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9 Asymptotic Behavior of the Volatility Skew

9.1 Short Expirations

We start by rewriting our original general stochastic volatility SDEs (1) and
(2) in terms of the log-moneyness x = log

(
F
K

)
and under the risk neutral

measure, specializing to the case where α and β do not depend on S or t.

dx = −v

2
dt +

√
v dZ1

dv = α (v) dt + η
√

vβ (v) dZ2 (52)

We may rewrite
dZ2 = ρdZ1 + ϕdZ∗

1

with ϕ =
√

1− ρ2 and 〈dZ∗
1 , dZ1〉 = 0. Eliminating

√
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Then,

E [v + dv |dx ] = v + α (v) dt + ρη β (v)
{

dx +
v

2
dt

}

so for small times to expiration (relative to the variation of α(v) and β(v)),
we have

vloc(x, t) = E [vt |xt = x ]

≈ v0 +
[
α(v0) + ρη

v0

2
β(v0)

]
t + ρηβ(v0) x (53)

The coefficient of x (the slope of the skew) here agrees with that derived by
Lee (2001) using a perturbation expansion approach.

To extend the result to implied volatility, we need the following lemma:

Lemma

The local volatility skew is twice as steep as the implied volatility skew for
short times to expiration.
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Proof

From Section 5.2, we know that BS implied total variance is the integral
of local variance along the most probable path from the stock price on the
valuation date to the strike price at expiration. This path is approximately
a straight line (see Figure 1). Also, from equation (53), we see that the slope
of the local variance skew is a roughly constant β(v0) for short times. The
BS implied variance skew, being the average of the local variance skews, is
one half of the local variance skew. Formally,

σBS(K, T )2 ≈ 1

T

∫ T

0

vloc(x̃t, t)dt

≈ const. +
1

T

∫ T

0

ρηβ(v0)x̃tdt

≈ const. +
1

T

∫ T

0

ρηβ(v0)xT
t

T
dt

= const. +
1

2
ρηβ(v0) xT

where x̃ represents the “most probable” path from the stock price at time
zero to the strike price at expiration. ¤

We conclude that for short times to expiration, the BS implied variance
skew is given by

∂

∂x
σBS(x, t)2 =

ρη

2
β(v0) (54)

Recall that in the Heston model, β(v) = 1; we see that equation (54)
is consistent with the short-dated volatility skew behavior that we derived
earlier in Section 5.2 for the Heston model.

Note that the short-dated volatility skew is not explicitly time-dependent;
it depends only on the form of the SDE for volatility. In contrast, as we shall
see, local volatility models imply short-dated skews which decay rapidly as
time advances. So even if we find a stochastic volatility model and a local
volatility model that price all European options identically today, forward-
starting options (that is options whose strikes are to be set some time in
the future) cannot possibly be priced identically by these two models. Both
models fit the options market today but the volatility surface dynamics im-
plied by the two models are quite different.
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Figure 1: Integrating local variance to get implied variance

Equation (54) suggests a wild generalization: perhaps all stochastic
volatility models, whether analytically tractable or not, have similar im-
plications for the BS implied volatility skew up to a factor of β(v). By
investigating the behavior of the volatility skew at long expirations, we will
present evidence which makes this claim more plausible.

9.2 Long Expirations

Fouque, Papanicolaou, and Sircar (1999) and Fouque, Papanicolaou, and
Sircar (2000) show using a perturbation expansion approach that in any
stochastic volatility model where volatility is mean-reverting, Black-Scholes
implied volatility can be well approximated by a simple function of log-
moneyness and time to expiration for long-dated options. In particular,
they study a model where the log-volatility is a Orenstein-Uhlenbeck process
(log-OU for short). That is:

dx = −σ2

2
dt + σ dZ1

d log(σ) = −λ[ log(σ)− log(σ) ]dt + ξdZ2
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They find that the slope of the BS implied volatility skew is given (for large
λT ) by

∂

∂x
σBS(x, T ) ≈ ρξ

λT
(55)

To recast this in terms of v to be consistent with the form of the generic
process we wrote down in equation (52), we note that (considering random
terms only), dv ∼ 2 σ dσ and in the log-OU model,

dσ ∼ ξσdZ2

So
dv ∼ 2ξvdZ2

Then β(v) as defined in equation (52) is given by

ηβ(v) = 2ξ
√

v

and, from equation (55), the BS implied variance skew is given by

∂

∂x
σBS(x, T )2 ≈ 2ρξ

√
v

λT
=

ρηβ(v)

λT

Looking back at section 5.2 again, we see that the Heston skew (where β(v) =
1) has the same behavior for large λT . We now have enough evidence to
make our generalization more plausible: it seems that both for long and short
expirations, the skew behavior may be identical for all stochastic volatility
models up to a factor of β(v). Supposing this claim were true, what would
be the natural way to interpolate the asymptotic skew behaviors between
long and short expirations?

Clearly, the most plausible interpolation function between short expira-
tion and long expiration volatility skews is the one we already derived for
the Heston model in Section 5.2 and

∂

∂x
σBS(x, T )2 ≈ ρη β(v)

λ′T

{
1−

(
1− e−λ′T

)

λ′T

}
(56)

with λ′ = λ− 1
2
ρηβ(v).
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9.3 Dynamics of the Volatility Skew under Stochastic
Volatility

At first it might seem that a result that says that all stochastic volatility
models have essentially the same implications for the shape of the volatility
surface would it make it hard to differentiate between models. That would
certainly be the case if we were to confine our attention to the shape of the
volatility surface today. However, if instead we were to study the dynamics of
the volatility skew – in particular, how the observed volatility skew depends
on the overall level of volatility, we would be able to differentiate between
models.

Empirical studies of the dynamics of the volatility skew show that ∂
∂x

σ(x, t)
is approximately independent of volatility level over time. Translating this
into a statement about the implied variance skew, we get

∂

∂x
σBS(x, t)2 = 2σBS(x, t)

∂

∂x
σBS(x, t) ∼

√
v(x, t).

This in turn implies that β(v) ∼ √
v and that v is approximately lognormal

in contrast to the square root process assumed by Heston. This makes
intuitive sense given that we would expect volatility to be more volatile if
the volatility level is high than if the volatility level itself is low.

Does it matter whether we model variance as a square root process or
as lognormal? In certain cases it does. After all, we are using our model
to hedge and the hedge should approximately generate the correct payoff
at the boundary. If the payoff that we are hedging depends (directly or
indirectly) on the volatility skew, and our assumption is that the variance
skew is independent of the volatility level, we could end up losing a lot of
money if that’s not how the market actually behaves.

Is any stochastic volatility model better than none at all? The answer
here has to be yes because whereas having the wrong stochastic volatility
model will cause the hedger to generate a payoff corresponding to a skew that
may perhaps be off by a factor of 1.5 if volatility doubles, having only a local
volatility model will cause the hedger to generate a payoff that corresponds
to almost no forward skew at all. We will now show this.
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9.4 Dynamics of the Volatility Skew under Local Volatil-
ity

Empirically, the slope of the volatility skew decreases with time to expiration.
From the above, in the case of mean-reverting stochastic volatility, the term
structure of the BS implied variance skew will look something like equation
(56). In particular, the slope of the volatility skew will decay over time

according to the time behaviour of the coefficient 1
λ′T

{
1−

�
1−e−λ′T

�
λ′T

}
.

Recall from Section 2.3 the formula for local volatility in terms of implied
volatility:
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Differentiating with respect to x and considering only the leading term in
∂w
∂x

(which is small for large T ) , we find

∂vloc

∂x
≈ ∂

∂T

∂w

∂x
+

1

w

∂w

∂T

∂w

∂x

That is, the local variance skew ∂vloc

∂x
decays with the BS implied total vari-

ance skew ∂w
∂x

.
To get the forward volatility surface from the local volatility surface in

a local volatility model, we integrate over the local volatilities from the
(forward) valuation date to the expiration of the option along the most
probable path joining the current stock price to the strike price using the
trick presented in Section 5.2. It is obvious that the forward implied volatility
surface will be substantially flatter than today’s because the forward local
volatility skews are all flatter.

Contrast this with a stochastic volatility model where implied volatility
skews are approximately time-homogeneous. In other words, local volatility
models imply that future BS implied volatility surfaces will be flat (relative
to today’s) and stochastic volatility models imply that future BS implied
volatility surfaces will look like today’s.

10 Digital Options and Digital Cliquets

In our first investigation of actual derivative contracts, we choose to study
digital options because their valuation involves the volatility skew directly.
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10.1 Valuing Digital Options

A digital (call) option D(K, T ) pays 1 if the stock price ST at expiration
T is greater than the strike price K and zero otherwise. It may be valued
as the limit of a call spread as the spread between the strikes is reduced to
zero.

D(K,T ) = −∂C(K,T )

∂K
(57)

where C(K, T ) represents the price of a European call option with strike K
expiring at time T .

To see that its price is very sensitive to the volatility skew, we rewrite the
European call price in equation (57) in terms of its Black-Scholes implied
volatility σBS(K,T ).

D(K, T ) = − ∂

∂K
CBS (K, T, σBS(K,T ))

= −∂CBS

∂K
− ∂CBS

∂σBS

∂σBS

∂K

To get an idea of the impact of the skew in practice, consider our usual
idealized market with zero interest rate and dividends and a one year digital
option struck at-the-money. Suppose further that at-the-money volatility is
25% and the volatility skew (typical of SPX for example) is 3% per 10%
change in strike. Its value is given by:

D(1, 1) = −∂CBS

∂K
− ∂CBS

∂σBS

∂σBS

∂K

= N
(
−σ

2

)
− vega× skew

= N
(
−σ

2

)
+

1√
2π

e−
d2
1
2 × 0.3

≈ N
(
−σ

2

)
+ 0.4× 0.3

If we had ignored the skew contribution, we would have got the price of the
digital option wrong by 12% of notional!

10.2 Digital Cliquets

For an example of an actual digital cliquet contract, see Appendix A. Here
is a description of the Cliquet from the Dictionary of Financial Risk Man-

70



agement at http://www.amex.com:
“The French like the sound of ‘cliquet’ and seem prepared to apply the

term to any remotely appropriate option structure. (1) Originally a periodic
reset option with multiple payouts or a ratchet option (from vilbrequin à
cliquet – ratchet brace). Also called Ratchet Option. See Multi-period Strike
Reset Option (MSRO), Stock Market Annual Reset Term (SMART) Note.
See also Coupon Indexed Note. (2) See Ladder Option or Note (diagram).
Also called Lock-Step Option. See also Stock Upside Note Security (SUNS).
(3) Less commonly, a rolling spread with strike price resets, usually at regular
intervals. (4) An exploding or knockout option such as CAPS (from cliqueter
– to knock).”

Their payoff diagram shown in Figure 2 is also a work of art. For our

Figure 2: Illustration of a Cliquet Payoff Courtesy of IFCI.

purposes, a cliquet is just a series of options whose strikes are set on a
sequence of futures dates. In particular, a digital cliquet is a sequence of
digital options whose strikes will be set (usually) at the prevailing stock price
on the relevant reset date. Denoting the set of reset dates by {t1, t2, ..., tn},
the digital cliquet pays Coupon × θ

(
Sti − Sti−1

)
at ti where θ(.) represents
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the Heaviside function.
One can see immediately that the package consisting of a zero coupon

bond together with a digital cliquet makes a very natural product for a
risk-averse retail investor – he typically gets an above market coupon if the
underlying stock index is up for the period (usually a year) and a below
market coupon (usually zero) if the underlying stock index is down. Not
surprisingly, this product was and is very popular and as a result, many
equity derivatives dealers have digital cliquets on their books.

From the foregoing, the price of a digital cliquet may vary very substan-
tially depending on the modelling assumptions made by the seller. Those
sellers using local volatility models will certainly value a digital cliquet at
a lower price than sellers using a stochastic volatility (or more practically,
those guessing that the forward skew should look like today’s). Perversely
then, those sellers using an inadequate model will almost certainly win the
deal and end up short a portfolio of misvalued forward-starting digital op-
tions. Or even worse, a dealer could have an appropriate valuation approach
but be pushed internally by the salespeople to match (mistaken) competi-
tor’s lower prices. The homework assignment deals with exactly this set of
circumstances.

How wrong could the price of the digital cliquet be? Taking the exam-
ple of the deal documented in the addendum, neglecting the first coupon
(because we suppose that all dealers can price a digital which sets today),
the error could be up to 12% of the sum of the remaining coupons (52%)
or 6.24% of Notional. In the actual deal, the digital are struck out-of-the-
money and interest rates and dividends are not zero. Nevertheless, a pricing
error of this magnitude is a big multiple of the typical margin on such a
trade and would cause the dealer a substantial loss.
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A An Example of a Cliquet Contract
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Registered in England (No. 2312079)           Regulated by The Securities and Futures Authority Limited
Registered Office: 25 Ropemaker Street, London EC2Y 9LY                       Member of the London Stock Exchange
A Subsidiary of Merrill Lynch & Co. Inc. Delaware, U.S.A.                        VAT No. GB  245 1224 93
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Confirmation of OTC Swap Transaction

Dated : February 23, 2000 ML Ref : Based on a Real Document

To : Banca Sbagliata
Via Dolorosa
Roma,  Italia

Attention :  Dottore Michele Angelo
 Telephone:  (39) 69-69-69

From : Merrill Lynch International (“ML” and “MLI”)
tel: (212) 123-4567
fax: (212) 123-4567

_____________________________________________________________________________________

Dear  Sir / Madam,

The purpose of this letter agreement (this “Confirmation”) is to confirm the terms and conditions of the above referenced
transaction entered into between Counterparty and ML on the Trade Date specified below (the “Transaction”).  This
Confirmation constitutes a “Confirmation” as referred to in the ISDA Master Agreement specified below.

The definitions and provisions contained in the 1991 ISDA Definitions (the “Swap Definitions”) and the 1996 ISDA Equity
Derivatives Definitions (the “Equity Definitions” and together with the Swap Definitions, the “Definitions”) in each case as
published by the International Swaps and Derivatives Association, Inc., are incorporated into this Confirmation.  In the
event of any inconsistency between the Swap Definitions and the Equity Definitions, the Equity Definitions will govern and
in the event of any inconsistency between either the Swap Definitions, the Equity Definitions and this Confirmation, this
Confirmation will govern.

This Confirmation evidences a complete binding agreement between you and us as to the terms of the Transaction to which
this Confirmation relates.  In addition, you and we agree to use all reasonable efforts promptly to negotiate, execute and
deliver an agreement in the form of the ISDA Master Agreement (Multicurrency-Cross Border) (the “ISDA Form”), with
such modifications as you and we will in good faith agree.  Upon the execution by you and us of such an agreement, this
Confirmation will supplement, form a part of, and be subject to that agreement and Merrill Lynch & Co., Inc. will deliver a
guarantee of ML’s obligations thereunder. All provisions contained or incorporated by reference in that agreement upon its
execution will govern this Confirmation except as expressly modified below.  Until we execute and deliver that agreement,
this Confirmation together with all other documents referring to the ISDA Form (each a “Confirmation”) confirming
transactions (each a “Transaction”) entered into between us (notwithstanding anything to the contrary in a Confirmation),
shall supplement, form a part of, and be subject to an agreement in the form of the ISDA Form as if we had executed an
agreement in such form (but without any Schedule) on the Trade Date of the first such Transaction between us.  In the event
of any inconsistency between the provisions of that agreement and this Confirmation, this Confirmation will prevail for the
purpose of this Transaction.

This Confirmation supplements, forms part of, and is subject to, the ISDA Master Agreement dated as of  01 January 2000,
as amended and supplemented from time to time (the “Agreement”), between you and us, with the obligations of ML under
the Agreement guaranteed by Merrill Lynch & Co., Inc. All provisions contained in the Agreement govern this
Confirmation except as expressly modified below.

The terms of the particular Transaction to which this Confirmation relates are as follows:
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General Terms:

Trade Date: February 23, 2000

Effective Date: February 25, 2000

Termination Date: Two Currency Business Days following the final Valuation Date

Index: New World Index

Notional Amout: EUR 100,000,000

Exchange(s): Brussels

Related Exchange(s): Any exchange(s) on which futures and/or options contracts related to the Index is
principally traded.

Business Day Convention: Following

Amounts payable by: Merrill Lynch

Upfront Fee: EUR 2,000,000 being 2% of the Notional Amount

Upfront Fee Payment Date: February 25, 2000

Maturity Payment: MLI shall pay to Banca Sbagliata on the Termination Date an amount as determined by
the Calculation Agent in accordance with the following:

Notional Amount multiplied by the sum of the Percentage Levels from the table below
for each time that the level of the Index as at the Valuation Time on the relevant
Valuation Date, with the exception of the first Valuation Date, is greater than or equal to
100% of the level of the Index as at the Valuation Time on the immediately preceding
Valuation Date.

Number Percentage Level
First 5%
Second 7%
Third 8%
Fourth 10%
Fifth 9%

Initial Index Level: 1,000.00

Initial Strike Price: 1,000.00 being 100% of the Initial Index Level.

Business Days: Rome, Brussels

Valuation Terms:

Valuation Time: The close of trading on the Exchange

Valuation Dates: February 23 in each year commencing 2000 and ending 2005 and the Termination Date
subject to adjustment in accordance with the Following Business Day Convention.
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Amounts Payable by Banca Sbagliata:

Payment Date(s): The second Currency Business Day following each Valuation Date.

Fixed Rate: 5.35% (exclusive of spread) being the EUR 5 year mid-rate as displayed on Reuters
page ICAPEURO on February 23, 2000 plus Spread.

Spread: minus 100 basis points

Fixed Rate Day Count: 30/360

Business Days: Rome, Brussels

Calculation Agent: Merrill Lynch

Account Details:

Account for payments to Counterparty: Please advise

Account for payment to ML: First National Bank, Sioux City
ABA# 031200029
FAO: ML Equity Derivatives
A/C: 02232000

Non-Reliance: Each party represents to the other party that it is acting for its own account, and has made its
own independent decisions to enter into this Transaction and as to whether this Transaction is
appropriate or proper for it based on its own judgment and upon advice from such advisors as
it has deemed necessary.  It is not relying on any communication (written or oral) of the other
party as investment advice or as a recommendation to enter into this Transaction, it being
understood that information and explanations related to the terms and conditions of this
Transaction shall not be considered investment advice or a recommendation to enter into this
Transaction. No communication (written or oral) received from the other party shall be
deemed to be an assurance or guarantee as to the expected results of this Transaction.

Transfer: Neither party may transfer its rights or obligations under this Transaction except in accordance
with Section 7 of the Master Agreement; provided however that ML may assign its rights and
delegate its obligations hereunder, in whole or in part, to any affiliate (an "Assignee") of
Merrill Lynch & Co., Inc. ("ML&Co."), effective (the "Transfer Effective Date") upon
delivery to Counterparty of (a) an executed acceptance and assumption by the Assignee (an
"Assumption") of the transferred obligations of ML under this Transaction (the "Transferred
Obligations");  (b) and an executed guarantee (the "Guarantee") of ML&Co. of the Transferred
Obligations.  On the Transfer Effective Date, (a) ML shall be released from all obligations and
liabilities arising under the Transferred Obligations; and (b) the Transferred Obligations shall
cease to be a Transaction(s) under the Agreement and shall be deemed to be a Transaction(s)
under the ISDA Master Agreement between Assignee and Counterparty, provided that, if at
such time Assignee and Counterparty have not entered into a ISDA Master Agreement,
Assignee and Counterparty shall be deemed to have entered into an ISDA form of Master
Agreement (Multicurrency-Cross Border) without any Schedule attached thereto.

Governing law: Unless otherwise provided in the Agreement (in which case the law so specified shall govern),
this Confirmation shall be governed by and construed in accordance with the laws of the State
of New York.

ML is regulated by The Securities and Futures Authority Limited and has entered into this Transaction as principal.
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Please confirm that the foregoing correctly sets forth the terms of our agreement by executing the copy of this
Confirmation enclosed for that purpose and returning it to us by facsimile transmission to the Attention of: Jim Gatheral
(Telecopier No. 212 123-4567).

Very truly yours,

Merrill Lynch International

By:

_______________________
Name:
Title:

Confirmed as of the date first above written:

Banca Sbagliata

By: _____________________________
Name:
Title:
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Index Disclaimer
The Index is compiled and published by the sponsor of the Index (the “Sponsor”). The Transaction is not sponsored,
endorsed, sold or promoted by the Sponsor, and the Sponsor makes no representation regarding the advisability of entering
into the Transaction. The reference to the Index in the Transaction does not constitute a representation, express or implied,
by the Sponsor or ML to the other party to the Transaction regarding entering into the Transaction or the ability of the Index
to track general stock market performance. The Index is determined, composed and calculated by the Sponsor without
regard to ML  or the Transaction, and the Sponsor has no obligation to take the needs of ML or the other party to the
Transaction into consideration in determining, composing or calculating the Index. The Sponsor is not responsible for and
has not participated in the determination of the timing of, prices at, quantities of or other features of the Transaction, and
Sponsor has no obligation or liability in connection with the administration, marketing or trading of the Transaction.  The
Sponsor is under no obligation to continue the calculation and dissemination of the Index, and neither the Sponsor nor ML
shall have any responsibility to the other party to the Transaction for the calculation and dissemination of the Index or any
errors or omissions therein.

THE REFERENCE TO THE INDEX IN THE TRANSACTION DOES NOT CONSTITUTE A GUARANTEE BY ML
OR THE SPONSOR OF THE ACCURACY AND/OR THE COMPLETENESS OF THE SHARE OR ANY DATA
INCLUDED THEREIN, AND NEITHER ML NOR THE SPONSOR SHALL HAVE ANY LIABILITY FOR ANY
ERRORS, OMISSIONS OR INTERRUPTIONS THEREIN. THE REFERENCE TO THE INDEX IN THE
TRANSACTION DOES NOT CONSTITUTE A WARRANTY, EXPRESS OR IMPLIED, BY ML OR THE SPONSOR
AS TO ANY MATTER, INCLUDING THE RESULTS TO BE OBTAINED BY THE OTHER PARTY TO THE
TRANSACTION, OR ANY OTHER PERSON OR ENTITY, FROM THE USE OF THE SHARE OR ANY DATA
INCLUDED THEREIN. ALL WARRANTIES OF MERCHANTABILITY OR FITNESS FOR A PARTICULAR
PURPOSE OR USE WITH RESPECT TO THE INDEX OR ANY DATA INCLUDED THEREIN ARE EXPRESSLY
DISCLAIMED.  WITHOUT LIMITING ANY OF THE FOREGOING, IN NO EVENT SHALL ML OR THE SPONSOR
HAVE ANY LIABILITY FOR ANY SPECIAL, PUNITIVE, INDIRECT OR CONSEQUENTIAL DAMAGES
(INCLUDING LOST PROFITS), EVEN IF NOTIFIED OF THE POSSIBILITY OF SUCH DAMAGES.


