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Abstract

In this paper, we give a construction of default times admitting the same intensity, but
having different conditional laws. This illustrates the well know fact that the intensity does
not contain enough information to price derivative products. Our method is based on filtering
theory.

This paper is friendly dedicated to Eckhard Platen’s birthday. Even if it is not related with his
exiting benchmark approach, we hope he will find some interest to our model.

1 Introduction

Let (Ω,G,P) be a probability space and η be a probability law on R+ which is assumed to have a
density ϕ with respect to the Lebesgue measure. Given a filtration F = (Ft)t≥0, a density process
is a family (αt(u))t≥0, u ≥ 0, of non-negative F-martingales such that

∫ ∞
0

αt(u) η(du) = 1 (1)

for all t ≥ 0. Without loss of generality, we shall restrict our attention to the case of α0(u) = 1,
for u ≥ 0. It is proved in [2] that one can associate with a density process a random time τ (on an
appropriately extended probability space (Ω∗,P∗) with P∗|Ft = P|Ft) such that

P∗(τ > u | Ft) =
∫ ∞
u

αt(v) η(dv)

for all t, u ≥ 0. In particular, η is the law of τ (we shall give a new proof of this result later in this
paper).
It follows that the Azéma supermartingale G = (Gt)t≥0 (or conditional survival probability process)
defined by Gt = P∗(τ > t | Ft) admits the integral representation

Gt =
∫ ∞
t

αt(u) η(du) (2)

and the multiplicative decomposition
Gt = nt e

−Λt (3)
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for all t ≥ 0. Here, n = (nt)t≥0 is an F-local martingale and Λ = (Λt)t≥0 is a continuous increasing
process, called the intensity process, defined by

Λt =
∫ t

0

λs ds (4)

where the non-negative F-adapted process λ = (λt)t≥0, called the intensity rate, is given by

λt =
αt(t)
Gt

ϕ(t)

for t ≥ 0 (we assume that G does not vanish).

We denote by H the filtration generated by the default process H = (Ht)t≥0, where Ht = 1τ≤t
for all t ≥ 0. As recalled in [2], the knowledge of the Azéma supermartingale allows to define the
compensator of the default process: if the random time τ is such that (3) holds, then (whatever the
local-martingale n is) the process

Mt := Ht −
∫ t

0

(1−Hs)λs ds (5)

is a G-martingale, where G = F ∨ H (More precisely, Gt = ∩ε>0Ft+ε ∨ σ(τ ∧ (t + ε) for t ≥ 0).
However, the knowledge of G is not sufficient for a complete characterization of the density process.
Our aim is to construct various random times admitting the same intensity and corresponding to
different local martingales n, and to study the impact of the process n on pricing. Our construction
follows from filtering approach, another construction can be found in [3].

We recall (see [2]) that immersion property1 between F and G holds if and only αt(s) = αs(s)
for all 0 ≤ s ≤ t. In that case, the process G is decreasing, and n ≡ 1. Our study considers the case
where the local martingale n is not trivial, and hence, the immersion property is not satisfied.

2 Filtering

The starting point of that research was a well known result on filtering that we recall now.

2.1 A one-dimensional model

Let W = (Wt)t≥0 be a Brownian motion defined on the probability space (Ω,G,P), and τ be a
random time, independent of W and such that P(τ > t) = e−λt, for all t ≥ 0 and some λ > 0 fixed.
We define X = (Xt)t≥0 as the process

Xt = x exp
((

a+ b− σ2

2

)
t− b(t− τ)+ + σWt

)

where a, and x, σ, b are some given strictly positive constants. It is easily shown that the process
X solves the stochastic differential equation

dXt = Xt

(
a+ b1{τ>t}

)
dt+Xt σ dWt .

Let us take as F = (Ft)t≥0 the natural filtration of the process X, that is, Ft = σ(Xs | 0 ≤ s ≤ t)
for t ≥ 0. By means of standard arguments (see, e.g., [6, Chapter IV, Section 4] or [4, Chapter IX]),
it can be shown that the process X admits the following representation in its own filtration

dXt = Xt

(
a+ bGt

)
dt+Xt σ dW t .

1The immersion property is the fact that any F-martingale is a G-martingale.
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Here, G = (Gt)t≥0 is the Azéma supermartingale given by Gt = P(τ > t | Ft) and the innovation
process W = (W t)t≥0 defined by

W t = Wt +
b

σ

∫ t

0

(
1{τ>s} −Gs

)
ds

is a standard F-Brownian motion. It is easily shown using the arguments based on the notion
of strong solutions of stochastic differential equations (see, e.g. [4, Chapter IV]) that the natural
filtration of W coincides with F. It follows from [4, Chapter IX] (see also [6, Chapter IV, Section 4])
that the process G solves the stochastic differential equation

dGt = −λGt dt+
b

σ
Gt(1−Gt) dW t . (6)

Observe that the process n = (nt)t≥0 with nt = eλtGt admits the representation

dnt = d(eλtGt) =
b

σ
eλtGt(1−Gt) dW t

and thus, n is an F-martingale (to establish the true martingale property, note that the process
(Gt(1 − Gt))t≥0 is bounded). The equality (6) provides the (additive) Doob-Meyer decomposition
of the supermartingale G, while Gt = (Gt eλt) e−λt gives its multiplicative decomposition. It follows
from these decompositions that the F-intensity rate of τ is λ, so that, the process M = (Mt)t≥0 with
Mt = Ht − λ(t ∧ τ) is a G-martingale.

2.2 Conditional laws and density process

It follows from the definition of the conditional survival probability process G and the fact that
(Gt eλt)t≥0 is a martingale that the expression

P(τ > u | Ft) = E[P(τ > u | Fu) | Ft] = E[Gu eλu | Ft] e−λu = Gt e
λ(t−u)

holds for 0 ≤ t < u.

From the standard arguments in [5, Chapter IV, Section 4] (which are compressed in [6, Chap-
ter IV, Section 4]), resulting from the application of Bayes’ formula, we obtain that the conditional
survival probability process can be expressed as

P(τ > u | Ft) = 1− Yu∧t
Yt

+
Zu∧t
Yt

e−λu (7)

for all t, u ≥ 0. Here, the process Y = (Yt)t≥0 is defined by

Yt =
∫ t

0

Zs λe
−λs ds+ Zt e

−λt (8)

and the process Z = (Zt)t≥0 is given by

Zt = exp
(
b

σ2

(
ln
Xt

x
− 2a+ b− σ2

2
t
))

. (9)

Moreover, by standard computations, we see that

dZt =
b

σ2
Zt (bGt dt+ σ dWt)

and hence, the process 1/Y = (1/Yt)t≥0, or its equivalent (eλtGt/Zt)t≥0, admits the representation

d
( 1
Yt

)
= d
(eλtGt

Zt

)
= − b

σ

Gt
Yt

dW t
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and thus, it is an F-local martingale (in fact, an F-martingale since, for any u ≥ 0, one has

1
Yt

=
eλu

Zu
P(τ > u | Ft)

for u > t). Hence, for each u ≥ 0 fixed, it can be checked that the process Z/Y = (Zt/Yt)t≥0 defines
an F-martingale, as it must be (this process being equal to (eλtGt)t≥0).

We also get the representation

P(τ > u | Ft) =
∫ ∞
u

αt(v) η(dv)

for t, u ≥ 0, and hence, the density of τ is given by

αt(u) =
Zu∧t
Yt

where η(du) ≡ P(τ ∈ du) = λe−λu du. In particular, from (8), we have
∫ ∞

0

αt(u) η(du) = 1

as expected. Thus, we have obtained a model with constant given intensity and with an explicit
form of the density processes (αt(u))t≥0, u ≥ 0.

It can be interesting to note that we are studying a model where

τ = inf{t : Λt ≥ Θ}
with Λt = λt (so that λτ = Θ) and the barrier Θ is an exponential random variable depending on
F∞: indeed

P(Θ > u | Ft) = P(τ > u/λ | Ft) 6= e−u

for 0 ≤ t < u.

3 A Family of Densities with Given Intensity Rate

Our aim here is to extend the above example obtained in the filtering case and to give non-trivial
examples of density processes corresponding to a given F-adapted intensity rate λ = (λt)t≥0.

3.1 Constant Intensity Rate

Let us start with the case where the intensity rate λ is constant. We assume that an F-martingale
n is given so that 0 < nt e

−λt < 1 for t ≥ 0. Our aim is to construct τ and Q (on an extended
probability space) so that Q|F∞ = P|F∞ and

Q(τ > t | Ft) = nt e
−λt

for all t ≥ 0.

3.1.1 Construction of a density process

Let Y and Z be two processes and define

αt(u) =
Zu∧t
Yt

(10)

for all t, u ≥ 0. In order that (αt(u))t≥0 is a density process associated with the law η(du) =
λe−λu du, for any u ≥ 0 fixed, the two processes Y and Z must satisfy the following conditions:
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(i) the processes 1/Y and Z/Y are strictly positive martingales, with initial value equal to 1, and

(ii)
∫∞

0
αt(u) η(du) = 1, i.e.

Yt =
∫ t

0

Zs λe
−λs ds+ Zte

−λt (11)

for t ≥ 0.

Let X = 1/Y be a non-negative martingale solving the equation

dXt = −Xtxt dWt

with X0 = 1, where W is a Brownian motion and x = (xt)t≥0 is a square integrable F-adapted
process, or in a closed form

Xt = Et(−x ?W ) ≡ exp
(
−
∫ t

0

xs dWs − 1
2

∫ t

0

x2
s ds

)

for t ≥ 0. Let Z = (Zt)t≥0 be a diffusion satisfying the equation

dZt = Zt(ẑt dt+ zt dWt)

with Z0 = 1. Then, applying integration by parts formula, the process ZX = (ZtXt)t≥0 is a
non-negative local martingale if and only if

ẑt = ztxt

i.e., if there exists an F-adapted process z = (zt)t≥0 such that

dZt = Ztzt (dWt + xt dt) .

The condition in (11) is satisfied if

dYt = (λZte−λt − λZte−λt) dt+ e−λt dZt = e−λt dZt

or if
Ytxt (dWt + xt dt) = e−λtZtzt (dWt + xt dt)

holds implying that
ztZt = xtYte

λt

for all t ≥ 0.

Therefore, one can construct a density process starting from a given x, with an explicit construc-
tion of Y and Z, setting

Yt = exp
(∫ t

0

xu dWu +
1
2

∫ t

0

x2
u du

)

and using the fact that
dZt = eλt dYt = eλtxtYt (dWt + xt dt)

we get

Zt = 1 +
∫ t

0

e−λsxs exp
(∫ s

0

xu dWu +
1
2

∫ s

0

x2
u du

)
(dWs + xs ds)

for t ≥ 0. Hence, setting

Ŵt = Wt +
∫ t

0

xs ds

we have

Zt = 1 +
∫ t

0

e−λsxs Es(x ? Ŵ ) dŴs
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for t ≥ 0.

We now assume that the process Z is strictly positive (we shall give examples below). Using
(10), we can associate with the process x a density process (αt(u))t≥0, u ≥ 0, and thus, a random
time τ (see Subsection 3.1.3 for details) such that

P(τ > u | Ft) =
∫ ∞
u

αt(v) η(dv)

for all t, u ≥ 0. In particular, we have

Gt ≡ P(τ > t | Ft) =
Zt
Yt
e−λt

and the intensity rate of τ is λ. From integration by parts, one obtains

d
(Zt
Yt

)
= −Zt

Yt
xt

(
1− Yt

Zt
eλt
)
dWt (12)

and hence, the Azéma supermartingale G satisfies

dGt = −λGt dt+ xt(1−Gt) dWt .

In the previous filtering example, we have xt = bGt/σ for t ≥ 0 (so that, the processes G and thus
Z are non-negative).

3.1.2 A family of density process with given Azéma’s surpermartingale

Our aim is to construct a density process (αt(u))t≥0, u ≥ 0, such that

Gt ≡
∫ ∞
t

αt(u) η(du) = nt e
−λt

for t ≥ 0. It is well known that the knowledge of the supermartingale (nt e−λt)t≥0 does not allow
for to reconstruct the density process in a unique way. We provide one way to do that.

From the predictable representation theorem, there exists a square integrable F-predictable
process ν = (νt)t≥0 such that

dnt = ntνt dWt

holds. We construct two processes Y and Z as in Subsection 3.1.1 and such that nt = Zt/Yt for
t ≥ 0. By comparison with (12), we obtain

xt = − νtnt
nt − eλt (13)

for all t ≥ 0. The non-negativity of Z follows from the non-negativity of Y and of the ratio Z/Y ,
which is equal to n.

3.1.3 Construction of τ

We recall how one can construct a random time with a given intensity and with a given density.
The traditional Cox approach, is to construct a random time with a given intensity. One sets

τ = inf{t : λt > − lnU} ≡ − lnU/λ (14)
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where U is a random variable uniformly distributed on the interval (0, 1) and independent of F∞.
Under P, we have

αPt (u) = 1
Gt ≡ P(τ > t | Ft) = e−λt

λP = λ

η(du) ≡ P(τ ∈ du) = λe−λu du.

Let us assume that a density process (αt(u))t≥0, u ≥ 0, is given. Then, we set

dQ|Gt = LQt dP|Gt
where LQ = (LQt )t≥0 is the G-adapted process defined as

LQt = 1t<τ e
λt

∫ ∞
t

αt(u)λe−λu du+ 1τ≤t αt(τ)

for t ≥ 0. From the results obtained in [2] (also recalled in the appendix), the process LQ is a
(P,G)-martingale: indeed, the first condition (recalled in Subsection 5.1.1) is that m = (mt)t≥0

with

mt := eλtGt

∫ ∞
t

αt(u)λe−λu du+
∫ t

0

αu(u)λe−λu du = 1−
∫ t

0

(αt(u)− αu(u))λe−λu du

is a martingale (we have used (1)). From the martingale property of the density process, it is easy
to see that

E[mt | Fs] = 1−
∫ t

0

E[αt(u)− αu(u) | Fs]λe−λu du (15)

= 1−
∫ s

0

(αs(u)− αu(u))λe−λu du−
∫ t

s

(αs(u)− αs(u))λe−λu du = ms

holds for 0 ≤ s ≤ t. The second condition reads that, for any s ≥ 0 fixed, the processes (αt(s))t≥s,
are F-local martingales.
In our case, when the density process is constructed as in Subsection 3.1.2 from the knowledge of
the Azéma supermartingale (we emphazise again that this construction is not unique), from [2] (see
also the Appendix), we obtain that under Q:

αQt (u) = αt(u) =
Zu∧t
Yt

GQt ≡ Q(τ > t | Ft) =
Zt
Yt
e−λt = nte

−λt

λQ = λ

Q(τ ∈ du) = λe−λu du

so that, we obtain a random time τ with deterministic intensity λ with another Azéma super-
martingale and a different density process. Note that Q|Ft = P|Ft holds for all t ≥ 0 (indeed,
E(LQt |Ft) = 1). The process n is a (P,F) and a (P,G)-martingale, hence a (Q,F)-martingale, but is
not a (Q,G)-martingale (see [2] for a characterization of G-martingales).

3.2 General intensity

Let us now study the case with F-adapted stochastic intensity Λ = (Λt)t≥0 with

Λt =
∫ t

0

λs ds
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where (λt)t≥0 is a non-negative process.

In the usual Cox construction presented above, we have

τ = inf{t : Λt ≥ − lnU}

(see (14) for the case of constant intensity rate), where U is a uniform random variable on (0, 1)
independent of F. Hence, we get

P(τ > t | Ft) = e−Λt

for t ≥ 0, as well as
η(du) ≡ P(τ ∈ du) = E[λue−Λu ] du .

In a general setting, the multiplicative decomposition of the Azéma supermartingale associated with
a random time τ with the given intensity rate process (λt)t≥0 has the form of

P(τ > t | Ft) = nt e
−Λt

where n is a martingale (satisfying 0 < nt e
−Λt < 1 for t ≥ 0). In particular, the marginal law of τ

is equal to
P(τ > u) = E[nu e−Λu ]

and is different from the case of the Cox model. Note that, for any t > u, the equality

E[nu e−Λu ] = E[nt e−Λu ]

holds, and the latter quantity can be written as

E[nte−Λu ] = E[nt]−
∫ u

0

E[ntλse−Λs ] ds

so that
duE[nu e−Λu ] = E[nt λu e−Λu ] du = E[nu λu e−Λu ] du . (16)

Our aim is to find a density process (αt(u))t≥0, u ≥ 0, such that the associated intensity rate is
a given process (λt)t≥0.

3.2.1 Construction of a density

An immediate generalization of the previous computations leads to the choice

αt(u) =
1

ϕ(u)
E
[
Zu
Yu

λue
−Λu

∣∣∣Ft
]
, for t < u

=
1

ϕ(u)
Zt
Yt
λue
−Λu , for t ≥ u

where

ϕ(u) = E
[
Zu
Yu

λue
−Λu

]
.

In order that (αt(u))t≥0, u ≥ 0) is a density process with respect to η(du) = ϕ(u) du, for any u ≥ 0
fixed, the two processes Y and Z must satisfy the following conditions:

(i) the process 1/Y is a non-negative martingale, with initial value equal to 1, and
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(ii)
∫∞

0
αt(u)ϕ(u) du = 1 (or actually (1) holds), i.e.

1
Yt

∫ t

0

Zs λse
−Λs ds+

Zt
Yt
E
[∫ ∞

t

λue
−Λu du

∣∣∣Ft
]

=
1
Yt

∫ t

0

Zs λse
−Λs ds+

Zt
Yt
e−Λt = 1

or

Yt =
∫ t

0

Zs λse
−Λs ds+ Zt e

−Λt

for t ≥ 0.

One has
Gt ≡

∫ ∞
t

αt(u)λue−Λu du =
Zt
Yt
e−Λt

and hence, the intensity rate process is

λt =
αt(t)
Gt

ϕ(t)

for all t ≥ 0.

Following the case of constant intensity rate, this leads to the choice of a process x such that the
process Z = (Zt)t≥0 given by

Zt = 1 +
∫ t

0

e−Λsxs Es(x ? Ŵ ) dŴs

with

Ŵt = Wt +
∫ t

0

xs ds

is non-negative. Then, we have

Yt = exp
(∫ t

0

xs dWs +
1
2

∫ t

0

x2
s ds

)

for t ≥ 0, and
dGt = −λtGt dt+ xt(1−Gt) dWt

is satisfied.

3.2.2 A density with a given Azéma supermartingale

In full generality, the multiplicative decomposition of the Azéma supermartingale G = (Gt)t≥0

associated with a random time τ is

P(τ > t | Ft) = nt e
−Λt

where n is a martingale (satisfying 0 < nt e
−Λt < 1 for t ≥ 0) and Λ is an increasing process. We

recall again that the knowledge of this supermartingale does not allow for to reconstruct the density
process.

It suffices to construct two processes Y and Z satisfying the conditions above and such that
nt = Zt/Yt for t ≥ 0. Since

d
(Zt
Yt

)
= −Zt

Yt
xt

(
1− Yt

Zt
eΛt
)
dWt

holds, writing the representation theorem for the positive martingale n on the form

dnt = ntνt dWt

with an appropriate square integrable F-predictable process ν = (νt)t≥0 leads to

xt = − νtnt
nt − eΛt

for all t ≥ 0.
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3.2.3 Change of probabilities

Our aim is now to construct random times with a given intensity. As recalled above, the traditional
approach is to set

τ = inf{t : Λt > − lnU}
where U is an uniformly random variable on (0, 1) independent of F∞. Then, we have

P(τ > u | Ft) =
∫ ∞
u

αt(v) η(dv)

where

η(du) ≡ P(τ ∈ du) = E[λue−Λu ] du = ϕ(u) du

αPt (u) =
λu e

−Λu

ϕ(u)
, for t ≥ u

=
1

ϕ(u)
E[λu e−Λu | Ft] , for t < u

Gt ≡ P(τ > t | Ft) = e−Λt

λPt = λt .

Let us now assume that n is an F-martingale of the form

dnt = ntνt dWt

such that 0 < nt e
−Λt < 1 for t ≥ 0, and start with τ as above. From the first part, one can construct

a density process (αt(u))t≥0, u ≥ 0, with two processes Y and Z satisfying nt = Zt/Yt, for all t ≥ 0.
Then, we set

dQ|Gt = LQt dP|Gt
where LQ is the G-martingale defined as

LQt = 1t<τ e
Λt

∫ ∞
t

αt(u) η(du) + 1τ≤t αt(τ)

for t ≥ 0. From [2], we obtain that under Q:

αQt (u) = αt(u)

GQt ≡ Q(τ > t | Ft) =
Zt
Yt
e−Λt = nt e

−Λt

λQt = λt

Q(τ ∈ du) = P(τ ∈ du)

so that, we obtain a random time τ with the given intensity (λt)t≥0 with a given Azéma super-
martingale G but, at the same time, with a different density process. Note that Q|Ft = P|Ft holds
for all t ≥ 0. The process n is a (P,F) and a (P,G)-local martingale, hence a (Q,F)-local martingale,
but is not a (Q,G)-local martingale (see [2] for a characterization of G-martingales).

4 Impact on the derivative pricing

4.1 Deterministic intensities

Let us first deal with the case of deterministic intensities, in a model where the interest rate is
deterministic too (in what follows, for simplicity, the interest rate is null). More precisely, we
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consider the case where Gt = nt e
−Λt and Λ = (Λt)t≥0 is a deterministic process. We shall see

that, in that setting, the value of n has no influence on the prices of classical derivatives, as a
defaultable zero-coupon bond (DZC) or the value of the spread of a credit default swap (CDS) with
deterministic recovery. This means that calibration issues based on these assets will allow to recover
only the intensity and give no information on the martingale n.

4.1.1 Defaultable zero-coupon bonds

It is known (see, e.g. [1]) that the price of a DZC is equal to

D(t, T ) = 1t<τ Q(T < τ | Gt) = 1t<τ
Q(T < τ | Ft)

Gt
= 1t<τ

EQ[nT e−ΛT | Ft]
Gt

for all 0 ≤ t ≤ T . Hence, assuming that (λt)t≤T is deterministic and (nt)t≤T is a true martingale,
we get

D(t, T ) = 1t<τ e
−(ΛT−Λt)

for 0 ≤ t ≤ T .

4.1.2 Credit default swaps

It is also known (see, e.g. [1]) that the price of a CDS with recovery δ is equal to

St = 1t<τ
1
Gt
EQ [δτ1t<τ≤T − κ((T ∧ τ)− t)1t<τ | Ft] (17)

for all 0 ≤ t ≤ T . In terms of the Azéma’s supermartingale and the intensity rate, the expression of
(17) can be written as

St = 1{t<τ}
1
Gt
EQ

[∫ T

t

Gu(δuλu − κ) du
∣∣∣Ft
]

for 0 ≤ t ≤ T (see [1]). If the intensity rate and the recovery are deterministic, we have

St = 1{t<τ}
1
Gt

∫ T

t

EQ[Gu | Ft](δuλu − κ) du = 1{t<τ} eΛt

∫ T

t

e−Λu(δuλu − κ) du

that does not depend on the particular choice of n.

As we have seen before, we have

St = 1{t<τ}
1
Gt
EQ

[∫ T

t

Gu(δuλu − κ) du
∣∣∣Ft
]

and the spread is equal to

κ =
EQ
[∫ T

0
Guδuλu du

]

EQ
[∫ T

0
Gu du

] .

If we consider the model where Gt = nt e
−λt, assuming that (nt)t≤T is a true martingale, the

quantity

EQ

[∫ T

0

Gu du

]
=
∫ T

0

e−λu du

does not depend on n. However, the numerator, in the case of a stochastic recovery depends on n:
indeed writing nt = Zt/Yt one has

EQ

[∫ T

0

Guδuλu du

]
= EQ

[∫ T

0

αu(u)δu du

]
= EQ

[∫ T

0

Zu
Yu

δuλe
−λu du

]
.
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As an example, when δt = Yt/Zt, the spread is equal to

1− e−λT∫ T
0
e−λu du

= λ

whereas, in the model with the same intensity and n ≡ 1, the spread turns out to be

1
1− e−λT

∫ T

0

EQ
[
Yu
Zu

]
λe−λu du .

4.2 Stochastic Intensities

In the case of stochastic intensities (and/or stochastic interest rate), the problem is more difficult.
Let β = (βt)t≥0 defined by

βt = exp
(
−
∫ t

0

rs ds

)

be the discounting factor, and assume that the process r = (rt)t≥0 is F-adapted. The price of a DZC
is then equal to

D(t, T ) = 1t<τ
1
βt
EQ(1T<τβT | Gt) = 1t<τ

1
Gtβt

EQ(1T<τβT | Ft) = 1t<τ
1

Gtβt

EQ[nT e−ΛT βT | Ft]
Gt

for all 0 ≤ t ≤ T , and the role of n is important. The role of the density appears more in a case when
the recovery is paid at maturity or in a multidefault setting. In the former case, the computation
of EQ(Rτ1τ<TβT |Gt) requires the knowledge of Q(Rτ1τ<TβT |Ft), and thus, the knowledge of the
density process.
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5 Appendix

5.1 Relation between various martingales

We recall the results obtained in [2].

5.1.1 Characterisation of G-martingales

Let (Ω,G,P) be a probability space endowed with a reference filtration F, and τ a random time.
We denote by G = F ∨H and assume that τ admits a density αP. We assume here that Gt≡P(τ >
t | Ft) > 0 for all t ≥ 0 (see [2] for the general case).
A càdlàg G-adapted process Y Gt = (Y Gt )t≥0 defined by

Y Gt = Yt1{τ>t} + Yt(τ)1{τ≤t}

is a G-local martingale if and only the two following conditions are satisfied
(1) the process (YtGt +

∫ t
0
Ys(s)αPs(s)η(ds))t≥0 is a F-local martingale,

(2) for any fixed s ≥ 0, the processes (Yt(s)αPt (s))t≥s, are F-local martingales.

5.1.2 Girsanov’s Theorem

Let QG = (QGt )t≥0 defined by

QGt = qt1{τ>t} + qt(τ)1{τ≤t}

be a càdlàg positive G-martingale with QG0 = q0 = 1. Let Q be the probability measure defined on
Gt by

dQ|Gt = QGt dP|Gt
for any t ∈ R+, and QF be the restriction of Q to F, which has the Radon-Nikodým density QF,
given by the projection of QG on F, that is

QFt = qtGt +
∫ t

0

qt(s)αPt (s) η(ds)

for t ≥ 0. Then, under Q, the random time τ admits a density with respect to F, given by

αQt (s) = αPt (s)
qt(s)
QFt

, for t > s

=
1
QFt
EP[αPs(s)qs(s)|Ft], for t ≤ s .

Furthermore:
1) the Q-conditional survival process is defined by

SQt = St
qt
QFt

;

2) the (F,Q)-intensity process is

λF,Qt = λFt
qt(t)
qt

, η(dt)- a.s.
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5.2 Derivation of the density

The following arguments are presented in [5, Chapter IV, Section 4] but omitted in [6, Chapter IV,
Section 4].

Suppose that the initial probability measure P has the following structure

P =
∫ ∞

0

Ps η(ds) (18)

where P s is a distribution law of the process X under condition that τ has happened at the time s,
for s ≥ 0. Thus, P(X ∈ · | τ = s ) = Ps(X ∈ · ) is the distribution law of a geometric Brownian
motion with the diffusion coefficient σ > 0 and a local drift changing from a to a+ b at time s ≥ 0.

By means of generalized Bayes’ formula, we get

P(τ > u | Ft) =
∫ ∞
u

dPs

dP

∣∣∣
Ft
η(ds) (19)

for all t, u ≥ 0. Then, using the fact that the measures Ps, [0,∞], are locally equivalent on the
filtration (Ft)t≥0 by construction, we obtain

P(τ > u | Ft) =
(∫ ∞

u

dPs

dP∞
∣∣∣
Ft
η(ds)

)/(∫ ∞
0

dPs

dP∞
∣∣∣
Ft
η(ds)

)
(20)

for t, u ≥ 0.

Note that, from construction of the probability measures Ps, [0,∞], it follows that the property

dPs

dP0

∣∣∣
Ft

=
dP∞

dP0

∣∣∣
Ft∧s

holds, for all t, s ≥ 0. Hence, using the fact that Ps coincides with P∞ on Ft under s > t, we have
∫ ∞
u

dPs

dP∞
∣∣∣
Ft
η(ds) =

∫ t

u∧t

dPs

dP∞
∣∣∣
Ft
η(ds) +

∫ ∞
u∨t

dPs

dP∞
∣∣∣
Ft
η(ds) (21)

=
∫ t

u∧t

dPs

dP0

∣∣∣
Ft
dP0

dP∞
∣∣∣
Ft
η(ds) + η(u ∨ t,∞)

=
dP0

dP∞
∣∣∣
Ft

∫ t

u∧t

dP∞

dP0

∣∣∣
Fs
η(ds) + η(u ∨ t,∞)

so that, the denominator in (20) can be obtained by setting u = 0 in (21).

We may therefore conclude that the conditional probability in (19) admits the representation
from (7), where Y and Z are given by the formulas in (8) and (9), respectively. Note that we have

Zt =
dP∞

dP0

∣∣∣
Ft

and η(dt) = λe−λt dt, for any t ≥ 0 and some λ > 0 fixed there.


