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BGM models

Modellng
without tears

Dariusz Gatarek demonstrates that using a BGM model to manage an interest rate
options portfolio need not be as complicated as many might believe. He presents a
simple building-block approach to pricing a large class of instruments using forward

Libor volatilities and the yield curve

onsieur Jourdain, hero of

Moliere’s Le Bourgeois Gen-

til-Homme, discovers that he

has “... been speaking in

prose without knowing it!”.

Something similar happened
to many traders and risk managers: the popular
Black (1976) model, when used for interest rate
derivatives, became the Brace-Gatarek-Musiela
(BGM, 1997) model.

The Black model and the BGM model coin-
cide for a large class of options, but there is a big
difference in the way they are perceived. The
Black model is considered “simple”, while the
BGM model is seen as somehow more “difficult”
to use. The aim of this article is to justify the like-
ly approach that Monsieur Jourdain would have
taken to risk management: use of the Black for-
mula alone is sensible for a very large class of in-
terest rate derivatives. A simple “building blocks”
approach (designed especially for management of
an interest rate options portfolio) is presented.
Volatilities of forward Libor rates and correlation
parameters constitute the basic “building blocks”
and are determined by the volatilities of the most
liquid instruments (caps, floors and swaptions). A
prescription for how to price a large class of in-
struments using forward Libor volatilities and the
yield curve is presented. Instantaneous volatilities
are not used for model calibration and so the pro-
cedure is quite straightforward. In addition, only
implied volatilities are considered.

This paper builds on work detailed in several
previous articles. The lognormal approximation
of swaption prices used here was first introduced
in Andersen & Andreasen (1997) and developed
in Hull & White (1999). Single-factor approxima-
tion was introduced in Brace & Musiela (1994)
and developed in Brace, Dun & Barton (1999).
Correlation of risk factors was extensively studied
in Rebonato (1999).

Let & be the accrual period for both interest
rates and swaps. For simplicity, assume that & is

S20 -

a constant. Define consecutive swap points as
those satisfying the condition T; 4 1 = Tj + 9,
for a specified initial condition T = T where T
is greater than the exercise time t of the swap op-
tion. Forward Libor rates are defined as:

Ln(t)=%%— SR

and forward swap rates as:

220 _ar)-804) @
S 5_§B(t,Ti)

By the arbitrage pricing theory the European-
style swaption price is equal:

Swaptiony (t) = eﬁ BETE{cE (W)} @

where Ey is the martingale measure associated
with the swap, with respect to which the process
SN(T) is a martingale and c is the intrinsic value
(of a call, put or other option). In the BGM model
of interest rate dynamics, it is assumed that the
Libor rates satisfy the following stochastic equa-
tions:

dLy (t) = a, (t)dt + y, (L, @)aw () @)

where an(t) is the drift coefficient, yq(t) the in-
stantaneous volatility and W(t) a Wiener process.
Determining y,(t) such that market prices coin-
cide with those given by the model is called cal-
ibration. We will not go so far. We will determine
some parameters with more intuitive interpreta-
tion that are easier to calculate, which will help
us price quite a large family of less liquid instru-
ments. The model will be calibrated to the most

liquid products: caps, floors and swaptions, op-
tions that are quoted in terms of Black volatility.

Swaptions

In the BGM model, the price of a European-style
caplet with strike K and option maturity T, _ 1 at
time zero is given by the Black formula:

Caplet, (0) =3B (0, Tn)(Ln (ON(d:)-KN(ds ))

®)

where:

o - In(Ln 0)/K)+ Tos0, /2

On vV Tn—l (6)

Oy =01 —0py Thaa )

Tnfl
T,10,2 = i ya’ (t)dt ®)
0

In practice, swap options are also priced by
the Black formula, ie, a call option with strike =
K and option maturity = T.

Swaptiony (0) = 6% B(.T)
=1

)
where:
2
0 - In(Sy (0)/K)+Ta? /2 (10)
oVT
dy =dy - o/T (12)
Continued on page S22
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Two questions may be posed:
[JMay we price both Libor and swap options with
the Black formula?
[J If yes, what is the relation between cap (floor)
volatilities {op}n=1 2 .. N.andswaption volatil-

ity a?

B(t.To) % B(t.T)+B (t,TN)EB(t,Tk) 14)

BEw)- B(t,TN))g B(t.T)

A purely academic answer to the first question  Denote I'(t) = [yq (1), yo(1), ... , YN
would be: “No, because swap and Libor cannot be
lognormal simultaneously.” A practitioner, howev- N oL, (t)
er, would answer: “Yes, it is exactly what we do.” Rn (t): m

An argument in support of the assertion that “swap (15)
rates are close to lognormality” may be developed
as follows: by equation (2), Sy(t) is an average of
lognormal variables. Notice the following:

[J Ly (1) are strongly correlated.

[J Volatility of the weight function:

_ B@LT)

%=
S8(.1)

B(LTo) % B(tT)+ B(t,TN)EB(t,Tk)
(B (tTo)- B(t,TN))i B(tT)

and RN(t) = [RY (t), R, ..., Rj(t). Then:

[

[N el | ST I R | (16)
is small when compared with the volatility of L,(t).

If the correlation of L,(t) was complete and g
were deterministic, Sy(t) would be lognormal.
Since this is only close to the truth, S(t) is only
“almost” lognormal.

Before we try to answer the second question,

Assuming that most of the interest rate
movements are parallel shifts, then the approxi-
mation RN(t) O RN(O) may be used. If one
accepts that this is a good approximation of y(t)
(at least on average), the following expression is

let us state the dynamics of the forward swap rate.  valid:
Since Sy(t) is a positive martingale with respect -
to the measure Ey: o=. (RN (o)) ®Rr" (0) (17)
dSy (t) = v (t)sw (t)dw (t) (12)
where:
where y(t) is the stochastic instantaneous volatil- Dy b1o ¢ 10
ity of Sy(t). On the other hand: %21 . o ZND
N 0y (1) =L S
dsy(t)= 3 o0 L (t)y, (t)dw(t) (13) g
n=Loen %Nl bz IYYE
Calculate:
1 1) 3 = [ 0t el 9)

Sy(t) oL, (t)  1+8L,(t) (14)

Notice that ¢11 = 012 does not necessarily
imply that ¢ = o2 for any k > 1. This is be-
cause oy is the volatility of a Libor option and ¢
= Vo is the volatility of a forward Libor option,
ie:

Tnfl
02 =Ty " i Yo’ (t)dt (20)
o]

02 = Om = T‘l}vnz (t)d (21)
0

Calibration

Calibration is usually taken to mean determining
the set of instantaneous volatilities I'(t) = [y4(t),
yo(b), ..., yN(®]. If we do it, we are able to price
everything — at least in theory. In practice, there is
insufficient data to determine instantaneous volatil-
ities and further assumptions are necessitated. Eval-
uation of the matrix ® alone is much easier and, in
addition, fewer assumptions are required.

Two of many possible parameterisations of

the matrix @ will be studied: single factor and
leading factor. Their suitability depends on the
number and liquidity of interest rate options in
the market.
[JSingle-factor approximation. The assumption
that the covariance matrix @ is single factor implies
that ¢, = k- In other words, the Libor rates
are fully correlated. Under this assumption, the fol-
lowing approximations are valid:

o\ = %Ri“ ©) ¢, (22)
i=1

Single-factor approximation provides a direct
way of calibrating the model to one caplet (or
floorlet) and (N - 1) swaptions So, Sg3, ..., SN.
The required results are now obtained in terms of
the solution to a set of N linear equations:

$1=01 (23)

Continued on page S24
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o" - z R" (0) ¢
R ©)

On = (24)

[J Leading-factor approximation. If it is as-
sumed that a direct dependence between ¢y and
ok (b = o, for instance) exists, then a leading-
factor approximation may be used. In this case,
the model is calibrated to (N — 1) swaptions and
N caps (floors). The general concept comes from
the portfolio theory. We assume that there exists
a leading factor in all volatilities of Lj(t), ie:

:
[y O ) =0 (pE+ 8107 ) 25)
0

where &, § | =1, N are independent nor-
mally distributed random variables and 0 < py <
1 are weights. Then ¢ = dndKPkP for any k
# n and:

N

o = (26)

\/ 13 PR (og + 3 (- pE)ouri(Of

Notice that the leading-factor approximation is
not a generalisation of the single-factor approxi-
mation, since for single-factor approximation we
do not assume any dependence between ¢y and
Ok All the other approximations (two factors,
three factors, etc) are also tractable within the
model.

We use the same technique if the swap accru-
al period is larger than the interest rate accrual pe-
riod, for instance twice, as in the dollar case. Let
0 be the accrual period for swaps and &/2 the ac-
crual period for interest rates. Denote:

20B(,T,-8/2) o7

Fan ()= 5 578 A 27)
20 B(LT,)

Fane (1) = (28)

5E.WIH

We assume that the dynamics of Fp(t) are log-

normal. Obviously:
_05(t) oL (1)

as(t)

O (t) oL, () 0Fn (t)

(29)
27l
os(t) _ os(t) oL, (t)
OFon-1 (t) 9L, (t) 0Fon1 (1)
35(0 (%0
1
T 20L, (1) (670 +2)
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The volatility o can be approximated in the
manner discussed previously. Before considering
pricing with this procedure, it may be useful to
summarise some key facts. The volatilities of
caplets (floorlets) {0}y = 1,2, N and swap-
tions {0}y =1, N Were used as the input
data. The output data obtained were the volatil-
ities of forward Libor rates {¢p}y = 1, 2, N
(for the single-factor approximation), or correla-
tion parameters {pp}y = 1 2 ... N (for the
leading-factor approximation).

Pricing

The volatilities of forward Libor rates {¢p}, =
1, 2, ..., N and correlation parameters {pn}n =
1,2, ... Narethe “building blocks” from which
a large class of instruments can be priced. Let Fl
be a financial instrument based on interest rates,
eg, a swap with a sinking fund, etc. Let FI(t) de-
note the price at time t. Let ¢ be the payout func-
tion of a European-style option set at time T >t
and settled according to a certain cashflow CF (of
a call, put, binary or other option). By the arbi-
trage pricing theory the price is equal:

Option (t) = DF (t) Ecr {C (F| (T))}

(31)

where Ec is the martingale measure associated
with the instrument FI, with respect to which the
process FI(t) is a martingale and DF(t) is the dis-
count factor of the cashflow CF. Define:

_L (0) or1(0)

Rn FI(0) oL, (0) (32)
In the single-factor approximation:
o= % LRy (33)
k=1
and for the leading-factor approximation:
2
o= \/aipk(kakE + ki (1‘ pl%)q)kle? (34)

The price of a call option with strike K and op-
tion maturity T is therefore equal:

option (0) = DF (0) (1 @)N (¢ ) -KN(@2))  (35)

where:
In(Sn (0)/K)+To? /2 .
= 6
oI %)
d2 = dl - 0’\/? (37)

This method can also be used for Bermudan
options. The other (perhaps more important) use
of this method is to manage a portfolio of inter-
est rate options. The volatility of all caps, floors,
swaptions, etc, can be decomposed into “build-
ing blocks” (ie, the volatilities of forward Libor

rates). Calculating Greeks (with respect to for-
ward Libor rates) of such a portfolio is straight-
forward. A naive (Black) approach does not allow
such a possibility because when one uses mod-
els in the traditional way, exact calibration of
model parameters is required.

One may ask what happens if there are some
path-dependent options in the portfolio that re-
quire a more sophisticated treatment. In this situ-
ation, one is compelled to determine the
instantaneous volatility. The simplified calibration
procedure should be considered as a first step.
Having already determined the matrix @, one can
proceed in the usual way (see Pedersen, 1999, for
example). The smile effect can be treated follow-
ing Andersen & Andreasen, 1997, and Hull &
White, 1999, by substituting equation (4) with:

dL, (t) =a, (t) dt + vy, (t)c (Ln (t)) dw (t) (38)

where c is a deterministic function (usually a
power). m

Dariusz Gatarek is a senior

market risk analyst at BRE Bank

and associate professor at
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Comments on this article can be posted on the
technical discussion forum on the Risk website at
http://www.riskwaters.com/risk
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