Subordination in the wide sense for Lévy processes

Thomas Simon

Equipe d’Analyse et Probabilités, Université d’Evry-Val d’Essonne Boulevard des Coquibus, 91025 Evry Cedex, France e-mail: simon@lami.univ-evry.fr

Abstract

Given (¯_t)_{t≥0} a transient convolution semigroup over IR^d, we characterize the transient semi-groups which are subordinate in the wide sense to the latter, via some quotient relation between the two Lévy generators. This is also equivalent to an inclusion between excessive cones. Thanks to a theorem of Hirsch, this allows us in big dimensions to give a probabilistic description of some measures satisfying the classical maximum principle.

Key words: Convolution kernels, Randomized stopping times, Subordinator, Excursions.

Mathematics Subject Classification (1991): 60J30, 60J45

1 Introduction

The celebrated Blumenthal-Getoor-McKean Theorem (see Chap V in [4], and also [9] for a modern approach) states that two Markov processes X and Y with the same hitting distributions are related by time-change: there exists some continuous strictly increasing additive functional of X such that if T is its right-continuous inverse, then Y and X ∘ T are equivalent processes. Intuitively, this means that X and Y have the same sample paths, but that they live on them with different “speeds”. In the transient case, the equality of hitting distributions is equivalent to S(X) = S(Y ), where S stands for the cone of excessive functions.

A theorem of Shih [20] states that if the hitting distributions of X dominate those of Y , then Y is killed on the sample paths of X at some random time τ. Modulo time-change, τ there is the first jump of a non-homogeneous Poisson process, whose intensity is dM/M−, where M is a multiplicative functional of X.

In the transient case, the situation S(X) ⊂ S(Y ) seems to have escaped investigation, and one can naturally conjecture that this yields some relation Y = X ∘ σ, where σ is a discontinuous time-change satisfying some additivity property σ(t+s) = σ(t) + σ(s) ∘ θ_{σ(s)} where θ is the shift associated with X. This would mean that Y lives only on “portions” of the sample paths of X.

Our purpose in this paper is to study this conjecture when X and Y are Lévy processes. Under a mild assumption, we show that the condition S(X) ⊂ S(Y ) is equivalent to a realization of Y as X ∘ σ, where σ is a subordinator whose law depends on X, such that σ_t is a stopping-time for X for each t. Besides, (X, σ) satisfies some regenerative property in the sense of Maisonneuve [15]. We call this relation a subordination in the wide sense, or loose subordination, according to a terminology of Huff [14].

However σ is not necessarily the inverse of an additive functional of X: we construct (Y, σ) on a product probability space instead of the canonical space of X (such a construction seems more delicate). In particular, the shift appearing in the additivity property of σ is not associated with X.

Actually, a very analogous result was proved recently by Bertoin [3], when X and Y are themselves subordinators. Bertoin’s purposes were slightly different from ours and dealt rather with the closed ranges M_X = ImX, and M_Y = ImY , viewed as regenerative sets on the half-line. His main result is that M_Y is regeneratively embedded in M_X if and only if ϕ_Y /ϕ_X is a completely monotone function.

But this complete monotonicity condition is in fact a particular case of a “quotient relation” between general Hunt kernels, introduced by Deny [7] to describe some kernels satisfying the classical maximum principle, and later developped by Hirsch [13]. We observe that in the convolution framework, this quotient relation is equivalent to an inclusion between the sets of excessive functions (and other excessive cones).

Then, we repeat essentially the same arguments as Bertoin. For the direct part, we first construct a “skeleton” of Y embedded in X, via Rost’s randomized stopping times and then go to the limit, which is a bit delicate here: there is no immediate compacity as for the closed sets of IR^+, and then we must deal with the discontinuities of X. Besides, as in previous papers on embeddings (see Monroe [17], Falkner [8] and the references therein), we needed to enlarge the natural filtration of X.

For the converse part, we appeal to rather classical considerations on the excursions of X away from the homogeneous random set {σ(t) : t ≥ 0}. As a principal corollary, we use a theorem of Hirsch to describe in dimension greater than 3 some measures satisfying the classical maximum principle in terms of these excursions.

It is very likely that the conjecture stated above is true, at least when the carrier process is a diffusion. The arguments used here probably hold in a more general Markovian framework, except in the limit procedure where the continuity in probability for X and σ seem crucial, as soon as X is discontinuous.

The paper is organized as follows: Section 2 presents the framework, technicalities about randomized stopping times and analytic considerations about the quotient relation and excessive cones. In section 3 we state the main result and some applications. Section 4 contains the proofs.

2 Preliminaries

2.1 Transient convolution semi-groups

We work over IR^d equipped with | . | the Euclidean norm and ∂ an isolated point that serves as a cemetery. Any measurable function on IR^d is extended to IR^d ∪ {∂} by setting f(∂) = 0. We use the standard notations:

E is the set of measurable functions.

K . . . continuous functions with compact support. C_b . . . bounded continuous functions M . . . Radon measures.

M_0 . . . Radon measures tending to 0 at infinity.

every element being considered over IR^d. The last sentence means that if m ∈ M_0, then for all ϕ ∈ K, lim_{|x|→+∞} m ∗ ϕ(x) = 0. For any set A, A^+ denotes the positive elements of A.

Consider (μ_t)_{t≥0} a transient convolution semi-group of probability measures, that is: μ_t(1) = 1 ∀ t ≥ 0 μ_t ∗ μ_s = μ_{t+s} ∀ t, s ≥ 0 lim_{t→0} μ_t = δ_0 weakly

and the potential-measure u = ∫_{+∞} 0 μ_t dt is in M^+. The inverse for convolution of (−u) is the distribution:

T = lim_{t→0} μ_t − δ_0 t weakly.

T is called the Lévy generator of (μ_t)_{t≥0} and has a Fourier transform ψ given by the Lévy-Khintchine formula:

ψ(λ) = i < a, λ > − 1 2 Q(λ) + ∫ IR^d (e i<λ,x> − 1 − i < λ, x > 1 |x|<1) π(dx), where a ∈ IR^d, Q is a non negative definite quadratic form on IR^d and π a measure on IR^d − {0} such that ∫ (1 ∧ |x|^2) π(dx) < +∞. The transience property for (μ_t)_{t≥0} has the following characterization upon ψ (see Chap 13. in Berg/Forst [1]): ℜ( 1 ψ ) is locally integrable.

Let X be a standard realization of (μ_t)_{t≥0} over some probability space (Ω, F, IP). X is a càdlàg process with stationary, independent increments (a Lévy process), started at X_0 = 0 and such that for all 0 ≤ t < ∞,

IP [X_t ∈ . ] = μ_t( . ).

We extend X to [0, +∞] by setting X_∞ = ∂. We denote by (F_t)_{t≥0} the natural filtration of X: F_t = σ(X_s, s ≤ t) ∨ N where N are the sets of IP-measure 0. Notice that (F_t)_{t≥0} is necessarily right-continuous, (see Prop I.4 in Bertoin [2]).

The transience assumption ensures that lim_{t→+∞} |X_t| = +∞ (see Th I.19 in [2], and note that the hypothesis (H) therein is not relevant for this property). In particular X extended to [0, +∞] is still càdlàg with state space IR^d ∪ {∂}. By the Feller property, X is also quasi-left-continuous on [0, +∞]: if {T_n} is an increasing sequence of F_t-stopping times such that lim_{n→+∞} T_n = T (T may take infinite values), then lim_{n→+∞} X_{Tn} = X_T .

Let S(μ_t) be the cone of excessive functions with respect to (μ_t)_{t≥0}: those f ∈ E^+ such that for any x ∈ IR^d,

E [f(x + X_t)] ↑ f(x) as t ↓ 0.

The transience hypothesis assures that this cone S is rich enough. Thanks to the Markov property, it contains for example the set P of potential-functions: x → ǔ ∗ f (x) with f ∈ E^+. One can even show that B(IR^d) = σ(S) (see for instance Getoor [11] in a much more general context).

The dual cone to S(μ_t) is Exc(μ_t), the cone of excessive measures with respect to (μ_t)_{t≥0}: those m ∈ M^+ such that for any g ∈ K^+, ∫ E [g(x + X_t)] dm(x) ↑ ∫ g(x) dm(x) as t ↓ 0. Notice (see Proposition 16.3 in [1]), that this is equivalent to: μ̌_t ∗ m ≤ m ∀ t ≥ 0. Exc(μ_t) is also rich enough under the transience hypothesis. It contains for example the set Pot(μ_t) of potential-measures: u ∗ m such that m and u ∗ m are in M^+.

We finally lift from Corollary 16.8 in Berg/Forst [1] that those potential-measures uniquely determines their charges: if ρ_1 and ρ_2 are Radon measures such that ρ_1 ∗ u and ρ_2 ∗ u are identical Radon measures, then:

ρ_1 = ρ_2.

2.2 Randomized stopping times

This subsection is mainly technical but crucial for our purposes in part 4. It is adapted from Meyer [16] and Fitzsimmons [10] to whom we refer for a general discussion. We are still dealing with (μ_t)_{t≥0} a transient convolution semi-group, and X its realisation over (Ω, F, F_t, IP). Let (Ω^′, F^′, IP^′) be an auxiliary probability space and define: (Ω^∗, F^∗, IP^∗) = (Ω × Ω^′, F × F^′, IP ⊗ IP^′). We assume that Ω and Ω^′ are Polish spaces and F, F^′ their completed Borelian σ-fields respectively. Every process is considered implicitly over [0, +∞].

A randomized stopping time (RST) with respect to X with (Ω^′, F^′, IP^′) as randomization space is an F^∗-measurable mapping T^∗ : Ω^∗ → [0, +∞] such that: {(ω, ω^′) ∈ Ω^∗ : T^∗(ω, ω^′) ≤ t} ∈ F_t × F^′ ∀t ≥ 0. If (Ω^′, F^′, IP^′) = ([0, 1], B_{[0,1]}, λ) the unit interval equipped with Lebesgue measure, then we speak of a canonical RST with respect to X. From now on we omit the precision “with respect to X” for simplicity.

Consider now an RST T^∗ and define the measure M on Ω × [0, +∞] by M(Z) = E^∗ [Z_T �] for any raw process Z. Clearly M = f(IP^∗) where f : (ω, ω^′) → (ω, T^∗(ω, ω^′)) and so the first marginal of M is IP. A disintegration theorem (see Sect III 71-73 in Dellacherie/Meyer [6]) gives: dM (s, ω) = dA_s(ω) dIP(ω) where A_s : [0, +∞] → [0, 1] is increasing, A_0 = 0 and A_∞ = 1 IP p.s. Besides, A_t(ω) = IP^′ [T^∗(ω, .) ≤ t], and so A_t is F_t-adapted.

We take a càdlàg version of A_t and define: ~T (ω, z) = inf {t : A_t(ω) > z}, 0 ≤ z ≤ 1. It is a canonical RST and by a standard change of variable, we get, for any process Z:

E^∗ [Z_T �] = E [ ∫ [0,+∞] Zt dAt] = ∫_1 0 E [Z_{eT ( . ,z)}] dz = ~E [Z_{eT} ].

In particular, taking Z_t = ∫_{+∞} t f(X_s) ds and using the strong Markov property for X yield:

E^∗ [Uf(X_T �)] = ~E [Uf(X_{eT} )].

Hence, by the uniqueness of charges with ρ_1 = IP^∗ [X_T � ∈ . ] and ρ_2 = ~IP [X_{eT} ∈ . ], we have:

IP^∗ [X_T � ∈ . ] = ~IP [X_{eT} ∈ . ].

We will refer to ~T as the canonical rearrangement of T^∗.

Finally, Theorem 5 in [16] yields the following result concerning weak convergence of canonical RST’s (due in its original form to Baxter/Chacon): Proposition 1 Let { ~T_n} be a sequence of canonical RST’s. Then there exists a subsequence {ϕ_n} and a canonical RST ~T such that ~E [Z_{eTϕn} ] −→ ~E [Z_{eT} ] for any bounded, càdlàg, quasi-left-continuous process Z.

Notice that in the preceding proposition, the convergence is not so weak since Z need not be F_t-adapted. However we shall not make use of this property.

2.3 The quotient relation for Lévy generators

The following analytic result is due to Hirsch ([13], p 124): Proposition 2 Let K ∈ M^+_0 . The following assertions are equivalent:

(i) K satisfies the classical maximum principle: for all ϕ ≥ 0 in K, (∀ x ∈ Supp ϕ, K ∗ ϕ(x) ≤ 1) =⇒ (K ∗ ϕ ≤ 1). (ii) There exists two Lévy generators T and S such that T ≠ 0 and: T ∗ K = S. Our purpose in this paper is to give a probabilistic interpretation of this analytic result, in the transient case. This motivates the following definition: Definition 1 Let T and S be two Lévy generators. S is said to be a quotient of T when the following relation holds: T ∗ K = S with K ∈ M^+_0 .

In Hirsch’s theorem, T and S may correspond to Lévy processes killed at a certain exponential rate, (given by (− < T, 1 >) and (− < S, 1 >) respectively). But T may also be chosen such that < T, 1 > = 0 (see Theorem 2 in [13]), i.e T has infinite lifetime. To avoid technical difficulties, we will focus on this case only. We will also suppose that S itself has infinite lifetime (which is not necessarily the case in Hirsch’s theorem).

We now give an equivalent property to the quotient relation. Recall that T and S are transient as soon as d ≥ 3.

Proposition 3 Consider K ∈ M^+_0 , T and S two transient Lévy generators. There is an equivalence: T ∗ K = S ⇐⇒ u = v ∗ K where u and v are the potential-measures associated respectively with T and S. Proof Set ϵ_λ = (λδ − T )^{∗−1} and η_μ = (μδ − S)^{∗−1}, two bounded positive measures for λ, μ > 0. Suppose first T ∗ K = S. We have: (λδ − T ) ∗ K = λK − μδ + (μδ − S) and (η_μ ∗ K) + (μη_μ ∗ ϵ_λ) = (λϵ_λ ∗ η_μ ∗ K) + ϵ_λ.

Let λ tend to 0. As K tends to 0 at infinity, the first term in the second member vanishes and we can write: (η_μ ∗ K) + (μη_μ ∗ u) = u.

As μ ↓ 0, (μη_μ ∗ u) ↓ ξ weakly. Since μη_μ → 0 weakly and μη_μ ∗ u ≤ u, we can apply Theorem 16.10 in [1] and get ξ = 0. This entails: u = v ∗ K. Conversely suppose u = v ∗ K. By the resolvent equation we have: (δ − λϵ_λ) ∗ u = ϵ_λ and (δ − μη_μ) ∗ v = η_μ which yields: λ(δ − λϵ_λ) ∗ (η_μ ∗ K) = λϵ_λ ∗ (δ − μη_μ). As K tends to 0 at infinity, we get when λ → +∞: (−T ) ∗ η_μ ∗ K = δ − μη_μ. Multiplying by μ and letting μ tend to +∞ entail: T ∗ K = S 2 Notice that in the preceding proposition, S need not be transient as soon as it is not 0: if T is transient and if a quotient holds, then v = lim_{μ→0} η_μ is necessarily in M^+. But K must tend to 0 at infinity.

We now express the quotient relation in terms of excessive cones: Proposition 4 Let (μ_t)_{t≥0} and (ν_t)_{t≥0} be two transient convolution semigroups, u and v their potential-measures. The following assertions are equivalent:

(i) ∃ K ∈ M^+ such that: u = v ∗ K. (ii) S(μ_t) ⊂ S(ν_t) (iii) Exc(μ_t) ⊂ Exc (ν_t) Proof: (i) ⇒ (ii): Let f ∈ S(μ_t). It is well-known (see for example II.2.19 in [4]) that there exists a sequence g_n ≥ 0 of bounded functions in E such that ǔ ∗ g_n is bounded and: ǔ ∗ g_n ↑ f as n → ∞. But then:

ǔ ∗ g_n = (v̌ ∗ Ǩ) ∗ g_n = v̌ ∗ (Ǩ ∗ g_n) ∈ S(ν_t).

And since {ǔ ∗ g_n} is an increasing sequence, one checks easily that f ∈ S(ν_t). (ii) ⇒ (iii): Let m ∈ Exc(μ_t). It is clear that for any ϕ ∈ K^+, (m ∗ ϕ) ∈ S(μ_t).

So (m ∗ ϕ) ∈ S(ν_t) and: ν̌_t ∗ m ∗ ϕ ≤ m ∗ ϕ pointwise This entails:

ν̌_t ∗ m ≤ m setwise and thus, m ∈ Exc(ν_t).

(iii) ⇒ (i): u ∈ Exc(ν_t) and so there is a Riesz decomposition (see theorem 16.7 in [1]): u = v ∗ K + η with K ∈ M^+ and η = lim_{t→+∞} ν_t ∗ u weakly. But ν_t ∗ u ≤ u and lim_{t→+∞} ν_t = 0 weakly by transience. Hence we can apply theorem 16.10 in [1], which entails: η = 0. 2 Notice that in the preceding proposition, we could have added two equivalent assertions: P(μ_t) ⊂ P(ν_t) and Pot(μ_t) ⊂ Pot(ν_t).

3 Results and applications

3.1 Subordination in the wide sense for Lévy processes

We now state the central definition of this work:

Definition 2 Let (μ_t)_{t≥0} and (ν_t)_{t≥0} be two convolution semigroups on IR^d. (ν_t)_{t≥0} is said to be a subordination in the wide sense of (μ_t)_{t≥0} if, on some probability space endowed with a filtration (F_t)_{t≥0}, there exist two Lévy processes X and Y , with semi-groups (μ_t)_{t≥0} and (ν_t)_{t≥0} respectively, and a subordinator σ, such that:

· X is a Lévy process with respect to F_t. · σ_s is an F_t-stopping time for each s ≥ 0. · Y = X ∘ σ. · (X, σ) has the following regeneration property: for all t ≥ 0, the two-parameter process: (X_{σt+u} − X_{σt} , σ_{t+v} − σ_t)_{u, v≥0} is independent of G_t and has the same law as (X_u, σ_v)_{u, v≥0} where (G_t)_{t≥0} is the filtration defined by: G_t = σ{σ_s, s ≤ t} ∨ σ{X_{u∧σt} , u ≥ 0}. This definition mimics that of regenerative embedding for Markov sets introduced by Bertoin [3], and it is not difficult to see that it recovers Bochner’s independent subordination [5]. Besides, notice that since, on the canonical spaces, the applications (X, σ) −→ (X ∘ σ, σ) and (X, σ) −→ (X ∘ σ, X) are measurable, the regeneration property entails the following properties:

· (Y, σ) is a Lévy process.

· for all t ≥ 0, (X_{σt+u} − X_{σt} , Y_{t+v} − Y_t)_{u, v≥0} is independent of G_t and has the same law as (X_u, Y_v)_{u, v≥0}.

Similarly, we will say that S (resp. v) is a subordination in the wide sense of T (resp. u) if we deal with Lévy generators (resp. potential-measures). The connection with Hirsch’s theorem is the matter of our main result:

Theorem 1 Let (μ_t)_{t≥0} and (ν_t)_{t≥0} be two transient convolution semigroups with infinite lifetime. The following statements are equivalent:

(i) (ν_t)_{t≥0} is a subordination in the wide sense of (μ_t)_{t≥0}

(ii) There exists K ∈ M^+ such that: u = v ∗ K. where u (resp. v) is the potential-measure of (μ_t)_{t≥0} (resp. (ν_t)_{t≥0}).

Notice that by Proposition 3, if u ∈ M^+_0 (which holds as soon as d ≥ 2 by the Renewal Theorem, see [18]), those assertions are also equivalent to:

(iii) There exists K ∈ M^+_0 such that: S = T ∗ K. where T (resp. S) is the Lévy generator of (μ_t)_{t≥0} (resp. (ν_t)_{t≥0}). Observe also that it suffices that (μ_t)_{t≥0} be transient.

3.2 Applications

We first turn our attention to convolution semi-groups on the half-axis [0, +∞), which are necessarily transient except in the degenerate case (μ_t = δ_0 ∀t), and whose realizations are themselves subordinators. We still consider strict probability measures (i.e non killed subordinators). Then μ_t has a Laplace transform given by: ∫_∞ 0 e^{−λs} μ_t(ds) = exp − tϕ_μ(λ)

where ϕ_μ is a Bernstein function - called the Laplace exponent of (μ_t)_{t≥0} - such that ϕ_μ(0) = 0. ϕ_μ is related to the potential-measure u by: ∫_∞ 0 e^{−λs} u(ds) = 1 ϕ_μ(λ) . On the half-axis, infinity means only “+∞” and so a quotient relation is equivalent to u = v ∗ K with K any Radon measure on IR^+ (since for all K ∈ M(IR^+), ϕ ∈ K(IR^+), ∫ ϕ(x + y)K(dy) → 0 as x → +∞). Hence by Bernstein’s theorem, a quotient relation is also equivalent to the following condition on the Laplace exponents: ϕ_ν ϕ_μ is a completely monotone function.

Besides, if we set M_X and M_Y for the closed ranges on the half-axis of X and Y respectively, and if we define M = (M_Y , M_X ) on Ω, the set of couples of closed sets of IR^+, it is not difficult to see that the subordination in the wide sense of Y to X is then equivalent to the following property on M:

· M_Y ⊂ M_X · for all t > 0, f measurable, P(f(M ∘ τ_dY_t ) | H_t) = P(f(M)), where P is the law on Ω induced by that of (Y, X), d^Y_t = inf{[0, t) ∩ M_Y }, M ∘ τ_t = {(r, s) / (r + t, s + t) ∈ M} and H_t = σ{d^Y_t ; M_X ∩ [0, d^Y_t ] ; M_Y ∩ [0, d^Y_t ]}.

Thus, the subordination in the wide sense of Y to X coincides with the regenerative embedding of M_Y in M_X as defined by Bertoin [3], and we have shown: Corollary 1 M_Y is regeneratively embedded in M_X if and only if ϕ_ν ϕ_μ is completely monotone.

which is Theorem 1 in [3].

Next we give an amusing consequence of the analytic considerations in Section 2 which is independent of the main theorem, and does not seem to appear in the literature (note that the converse part is trivial):

Corollary 2 Let X and Y be two transient Lévy processes such that: S(X) = S(Y ). Then there exists d > 0 such that (X_{dt})_{t≥0} and (Y_t)_{t≥0} are equivalent processes.

Proof: Set u and v for the potential-measures associated with X and Y respectively. Proposition 4 entail: u = v ∗ K and v = u ∗ K^′ where K and K^′ are in M^+. Hence u = u ∗ K ∗ K^′ and by the uniqueness of charges, K ∗ K^′ = δ. This reduces the supports of K and K^′ to a point: there exist a ∈ IR^d, d > 0 such that:

K = d δ_a and K^′ = 1 d δ_{−a}. But then K tends to 0 at infinity and we can apply Proposition 3: S = T ∗ dδ_a By the Lévy-Khintchine Formula, a must be 0 and we get: ψ_Y = dψ_X , where ψ_X and ψ_Y are the Lévy functions respectively. This completes the proof. 2

Such a result might belong to the “folklore” around the Blumenthal-Getoor- McKean Theorem, since it is intuitively obvious that any time-change transforming a Lévy process into another is a drift. However the proof here is self-contained. Besides, notice that by Proposition 4 the same result holds with Exc(μ_t) = Exc(ν_t), and so our corollary is also connected with Getoor/Glover’s theory [12].

Finally, we give in big dimensions a probabilistic description of some measures satisfying the classical maximum principle, that might be of interest. The proof is straightforward via Proposition 1, Theorem 1, the uniqueness of charges and the shape of K given at the end of this paper. Recall that ID(IR^+, IR^d) is the set of càdlàg functions IR^+→ IR^d.

Corollary 3 Suppose d ≥ 3 and let K ∈ M^+_0 satisfy the classical maximum principle. Suppose that S has infinite lifetime in its quotient relation. Then there exist a, ≥ 0 and n an excursion measure over ID(IR^+, IR^d) such that: K(dx) = aδ(dx) + ∫ n(de) ∫_ζ 0 1_{{e(s)∈dx}} ds where ζ stands for the lifetime of the excursions.

This may be correlated with another “big” theorem, that of Hunt characterizing as potentials the kernels satisfying the complete maximum principle and tending to 0 at infinity.

4 Proofs

4.1 Proof of the direct part of Theorem 1

The proof will be given in several steps. We first fix some notations, introducing the following objects:

· Ω_0 = ID_0, the functions in ID null at 0. It is endowed with the Skorohod topology and the Borelian corresponding σ-field F_0. IP_μ (resp. IP_ν) denotes the law corresponding to μ_t (resp. ν_t). The shift is defined by Θ_t ω_0 = ω_0(t + .) − ω_0(t). We will use the canonical notation: X_t(ω_0) = ω_0(t) and write IP for IP_μ when there is no ambiguity.

· Ω = Ω_0 × T, where T is the space of càdlàg increasing functions from IR^+ to IR^+ equipped with the following metric that makes it into a Polish space:

d(τ_1, τ_2) = ∑_∞ k=1 2^{−k} min ( ∫_k 0 |τ_1(s) − τ_2(s)|ds, 1). Equipped with the product topology, Ω is also a Polish space. We denote by F the Borelian σ-field.

· Ω^∗ = Ω_0 × I, where I = ∏_{+∞} k=1 I_k, I_k = [0, 1] for each k. Ω^∗ is endowed with the product σ-field F^∗ = F_0 × B^{IN}, where B is the Borelian σ-field on [0, 1]. The probability measure on Ω^∗ is IP^∗ = IP_μ ⊗ λ^{⊗IN} where λ is the Lebesgue measure on [0, 1]. Note that under IP^∗, for any RST T with respect to X, X ∘ Θ_T is independent of F_T and has the same law as X.

· Similarly, ~Ω = Ω_0 × I, where I = [0, 1], equipped with ~F = (F_0 × B), and ~IP = IP_μ ⊗ λ.

In the following, all σ-fields will be assumed to be completed with respect to the probability measures under consideration.

We now appeal to Rost’s theorem on Skorohod stopping problem for transient right processes. x → U(x, A) = ǔ ∗ 1_A(x) ∈ S(μ_t) for all Borelian A, and so we have, for all t ≥ 0, ν_t U(A) ≤ δ_0 U(A)

for all A Borelian. Since δ_0 U = U(0, . ) is σ-finite, the theorem of Rost ([19], Th.4) entails that for all t, ν_t( . ) can be seen as the distribution of X stopped at a certain random time: there is a family ( ~T_t)_{t≥0} of canonical RST’s such that:

ν_t( . ) = ~IP [X_{eTt} ∈ . ] ∀t ≥ 0.

Next we build an increasing random walk with step 2^{−n} that serves as “skeleton” for the embedding on X. We just make clear the argument of Bertoin [3], but we need this since later we must deal carefully with the randomization space. Fix n and let R_n be Rost’s canonical RST corresponding to ν_2�n : ∀ f ∈ E, ∫_1 0 E [f(X_{Rn( . ,z)})] dz = ν_2�n ( f ), Consider over Ω^∗ the following i.i.d random variables: for ω^∗ = (ω_0, z_1 . . . z_p . . .),

R^1_n(ω^∗) = R_n(ω_0, z_1)

R^2_n(ω^∗) = R_n(Θ_R1_nω_0, z_2) . . . . R^p_n(ω^∗) = R_n(Θ_Rp�1_n ∘ . . . ∘ Θ_R1_nω_0, z_p) . . . . For any n ≥ 1, the step-process T^∗_n defined by:

T^∗_n (t, ω^∗) = k∑ i=1 R^i_n(ω^∗) if k 2^{−n} ≤ t < (k + 1) 2^{−n}

is, restricted to the dyadics, an increasing random walk such that T^∗_n (t, .) is an RST with respect to X for each t. Besides, by homogeneity and independence of the increments of X,

IP^∗ [X(T^∗_n (1), . ) ∈ . ] = ν_1( . ).

The following remark are immediate (the second one thinking of T^∗_n (s, .) as a natural stopping time for X with an independent parameter):

Remark 1 Under IP^∗, for any n ≥ 1, t, s > 0 n-dyadic and m ≥ n, (T^∗_m( t + s , .) − T^∗_m( t , .)) is independent of σ(T^∗_m(u, .), u ≤ t) and has the same law as T^∗_m(t, .). Remark 2 Under IP^∗, for any n, for any t, s > 0, (X_{t+s} − X_t) is independent of σ(X_u, u ≤ t) ∨ σ(T^∗_n (v, .) ≤ u, u ≤ t). Introducing the following shift on the randomization space: θ(z) = θ(z_1, z_2 . . .) = (z_2, . . .), it is easy to see that for each n ≥ 1, t n-dyadic, m ≥ n: (X_T �_{m(t+2}�m_) − X_T �_{m(t)}) = X_{Rm} ∘ (Θ_T �_{m(t)}, θ^{∘pm} ) where p_m is the number of m-dyadics before t. Hence, by the strong Markov property for X (as a Lévy process) and an immediate induction, we get the following reinforcement of Remark 1:

Remark 3 Under IP^∗, for any n ≥ 1, t, s n-dyadic and m ≥ n, (X_T �_{m(t+s)} − X_T �_{m(t)}) is independent of σ{X_T �_{m(u)}, u ≤ t} and has the same law as X_T �_{m(s)}.

Observe that in the preceding remark, t need not be dyadic, as soon as s is. Using the same shift-operators, it is a bit tedious but not difficult to observe that the following holds (with the same notations as above):

T^∗_m(t + i.2^{−m}, ω_0, z) − T^∗_m(t, ω_0, z) = T^∗_m(i.2^{−m}, Θ_T �_{m(t)}(ω_0), θ^{∘pm} (z)) This entails:

(X_T �_{m(t)+.} − X_T �_{m(t)}, T^∗_m(t + .) − T^∗_m(t)) = (X(.), T^∗_m(.)) ∘ (Θ_T �_{m(t)}, θ^{∘pm} ) and we can write a last remark which is a reinforcement of Remark 3: Remark 4 Under IP^∗, for any n, p ≥ 1, t ≥ 0, s_1 . . . s_p n-dyadic and m ≥ n, (X_T �_{m(t)+.}−X_T �_{m(t)}, T^∗_m(t+s_1)−T^∗_m(t) . . . T^∗_m(t+s_p)−T^∗_m(t)) is independent of σ{T^∗_m(u), u ≤ t} ∨ σ{X_{u∧T} �_{m(t)}} and has the same law as (X_., T^∗_m(s_1) . . . T^∗_m(s_p)).

We now introduce the applications f_n : { Ω^∗ −→ Ω ω^∗ −→ (X(ω), T^∗_n (ω^∗)) and the measures Q_n that they induce on Ω: Q_n(A) = IP^∗[f^{−1}_n (A)] for each A ∈ F.

The next proposition shows tightness. Things here are rather easy since we decided to work on the product space Ω_0 × T. However we probably need more information on Rost’s randomized stopping times to prove a tightness criterion on Ω_0 only, for a family such as {X ∘ T^∗_n }.

Proposition 5 There exists a subsequence {ϕ_n} such that {Q_{ϕn} } is tight. Proof It is clearly enough to prove that the projections of {Q_{ϕn} } on Ω^0 and T are tight. The projection on Ω^0 is constant: the law IP_μ. Besides, one can easily check that for any positive increasing sequence {λ_n}, the set {τ ∈ T: τ(n) ≤ λ_n ∀n ∈ IN} is relatively compact in T. Thus, we just have to prove that for some subsequence {ϕ_n}, ∀ϵ > 0, ∃{λ_p} such that IP^∗[∃ p / T^∗_{ϕn} (p) > λ_p] < ϵ uniformly in n.

Now for each n the Markov chain {T^∗_{ϕn} (p)}_{p≥0} is a random walk and so it suffices to show that for some subsequence {ϕ_n}:

∀ϵ > 0, ∃λ such that IP^∗[T^∗_{ϕn} (1) > λ] < ϵ uniformly in n.

Let { ~T_n} be the canonical rearrangements of {T^∗_n (1)}: they are RST’s with respect to X with randomisation space [0, 1], and such that: IP^∗[T^∗_n > λ] = ~IP [ ~T_n > λ].

By Baxter/Chacon’s theorem, there exists a canonical RST ~T with respect to X and a subsequence {ϕ_n} such that: ~E [Z_{eTϕn} ] −→ ~E [Z_{eT} ] for any bounded, càdlàg, quasi-left-continuous process Z on [0, +∞]. Suppose ~T is finite ~IP a.e, then: ∀ϵ > 0, ∃λ such that ~IP [ ~T > λ] < ϵ 2 . Consider the following continuous bounded deterministic process:

Z_t =

0 if t ≤ λ (t − λ) if λ ≤ t ≤ λ + 1 1 if t ≥ λ + 1.

We see that for n sufficiently large, ~IP [ ~T_{ϕn} > λ + 1] < ϵ. Thus, the proof will be complete if ~T is finite ~IP a.s. Consider f : IR^d → IR^+ bounded continuous tending to 0 at infinity and define over Ω_0 × [0, +∞] the process Z by: Z_t = f(X_t).

Obviously, Z is bounded, càdlàg, quasi-left-continuous on [0, +∞], and we get: ~E [Z_{eTϕn} ] −→ ~E [Z_{eT} ]. as n → +∞. But recall from the construction in discrete time that: ~IP [X_{eTϕn} ∈ . ] = IP^∗ [X_T �_{ϕn (1)} ∈ . ] = ν_1( . )

In particular, ~E [Z_{eTϕn} ] = ν_1( f ) for all n, which entails: ~E [Z_{eT} ] = ν_1( f ) This being true for any f : IR^d → IR bounded continuous tending to 0 at infinity, this entails that under ~IP, the law of X_{eT} is given by ν_1. Hence we can write: ~IP [ ~T = +∞] = ~IP [X_{eT} = ∂] = ν_1( ∂ ) = 0 and the proof is complete. 2

We now consider Q a cluster point for Q_m and write Q_m −→ Q for simplicity. Define on (Ω, F, Q), for ω = (ω_0, τ): { X(ω) = ω_0 σ(ω) = τ The following lemma is important for the sequel. It is lifted from Monroe ([17] p. 52) but we give a proof for the sake of completeness. Notice that it holds in full generality on T: there is no dependence on the limit measure Q. Lemma 1 There exist dense sets of IR^+, U and V such that for each (u, v) ∈ U × V, {τ(u) < v} is a Q-continuity set.

Proof For the topology we chose over T, the boundary of {τ(u_0) < v} is the set: {τ(u_0) ≥ v} ∩ {τ(u_{0−}) ≤ v}, that is: {sup{u : τ(u) < v} ≤ u_0 ≤ inf{u : τ(u) > v}} Now for a fixed u_i the sets depending on v: {sup{u : τ(u) < v} < u_i < inf{u :

τ(u) > v}} (those increasing càdlàg functions having a plateau at value v around u_i), are all disjoint. Thus the following set is countable:

V_1 = ⋃ u_i∈U1 (v : Q[{sup{u : τ(u) < v} < ui < inf{u : τ(u) > v}}] > 0) where U_1 is any dense countable subset of IR^+. Thus if v ∉ V_1, then for every u_0 > 0, Q[{sup{u : τ(u) < v} < u_0 < inf{u : τ(u) > v}}] = 0. In particular, if v ∉ V_1 and {τ(u_0) < v} is not a Q-continuity set for Q, then Q[{sup{u : τ(u) < v} = u_0 ≤ inf{u : τ(u) > v}}] > 0, or Q[{sup{u : τ(u) < v} ≤ u_0 = inf{u : τ(u) > v}}] > 0. But the sets above are disjoint for a fixed v and so for each v ∉ V_1 the set U_v = {u_0 : {τ(u_0) < v} is a Q-continuity set} is the complement of a countable set. So we take for V any countable dense set disjoint from V_1 and U = ⋂ v∈V U_v.

2 We now study the limit processes obtained from Q:

Proposition 6 Under Q, σ is a generic subordinator.

Proof σ is obviously càdlàg increasing, and we show that its increments are independent and stationary.

Let n, p ≥ 1, and h, w, v_1 < . . . < v_p < v_p + h ≤ u, be n-dyadic. Then for m ≥ n, under Q_m, ∫_{u+h} u [σ(t + w) − σ(t)] dt is independent of ∫_{v1+h} v1 σ(t) dt, . . . ∫_{vp+h} vp σ(t) dt and has the same law as ∫_h 0 [σ(t + w) − σ(t)] dt. (Indeed, notice that under Q_m, if h = k2^{−m}, ∫_{u+h} u [σ(t + w) − σ(t)] dt = 2^{−m} [ ∑_{k−1} j=0 σ(u + w + j2^{−m}) − σ(u + j2^{−m})] ∫_{vi+h} v_i σ(t) dt = 2 −m [ ∑_{k−1} j=0 σ(v_i + j2^{−m})]

for all i, and use Remark 1). Now σ → ∫_{u+h} u [σ(t + w) − σ(t)] dt is continuous on T and by weak convergence, we get the same property under Q.

Dividing by h and letting h tend to 0, we get, by right-continuity: for each w, v_1 < . . . < v_p < u dyadic, under Q,

(σ(u + w) − σ(u)) is independent of σ(v_1) . . . σ(v_p)

and has the same law as σ(w).

Then, again by right-continuity, we can remove the “dyadic” restriction. 2

Consider the following filtration over Ω : F_t = σ({X_s, s ≤ t} ∨ {σ_u ≤ s, s ≤ t}). We make it into a complete and right-continuous one, still denoted by F_t, and write F = F_∞. Obviously, X is F_t-adapted and σ_u is an F_t-stopping time for each u.

Proposition 7 X is a Lévy process with respect to F_t, with semi-group (μ_t)_{t≥0}.

Proof Q_n → Q in law over Ω_0 × T and the projection of Q_n on Ω_0 is IP_μ for each n. So we check easily that the projection of Q on Ω_0 is IP_μ: X is a generic Lévy process with semi-group (μ_t). Besides X is F_t-adapted and it is enough to prove that for each t, s > 0, X_{t+s} − X_t is independent of F_t.

As in Proposition 6, we just need to show that for each n, p ≥ 1, f, f_1 . . . f_n bounded continuous, h > 0, 0 < t_1 < . . . < t_n < t_n + h ≤ t, 0 < v_1 < . . . < v_p < t, r_1, . . . , r_p, Q [f( ∫_{t+h} t (X_{u+s} − X_u) du) ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} ≤ v_k}] = Q [f( ∫_{t+h} t (X_{u+s} − X_u) du)] Q [ ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} ≤ v_k}]

Notice that: {σ(r_k) ≤ v_k} = ⋂_∞ i=1 ⋃_∞ j=1 {σ(r^j_k) < v^i_k} where r^j_k ↓ r_k and v^i_k ↓ v_k. Thus by Lemma 1 and a monotone convergence argument, we only need to prove:

Q [f( ∫_{t+h} t (X_{u+s} − X_u) du) ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} < v_k}] = Q [f( ∫_{t+h} t (X_{u+s} − X_u) du)] Q [ ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} < v_k}] where {σ(r_k) < v_k} are continuity sets for Q. But then,

Q [f( ∫_{t+h} t (X_{u+s} − X_u) du) ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} < v_k}] = lim_{m→∞}Q_m[f( ∫_{t+h} t (X_{u+s} − X_u) du) ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} < v_k}] = lim_{m→∞}IP^∗[f( ∫_{t+h} t (X_{u+s} − X_u) du) ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{T^∗_m(r_k) < v_k}] = lim_{m→∞}IP^∗[f( ∫_{t+h} t (X_{u+s} − X_u) du)]IP^∗[ ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{T^∗_m(r_k) < v_k}] = Q [f( ∫_{t+h} t (X_{u+s} − X_u) du)] Q [ ∏_n k=1f_k( ∫_{tk+h} t_k Xu du) ⋂_p k=1{σ_{rk} < v_k}] In lines 1 and 4 we used that g : X → f( ∫_{t+h} t (X_{u+s} − X_u) du) and g_k : X → f_k( ∫_{tk+h} t_k Xu du) are continuous for the Skorohod topology, and so for any Q-continuity

set A, Q_m[g.1_A] −→ Q [g.1_A] and Q_m[g.g_1 . . . g_n.1_A] −→ Q [g.g_1 . . . g_n.1_A]. In line 3, we used Remark 2. 2

We now deal with the subordinate process:

Lemma 2 For all t ≥ 0, the law of X_{σt} is given by ν_t.

Proof Fix t dyadic. Since σ is a subordinator, it is a.s continuous at t, and in particular, for all h > 0, f ∈ C_b, the functional: (ω_0, τ) −→ 1 h ∫_h 0 f(ω_0(τ_t + u)) du

is Q-continuous for the product topology over Ω_0 × T. Hence we can write, by weak convergence: Q [ 1 h ∫_h 0 f(X_{u+σt} ) du] = lim_{m→∞} Q_m[ 1 h ∫_h 0 f(X_{u+σt} ) du] = lim_{m→∞} IP^∗[ 1 h ∫_h 0 f(X_{u+T} �_{m(t)}) du]

But now, by the strong Markov property for X, for m sufficiently large, IP^∗[ 1 h ∫_h 0 f(X_{u+T} �_{m(t)}) du] = IP^∗[ 1 h ∫_h 0 f(X_{u+T} �_{m(t)} − X_T �_{m(t)} + X_T �_{m(t)}) du] = 1 h ∫_h 0 ( ∫ IR^d

IP^∗[ f(x + X_T �_{m(t)})] μ_u(dx)) du = 1 h ∫_h 0 μ_u ∗ ν_t(f) du Letting h tend to 0 yields: Q [f(X_{σt} )] = ν_t(f) for all f ∈ C_b, t dyadic. This completes the proof by right-continuity. 2

For technical reasons, we must now focus on the case when:

(ν_t)_{t≥0} is not the law of a compound Poisson process.(H) Thanks to Lemma 2, it turns out to be the same for σ:

Lemma 3 Under (H), (σ_t)_{t≥0} is not a compound Poisson process.

Proof Denote by (η_t)_{t≥0} the semi-group associated with σ and fix t ≥ 0. We have:

η_t({0}) = Q [σ_t = 0] ≤ Q [X_{σt} = 0] = ν_t({0}) Proposition I.15 in [2] entails that under (H), the potential-measure associated with (ν_t)_{t≥0} is diffuse. In particular, ν_t({0}) = 0 for almost all t and the same for η_t({0}). But since σ is a subordinator, we have, for all t, s > 0: η_{t+s}({0}) = η_t({0})η_s({0}), and hence η_t({0}) = 0 for all t. This entails that σ is not a compound Poisson process. 2 Combined with Lemma 2, the next proposition shows that under (H), Y is a realisation of (ν_t)_{t≥0}:

Proposition 8 Suppose (H) holds. Then Y is a Lévy process under Q.

Proof By right-continuity, it is enough to show that for each n, p ≥ 1, s, t, > 0, 0 < t_1 < . . . < t_p = t n-dyadic, f, f_1 . . . f_q ∈ C_b,

Q [f(Y_{t+s} − Y_t) ∏_p k=1f_k(Y_{tk} )] = Q [f(Y_s)] Q [ ∏_p k=1f_k(Y_{tk} )]. But under (H), σ is not a compound Poisson process and hence, its sample paths are Q a.s strictly increasing. Thus, setting: D(X) = {t / ΔX_t ≠ 0}, a countable set, (H) entails that σ^{−1}(D(X)) is Q a.s countable. In particular, for any h > 0, the functionals: (ω_0, τ) −→ 1 h ∫_h 0 f(Y_{t+s+u} − Y_{t+u}) du are Q-continuous for the product topology over (Ω_0, T). Denoting by I_h(f, Y_t, Y_{t+s}) these functionals, and choosing h < min{(t_{k+1} − t_k)} we get, by the continuous mapping theorem: Q [I_h(f, Y_t, Y_{t+s}) ∏_p k=1I_h(f_k, 0, Y_{tk} )]

= lim_{m→∞} Q_m[I_h(f, Y_t − Y_{t+s}) ∏_p k=1I_h(f_k, 0, Y_{tk} )]

= lim_{m→∞} IP^∗[I_h(f, X_T �_{m(t)}, X_T �_{m(t+s)}) ∏_p k=1I_h(f_k, 0, X_T �_{m(tk)})]

= lim_{m→∞} IP^∗[I_h(f, 0, X_T �_{m(s)})] IP^∗[ ∏_p k=1I_h(f_k, 0, X_T �_{m(tk)})]

= Q [I_h(f, 0, Y_s)] Q [ ∏_p k=1I_h(f_k, 0, Y_{tk} )]

where the third line comes from Remark 3. By right-continuity, letting h tend to 0 yields:

Q [f(Y_{t+s} − Y_t) ∏_p k=1f_k(Y_{tk} )] = Q [f(Y_s)] Q [ ∏_p k=1f_k(Y_{tk} )]. and completes the proof. 2

The next proposition allows us now, under (H), to finish the proof of the direct part of Theorem 1:

Proposition 9 Suppose (H) holds. (X, σ) has the regeneration property of Definition 2.

Proof By right-continuity, it is plainly enough to show that for each l, n, p, q, r ≥ 1, s_1 . . . s_l, v < t n-dyadic, u_1 . . . u_p, t_1 < . . . < t_q < t, v_1 < . . . < v_r, f_1 . . . f_l, F_1 . . . F_p, g_1 . . . g_q, G_1 . . . G_r ∈ C_b, Q [ ∏_l k=1f_k(σ_{t+sk} − σ_t) ∏_p k=1F_k(X_{σt+uk} − X_{σt} ) . . . . . . ∏_q k=1g_k(σ_{tk} ) ∏_r k=1G_k(X_{vk∧σv} )] = Q [ ∏_l k=1f_k(σ_{t+sk} − σ_t) ∏_p k=1F_k(X_{σt+uk} − X_{σt} )] . . . . . . Q [ ∏_q k=1g_k(σ_{tk} ) ∏_r k=1G_k(X_{vk∧σv} )] where {σ_t ≥ v} is a Q-continuity set. But, for h < min{(t−s), (t−t_q)}, the following functionals: I_h(f, X_{σt+u}, X_{σt} ) : (ω_0, τ) −→ 1 h ∫_h 0 f(X_{σt+s+u} − X_{σt+s} ) ds J_h(f, σ_{t+v}, σ_t) : (ω_0, τ) −→ 1 h ∫_h 0 f(σ_{t+s+v} − σ_{t+s}) ds.

are Q-continuous under (H). Hence we can pass to the limit as above (this time via Remark 4) and get: Q [ ∏_l k=1J_h(f_k, σ_{t+sk} , σ_t) ∏_p k=1I_h(F_k, X_{σt+uk} , X_{σt} ) . . . . . . ∏_q k=1J_h(g_k, σ_{tk} , 0) ∏_r k=1I_h(G_k, X_{vk∧σv} , 0)] = Q [ ∏_l k=1J_h(f_k, σ_{t+sk} , σ_t) ∏_p k=1I_h(F_k, X_{σt+uk} , X_{σt} )] . . . . . . Q [ ∏_q k=1J_h(g_k, σ_{tk} , 0) ∏_r k=1I_h(G_k, X_{vk∧σv} , 0)] Letting h tend to 0 completes the proof. 2

We now turn to the case when (ν_t)_{t≥0} is the law of a compound Poisson process. For all t ≥ 0 we can write:

ν_t = ∑ n≥0 e^{−λt} (λt)^nρ^{∗n} n! where λ > 0 and ρ is a probability measure over IR^d. In particular, the condition S(μ_t) ⊂ S(ν_t) entails: ν_t − δ t ∗ ǔ ≤ 0 setwise

for all t ≥ 0, which yields, letting t tend to 0: ρ ∗ ǔ ≤ ǔ setwise. By Rost’s theorem, there exists a canonical RST ~T such that:

~IP [ X_{eT} ∈ . ] = ρ( . ).

Using the same arguments as above, we can construct over Ω^∗ a random walk {X_T �_n }_{n≥0}, with measure ρ. Considering (N^λ_t^∗)_{t≥0} an independent standard Poisson process with parameter λ, we see that the image-measure of:

(X_T �_{Nλt} � )_{t≥0}

over (Ω_0, T) is that of a compound Poisson process, which jumps at exponential times with parameter λ. Its realization is: (X ∘ σ_t)_{t≥0} where σ is a subordinator and X ∘ σ writes: X ∘ σ_t = N^λ_t∑

k=1 ξ_k where (ξ_k)_{k≥0} is a family of i.i.d random variables with law ρ and (N^λ_t )_{t≥0} an independent standard Poisson process with parameter λ. Thus, X ∘ σ is a Lévy process with semi-group (ν_t)_{t≥0}, and taking over (Ω_0, T) the same filtration F_t as in the general case yields the 3 first properties of Definition 2.

To show the regeneration property, we first observe that, as in Remark 4, the increment (X_T �_{n +u}−X_T �_n , T^∗_{n+p}−T^∗_n ) is independent of σ{T^∗_k , k ≤ n}∨σ{X_{u∧T} �_n , u ≥ 0} and has the same law as (X_u, T^∗_p ) for all (t, p). Considering (N^λ_t^∗)_{t≥0} and (P^λ_t^∗)_{t≥0} two independent standard Poisson process with parameter λ and writing n = N^λ_t^∗, p = P^λ_v^∗ yield : (X_{σt+u} − X_{σt} , σ_{t+v} − σ_t)_{u, v≥0} is independent of G_t and has the same law as (X_u, σ_v)_{u, v≥0} where (G_t)_{t≥0} is the filtration appearing in Definition 2.

We end this subsection in stressing that the regeneration property may not hold with the filtration (F_{σt} )_{t≥0} instead of (G_t)_{t≥0} (which would simplify the form of Definition 2): it is easy to see that G_t ⊂ F_{σt} for all t, but the converse inclusion is false, since for example σ is not necessarily a Lévy process with respect to F_{σt} .

4.2 Proof of the converse part of Theorem 1

Before proceeding to the proof, we observe that in the case of independent subordination, the result is easily obtained via analytic considerations. Indeed the subordinate semi-group (ν_t)_{t≥0} writes in this case:

ν_t = ∫_{+∞} 0 μ_s η_t(ds) where (η_t)_{t≥0} is the subordination semi-group over IR^+. So the Lévy generator of (ν_t)_{t≥0} is:

S = lim_{t→0} ∫_{+∞} 0 μ_s η_t(ds) − δ t = ∫_{+∞} 0 μ_s (lim_{t→0} η_t − δ t )(ds) By the Lévy-Khintchine formula for subordinators, we have:

lim_{t→0}( η_t − δ t ) = −aδ^′ + ∫_{+∞} 0 (δ_t − δ) π(dt) where a is the drift coefficient and π the Lévy measure of σ. Thus: S = aT + ∫_{+∞} 0 (μ_t − δ) π(dt) = aT + ∫_{+∞} 0 (T ∗ [ ∫_t 0 μ_s ds]) π(dt) Since (μ_t)_{t≥0} is transient we can apply Fubini’s theorem: S = T ∗ (aδ + ∫_{+∞} 0 [ ∫_t 0 μ_s ds] π(dt)) Hence: S = T ∗ K where K the following positive Radon measure over IR^d: K(dx) = aδ(dx) + ∫_{+∞} 0 [ ∫_t 0 μ_s(dx) ds] π(dt) = aδ(dx) + ∫_{+∞} 0 μ_t(dx) π(t)dt. where π is the tail of the Lévy measure. Since π tend to 0 at infinity and u is shiftbounded (see Prop 13.7 in [1]), it is easy to see that K is in fact an element of M^+_0 . Hence we can apply Proposition 3 and get: u = v ∗ K

In the non-independent case, the method is different. First we need a lemma about the graph of subordinators whose statement is rather obvious:

Lemma 4 Let g be a Borel function: [0, +∞) −→ C such that ∫_{+∞} 0 |g(t)| dt < +∞, and f be the graph of a strict subordinator with drift coefficient a ≥ 0. Then: ∫_{+∞} 0 g(t) dt = a ∫_{+∞} 0 g(f_s) ds + ∑ u>0 ∫_{fu} f_u� g(s) ds.

Proof It is clearly enough to show the lemma for g = 1_{[0,u]}, u ∈ IR^+. Recall that f is càdlàg increasing, f_0 = 0, f_t → +∞ as t → +∞, and that f admits a Lévy-Itô decomposition: f_s = as + ∑ u≤s Δf_u where Δf_u = f_u − f_{u−} for all u > 0. In particular, if R stands for the closed range of f on IR^+, then: R^c = [0, ∞) − R = ⋃ u∈I (f_{u−}, f_u) where I denotes the jump times of f. Hence we can write: ∫_{+∞} 0 g(t) dt = ∫ R g(s) ds + ∑ u>0 ∫_{fu} f_u� g(s) ds

= m(R ∩ [0, u]) + ∑ u>0 ∫_{fu} f_u� g(s) ds where m is the Lebesgue measure. Setting t = inf{s / f_s > u}, we get:

m(R ∩ [0, u]) = m(R ∩ [0, f_t]) = at = a ∫_{+∞} 0 g(f_s) ds where the second equality comes from the Lévy-Itô decomposition. This completes the proof. 2

We now finish the proof of the converse part of Theorem 1. The method is very similar to that of Song [21], who needed however stronger assumptions.

Consider the space-time processes (t, X_t) and (σ_t, X_{σt} ). By assumption they are both transient Lévy processes and we denote by ũ and ṽ their potential-measures. Set, for λ > 0 and ξ ∈ IR^d, f_{λ,ξ}(t, x) = exp(−λt + iξ.x). Let a be the drift coefficient of σ. Thanks to Lemma 1, we can write: < ũ, f_{λ,ξ} > = E [ ∫_∞ 0 exp(−λt + iξ.X_t) dt] = aE [ ∫_∞ 0 exp(−λσ_s + iξ.X_{σs} ) ds] + E [ ∑ u>0 ∫_{σu} σ_u� exp(−λt + iξ.X_t) dt] = a < ṽ, f_{λ,ξ} > + E [ ∑ u>0 ∫_{σu} σ_u� exp(−λt + iξ.X_t) dt] As in the preceding subsection we first consider the case where σ is not a compound Poisson process. We then have: E [ ∑ u>0 ∫_{σu} σ_u� exp(−λt + iξ.X_t) dt] = E [ ∑ u>0 ∫_{σu} σ_u� exp(−λt + iξ.X_{t−}) dt]

= E [ ∑ u>0 exp(−λσ_{u−} + iξ.X_{σu}�) ∫_{σu−σu}� 0 exp(−λt + iξ.(X_{(σu}�_{+ t)−} − X_{σu}�)) dt] = E [ ∑ u>0 exp(−λσ_{u−} + iξ.X_{(σu}�_{)−}) ∫_{σu−σu}� 0 exp(−λt + iξ.(X_{σu}�_{+ t} − X_{(σu}�_{)−})) dt].

Consider now the following point process (e_s)_{s≥0}, valued in the space ID:

if σ_u ≠ σ_{u−}, e_u(r) = { X_{σu}�_{+r} − X_{(σu}�_{)−} if r ≤ σ_u − σ_{u−} ∂ otherwise.

Define, for x ∈ ID, ζ(x) = inf{t > 0 / x(t) = ∂ } and set: ID^{(a)} = {x ∈ ID such that ζ(x) ≥ a}.

Restricted to ID^{(a)}, e is discrete for any a > 0, and hence, e is σ-discrete. For any B in the Borelian σ-field of ID, consider the counting measure: N^B_t = card{0 < u ≤ t : e_u ∈ B} = F (X_u, u ≤ σ_t).

It follows from the regeneration property of (X, σ) that for any t, s > 0, its increment: N^B_{t+s} − N^B_t = card{t < u ≤ t + s : e_u ∈ B} = F (X_{σt+u} − X_{σt} , u ≤ σ_{t+s} − σ_t) is independent of G_t and have the same law as N^B_t , where (G_t)_{t≥0} is given in Definition 2: N^B_. is an G_t-adapted standard Poisson process and e is a G_t-Poisson point process.

Since u → (σ_{u−}, X_{(σu}�_{)−}) = (σ_{u−}, Y_{u−}) is G_t-predictable (it is left-continuous and G_tadapted), we can apply the Compensation Formula: E [ ∑ u>0 ∫_{σu} σ_u� exp(−λt + iξ.X_t) dt] = E [ ∫_∞ 0 exp(−λσ_s + iξ.X_{(σs)−}) ds] [ ∫ n(de) ∫_ζ 0 exp(−λt + iξ.e_t) dt] = E [ ∫_∞ 0 exp(−λσ_s + iξ.X_{σs} ) ds] [ ∫ n(de) ∫_ζ 0 exp(−λt + iξ.e_t) dt] since σ is Q a.e strictly increasing, and where n is the characteristic measure of e.

When σ is a compound Poisson process, we can get an analogous formula with the following G_t-Poisson point process: if σ_u ≠ σ_{u−}, e_u(r) = { X_{σu}�_{+r} − X_{σu}� if r ≤ σ_u − σ_{u−} ∂ otherwise.

because here (σ_{u−}, X_{σu}�) is left-continuous. Hence we can write: < ũ, f_{λ,ξ} > = < ṽ, f_{λ,ξ} >< K̃, f_{λ,ξ} > where K̃ is the positive measure over IR^+ × IR^d defined by: K̃(dt, dx) = aδ(dt, dx) + ∫ n(de) ∫_ζ 0 1_{{v∈dt,e(v)∈dx}} dv. Note that for any λ > 0, < ṽ, f_{λ,0} > = 1 ϕ(λ) < +∞ and < K̃, f_{λ,0} > = ϕ(λ) λ < +∞. where ϕ is the Laplace exponent of σ. In particular, K̃ is a Radon measure and we can define formally ṽ ∗ K̃. Applying twice Fubini’s theorem yields: < ũ, f_{λ,ξ} > = < ṽ ∗ K̃, f_{λ,ξ} > By density of the f_{λ,ξ}, we get: ũ = ṽ ∗ K̃ Now since u = ũ(IR^+, .) is a Radon measure over IR^d we can integrate over IR^+ and get: u = v ∗ K where K is a positive measure over IR^d: K(dx) = aδ(dx) + ∫ n(de) ∫_ζ 0 1_{{e(v)∈dx}} dv. K is necessarily a Radon measure as u, and the proof is complete.

2 This shape of K allows us to state more precisely the loss of information from Bochner’s subordination to subordination in the wide sense. Indeed, n[ζ > a] = π[a; +∞) where π is the jump-measure of σ. So n can be thought as a measure over IR^+ × Ω_0 whose first marginal is π, and K writes: K(dx) = aδ(dx) + ∫ n(dt, dω_0) ∫_t 0 1_{{ω0(s)∈dx}} ds. In the case of independent subordination, n is the product measure π(dt)IP^t_μ(dω_0), where IP^t_μ is the law of X killed at time t. This entails: K = aδ + ∫_{+∞} 0 [ ∫_t 0 IP^t_μ [1_{{ω0(s)∈.}}] ds] π(dt) = aδ + ∫_{+∞} 0 [ ∫_t 0 μ_s ds] π(dt) which is the formula above, obtained via different means.

In the general case, n is no more a product measure, since there is a coupling between X and the random part of σ: its jumps.

We end this section with a counter-example when the carrier process is recurrent. Let (B_t)_{t≥0} be the standard Brownian motion on IR, and (T_t)_{t≥0} the process of its first passage times: T_t = inf{s / B_s > t}. T is a stable-(^1_2 ) subordinator and if we consider Y another subordinator, independent of B, then σ_t = T ∘ Y_t defines again a subordinator. Take for probability space W × T where W is the Wiener-space and T as in section 4, and endow it with (H_t = F_t ∨ G)_{t≥0} where (F_t)_{t≥0} is the natural brownian filtration and G the completed borelian σ-field of T. Obviously B is a Lévy process with respect to H_t and σ_s a H_t-stopping-time for all s. Besides, by continuity of the brownian paths, for all t ≥ 0, B_{σt} = Y_t. Finally, defining our processes on the product canonical space Ω × Ω^′, where Ω is Wiener space and Ω^′ is T, it is easy to see that the following holds for all (u, v):

(B_{σt+u} − B_{σt} , σ_{t+v} − σ_t)(ω, ω^′) = (B_u, σ_v)(Θ_{σt} (ω), Θ_t(ω^′))

which entails the regeneration property (integrating first on ω, then on ω^′). Hence, Y is a subordination in the wide sense of B.

Suppose now Y has no drift coefficient and that his Lévy measure is a probability π on IR^+ such that ∫_{+∞} 0 tπ(dt) = +∞. Then the Lévy generator of Y writes: S = π − δ

But the Lévy generator of B is: T = δ^{′′} 2 , and if K is a positive Radon measure such that T ∗ K = S, then: K^{′′} = 2(π − δ) By direct integration, K(x) = 2 [x^+(π[0, x] − 1) −

∫_x+ 0 tπ(dt) + ax + b] and it is not difficult to see that K cannot be everywhere positive.

Aknowledgements : I am very grateful to Francis Hirsch for constant support and many helpful comments in the making of this work. I also thank Jean Bertoin and Pat Fitzsimmons for stimulating remarks.

References

[1] Ch. Berg and G. Forst. Potential Theory on Locally Compact Abelian Groups.

Springer, Berlin, 1974.

[2] J. Bertoin. Lévy Processes. Cambridge University Press, 1996. [3] J. Bertoin. Regenerative embeddings of Markov sets. Probab. Th. Rel. Fields, 108: 559–571, 1997.

[4] R. M. Blumenthal and R. K. Getoor. Markov Processes and Potential Theory.

Academic Press, New York, 1968.

[5] S. Bochner. Harmonic Analysis and the Theory of Probability. University of California Press, Berkeley, 1955.

[6] Cl. Dellacherie and P.-A. Meyer. Probabilités et Potentiel Chap I à IV. Hermann, 1975.

[7] J. Deny. Les principes du maximum en Théorie du Potentiel. In Séminaire de Théorie du Potentiel, 6e année. Fac. des Sc. de Paris, 1961/62.

[8] N. Falkner. Embedding processes in Brownian motion in r^n. Trans. Amer.

Math. Soc., 267: 335–363, 1981.

[9] P. J. Fitzsimmons, R. K. Getoor and M. J. Sharpe. The Blumenthal-Getoor- McKean Theorem revisited. In Seminar on Stochastic Processes, pages 35–57. Birkäuser, Boston, 1989.

[10] P. J. Fitzsimmons. On ordered stopping times of a Markov process. Ann.Probab., 18: 1619–1622, 1990.

[11] R. K. Getoor. Transience and recurrence of Markov processes. In Séminaire de Probabilités XIV, volume 784 of Lecture Notes in Math., pages 397–415. Springer, Berlin., 1980.

[12] R. K. Getoor and J. Glover. Markov processes with identical excessive measures.

Math. Zeit., 184: 287–300, 1983.

[13] F. Hirsch. Principes du maximum pour les noyaux de convolution. In Séminaire de Théorie du potentiel No 4, volume 713 of Lecture Notes in Math., pages 113– 136. Springer, Berlin, 1979.

[14] B. Huff. The loose subordination of differential processes to Brownian motion.

Ann. Math. Statist., 40: 1603–1609, 1969.

[15] B. Maisonneuve. Systèmes régénératifs. Astérisque 15, Société Mathématique de France, 1974.

[16] P.-A. Meyer. Convergence faible et compacité des temps d’arrêt, d’après Baxter et Chacon. In Séminaire de Probabilités XII, volume 649 of Lecture Notes in Math., pages 411–423. Springer, Berlin., 1978.

[17] I. Monroe. Processes that can be embedded in Brownian motion. Ann.Probab., 6: 42–56, 1978.

[18] D. Revuz. Markov chains. North-Holland, Amsterdam, 1984.

[19] H. Rost. The stopping distribution of a Markov process. Inventiones Math., 14:

1–16, 1971.

[20] C. T. Shih. Markov processes whose hitting distributions are dominated by those of a given process. Trans. Amer. Math. Soc., 169: 157–179, 1967.

[21] S. Song. Résultats autour du quotient de générateurs de Lévy. unpublished.