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Abstract

We study a problem of utility maximization under model uncertainty. The problem is
formulated as a sup/inf, the supremum being over a terminal value and an intermediate
control and the infimum over a set of models (measures) Q. We extend the work of Bordogoni,
Matoussi and Schweizer [3] to the case of a discontinuous filtration and prove that the solution
of the robust problem is a solution of a quadratic-exponential backward stochastic differential
equation. Moreover, we prove a dynamic maximum principle for the maximization problem
which generalizes the results of Duffie and Skiadas [6] and El Karoui et al. [9] to the robust
case and including model with jumps.

Keywords: robust maximization, model uncertainty, stochastic control, stochastic differential
utility, Backward Stochastic Differential Equations, maximum principle, jump model.

1 Introduction

This paper deals with the problem of utility maximization from a terminal value and an intermediate
control under model uncertainty. In the standard problem of utility maximization, one assumes that
the investor knows the "historical" probability P that describes the dynamics of the state process. In
reality, the investor has some uncertainty on this probability. This has led Bordigoni, Matoussi and
Schweizer [3], denoted hereafter [BMS], to introduce the set Q of probability measures absolutely
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continuous with respect to the reference model measure P, and to choose "a worst case" criteria in
the optimization problem. More precisely, the goal is to solve

sup inf U ((¢,¢), Q) (1)

where 1 runs through a set of random variables, ¢ through a set of control processes and Q through
a set of models (measures), and where the criteria U ((¢, ¢), Q) is the sum of a Q-expected utility
and a term relative to the relative entropy (a penalization term). This approach has been suggested
by [1] and [12].

Some results in the robust maximization problem have been obtained in Gundel [11] , Quenez [22],
Schied and Wu [24], Skiadas [28] in the case of continuous filtration. Schied [23| has been working
on the problem (1) with a fairly general penalization term for Q. However, his (static) results do not
contain ours; they only cover the simple case 6 = 0. Bordigoni 2] has used classical optimization
technics to study the same problem in the continuous case.

Our first motivation is to extend the results of [BMS] to a discontinuous filtration concerning
the inf problem and then to study the maximization problem. We also extend some results obtained
by the second author in [7] where the utility maximization part of the problem is studied in the
case of a continuous filtration, and in a complete market.

As in |[BMS], the primary inspiration clearly comes from the papers |28, 25, 26, 27|. In [28],
Skiadas studies essentially the optimization problem (1), and proves that the dynamic value process
V' can be described by some quadratic BSDE. Skiadas points out that the BSDE coincides with the
one describing a stochastic differential utility; hence working with a standard expected utility under
(a particular form of) model uncertainty is equivalent to working with a corresponding stochastic
differential utility under a fixed model.

Our second source of inspiration is the work of Anderson with coauthors in [1, 12] in which
more references can be found. These authors introduce and discuss the basic problem of robust
utility maximization when model uncertainty is penalized by a relative entropy term. Both papers
are cast in a Markovian setting and use mainly formal manipulations of Hamilton-Jacobi-Bellman
(HJB) equations to provide insights about the optimal investment behaviour in these situations.

By using BSDE technics, we generalize the characterization of optimality obtained by El
Karoui, Quenez and Peng [9] in the framework of robust case and including model with jumps.
Indeed, we derive a maximum principle which gives a necessary and sufficient condition of optimality.
Our results may also be considered as a generalization of the works of (|6, 25, 26, 27]).

The paper is structured as follows. Section 2 presents the model and the form of the criteria
U (-, Q). In Section 3, we show that the optimal model measure exists. Section 4 provides the
optimal control using a BSDE approach. For a specific choice of utility functions, the value func-
tion is given in Section 5 in terms of the optimal plan. The final Section 6 contains a technical
proof concerning a regularity result of our generalized quadratic-exponential backward stochastic
differential equation.
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2 The Model and the Robust Optimization Problem

In this section, we present the optimization problem relative to the choice of an optimal probability
measure.

2.1 The Model

We consider a filtered probability space (2, G, G, P). All the processes are G-adapted, and defined
on the time interval [0, 7] where 7" is the finite horizon. We recall that any special G-semimartingale
Y admits a canonical decomposition Y = Yy + A + MY¢ + MY? where A is a predictable finite
variation process, M is a continuous martingale and M¥*¢ is a discontinuous martingale.

Assumption A 1. We make the following assumptions:

1) For each i = 1,....d, H' is a counting process and there exists a positive adapted process \',
called the P intensity of H', such that the process N* with Nj := H} — fg Nids is a martingale. We
assume that the processes H',i = 1,...,d have no common jumps.

2) Any discontinuous martingale admits a representation of the form thY’d = Zle yidN} where
y',1=1,...,d are predictable processes.

This hypothesis is satisfied in the case where the filtration is generated by a Brownian motion
and an inhomogeneous Poisson process and in the case of credit risk, under immersion property
(see Kusuoka [15] for details).

Definition 1.
L®P s the space of all Gp-measurable random variables X with

EP [exp (7| X])] < o0 for all v >0
Dy is the space of all progressively measurable processes X = (Xt)ogth with
EP [exp (7 esssupy<,<p|X:|)] < o0 forally >0

D™ is the space of all progressively measurable processes X = (X;)y<;ep such that

T
EP {exp (”y/ ]X3|ds>
0

MG(P) is the space of all P-martingales M = (My) o ,p with My =0 and EP [supg<i<r | My|P] < 00

< 00 for all v >0

d T
L2(\,P) is the space of all R*-valued predictable processes X such that ZEP[/ (X;)Q)\ids} < 00
i=1 0

We denote by H*(P) the space L*(N\,P) for A =1
S?(P) is the space of all R-valued predictable processes X such that ]EP[ sup |X5]2] < 00

0<t<T
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Definition 2.
For any probability measure Q on (Q, Gr),

. EQ [In %‘QT] if Q <P on Gr
H(QIP) := { +00 otherwise
is the relative entropy of Q with respect to P. We denote by Qy the space of all probability measures
Q on (Q,Gr) with Q << P on Gr and H(Q|P) < +oo. Note that the reference probability measure
P belongs to Q.

2.2 The robust optimization problem

R
We define the discounting process S? := e~ 0 9sds for all t € [0, 7] where ¢ is a non-negative adapted
process. For Q € Q;, we denote by Z° = (ZtQ>ogth (a cadlag P-martingale) its Radon-Nikodym
density with respect to P.

Let U be a given process (the cost process) and Ur a given random variable (the terminal

target). The robust utility maximization problem P(U, Uz, 3) is to find the infimum of T'(Q) over
the set Q; where

T T
Q) =E® [ / S°U,ds + S%UT] + BER [ / 0,5°1In Z%ds + S5 1n Z32 | . (2)

0 0

The first term in the right-hand side of (2) will be linked, in the following section, to the Q-expected
discounted utility from target and cost process. The second term is a discounted relative entropy
term and 3 > 0 is a given positive constant which determines the strength of this penalty term.
Note that the optimal probability Q for the problem P(U, Uz, 3) is optimal for the minimization
problem P (U, Uﬁ, 1) where U® = U/3, Uj’[f = Ur/(3, therefore, we shall restrict our attention to
the problem P(U, Ur) := P(U,Ur, 1).

Assumption A 2. For a more precise formulation of our problem, we make the following further

assumptions:

i) the discount rate 0 is a non-negative bounded process, more precisely there exists € > 0 such that
for anyt>0,0 < e <6 <|0]oo, a5

ii) the cost process U belongs to DY and the terminal target Ur is in LeP.

i) the process Al := f(f A\ods is assumed to be uniformly bounded, i.e., A% < C, a.s..

Remark 1. The assumption iii) is a technical hypothesis needed only in the proof of Theorem 4.
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3 The Optimal Model Measure

In this section, we study the characterization of the optimal probability measure for the minimization
problem infoeo I'(Q). We recall the general result on existence and uniqueness given in [BMS]:

Proposition 1. Under Assumptions A1-A2, there exists a unique Q* which minimizes T'(Q) over
all Q € Qf.‘
Q) = inf T(Q) (3)

QeQy

Furthermore, Q* is equivalent to P.

We use stochastic control techniques to study the value process V' associated with this op-
timization problem. We show that V' is the unique solution of a backward stochastic differential
equation (BSDE) with a quadratic-exponential driver:

p d
L. 1 c 7 )
dY; = [ E 9y )N, — U+ 0Y; dt‘*‘éd(MY’C)t‘l'thY’ + E :ytht (4)
i—1 i=1
Yr =Ur

where g is the convex function g(z) =e™* +x — 1

A solution of (4) is a triple (Y, MY y) where Y is a P-semimartingale, MY is a locally
square-integrable continuous local P-martingale null at 0 and y = (y%,--- ,y?) an R%valued pre-
dictable locally bounded process. Note that Y is a special P-semimartingale.

3.1 Some properties of solutions of the BSDE

We establish some auxiliary results about the existence and uniqueness of the solutions of (4).

Proposition 2. Let (Y, M, y) € Dg* x M ,.(P) x L*(A,P) be a solution of the BSDE (4). Then,
Y satisfies the following recursion equality: for any stopping time T valued in [t,T],

Y, = —In E° [exp(—YTjL/ (5SYS—US)d8>
¢

G| )
Proof: Assume that (Y, MY y) is a solution of (4), and define

t
x—n—n—/wm—ums
0
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and Z, = e~X*. An application of Ité’s formula leads to

d
dZ; = Z;_ (—thY’C +) (e*y? — 1) dN;’)
i=1
hence, Z is a non-negative local martingale. Assuming that Z is a martingale, one obtains, for

t<rT<T:
e~ Y _ P [exp (—YT +/ (0,Y, — Us)ds) gt} . (6)
t

In general, we use a localizing sequence 7, in order to have the P-martingale property and thus
obtain (6) and (5) with 7, A 7 instead of 7. Then by the integrability Assumption 2 and the
assumption that Y € Dy we obtain a P-integrable upper bound for the right-hand side of (6) and
letting n go to infinity, by dominated convergence we obtain (5) for 7. O

In the case 6 = 0, the process Y, part of the solution of (4) is given in a closed form as

T
Y; = —InEP {exp (—UT —/ Usds) Qt} .
t

We give now the main result of this section which extends earlier works by [16, 28, 25] and [BMS]:

Theorem 1. There erxists a unique triple (Y, MY y) € Dg® x MB(P) x L2\, P) solution of (4).
Furthermore, the optimal measure Q* solution of (3) admits the Radon-Nikodym density Z% =
E(L) w.r.t. P where

d
ALy = =M+ 3" (e = 1) dNj, Lo =0, (7)
=1

Proof:

Step 1: In this step, we follow closely [BMS]. For Q € Q%, the space of probability measures
equivalent to P with finite entropy, we denote by L® the stochastic logarithm of Z9, i.e., the P-local
martingale such that dZ2 = Z2 dL2. From Assumption 1, the local martingale L2 admits the
decomposition

d
dLY = dLY +> (1N,

=1

where L9¢ is a continuous P-local martingale, and ¢’ are predictable processes, and one has

d d
1 . ) . L
dInZ2 = dL2¢ — §d<LQ’C>t +) (14 £)dN; + Y (In(1+6) — ) Npdt. (8)
i=1 i=1
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Following [BMS], we establish that there exists a special semi-martingale V' (the value process) such
that the process J? defined as

t t
JS:SEW+/ S§U5d3+/ 0,52 Z2ds 4+ S2In Z2  forallt € [0,T]
0 0

is a Q-submartingale for each Q € Q% and a martingale for a particular Q*, hence Q" is an optimal
probability measure (see [BMS] for details, in particular for the fact that £(L) is a true martingale).
We denote by V = AV + MY the canonical decomposition of the special semi-martingale V. The
local martingale M" admits a decomposition dM" = dMV’C—i—Zle v'dN* where MV is a continuous
P- martingale. Using integration by parts formula, we obtain after some simple computations and
using (8):

dJR = S ((=6.Vi+ Up)dt + (dV; + d1n Z2))
1
= 8 [( 0V, + Up)dt + dMYC + dA) + dLEC — §d<LQ’C>t

d d
+3 (v +In(L+ )N + > (In(1+ 6) — £)Xdt
i=1 i=1
From Girsanov’s theorem, the processes (N/),, and (]\Aijf)t20 defined as:
dN! = dN! — (iNidt
dM¢ = d(M)* + L) — d(M"Y< + LR, [R¢),
are Q-local martingales, hence:

1

dJR = b [(—(w; + Ut + dM + dAY + (MY + Lo, L3), — ~d(L%),
d d
+ 3 (0 + (14 6)dN] + ) (G — 1) + (14 6) In(1+ £})) A;’dt] .
i=1 i=1

In order that the process J° is a Q-submartingale for each Q € Qf, we impose that its finite
variation part is a non-decreasing process.

t

1

Al = —ess lélf/ (Uy — 6,Vy)ds + (MYV¢ 4 L L), — §<LQ,c>t
7 Jo

d ot
+§;/D (60} = 1) + (14 €)Y In(1 + £1)) Xeds. o)
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To find the essinf, we divide (9) in two parts, the continuous part and the discontinuous part;
hence we have two optimization problems:

t
1
A = / (0sVy — Ug)ds — ess iélef{(MV’C, L9, + é(LQ’C>t}
0 f
d t
— ess 1£f2/ (vl — 1)+ (L4 ) In(1 + £2)) Xids.
ri5 /o
In [BMS], it is proved that the first infimum is obtained for L2¢ = —M "¢ and
: Ve 1Q,c 1 Q,c 1 Ve
—essinf{(M"°¢ L) + —(L~)} = =(M"°).
Q5 2 2
The second part of the optimisation problem reduces to find the optimal ¢, solution of:
essinf (€1 (v) — 1) 4+ (1 + £2) In(1 + £2))
which is an easy task, the solution being ¢** = eV — 1, which leads to

—essinf (£(v] —1) + (14 ) In(1 4 £)) = e + 0! —1 = g(v])

where g(z) = e7* 4+ x — 1. Therefore,
t
1 o
AV = [EV=vds+ 50+ [ 3 gtinds,

It follows that (V, MY v) is a solution of

{ @V = (80Ve = U+ Xy g (X)) dt + 3AMV), 4+ dMY + S5, vid

hence, the optimal probability measure Q* is characterized by its Radon-Nikodym density
d .
1z = 2% dL,,  dL = —dM)*+ Y (e - 1) an]
i=1
The value process V' is a solution of (4), then the solution exists.

Step 2: We now study the uniqueness of the BSDE solution. Assume that (Y, MY< y) and
(Y, MY §) are two solutions of (4) in Dg® x MP(P) x £2(\,P). Suppose that, for some ¢ € [0, T],
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the set A = {Y; > Y;} € F, satisfies P(A) > 0 and define 7 = inf{s > t|Y, > Y.}, so that Y, > Y,.
Since Y7 = Y7, one has 7 < T, and:

/ (0sY, — Ug)ds — Y, > / (8,Y, — Uy)ds — Y on A
t t
Then, from Proposition 2, it follows that:

exp (=Y;) = EP {exp (/ 0sYs — Ug)ds — Y})
t

Qt} > exp (—Y}) on A

which implies that ¥; < Y; on A in contradiction with the definition of A; therefore Y and Y are
indistinguishable.

Step 3: In this step we prove that the solution (Y, MY y) of the BSDE (4) belongs to the required
spaces.

e As in [BMS], the recursive property implies that Y € D{*™.

e We now study the process M. Let us consider the P-martingale:

T
K, :=EP {exp (/ (6sYs — Us)ds — UT)
0

J

Using the fact that Y € D™, we obtain that the process K belongs to MP(P). Now, the recursive
property leads to

t
K, = exp (—m =[G U5>ds)
0
and it is not difficult to show that, from Itd’s formula and the canonical decomposition of Y,

dK¢

M = ——*.
! K,

(10)
From Assumption 1, there exists k' and M*¢ such that the martingale K equals
d t
K= Kot M5+ 3 [ Han:
i=1 70
Hence, from (10)

T 1 1 T
) < [ bl < (K90 sup L < (K)resp (2 sup W1+ 6T +2 [ 04 )
0 0<t<T 0

t 0<t<T fr¢
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By BDG's inequalities, there exists a constant C' such that for every p € [1, +00):

EP [<KC>T+ /O ' <k§)2dHZr < CE"( sup |K,[") (11)

0<t<T

Since K € MP(P), we conclude that MY lies in the space Mp(P) for every p € [1,+00). We
conclude, using again BDG’s inequalities.

e Space of y: Using the recursive relation and the decomposition of the process K we get:

In(K;- + k;fg) —In(K;-) = —yz

TR 1 T \?
dH? — K dH?
[ () am| < (s o) ([ )

1
Since sup (—) € LP(P) for any p € [1,400], using (11) and Cauchy inequalities, we conclude:
o<t<T Ny

hence,

T . , 1%
EP { / (e7¥ —1) dH,f] =
0

ya
2

< EP

SIS

P g i 2 i
E M (=¥ — 1)’am

< 00. (12)

In particular

T 5 2 Tk N
EP / (e7¥ — 1) \dt| =EP / L) dH]
0 0 Kt—

By using similar arguments, one prove that:

1 r 4
<E° {( sup —2>/ (k;)QdHtZ} <oo. (13)
o<t<t K7 ) Jo

T 5
EP [/ (et —1) A;dt] < 0. (14)
0
Moreover, by using the inequality
> <2(le? =1+ |e? — 1]*), Wy eR

and (13)-(14) we conclude that the process y is in L2(\,P).
It remains to prove that the martingale part of the BSDE solution, i.e.,

d . _ .
M = —MY*+ Z/ (e7¥ — 1)dN]
i=1 70
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belongs to M (P) for any p € [1,+00).
Since MY¢ € ME(P), and (12)

[NJiS)

d

T , A
(MY + Z/ (e ¥ — 1)2dH§] < 00,
0

=1

]EP

and using BDG inequality, we obtain

EP < sup |Mt|p> < 00.

0<t<T

3.2 Comparison theorem and properties of the value process
In this part, we establish a comparison theorem and we study the properties of the value process
for a given pair (U, Ur).

Definition 3. For two random variables X and Y, we write X <Y for X <Y a.s.
For two processes A and B, we write A < B for Ay < By, ¥Vt € [0,T)],a.s.. We write (X, A) < (Y, B)
if X <Y and A < B.

Theorem 2. Assume that for k = 1,2, (Y’i, MP*e y*) is the solution of the BSDE (4) associated
with (U*,UL). We denote Y'2 := Y1 —Y? U2 :=U' — U? and U}? := Us — U2. Then,

] (15)

where Q%2 is the solution of P(U% U2), i.e., the probability measure equivalent to P with Radon
Nikodym density AN given by

d .
Az = 797" <_th2’c +y (6%2 _ 1>ng'> : (16)
=1

In particular, if (U, U}) < (U?,U2), one obtains
V! <Y? dP®dt-ae.

T
S}y? < B { / SIUPds + 5307
t

Proof: We denote y*'? := ¢! — »2 and M'%¢ = MY — M?*¢. Then:

Y2 =07+ / <U12 Y12 ds — Z / VAN — Z / ) — g(yi*)] Aids
t

1

. )
= wwﬂm—dwﬂﬂg—liwﬁh
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Note that, since M*¢ are continuous martingales,
2,c 12,c 1 2,c 1 1,c 1 12,c
—<M’7M’>—§<M’>+§<M’>:§<M’> (18)

Using the fact that the process (M'%¢) is increasing and that the function g is convex we get:

T
Yt12 < U}2+/ <U12 5, Y12 ds—i—Z/ e —yi? 12)\zd8+/ d(MQ’C,MIQ’C>S
t t

_/ dMlZc Z/ y112sz
t

Let N* and M*° be the Q*? martlngales obtained by Girsanov’s transformation from N and M3,
where dQ*? = Z9*dP and where Z9"” is given by (16). Then,
~ T
Y2 < 012 4 / <U12 Y12 ds — Z/ 12 N / AM*
t t

which implies that

® T Rs ~ RT —
Y2 < O [/ o CRATI2gg o o Srdr 12 Qt]
t

In particular, if (U, U}) < (U%,U2), then Y,! <Y? dP ® dt-a.c.. O

We have also the following standard a priori estimates.

Proposition 3. Let (Y, M’“ ,y*) be the solution associated with (U* UE) for k = 1,2 where we
assume that (UY, UL) < (U?,U2). Then there exists a constant C' > 0 such that:

B sup [V + (M%) +Z/ gt < CB |03 +/ U2fat]  (19)

0<t<T

where \o* is the intensity process of H® under the probability Q*2.
In the case (U%,U2) < (UY,U}), the same inequality holds with Q*!.

Proof: Using Itd’s formula:

~ 1 1
d(y;l2)2 _ Y12 K&Yu Ut12> dt + §d<M1’C)t _ §d(M2’C>f} —|—d<M12’C>t

+ 2y dt+z PI2V2\idt + dmart,

Z(g( Y=g A
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where dmart; = 2V, [dM12 Ce Ly ;12dN’} +3¢ (yy 12) dN} corresponds to a martingale.

Assuming (U, U}) < (U%,U2), it follows from the comparison Theorem 2 that Y1 < Y2
Using the relation (18) and the convexity property of the function g, we get :

T T d ,T - o
)"+ / d(M2°), < (0)" +2 / v, [—55Y512+U512] ds+2) / Y2 (e — 1)ybAids
t t i=1 71

d

T T T T
_ 2/ Y;12d<M1’C, M2,c>s + / Y'Sl2d<M2,c>s . Z/ ( i, 12) )\ZdS + / dmart,
t t t

t i=1

hence

T T T
(1/;12)2_'_/ d<M12’C>S < (0%2)2—1—2/ Y;lz [—555/;12 +U12 Z/ 212 )\i*dS—i-/ dmart:
t t t

(20)
where mart* is a Q*? martingale and \** := )\ie*yg'z is the intensity of H* under Q*2. From the
obvious inequality

(Y;IQ> UlZ)le > _<U12)

5t(

44?7
and the non-negativity of d, we deduce easily that
- 1 ~
_y? <5tY12 U12> < B<Ut12>2 (21)
t

Plotting relation (21) in (20) and using the fact that the process J is bounded below, there exists
a constant C' > 0 such that:

]EQ*,Q Sup |Y12| + M12c _,_Z/ 122| )\z*dt

t€[0,T]

T
< CEQ™” {|U12| +/ |Ut12|2dt].

Permuting Y! and Y2 and assuming (U, U}) > (U2, U2) leads to the kind of inequality. O

Theorem 3. (Concavity property) Define the map F : DI x L™P — D™ as
FUU) =V

where (V, MV’C, v) is the solution associated with (U, U). Then F is concave, namely, for all® € (0,1)
and (UY,U}), (U?,U2) € DY x L®P ;

F(0U" + (1 - 0)U?,0U; + (1 — 0)UF) > 0F(U",Uy) + (1 — 0)F(U?, U3).
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Proof: Let (V¥ M*c o) be the solution of BSDE (4) associated with (U* Uk) € Dy x LeP,
Then for any 6 € (0,1):

A0V, — (1= 0)V2) = [6,(0V;' + (1 — O)V2) — (U} + (1 — O)UP)] dt
SN+ (0N, A0+ ()

+ Z (v + (1 — 0)v; dN“rZ 0 g(vr") + (1 — 0)g(v]")| Nidt (22)

We recall the following general result: Let X and Y be two continuous martingales. Then, for all
6 € (0,1), 0(X)+ (1 —=0)(Y)— (X + (1 —6)Y) is an increasing process. Indeed, we have:

(X + (1 =0)Y) = 6(X) — (1 - 6)(Y)
= (67 = 0)(X) + (1 —0)" = (1= 0))(Y) +20(1 — 6)(X,Y)
= 00 - D[{X) + (V) - 20X, V)] =0(0 — 1){X —Y)

Therefore using the convexity property of the function g we get:

OV (1— 02 < (0(7}+(1—0)(7%)—/T 5,0V + (1— 0)V2) — (U + (1 — 0)U2)]ds

T T
— / d(OM" + (1 — 0)M>°), — / d(OMEe + (1 — ) M2°)

t

t
d T d T
- / (Ovh' + (1 — 0)v")dN! — Z/ g(Ovr" + (1 — > )\ids (23)
i=1 vt i=1 7t

Let (V% M%<, v?) be the solution of the BSDE associated with (8U* + (1 — 6)U?,0U" +(1 — 6)U?)
and set MV*? = MY + (1 — 0)M?¢ and for i = 1,--- ,d, 2% = Gv'* + (1 — 0)v*!. Then, using
(23):

T T T
oVl - (-0 VY < / 5.V — (V) + (1— 0)V2)) ds — / d(MV) 4 / Gy
t t t

T d_ ,T
— / d(M) 0 — M)+ / (9w - X’ds—z / 0" — vl dN]
i=1 71t

t
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Using (18) and the convexity property of the function g we get:

T d T _
oV b =V V < [ [V - 0V (- 02 s+ 3 | (e 1) @ = atas
t -

T
_/ d(<M6’C,MV’C’9>S+ <M¢9,c>s) _/ d<MVc¢9 Mé’c Z/ ~0i 92 sz
t

< /T [6,(VE = (V) + (1 = 0)V2)] ds—Z/ 00— o) (AN — (e — 1)Aids)

T
_/ d ((MSV,C,G . Mse,c) + <MV,C,0 . Me’c, M&,c>s) )
t

Let Q%% be the probability measure equivalent to P with Radon-Nikodym density

dZS*’e _ Zlg*,@ ( M9 c _I_ Z dNZ)

Then, using integration by parts and Girsanov’s theorem, taking Q*’-conditional expectations, we

have
STV + (1= 0)V? = V) <0

which gives the result. U

4 The second optimization problem

In this section, we assume that Uy = U(c,) and Uy = U(¢)) where U and U are given functions, c
is a non-negative G-adapted process and 1) a Gr-measurable non-negative random variable. We fix
a probability P equivalent to P with a Radon-Nikodym density Z with respect to P given by:

dZy = Z, (0, dMf +> (e = 1)dN}), Zy=1. (24)

i=1

4.1 The optimal plan

Definition 4.
A(z) is the closed convex set of controls parameters (c,) € H*([0,T]) x L2(2,Gr) such that

T
Eﬁ[/ ctdt+w} <z,
0
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and (U(c), U () € DY x L= and (cU'(c), U’ (1)) € DY x L¢P for any pair (¢,) € H([0,T]) x
L*(Q,Gr), as well as the process exp (7 [, |U(¢y)|dt) (respectively exp (v [, |ei]|U'(¢y)|dt)) belongs to
the class [D] (see Dellacherie and Meyer [5] for definition).

We study the following optimization problem:

T
sup IEQ { / SeU( cs)ds+STU(¢)]+]EQ* { / 0,8 Z%ds + S5 Z2 | = sup VU
(c)eA 0 (c))EA(R)

where Vj is the value at initial time of the value process V', part of the solution (V, MV, v) of the
BSDE (4), in the case Us, = U(cs) and Ur = U(3). Here, Q" is the optimal model measure for
P(U(c),U(v)), and depends on ¢, 1.

In a complete market setting, denoting by P the unique risk neutral probability, the process ¢ can
be interpreted as a consumption and 1 as a terminal wealth.

Assumption A 3. The utility functions U and U satisfy the usual conditions:

i) Strictly increasing and concave.

ii) Continuous differentiable on the set {U > —oo} and {U > —oo}, respectively,
iii) U'(00) = lim, o, U'(z) = 0 and U'(00) := lim, ., U'(z) =0,

i) U'(0) := lim, o U'(x) = +00 and U’(0) := lim, .o U'(z) = +o0,

U/
v) Asymptotic elasticity AE(U) := lim sup (@)

<1
T——+00 U(l')

4.2 Properties of the value process
Proposition 4. Define the map G : A(x) — DG* as G(c,v) = V, where (V, M",v) is the
solution of the BSDE (4) associated with (U(c),U(v)). Then
(i) G is concave, i.e., for all 0 € (0,1) and (c*,¥'), (2, ¢?) € A(x):
G (0" + (1= 0)c”, 00" + (1 — 0)p*) > 6G(c',0") + (1 — 0)G(, ¢?).

(i1) Let Go(c, ) be the value at initial time of G(c, ), i.e., Go(c,v) = Vo. If (", 9™) € A(x) con-
verges decreasingly to (c,v) € A(x), then Go(c™, ") converges decreasingly to Go(c,v). Moreover
G is upper continuous with respect to the control parameters.

Proof: Let (V¥ M*< v*) be the solution of the BSDE (4) associated with (U(c*), U(*)) for
k=1,2. For any 6 € (0,1), let

(V?, M%,7%) be the solution of (4) associated with (U(0c' + (1 — 0)c?), U0y + (1 — 0)y?))
(V9 M%< %) be the solution of (4) associated with U (c') 4 (1 — 0)U(c?), 0U (') + (1 — 0)U (?))
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and set V' = V1 4 (1—0)V2. Then, by using both the concavity properties of (U, U) and Theorem
2, we get v > VY Moreover, as consequence of Theorem 3, we obtain V¢ > Ve, which gives the
assertion (7).

Let us now consider (¢",9") a decreasing sequence of control parameters in A(x) which converges to
(c,¥), " — ca.s and Y™ — 9 a.s; then, by using inequality (15), and the fact that the functions
U and U are non-decreasing, we get

|v0c",w” o voc,¢| < EQ” {/0 (U(CZ’) — U(cs))ds + (U(¢n) - U(¢)) (25)

where Q* is the optimal density associated with (U(c),U(¢)). Thus, by using the convergence
monotone theorem and the a priori estimate (19), V<"¥" converges decreasingly to V¥ .

Let (¢*,¢™) € A(z) be a sequence of control parameters such that ¢* — ¢ a.s and " — 9 a.s
where (c,9) € A(x) and denote ¢" = sup,,,>,, ¢ A = sup,,, Y. Then, ¢" — c a.s decreasingly
e, &n

and {/;" — 1 a.s decreasingly. It follows that Vj converges to V¥ decreasingly and therefore:

limsup VS V" < lim VEF" = vov
n n
Hence, G is upper semicontinuous with respect to the control parameters.
O

Definition 5. The pairs (c',¢'), (*,v?) € A(z) are comparable if either (c',¥') > (¢ ¢?) or
(et ) < (2, 9?) with the order introduced in Definition 3.

Proposition 5. Assume that Assumption A. 8 holds and let (c',¥'), (¢, ¥?) be two comparable
plans in A(x). Then the function ¥ defined on (0,1) and valued in Dy

U(e) = G(c' +e(c® — '), ! +e(y® =)
15 right continuous at 0.

Proof:

e Assume first that (¢!, ') < (c?,9?). Let, for € €]0,1[, V¢ = G(c! + e(c® — ), ¢! + e(v? — 1))
and V = G(c',¢"). From Proposition 3 and the obvious inequalities U(c' 4 ¢(c* —¢')) > U(c') and
U@W' +e(¥? —¢") = U(¥'), we obtain

B (sup Vi Vi) < CB 06!+ e(w? — 1)~ U+ U+ el - o)) — U(el) s
<t< 0
Using now the concavity properties of U and U, we obtain
0 < Ule +elef — ) = Ule) < ell(e) (e} = )
0 < U@'+e(@?—4") -U®") <eU' (@)@ = ).
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Thus, we have

V, — Vf
€

EQ’ ( sup

0<t<T

) < OB [0 -0 [ ) el

0

e Assume now that (¢!, ') > (c,4?). Then, using the fact that G is concave with respect to the
control parameters, one has
Ve>(1—e V4 ev?

where V¥ are associated with (c¥,9*). Moreover, since ¢! +¢€(c? —c!) < ¢! and ! +e(¢? — 1) < ol
we have by Theorem 2 that
€ 1
0> sy

€

Therefore: - -
LI <VP=V}Y,  teo,T).

Using now Proposition 3, we get

1 €
EQ*J( sup Ve W

0<t<T €

2) < B | (U)W - v + / U - b

2

V;l_‘/te

€

e Finally, we conclude there exists a constant C' > 0 such that:
]EQ*[ sup C

0<t<T }

where Q* = Q%! if (¢, ') > (¢, 4?) and Q* = Q*? if (¢!, ¢!) < (¢?,4?). Then, by Kolmogorov’s
criteria, we deduce that W is right-continuous at 0. U

IN

We now give a regularity result that will be useful in the next section. The proof is postponed to
the Appendix

Theorem 4. Let (c',9y') and (¢?,4?) be two comparable plans in A(z). Let

(V€ M v)  the solution of (4) associated with —(U(c* +e(c® — ")), U + e(* — 1))
(VY MY vb)  the solution of (4) associated with —(U(c'), U(y))

Then, V¢ is right-differentiable with respect to € at 0. Moreover, if we denote by 0.V := lim._ VS%Vl,

then there exists 0. MV, 00 € L2(QY) x L2(X, Q') such that the triple (.V, 86]/\\/[/‘/’6,8611) is the
solution of the following BSDE:

d
do:Vy = (6:0.V: — U'(¢})(c] — ¢})) dt + do. M) + Z Qevzd]vf, Q*'-a.s.

i=1

(26)
0Vr = U'(")(* = ¢'),
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1,2

where X := ™" qnd N* := N' — ING —u D)Aidt is a QY*-martingale.

Moreover, we obtain

o[ 28788y ey [T 2RSE
86‘/;5:]E Q*lng(¢ >(¢ —¢)+ Q*lS(;U( )(C —C)dS
t

] vte[0,T]. (27)

4.3 The optimization problem

In this section, we solve the following optimization problem: we associate with a pair (¢, ) € A(x)
the quantity
T
X5¥ =EF (/ csds + w)
0

u(z) = sup Vo(c’w). (28)
Xg’ng

Here VO(W) = Vo, where (V, MV, v) is the solution of the BSDE (4) associated with (U(c), U(1)).
Note that, in a complete market setting with zero interest rate, when P is the unique equivalent
martingale measure, X is the initial wealth associated with the consumption ¢ and terminal wealth

.
Proposition 6. There exists an optimal pair (°,¢°) which solves (28).

and we study

Proof: The uniqueness is a consequence of the strictly concavity property of Vy. We shall prove
the existence by using Komlos theorem.

First step: Let us first prove that sup.)cae Vo < +00. Because P € Qf, we have:
- T
sup Voc“p < sup EP [U(v,b) +/ U(cs)ds} = u(x)
(c)EA(x) (c)EA() 0

Using the elasticity assumption on U and U, we can find v € (0,1) and zy € R such that, for any
6 > 1, one has:

U(fz) < 0"U(x) Va > xo,
U(0x) < 07U (x) YV > x,

hence, for any = > xy:

u(0z) = EP [U(ed’gr) + /0 ' U(G;)ds] < 0(x).
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Then, AE(u) < 1, which permits to conclude that, for any x > 0, u(x) < 400 (see [14] and [21]
chap. 3, Lemma 3).

Second step: Let (¢",9") € A(x) be a maximizing sequence such that:

S lim VEY = sup VY < 400,
e (c)eA(x)

where the RHS is finite thanks to step 1. Using Komlos criterion, we can find a convex combination
(en, ) € conv((c”, ™), (v ) ) which converges P-a.s. We denote by (¢*,4*) this limit,

which belongs to A(r) since it is a closed convex set. Moreover, there exists N, > n and a
positive sequence (0),, -y satisfying SV g™ = 1 such that (&, ¢,) = (30N gmem SO gmypm),

m=n

Therefore, by using the concavity and the increasing properties of the functional V{ which respect
to the control plan we get:

“n n PNn gmem pNn g™ Nn m ,.m nonn
‘/OC P — ‘/0 m=n ' m=n Z Z Hm‘/oc »1/) Z ‘/Oc ﬂ# .
m=n
Moreover, using the upper semi-continuous property of the functional Vj which respect to the control

plan we get: .
sup Voc’w = lim sup Vocn’wn < limsup Voén’wn =Vy A4y
n n

(c)eA(x)
O
In order to characterize the optimal solution, we recall the classical convex analysis result.
Proposition 7. There exists a constant v* > 0 such that :
u(z) = sup {VO(C’W +v* (:z; — Xéc’w)> } (29)

(c.¥)

and if the mazimum 1is attained in (28) by (c*,v*), then it is attained in (29) by (c*,¢*) with
X(()C R Conversely, if there exists 1° > 0 and (°,¢°) such that the mazimum is attained in

(c¥)

with Xécoﬂpo) =z, then the mazimum is attained in (29) by (°,¢°).

Let v > 0 be fixed and L be the map given by L(c, ) = V) — vX{**). We now study the
following optimization problem:

sup L(c,v) . (30)
(e)
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Proposition 8. The optimal plan (°,4°) which solves (30) satisfies the following (implicit) equa-
tions:

7P v o Zhuv

Z_E)S_f dt ® dP a.s , U'(y°) = 7555 dP a.s (31)
where Z° is the Radon-Nikodym density of the probability measure QV associated with the optimal
plan (%, ¢°).

Proof: Consider the optimal plan (¢°,+°) which solves (30) and another plan (c, ). For € € (0, 1),
one has:

U'(e)) =

L( + e(c = ), 9" + e(p = 47)) < L(",9°)
Then

1 (%<c°+e<c—c°>,w0+e(w—w°>) B Vg(c(’»w(’)) L (Xéc()* (o= pOe(v=9") _ X§C°’¢°)> <0 (32)
€ €

From the definition, we obtain that

T
e X(c )= Tim - (X(C Fe(eme)piele=e) _ XéCO’W)) — E° {/ (cs — )ds + (¢ — ¢0)} .
0

e—0 €

Taking the limit when € goes to 0 in (32), we obtain:
oV —va. X <0 (33)

where 9, V(%) exists and is given explicitly by Theorem 4. From the explicit expression of 9.X ¢ 0%)
we get:

oV —va X = EP {55 290" (¢°) (4 — 4°) + / SSZ0U (D) (e — cg)ds]
— uEP |:Z;(1/J — %) + / Zf(cS — cg)ds}
0
It follows from equality (33) that
3 T
P [(s;;ng'(wO) - VZP) (¥ —y°) + / (sgng’(cg) - uzf) (cy — cg)ds} <0
0

The rest of the proof is the same as in El Karoui et al. [9] (proof of Theorem 4.2, p. 677). In
particular, for any 1, EP [(S%Z%U’(zﬁo) — VZ;) (¢ — 1/)0)] < 0, hence

SSZOT' (W°) —vZE =0  as

We find the optimal ¢ with similar arguments. O
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Theorem 5. Let I and I be the inverse of the functions U' and U'. The optimal plan (c°,°) which
solve the problem (29) is given by:

0 7P 0 ZP
=1 (S_EZ_ZO> dt ® dP a.s , P =1 (S—%Z—?F a.s. .

where V° > 0 satisfies:
/TI v 2 dt+1 2
o \S0Z} Sy Z3

Proof: Define the map: f: (0,4+00) — (0,+00) as

EP =z.

flv) =EP

Then, using assumption A.3, f is monotone and satisfies lim, g f(v) = 400 and lim, ., o, f(v) = 0.
For any initial wealth z € (0, +00), there exists a unique ° such that f(1°) = z.

Let (c, 1) € A(z) and (V&%) MY v) (resp. (V) AVoe, ")) the solution of the BSDE (4) asso-
ciated with (U(c%), U(¢°)) (resp. (U(c),U(%))) then from the inequality (15) (see the comparison
theorem), we get:

Ve — e < B9 {S% (O@) = U@") + /0 8 () - V() dS}

IA

5 [si0 -0 + [ S0~ das).

It follows that:

V(Cﬂﬁ) _ V(Coﬂl’o) < OEQO Z_iﬁ“ 0 g Z_f —Nd
0 0 = v ZO (w w ) + 0 ZO (CS Cs) S
T s

T T
OEP( sd)-Ep(O 0d>)
1/< 1/1+/Ocs Q/J—l—/o c.ds

Since (c,1) € A(x), then EP [w + fOT csds] < z. Using that EP [@/}0 + fOT cgds} =z, we conclude:

IN

va 0071/)0
Yo <y
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5 Logarithm Case

In this section, we assume that the process § is deterministic and that U(x) = In(z) and U(z) = 0

(hence I(z) = < for all z € (0,400)). We introduce, as in Theorem 5, the optimal process
¢ = I<%%> = %?g—t Recall that the Radon-Nikodym density Z, and the Radon-Nikodym

density of the optimal probability measure Z* (given in (7)) satisfy

A7, = ethCJrZ ~% — 1)dN?), Zy = 1 (34)
dz; = MYC+Z ¥ —1)dN}), Z; =1 (35)

For any deterministic function « such that a(7) = 0, V admits a decomposition as
Vi, = a(t) In(c}) + 5

where [ is a process such that 87 = 0. Our goal is to characterize the process 5. As in [2], we
introduce J; = 1+a ﬁt in order to obtain a simple BSDE. Note that, even if Z* is implicit (the

coefficients depend on the solution ¢*), the BSDE for J is explicitly determined in terms of the
given parameters A’ and of the given probability P.

Proposition 9. The value function V' has the form
Vi = a(t) In(c}) + (1 + a(t)) /s

where
T Rs
at) = —/ e SWdugs
t

and (J, M7, j) is the unique solution of the following Backward Stochastic Differential Equation,

where k(t) = —%:

ad = (U 80) (1 + ()T, — k(D)5(0))di + NI + %d(M"’% + %k(t)(l T+ E()02d(Me),

+Z jt’dN’—l—Z( gGHN + ( k() (e — 1) + b0 )x)dt (36)
Jr = 0
Here, the processes M7¢ and dN} = dH} — Nidt are P-martingales where dPlg, = Z,dP|g, and
Al = ek N where
d

dZ, = —Z,- (k;(t)é)thf =) (ere 1)ng> (37)

=1
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Note that, in a complete market, one obtains a forward backward system for the pair J-optimal
wealth.

Proof: Using the fact that V' satisfies the BSDE (4) and the assumed form of V' in terms of (o, ),
one obtains

dVy, = (6(t)V, — In(¢))) dt — d(In Z}) = a(t)d(Inc}) + (In¢))/ (t)dt + d,
Therefore

A, = 6@V, + a(t))dt — (14 /() In(c))dt + a(t)dIn Z, + (a(t) + 1)dIn Z;
= ((6Ma(t) —1—a/(t))Inc (t) + (1), + a(t)d(t))dt + at)dIn Z, + (a(t) + 1)dIn Z;

We choose « so that §(t)a(t) = 1+ o/(t). It follows that
dB, = 6(t)(B, + a(t))dt + a(t)dIn Z, + (a(t) + 1)dIn Z;
After some obvious computations taking into account the form of Z and Z *, one obtains
d i i .
as = 6B +a®)dt+ 3 ((alt) + 1) = 1) = a()(e ™ - 1)) Nt
i=1
e 1 ¢ c
+a(®)dM; + (a(t) + 1)dM = 2 (a(®Fd(ME), = (alt) + 1d(M"<), )
+ Z <(a(t) + 1)yl — a(t)zi) dH}
i=1

We now define J = —L_3, and set k(t) = —2_ Then

()

. (llj—i((gjt—w)k(t)) e (ot + K)o ) N

d
+dM — k(t)0,dM; + %(k( 02+ d(MV<), ) + 3 (v + k()2 )dN;

=1
We introduce the martingale M7 as dM;** = dM}** — k(t)0;dM¢. Tt is easy to check that
d(M”7€), = d{M¥°), — E*(1)02d(M*), — 2k(t)0,d({M’*, M*),
and we denote ji = y! + k(t)z}. Using the fact that, due to the form of g, for any z,k, 2, \,

zdN + Ng(x — k2) + kg(2))dt = 2(dN — (" — 1)Adt) + (g(x)e™ + (e7* — 1)k + €** — 1) Adt
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one obtains
ai = (1)1 + k(E)Je = 6)k() )dt + > (9GO + k(t) (e = 1) + 0% — 1) Njat

1 1
+dM; + §d(MJ’C)t + k()0,d(M"<, M), + ak(t)(k(t) + 1)02d(M®),
d
+ 3 AN} — (eF — 1)Njdt)
;=1
We define P as dP = ZdP, where

d
dZ, = —7,_ (k(t)eth; =) (PO — 1)ng>
=1
The processes M7¢ and N’ defined as
dAM?® = dM + k(t)0,d(M”, M®),
AN} = dN} — ("% — D)Nidt = dH? — Nidt

are P martingales. The result follows.

6 Appendix

In this Appendix, we give the proof of Theorem 4. Let

(VE, M“,v°) be the solution of (4) associated with (U(c! + ¢(c* — c")), U(¥* + e(x® — 1))
(V1 M€ v') be the solution of (4) associated with  (U(c"), U (")

and denote
e _ 1/1 6,0_M1,c ) et _ o1
AV = v 4 , A M = M—, At = u’ (38)
€ € €
1 2 1V 1 ~ 701 2 ANy Tl
ap o U@ =c) U)o DW= ) - T

€ €
Then, (A.V,A.M¢, Av) satisfies the following equation:

1

t
AV, - / (G.AV, — AU,)ds =
0 2e

— (M), — (M*),) Z/ i) — g(vl*))Nids + A M

d t
+) /0 AidNY,
=1

(39)
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with final condition A Vy = A Ur.
We start first to give the following a priori estimates:

Lemma 1. Assume the same conditions as in Theorem 4. Then, there exists a constant C' > 0
such that: Vi =1,--- ,d,Vp e N*, Ve >0,

EQ <, (40)

N AN ol AW
sup |A V| +<A6M >T+Z e s
i=1 ’

0<t<T

where AGMC is the Q%! martingale part of the Q"' semimartingale A M¢, and M= Aee=" s the
intensity process of the process H* under the probability measure Q**.

Proof: Let (¢!, 4!) and (c?,1?) be two comparable plans. We introduce the processes

K :IW%m(AQ@W—U@+d&—®»@—WW+4W—ww)

]

g

m-:lf%w(AQ&W—U@»w—mwQ

Obviously, for all ¢ € [0, 77, one has:
t
Ve = Sln(K) + [ GV - U el - s
0
t
V= (D + [ (G- Ule)as.
0

hence,

Ve-vi (KR
€ N K}

— K _ 1/e _ _
For t € [0,7], we define Kj := e and K| = <Kt€) . The processes K¢ and (K¢)~! are positive
t

semi-martingales which belong to L”(IP) since:

t
(th)flp = exp (pAEVt +/ p(AU(cl) — 5SA€VS)ds) )
0
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In the other hand, by using the dynamics of K¢ and K! under the probability measure P

dKf = K¢ ( M“+Z e — dNZ>
dK! = K¢ ( dM“+Z le)

and applying integration by parts formula, we get the dynamics of K¢ given by:

d ) 1,7 . 1,7 .
dKf = K¢ [—d(M{© — M} — (M — M, MY*),) + > (e — 1) [dH] — e Ndt] | (42)

=1

Clearly, Keis Q*!-local martingale. Then, the processes K€ and (K€)~! are positive Q*!-submartingales.
We now split the study into two cases.
First case: (c*, ') < (c?,9?). Using the inequality (15), for all ¢ € [0, T]:

o [S9 - S0
2wl <8 [y v+ [ S - s

t]

1Y g
sup (F) < exp (p(||5||oo+1) sup |AVi] +/ pU'(e;)(c3 —Cl)ds)
h 0<t<T 0

0<t<T
Setting k = p(||6|| + 1), we obtain from (6),

w (1) <o (s s 8O0+ [ Vb

0<t<T 0<t<T

)+ [ @),

Using Jensen inequality, we have:
1 p *,1 — T "
p () < s B9 e (00007 - o)+ [ U - s ) [
o<t<T \ Kj 0<t<T ¢

< exp( / U — ch)ds). (13)

Thanks to the assumption (¢’, ") € A(z), we conclude that supyg<,<p (%) e LP(P).

Second case: (c2,1?%) > (c?,4?). Then, using concavity property, we obtain for all ¢ € [0,77:

Ve Vl ,
— = V2, AU S U(ef) (e — <)
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Now, using the same arguments as in the first step, we get that:

o]

sup (i)ps sup B [oxp (000" - )+ / el - )is)

o<t<T \ K§ 0<t<T

< exp / (@)l — )ds).

We use the same arguments to prove supy,< | K| € LP(P).

From the representation theorem, there exist two continuous martingales M G’C,M “¢ and d pre-
dictable processes k€, k€ such that:

d t
K& = K+ M + Z / kdN!

}%6 e 6C+Z/ kesz

These processes being positive Q*!-submartingales, using (43) there exist two constants Cx and
Ck such that:

T — ~ . * 1 —
B | [ )R] < B9 (87 < o
0

Q*,l T NG 2Ni Q*,l 1 2
E (k) Nds| <E _
0 K

>From the uniqueness of the representation theorem and equation (41), we get, for 1 <i <d, :

< COg

_e,i

— Al =In <1+ ) and Al =In (1+E§K;,).

KG

Therefore

) |%t€7i|
Awi)—1< &
eXp(| Ut|) — K

t—

+ |k K

and

1 T i ~. 1 T| €Z| r_
E?” U (eA‘”S—l)/\gds] < EY U = \ds +/ ]k§’1|K§)\;ds}
0 0 Ks 0
*,1 1 T Te il N r T TeilNi
Q™ {( sup _—) / |kS' Auds + ( sup K“) / |k‘§’z|)\§ds}
o<t<r Ki ) Jo 0<t<T 0

IN
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oy [Te N2 1 L N N _ T oo\
< EQ” [(/ )\’sds) (sup —) (/ kS )\;ds) —i—</ /\’sds) (sup Kf) </ |k )\’Sds> ]
0 o<t<T Kf 0 0 0<I<T 0

Then, by Schwarz inequality one get:
1

.1 T i ~. w1 1 T_ % .l T _ o 2
EY { / (elAeril — 1))\1,(131 < B sup —— / Nds (EQ’ / || A;ds)
0 o<t<t (K¢€)™ Jo 0
Q! 7€) 2 TNi : Q*! g Tei)2Yi :
+|E sup (Kj) A,y ds E kS| Auds ).
0<t<T 0 0

Using Cauchy-Schwartz inequalities, we get:

Q*1! T~i ’ P| Q! g —ubiyg
E ANdt| =E" | Zf e " Aids
0 0

2

#,1\ 2 r T 1,6 -
<EP {(zg’) /0 A ds /0 e v A;ds]

T 1, _ . 2 %
EP( / e 2 A;ds)
0
P Q*! 4 % P T _apbi g %
<a(E°(22")) |E /e W\ ds
0

where we make use several times of Assumption A2-iii). Moreover, we can see that

p T IS KA p T 1,i 4 . p T 1, 4 . T
E [/ e v )\’Sds} =K [/ (e7 —1+41) )\gds] < 16E [/ (e7% —1) Aids +/ )\gds] .
0 0 0 0

Therefore, since the martingale —M*¢+ [ Zf’:l <e*“t1’i — 1> dN} belongs to LP(P), and by assump-

< o(Er(227)")’

1,6

tion A2-iii) again, we conclude that E” [fOT (e7%" — 1)p)\f;ds} < +oo for any p > 1. Moreover since
ZQ"" e LP(P), we get that EQ™ [fOT Xids] < 0.

Then, using again Cauchy inequality:

£Q |:/OT(€A€1}§| - 1)Xids} < C<EQ*,1 [OiltlfT (Kle)‘lDé(EQ*’l [/0T|k:§,i|2Xids] >é
>t t

1
v (89 [ sup 0)'))" (5[ [ e Nas])

>From (43) and (44), we deduce that there exists a constant Cy > 0 such that:

T ) ~.
FQ {/ (elAevil — 1))\’Sds} <y
0
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and then using the expansion of the functional xr — e* we get:

T
EQ™ [ / ]A€v§|p>\ids] < Cypl.
0

In order to conclude the proof of the lemma, it remains to establish that there exists a constant C
satisfying:
EQ [(AMC)r] < C.

First case: (c,1?) > (c',¥'), then U(c' + €(c® — c')) > U(c') and U + e(v? — b)) > U(Y).
From Proposition 3, it follows that:

EQ*,1|: sup |V — V1|2 <M5c Mlc +Z/ )\Zdt]

0<t<T

< B [0 + e(w? —41) ~ O] + / U+ (et = 1)) = Ulel)V'ds|

0

Since

0<U(e +e(cf =) = Ule)) <eU'(e)(c} = ¢)
and ) ) )

SUW' +e(@® =) = U < eU' () (W* =91,
we get:

T T
B[ sup (AW + A+ [ (Al Nids] < B [@ @00 -0+ [ @)@ - el
0 0

0<t<T

The process Z2"" belongs to L?(P); moreover U’'(¢')(¢? — ') € L& and U'(c})( — ¢!) € DS
since (c', 1), (%, ¢?) € A(z). It follows that there exists a constant C' > 0 such that:

EQ*’I[sup AV, 4 (ADME) T+Z/ (A de <C

0<t<T

Second case: (%) < (¢, 4'). We first prove that for all ¢+ € [0,T], Kf > 1. Let us recall
that:

t
Kf = exp (—AJ/Q +/ (0sA Vs — AeUs)ds)
0
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Define the process X as
X =-AV, + /t(ésAEVS — AUy)ds, 0<t<T.
0
>From integration by part formula, we get:
SOX, = —AV, — /t SOAAV, — /t SOA Usds
0 0

Since the process d is positive and bounded, there exists a constant L > 0 such that S° < L < 1.
It follows that:

t
X, > (—1+ L)AVh — LAY — / SIAUsds
0

Note that, for all ¢t € [0,7], AU; < 0 since (¢?,4?) < (¢!, 4?!) and using comparison theorem
AV <0.

Therefore, for all t € [0,T], X; > 0. Finally, Kf > 1. )
In the second step of the proof, we give the dynamics of the process K¢ using Ito’s calculus:

d = .
dKf = K¢ (—dAEJ\ZC + Z(e*“te ' 1)aN? + dAt>

=1

where A is an increasing process. Since K¢ is a positive Q*!-submartingale, we obtain from (43)
and K; > 1:

EQ™ [(Aﬂcw < EQ™ { / ! (K;)Qd@ﬂm} < EQ™ [(K;)Z] < Cx

then we conclude: ) _
B [{A M| < Cr

Finally, by using concavity property we have shown that: |[A Vi < |V2 — V!, forall t € [0,T],
then:

EQ*,I sup ’AEWF S EQ*,l ’2 S QEQ*J ’2

te(0,7)

sup |V — V!
te[0,7)

sup [V'” + sup |V}2
te[0,T te[0,7
Therefore, since the process V!, V2 € DS and Z2"" belongs to LP, we get by using Cauchy Schwarz
inequality that there exists a constant C' such that:

REQ™ sup |AJ/}|2

te[0,7

<C.
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Proof of Theorem 4: Let recall first the equality :

1 1
§(<Ms,c> - <M1’C>) — §<M6’C o Ml,c> + <ME’C, Ml’c> o <M1’C>,
then the equation (39) may be written as:
! 1,1
AV — / (0sA Vs — AUg)ds = - <§<M€’C — MY, + (M, MY, — <M1’c>t>
0 €

S [ B e a e s

+Z / A (AN = (e — 1)Aids)

- 215<Mec Mlct‘f‘Z/ —vb —viz) Av])\lds

ST VENTSVVERES By W )
—Jo
By Girsanov theorem, the processes A M := AM® + (A M, M) and N' := Ni — ING (ev" —

1)Aids are Q'*— martingales. It follows that the process (AV; — [i (6,AV; — AU )ds),., 18 a

QY*-submartingale.

AJ/}—/((SAV AUL)ds = <AMCt+Z/ e = ey e AW Nids + A M
0

+Z/O Aevidﬁg, QY*-a.s
i=1

(45)
Moreover, by using the uniform estimate (40), we get:
B (§0Mr) < Cylimy =0, (40)
and using the expansion of the functional x — e*, we get:
0 < lgréEQ*’l (/OT[M + e‘”iyiAevi])\id:?) = lj_r%EQ*’l ( OTJiO il A’ds)
p=2

- S} p*lEQl,* (/ |AU| ) Cpl -
> . Z :
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thus, passing to the limit as € — 0, we conclude that:

T ; . .
limE@™ (/ [1(6_1);2 - e_”;z) e‘”l’IAev;])\sts) =0, 1<i<d. (47)
0

e—0 €

Moreover, the estimate (40) ensures that the sequence (A.V AEMVC,AGU)QO is bounded in
H?(P) x ME(P) x L2(A\,P). As a consequence, we can extract a subsequence (A, V, A, M€ A, v)ken
which converges weakly in ’HQ( ) x M3(P) x L2(\,P) and by Banach-Mazur Lemma, one may
construct a sequence (VE Mee , %) e>0 of convex combinations of elements in (A, V., A, MVC, A, V)ken

of the form
Ne Ne Ne
= E a“A,V, M= E a“AMe, vt = 5 a9 A v
Jj=1 Jj=1 Jj=1

such that (‘76,]\7“,66)90 converges strongly in H?(P) x M3(P) x L2(\,P) to (0. V,(?E]T/[/C,&v).
Moreover, the triple (‘76,@“,@5) satisfies the BSDE’s (45) associated with (U, U ) where

Therefore, passing to the limit in this equation, thanks to (46), (47) and the dominated convergence
theorem, we get that (0.V,0.M¢, O.v) solves the BSDE’s

{ AoV, = (5,0V, = U'(c))(F — c}))dt + dO.Mg + S0 0.vidN}, Q"'-a.s
OVy = UW"(W? —v?).

Therefore (S20.V; + fo S3U' () (2 — ¢ )ds)t>0 is a Q"' martingale which can be written as:

S20.V;, + /S‘SU’( (2 = clds = Ql*[séavT+/ SOU' (¢ (c? — ¢clyds

0

o]

Hence we get:

St — ot + [ S - s

0.V, = EX"
! [55 . S8

o]
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