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Abstract The problem concerns credit risk modelling. We are given a filtered probability
space (Q,F,P), where F = (F;)>0 is a filtration, an F-adapted continuous increasing process A
and a positive P-F local martingale N such that Z; := Nye = < 1,t > 0, and we try to construct
model of default time, i.e., a probability measure Q and a random time 7 on an extension of
(Q,F,P), such that the survival probability satisfies Q[r > t|F;] = Z;,t > 0. In this paper,
we show that there can exist various differents models with a same survival probability and
that the increasing family of martingales, combined with the stochastic differential equation,
constitutes a natural way to construct these models. Our models will be equipped with an
enlarged filtration G = (G¢)i>0 with Gy = F; V o(7 A t). We show that all P-F martingales
remains G-semimartingale and give an explicite semimartingale decomposition formula. At the
end we show how this decomposition formula is intimately linked with stochastic differential
equation.

1 Introduction

1.1 Bref description

Our research was motivated by credit risk modelling : for so-called intensity based models,
the starting point is a given filtration F = (F;):>0 and an F-adapted increasing continuous
process A. Then, one constructs a random time 7, called the default time, such that (H; —
Aipr,t > 0) is a G-martingale, where H; = 1,<;, and G = (G¢)i>0 with G = F V o(17 A t).
The "canonical" construction is the Cox model, where 7 := inf{¢ : A; > ©}, where O is a r.v.
independent of F,, with unit exponential law. In Cox model, the survival probability is given
by Q[r > t|F] = e~

Our aim here is to take into account a second parameter N, a positive local F-martingale,
and to consider models with a survival probability of the form Nye =2t ¢ > 0 (the multiplicative
decomposition of the supermartingale Q[7 > t|F;]), which is a more general form that a survival
probability may have than that one appearing in the Cox model. We ask then two questions.
The first one is whether there exist a probability Q and a random time 7 which solve the
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equation :
Q[r > t|F] = Ne ™, t > 0.

Note that, if the solution (Q,7) exists, the process (H; — A¢ar,t > 0) is a local G-martingale.
This model existence problem has been studied and solved (under adequate conditions) in
Gapeev et al. [2] and Jeanblanc and Song [4] where for each given survival probability Ne™%,
one particular model has been constructed (see below, Theorem 3.1). In this paper we consider
the set of all solution models. We will prove that there may exist various different models with
a same conditional survival probability.

Our second question concerns the impact of the factor N on our models. We know that, for
Cox model, the P-F martingales remains Q-G martingales, the well-known immersion property.
This property, however, is not preserved in general. A study has been initiated in [4] where
it is proved that, for their model, a P-F martingale X is a Q-G semimartingale whose drift is
written out as a function of the P-F predictable bracket (N, X), just as in the classical example
of the progressive enlargement of filtration by a honest time (see Barlow, Jeulin and Yor [1, 5]).
(Note, however, that the default time in [4] is not a F-honest time.) In particular the model
satisfies the (H’) property of enlargement of filtration. In this paper we continue that study
for more general models. We will prove again the (H’) property and provide an explicite Q-G
semimartingale decomposition formula for the P-F martingales. We notice that, in general, the
semimartingale decomposition formula can depend on factors other than (N, X). We get a new
type formulae.

The paper is organized as follows. We give below the precise definition of our problem. In
Section 2 we introduce the notion of iMy and show the equivalent relation between the iMy
and the solutions of our problem. In section 3 we explain how to construct iMy. The stochastic
differential equation is the key point in these constrcutions. In section 4 we prove the (H’)
property and establish the semimartingale decomposition formula. Once again the results are
obtained by an adequate use of the stochastic differential equation which defines the iM.
We show in addition that any solution of our problem possessing the same semimartingale
decomposition formula must satisfy the same stochastic differential equation.

1.2 The problem and conventions

Now let us formulate precisely the problem. We begin with the notion of extension. Let
(©2,A,F,P) and (Q, A,F,Q) be two filtered probability spaces, where F = (F)i>0 (resp. F =
(Fi)e>0) is a filtration of sub-o-fields in A (resp. in A). Let 7 be a measurable map from €2 into
Q. We say that (Q A,F,Q, ) is an extension of (Q,F,P), if F; = 71 (F;) for all 0 < ¢ < o0,
! Note that if the extension holds, we shall simply identify F, P with 7, Q| Fo
and equally we shall consider a random variable Y on (2, o) as the random variable Y o 7

(Q,.A). With this identification a process on 2 is a P-F-martingale if and only if it is a
Q—F—martingale.

Notice that in this paper calling a a positive number means that a > 0 and calling f(¢),t € R,
an increasing function means f(s) < f(t) for s < t.

Throughout this paper, we fix (2, A4,F,P) a filtered probability space satisfying the usual
conditions. Let A be an F-adapted continuous increasing real process with Ag = 0 and N a
cadlag positive P-F local martingale. We postulate that 0 < Nee ™™ <1 forall 0 <t< .

The problem we consider is :

Problem-A. Construct an extension ({2, A, F,Q,7) of (€, F,P) and a random time 7 on (2, A)



such that Q[r > t|F;] = Nye ™ for all 0 < t < oo.

Note that in the above expression we identify [F with F and we consider the random variables
on  as random variable on (. N ormally a solution of the problem should be indicated by an
expression (Q, AF,Q,mn, 7). But we shall also write a solution simply by (Q, Q, 7) or even by
Q alone, if no confusion is possible.

Our solution to the problem-A will be constructed on the product space [0, 00] x 2. This
space will exclusively be equipped with the product o-field B[0, o0] ® Foo, with the map 7 :
7(s,w) = w and the map 7 : 7(s,w) = s, with the filtration F = 7~ (F) which will immediately
be identified with F. In such a setting, for ([0, o] x €, B[0, 0o] ® Fu, F,Q, 7) to be an extension
of (Q,F,P), or for ([0,00] x 2,Q,7) to be a solution of the problem-A, the only element we
have to determine is the probability Q. Therefore, in these cases, we shall simply say that Q is
an extension, or that Q is a solution.

When (Q, fl, 1) ,Q, 7, 7) is a solution of the problem-.A4, we equip systematically the space Q
with the progressively enlarged filtration G = (G¢);>0 made from F with the random time 7,
ie. G =F, Vo(r At), t > 0. This fix the framework for our discussion on the enlargement of
filtration problem.

We shall notice that, for our solution of the problem-A, the filtration F on the product
space [0, 0o] X §2 is not necessarily complete. In fact, we shall not really need this completeness,
because the completeness will be only used to deal with limits calculus or stopping times. But,
if the only limits are the limits of the F, measurable random variables or if the stopping times
are F stopping times, they can be worked on the initial space (2, F, P) which satisfies the usual
condition.

In this paper, if a relation between two random variables is written without mention, it is
understood to be an almost sure relation with respect to the underground probability. However,
sometimes, it is important to distinguish the almost sure relation from the true one. It will be
then specially mentioned.

2 Increasing family of positive and bounded martingales

We shall construct the solutions of the problem-A on the product space [0, 00] x Q. Any
probability Q on this product space can be disintegrated into the probability P and the
conditional law Q[r € du|F], provided Q is an extension of (2,F,P). A natural idea is
to regard Q[r € du|F] as the terminal term of the probability measure valued martingale
M = Q[ € du|F],0 <t < oo and to hope that, when Q is a solution of the problem-A,
9 can be computed from the survival probability Z = Ne~*. On the one hand there is the
relation, for u > t,

o0

Qlr > u|Fi] = QlZu|F] = QlZso| ] +Q / Z.dM|F)

u

This yields effectively

Q[r € du,t <7 < 00l F] = Q[ZudAuTl 1<ycoo) + Zooloo(du)|Fi]

On the other hand, one realizes rapidly that no one-to-one map exists between Z and
Q[r € du,0 < 7 < t|F]. (For a given Z, there may exist uncountable many solutions of the
problem.)



Our approach consists in two steps. First of all we find (in this section) a necessary and
suffisent condition on the space (2, F,P), which guarantees the existence of a solution of the
problem-A. Then, this condition being handleable, methods are discovered (in next section) to
produce variable solutions of the problem.

2.1 Family iM associated with a pair (Q, 1)

Here, we consider pairs (Q, 7) where the probability Q is an extension of (2, F,P) and 7 is
a random variable defined on the same space as Q. We ask how to read such a pair from the
space (2, F,P). The answer is synthesized in the following notion.

An increasing family of positive martingales bounded by 1 (in short iM) is a family
of processes (M*" : 0 < u < 00) satisfying the following conditions :
1. Each M" = (M}")u<t<oo 1s a cadlag P-F martingale on [u,00]. (In particular MY =
limy_, oo M}".)
2. For any u, the martingale M" is everywhere positive and bounded by 1
3. For each fixed 0 < t < oo, u € (0,t) — M}" is everywhere a right continuous increasing
map (in particular, for 0 < u <t < oo, M} = lime_o M}, < lime_o M{, . = M P-almost
surely).
The theorem below gives the link between iM and (Q, 7). To read it we recall that we
identify the elements on (2, F,P) with elements on its extension.

Theorem 2.1 1. If (Q,A,F,Q,w) is an extension of (Q,F,P), if 7 is a random time on
(Q,A), then there exists a unique family iM = (M* : 0 < u < oo) such that, for
0<u<oo,u<t<oo,

Mt = Q[r < u|F].
We shall say that iM is associated with (Q, 7).
2. Let (M™ : 0 < u < o0) be an iM. Then, there is a unique probability measure Q on
([0, 00] x €, B[0,00] ® Foo) which extends (Q,F,P) and satisfies Q[ < u|F] = M for
0<u<oo,u<t<oo. We shall say that Q is associated with iM .

Proof : Consider the first assertion. For each 0 < u < oo, let (G},t > 0) be a cadlag version
of the P-F martingale Q[7 < u|F;]. We insist that the random variable G} is chosen really
Fi-measurable (not merely "almost Fi-measurable"). It is clear that, for u < v, 0 <t < oo, one
has 0 < G} < G} < 1 P-almost surely (recalling that Q| = P). For 0 < u < 00,0 <t < 00
set

M =inf{(GY A1)T 1w € Q,u < w}.

We have immediately the following properties :
— For 0 < u < o0, the process M" = (M}")o<t<oo is F-optional.
— For 0 <t < o0, u € (0,00) — M} is everywhere increasing and right continuous.
~For0<t<oo,0<u<v<oo, 0 M <M <1 everywhere.

Let 0 < u < 00, and T be an F-stopping time. We can write

Q[T < u] = Q[G%] < Q[M%] = infv€Q+,u<v Q[G%] = infv€Q+,u<v Q[T < U] = Q[T < u]

This shows that M7 = G%, P-almost surely. Consequently, G* and M*" are P-indistinguishable
and, therefore, M" itself is a cadlag P-F uniformly integrable martingale on [0, c0). We have

MY =G% = lim G = lim M
t—o0 t—o0
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P-almost surely. The family of processes (M" : 0 < u < oo) defines therefore a iM satisfying
the first assertion.

Consider the second assertion. Let

M2 = lim M¥, M2 = lim M%
u—0 U—00
The map u € (0,00) — MY — M2 being increasing and right continuous, we denote by d, MY,

the associated random measure on (0, c0). Define a probability measure on ([0, co] x €2, B[0, co]®

Foo) by
QIF] :==P[ /[0 )R ofl) 4 0y M+ (1= M)

where F(t,w) € B[0,0] ® Fso, F(t,w) > 0. We compute. Firstly for A € Fo :

Q4] =QAN{0< T < oo} = IP’[HA/[O ](Mé’oéo(du) + du M3, + (1 = MT)000(du))] = P[A]

Secondly let 0 < u < oo, u <t < o0, A € F;. We have

QAN{r <wu}] = IF’[]IA/[O ](Mgo%(dé’) +ds M) = PIAME] = PIaM;] = Q[La M)

These results prove that Q is an extension of (Q,F,P) and Q[r < u|F;] = M for 0 < u <
00, u < t < co. The uniqueness of Q is also immediate.l

Remark : We can ask whether, for a given iM, its associated probability Q can be constructed
on the measurable space (2, F) instead of the space ([0,00] x €, B[0,00] ® Fu). This is
equivalent to ask if there exists a random variable L on (2, F) such that M = Q[L < u|F].
But if it is the case, we must have M5, = 1 ;<,). This is a fairly restrictive condition on the
family iM. We understand therefore, to have a perfect correspondance between the families
iM and the probability-time pair (Q, 7), we have to accept to work on enlarged spaces like the
space [0, 0o] x Q.

2.2 Families iM; and solutions to the problem-.A4

Let Z, := Nye ™ 0 < t < co. We introduce the following definition :

An increasing family of positive martingales bounded precisely by 1 — Z (abbre-
viation iMy) is an increasing family of positive martingales (M" : 0 < u < oo) satisfying the
initial value condition : M} =1 — Z,, P-almost surely for 0 < u < oo.

Notice that, for v < t < oo, M < M} = 1 — Z; P-almost surely. The theorem below
establishes that a solution of the problem-.A exists if and only if an iM 7 exists. It is an immediate
consequence of the Theorem 2.1.

Theorem 2.2 1. If (Q,fl,]ﬁ', Q,m,7) is a solution of the problem-A, the family iM associa-
ted with (Q, ) is an iMy.
2. Let (M" : 0 < u < 00) be an iMyz and Q be the associated probability measure on
([0, 0] x 2, B[0,00] ® Fo). Then, Q gives a solution of the problem-A. n



3 Constructions of iMy,

Now, to solve the problem-.A, it is enough to find iM . That is what we solve in this section.
Let us begin with some basic properties of the survival probability Z; = Nye 2,0 < t < co.
First of all Z = lims .o Z; exists always. The process Z is a P-F supermartingale whose
canonical decomposition is :

dZs = e X dN; — ZydAs
where the random variable fooo Z4dA, is integrable and the martingale e .V is in BMO. When
Z is a potential, i.e., when Z,, = 0, we have the relation

Zy = IP’[/ ZsdNg|Fi]
t

Since N, exists and finite, Z will be a potential whenever Ay, = oo.

3.1 A basic iMy

We introduce the hypothesis :
Hypothesis Hy(N, A)
1. Forall 0 <t <o00,0<Z; <1,0<Z;_ <1 (strictly smaller than 1).

2. P-almost surely, f; ﬁAZtt < oo for any 0 < a < b < 0.

The following theorem is borrowed from [4].

Theorem 3.1 Assume Hy(N,A). The family

t ZydA
Bf:(l—Zt)eXp<—/ 18 ZS>,0<u<oo,u§t§oo7
u s

defines an iMy.

Proof : It is enough to show that B“ is a P-F local martingale. But this is an immediate
consequence of [t6’s formula.n

3.2 More iM; when1—-27 >0

We assume in this subsection the hypothesis Hy (N, A) and Zy = 1, as well as the following
one :

Hypothesis Hy(C) : All P-F martingales are continuous.

Note that under this hypothesis, for 0 < u < oo, the stochastic integrals qj %dNS, u <t < oo,
exist as a continuous P-FF local martingale.

3.2.1 The generating equation

We need the following lemma.



Lemma 3.1 Let0 < u < co. Let M be a P-F local martingale on [u, 00) such that M,, < 1—2Z,.
Then, My < (1 — Z;) on t € [u,00) if and only if the local time at zero L°(M — (1 — Z)) of
M — (1= Z) on [u,00) is identically null. Here the local time is taken right continuous in
a— LE(M —(1—2)).

Proof : a) Sufficient condition. If L°(M — (1 — Z)) = 0, for any F stopping time T' > u such
that everything in the following calculus is integrable, we compute with Tanaka’s formula :

P[(Mr — (1 = Z7))¥] = P[(My — (1 — Zu))7]

T 1 0
+ P Tonozsod(M, = (L= Z2)] + 5PILSOL - (1- 2))] <0

because M — (1 — Z) is a P-F supermartingale. This proves the suffisance of the condition.
Necessary condition. If (M; — (1 —Z;)) < 0ont € [u,o0), Tanaka’s formula implies imme-
diately LY (M —(1—2Z))=0.n
Recall that an iMz must satisfy the conditions : 0 < M* <1 —Z, M“ < M" if u < v, and

M} =1 — Z,. We notice that the stochastic differential equation is a natural tool to deal with
these conditions.

Equation (fj) Let Y be a P-F local martingale and f be a bounded Lipschitz function with
f(0) = 0. For any 0 < u < oo we consider the equation

" ){ dM, = M, (—%dNtJrf(Mt—(l—Zt))dYt), u<t< oo
“ M, =x

where x can be any JF,-measurable random variable.

Remark 3.1 Our method remains valid if f(M; — (1 — Z;)) is replaced by some more general
function f(M; — (1 — Z;), My, t,w) such that

|f(My — (1 — Zt), My, t,w)| < KMy — (1 — Z)|

or if some extra term g(My — (1 —Z;), My, t,w) is added. But we shall not involve this generality
in this paper. Instead we prefer to well explain the relation between the dynamic defined by
the equation (fj) and the decomposition formula in enlargement of filtration problem. A simpler
function f(M{ — (1 — Z;)) will exhibit this relation better. n

Theorem 3.2 Let 0 < u < oo. The equation (h,) has a unique solution M for each given
initial value x. If My, <1 — Z,, M is bounded by (1 — Z) on [u, 0.

Proof For the existence and the uniqueness of the solution of the equation (f,), we refer to
Protter [6]. To see that the solution is bounded by (1 — Z) on [u, c0), we introduce the process
A =M — (1 - Z). According to Lemma 3.1, we prove that the local time L°(A) is identically
null. To do this, we calculate (A) using the fact that, from It6’s calculus

—As

Ar=—A
dA tl—Zt

ANy + My f(A)dYy — ZydAy



Therefore,

—As 2 —As
a8y = 83 (1) )+ MYy~ 20 M (AN )
—A¢ —A¢

€
1- 2,

2 2
< 2A? (16_ Zt> A(N); + 2M2F(A)2d(Y), < 242 < > A(NY, + 2M2K2A24(Y ),

From this we can write
t
1
/ H{0<AS<€}§d<A>8 <00, 0<e0<t<o0.
0 s
According to Revuz-Yor [7], L°(A) = 0. The theorem is proved. B

Theorem 3.3 Let 0 < u < oo. Let M, L be two solutions of the equation (§,) with initial
conditions My, = x <y = Ly. Then, My < L; for all u <t < oo.

Proof Let L°(M —L) denote the local time at zero of M — L. We have, denoting A = M —(1—Z2),
and AL =1L —(1-2)
—Ay

A(M; — L) = (M = L) (1=

So, using the same computation as in (1), we obtain

ANy) + (Mf(Ae) — Lo f(A])) dY,

e

1— 7,

2
a1 = Dy <200 - 1 (2 ) i)+ 2 (M) - LA A0 ()

Then, using the fact that
Mif(A) — Lif(AF) = (Mg — Le) f(Ar) + Le(f(Ar) — F(A]))

we obtain
=M 2
d{M — L)y < 2(M;— Ly)? (1 — Zt) d(N)¢ + 4(My — L)* f2(A)d(Y )y + 4L (f(Ar) — F(AF)?d(Y ),
e M 2
< 2(M;— L) (1 — Zt) d(N)s + 4(My — Le)* fA(A)A(Y )¢ + ALFK? (M — Ly)?d(Y )

It yields that
t 1
I _ ———dM - L); <0, 0<e<o0,0<t <00
/0 {0<M5 L5<E} (MS _ LS)2 < >S
LY(M — L) therefore is identically null. The asserted property is proved. &

Corollary 3.1 Let 0 < u < oo. Let M be a solution of the equation (4, ) with initial conditions
MY =x2>0. Then, M >0 for allu <t < oo.
Proof We notice that 0 is the solution of equation (f,) with initial condition 0. ®

As a consequence of Theorem 3.2 and Corollary 3.1, the local martingale M is bounded
between 0 and 1. It is therefore a true P-F uniformly integrable martingale.

Corollary 3.2 For 0 < u < oo, let L* denote the solution of the equation (b, ) with the initial
condition Ly =1 — Z,,. Then, for u <v <b<oo, Ly < Ly.

Proof This comparison relation is because that L", LY satisfy the same equation f, on [v,00)
and LY < (1—Z,) =LY n



3.2.2 The iMy associated with the Equation (f)

For 0 < u < o0, let L" be as in the preceding corollary. We know already that L* is a bounded
P-F martingales, L’ < Ly if u < v, and 0 < Ly} < (1 —Z) for b > u. Set LY, = limy_,o Ly and

M3:<1_Zu)
M =inf{(L))"ANQ1—-2):veQr,u<v<b}, u<b<oo

Theorem 3.4 Each M" is P-indistinguishable to L and (M" : 0 < u < o) is an iMy. We
shall say that this iMy is associated with the equation(y).

Proof We need only to prove the martingale property of M*. Let 0 < u < oco. Let T be a
F-stopping time such that T > w and everything concerned in the following computation is
integrable. We have

]P)[M% - L%] = IP)[]I{u<T} infvEQ,u<v§T qujﬂ - H{u<T}L%]
= infuequer Pllgucry L] — Plliucry LY
= infoequeo Plu<ry (1 = Zonr)] — Plliycry(1 = Zu)]
=0

This shows that M*, L" are P-indistinguishable on [u, co] and in particular M" is a continuous
P-F uniformly integrable martingale. B

3.3 An iMy; in case of possible zero of 1 — 7

In this section we study the case where 1 — Z may take the value zero. Consequently the

analysis made in the preceding section does not work anymore, because, for example, .V
can be undefined. New method is needed to construct iM .

Let H={s:1— Z; = 0} and define, for 0 < t < oo, the random times

g = sup{0<s<t:seH}
dy = inf{s>t:se H}.

We introduce the hypothesis :

Hypothesis Hy(H) The set H is not empty and is closed. The measure dA has a decomposition
dAs = dVs + dAs where V, A are continuous increasing processes such that dV charges only H
while dA charges its complementary H¢. Moreover, we suppose

t 7 t 7
H{gt§u<t}/u 1_78st148 = H{u<t§du}/u : _SZS dAS < o0

for any 0 < u < t < o0.

We suppose in this section Hy(H) and Zy = 1.

Lemma 3.2 Let E}* = exp (— fj 1%%5 dAs>. We have the identity, for 0 <u <t < oo

¢
H{gtSU}EZL(l —Z)=(1-Zu) - / H{gséu}Ege_Asts



Proof It is rather straightforward to prove that, for 0 < u <t < d,
&y (EX(1 - Z,)) = B (ZdV; — e MdN,) = —Efe™dN,

We use the balayage formula (see [7]) to calculate, for u < t < oo

t
Ly<nyEr(1—2Z) = Li<u <(1 - 7)) —/ E:e—Asts>
t
= (1 — Zu) —/ H{gSSU}EéLe*ASdNS

The lemma is proved. B

Set
M =g, <y Bf (1 = Zt), 0 <u < oo,u <t < o0

We see immediately that the process M" is cadlag, positive and bounded by (1 — Z;) on [u, 0o].
According to Lemma 3.2, M" is a P-F local martingale. So it is an P-F uniformly integrable
martingale. The initial value of M* is M* = (1 — Z,,) whilst the terminal value is

e Zs
H{ggu} exp{—/ 1-7 dAS}(l - ZOO).

where g := limy_, o g;. It yields that, for 0 < ¢ < oo, the map u € (0,t) — M}* is increasing and
right continuous.

We define for 0 < t < oo,
MY = lim M}
ul0

We have
P[M?] = lim Q[M*] = lim Q[M¥] = ImQ[1 — Z,] =
[M;] JLOQ[ ¢ 1110@[ o) Jlﬂ [ ]=0,

therefore, M% = 0. We have on the other hand

M = ]I{g<co}HB(1 —Zoo) =Ig(1 — Zy)
. < Zs
B= {oglf&foo/u 1— stAs < OO}

Theorem 3.5 The family (M":0 < u < 00) is an iMz. 1

where

We conclude

Notice that, if 1 — Z, is not identically null, f;o T gSZS dAs is not identically infinite.

Now we have an iMz. This implies automatically a solution of the problem-A. However for
this iMy the solution has an interesting form we believe useful to write down explicitely. We
define Q a probability measure on [0, 0o] x Q2 by the following relations : for A € Fi,0 < u < o0,

Q[A{r <wu}] = Pllgexp{— fio 1—ZSZS dAs}H1 — Zoo)],
Q[A{r = 0} = Plla(IsZs + Ige)].
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This definition implies immediately the equality Q[A] = P[A], A € F, i.e. Q is an extension
of P. Now, for 0 < u < oo and A € F,

Zg u
7 A (1~ Zeo)] = PILAM]

QlA{g v 7 < )] = Pllalgeny exol- |
In particular, if A € F,
QA{g vV 7 < u}] = P[LaMy)] = Pla(1 — Z,)]
ie. Qg V1> ulF,] =Z, We conclude

Theorem 3.6 (Q,g V 7) is a solution of the problem-A. n

4 Enlargement of filtration problem

In the preceding sections we have constructed families iMz which generates solutions of
the problem-A. In this section we shall study the enlargement of filtration problem for these
solutions. Let us recall the setting. For a solution (Q, A,fF, Q, m, 1) of the problem-A, we equip
it with the progressively enlarged filtration G = (G¢)i>0 where Gy = F; V o(T At), t > 0. We
want to know if a P-F local martingale X remains a Q-G semimartingale and if it is the case,
what is its Q-G semimartingale decomposition. The problem can be completely solved for the
period before the time 7 by [5]. We have the lemma.

Lemma 4.1 Suppose Hy(B). Suppose Q[0 < 7 < oo] = 1. Let X be a P-F local martingale.
We denote by B the Q-F predictable dual projection of the jump process AX 17 <,0 <t < oo.
Let (N, X) be the P-F-predictable dual projection of [N, X] ((N,X) ezsits always). Then,

AT 1
Xoar — / Z—(e—Asdw, X)s + dBs)
0 s—

15 a Q-G local martingale. 1

Remark 4.1 that, if Q7 = T] = 0 for all F-stopping time T, B = 0. More generally the
process B is linked with A by the formula : dBy = HX Z,dA,, where HX is a F-predictable
process such that HX = Q[A, X|F,_]. u

Therefore the real problem for us is about X3, — X, for the period after the time 7. Let
us mention some examples where the problem for the period after 7 have been studied with
success. They are the case of honest time (see Barlow, Jenlin and Yor [1, 5|) and the case of
initial time (see Jeanblanc and Le Cam [3]). The situation studied here is different. We work
in the framework fixed by a solution of the problem-A. Fortunately, the familes iMyz of our
solutions satisfy good stochoastic differential equations. This makes applicable a classical idea
from Yor [8]. The problem will be thus solved. To complete our program, we remark that the
reasoning process can be nicely reversed. We shall prove that, if for a given family iMz a good
semimartingale decomposition formula holds for the model constructed with it, then the iMy
must be the solutions of a certain stochastic differential equation.
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4.1 The case of the basic iMy

The following theorem has been proved in [4] :

Theorem 4.1 Suppose Hy(N,A). Consider the iMy defined by the family (Theorem 3.1)

b ZgdA
Bf:(l—Zﬁexp(—/ 1S—Z8> 0<u<oo,u<t<oo,
u S

Let Q be the probability measure on [0,00] x  associated with the family (B* : 0 < u < 00).
Then, for any P-F local martingale X,

: e s d(N, X), ' e~ d(N, X),
X—/O ]I{SST}ZS+/O H{T<5}—

15 a Q-G local martingale.

4.2 From the equation (f) to the decomposition formula in enlargement of
filtration

In this subsection we suppose Hy(V,A) and Hy(C) and Zy = 1, Z = 0. We consider a
generating equation(fj) (see subsection 3.2.1) : 0 < u < o0,

e At

" ){ dM, = M, (—thdNtJrf(Mt—(1—Zt))dYt), u<t<oo
M, ==z

with f being a continuously differentiable Lipschitz function and Y being a IP-F local martingale.
Let (M",0 < u < 00) be the iMy family associated to the above equation (f). We suppose in
addition the following hypothesis:

Hy(Mc) : For each 0 < ¢t < oo, the map u — M}* is continuous on (0, t].
We can write by monotone convergence theorem :
P[lim MY] = lim P[MY] = lim P[M!] = lim P[(1 - Z,)] = 1.

V—00 V—00 V—00 V—00

But M <1—-27; <1 forall v <t < oo. So the above equality yields M = 1. It is also
true that M2 = 0. We denote by d, M the random measure on (0,t) induced by the map
u € (0,t) — M}, for 0 <t < co. The following lemma is straightforward.

Lemma 4.2 For 0 < u < oo, for h a bounded Borel function on [0, 0], the process :
u
t € [u,o0] — / h(v)d, M}
0
is a bounded P-F martingale on [u,cc]. B
Let Q be the probability on the product space [0, oo] x §2 associated with the M. Note that

since ML =1 and M2, =0, Q[0 < 7 < oo] = 1. And also the Hy(Mc) implies Q[r = T] = 0
for any F stopping time 7. We need another lemma.
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Lemma 4.3 Let Vs(w),0 < s < oo,w € £, be a function such that, for fized s, Vs is Foo
measurable and for fized w, s — Vs(w) is cadlag and increasing. We denote by dVs the induced
measure on [0,00). Let Fs(t,w),0 < s < 00,0 <t < oo,w € Q, be a positive function measurable
with respect to B0, 00] ® B0, 00] @ Foo. Suppose Q[ [~ dVi] < oo. Then,

ol " Ravi) = Q| / N < / TR, -)de;’o) av;)

Proof. By monotone class theorem, we need only to check the relation for a function of
form Fy(t,w) = h(s)H (t,w). Recall that Q is an extension of (£2,F,P) so that it is identified as
P on Fo. We compute

of rav) - o [
= o[ #Heaa [T
- af N ( / "R, -)de:o> avi)

The lemma is proved. B

Theorem 4.2 Let X be a P-F local martingale. Then, the process

X —Xo— f() ]l{s<7'} Zs d<N X>

— Jo Lresy (—£0)d(N, X)),

= Jo Lprasp (F(MT = (1 = Zy)) + MIf'(M] — (1 = Z5)))d(Y, X)s

is a Q-G local martingale. (For a later use, we denote by AY3/1(X)1;0 <t < oo the sum of the
three stochastic integrals so that the above formula can be written as X, — Xo — AV /(X))

Proof : We could adopt the reasoning in Yor [8]. But we prefer to give another proof which
reveals clearly the implication of the stochastic differential equation () in the semimartingale
decomposition formula. We write

Xt —Xo=Xrvt — X0+ Xone — Xo

The decomposition for X,y — Xq is given by Lemma 4.1 with B = 0. We need only to prove
that

Xorvt — X7 fo ]1{7'<s}( )d<N X)

e (FOMT = (1= Z4)) + MTf/(M] — (1 = Z,)))d(Y, X),

is a Q-G local martingale. Without loss of generality we suppose that X is stopped so that
everything in the calculus below is integrable. In particular we assume that

[e's) efAS 00
o = el e ta. Xl
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is finite. Let 0 < s <t < 00,0 < u < oo and A € F;.

Q[II'AIL{TS’U,} (XTVt - XT\/S)] = lim Q ILA Z ﬂ{ (kfl)u<T§k7u}(XT\/t - XT\/S)]

n—oo

— hm QHAZ]I (k— 1)u< <k"}(Xl%“Vt_Xk7”Vs>]

n—oo

Now, by integration by parts formula, we compute the terms under the summation and the
limit signs, setting ¢, = %“ Vtand s, = kn—“ Vs

(k—Du

ku
Ank) 1= QUAT oo gy (XKr, = X)) = QAR — Moo ™ (X, — X,,)]

(k—1)u

= i [ a0 e [ a0,

We now compute the predictable brackets using the equation(f) satisfied by M? :

tn ku —Ar ku
An(k) = QLa [ M;* (—3—d(N, X), + fM" = (1= Z,)d(Y, X),)]
zn (k=1)u e—A'r (k—1)u
- @[]114 M, " (_1 i d<N’ X>7“ + f(MT o= (1 - Zr))d<Y7X>7”)]

t e—Ar (k— 1)u
_ Q[]lA/S R Mo + Moo ™ Yd(N, X),]

(k—1)u (k—1)u

+ Q[]lA/S ]1{%“<r} <Mkuf(M " (1 - Zr)) - Mr " f(Mr " - (1 - ZT))) d<YvX>r]

We next compute lim,, .o > y_; An(k) as sum of two limits. The first limit is given by

ku (k— 1)u t e_Ar

= nh_}rrgo(@ IIAZH (k— 1)u< <ku}/ {ku<r} 1—Z )d<N,X>r]

e

= Qllaliey / rary (g N, X0,
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The second limit is computed by
limy o0 Spey QLA ) W gku g
ku ku (k—1)u (k—1)u
(Mrt" FMy» = (1= 2Zy)) =My f(My " = (1= Z,)))d(Y, X),]
= lim, o Q4 fs > oheq
(k—1)u (k—1)u

(7 FOAY — (1= 2.0) = My » f(My 7 — (1= Z)d(Y, X))

where n' = [T An
= limyoo QU4 [I M, f(My™ — (1~ Z,))d(Y, X),]
since M? =0

Af M’"A“f(MM“ — (1= 2,))d(Y, X),]

Q[u

= QUafy fo™" (PO = (1= Zp)) + M (M = (1= Z,)))dy Myd(Y, X), ]

= [ﬂA f fO ll{v<u}]1{v<r}(f(M;} - (1 - ZT)) + Mﬁf/(M: - (1 - Z’I‘)))d’UMgod<Y7X>7‘]
[]lA f Il‘{T<u}II‘{T<7‘}(f( (1 - Zr‘)) + M:f/(M,Z— - (1 - Zr‘)))d<§/a X>7"}

We resume the situation : (note that Q[r = u| = 0)

Q[]lAﬂ{Tgu} (XT\/t - XTVS)_]A
= Q[]lA]l{TSu} fst H{T<T}(_%)d<N’ X>r]
+Q[]1A]l{7—§u} f; ]1{7—<r}(f(M7T - (1 - Zr)) + qu—f,(M;— - (1 - Zr)))d<Y>X>7"]

forall 0 < u < oo and A € F,. As G; C Fs ® o(7), the theorem is proved. B

4.3 Reciprocal relation between the equation () and the decomposition
formula in enlargement of filtration

In the preceding section, we started with the dynamics of an iMz and we arrive at a semi-
martingale decomposition formula. Here we shall consider an inversed situation. We begin with
a probability Q on [0, 00] x € which is a solution of the problem-A. Let (M" : 0 < u < o0)
be the iMy family associated with (Q, 7). We assume that the semimartingale decomposition
formula in the Theorem 4.2 holds under Q. We want to know the behaviour of the associated
iM family. We have the following theorem :

Theorem 4.3 Assume the hypothesis Hy(N,A), Hy(C), Zy = 1, Zs = 0 and Hy(Mc). Sup-
pose that there exist a P-IF local martingale Y and a continuous differentiable Lipschitz function
f such that X; — Xo — A7) (X);0 <t < o0 is a Q-G local martingale. Then, the martingales
MY €iMyz, 0 < u < 00, are solution of the equation ().

Proof. Let 0 < u < t < 0o0. Let X be any P-F uniformly integrable martingale. Let T" be any
F-stopping time such that v < T, and, stopped at T', everything in the following computations
are integrable. Recall My* = Q[1l{;<,}|F:]. We compute

QM x{]
= Qlpracny Xy — Il{TSu}f N XT)s]

+Q <y [, (f(MT — (1—2))+M§f’( M — (1 - Z4))d(Y, X7),]
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Due to the martingale property of X, the first term becomes

X7 L N xT) = zox? - x7 [
Qe XE = Uprey [ 5=tV X" = QUL - 20XT = X7 [z ()
The second term becomes
[f Jo (FOMEY = (1= Z)) + ML f (MY — (1 = Zy)))du ME,d(Y, XT),]
= [f Jo (FM = (1= Zo)) + MY/ (MY — (1= Zy)))du M{d(Y, XT) ]
= Ql, M f (M = (1 Zs)) (YXT>S]
QIXT [ My f(MY — (1= Zy))dY]

Putting these together we obtain

t o—As t
ot =l -z - [z an+ [ pron - 0 - zyav,) X7

This implies

t
M= (= 2= [ s [arson - - zya,

i.e., the equation (f,). B

4.4 Enmnlargement of filtration in case of possible zero of 1 — 7

This is our last section. We note that the eventual zeros of 1 — Z make the family iMy
different. We would like to see if the enlargement of filtration problem will be different. We
suppose the Hy(H) and Zy = 1. We consider the iMy constructed in Theorem 3.5 and its
associated probability measure Q on [0, o0o] x €.

Lemma 4.4 Let C be an F predictable integrable increasing process. For 0 < u < 0o, we have

o] dCS [e'e)
Q[ﬂ{g\/rgu}/ ﬁ] = @[/ ﬂ{gssu} exp{—

5] < Q[Cx] < 0.

Proof Notice that for u < s < o0

QUMY Fo] = Ty <y exp{—/ AN~ 7 )

1-Z

Let 0 < e. We compute

ﬂ{g\/7<u}f 1— ZS +e] .
ﬂ{g<u} exp{ f dA }(1 - )fu 1—Zsi+e]

[
[
U ]l{gs<u}eXp{ fu - w1 = —)1—dZ?j+e]
[
[C

I ]]1{95<u} exp{— [’ £ dA +Cs]

Now let € | 0 to achieve the proof. B

IIA

@@@@@

16



Theorem 4.4 Let X be a P-F local martingale. Then, denoting by HX o F-predictable process
such that H;@T = Q[Agv+ X|Fgur—],

. —A . —A

-y e d(N, X),
X — Xo— / 1 (acgur) (Z d(N, X), + HgfdAs> + / n{gvT<s}1<Z>
0 s 0 -

is a Q-G local martingale.

Proof. We make the same reasoning as in Theorem 4.2, but in a simpler form. We need only
to prove
e s d(N, X)),

Xg\/TV- - Xg\/T +/0 ]l{g\/T<8} 1— Zs—

is a Q-G local martingale. Let 0 < u < 00,0 < a < b < 00, A € F,. Let T be a F stopping time
which makes the things integrable. We compute

Q[]IAH{QVTSU} (XgVTVb - X;VT\/(I)]
= limpgoo QULa 5oy Lyomne e tuy (Kiuy = Xy, )

(E=1Du 1u

ku
= limggoo S0 QUUA(MaE = Moo ™ )X, = XL,,)]

By Lemma 3.2,
" t s Zv A
M =(1-2,) — Ligo<u} exp{— dA,}e **d Ny
w w L— 2y
So
ku (k—1)u T T
QUAM — Moo ™ (XL, ~ XL, )]

ku g _
= Q[ﬂAfﬁv Iy, <kU}eXP{*f% 2-dA}(—e ) d(N, XT),]
u\/b s —A.
Q[ 4 f;mv (gez =0 exp{— f(k—nl)u Lo dA Y (—eM)d(N, XT),]

— Buyh (Le—As
= Q[ﬂAn{gvT<ku}fkuv (1 ZS_)d<N XT),] — @[nAn{g%@}f%va (1723_)d<N’XT>s]

according to Lemma 4.4

= Q[]lA]l{(k SISV f Dien gy (1 zg_)d<N XT)4]
Now we can calculate the limit

@[ﬂAﬂ{g\/T<u}( gVvTVb XgVTVa)]
b —_e—As
= limpjeo Y op 1@[11A11{<k_1>u<gw<ku} I n{kuq}%dw XxT),]

= Qalgguren) [ Lgures) Tt d(N, XT),]

This proves the theorem.l

We remark that the semimartingale decomposition formula here takes the same form as in
the preceding situations.
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