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Abstract We give some adequate extension, in the framework of a general Lévy process,
of our previous construction of processes with one-dimensional martingale marginals, done
originally in the set-up of Brownian motion. The Lévy process framework allows us to
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1 Introduction

1.1 Convex order increase and 1-martingales

This paper is devoted to investigations about two apparently different classes
of processes, which are:

(C1) the class of processes (Ut , t ≥ 0) which are increasing in the convex
order, that is: for any g : R −→ R convex, the function: t −→ E[g(Ut)]
is increasing;

(C2) the class of processes (Vt , t ≥ 0) which are 1-martingales, that
is: there exists, on possibly another probability space, a martingale

(Mt , t ≥ 0) such that, for any given t ≥ 0, Vt
(law)
= Mt.

In fact, these two classes cöıncide, as it gradually emerged from the papers by
Strassen (1965), Doob (1968), and Kellerer (1972). See, especially, Kellerer
([7, p. 120]).
However, the proofs offered in these three papers of the identity between
the two classes (C1) and (C2) are not constructive, and it is an interest-
ing question, given a process (Ut , t ≥ 0), or the family of its marginals
(µt , t ≥ 0), which are increasing in the convex order, to find, as explicitly
and concretely as possible, a martingale (Mt , t ≥ 0) which admits the same
one-dimensional marginals (µt , t ≥ 0) as (Ut , t ≥ 0). A connected question
is to exhibit large classes of 1-martingales, and so to obtain large classes of
processes which are increasing for the convex order.
These aims have already been the topic of the papers by Madan-Yor [8],
Baker-Yor [2], Hirsch-Yor [5].
In the present paper we work towards these goals in a general Lévy process
framework.

1.2 The Brownian “guiding example”

In our previous paper [5], we worked in a Brownian motion framework, and
used in an essential manner the Wiener (or Brownian) sheet (Wu,t ; u ≥
0, t ≥ 0) in order to construct martingales with respect to

Wt = σ{Wu,s ; u ≥ 0, s ≤ t} , t ≥ 0

The two key properties we used are:

a) (W•,t , t ≥ 0) is a Lévy process, taking values in C([0,∞); R) (in fact, it
may be called a C([0,∞); R)-Brownian motion);
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b) for any fixed t ≥ 0, Bt •
(law)
= W•,t .

The “guiding example” in Baker-Yor [2] and Hirsch-Yor [5] has been the
identity in law, which follows from b): for fixed t > 0 ,

(G)
1

t

∫ t

0

exp

(
λBs −

λ2s

2

)
ds

(law)
=

∫ 1

0

exp

(
λWu,t −

λ2ut

2

)
du

and the fact that the RHS in (G) is a (Wt)-martingale.
In this paper, we develop some adequate extensions of (G), with Brownian

motion being replaced by a general Lévy process (then, λ often needs to be
assumed purely imaginary).
Thus, for this purpose, to a Lévy process (Lt , t ≥ 0), we associate a Lévy
sheet (Xu,t ; u ≥ 0, t ≥ 0) and the exact analogues of a) and b) are satisfied.
This is the content of Section 2.

1.3 Extending (G) in the Lévy framework

We now explain how (G) above may be developed in the Lévy framework;
we do so in the hope that it will facilitate the reader’s understanding of our
construction of martingale processes (Φm

t (X)) and 1-martingale processes
(Φ]

t(L)), as indicated briefly in Subsection 1.4 below, and developed thor-
oughly in Sections 3 and 4 of the paper.

Let D0 be the Skorokhod space consisting of all càdlàg functions ε from
R+ into R such that ε(0) = 0. Searching for some adequate extension of (G),
we would like to find a reasonable class of functionals U(ε, s) (ε ∈ D0 , s ≥ 0)
such that the process:

Vt =
1

t

∫ t

0

U(Ls •, s) ds , t ≥ 0

is a 1-martingale. We show in particular (see Proposition 4.7) that this is the
case for U(ε, s) = f(ε(1), s), where f(x, s) is a space-time harmonic function
for L. In general, concerning Vt, we note that, from b) written for the pair
(L,X) instead of (B,W ), we get, for fixed t,

Vt =

∫ 1

0

U(Lu t •, u t) du
(law)
=

∫ 1

0

U(Xu •,t, u t) du

Thus, in order to show that (Vt , t ≥ 0) is a 1-martingale, it suffices to find
U such that, for any given u ∈ (0, 1), the process

(U(Xu •,t, u t) , t ≥ 0)
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is a (Xt)-martingale, where:

Xt = σ{Xv,s ; v ≥ 0, s ≤ t}

Already, a large class of such functionals U may be obtained by taking ( ψ
denoting the characteristic exponent of the Lévy process L):

U(ε, s) = exp

(
i

∫ 1

0

h(v) dε(v) + s

∫ 1

0

ψ(h(v)) dv

)
(1)

for, say, bounded Borel h’s. Consequently, the process:

Ht =
1

t

∫ t

0

exp

(
i

∫ 1

0

h(v) dvLs v + s

∫ 1

0

ψ(h(v)) dv

)
ds

=
1

t

∫ t

0

exp

(
i

∫ s

0

h
(v
s

)
dLv +

∫ s

0

ψ
(
h
(v
s

))
dv

)
ds (2)

is a 1-martingale.
To present real-valued variants of this construction, we assume that L is

a subordinator τ , so that its Lévy-Khintchine representation is:

E[exp(−λ τs)] = exp(−s φ(λ)) , s ≥ 0, λ ≥ 0

Then, we may modify the previous formula (2) as:

Kt =
1

t

∫ t

0

exp

(
−
∫ s

0

k
(v
s

)
dτv +

∫ s

0

φ
(
k
(v
s

))
dv

)
ds (3)

for k a nonnegative bounded Borel function.
We believe that the reader who kept with us throughout this construction

should not find the more general set-up for constructing 1-martingales, as it
is developed below, either too difficult or too abstract.

1.4 A systematic construction of 1-martingales

We equip the Skorokhod space D0 with the law P of L.
In agreement with the preceding discussion in 1.3, we associate, in Sections
3 and 4, to a general functional Φ ∈ L1(P) two processes, the first one being
defined in terms of X, and the second one in terms of L: for 0 ≤ t ≤ 1,

Φm
t (X) = Π1−tΦ(X•,t) and Φ]

t(L) = Π1−tΦ(Lt •)

where (Πs , s ≥ 0) is the semigroup of the D0-valued Lévy process (X•,t , t ≥
0). Two key properties of Φm and Φ] are:
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i) (Φm
t , t ≤ 1) is a (Xt)-martingale;

ii) for any fixed t ≤ 1, Φm
t

(law)
= Φ]

t .

Consequently, (Φ]
t , t ≤ 1) is a 1-martingale; hence, it is also increasing in

the convex order.

1.5 Considering space-time harmonic functions
for (X•,t)t≥0

Another manner to express the above property i) is to say that Π1−tΦ(ε) is
a space-time harmonic function of (ε, t) ∈ D0 × [0, 1], for (X•,t) .
It is then natural to look for some suitable extension of the discussion made in
the previous subsection 1.4. This is easy indeed: start with a generic space-
time harmonic function F (ε, t) on D0 × R+ and consider both processes:

Fm
t = F (X•,t, t) and F ]

t = F (Lt •, t)

They satisfy:

i’) (Fm
t , t ≥ 0) is a (Xt)-martingale;

ii’) for any fixed t ≥ 0, Fm
t

(law)
= F ]

t .

1.6 Further examples of 1-martingales

In Section 5, we exhibit examples of 1-martingales defined from stochastic
integrals with respect to L. They are closely related to the extension of (G)
we discussed in Subsection 1.3.

1.7 Extension to fractional Brownian and α-stable pro-
cesses

Finally, in Section 6, we show that a slight variation of our method allows
to prove that, if (BH

s , s ≥ 0) denotes the fractional Brownian motion with
Hurst index H, then:

1

t

∫ t

0

exp

(
λBH

s −
λ2

2
s2H

)
ds , t ≥ 0

is a 1-martingale.
We also present extensions when BH is replaced by any fractional α-stable
process.
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2 From a Lévy process L to its Lévy sheet X

In this section, we shall precise our framework and the notation.

2.1 The Lévy-Khintchine representation of L

We start with a real-valued Lévy process (Lt , t ≥ 0) starting from 0. We
denote by ψ its characteristic exponent:

∀λ ∈ R, ∀t ≥ 0, E [exp(iλLt)] = exp(−t ψ(λ))

One has (Lévy-Khintchine formula):

ψ(λ) = σ2 λ
2

2
+ i γ λ+

∫ (
1− eiλx + iλx 1|x|≤1

)
ν(dx)

with σ, γ ∈ R and ν a positive measure on R \ {0} such that∫
x2

1 + x2
ν(dx) <∞

We refer e.g. to Bertoin [1] for a deep study of Lévy processes.

2.2 The Skorokhod space

We denote by D0 the Skorokhod space consisting of all càdlàg functions ε
from R+ into R such that ε(0) = 0 (we refer, for example, to Jacod-Shiryaev
[6, VI-1]). The space D0 is equipped with the probability P which is the law
of L. We often identify L with the coordinate process on D0.
We denote by (Ft) the natural filtration of L on (D0,P) and we set F = F∞.
Thus, F is the Borel σ-field of D0 completed with respect to P.

2.3 The X-integral of a rectangle R

If (Xs,t ; s ≥ 0, t ≥ 0) is a real-valued two-parameter process and if

R = (s1, s2]× (t1, t2] , s1 < s2, t1 < t2

is a rectangle, we set

∆RX = Xs2,t2 −Xs1,t2 −Xs2,t1 +Xs1,t1

and we denote by |R| the area of R:

|R| = (s2 − s1)(t2 − t1)
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2.4 Defining the Lévy sheet X

The following results, for which we refer for example to Dalang-Walsh [3,
Section 2], are essential for our purpose.

Theorem 2.1 There exists a real-valued two-parameter process X = (Xs,t ; s ≥
0, t ≥ 0) satisfying the following properties:

1)

∀s, t ≥ 0, Xs,0 = X0,t = 0

2) Almost surely, for any s, t ≥ 0, Xs,• and X•,t are càdlàg functions on R+

.

3) For all finite sets of disjoint rectangles R1, · · · , Rn, the random variables
∆R1X, · · · ,∆RnX are independent.

4) For any rectangle R,

∆RX
(law)
= L|R|

The process X will be called the Lévy sheet associated with L.
Let, for t ≥ 0,

Xt = σ{Xu,v ; u ≥ 0 , 0 ≤ v ≤ t)

We summarize, in the following theorem, some straightforward consequences
of Theorem 2.1, which we will need in the sequel.

Theorem 2.2 a) Let 0 ≤ t1 ≤ t2. Then the process (Xs,t2−Xs,t1 , s ≥ 0) is
a Lévy process starting from 0, independent of Xt1, and having the same
law as (L(t2−t1) s , s ≥ 0).
In particular, for any fixed t ≥ 0,

X•,t
(law)
= Lt •

b) There is the equality in law:

(Xs,t ; s, t ≥ 0)
(law)
= (Xt,s ; s, t ≥ 0)

Thus, a) may be stated with the roles of s and t exchanged.
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2.5 Remark

In the sequel, the following elementary fact shall play some important role:
Let L̃ be an independent copy of L. Then, for any A,B ≥ 0,

LA • + L̃B •
(law)
= L(A+B) •

In particular, this shows that the D0-valued random variable L• is infinitely
divisible. Theorem 2.2, a), then states that the Lévy sheet X may be under-
stood as the D0-valued Lévy process (X•,t , t ≥ 0) such that:

X•,1
(law)
= L•

3 The processes (Φm
t (X) , 0 ≤ t ≤ 1)

3.1 Some equivalent formulae

To any Φ ∈ L1(P), we associate a process Φm(X) = (Φm
t (X) , 0 ≤ t ≤ 1) by

Φm
t (X) = E [Φ(X•,1) | Xt] , 0 ≤ t ≤ 1 (4)

By definition, Φm(X) is thus a (Xt)-martingale.
In what follows, we often will denote Φm

t (X) (resp. Φm(X)) simply by Φm
t

(resp. Φm).

Theorem 3.1 For 0 ≤ t ≤ 1, the following alternative formulae hold:

Φm
t = E eX

[
Φ(X•,t + X̃•,1−t)

]
(5)

Φm
t = EeL

[
Φ(X•,t + L̃(1−t) •)

]
(6)

Φm
t = Π1−tΦ(X•,t) (7)

where

- in (5), X̃ is an independent copy of X, and E eX means integrating with

respect to X̃;

- in (6), L̃ is a copy of L, independent of X, and EeL means integrating with

respect to L̃;

- in (7), (Πt(ε, dη) , t ≥ 0) denotes the semigroup of (X•,t , t ≥ 0) viewed
as a D0-valued Lévy process.
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Proof
We have:

Φ(X•,1) = Φ(X•,t + (X•,1 −X•,t))

Then, formulae (5) and (6) follow directly from Theorem 2.2.
We obtain formula (7) from (4) simply by the definition of the semigroup
(Πt).

2

3.2 Interpretation in terms of space-time harmonic func-
tions

There is another way to understand the previous definition.
Let r > 0. A function F on D0×[0, r] is called a space-time harmonic function
for (X•,t , 0 ≤ t ≤ r), if the process

(F (X•,t, t) , 0 ≤ t ≤ r)

is a martingale. Likewise, a function F on D0× [0,+∞) is called a space-time
harmonic function for (X•,t , t ≥ 0) if the process

(F (X•,t, t) , t ≥ 0)

is a martingale.
Let us mention that H. Föllmer [4] determined the nonnegative space-time
harmonic functions for (W•,t , t ≥ 0) where W is the Brownian sheet.
The definition (4) may be written as:

Φm
t = FΦ(X•,t, t) (8)

where FΦ, defined on D0 × [0, 1], is the space-time harmonic function for
(X•,t , 0 ≤ t ≤ 1) such that FΦ(ε, 1) = Φ(ε).
We note that, from formulae (6), (7) and (8), one obtains:

FΦ(ε, t) = EeL[Φ(ε+ L̃(1−t) •)] = Π1−tΦ(ε) (9)

where L̃ is an independent copy of L.
We are then led to exhibit such space-time harmonic functions.
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3.3 Some examples

In the sequel, µt denotes the law of Lt.

Proposition 3.2 Let u0 = 0 < u1 < · · · < un and u = (u1, · · · , un). We set:

νut =
n⊗
j=1

µt(uj−uj−1)

We consider f ∈ L1(νu1 ) and

Φ(ε) = f(ε(u1), ε(u2)− ε(u1), · · · , ε(un)− ε(un−1))

Then

FΦ(ε, t) =

∫
Rn
f(ε(u1)+y1, ε(u2)−ε(u1)+y2, · · · , ε(un)−ε(un−1)+yn) νu1−t(dy)

Proof
This is a straightforward consequence of formula (9), since νut is the law

of
(Ltu1 , Ltu2 − Ltu1 , · · · , Ltun − Ltun−1)

2

Corollary 3.2.1 Let r > 0 and f ∈ L1(µr). We set, for (x, t) ∈ R× [0, 1],

f̃(x, t) =

∫
R
f(x+ y) µr(1−t)(dy) (10)

If Φ(ε) = f(ε(r)), then

FΦ(ε, t) = f̃(ε(r), t)

Moreover, (f̃(Lr t, t) , 0 ≤ t ≤ 1) is an (Fr t)-martingale.

Proof
We apply Proposition 3.2 to: n = 1, u1 = r. Moreover, we have clearly

by (10),

f̃(Lr t, t) = E[f(Lr) | Fr t]

2

Since (f̃(Lr t, t) , 0 ≤ t ≤ 1) is an (Fr t)-martingale, the functions f̃ defined
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by formula (10) may be called space-time harmonic function for (Lr t , 0 ≤
t ≤ 1). We give hereafter an “infinitesimal characterisation” of some of
such space-time harmonic functions. We first introduce the space C0(R) of
continuous real functions tending to 0 at infinity. We denote by (Pt) the
semigroup on C0(R) defined by:

∀f ∈ C0(R), ∀t ≥ 0, ∀x ∈ R, Ptf(x) =

∫
f(x+ y) µt(dy)

Then, f̃(x, t) in (10) is Pr(1−t)f(x), and (Pt) is a strongly continuous semi-
group with infinitesimal generator denoted by A. We denote the domain of
A by dom A.

Proposition 3.3 Let H ∈ C(R× [0, 1]) such that:

i)

lim
x→∞

sup
t∈[0,1]

|H(x, t)| = 0

ii)

∀t ∈ [0, 1], H(•, t) ∈ dom A

iii)

∂H

∂t
(x, t) exists on R× [0, 1]

iv)

∀(x, t) ∈ R× [0, 1]
∂H

∂t
(x, t) + r A[H(•, t)](x) = 0

Then, for all (x, t) ∈ R× [0, 1],

H(x, t) = Pr(1−t)(H(•, 1))(x)

In other words, H = f̃ with f = H(•, 1).
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Proof
We set, for a > 0,

K(x, t) = Pr(1−t)(H(•, 1))(x) and Ra(x, t) = K(x, t)−H(x, t) + a t

Then, Ra(x, 1) = a, limx→∞Ra(x, t) = a t uniformly with respect to t ∈ [0, 1],
and

∀(x, t) ∈ R× [0, 1]
∂Ra

∂t
(x, t) + r A[Ra(•, t)](x) = a > 0 (11)

Now, if the supremum of Ra on R × [0, 1] is > a, then this supremum is
achieved at (x0, t0) with 0 ≤ t0 < 1 and x0 ∈ R. We then have, by maximum
principle,

∂Ra

∂t
(x0, t0) ≤ 0 and A[Ra(•, t0)](x0) ≤ 0

This contradicts (11). Therefore, for any (x, t) ∈ R × [0, 1], Ra(x, t) ≤ a.
Letting a tend to 0, we obtain K ≤ H and, likewise, we have H ≤ K.

2

We now present another consequence of Proposition 3.2. We recall that
ψ denotes the characteristic exponent of L.

Proposition 3.4 Let 0 < u1 < · · · < un and λ1, · · · , λn ∈ R. We set, for
1 ≤ j ≤ n− 1,

µj = ψ(λj + λj+1 + · · ·+ λn)− ψ(λj+1 + · · ·+ λn)

and µn = ψ(λn). Let

Φ(ε) = exp

[
i

n∑
j=1

λj ε(uj)

]

Then,

FΦ(ε, t) = exp

[
n∑
j=1

(i λj ε(uj)− (1− t)µjuj)

]

Proof
We can write

Φ(ε) = exp

[
i

n∑
j=1

νj (ε(uj)− ε(uj−1))

]
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with νj = λj + · · ·+ λn and u0 = 0. Therefore, by Proposition 3.2,

FΦ(ε, t) = Φ(ε) exp

[
−(1− t)

n∑
j=1

ψ(νj) (uj − uj−1)

]
Moreover,

n∑
j=1

ψ(νj) (uj − uj−1) =
n∑
j=1

µj uj

2

The same kind of computation as above yields both following propositions.
The notation is the same as in the previous proposition.

Proposition 3.5 For any t ≥ 0,∫
D0

exp

[
i

n∑
j=1

λj η(uj)

]
Πt(ε, dη) = exp

[
n∑
j=1

(i λj ε(uj)− t µj uj)

]
This therefore determines Πt(ε, dη) from the Fourier transforms of its finite-
dimensional marginals.

Proposition 3.6 Let, for (ε, t) ∈ D0 × R+,

F (ε, t) = exp

[
n∑
j=1

(i λj ε(uj) + t µj uj)

]
Then F is a space-time harmonic function for (X•,t , t ≥ 0). In other words,(

exp

[
n∑
j=1

(i λj Xuj ,t + t µj uj)

]
, t ≥ 0

)
is a (Xt)-martingale.

The following proposition, which is actually a variant of Corollary 3.2.1, gives
other examples of space-time harmonic functions for (X•,t , t ≥ 0).

Proposition 3.7 Let f : R× R+ −→ R be a space-time harmonic function
for (Lt , t ≥ 0), i.e. :

(f(Lt, t) , t ≥ 0) is a (Ft)-martingale.

Then, for any u ≥ 0,

Fu : (ε, t) ∈ D0 × R+ −→ f(ε(u), u t)

is a space-time harmonic function for (X•,t , t ≥ 0).

13



Proof
We obviously have:

(f(Lu t, u t) , t ≥ 0) is a (Fu t)t≥0-martingale.

Therefore, for 0 ≤ s ≤ t,

EeL
[
f(x+ L̃(t−s)u, u t)

]
= f(x, u s) µu s(dx)-a.s.

Now, by Theorem 2.2,

E [Fu(X•,t, t) | Xs] = EeL
[
f(Xu,s + L̃(t−s)u, u t)

]
The result then follows from the fact that the law of Xu,s is µu s. 2

Corollary 3.7.1 Let f be as in the previous proposition. Then the function:

F : (ε, t) ∈ D0 × R+ −→
∫ 1

0

f(ε(u), u t) du

is a space-time harmonic function for (X•,t , t ≥ 0).

4 The processes (Φ]
t(L) , 0 ≤ t ≤ 1)

4.1 Definition and relation with (Φm
t (X) , 0 ≤ t ≤ 1)

To any Φ ∈ L1(P), we now associate a process Φ](L) = (Φ]
t(L) , 0 ≤ t ≤ 1)

by

Φ]
t(L) = EeL

[
Φ(Lt • + L̃(1−t) •)

]
, 0 ≤ t ≤ 1 (12)

where L̃ is an independent copy of L, and EeL means integrating with respect

to L̃.
In what follows, we will often denote Φ]

t(L) (resp. Φ](L)) simply by Φ]
t (resp.

Φ]). Moreover, we identify in our notation, the coordinate process on D0

with the process L, that is we identify ε(•) with L•. We have:

Φ]
0 = E(Φ), Φ]

1 = Φ, E(Φ]
t) = E(Φ)
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Theorem 4.1 We have, with the notation of Section 3,

Φ]
t = Π1−tΦ(Lt •) = FΦ(Lt •, t) (13)

In particular, for any given t ∈ [0, 1],

Φ]
t

(law)
= Φm

t

Hence, Φ] is a 1-martingale.

Proof
Formula (13) follows directly from (6), (7), (9) and (12). Now, since Lt •

has the same law as X•,t, we clearly have from (7) and (13): Φ]
t

(law)
= Φm

t .
2

4.2 A chaos decomposition formula for Φ]
t in the

Poisson case

We first recall that, among Lévy processes, only Brownian motion (with drift)
and the Poisson process enjoy the chaos decomposition property. In the case
L = B, we presented in Hirsch-Yor [5] a formula for Φ]

t(B), based on the
chaos decomposition of Φ. We now derive such a formula when L = N is the
standard Poisson process, or rather (equivalently), when (Lt = Nt−t , t ≥ 0)
is the centered Poisson process. In this case, any Φ(L) which belongs to L2(P)
may be written as:

Φ(L) = E(Φ) +
∞∑
n=1

∫ ∞
0

dLs1

∫ s1−

0

dLs2 · · ·
∫ sn−1−

0

dLsn ϕn(s1, · · · , sn) (14)

with the sequence (ϕn) satisfying

∞∑
n=1

∫ ∞
0

ds1

∫ s1

0

ds2 · · ·
∫ sn−1

0

dsn ϕ
2
n(s1, · · · , sn) <∞

We may then deduce from formula (12) the following representation of Φ]
t(L).

Proposition 4.2 Let Φ ∈ L2(P) and L = (Nt − t , t ≥ 0). Then, with the
previous notation, the following formula holds for t fixed, 0 ≤ t ≤ 1:

Φ]
t(L) = E(Φ) +

∞∑
n=1

∫ ∞
0

dLt s1

∫ s1−

0

dLt s2 · · ·
∫ sn−1−

0

dLt sn ϕn(s1, · · · , sn)]

15



Proof
Combining formulae (12) and (14), we obtain the formula stated in the

Proposition, since in formula (12), the expectation with respect to L̃ of any

stochastic integral involved is equal to 0, as L̃ is a martingale.
Note that we might also use Proposition 5.5 below, and reason by induc-

tion on the order of the chaos.
2

4.3 Some examples

We now present examples corresponding to those given in Subsection 3.3.

Proposition 4.3 We keep the notation and hypotheses of Corollary 3.2.1.
Then, for 0 ≤ t ≤ 1,

Φ]
t = f̃(Lr t, t) and Φm

t = f̃(Xr,t, t)

Consequently, in this particular case, the processes Φ] and Φm have the same
law.

The following proposition is a direct consequence of Proposition 3.4 and of
formula (13).

Proposition 4.4 Let 0 < u1 < · · · < un and λ1, · · · , λn ∈ R. We set as in
Proposition 3.4, for 1 ≤ j ≤ n− 1,

µj = ψ(λj + λj+1 + · · ·+ λn)− ψ(λj+1 + · · ·+ λn)

and µn = ψ(λn). Let

Φλ,u = exp

[
n∑
j=1

(
i λj Luj + µj uj

)]

Then, for 0 ≤ t ≤ 1,

(Φλ,u)]t = Φλ,t u = exp

[
n∑
j=1

(
i λj Lt uj + t µj uj

)]

16



Corollary 4.4.1 Let, for a > 0,

∆a
n = {u = (u1, · · · , un) ; 0 < u1 < · · · < un ≤ a}

We set

Φ =

∫
∆a
n

Φλ,u du =

∫
∆a
n

exp

[
n∑
j=1

(
i λj Luj + µj uj

)]
du

Then, for 0 < t ≤ 1,

Φ]
t = t−n

∫
∆ta
n

Φλ,u du = t−n
∫

∆ta
n

exp

[
n∑
j=1

(
i λj Luj + µj uj

)]
du

In the particular case n = 1, we have the following extension of our guiding
example in Subsection 1.2.

Corollary 4.4.2 Let λ ∈ R and a > 0. If

Φ =

∫ a

0

exp (iλLu + ψ(λ)u) du

then, for any 0 < t ≤ 1,

Φ]
t =

1

t

∫ at

0

exp (iλLu + ψ(λ)u) du

and Φ]
0 = a.

In some cases, it is possible to replace the above exponentials with purely
imaginary arguments by real-valued exponentials.

Lemma 4.5 Suppose that for some r > 0 and λ ∈ R,

E [exp(λLr)] <∞

Then, there exists φ(λ) ∈ R such that

∀t ≥ 0 E [exp(λLt)] = exp (t φ(λ))

17



Proof
Properties of Lévy processes imply that, for any q ∈ Q+,

E [exp(λLq r)] = exp (q r φ(λ))

with φ(λ) = r−1 log {E [exp(λLr)]}.
By the right continuity of L and Fatou’s Lemma,

∀t ≥ 0 E [exp(λLt)] ≤ exp (t φ(λ)) <∞

Therefore the function

` : t ≥ 0 −→ E [exp(λLt)] ∈ R

is a l.s.c function satisfying

∀t, s ≥ 0 `(t+ s) = `(t) `(s)

Therefore ` is an exponential and

∀t ≥ 0 E [exp(λLt)] = exp (t φ(λ))

2

Proposition 4.6 Suppose the condition in Lemma 4.5 is satisfied and let,
for u > 0,

Φu = exp(λLu − uφ(λ))

Then, for 0 ≤ t ≤ 1,

(Φu)]t = exp(λLt u − t u φ(λ))

As a consequence, if

Φ =

∫ a

0

exp(λLu − uφ(λ)) du

then, for 0 < t ≤ 1,

Φ]
t =

1

t

∫ at

0

exp(λLu − uφ(λ)) du

18



According to Subsection 1.5, we may, by Proposition 3.6, extend the
definition of the processes (Φ]

t , 0 ≤ t ≤ 1) in Proposition 4.4, Corollary
4.4.1, Corollary 4.4.2 and Proposition 4.6, to any t ≥ 0, by the same formulae,
and the processes thus defined are 1-martingales on R+. Other examples of
1-martingales on R+ are obtained as a direct consequence of Corollary 3.7.1:

Proposition 4.7 Let f be, as in Proposition 3.7, a space-time harmonic
function for (Lt , t ≥ 0). Then(

1

t

∫ t

0

f(Ls, s) ds , t ≥ 0

)
is a 1-martingale.

Proof
We write this process as:(∫ 1

0

f(Lt u, u t) du , t ≥ 0

)
Now, for fixed t ≥ 0,∫ 1

0

f(Lt u, u t) du
(law)
=

∫ 1

0

f(Xu,t, u t) du

and we may apply Corollary 3.7.1.
2

Here are two examples of application of the above proposition, for two partic-
ular cases of Lévy processes, namely (γt , t ≥ 0) a standard Gamma process,
and (Nt , t ≥ 0) a standard Poisson process.
We recall (see, e.g., Schoutens [9]) the following generating function:

(1 + λ)u exp(−λ g) =
∞∑
n=0

λn

n!
C̃n(u, g) , u, g, λ ≥ 0 (15)

where {C̃n(u, g) , n ∈ N} denotes the sequence of Charlier polynomials.
Now, we note that, with an obvious terminology: for every λ ≥ 0,

{(1 + λ)t exp(−λ γt) , t ≥ 0} is a Gamma martingale,

and {(1 + λ)Nt exp(−λ t) , t ≥ 0} is a Poisson martingale.
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Consequently, from (15), for any n ∈ N, {C̃n(t, γt) , t ≥ 0} and {C̃n(Nt, t) , t ≥
0} are, respectively, a Gamma martingale, and a Poisson martingale. Finally,
from Proposition 4.7, we obtain that, for any n ∈ N,(

1

t

∫ t

0

C̃n(s, γs) ds , t ≥ 0

)
and

(
1

t

∫ t

0

C̃n(Ns, s) ds , t ≥ 0

)
are 1-martingales.

4.4 Some properties of the map: Φ −→ Φ]

In this subsection, we present some general results concerning the map:
Φ −→ Φ]. They extend those obtained by Hirsch-Yor [5] in the Brownian
setting, that is when L = B is a Brownian motion.

In what follows, we denote, for 1 ≤ p < ∞, simply by Lp the Lp-space
with respect to P. For 0 ≤ r ≤ ∞, Lp(Fr) denotes the subspace of Lp

consisting of those functions which are Fr-measurable. ‖ ‖p denotes the
Lp-norm.

Theorem 4.8 Let 1 ≤ p <∞, r ∈ [0,∞] and Φ ∈ Lp(Fr). Then,

1) for any t ∈ [0, 1], Φ]
t ∈ Lp(Ft r) (with the usual convention: t∞ = ∞ if

t 6= 0 and 0∞ = 0);

2) for any t ∈ [0, 1], ‖Φ]
t ‖p ≤ ‖Φ ‖p;

3) the map:
t ∈ [0, 1] −→ Φ]

t ∈ Lp

is continuous;

4) for any t, s ∈ [0, 1],
(Φ]

t)
]
s = Φ]

t s

Proof
Property 1) is clear by definition of Φ] (formula (12)).
We also have by (12):

|Φ]
t|p ≤ EeL

[
|Φ|p(Lt • + L̃(1−t) •)

]
Therefore,

‖Φ]
t ‖pp ≤ E(L,eL)

[
|Φ|p(Lt • + L̃(1−t) •)

]
By the remark in Subsection 2.5, the right hand side is equal to ‖Φ ‖pp.
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Let now h1, · · · , hn be functions with compact support in [0,∞), inte-
grable with respect to the Lebesgue measure, and let ϕ be a bounded con-
tinuous function on Rn. We consider

Φ = ϕ

(∫ ∞
0

Lu h1(u) du, · · · ,
∫ ∞

0

Lu hn(u) du

)
Then

Φ]
t = EeL

[
ϕ

(∫ ∞
0

Ltu h1(u) du+

∫ ∞
0

L̃(1−t)u h1(u) du, · · ·
)]

Since the paths of L and L̃ have a countable set of discontinuities, a domi-
nated convergence argument yields:

∀t0 ≥ 0 lim
t→t0

Φ]
t = Φ]

t0 a.s.

and, therefore, Lp-continuity also holds. Now, the functions Φ of the above
kind are dense in Lp, which, thanks to Property 2), implies Property 3) .

By formula (12) again,

(Φ]
t)
]
s = E(bL,eL)

[
Φ(Lts• + L̂t(1−s)• + L̃(1−t)•)

]
where (L, L̂, L̃) are three independent copies. According to Subsection 2.5,

L̂t(1−s)•+ L̃(1−t)• has the same law as L(1−ts)• and is independent of L. Prop-
erty 4) therefore follows from (12).

2

4.5 Some further examples

4.5.1

The following example is the analogue of that in Hirsch-Yor [5, § 3.4.3].

Proposition 4.9 Let F ∈ L1(P) and ` be a Borel function on [0, 1].

1) Assume ∫ 1

0

|`(u)| du <∞ (16)

We consider

Φ =

∫ 1

0

F ]
u `(u) du
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Then, for 0 < t ≤ 1,

Φ]
t =

1

t

∫ t

0

F ]
u `
(u
t

)
du (17)

2) Assume that ` is absolutely continuous on ]0, 1] and∫ 1

0

|`′(u)|u du <∞ (18)

Then (16) holds and Φ] defined by (17) is a process with finite variation
on (0, 1].

Proof We have, by Property 4) in Theorem 4.8:

Φ]
t =

∫ 1

0

F ]
u t `(u) du

and therefore, formula (17) holds.
The proof of Property 2) is similar to the proof of Proposition 3.9 in

Hirsch-Yor [5]. We actually have, on (0, 1],

d

dt
Φ]
t =

1

t

[
F ]
t `(1)−

∫ 1

0

F ]
ut [`(u) + u `′(u)] du

]
In particular, for 0 < a < 1,∫ 1

a

‖ d

dt
Φ]
t ‖1 dt <∞

2

4.5.2

We extend, in this paragraph, the first part of Proposition 3.13 in Hirsch-Yor
[5].

We assume: ∫
R

1

1 + <ψ(z)
dz <∞ (19)

Let a ∈ R and r > 0. We take as functional Φ, the local time of L at level
a and time r (see Bertoin [1, Chapter V], where condition (19) is shown to
ensure the existence of these local times).
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Proposition 4.10 We have, for t ∈ [0, 1),

Φ]
t =

1

2π

∫ r

0

ds

∫ +∞

−∞
dz exp [i (Lst − a)z − s(1− t)ψ(z)]

Proof
Denote, for ε > 0, by ϕε the indicator function of the interval [−ε,+ε].

We set

Φε =
1

2ε

∫ r

0

ϕε(Ls − a) ds

By Corollary 3.2.1 and Proposition 4.3, we have for 0 ≤ t < 1,

(Φε)
]
t =

1

2ε

∫ r

0

ds

∫
ϕε(Lst − a+ y) µs(1−t)(dy)

A computation by Fourier transform, taking into account the assumption
(19), yields:

(Φε)
]
t =

1

2π

∫ r

0

ds

∫ +∞

−∞
dz exp [i (Lst − a)z − s(1− t)ψ(z)]

sin(εz)

εz
(20)

We know (Bertoin [1, Chapter V]) that

lim
ε→0

Φε = Φ in L2

Therefore,
Φ]
t = lim

ε→0
(Φε)

]
t in L2

Consequently, taking the limit as ε tends to 0 in (20), we obtain by dominated
convergence, thanks to (19), the announced result.

2

4.6 A Markov semigroup related to the processes Φ]

We can interpret the family of maps: Φ −→ Φ]
t, indexed by t ≤ 1, as defined

in Theorem 4.8, in terms of a Markovian semigroup (Qh), where t and h are
related by: t = e−h.

Let 1 ≤ p <∞. We set, for Φ ∈ Lp(P) and h ≥ 0,

QhΦ = Φ]
e−h
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In other words, we have with the notation of Subsection 4.1,

QhΦ = EeL
[
Φ(Le−h • + L̃(1−e−h) •)

]
, h ≥ 0

We now may state Theorem 4.8 in the following way.

Proposition 4.11 Q = (Qh , h ≥ 0) is a Markovian strongly continuous
semigroup on Lp. Moreover,

∀h ≥ 0, ∀Φ ∈ Lp, ‖QhΦ ‖p ≤ ‖Φ ‖p

and
lim
h→∞

QhΦ = E(Φ) in Lp

A Markov process can now be associated with the semigroup Q.

Theorem 4.12 We define a D0-valued process: (Y h , h ≥ 0), by

Y h
• = Xe−h•,eh

Then, if Φ ∈ L1(P), for all h, k ≥ 0,

E
[
Φ(Y h+k) | Xeh

]
= QkΦ(Y h)

Proof
We write Φ(Y h+k) as:

Φ
(
Xe−(h+k)•,eh +Xe−(h+k)•,eh+k −Xe−(h+k)•,eh

)
Therefore, by Theorem 2.2,

E
[
Φ(Y h+k) | Xeh

]
= EeL

[
Φ(Y h

e−k • + L̃(1−e−k) •)
]

= QkΦ(Y h)

2
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5 Examples of processes Φm and Φ] obtained

from stochastic integrals with respect to L

5.1 Definition of the stochastic integrals with respect
to L

It is well-known that any Lévy process L can be written as the sum of three
independent Lévy processes L(1), L(2), L(3) where:

- L(1) is a Brownian motion with drift,

- L(2) is a compound Poisson process with jumps of size at least 1,

- L(3) is a pure-jump martingale having only jumps of size less than 1.

We are interested in this section in functionals Φ defined from stochastic
integrals

∫∞
0
Hs dLs. (We identify, as previously, L with the coordinate

process on D0 .)
If L is Brownian, these functionals where studied in Hirsch-Yor [5].
If L is a compound Poisson process, stochastic integrals are ordinary

Stieltjes integrals and the study is rather simple.
Consequently, we concentrate our attention, in this section, on the third

part of L. A little more generally, we assume in the rest of this section, that
the characteristic exponent ψ of L is

ψ(λ) =

∫ (
1− eiλx + iλx

)
ν(dx)

with ν a positive measure on R \ {0} satisfying

0 < a :=

∫
x2 ν(dx) <∞

As a consequence,
E(Lt) = 0 and E(L2

t ) = a t

We denote in what follows, by H the space of (Fs)-predictable processes
H = (Hs , s ≥ 0) such that ∫ ∞

0

E(H2
s ) ds <∞

We then obtain easily:
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Proposition 5.1 Let H ∈ H. Then, the stochastic integral∫ ∞
0

Hs dLs

is well defined as an element of L2 and

E

[(∫ ∞
0

Hs dLs

)2
]

= a

∫ ∞
0

E(H2
s ) ds (21)

Moreover, (∫ t

0

Hs dLs , t ≥ 0

)
is an (Ft)-martingale.

5.2 Examples of processes Φm and Φ] defined from Wiener
type integrals with respect to L

We study in this subsection, functionals of Wiener type integrals
∫∞

0
h(s) dLs

with h ∈ L2(R+).

Proposition 5.2 Let h ∈ L2(R+). Then,(∫ ∞
0

h(s) dsXs,t , t ≥ 0

)
is a Lévy process whose characteristic exponent is

ψh(λ) =

∫ ∞
0

ψ(λh(s)) ds

Proof
We first remark:

|ψ(λ)| ≤ a

2
λ2

The integral
∫∞

0
ψ(λh(s)) ds is therefore convergent.

By approximation of h by simple functions, we get:

E
[
exp

(
iλ

∫ ∞
0

h(s) dsXs,t

)]
= E

[
exp

(
iλ

∫ ∞
0

h(s) dsLt s

)]
= exp

(
−t
∫ ∞

0

ψ(λh(s)) ds

)
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The rest of the proposition follows from the properties of the Lévy sheet X
(Theorem 2.2).

2

We denote in the sequel, by µht the law of
∫∞

0
h(s) dsXs,t. The following

extension of Proposition 4.3 holds.

Proposition 5.3 Let h ∈ L2(R+) and f ∈ L1(µh1). We set, for (x, t) ∈
R× [0, 1],

f̃(x, t) =

∫
R
f(x+ y) µh1−t(dy)

Let

Φ = f

(∫ ∞
0

h(s) dLs

)
Then, for 0 ≤ t ≤ 1,

Φ]
t = f̃

(∫ ∞
0

h(s) dsLt s , t

)
and Φm

t = f̃

(∫ ∞
0

h(s) dsXs,t , t

)
In particular, the function:

(L, t) ∈ D0 × [0, 1] −→ f̃

(∫ ∞
0

h(s) dLs , t

)
is a space-time harmonic function for (X•,t , 0 ≤ t ≤ 1).

Proof
By formulae (6) and (12),

Φm
t = EeL

[
f

(∫ ∞
0

h(s) dsXs,t +

∫ ∞
0

h(s) dsL̃(1−t) s

)]
and

Φ]
t = EeL

[
f

(∫ ∞
0

h(s) dsLt s +

∫ ∞
0

h(s) dsL̃(1−t) s

)]
Now, as L̃(1−t) •

(law)
= X•,1−t, we have the announced result.

2

Corollary 5.3.1 Let h ∈ L2(R+) and

Φ = exp

(
i

∫ ∞
0

h(s) dLs +

∫ ∞
0

ψ(h(s)) ds

)
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Then, for 0 ≤ t ≤ 1,

Φm
t = exp

(
i

∫ ∞
0

h(s) dsXs,t + t

∫ ∞
0

ψ(h(s)) ds

)
and

Φ]
t = exp

(
i

∫ ∞
0

h(s) dsLt s + t

∫ ∞
0

ψ(h(s)) ds

)
The above corollary leads to the example presented in Subsection 1.3. Like-
wise, Propositions 3.4 and 4.4 appear as a particular case of Corollary 5.3.1,
taking

h(s) =
n∑
j=1

λj 1[0,uj ](s)

Finally, by the same kind of arguments as previously, we obtain the following
extension of Proposition 3.6.

Proposition 5.4 Let ρ be a bounded signed measure on L2(R+) such that∫
L2(R+)

exp

(
λ

∫ ∞
0

h2(s) ds

)
|ρ(dh)| <∞

for every λ > 0. Let F be defined (almost surely) on D0 × R+ by

F (L, t) =

∫
L2(R+)

exp

(
i

∫ ∞
0

h(s) dLs + t

∫ ∞
0

ψ(h(s)) ds

)
ρ(dh)

Then F is a space-time harmonic function for (X•,t , t ≥ 0). In particular,
setting for t ≥ 0 :

F ]
t =

∫
L2(R+)

exp

(
i

∫ ∞
0

h(s) dsLt s + t

∫ ∞
0

ψ(h(s)) ds

)
ρ(dh)

the process (F ]
t , t ≥ 0) is a 1-martingale.

5.3 Processes Φ] for Φ a stochastic integral with re-
spect to L

Proposition 5.5 Let H ∈ H and

Φ =

∫ ∞
0

Hs dLs
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Then, for 0 ≤ t ≤ 1,

Φ]
t =

∫ ∞
0

(Hs)
]
t dsLt s (22)

As a consequence,
‖Φ]

t ‖2 ≤
√
t ‖Φ ‖2 (23)

Proof
We first remark that ((Hs)

]
t , s ≥ 0) is (Fts)s≥0-predictable: it is indeed

enough to consider left-continuous, bounded, adapted processes H, for which
the property is clear by the definition (formula (12)). Then, (22) also follows
easily from the definition. Now, by formula (21) and Property 2) in Theorem
4.8,

‖Φ]
t ‖2

2 = t a

∫ ∞
0

E
[
((Hs)

]
t)

2
]

ds ≤ t a

∫ ∞
0

E(H2
s ) ds = t ‖Φ ‖2

2

which yields (23).
2

The following corollary improves, in some cases, upon Proposition 4.9.

Corollary 5.5.1 Let H ∈ H and F =
∫∞

0
Hs dLs . Let ` be an absolutely

continuous function on (0, 1] such that∫ 1

0

|`′(u)|u3/2 du <∞ (24)

and let

Φ =

∫ 1

0

F ]
u `(u) du

Then Φ] is an absolutely continuous process on [0, 1] and its variation belongs
to L2.

Proof The proof is similar to that of Proposition 3.9 in [5]. By Proposition
5.5, formula (23),

‖F ]
t ‖2 ≤

√
t ‖F ‖2 (25)

Therefore, hypothesis (24) is sufficient to entail, as in Proposition 4.9, that
Φ] is absolutely continuous on (0, 1] and

d

dt
Φ]
t =

1

t

[
F ]
t `(1)−

∫ 1

0

F ]
ut [`(u) + u `′(u)] du

]
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Consequently, by (25),

‖ d

dt
Φ]
t ‖2 ≤

‖F ‖2√
t

[
|`(1)|+

∫ 1

0

|u1/2`(u) + u3/2`′(u)| du
]

and hence the announced result follows.
2

The following result is an extension of Hirsch-Yor [5, Theorem 5.1]. The
proof is quite similar and will be omitted.

Theorem 5.6 Let H ∈ H and Φ =
∫ 1

0
Hs dLs. Then Φ] is an (Ft)-

martingale if and only if the following condition is fulfilled:
There exists a version of H which is L2-continuous on [0, 1) and satisfies:

∀u ∈ [0, 1), ∀t ∈ [0, 1], (Hu)
]
t = Hu t

In particular, if F ∈ L2(F1) and Φ =
∫ 1

0
F ]
s dLs, then Φ] is an (Ft)-

martingale.

6 Examples related to fractional α-stable pro-

cesses

6.1 Fractional stable processes

In this section, we fix α ∈ (0, 2], and we consider a R2-valued Lévy process:
L = (L1, L2), where L1 and L2 are two independent copies of a strictly α-
stable R-valued Lévy process with characteristic exponent:

ψ(λ) = c |λ|α(1 + i b sign(λ)), c > 0 and b ∈ R

Let H ∈ (0, 1) and γ = H − 1
α

. Following for example Samorodnitsky-Taqqu
[10, Definition 7.4.1], we define a fractional stable motion Lα,H , setting, for
t ≥ 0,

Lα,Ht =

∫ t

0

(t− s)γ dL1
s +

∫ ∞
0

[(t+ s)γ − sγ] dL2
s

(Here, for simplicity, we consider the process as defined only on R+, and not
on R as usual.)
It is easy to see that this process has the scaling property of index H−1,
which means that, for any k > 0,

Lα,Hk •
(law)
= kH Lα,H• (26)
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As a particular case, if α = 2, b = 0 and

c = cH :=

[
H−1 + 2

∫ ∞
0

[(1 + s)H−1/2 − sH−1/2]2 ds

]−1

then Lα,H is the classical fractional Brownian motion BH with Hurst index
H. In this case, L1 and L2 have the same law as

√
2 cH B, where B denotes

a standard Brownian motion.
We set, for ε = ±1,

dε = c

[
1 + i ε b

αH
+ (1 + i ε b sign(γ))

∫ ∞
0

|(1 + s)γ − sγ|α ds

]
(for the fractional Brownian motion, dε = 1/2). The following proposition,
which is well-known (see [10]), can also be seen as a consequence of Propo-
sition 5.2.

Proposition 6.1 We have, for λ ∈ R and t ≥ 0,

E
[
exp(iλLα,Ht )

]
= exp(−dsign(λ)|λ|αtαH)

We denote, in the sequel, by µα,Ht the law of Lα,Ht .

6.2 Definition of the processes Φ] and Φm

We now introduce processes Φ] and Φm which are slightly different from those
which were defined before, but better adapted to the present framework.

The Lévy process which is henceforth considered is L = (L1, L2) presented
in the previous subsection. The associated Lévy sheet is obviously X =
(X1, X2), where X1 and X2 are two independent Lévy sheets associated with
L1 and L2. We consider the space D0 × D0 equipped with the probability
P× P, which is the law of L. Here again, we identify the coordinate process
ε = (ε1, ε2) on D0 × D0 with the process L.

As L has the scaling property of index α−1, for any t > 0,

tγLt •
(law)
= LtαH •

Therefore, if L̃ is an independent copy of L,

tγLt • + L̃(1−tαH) •
(law)
= L•
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Now, if Φ ∈ L1(P× P), we set, for 0 < t ≤ 1,

Φ]
t = EeL

[
Φ(tγLt • + L̃(1−tαH) •)

]
and Φm

t = EeL
[
Φ(X•,tαH + L̃(1−tαH) •)

]
where, in the last equality, L̃ is assumed independent of X.
We also set Φ]

0 = Φm
0 = E(Φ).

The processes (Φ]
t , 0 ≤ t ≤ 1) and (Φm

t , 0 ≤ t ≤ 1) have quite similar
properties as before (Sections 3, 4, 5). In particular:

Theorem 6.2 The process (Φm
t , 0 ≤ t ≤ 1) is a (XtαH )-martingale and, for

0 ≤ t ≤ 1,

Φ]
t

(law)
= Φm

t

As a consequence, Φ] is a 1-martingale.

6.3 Some examples

In the sequel, we consider some simple functionals of Lα,H .

Proposition 6.3 Let r > 0 and f ∈ L1(µα,Hr ). We consider Φ = f(Lα,Hr ).
Then, for 0 ≤ t ≤ 1,

Φ]
t =

∫
f(Lα,Ht r + (1− tαH)1/α y) µα,Hr (dy)

Proof
Let a > 0. Then we obtain by change of variable:

∀t ≥ 0,

∫ t

0

(t− s)γ dL1
a s +

∫ ∞
0

[(t+ s)γ − sγ] dL2
a s = a−γ Lα,Ha t

Therefore, by the definition of Φ]
t:

Φ]
t = EeLα,H

[
f
(
Lα,Ht r + (1− tαH)−γ L̃α,H

(1−tαH) r

)]
where L̃α,H denotes an independent copy of Lα,H . Now, by the scaling prop-
erty (26),

(1− tαH)−γ L̃α,H
(1−tαH) r

(law)
= (1− tαH)1/α L̃α,Hr

which gives the announced result.
2

As a straightforward consequence of Propositions 6.1 and 6.3, we obtain the
following important example.
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Proposition 6.4 We set, for λ ∈ R and u ≥ 0,

Φλ,u = exp
(
iλLα,Hu + dsign(λ) |λ|α uαH

)
Then, for 0 ≤ t ≤ 1,

(Φλ,u)]t = Φλ,t u

Corollary 6.4.1 For every λ ∈ R and r > 0, the process(
1

t

∫ t

0

exp
(
iλLα,Hu + dsign(λ) |λ|α uαH

)
du , 0 ≤ t ≤ r

)
is a 1-martingale.

Proof
Let

Φ =

∫ r

0

Φλ,u du

Then, by Proposition 6.4, we have for 0 ≤ t ≤ 1,

Φ]
t =

∫ r

0

Φλ,t u du =
1

t

∫ rt

0

Φλ,u du

Therefore, the process(
1

rt

∫ rt

0

exp
(
iλLα,Hu + dsign(λ) |λ|α uαH

)
du , 0 ≤ t ≤ 1

)
is a 1-martingale, which, after replacing rt by t, is the announced result.

2

In the case of the fractional Brownian motion with Hurst index H (α = 2,
dε = 1/2), the previous Proposition 6.4 and Corollary 6.4.1 can be extended
to any λ ∈ C. In particular, we have the following extension of our guiding
example of Subsection 1.2:

Proposition 6.5 For every λ ∈ R and r > 0, the process(
1

t

∫ t

0

exp

(
λBH

u −
λ2

2
u2H

)
du , 0 ≤ t ≤ r

)
is a 1-martingale.

Finally, we remark that Corollary 6.4.1 and Proposition 6.5 extend to t ≥ 0
instead of 0 ≤ t ≤ r:
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Proposition 6.6 1) For every λ ∈ R, the process(
1

t

∫ t

0

exp
(
iλLα,Hu + dsign(λ) |λ|α uαH

)
du , t ≥ 0

)
is a 1-martingale.

2) For every λ ∈ R, the process(
1

t

∫ t

0

exp

(
λBH

u −
λ2

2
u2H

)
du , t ≥ 0

)
is a 1-martingale.

Proof
We prove, for example, property 1).

Let, for λ ∈ R and t ≥ 0,

Mt =

∫ 1

0

exp
(
iλLα,Hu (X•,tαH ) + dsign(λ) |λ|α (t u)αH

)
du

where Lα,Hu (X•,tαH ) means that, in the expression of Lα,Hu , one has replaced
the process L• by the process X•,tαH . Then (Mt , t ≥ 0) is a (XtαH )-
martingale: this comes, by Proposition 6.1, from the fact that, if 0 ≤ s ≤ t,

X•,tαH −X•,sαH
(law)
= (tαH − sαH)1/α L•

Now, by the scaling properties, for t ≥ 0 fixed,(
Lα,Ht u , 0 ≤ u ≤ 1

)
(law)
=
(
Lα,Hu (X•,tαH ) , 0 ≤ u ≤ 1

)
and the result follows easily.

2
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