcreases.

1.2

Later, Baker-Yor [1] showed that (A; , t > 0) is a l-martingale, meaning that
it has the one dimensional marginals of a martingale (M, , ¢ > 0). Thus, the
previous result in 1.1 follows from Jensen’s inequality.

Precisely, in [1], it is shown that one can take

1 )\2
Mt:/ exp(/\Wu’t—?ut) du, t>0
0

whichis a (W, := 0{W,s; u <1, s <t})-martingale, where {W, s} denotes
the standard Brownian sheet (see, e.g., Cairoli-Walsh [4] for a deep study of
the Brownian sheet).

1.3

Our aim in this paper is to develop systematically the above approach in
1.2, by exhibiting many processes (®¢ , t < 1), which are adapted to the
Brownian filtration (B; := o{B; ; s < t} , t < 1) and are l-martingales.
Basically, our findings rest on the simple, but powerful, observation that, for

any fixed t,

(Btu y W 2 0) (12") (Wu,t , W Z 0)



1.4

Our paper is organised as follows:

- In Section 2, we define, via Brownian chaos expansions, Markov operators
(R;, t <1)on L*(B;). These operators can also be described from the
Ornstein-Uhlenbeck semigroup (7}) and scaling operators on canonical
path-space.

- In Section 3, we show that for any ® € L?(B,), the process ®* defined by
PH(B) = R®(B) = T_10:®(t "2 B,,), t<1
has the same one dimensional marginals as the process " defined by
OV (W) = To10q @t 2 Way), t<1

which is a (W,)-martingale. We illustrate this result with many ex-
amples, notably the example presented in 1.2 above. Moreover, we
show that there exist ®’s such that the processes (®!(B) , ¢ < 1) and
(O (W), t < 1) are identical in law; some such examples are closely
connected with the construction of non-canonical Brownian motions
(see, Jeulin-Yor [8], Hitsuda [6], Chiu [3], Hibino-Hitsuda-Muraoka [7],
- ). However, this identity in law between the two processes is the
exception, rather than the rule (see notably Proposition 5.5 below).

- In Section 4, we exhibit a Markov process (Y" , h > 0) with semigroup
Qn = Re—» , h > 0, and we study the infinitesimal generator of (Q},).

- In Section 5, we study the vector spaces M,V S, which consist of ®’s
in L2(B;) such that ®* is respectively a (B;)-martingale, a continuous
process of bounded variation on [0, 1], a (B;)-semimartingale.

2 The operators (R;, 0 <t <1)

2.1 Notation

We first introduce some basic notation.

e We denote by E the standard Wiener space C([0, 1]; R) equipped with
the sup-norm:
| B = sup |By
0<t<1



The generic element of E shall often be denoted by B or B, , the Wiener
measure on E by Py, and the corresponding expectation by Epgy. If
no confusion is possible, we omit (B) in the notation.

We will use the notation L? to denote the L?-space with respect to
P(p). The corresponding norm will be denoted by || - || 2.

We denote by (B;)o<t<1 the usual Brownian filtration on F.

If 0 <t <1, we denote by o; the scaling operator on E defined by:

1
Ut(B) = % B

We also denote o(B) by B®, that is:

Vu € [0,1] BY = — By,

<)~

fo<t<landn >1, we set
Ap(t) ={ueR"; t >uy--->wu, >0}

and A, = A,(1).

If ¢, is defined on A, (t), || ¢n ||la,) denotes the L?-norm of ¢, with
respect to the Lebesgue measure on A, ().

If v, is defined on A,, and 0 <t < 1, we set

Vi Aut) ¢h(n) = g (1 )

t

Thus,
105 o = 2 1 on llan

Let (B¢)o<t<1 be a standard linear Brownian motion on the time interval
[0,1]. We set, for 0 <¢ <1, n>1and ¢, € L*(A,(t)),

I ()(B) = / pn(u) AP B

An(t)
t

- | aB, /
0

We omit ¢ in the notation if ¢t = 1; thus, I,,(¢,) = I} (¢,) -

dBug-"/ R ABu, on(ur, -+ )
0



2.2 Definition of R;

Let ® € L? given by its chaos expansion:

2= (g 1)

n>0
where, by convention, Iy(¢p) is set for E(®). We define R;® by

Ry® =E(®) and, for0<t<1,

R®(B +z/%l "B, @)

n>1

Equivalently, for 0 <t <1,

Ri®(B) =E(®) + ) 1"*L,(.)(BY) (3)

n>1
We also have, for 0 <t <1,
Ri®(B) =E(®) + Y / ( ) d™ B, (4)
n>1 (t)

which can be written:

R,®(B )+ > Ik ()

n>1

2.3 Some properties of (R;, t <1)

Proposition 2.1 i) (Ry)o<i<1 is a family of linear contractions of L*.
More precisely, if ® is given by its chaos expansion (1),

I Ri® |72 = (E(®))° + Y " | In(pa) I3, < [ 21172 (6)

n>1
In particular, if E(®) =0, || Ry® |12 <Vt | @ |12
ii) Ry is the identity operator on L? and, for anyt,s € [0, 1],

Rt Rs = Rts



iii) For any ® € L?, the map
tel0,1] — R®c L?
18 continuous.

Proof

Property 1) is a direct consequence of formula (3) and of the fact that o,
preserves the Wiener measure. The expression (5) could also be used.

Property ii) is clear.

The continuity of the map ¢t € [0,1] — R;® € L? at 0 follows from
i). By the expression (5), the continuity on (0, 1] is easy if, for any n > 1,
on € C(A,). The general case follows by density, according to i).

O

2.4 Relation with the Ornstein-Uhlenbeck semigroup

We first recall the definition of the Ornstein-Uhlenbeck semigroup: 7' =
(Th)n>0, on L? (see, e.g., Bouleau-Hirsch [2, Chapter II, Section 2] or Nualart
[9, p. 49, Definition 1.4.1]). If ® € L?, & =3 - I(¢,), and h > 0,

T® = e "2, () (7)

n>0

Then, the so-called Mehler’s formula holds:

T,®(B) = E ) [@(e™™? B+ V1 - e B)] (8)

where B denotes a Brownian motion independent of B.
We also set, for 0 <t <1,

3,®(B) = ®(BY) = ® 0 04(B)
As o, preserves the Wiener measure, Y, is an isometry of L2
Lemma 2.2 Forh>0and 0 <t <1

Th Et - Et Th



Proof
By Mehler’s formula (8),

Thth)(B) =E B) [(I)(e_h/2 B(t) 4+ y/1—eh E(t))]

(

and
S 8(B) = E 5 [@(e™? BY 4+ /1 — e~ B)]

Therefore the equality follows from the fact that B® and B have the same

law.
O

We now note the following useful expression of R;.
Proposition 2.3 One has, for any t € (0,1],

Rt = Tflogt Et = 2t Tflogt
Proof

By formulas (3) and (7), we have Ry = 3; T_ 105+, and we may then apply
the previous lemma.

O
Corollary 2.3.1 For 0 <t <1, R; is a Markovian operator, and
Yo € L? R®(B) =E)[®(Bie + VI —tB)] (9)

2.5 Extension

We can more generally define, for « > 0 and § > 0, a family of Markovian
operators (R*?)o<i<1 by

R =T 105t 26 = S48 Tearlogt

In particular, we have, for ® € L?, ® = 37 - I(¢n),

R}MPO(B) =E(®) + Y t*™21,(,)(B")
n>1
or

R}P®(B) = E 5[t/ By, + VI —t° B)

The previous results given for R; are easily extended to R} B,

7



3 Definitions and some properties of the pro-
cesses &' and P™

3.1 Notation

We denote by E, the space C([0,1]?,R) equipped with the law Py of a
Brownian sheet (W;+)o<s:<1. The generic element of Ey will be denoted by

w.
We also define the filtration (W;)o<t<1 on Ey by

Wiy =0{Wun; 0<u<1,0<wv<t}

3.2 Definitions of ¢ and ®™

Let ® € L2. We associate with ® two processes denoted by ®f and ®™, and
defined as follows:

®? is the process defined on the filtered probability space (E, P B), (Bt)o<t<1)
by

®}(B) = Ry®(B) = E ) [®(Bie + VI -t B)] (10)

@™ is the process defined on the filtered probability space (Es, Py, (Wi)o<i<1)

by
1

OI(W) =T 1o @ (% W.,t> =E [ @We, +vVI—tB)]  (11)

In formula (10), B denotes a Brownian motion independent of B, and in
formula (11), B denotes a Brownian motion independent of .

3.3 Main properties of ® and ™

The following theorem summarizes our main objective in this paper.
Theorem 3.1 Let ® € L.

i) The process ®* is (B;)-adapted and L*-continuous.

it) The process ®™ is a (W;)-martingale.

iii) For any t € [0,1], ® and ®" have the same law.



Proof
The property i) is clear by the definition and Proposition 2.1, iii).
Let 0 < s <t. We have by (11):

O (W) =B 5[ @(Was + (Wey — Wao) + VI— 1t B)]
Therefore, from the properties of the Brownian sheet,

E(®}" | W) (W) =E 5 5[@(We, +vVE—sB+VI—tB)]

where (E, B) denotes a two-dimensional Brownian motion, independent of
wW.

We can thus write:
E(Q" | Wa)(W) = E 5 [®(Wa .+ V1= s B)| = &I'(W)

The property iii) follows from the formulas (10) and (11), since the pro-
cesses B, and W, ; have the same law.
([

In particular, the processes ®f are 1-martingales, meaning that they have the
same one dimensional marginals as a martingale. This result is remarkable
because, as we will see in the next subsection, there exist many such processes
which are continuous and of finite variation. Now, continuous processes with
square-integrable variation cannot be 2-martingales, that is they cannot have
the same two dimensional marginals as a martingale, unless they are constant.
A more general result is shown below.

Lemma 3.2 Let V = (V;)o<i<1 be a continuous process of finite variation
such that

) E| (4 1avil)

it) V' has orthogonal increments

< 00

Then, V; =Vy for 0 <t <1.

Proof
Let (0,) be a sequence of subdivisions of [0,¢] whose meshes tend to 0
when n tends to infinity. By hypothesis ii),

E Z(%H—l - ‘/;51>2 =E [(V;f - %)2}

On




On the other hand,

< (/Ol\dw)2
(/O )

Therefore the result follows from i), by using the dominated convergence
theorem.

Z(V;fiﬂ - Wz)Q

On

and

(3

Z(Wi+1 - ‘/;51)2

On

<sup |V;,,, — Vi
On

O

An interesting consequence of Theorem 3.1 is the following result, which
actually is a general result valid for any 1-martingale.

Proposition 3.3 The process ®* is increasing for the convex order, which
means: For any convex function f on R, the map

t € [0,1] — E[f(®)] € (—o0, +oc]
1S 1ncreasing.

Proof
This follows directly from the fact that ®* is a 1-martingale, by Jensen’s
inequality for conditional expectations.
O

Concerning the continuity of the process ®¢, there is the following partial
result.

Proposition 3.4 Suppose that ® is continuous on E and that there exist
A >0 and c < 1/2 such that

VBeE |®(B) <Aexplc| B
Then ® admits a continuous version which is given by

VB e E, Vte(0,1], }(B)=Egz [®(Bi.+VI—tB)

Proof The result follows from the dominated convergence theorem thanks
to the following lemma.

10



Lemma 3.4.1 One has, for 0 <c<1/2,

(1 — 2c)*1/2 < E[exp(c || B HZ)] < 2(1 N 26)71/2

Proof

The first inequality is obvious since || B||? > (By)%.

For the second inequality, set S(B) = supyc,<; Bs. We have | B|| =
sup(S(B), S(—B)), and, S(B) and S(—B) have the same law as | B|. There-

fore,
Elexp(c || B [|*)] = E[sup(exp(c S(B)?), exp(c S(~B)*))] < 2E[exp(c (B1)?)]

which yields the result. O

Concerning the continuity of the process ®™, we have:
Proposition 3.5 The process ®™ admits a continuous version on [0, 1].

Proof
Let, for 0 < s,t <1,

Wi =0{Wyu; 0<u<s, 0<v <t}

and
(I)s,t - ]E((I)(W.,l) | Ws,t)

Then, from Cairoli-Walsh [4], the two-parameter martingale ®,, admits a
continuous version. Now, since ®™ is a (W, ,)-martingale, then ®™ = @,
and, therefore, ®™ also admits a continuous version.

O

Remark

Here is a more direct proof of the fact that any square-integrable (W, )-
martingale admits a continuous version. We now sketch this proof in three
steps.

1- Let (hn)n>0 be an orthonormal basis of L*([0,1]) and set, for n > 0,
te[0,1],

1
W = / B (1) AW
0

11



Then (W™ | n > 0) is a sequence of independent Brownian motions and

Wy=c{WM™:n>0,0<s<t}

2- Any X € L*(W)) admits the following representation:

) 1
X =c+ Z/ H,(s) dW ™
n=0 0

where (H,) is a sequence of (W,)-predictable processes such that

g/ol H?2(s) ds] < 00

To prove this property, we first consider X = &7 with

E

n

7 = exp [Z (/01 pr(s) AW — % /01 i (s) dS)]

k=0
and ¢ = (pr)o<k<n € (L*([0,1]))"1. We then reason by density.

3- If X admits the above representation, then, for 0 <t <1,
0ot

X, =EX | W) =c+ Z/ H,(s) dw ™
n=0"0

It is then clear, using Doob’s maximal inequality, that (X, , t € [0,1])
admits a continuous version.

3.4 Examples

In what follows, P = (P;):>( denotes the Gaussian (or Heat) semigroup, and,
for 0 < r <1, we denote by v, the normal law with variance r.

3.4.1 ®(B)=f(B,)

Proposition 3.6 Let r € (0,1], f € L*(v,) and ®(B) = f(B,). Then, for
any t € [0,1], we have:

®!(B) = Py_p,f(Bi,) = E(®(B) | By,) (12)

As a consequence, (DH(B)) is a (By,)-martingale.
We also have:

(W) = Pagpf (W) (13)

Consequently, the processes ®* and ®™ have the same law.

12



Proof
We have

®}(B) = Eg)[f (Bir + V1~ B,)] = E[f(Bi, + /(I — t)r N)]

where N denotes a standard normal variable, independent of B. This yields
formula (12).
Concerning

we get:
O (W) = Pa—tyr f(Wht)

Finally, we use that (B, , t < 1) and (W,;, t < 1) have the same law
to conclude.
O

Corollary 3.6.1 Let ¢ (p = o(t,z)) belong to CH2([0,1],R). We assume
that ¢ 1s a time-space harmonic function, that is

dp 107
E+§w—0 on[O,l]x]R

Let r € [0,1]. We assume that ®(B) := ¢(r,B,) € L*. Then, for any
t€[0,1],
®j(B) = p(tr, By,)

We also have:
(W) = f(tr,W,,)

Thus, again, the processes ®* and ®™ have the same law.

Proof
By Itd’s formula, (¢(t, B;) , t < 1) is a (B;)-martingale. So, applying the
above proposition to
f@)=¢(rz), zeR

we get the result.

Particular cases

13



(1) ®(B) = exp(A B, — ) (0<r<1and A €R). Then

Ntr

®}(B) = exp(A By, — )

In this case, ® is thus a geometric Brownian motion.

(2) ®(B) = H,(r,B,) with r € [0,1], n € N and

Hy(t, ) = t" b, (%)

where h,, denotes the n-th Hermite polynomial. Then

®}(B) = Hy(tr, Biy)

This case (2) can also be obtained from the case (1), according to the formula:

o An
exp( )\x— — ZFH”
n=0

3.4.2 The set 7

The results in the previous subsection 3.4.1 motivated us to introduce the
set

T={®eL®; (®/(B), t<1) and (®"(W), t <1) are identical in law }

Indeed, we have just seen in the previous subsection that ®(B) = f(B,), or
®(B) = ¢(r, B,) for ¢ a time-space harmonic function, belong to Z. We now
characterize the elements in the first Wiener chaos which belong to Z.

Proposition 3.7 Let h € L*([0,1]) and let vy, be the norm, in L*([0,1]), of
h. We assume v, # 0 and we set

°(5) = 0,(5) = [ ' h(u) 4B,

The following properties are equivalent.
(i) el

(i) (DX(B), t < 1) is identical in law to (v, By, t < 1)

14



(111) For every z € (0,1],

Condition (iii) is equivalent to the fact that the function L : [1,00] — R
defined by L(v) = (v) ' h(v™!) is a Brownian motion preserving function,

which means that .
t
Bf::/ L(—) dB,, t<1
0 s

is still a Brownian motion.

This topic was introduced by P. Lévy and has been for example discussed
in Jeulin-Yor [8]. It is a particular case of the more general family of non-
canonical Brownian motions (see, e.g., [6, 3, 7]).

Proof
We have: .
BV) = [ hw) Ve
0

Therefore, the process (®7*(W) , t < 1) is clearly distributed as (v, B; , t <
1). This yields the equivalence between properties (i) and (ii).

On the other hand,
Y
o(B) = / h (-) dB,
0 t

from which, the equivalence between properties (ii) and (iii) follows easily.
O

In the following, we denote by ) the set of functions h satisfying the
equivalent conditions of Proposition 3.7. The following corollary is an exten-
sion of Proposition 3.6, which corresponds to the case where h is the indicator
function of [0, 7].

Corollary 3.7.1 Let h€ Y. If f € L*(v,2), then f(®;) € T .
In particular, for any n > 1, I,(R™) € I, where h™ is defined on A, by

R (ug, ug, -+, uy) = h(uy) h(ug) -+ h(uy,)

15



Proof
Let ® = f(®y). Then,

0i(8) = 25, |1 ((@0i(8) + VI=F [ b aB.)] ana

o) = [ 1 (@0ron) + vI=t [ ) aB, )]

Then the result follows from Proposition 3.7.
In particular, we can take for f the n-th Hermite polynomial, which yields
the second part of the corollary.
(I

3.43 ®= [ Fih(u)du

We consider a Borel function % on [0,1] and F € L?. We assume

1
/ | ¥l h(w)] du < oo (14)
0

and we set )
P = / F¥ h(u) du
0

Proposition 3.8 Fort € (0,1],

Proof
By Proposition 2.1, ii),

Therefore

16



Proposition 3.9 Suppose (without loss of generality) that E(F) = 0. We
assume that h is an absolutely continuous function on (0,1] satisfying

1
/ w2 | (u)] du < oo
0

Then the condition (14) is satisfied and the process ®* is continuous and of
finite variation on [0, 1]. Moreover, the variation on [0, 1] is square-integrable.

Proof
We have

/0 Vu |h(u)| du < |h(1)] +/0 s*2|R'(s)| ds < oo

On the other hand, as E(F') = 0, we have by Proposition 2.1, i),

I Fellee < V|| F g

Consequently, the condition (14) is satisfied.
We have, for 0 < u <t <1,

() hn- [ () 0

Then, by the previous proposition,

o = % (h(l) /Othdu—/Ots—lz (/OFﬂuh<%> du) ds)
= % (h(l) /Othdu—/Ot (/Ongsuh’(u)du) ds)

Therefore, @ is absolutely continuous on (0,1] and

d 1 !
== (h(l) Ff — / F!ou b/ (u) du — @2)
dt t 0

Hence,

d 2 ! ,
I 0l < 25 1 L (1001 + [ )] au)

which yields the result.

17



As a consequence of the previous proposition and of Lemma 3.2, under the
above hypotheses, ®* is a 1-martingale, but it is not a 2-martingale (unless
d =0).

Particular case
A particular case is the case h = 1. Let F' € L?. We set ® = fol F¥ du.

Then, for 0 <t <1,
1 t
@2:—/Fﬁdu
Lt Jo

and QD% = E(F). By Proposition 3.9, ®* is a continuous process with finite
variation on [0, 1].
If F(B) =exp(A By — %2), then by what we saw in 3.4.1, for 0 <t <1,

1 A2
@2:—/exp(ABu——”)du
t Jo 2

and CID?) = 1. Proposition 3.3 for this particular case was shown by P. Carr et
al [5] by a completely different method. The proof given later in Baker-Yor
[1] is at the origin of our present generalization.

We now give a density result.

Proposition 3.10 We set
1
U={d= / Fih(u)du; F e L? heC([0,1])}
0
Then, for any ® € U, ®* is continuous and of finite variation on [0,1], and

U is dense in L2.

Proof
By Proposition 3.9, we only need to prove the density. For this purpose,
we consider:

1
P, = / EF? hy(u) du
0
with h, € C1([0,1]), hy = 0 on [0,1—1/n], h, > 0 and [} h,(z) dz = 1. We
then have by Proposition 2.1, iii),
lim ®, = F

n—oo

in L2,

18



3.44 &= [ F!h(u)dB,

u

We begin with a general result.

Proposition 3.11 Let ® € L? given by its predictable representation
1
d=a+ / H, dB,
0
Then, for any t € (0,1],

t
! =+ / (Hup)! dB,
0

Proof
We have easily, according to formula (10),

1
d4B) = a+/ E 5 [Hu(Bie + V1 -t B)] dBy,
0

1 t
— a+/ (H,)! dBm:a+/(Hu/t)§ dB,
0 0

Corollary 3.11.1 Let F € L? and let h be a Borel function on [0,1] such
that

1
[ NE I )P du < oc
0
We consider X
P = / F* h(u) dB,
0

t u
@2:/ th(-) dB,
0 t
Proof

This is a direct consequence of the previous proposition and of Proposition
2.1, ii).

Then, for 0 <t <1,

O

19



Corollary 3.11.2 Let F € L?, r € [0,1] and ® = [ F? dB,. Then

tr
o :/ F!dB,
0

As a consequence, ®* is a (B:,)-martingale.

We now show that the functions ® of the previous form generate the
whole space L?.

Proposition 3.12 Let
H:{a—l—/ F'dB,; a€R,r€[0,1],F € L*}
0

Then the vector space spanned by H is dense in L?.

Proof
Let G =b+ fol H, dB, be orthogonal to H in L?. Then

Va € R, Vr € [0,1], VF € L? ab+/ E(F? H,) du=0
0

Therefore, b = 0 and, for every F € L? E(F! H,) = 0 for almost every
u € [0,1]. As L? is separable, for almost every u € [0, 1], E(F? H,) = 0 for
every F' € L2

Now, by the expression of F on the Brownian chaoses, we have, for u fixed
in (0, 1],

{Fis FeLly={) Lilpa): Y ullenla, @ < oo}

n>0 n>0
In particular, {F? ; F € L?} is dense in L?*(B,). Hence, for almost every

u € [0,1], H, = 0 and, finally, G = 0.
O

3.4.5 &= Lo

In this last example, we take as ® the local time of B at a € R and at time
re(0,1: &=L

20



Proposition 3.13 For 0 <t <1,

ol = B“ — o) ) 1 as (15)

The process ®* is continuous and of finite variation on [0,1).

Proof

By the occupation times formula, for any f € C,(R) !

/Tf(BS) ds = +OO f(a) L da
0

By Proposition 3.6, we get then, for ¢ € [0, 1],

—+00

[ g as= [ s @

0 -

and the formula (15) follows by identification.
The continuity of ®* on [0, 1) is clear on the formula (15).
By change of variable, for t € (0, 1),

Pf — — du

Therefore, ®F is of class C' on (O, 1) and we can write its derivative as a sum
of four terms @, 1 <7 < 4 defined below:

0 = %( P — @)
¢ = i oo (<) oo (5 )]
6= :

— X
2(1 — t)2/2m(1 — ¢)

/Or |:(Btu — a)?exp (—%) —a’exp (—#Q_t))} u=32du
Var bt - % [ e (_2_) o+ % . <_ m )

i Lo (o)

I'Here and in what follows, the subscript: ¢, means: with compact support.
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By Proposition 2.1, i), || £} ||z = O(t/2) when t tends to 0. On the other
hand, it is not difficult to see that || £2 ||;2 and || €3 ||;2 are O(t~/2) if a # 0
and O(1) if @ = 0, when t tends to 0. By integration by parts in the last
integral, we can write /27 ¢} as the difference of the two following terms:

ﬁ /O [(1 W exp <—#2_t>) — (1= 2t)exp <_%>} w2

and
v (wia)
exp | ————
(1—t)/(1—1t) 2r(1—1)
Hence,
\/2—1. 64—1 r73/25 2 a_2 d—\/_ _a_2
mlimf; = o i u%(bu — a”) exp —5, ) du rexp | —o-

Finally, || £®} ||z is O(t~'/?) when ¢ tends to 0, which entails that ®* is of
finite variation on any interval [0,s] with 0 < s < 1, the variation being

square-integrable on any such interval.
([

4 Semigroup ()

4.1 Definition of @)

In this section, we are interested in the family @ = (Qn)n>o of operators in
L?, defined by
Vh>0 Qn=Ren

where the operators R; were defined in Section 2. As a direct consequence
of Proposition 2.1 and Corollary 2.3.1, we have:

Proposition 4.1 Q = (Qn)n>0 is a strongly continuous semigroup of Marko-
vian operators in L? .

4.2 Infinitesimal generator of ()

In this subsection, we look for a description of the infinitesimal generator A,
of the semigroup (). The domain of A will be denoted by dom(.A).
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We first introduce another notation: If ¢, is a C! function on the interior
of A, (denoted by int(A,)), we denote by @,, the function defined by

n 8%0,”(

Yu e mi(An) Bul) = D0 57w ;= ()

j=1
We also denote by Al = {u € A, ; uy # 0}

Theorem 4.2 We denote by D 4 the space of functions ® =3~ I,(¢n) €
L? such that

1- for anyn > 1, @, is continuous on A!, and of class C' on int(A,) ,
2-Vn>1,Yve A, 1, pa(l,v) =0,

3- an1 | Dn HQAn <00
Then D4 C dom(A), and,

VO €Dy AD =) L(3,)

n>1

Proof
Let & € D 4. We have, by formula (4) in Section 2,

(B u) d™ B,
Qh _'_;/(eh

Now, for n > 1 and u € A,(e™") with u; # 0, we have by hypotheses 1 and
2:

h

—logu1 e~ 1 1
el =— [ na=- [ g, (- u) s
h w1 S S
Therefore,

h

©c 1 1
[ e aB - [ 2 V B <> d(n)B“} o
An(e=h) 0 S An(s) S

The result then follows by taking the derivative with respect to h at h = 0.
O

We now can complete the description of the infinitesimal generator A.

Theorem 4.3 The infinitesimal generator A is the closure of its restriction
to DA.
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Proof
We proceed in three steps.
1) Let
U=> I.(,) € L?

n>0

such that, for every n > 1, ¢, € C!(int(A,,)) and let £ € C}((0,0)). We

set -
b — / Qn ((h) dh
0

We have
®(B) = ; / ( /A - ¢n(ehu) d(")Bu) dh
_ ;/ (/ ) (et u) dh) A" B,

Therefore, for n > 1,

o (1) = /O ) (et ) dh

Consequently, ® satisfies the conditions 1 and 2 of the statement of The-
orem 4.2 and, for n > 1,

Bulu) = / W Bt ) dn = / ) (e ) b
- / SR gale ) di

Then, setting C' = [7°(¢'(h))? dh, we have:

—log w1
1&nlA, < C/ UO P2 (") dh} du
> C
= o [T eena] a=Tieg,

Therefore, ® also satisfies the condition 3 of Theorem 4.2. Thus, ® € D 4.
Moreover,

In(@n) = = /0 em) ( /A oy Unle ) d<">Bu) dh
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and consequently

Ad = —/ Q0 £ () dh
0
Assume now that ¥ € L? and ¢ € C}((0,00)), and set as before

o = U /(h) dh
/O QnY £(h)

It is easy to see directly that
® € dom(A) and AP = —/ QnY ' (h) dh
0

We can approximate ¥ in L? by a sequence U, = ano I,,(1hn,) such that
Unp € CHint(A,)). We set

B, /0 Qn, (k) dh

Then, by the first step, ®, € Dy, AP, = —/ QnY, ¢'(h) dh, and
therefore "

lim (®,, AD,) = (¥, AD)

p—00
in L2 x L.

Finally, let ® € dom(A). We consider a sequence (£,) in C}((0,00)) such
that, for every p,

0,0, 0,(h)=0on [1/p,00), / 0(h) dh = 1
0

We set -
o, = / Qn® ,(h) dh

0
We have clearly

B, € dom(A) and A, — / QuA® £,(h) dh
0

and therefore
lim (®,, A®,) = ($, AD)
p—00

in L2 x L.
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The result follows from both previous approximations.
O

We now give a large subset of dom(.A); it consists in the functions appearing
in Proposition 3.9.

Proposition 4.4 We assume that ¢ is an absolutely continuous function on
(0, 1] satisfying

1
/ 2|0 (u)| du < oo
0
Let F € L? such that E(F) =0 and
1
o= / FF 0(u) du
0
Then

¢ € dom(A) and AD = /1 FP[O(u) +ul(u)] du — £(1)F

Proof
We saw, in the proof of Proposition 3.9, that

1
| Fille < v || Flle and / W2 [6(w)] du < oo
0
In particular, ® € L?. We have, for h > 0,

1 I
R Qe —0) =5 [ (R, R ) du

Therefore,

%(Qh@ ) :% ( /0 "R [ a(ehu) — f(w)] du - / Fi () du>

e

Therefore, letting h tend to 0, we get the result. O

Remark
The previous result still holds if E(F") # 0, provided we assume that ¢
satisfies the additional condition:

/01 ()] du < o
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4.3 A Markovian process with semigroup (Q},)

In this subsection, we shall associate a Markov process with the semigroup
@. We adopt, for this subsection, the following notation.

We denote by (W (s,t), s > 0,t > 0) a standard Brownian sheet, and we
set, for h > 0,

Wh:a{W(u,v);Ogugl, 1<v<e

We define a process (Y" , h > 0) taking values in the Wiener space E
by:
Vu € [0,1] Y =W(eu,e)

Proposition 4.5 For h >0, k > 0, and for any ® € L?, one has:
E[B(Y"*) | Wil = Qu(Y")
Proof
We have
DY) = D(W (e "M e eb) 4 (W (e~ e, ohHh) 17 (e~(HHh)g b))
Therefore,

E[O(Y") [ W] = Eg)[@(VE, + V1 - e B)]

where B denotes a Brownian motion independent of W. Hence the result
follows by the definition of @, and formula (9).
([

We remark that the process Y is nothing else but o,»(X"), where (X")
denotes the classical Ornstein-Uhlenbeck process in the Wiener space, and
o, denotes as previously the scaling operator with parameter ¢.

5 Spaces M,V and S

In this section, we are interested in description and properties of the following
spaces:

M = {®c?; & is a (B,)-martingale}
V = {®c L*; &' is a continuous process with finite variation on [0, 1]}
S = {®eL?; d"is a (B,)-semi-martingale}
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5.1 Space M
5.1.1 On Itd’s integrand for ® € M

Theorem 5.1 Let ® € L? given by its predictable representation

1
(I>:a—|—/ H,dB,
0

Then ® € M if and only if the following condition is fulfilled:
There exists a version of H which is L*-continuous on [0,1) and satisfies

Yu e [0,1), Vt € [0,1], (H,)!= Hy,,

Proof
By Proposition 3.11, & € M if and only if

vt € (0,1] (Hu/t)g = H, for almost every u € [0, ]

or
vt e (0,1] (H,)! = H,, for almost every u € [0,1]

The condition of the theorem is therefore sufficient.
Conversely, suppose that ® € M. Then, by Fubini’s theorem, for almost
every u € (0, 1],

(H,)! = H,, for almost every t € [0,1]

or (Hu)ﬁ

i/u = Hy for almost every t € [0, u]

Then, considering a sequence (u,) tending to 1 and such that the above
property holds for each w,, we see, according to Theorem 3.1, i), that there
exists a version of H which is L?- continuous on each interval [0,u,] and
hence on [0,1). For such a version,

vt e (0,1 (H,)! = H,, forevery u e [0,1)
Letting ¢ tend to 0, we also have
(H,)b = Hy for every u € [0,1)

Thus, the condition of the theorem is necessary.
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5.1.2 Definition of the space N

We now introduce
1
N:{(D:a+/ FfdB,; F € L?and a € R}
0

As a consequence of Theorem 5.1 or of Corollary 3.11.2, we have: N' C M.
The following proposition clarifies the situation in the framework of the
example 3.4.1.

Proposition 5.2 Let f € L*(v) and ®(B) = f(By). Then ® € N if and
only if the function f is absolutely continuous on R and its derivative f’
belongs to L*(v1). In this case,

2B =)+ [ Fean,

with F(B) = f'(By).

Proof
Let (h,)n>0 be the sequence of Hermite polynomials. As f € L*(yy), f
admits the following expansion in L?(~):

f:Zanhn with Z%ai<oo

n>0 n>0

Let ®(B) = f(By). Then

with

H, = Z a, / d"-Y B,

n>1 An-1(s)

Therefore

1 .
[H[l7 = =) a; 5"

n>1

1
Consequently, ® € N if and only if Z (— a2 < oo,
n JR—

1)!

n>1
Equivalently, ® € A if and only if f belongs to the domain of the canonical
Dirichlet form on L?(7;), that is if and only if f is an absolutely continuous
function on R such that f and f’ belong to L?(7;) (see, e.g., Bouleau-Hirsch
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2]).

In this case, we have H, = F* with

F(B) = > a, / A=Y B,
A

TLZl n—1
= Zan hnfl(Bl) = f/(Bl)
n>1

5.1.3 Comparison of M and N

Theorem 5.3 The following properties hold:
i) N c M
iii) M is the closure of N in L?

Proof

As it was already mentioned, the property i) is contained in Corollary
3.11.2. It also is a consequence of Theorem 5.1.

The property ii) is a direct consequence of the previous proposition 5.2
(consider for example ®(B) = f(B;) with f the indicator function of R, ).

As M is closed, the property i) entails that M contains the closure of
N. Suppose then that ® € M and consider its predictable representation
fulfilling the condition of Theorem 5.1. We set, for 0 < v < 1,

1
o) =¢q +/ H,,dB,
0
By definition, ®®) € N and
1
13 — 32, = / | Hyo — Hy |22 du
0

Now, for u € [0, 1),

lin% | Hyw — Hy||7: =0 and
VO<v <l | HyolZe = (H 72 < | Hall
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Therefore
lim | Y — |2, =0

5.1.4 Comparison of M and 7
In Subsection 3.4.2, we introduced the set
IT={delL?; (®/B),t<1) and (®™(W), t<1) are identical in law }

and we gave examples of functions in Z. It is immediate, from the discus-
sion following Proposition 3.7, that if A is assumed regular, then &, in that
proposition belongs to M if and only if it is constant. Thus, Z is not con-
tained in M. Conversely, a natural question is to decide whether the set M
is contained in Z. First, we note the following simple identity.

Lemma 5.4 For any bounded Borel function h : [0,1] — R and ® € M,

there is the identity
1 2
( / h(t) dcpi) ] (16)
0

1 2
( / h(t) d@g”)
0
Proof
As (®}") and (@ﬁ) are square-integrable continuous martingales, we have:

< /0 o) d@;“)

and similarly

< /O 1 h(t) dq>§>

Consequently the identity (16) holds, since ®™ and ®* have the same one
dimensional marginals.

E =E

2

0 ) [ / 1 K2 (t) d<c1>m>t] = / 1 h2(t) dE[(®]")?]

0 0

2

E ~E Ul h(t) d<q>ﬁ>t} = /1 h2(t) E[(97)°]

0 0

O

Despite Lemma 5.4, the following proposition shows that, in general, the
elements of N do not belong to Z.
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Proposition 5.5 Let 0 < a < 1. We set

1
<I>(B):/ By, dB,
0

Then, ® € N and ® € Z. More precisely, if 0 <t <1,
E[(®)* f] # E[(®]")° ©}']
Proof

Obviously, since B,, = F?(B) with F(B) = B,, ® € .
We have:

t 1
®}(B) = / Bo, dB, and ®7(W) = / Wane duWas
0 0
Now, a tedious computation yields:
1
E[(®)? )] = 3 2638 + (t Aa)® + 3t%(a — a A t))

whereas:

E[(2]")* "] = a’t”

which entails
E[(®)® ®f)] > E[(®}")* ©}"]

5.2 Space V
Proposition 5.6 We have

dom(A) CV
Moreover, if ® € dom(A), the variation of ®* on [0, 1] is square-integrable.

Proof
Let ® € dom(A). Then, for h > 0,

h
Qnd = q>+/ QrAP dk
0
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So, after change of variable, we get for ¢t > 0

1
1
<1>§:<1>+/ (AD)E = ds
‘ s

As E(A®) = 0, then || (AD)? |22 < /5 || AP |22 and the result follows. More
precisely, we obtain that the L2-norm of the variation of ® on [0, 1] is smaller
than (2| AP ||12).

]

As a consequence of the previous proposition and of Proposition 4.4, we
obtain again Proposition 3.9.

5.3 Space S

In this subsection, we give a sufficient condition, based on the chaos expan-
sion, entailing that a function ® € L? belongs to S.

We keep the notation of Section 4 and, for n > 1 and for ¢,, a function
on A,, we denote by ¢, the function defined on A/ by

We remark that
1 &n A, = H en(1,0) 1A, .

Theorem 5.7 Let ® =37 I.(vn) € L? such that

1- for anyn > 1, ¢, is continuous on Al ¢, is of class C' on int(A,) and
©n(1, @) is of class C' on int(A,_1),

2- ZnZl H 5577» ||2An < oo,
3- anl | @n HQAH < o0 .

Then ® € §. More precisely, ® = &, + Oy with

Oy =E(®)+ > I.(F) EM and

n>1

ZI —@n) € Dag (C dom(A) C V)

n>1
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Proof
We can write

1
®, = E(P) +/ H, dB,
0

with, for s € (0,1),

1
H, = / On (1, —v) d™ B,
Z A'rLfl(s) S

n>1

Hence, we see that ®; satisfies the condition of Theorem 5.1.
On the other hand, it is clear, by the definition of D4 given in Theorem
4.2, that &5 € D 4. We can then apply the results of this section to conclude

that ® € S.
O

Remark
If we replace, in the statement of the previous theorem, the condition 2
by the stronger condition:

Y nll@nli, <o

n>1

then ®; € N.
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