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1 Introduction

1.1 Convex order increase and 1-martingales

This paper is devoted to investigations about two apparently different classes
of processes, which are:

(Cy)  the class of processes (U; , t > 0) which are increasing in the convex
order, that is: for any g : R — R convex, the function: t — E[g(U,)]
is increasing;

(Cy) the class of processes (V; , t > 0) which are 1-martingales, that
is: there exists, on possibly another probability space, a martingale

(M, , t > 0) such that, for any given ¢t > 0, V; U2) M.
In fact, these two classes coincide, as it gradually emerged from the papers by
Strassen (1965), Doob (1968), and Kellerer (1972). See, especially, Kellerer
([7, p. 120]).
However, the proofs offered in these three papers of the identity between
the two classes (C}) and (Cy) are not constructive, and it is an interest-
ing question, given a process (U; , t > 0), or the family of its marginals
(¢ , t > 0), which are increasing in the convex order, to find, as explicitly
and concretely as possible, a martingale (M; , t > 0) which admits the same
one-dimensional marginals (u; , t > 0) as (U; , t > 0). A connected question
is to exhibit large classes of 1-martingales, and so to obtain large classes of
processes which are increasing for the convex order.
These aims have already been the topic of the papers by Madan-Yor [§],
Baker-Yor [2], Hirsch-Yor [5].
In the present paper we work towards these goals in a general Lévy process
framework.

1.2 The Brownian “guiding example”

In our previous paper [5], we worked in a Brownian motion framework, and
used in an essential manner the Wiener (or Brownian) sheet (W,, ; u >
0,t > 0) in order to construct martingales with respect to

Wy=0c{W,s;u>0,s<t}, t>0
The two key properties we used are:

a) (Wey, t>0)is a Lévy process, taking values in C([0,00); R) (in fact, it
may be called a C(]0, c0); R)-Brownian motion);
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b) for any fixed t > 0, B, (1) Wer .

The “guiding example” in Baker-Yor [2] and Hirsch-Yor [5] has been the
identity in law, which follows from b): for fixed ¢t > 0 ,

1 /[ 22 aw) [ Nt
(G) —/ exp <)\Bs—_s) ds (1:)/ exp <)\Wut— u) du
tJ, 2 . 1T

and the fact that the RHS in (G) is a (W;)-martingale.

In this paper, we develop some adequate extensions of (G), with Brownian
motion being replaced by a general Lévy process (then, A often needs to be
assumed purely imaginary).

Thus, for this purpose, to a Lévy process (L; , t > 0), we associate a Lévy
sheet (X, ; u>0,t > 0) and the exact analogues of a) and b) are satisfied.
This is the content of Section 2.

1.3 Extending (G) in the Lévy framework

We now explain how (G) above may be developed in the Lévy framework;
we do so in the hope that it will facilitate the reader’s understanding of our
construction of martingale processes (®7*(X)) and l-martingale processes
(®%(L)), as indicated briefly in Subsection 1.4 below, and developed thor-
oughly in Sections 3 and 4 of the paper.

Let Dy be the Skorokhod space consisting of all cadlag functions ¢ from
R, into R such that £(0) = 0. Searching for some adequate extension of (G),
we would like to find a reasonable class of functionals Uf(e, s) (¢ € Dy, s > 0)
such that the process:

1 t
VtZE / U(Lse,s)ds, t>0
0
is a 1-martingale. We show in particular (see Proposition 4.7) that this is the
case for U(e, s) = f(e(1), s), where f(x,s) is a space-time harmonic function
for L. In general, concerning V;, we note that, from b) written for the pair
(L, X) instead of (B, W), we get, for fixed ¢,

1 1
v, = / U(Lyye,ut) du 2 / U(Xyes,ut) du
0 0
Thus, in order to show that (V;, ¢ > 0) is a 1-martingale, it suffices to find
U such that, for any given u € (0, 1), the process

(U(Xyes,ut), t > 0)
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is a (AX})-martingale, where:
Xy =0{X,s; v>0,5s <t}

Already, a large class of such functionals U may be obtained by taking ( v
denoting the characteristic exponent of the Lévy process L):

Uls, s) = exp (i /Olh(v) ds(v)+s/01w(h(v)) dv) (1)

for, say, bounded Borel h’s. Consequently, the process:

H - %/Otexp (i /Olh(v) desv—l—s/Olw(h(v)) dv) ds
- %/Otexp<i /Oh(§> dLU+/OSw(h<§)> dv> ds  (2)

is a l-martingale.
To present real-valued variants of this construction, we assume that L is
a subordinator 7, so that its Lévy-Khintchine representation is:

Elexp(—=A7s)] = exp(—sp(A)), s>0, A>0

Then, we may modify the previous formula (2) as:

Kt:%/otexp (—/OkG) dfv+/05¢(k(§)) dv> ds  (3)

for k a nonnegative bounded Borel function.

We believe that the reader who kept with us throughout this construction
should not find the more general set-up for constructing 1-martingales, as it
is developed below, either too difficult or too abstract.

1.4 A systematic construction of 1-martingales

We equip the Skorokhod space Dy with the law P of L.

In agreement with the preceding discussion in 1.3, we associate, in Sections
3 and 4, to a general functional ® € L'(IP) two processes, the first one being
defined in terms of X, and the second one in terms of L: for 0 <t <1,

PM(X) =T ®(X.,) and ®HL) =TI,_,P(Ls,)

where (II; , s > 0) is the semigroup of the Dy-valued Lévy process (Xo; , t >
0). Two key properties of ®™ and ®* are:

4



i) (d7, t <1)is a (X;)-martingale;

ii) for any fixed t <1, @ () of .

Consequently, (@2 , t < 1) is a l-martingale; hence, it is also increasing in
the convex order.

1.5 Considering space-time harmonic functions
fOI' (XO,t)tZO

Another manner to express the above property i) is to say that IT;_,®(e) is
a space-time harmonic function of (e,t) € Dy x [0,1], for (Xq;) .

It is then natural to look for some suitable extension of the discussion made in
the previous subsection 1.4. This is easy indeed: start with a generic space-
time harmonic function F'(e,¢) on Dy x R, and consider both processes:

F" = F(X.st) and Ff = F(Lyo,t)
They satisfy:
") (F{", t >0) is a (X;)-martingale;

ii’) for any fixed t >0, F» (lax) FF .

1.6 Further examples of 1-martingales

In Section 5, we exhibit examples of 1-martingales defined from stochastic
integrals with respect to L. They are closely related to the extension of (G)
we discussed in Subsection 1.3.

1.7 Extension to fractional Brownian and a-stable pro-
cesses
Finally, in Section 6, we show that a slight variation of our method allows

to prove that, if (Bf | s > 0) denotes the fractional Brownian motion with
Hurst index H, then:

1 [ A2
—/exp()\Bf——szH) ds, t>0
t Jo 2

is a 1-martingale.
We also present extensions when B¥ is replaced by any fractional a-stable
process.



2 From a Lévy process L to its Lévy sheet X

In this section, we shall precise our framework and the notation.

2.1 The Lévy-Khintchine representation of L

We start with a real-valued Lévy process (L; , t > 0) starting from 0. We
denote by ) its characteristic exponent:

VAER, Vt >0, Elexp(i)L:)] =exp(—ti(N))
One has (Lévy-Khintchine formula):

2

w(A):"2%+i7’\+/(1_ei”+”$1|x<1) v(dz)

with 0,7 € R and v a positive measure on R\ {0} such that

/ i y(dz) < oo

1+ 22

We refer e.g. to Bertoin [1] for a deep study of Lévy processes.

2.2 The Skorokhod space

We denote by Dy the Skorokhod space consisting of all cadlag functions e
from R, into R such that £(0) = 0 (we refer, for example, to Jacod-Shiryaev
[6, VI-1]). The space Dy is equipped with the probability P which is the law
of L. We often identify L with the coordinate process on Dj.

We denote by (F;) the natural filtration of L on (IDy, P) and we set F = F.
Thus, F is the Borel o-field of Dy completed with respect to P.

2.3 The X-integral of a rectangle R
If (Xs¢3; s>0,t>0) is a real-valued two-parameter process and if
R = (s1,82] X (t1,ta] , 1< 89, t1 <ty
is a rectangle, we set
ArX = Xty — Xty — Xoyy + Xy
and we denote by |R| the area of R:
|R| = (s2 = s1)(t2 — 1)



2.4 Defining the Lévy sheet X

The following results, for which we refer for example to Dalang-Walsh |3,
Section 2], are essential for our purpose.

Theorem 2.1 There ezists a real-valued two-parameter process X = (Xs¢; s >
0,t > 0) satisfying the following properties:

1)
Vs, t >0, Xe0=Xos=0

2) Almost surely, for any s,t > 0, X;o and X, are cadlag functions on R,

3) For all finite sets of disjoint rectangles R, ---, R"™, the random variables
Apm X, -+ Arn X are independent.

4) For any rectangle R,

law
ApX " L

The process X will be called the Lévy sheet associated with L.
Let, for t > 0,
Xp=0{Xy,; u>0,0<v<t)

We summarize, in the following theorem, some straightforward consequences
of Theorem 2.1, which we will need in the sequel.

Theorem 2.2 a) Let 0 <t; <ty. Then the process (Xs4, — X5, » s > 0) is
a Lévy process starting from 0, independent of Xy,, and having the same
law as (L,—t,)s , s > 0).

In particular, for any fized t > 0,

Xo,t (lg") Lto
b) There is the equality in law:

(law)

(Xs,t; 87t20) = (Xt,s§ 57t20)

Thus, a) may be stated with the roles of s and t exchanged.



2.5 Remark

In the sequel, the following elementary fact shall play some important role:
Let L be an independent copy of L. Then, for any A, B > 0,

~ law
LA. + LB. (:) L(A+B)o

In particular, this shows that the Dy-valued random variable L, is infinitely
divisible. Theorem 2.2, a), then states that the Lévy sheet X may be under-
stood as the Dy-valued Lévy process (X, t > 0) such that:

X.,l (lg‘,) Lo

3 The processes (¢}"(X), 0 <t <1)

3.1 Some equivalent formulae

To any ® € L'(PP), we associate a process ®™(X) = (®7(X), 0 <t < 1) by
(X)) =E[®(Xen) [ 4], 0<i<1 (4)

By definition, ®™(X) is thus a (X;)-martingale.
In what follows, we often will denote ®}*(X) (resp. ®™(X)) simply by &}
(resp. ™).

Theorem 3.1 For 0 <t <1, the following alternative formulae hold:

" = Eg |:CI)(Xo,t+jZo,1—t)} (5)
o = Ep [o(Xer+ L] (6)
o = T 0(X.,) ()

where

- in (5), X is an independent copy of X, and Eg means integrating with
respect to X;

- in (6), Lisa copy of L, independent of X, and E; means integrating with
respect to L;

- in (7), (I(e,dn) , t > 0) denotes the semigroup of (Xet , t > 0) viewed
as a Dg-valued Lévy process.



Proof
We have:
(I)(Xo,l) - CI)(Xo,t + (Xo,l - Xo,t))

Then, formulae (5) and (6) follow directly from Theorem 2.2.
We obtain formula (7) from (4) simply by the definition of the semigroup

(IT¢).
O

3.2 Interpretation in terms of space-time harmonic func-
tions

There is another way to understand the previous definition.
Let r > 0. A function F' on Dy x [0, 7] is called a space-time harmonic function
for (Xer, 0 <t <r), if the process

(F(Xept), 0<t <)

is a martingale. Likewise, a function F" on Dy x [0, +00) is called a space-time
harmonic function for (Xe;, t > 0) if the process

(F(Xez,t), t>0)

is a martingale.

Let us mention that H. Follmer [4] determined the nonnegative space-time
harmonic functions for (W,;, t > 0) where W is the Brownian sheet.

The definition (4) may be written as:

O} = F*(Xop.t) (8)
where F'®) defined on Dy x [0, 1], is the space-time harmonic function for
(Xer, 0 <t <1)such that F'*(g,1) = ®(¢).

We note that, from formulae (6), (7) and (8), one obtains:
F®(e.t) = Ez[®(c + La-n.)] = Ti-®(e) (9)

where L is an independent copy of L.
We are then led to exhibit such space-time harmonic functions.



3.3 Some examples

In the sequel, u; denotes the law of L.

Proposition 3.2 Letug =0<u; <--- < u, andu = (uy,---,u,). We set:

n
u
Vt - ®Mt(uj—u]-,1)
=1

We consider f € L'(v}') and

D(e) = fle(w), e(ug) —e(ur), -, e(un) — €(Un-1))
Then

FP(e,t) = - Jle(ur)+yr, e(ug)—e(ur)+ya2, - - -, (un) —€(tUn-1)+yn) i, (dy)

Proof
This is a straightforward consequence of formula (9), since v} is the law
of
(Ltu17 Ltu2 - Ltum Ty Ltun - Ltun_1>

Corollary 3.2.1 Letr >0 and f € L*(u,.). We set, for (z,t) € R x [0,1],

Flat) = / F(x 4 ) ran(dy) (10)

If ®(e) = f(e(r)), then _
F@(e,t) = f(g(r)>t)

Moreover, (f(Lyi,t), 0 <t <1) is an (F,,)-martingale.
Proof

We apply Proposition 3.2 to: n = 1, uy = r. Moreover, we have clearly
by (10),

f(LTt7t> - E[f(Lr) ‘ ‘Frt]
(I

Since (f(Ly¢,t), 0 <t <1)is an (F,,)-martingale, the functions f defined
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by formula (10) may be called space-time harmonic function for (L., , 0 <
t < 1). We give hereafter an “infinitesimal characterisation” of some of
such space-time harmonic functions. We first introduce the space Cy(R) of
continuous real functions tending to 0 at infinity. We denote by (P;) the
semigroup on Cy(R) defined by:

V€ Co(R), V¢ >0, Vo € R, Pf(x) = /f(a: +y) (dy)

Then, f(z,t) in (10) is P,q—y f(x), and (F;) is a strongly continuous semi-
group with infinitesimal generator denoted by A. We denote the domain of
A by dom A.
Proposition 3.3 Let H € C(R x [0, 1]) such that:

i)

lim sup |H(z,t)| =0

T—00 ¢el0,1]

Vt € [0,1], H(e,t) € dom A

iii)

H
aa_t(x7t) exists on R x [0, 1]

V(z,t) € R x [0,1] aa—[j(x,t) +r A[H(e,t)](z) =0

Then, for all (z,t) € R x [0,1],
H(z,t) = Fra—y(H(e, 1))(x)

In other words, H = ]7 with f = H(e, 1).

11



Proof
We set, for a > 0,

K(x,t) = Pra—y(H(e,1))(x) and R,(x,t) = K(x,t) — H(z,t) + at

Then, R,(z,1) = a, lim, o R.(x,t) = at uniformly with respect to t € [0, 1],
and

V(z,t) € R x [0,1] %(m,t) + 7 A[R,(e,t)](z) =a >0 (11)

Now, if the supremum of R, on R x [0,1] is > a, then this supremum is
achieved at (xg,tg) with 0 < 5 < 1 and xy € R. We then have, by maximum

principle,
OR,
W(ﬂ?o,to) < 0 and A[Ra(.,to)Kﬂfo) < 0

This contradicts (11). Therefore, for any (z,t) € R x [0,1], Ru(z,t) < a.
Letting a tend to 0, we obtain K < H and, likewise, we have H < K.
O

We now present another consequence of Proposition 3.2. We recall that
1 denotes the characteristic exponent of L.

Proposition 3.4 Let 0 < uy < -+ < u, and Ay, -, \, € R. We set, for

fj =N+ A+ ) — PN+ A
and p, = (\,). Let

d(e) = exp [i Z)\j e(uj)]

j=1

Then,

Proof
We can write



with v; = \; +--- + X, and uy = 0. Therefore, by Proposition 3.2,
F(e,t) = @) exp | —(1—=1) > w(v)) (u; — u;1)
j=1

Moreover,

Zw(Vj) — Uj-1) Zﬂj uj

O

The same kind of computation as above yields both following propositions.
The notation is the same as in the previous proposition.

Proposition 3.5 For anyt > 0,

/ exp[ ZAJMJ

This therefore determines I1;(e,dn) from the Fourier transforms of its finite-
dimensional marginals.

(e, dn) = exp | > (i \je(u;) —tp uj)]

J=1

Proposition 3.6 Let, for (¢,t) € Dy x Ry,

n

F(e,t) =exp [Z(l Aje(uy) +t pjuj)

j=1

Then F is a space-time harmonic function for (Xe;, t > 0). In other words,

(exp [Z(l /\j Xujﬂg + t/Lj uj)] > t > 0)

j=1
is a (X;)-martingale.

The following proposition, which is actually a variant of Corollary 3.2.1, gives
other examples of space-time harmonic functions for (X.;, ¢t > 0).

Proposition 3.7 Let f : R x Ry, — R be a space-time harmonic function
for (Ly, t>0), i.e. :

(f(Ly,t), t>0) is a (F)-martingale.
Then, for any u > 0,
F,:(g,t) €Dy x Ry — f(e(u),ut)

is a space-time harmonic function for (Xe;, t > 0).
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Proof
We obviously have:

(f(Lyt,ut), t >0)is a (Fui)eso-martingale.
Therefore, for 0 < s <'t,
By [f(@+ Loy ut)| = f@,u8) pus(do)-as,
Now, by Theorem 2.2,
E[Fu(Xorst) | 2] = Eg | [(Xus + Lo ut)]

The result then follows from the fact that the law of X, 5 is 1ty O

Corollary 3.7.1 Let f be as in the previous proposition. Then the function:

F:(e,t) eDyg xRy — /Olf(s(u),ut) du

is a space-time harmonic function for (Xe;, t > 0).

4 The processes (P (L), 0 <t <1)

4.1 Definition and relation with (®7"(X), 0 <t <1)

To any ® € L'(P), we now associate a process ®*(L) = (®}(L) , 0 < t < 1)
by
V(L) = Bp [®(Lia+ Lapa)| . 0<t<1 (12)

where L is an independent copy of L, and E; means integrating with respect
to L.

In what follows, we will often denote ®#(L) (resp. ®*(L)) simply by & (resp.
®*). Moreover, we identify in our notation, the coordinate process on Dy
with the process L, that is we identify ¢(e) with L,. We have:

D} = E(D), O =, E(D)) =E(D)

14



Theorem 4.1 We have, with the notation of Section 3,
O = I, ®(L;y) = F®(Lsa,t) (13)

In particular, for any given t € [0, 1],

o) "= oy

Hence, ®* is a I-martingale.

Proof

Formula (13) follows directly from (6), (7), (9) and (12). Now, since L;,

has the same law as X, ,, we clearly have from (7) and (13): & () o

O

4.2 A chaos decomposition formula for <I)§ in the
Poisson case

We first recall that, among Lévy processes, only Brownian motion (with drift)
and the Poisson process enjoy the chaos decomposition property. In the case
L = B, we presented in Hirsch-Yor [5] a formula for ®¢(B), based on the
chaos decomposition of ®. We now derive such a formula when L = N is the
standard Poisson process, or rather (equivalently), when (L; = N;—t , t > 0)
is the centered Poisson process. In this case, any ®(L) which belongs to L*(P)
may be written as:

@(L):E(@)+Z/O dle/O dLSQ---/O ALy, (s, se) (14)
n=1

with the sequence (p,,) satisfying
0

Z/ dsl/ d32-~/ _dsngoi(sl,'--,sn)<oo
n=1v0 0

We may then deduce from formula (12) the following representation of ®%(L).

Proposition 4.2 Let ® € L*(P) and L = (N, —t , t > 0). Then, with the
previous notation, the following formula holds for t fixed, 0 <t < 1:

0 0o 81— Sp—1—
®§(L) =E(?) +Z/0 dLys, /0 stsz"'/O dLys, ¢n(s1,- -, 8n0)]
n=1
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Proof

Combining formulae (12) and (14), we obtain the formula stated in the
Proposition, since in formula (12), the expectation with respect to L of any
stochastic integral involved is equal to 0, as Lisa martingale.

Note that we might also use Proposition 5.5 below, and reason by induc-

tion on the order of the chaos.
O

4.3 Some examples

We now present examples corresponding to those given in Subsection 3.3.

Proposition 4.3 We keep the notation and hypotheses of Corollary 3.2.1.
Then, for 0 <t <1,

' = f(Lyy,t) and @ = f(X,4,t)

Consequently, in this particular case, the processes ® and ®™ have the same
law.

The following proposition is a direct consequence of Proposition 3.4 and of
formula (13).

Proposition 4.4 Let 0 < uy < --- < u, and Ay, -+, A\, € R. We set as in
Proposition 3.4, for1 <j<n-—1,

i =0+ A+ ) — V(N A

and p, = (\,). Let

Then, for 0 <t <1,

(@M)f = M = exp [Z () Lew, + L1 “j)]

j=1

16



Corollary 4.4.1 Let, for a > 0,

A?L:{u:(ub...’un); 0<u1<<un§a}

-

Then, for 0 <t <1,

f =" / P du:t_"/ exp [Z (i A Ly + 1 Uj)] du
Ata AR

=1

We set

(I))\,U du = / exp [Z (1 /\j Luj + i U])] du
Ag

J=1

a
n

In the particular case n = 1, we have the following extension of our guiding
example in Subsection 1.2.

Corollary 4.4.2 Let A € R and a > 0. If
P :/ exp (iA Ly, + (N u) du
0
then, for any 0 <t <1,

at
Pf = / exp (iA Ly, + (N u) du
0

~ | =

and ) = a.

In some cases, it is possible to replace the above exponentials with purely
imaginary arguments by real-valued exponentials.

Lemma 4.5 Suppose that for some r >0 and A € R,
E[exp(AL,)] < o0
Then, there exists ¢(A) € R such that

Vt >0 Elexp(ALi)] = exp (to(N))

17



Proof
Properties of Lévy processes imply that, for any ¢ € Q.

E lexp(A Lgr)] = exp (g7 ¢())

with ¢(\) = r~! log {E [exp(A L,)]}.
By the right continuity of L and Fatou’s Lemma,

Vt >0 Elexp(ALy)] <exp(to())) < oo
Therefore the function
(:t>0— Elexp(AL)] € R
is a L.s.c function satisfying
Vt,s >0 L(t+s)=10(t)L(s)
Therefore ¢ is an exponential and

Vit >0 Elfexp(AL)] = exp (t¢(N))

Proposition 4.6 Suppose the condition in Lemma 4.5 is satisfied and let,
foru >0,
8" = exp(A Ly — u ()

Then, for 0 <t <1,
(©)F = exp(A Loy — tud(N))
As a consequence, if
o = / exp(A L, —u¢p(N)) du
0

then, for 0 <t <1,

df = /Oat exp(A L, —up(N)) du

| =

18



According to Subsection 1.5, we may, by Proposition 3.6, extend the
definition of the processes ((IDQi , 0 <t <1) in Proposition 4.4, Corollary
4.4.1, Corollary 4.4.2 and Proposition 4.6, to any ¢ > 0, by the same formulae,
and the processes thus defined are 1-martingales on R,. Other examples of
1-martingales on R, are obtained as a direct consequence of Corollary 3.7.1:

Proposition 4.7 Let f be, as in Proposition 3.7, a space-time harmonic
function for (Ly , t > 0). Then

1t
<¥/Of(LS,S)ds,tZO>

15 a I-martingale.

Proof
We write this process as:

(/1f(Ltu,ut) du , t > O)
0

Now, for fixed t > 0,

1
/fLm,ut ) du (law) / f(Xut,ut) du

0

and we may apply Corollary 3.7.1.
O

Here are two examples of application of the above proposition, for two partic-
ular cases of Lévy processes, namely (v, , t > 0) a standard Gamma process,
and (N; , t > 0) a standard Poisson process.

We recall (see, e.g., Schoutens [9]) the following generating function:

N
(1+2)" exp(=Ag) =D = Cu u, g, A >0 (15)
n=0

where {C,(u,g) , n € N} denotes the sequence of Charlier polynomials.
Now, we note that, with an obvious terminology: for every A > 0,

{(1+N) exp(=A7), t >0} is a Gamma martingale,

and {(1+ A)™ exp(—=At), t >0} is a Poisson martingale.
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Consequently, from (15), for any n € N, {C,,(t,7,) , t > 0} and {C,,(N,, 1) , t >
0} are, respectively, a Gamma martingale, and a Poisson martingale. Finally,
from Proposition 4.7, we obtain that, for any n € N,

t t
<% / Cn(s,vs) ds, t > 0) and (% / Cn(Ns,8)ds , t > 0)
0 0

are l-martingales.

4.4 Some properties of the map: & — o*

In this subsection, we present some general results concerning the map:
® — ®F. They extend those obtained by Hirsch-Yor [5] in the Brownian
setting, that is when L = B is a Brownian motion.

In what follows, we denote, for 1 < p < oo, simply by LP the LP-space
with respect to P. For 0 < r < oo, LP(F,) denotes the subspace of LP
consisting of those functions which are F,-measurable. || ||, denotes the
LP-norm.

Theorem 4.8 Let 1 < p < oo, r € [0,00] and & € LP(F,). Then,

1) for any t € [0,1], ® € LP(F,,) (with the usual convention: too = oo if
t#0 and 0oco =0);

2) for any t € 0,1, || @} ||, < | @ |,s

3) the map:
tel0,1] — o e LP

18 continuous;
4) for any t,s € [0,1],
(@7)% = @],

Proof
Property 1) is clear by definition of ®* (formula (12)).
We also have by (12):

[OF7 < By [[@F (Lo + Liina)|

Therefore,
| @112 < By g |19 (Lo + L)

By the remark in Subsection 2.5, the right hand side is equal to || [|?.
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Let now hy,---,h, be functions with compact support in [0, c0), inte-
grable with respect to the Lebesgue measure, and let ¢ be a bounded con-
tinuous function on R™. We consider

@—90(/000Luh1(u) du,---,/OOOLuhn(u) du)

Pf = Ez {gp (/ Ly hi(u) du +/ Z(lft)u hi(u) du, - - )}
0 0

Since the paths of L and L have a countable set of discontinuities, a domi-
nated convergence argument yields:

Then

Vtg >0  lim ®} = & as.

t—to

and, therefore, LP-continuity also holds. Now, the functions ® of the above
kind are dense in L?, which, thanks to Property 2), implies Property 3) .
By formula (12) again,

(<I>§)§ = E(Z,Z) D(Lise + Zt(l—s)o + E(l—t)o)

where (L, Z, E) are three independent copies. According to Subsection 2.5,

Li1—s)e + Z(l—t)o has the same law as L(1_ss)e and is independent of L. Prop-
erty 4) therefore follows from (12).
([

4.5 Some further examples
4.5.1
The following example is the analogue of that in Hirsch-Yor [5, § 3.4.3].
Proposition 4.9 Let F € L'Y(P) and { be a Borel function on [0, 1].
1) Assume
/01 ()| du < (16)

We consider

1
o :/ F? {(u) du
0
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Then, for 0 <t <1,

1 [t U
ﬂ:— ﬂ —
Pt t/OFM(t) du (17)

2) Assume that £ is absolutely continuous on |0, 1] and

/0 10/ (u)| v du < oo (18)

Then (16) holds and ®* defined by (17) is a process with finite variation
on (0,1].

Proof We have, by Property 4) in Theorem 4.8:

1
df = / FE, 0(u) du
0

and therefore, formula (17) holds.
The proof of Property 2) is similar to the proof of Proposition 3.9 in
Hirsch-Yor [5]. We actually have, on (0, 1],

d 1
— Pl = =
dt bt

[Ff o) - / "B [0w) 4+ u ()] du

In particular, for 0 < a < 1,

bod
150 e < o0

4.5.2

We extend, in this paragraph, the first part of Proposition 3.13 in Hirsch-Yor
[5].
We assume:

1
/ﬂ§—1+%w(2) dz < oo (19)

Let a € R and r > 0. We take as functional ®, the local time of L at level
a and time r (see Bertoin [1, Chapter V], where condition (19) is shown to
ensure the existence of these local times).
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Proposition 4.10 We have, for t € [0,1),

1 r +o0o
o= — ds/ dz exp[i(Lg —a)z — s(1 —t)1(2)]
2m 0 —00
Proof
Denote, for € > 0, by ¢, the indicator function of the interval [—e, +e|.
We set L
o = — (Ls—a)d
2 ), pells—a)ds

By Corollary 3.2.1 and Proposition 4.3, we have for 0 <t < 1,

1 T
@) =5 [ s [eu=aty) mag@
0

A computation by Fourier transform, taking into account the assumption
(19), yields:

1

(®)f = Py 07" ds/ h dz expli(Lg —a)z — s(1 —t)1(2)]

sin(ez)

(20)

€z
We know (Bertoin [1, Chapter V]) that

lim®, =& in L2

e—0
Therefore,
@%ﬂ%@% in L?

Consequently, taking the limit as € tends to 0 in (20), we obtain by dominated
convergence, thanks to (19), the announced result.
(I

4.6 A Markov semigroup related to the processes ®f

We can interpret the family of maps: & — <I>§, indexed by t < 1, as defined
in Theorem 4.8, in terms of a Markovian semigroup (Q},), where ¢ and h are
related by: t = e™".

Let 1 < p < oo. We set, for & € LP(P) and h > 0,

Qud = @F_,

23



In other words, we have with the notation of Subsection 4.1,

Qn® =Ez [(I)(Le*ho + Z(lfefh%)] » h20

We now may state Theorem 4.8 in the following way.

Proposition 4.11 Q = (Q, , h > 0) is a Markovian strongly continuous
semigroup on LP. Moreover,

Vh >0, V0 e LF, (| Qu®|l, <[P,

and
lim Q,® =E(®) in LP

h—o0

A Markov process can now be associated with the semigroup Q.

Theorem 4.12 We define a Dy-valued process: (Y" | h > 0), by

V' = Xeneen
Then, if ® € L*(P), for all h,k >0,

E[o(Y"™) | Xu] = Qu@(Y™")
Proof
We write ®(Y"F) as:
D (Xo-thtrr00h + Ko-(hib)g ok — Xo- (i) ch )
Therefore, by Theorem 2.2,
E[0(Y") | Xu] = Eg [0V, +La ey
= Qo(Y")
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5 Examples of processes ®" and ¢ obtained
from stochastic integrals with respect to L

5.1 Definition of the stochastic integrals with respect
to L

It is well-known that any Lévy process L can be written as the sum of three
independent Lévy processes LV, L) L) where:

- LW is a Brownian motion with drift,
- LY is a compound Poisson process with jumps of size at least 1,
- L® is a pure-jump martingale having only jumps of size less than 1.

We are interested in this section in functionals ® defined from stochastic
integrals fooo H, dL,. (We identify, as previously, L with the coordinate
process on Dy .)

If L is Brownian, these functionals where studied in Hirsch-Yor [5].

If L is a compound Poisson process, stochastic integrals are ordinary
Stieltjes integrals and the study is rather simple.

Consequently, we concentrate our attention, in this section, on the third
part of L. A little more generally, we assume in the rest of this section, that
the characteristic exponent ¥ of L is

P(A) = / (1—e™+ilz) v(dz)
with v a positive measure on R\ {0} satisfying
O<a::/x2u(daz)<oo
As a consequence,

E(L;) =0 and E(L})=at
We denote in what follows, by H the space of (Fs)-predictable processes

H = (Hy, s > 0) such that
/ E(H?) ds < oo
0

We then obtain easily:
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Proposition 5.1 Let H € 'H. Then, the stochastic integral

/ H,dL,
0

is well defined as an element of L* and

(/OOO H, dLS)2] =a /OOO E(H?) ds (21)
(/OtHdes, tzo)

E

Moreover,

is an (F;)-martingale.

5.2 Examples of processes & and ®? defined from Wiener
type integrals with respect to L

We study in this subsection, functionals of Wiener type integrals [~ h(s) dL,

Proposition 5.2 Let h € L*(R,). Then,

(/OOO h(s) dsXsp, t > 0)

is a Lévy process whose characteristic exponent is
) = [ () ds
0

Proof
We first remark: a
B < 2 ¥

The integral [~ ¢(Ah(s)) ds is therefore convergent.
By approximation of A by simple functions, we get:

]E{exp (u /0 " hs) dsxs,t)] _ E[exp <i)\ /O " hs) dSLtS)}
~ exp (—t /0 T o h(s)) ds)
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The rest of the proposition follows from the properties of the Lévy sheet X
(Theorem 2.2).
(I

We denote in the sequel, by ul the law of fooo h(s) dsXs: The following
extension of Proposition 4.3 holds.

Proposition 5.3 Let h € L*(Ry) and f € L*(ub). We set, for (z,t) €
R x [0, 1],

Flet) = / F(+ ) o (dy)

d=7f (/ h(s) dLS>
0
Then, for 0 <t <1,

¢§:~( T h dsLts,> d <1>;”=~( Th dsXst,)
f/o (s) t an f/o (s) it

In particular, the function:

Let

(L,1) € Dy x [0,1] —> f(/oooh(s) dLS,t)

is a space-time harmonic function for (Xe,, 0 <t <1).

Proof
By formulae (6) and (12),

(I):n = ]EZ f (/0 h(s) dsXs,t +/0 h(s) dsE(l—t)s>:|

O =F; |f (/OOO h(s) dyLys + /OOO h(s) dsi(l_t)s)}

~ 1
Now, as L1—¢)e (law) Xae 1-t, we have the announced result.

and

Corollary 5.3.1 Let h € L*(R) and

B — exp (i /OOO hs) dLs+/0°o w(h(s)) ds)
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Then, for 0 <t <1,

" = exp (i /0 T h(s) doX 4t /0 " w(h(s)) ds)

and

®f = exp (1 /0 Ooh(s) ALy, +t /0 w¢(h(s)) ds)

The above corollary leads to the example presented in Subsection 1.3. Like-
wise, Propositions 3.4 and 4.4 appear as a particular case of Corollary 5.3.1,
taking

h(s) = A Lpu,(s)
Jj=1

Finally, by the same kind of arguments as previously, we obtain the following
extension of Proposition 3.6.

Proposition 5.4 Let p be a bounded signed measure on L*(R,) such that

/]:2(R+) exp (A /OOO h?(s) ds) p(dh)] < oo

for every A\ > 0. Let F' be defined (almost surely) on Dy x R, by

F(L1) = /L o, (i /0 T h(s) AL, + 1 /0 " w(h(s)) ds) o(dh)

Then F is a space-time harmonic function for (Xe; , t > 0). In particular,
setting fort >0 :

B /L o (i /0 T h(s) duLas +1 /0 " w(h(s)) ds) p(dh)

the process (F? |, t > 0) is a 1-martingale.

5.3 Processes ®f for ® a stochastic integral with re-
spect to L

Proposition 5.5 Let H € 'H and

(I>:/ H, dL;
0
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Then, for 0 <t <1,
(I)g = / (Hs)g dsLts (22)
0

As a consequence,
|0 |, < VE] @ (23)

Proof

We first remark that ((H,)?, s > 0) is (Fys)sso-predictable: it is indeed
enough to consider left-continuous, bounded, adapted processes H, for which
the property is clear by the definition (formula (12)). Then, (22) also follows
casily from the definition. Now, by formula (21) and Property 2) in Theorem
4.8,

191 =ta [ E[(H)EP] ds<ta [ B ds =t @2
0 0

which yields (23).

The following corollary improves, in some cases, upon Proposition 4.9.

Corollary 5.5.1 Let H € H and F = fooo H, dL, . Let ¢ be an absolutely
continuous function on (0, 1] such that

1
/ 10 (w)| u3/? du < oo (24)
0

and let )
o :/ FPo(u) du
0

Then ®F is an absolutely continuous process on [0, 1] and its variation belongs
to L.

Proof The proof is similar to that of Proposition 3.9 in [5]. By Proposition
5.5, formula (23),
I FE 2 < VEIF Iz (25)

Therefore, hypothesis (24) is sufficient to entail, as in Proposition 4.9, that
®* is absolutely continuous on (0, 1] and

d 1
_q)gz_

at ot [FMU— /0 FE, [0(u) + u ' (u)] du
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Consequently, by (25),

£ l2
Vi

and hence the announced result follows.

1
ot < LB Dl [ e + o) au
0

O
The following result is an extension of Hirsch-Yor [5, Theorem 5.1]. The
proof is quite similar and will be omitted.

Theorem 5.6 Let H € H and & = fol H, dL,. Then ®* is an (F;)-
martingale if and only if the following condition is fulfilled:
There exists a version of H which is L*-continuous on [0,1) and satisfies:

Yu e [0,1), Vt € [0,1], (H,)!= Hy,,

In particular, if F € L*(F,) and ® = fol F! dL,, then ®F is an (F)-
martingale.

6 Examples related to fractional a-stable pro-
cesses

6.1 Fractional stable processes

In this section, we fix o € (0, 2], and we consider a R?-valued Lévy process:
L = (L', L?), where L' and L? are two independent copies of a strictly a-
stable R-valued Lévy process with characteristic exponent:

P(A) =c|A\|*(1 +ibsign(N)), c¢>0andbeR

Let H € (0,1) and v = H — é Following for example Samorodnitsky-Taqqu
[10, Definition 7.4.1], we define a fractional stable motion L*#  setting, for
t>0,

t [ee]
Lot = / (t—s) dL! + / (t+5)" — 8] dL2
0 0

(Here, for simplicity, we consider the process as defined only on R, , and not
on R as usual.)

It is easy to see that this process has the scaling property of index H™!,
which means that, for any k£ > 0,

(law

Ll ) R g (26)
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As a particular case, if « =2, b =0 and
oo -1
c=cy .= |:H—1 492 / [<1 —I—S)H_1/2 _ SH_1/2]2 ds}
0

then L* is the classical fractional Brownian motion B with Hurst index
H. In this case, L' and L? have the same law as /2 cy B, where B denotes
a standard Brownian motion.

We set, for e = 41,

141 >
d. =c { +1€b+(1+iebsign(7))/ (1+s)” — 57" ds]
aH 0

(for the fractional Brownian motion, d. = 1/2). The following proposition,
which is well-known (see [10]), can also be seen as a consequence of Propo-
sition 5.2.

Proposition 6.1 We have, for A € R and t > 0,

E [exp(i)\Lf’H) = exp(—dsign(n | A"t )

We denote, in the sequel, by p® the law of L&

6.2 Definition of the processes ¢ and o™

We now introduce processes ®* and ™ which are slightly different from those
which were defined before, but better adapted to the present framework.

The Lévy process which is henceforth considered is L = (L', L?) presented
in the previous subsection. The associated Lévy sheet is obviously X =
(X1, X?), where X! and X? are two independent Lévy sheets associated with
L' and L?. We consider the space Dy x Dy equipped with the probability
P x P, which is the law of L. Here again, we identify the coordinate process
e = (¢!,€2) on Dy x Dy with the process L.

As L has the scaling property of index o~ !, for any ¢ > 0,

law

t’th. (:) LtaH °

Therefore, if L is an independent copy of L,

t’th. + Z(l_taH). (la:VV) L.
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Now, if ® € L'(P x P), we set, for 0 <t < 1,
o = E- [cb(ﬂLt. + Lugorye)| and @ = B [B(X, jor + Loy

where, in the last equality, L is assumed independent of X.
We also set ®f = & = E(P).

The processes (¥, 0 <t < 1) and (®7", 0 < ¢ < 1) have quite similar
properties as before (Sections 3, 4, 5). In particular:

Theorem 6.2 The process (7, 0 <t < 1) is a (Xyar)-martingale and, for

0<t<1,
@} ' o

As a consequence, ®F is a 1-martingale.

6.3 Some examples

In the sequel, we consider some simple functionals of L.

Proposition 6.3 Let r > 0 and f € L*'(u>H"). We consider ® = f(L>H).
Then, for 0 <t <1,

0 = [ L (= ey e a)

Proof
Let a > 0. Then we obtain by change of variable:

t 00
Vi >0, / (t— sy dL! + / (t+5) — & dI2, = a7 LM
0 0
Therefore, by the definition of ®?:
(bg = EEQ,H [f <Lta1:H + (1 - tOéH)*'Y L(a]_’?taH)r>:|

where L%H denotes an independent copy of L%, Now, by the scaling prop-

erty (26),
(U= ) Ly, " (1 = gy o L
which gives the announced result.

O

As a straightforward consequence of Propositions 6.1 and 6.3, we obtain the
following important example.
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Proposition 6.4 We set, for A € R and u > 0,
PM = exp (i ANLEH 4 dsign(x) |A|” uO‘H)

Then, for 0 <t <1,
(q))\,u)g _ CI))\,tu

Corollary 6.4.1 For every A € R and r > 0, the process

1 t
(; / exp (AL + dygnyy N *u) du, 0 <t < r)
0
1s a I-martingale.

Proof
Let

) :/ M du
0

Then, by Proposition 6.4, we have for 0 <t <1,

r 1 rt
o :/ PMU qu = —/ M du
0 0

Therefore, the process

~+

1

rt
(E / exp (i)\ij’H + dign()) |)\|°‘uO‘H) du, 0<t< 1)
0

is a 1-martingale, which, after replacing rt by ¢, is the announced result.
O

In the case of the fractional Brownian motion with Hurst index H («a = 2,
d. = 1/2), the previous Proposition 6.4 and Corollary 6.4.1 can be extended
to any A € C. In particular, we have the following extension of our guiding
example of Subsection 1.2:

Proposition 6.5 For every A € R and r > 0, the process

1 /[ A2
(—/exp()\Bf——uM) du,0§t§r>
t Jo 2

1s a I-martingale.

Finally, we remark that Corollary 6.4.1 and Proposition 6.5 extend to ¢t > 0
instead of 0 < ¢ < r:
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Proposition 6.6 1) For every A € R, the process

1 t
(; /0 exp (i)\Lg’H + dgign(y) \)\]"‘uaH) du, t > O)

15 a 1-martingale.

2) For every A € R, the process

I A2
<—/exp<)\Bf——u2H> du,tZO)
t Jo 2

15 a 1-martingale.

Proof
We prove, for example, property 1).
Let, for A € R and ¢t > 0,

1
M, = / exp (IA LY (X jart) + deignoy [A|* (Ew)*7) du
0

where L2H (X, ton) means that, in the expression of L2H one has replaced
the process Lo by the process Xqjon. Then (M, , t > 0) is a (Xjan)-
martingale: this comes, by Proposition 6.1, from the fact that, if 0 < s <,

X.7to¢H - X.’SQH (lg) (taH - SaH)l/a L.

Now, by the scaling properties, for ¢ > 0 fixed,
(law)

(L?&H , 0<u < 1) =" (LM (Xepan) , 0<u < 1)

and the result follows easily.
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