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Preface to the First Edition 

The origin of this book can be traced to courses on financial mathemat- 
ics taught by us at the University of New South Wales in Sydney, Warsaw 
University of Technology (Politechnika Warszawska) and Institut National 
Polytechnique de Grenoble. Our initial aim was to write a short text around 
the material used in two one-semester graduate courses attended by students 
with diverse disciplinary backgrounds (mathematics, physics, computer sci- 
ence, engineering, economics and commerce). The anticipated diversity of 
potential readers explains the somewhat unusual way in which the book is 
written. It  starts at  a very elementary mathematical level and does not as- 
sume any prior knowledge of financial markets. Later, it develops into a text 
which requires some familiarity with concepts of stochastic calculus (the basic 
relevant notions and results are collected in the appendix). Over time, what 
was meant to be a short text acquired a life of its own and started to grow. 
The final version can be used as a textbook for three one-semester courses - 
one at undergraduate level, the other two as graduate courses. 

The first part of the book deals with the more classical concepts and 
results of arbitrage pricing theory, developed over the last thirty years and 
currently widely applied in financial markets. The second part, devoted to 
interest rate modelling is more subjective and thus less standard. A concise 
survey of short-term interest rate models is presented. However, the special 
emphasis is put on recently developed models built upon market interest 
rates. 

We are grateful to the Australian Research Council for providing partial 
financial support throughout the development of this book. We would like 
to thank Alan Brace, Ben Goldys, Dieter Sondermann, Erik Schlogl, Lutz 
Schlogl, Alexander Murmann, and Alexander Zilberman, who offered useful 
comments on the first draft, and Barry Gordon, who helped with editing. 

Our hope is that this book will help to bring the mathematical and fi- 
nancial communities closer together, by introducing mathematicians to some 
important problems arising in the theory and practice of financial markets, 
and by providing finance professionals with a set of useful mathematical tools 
in a comprehensive and self-contained manner. 

Sydney 
March 1997 

Marek Musiela 
Marek Rutkowski 



Preface to the Second Edition 

During the seven years that elapsed between the first and second editions of 
the present book, considerable progress was achieved in the area of financial 
modelling and pricing of derivatives. Needless to say, it was our intention to 
incorporate into the second edition at  least the most relevant and commonly 
accepted of these developments. Since at the same time we had the strong 
intention not to expand the book to an unbearable size, we decided to leave 
out from the first edition of this book some portions of material of lesser 
practical importance. 

Let us stress that we have only taken out few sections that, in our opinion, 
were of marginal importance for the understanding of the fundamental princi- 
ples of financial modelling of arbitrage valuation of derivatives. In view of the 
abundance of new results in the area, it would be in any case unimaginable to 
cover all existing approaches to pricing and hedging financial derivatives (not 
to mention all important results) in a single book, no matter how voluminous 
it were. Hence, several intensively studied areas, such as: mean-variance hedg- 
ing, utility-based pricing, entropy-based approach, financial models with fric- 
tions (e.g., short-selling constraints, bid-ask spreads, transaction costs, etc.) 
either remain unmentioned in this text, or are presented very succinctly. 
Although the issue of market incompleteness is not totally neglected, it is 
examined primarily in the framework of models of stochastic (or uncertain) 
volatility. Luckily enough, the afore-mentioned approaches and results are 
covered exhaustively in several excellent monographs written in recent years 
by our distinguished colleagues, and thus it is our pleasure to be able to refer 
the interested reader to these texts. 

Let us comment briefly on the content of the second edition and the 
differences with respect to the first edition. 

Part I was modified to a lesser extent and thus is not very dissimilar to 
Part I in the first edition. However, since, as was mentioned already, some 
sections from the first edition were deliberately taken out, we decided for 
the sake of better readability to merge some chapters. Also, we included in 
Part I a new chapter entirely devoted to volatility risk and related modelling 
issues. As a consequence, the issues of hedging of plain-vanilla options and 
valuation of exotic options are no longer limited to the classical Black-Scholes 
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framework with constant volatility. The theme of stochastic volatility also 
reappears systematically in the second part of the book. 

Part I1 has been substantially revised and thus its new version constitutes 
a major improvement of the present edition with respect to the first one. We 
present there alternative interest rate models, and we provide the reader with 
an analysis of each of them, which is very much more detailed than in the 
first edition. Although we did not even try to appraise the efficiency of real- 
life implementations of each approach, we have stressed on each occasion 
that, when dealing with derivatives pricing models, one should always have 
in mind a specific practical perspective. Put another way, we advocate the 
opinion, put forward by many researchers, that the choice of model should 
be tied to observed real features of a particular sector of the financial market 
or even a product class. Consequently, a necessary first step in modelling is 
a detailed study of functioning of a given market we wish to model. The goal 
of this preliminary stage is to become familiar with existing liquid primary 
and derivative assets (together with their sometimes complex specifications), 
and to identify sources of risks associated with trading in these instruments. 

It  was our hope that by concentrating on the most pertinent and widely 
accepted modelling approaches, we will be able to provide the reader with 
a text focused on practical aspects of financial modelling, rather than theo- 
retical ones. We leave it, of course, to  the reader to assess whether we have 
succeeded achieving this goal to a satisfactory level. 

Marek Rutkowski expresses his gratitude to Marek Musiela and the mem- 
bers of the Fixed Income Research and Strategies Team at BNP Paribas for 
their hospitality during his numerous visits to London. 

Marek Rutkowski gratefully acknowledges partial support received from 
the Polish State Committee for Scientific Research under grant PBZ-KBN- 
016/P03/1999. 

We would like to express our gratitude to the staff of Springer-Verlag. We 
thank Catriona Byrne for her encouragement and invaluable editorial super- 
vision, as well as Susanne Denskus for her invaluable technical assistance. 

London and Sydney 
September 2004 

Marek Musiela 
Marek Rutkowski 
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Part I 

Spot and Futures Markets 



1. An Introduction to Financial Derivatives 

We shall first review briefly the most important kinds of financial con- 
tracts, traded either on exchanges or over-the-counter (OTC), between fi- 
nancial institutions and their clients. For a detailed account of the funda- 
mental features of spot (i.e., cash) and futures financial markets the reader 
is referred, for instance, to Cox and Rubinstein (1985), Ritchken (1987), 
Chance (1989), Duffie (1989), Merrick (1990), Kolb (1991), Edwards and Ma 
(1992), Sutcliffe (1993), Redhead (1996), Hull (1997), or Sundaresan (1997). 

1.1 Options 

Options are standard examples of derivative securities - that is, securities 
whose value depends on the prices of other more basic securities (referred to 
as primary securities or underlying assets) such as stocks or bonds. By stocks 
we mean common stocks - that is, shares in the net asset value not bearing 
fixed interest. They give the right to dividends according to profits, after 
payments on preferred stocks (the preferred stocks give some special rights to 
the stockholder, typically a guaranteed fixed dividend). A bond is a certificate 
issued by a government or a public company promising to repay borrowed 
money at a fixed rate of interest at a specified time. Generally speaking, a call 
option (respectively, a put option) is the right to buy (respectively, to sell) 
the option’s underlying asset at some future date for a prespecified price. 
Options (in particular, warrants1) have been traded for centuries in many 
countries. Unprecedented expansion of the options market started, however, 
quite recently with the introduction in 1973 of listed stock options on the 
Chicago Board Options Exchange (CBOE). Incidentally, in the same year 
Black and Scholes and, independently, Merton have published the seminal 
papers, in which the fundamental principles of arbitrage pricing of options 
were elaborated. 

During the last thirty years, trading in derivative securities have under- 
gone a tremendous development, and nowadays options, futures, and other 
financial derivatives are traded in large numbers on numerous exchanges and 
over-the-counter markets all over the world. 

A warrant is a call option issued by a company or a financial institution. Warrants 
are frequently issued by companies on their own stocks. 
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We shall now describe, following Hull (1997), the basic features of tradi- 
tional stock and options markets, as opposed to computerized online trading. 
The most common system for trading stocks is a specialist system.  Under 
this system, an individual known as the specialist is responsible for being 
a market maker and for keeping a record of limit orders - that is, orders 
that can only be executed at the specified price or a more favorable price. 
Options usually trade under a marke t  maker  system. A market maker for a 
given option is an individual who will quote both a bid and an ask price on 
the option whenever he is asked to do so. The bid price is the price at  which 
the market maker is prepared to buy and the ask price is the price at which 
he is prepared to sell. At the time the bid and ask prices are quoted, the 
market maker does not know whether the trader who asked for the quotes 
wants to buy or sell the option. The amount by which the ask exceeds the 
bid is referred to as the bid-ask spread. To enhance the efficiency of trading, 
the exchange may set upper limits for the bid-ask spread. 

The existence of the market maker ensures that buy and sell orders can 
always be executed at  some price without delay. The market makers them- 
selves make their profits from the bid-ask spread. When an investor writes 
options, he is required to maintain funds in a margin account. The size of the 
margin depends on the circumstances, e.g., whether the option is covered or 
naked - that is, whether the option writer does possess the underlying shares 
or not. Let us finally mention that one contract gives the holder the right 
to buy or sell 100 shares; this is convenient since the shares themselves are 
usually traded in lots of 100. 

It is worth noting that most of the traded options are of Amer ican  style 
(or shortly, Amer ican  options) - that is, the holder has the right to exercise 
an option at  any instant before the option’s expiry. Otherwise, that is, when 
an option can be exercised only at  its expiry date, it is known as an option 
of European style (a  European option, for short). 

Let us now focus on exercising of an option of American style. The record 
of all outstanding long and short positions in options is held by the Options 
Clearing Corporation (OCC). The OCC guarantees that the option writer 
will fulfil obligations under the terms of the option contract. The OCC has 
a number of the so-called members, and all option trades must be cleared 
through a member. When an investor notifies his broker of the intention to 
exercise an option, the broker in turn notifies the OCC member who clears the 
investor’s trade. This member then places an exercise order with the OCC. 
The OCC randomly selects a member with an outstanding short position in 
the same option. The chosen member, in turn, selects a particular investor 
who has written the option (such an investor is said to be assigned). If the 
option is a call, this investor is required to sell stock at  the so-called strike 
price or exercise price (if it is a put, he is required to buy stock at the strike 
price). When the option is exercised, the open interest (that is, the number 
of options outstanding) goes down by one. 
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In addition to options on particular stocks, a large variety of other option 
contracts are traded nowadays on exchanges: foreign currency options, index 
options (e.g., those on S&P100 and S&P500 traded on the CBOE), and fu- 
tures options (e.g., the Treasury bond futures option traded on the Chicago 
Board of Trade (CBOT)). 

Derivative financial instruments involving options are also widely traded 
outside the exchanges by financial institutions and their clients. Let us men- 
tion here such widely popular interest-rate sensitive contracts as caps and 
floors. They are, basically, portfolios of call and put options on a prespecified 
interest rate respectively. Another important class of interest rate options 
are swaptions - that is, options on an interest rate swap. A swaption can be 
equivalently seen as an option on the swap rate. Finally, options are implicit 
in several financial instruments, for example in some bond or stock issues 
(callable bonds, savings bonds or convertible bonds, to mention a few). 

One of the most appealing features of options (apart from the obvious 
chance of making extraordinary returns) is the possibility of easy speculation 
on the future behavior of a stock price. Usually this is done by means of 
so-called combinations - that is, combined positions in several options, and 
possibly the underlying asset. For instance, a bull spread is a portfolio created 
by buying a call option on a stock with a certain strike price and selling a 
call option on the same stock with a higher strike price (both options have 
the same expiry date). Equivalently, bull spreads can be created by buying 
a put with a low strike price and selling a put with a high strike price. An 
investor entering a bull spread is hoping that the stock price will increase. 
Like a bull spread, a bear spread can be created by buying a call with one 
strike price and selling a call with another strike price. The strike price of 
the option purchased is now greater than the strike price of the option sold, 
however. An investor who enters a bear spread is hoping that the stock price 
will decline. 

A butterfly spread involves positions in options with three different strike 
prices. It can be created by buying a call option with a relatively low strike 
price, buying another call option with a relatively high strike price, and selling 
two call options with a strike price halfway between the other two strike 
prices. The butterfly spread leads to a profit if the stock price stays close to 
the strike price of the call options sold, but gives rise to a small loss if there is a 
significant stock price move in either direction. A portfolio created by selling 
a call option with a certain strike price and buying a longer-maturity call 
option with the same strike price is commonly known as a calendar spread. A 
straddle involves buying a call and put with the same strike price and expiry 
date. If the stock price is close to this strike price at expiry of the option, 
the straddle leads to a loss. A straddle is appropriate when an investor is 
expecting a large move in stock price but does not know in which direction 
the move will be. Related types of trading strategies are commonly known as 
strips, straps and strangles. 
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1.2 Futures Contracts and Options 

Another important class of exchange-traded derivative securities comprises 
futures contracts, and options on futures contracts, commonly known as fu- 
tures options. Futures contracts apply to a wide range of commodities (e.g., 
sugar, wool, gold) and financial assets (e.g., currencies, bonds, stock indices); 
the largest exchanges on which futures contracts are traded are the Chicago 
Board of Trade and the Chicago Mercantile Exchange (CME). In what fol- 
lows, we restrict our attention to financial futures (as opposed to commodity 
futures). To make trading possible, the exchange specifies certain standard- 
ized features of the contract. Futures prices are regularly reported in the 
financial press. They are determined on the floor in the same way as other 
prices - that is, by the law of supply and demand. If more investors want to 
go long than to go short, the price goes up; if the reverse is true, the price 
falls. Positions in futures contracts are governed by a specific daily settlement 
procedure commonly referred to as marking to market. An investor’s initial 
deposit, known as the initial margin, is adjusted daily to reflect the gains 
or losses that are due to the futures price movements. Let us consider, for 
instance, a party assuming a long position (the party who agreed to buy). 
When there is a decrease in the futures price, her margin account is reduced 
by an appropriate amount of money, her broker has to pay this sum to the 
exchange and the exchange passes the money on to the broker of the party 
who assumes the short position. Similarly, when the futures price rises, bro- 
kers for parties with short positions pay money to the exchange, and brokers 
of parties with long positions receive money from the exchange. This way, 
the trade is marked to market at  the close of each trading day. Finally, if the 
delivery period is reached and delivery is made by a party with a short posi- 
tion, the price received is generally the futures price at the time the contract 
was last marked to market. 

In a futures option, the underlying asset is a futures contract. The futures 
contract normally matures shortly after the expiry of the option. When the 
holder of a futures call option exercises the option, she acquires from the 
writer a long position in the underlying futures contract plus a cash amount 
equal to the excess of the current futures price over the option’s strike price. 
Since futures contracts have zero value and can be closed out immediately, 
the payoff from a futures option is the same as the payoff from a stock option, 
with the stock price replaced by the futures price. Futures options are now 
available for most of the instruments on which futures contracts are traded. 
The most actively traded futures option is the Treasury bond futures option 
traded on the Chicago Board of Trade. On some markets (for instance, on 
the Australian market), futures options have the same features as futures 
contracts themselves - that is, they are not paid up-front as classical options, 
but are traded at the margin. Unless otherwise stated, by a futures option 
we mean here a standard option written on a futures contract. 
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1.3 Forward Contracts 

A forward contract is an agreement to buy or sell an asset at  a certain future 
time for a certain price. One of the parties to a forward contract assumes a 
long position and agrees to buy the underlying asset on a certain specified 
future date for a delive y price; the other party assumes a short position and 
agrees to sell the asset on the same date for the same price. At the time the 
contract is entered into, the delivery price is determined so that the value of 
the forward contract to both parties is zero. Thus it is clear that some features 
of forward contracts resemble those of futures contracts. However, unlike fu- 
tures contracts, forward contracts do not trade on exchanges. Also, a forward 
contract is settled only once, at  the maturity date. The holder of the short po- 
sition delivers the asset to the holder of the long position in return for a cash 
amount equal to the delivery price. The following list (cf. Sutcliffe (1993)) 
summarizes the main differences between forward and futures contracts. A 
more detailed description of the functioning of futures markets can be found, 
for instance, in Duffie (1989), Kolb (1991), or Sutcliffe (1993). 

1. Contract specification and delivery 
Futures contracts. The contract precisely specifies the underlying instrument 
and price. Delivery dates and delivery procedures are standardized to a lim- 
ited number of specific dates per year, a t  approved locations. Delivery is not, 
however, the objective of the transaction, and less than 2% are delivered. 
Forward contracts. There is an almost unlimited range of instruments, with 
individually negotiated prices. Delivery can take place on any individual ne- 
gotiated date and location. Delivery is the object of the transaction, with 
over 90% of forward contracts settled by delivery. 
2. Prices 
Futures contracts. The price is the same for all participants, regardless of 
transaction size. Typically, there is a daily price limit (although, for instance, 
on the FT-SE 100 index, futures prices are unlimited). Trading is usually by 
open outcry auction on the trading floor of the exchange. Prices are dissem- 
inated publicly. Each transaction is conducted at the best price available at  
the time. 
Forward contracts. The price varies with the size of the transaction, the 
credit risk, etc. There are no daily price limits. Trading takes place between 
individual buyers and sellers. Prices are not disseminated publicly. Hence, 
there is no guarantee that the price is the best available. 
3. Marketplace and trading hours 
Futures contracts. Trading is centralized on the exchange floor, with world- 
wide communications, during hours fixed by the exchange. 
Forward contracts. Trading takes place through direct negotiations between 
individual buyers and sellers. Trading is over-the-counter world-wide, 24 
hours per day. 



8 1. Financial Derivatives 

4. Security deposit and margin 
Futures contracts. The exchange rules require an initial margin and the daily 
settlement of variation margins. A central clearing house is associated with 
each exchange to handle the daily revaluation of open positions, cash pay- 
ments and delivery procedures. The clearing house assumes the credit risk. 
Forward contracts. The collateral level is negotiable, with no adjustment for 
daily price fluctuations. There is no separate clearing house function. Thus, 
the market participant bears the risk of the counter-party defaulting. 
5. Volume and market liquidity 
Futures contracts. Volume (and open interest) information is published. 
There is very high liquidity and ease of offset with any other market par- 
ticipant due to standardized contracts. 
Forward contracts. Volume information is not available. The limited liquidity 
and offset is due to the variable contract terms. Offset is usually with the 
original counter-party. 

1.4 Call and Put Spot Options 

Let us first describe briefly the set of general assumptions imposed on our 
models of financial markets. We consider throughout, unless explicitly stated 
otherwise, the case of a so-called frictionless market, meaning that: all in- 
vestors are price-takers, all parties have the same access to the relevant in- 
formation, there are no transaction costs or commissions, and all assets are 
assumed to be perfectly divisible and liquid. There is no restriction whatso- 
ever on the size of a bank credit, and the lending and borrowing rates are 
equal. Finally, individuals are allowed to sell short any security and receive 
full use of the proceeds (of course, restitution is required for payoffs made 
to securities held short). Unless otherwise specified, by an option we shall 
mean throughout a European option, giving the right to exercise the option 
only at the expiry date. In mathematical terms, the problem of pricing of 
American options is closely related to optimal stopping problems. Unfortu- 
nately, closed-form expressions for the prices of American options are rarely 
available; for instance, no closed-form solution is available for the price of 
an American put option in the now classical framework of the Black-Scholes 
option pricing model. 

A European call option written on a common stock2 is a financial security 
that gives its holder the right (but not the obligation) to buy the underlying 
stock on a predetermined date and for a prespecified price. The prespecified 
fixed price, say K, is termed the strike or exercise price; the terminal date, 
denoted by T in what follows, is called the expiry date or maturity. The act 
of making this transaction is referred to as exercising the option. If an option 

Unless explicitly stated otherwise, we assume throughout that the underlying 
stock pays no dividends during the option’s lifetime. 
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is not exercised, we say it is abandoned. Another class of options comprises 
so-called American options. These may be exercised at  any time on or before 
the expiry date. Let us emphasize that an option gives the holder the right 
to do something; however, the holder is not obliged to exercise this right. In 
order to purchase an option contract, an investor needs to pay an option’s 
price (or premium) to a second party at  the initial date when the contract is 
entered into. 

Let us denote by ST the stock price at the terminal date T. It  is natural 
to assume that ST is not known at time 0, hence ST gives rise to uncertainty 
in our model. We argue that from the perspective of the option holder, the 
payoff g at expiry date T from a European call option is given by the formula 

g(ST) = (ST - K)’ kf max {ST - K ,  0), (1.1) 
that is to say 

ST - K if ST > K (option is exercised), 
if ST < K (option is abandoned). 

In fact, if at the expiry date T the stock price is lower than the strike price, 
the holder of the call option can purchase an underlying stock directly on 
a spot (i.e., cash) market, paying less than K .  In other words, it would be 
irrational to exercise the option, at least for an investor who prefers more 
wealth to less. On the other hand, if a t  the expiry date the stock price is 
greater than K ,  an investor should exercise his right to buy the underlying 
stock at the strike price K .  Indeed, by selling the stock immediately at  the 
spot market, the holder of the call option is able to realize an instantaneous 
net profit ST -K (note that transaction costs and/or commissions are ignored 
here). In contrast to a call option, a put option gives its holder the right to 
sell the underlying asset by a certain date for a prespecified price. Using the 
same notation as above, we arrive at the following expression for the payoff 
h at maturity T from a European put option 

h(sT) = ( K  - ST)+ gf max {K - ST, O), (1.2) 
or more explicitly 

if ST > K (option is abandoned), 
h(ST) = { k - ST if ST < K (option is exercised). 

It follows immediately that the payoffs of call and put options satisfy the 
following simple but useful equality 

The last equality can be used, in particular, to  derive the so-called put-call 
parity relationship for option prices. Basically, put-call parity means that the 
price of a European put option is determined by the price of a European 
call option with the same strike and expiry date, the current price of the 
underlying asset, and the properly discounted value of the strike price. 
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1.4.1 One-period Spot Market 

Let us start by considering an elementary example of an option contract. 

Example 1.4.1. Assume that the current stock price is $280, and after three 
months the stock price may either rise to $320 or decline to $260. We shall 
find the rational price of a 3-month European call option with strike price 
K = $280, provided that the simple risk-free interest rate r for 3-month de- 
posits and loans3 is r = 5%. 

Suppose that the subjective probability of the price rise is 0.2, and that 
of the fall is 0.8; these assumptions correspond, loosely, to a so-called bear 
market. Note that the word subjective means that we take the point of view 
of a particular individual. Generally speaking, the two parties involved in an 
option contract may have (and usually do have) differing assessments of these 
probabilities. To model a bull market one may assume, for example, that the 
first probability is 0.8, so that the second is 0.2. The subjective probability P 
is also referred to as the actual probability, real-world probability, or statistical 
probability in various texts. 

Let us focus first on the bear market case. The terminal stock price ST 
may be seen as a random variable on a probability space 0 = {wl, wz) with 
a probability measure P given by 

Formally, ST is a function ST : 0 -+ R+ given by the following formula 

Consequently, the terminal option’s payoff X = CT = (ST - K)+ satisfies 

CU =40, ifw =wl ,  
CT(W) = { ~d = 0, i fw =w2. 

Note that the expected value under P of the discounted option’s payoff equals 

It  is clear that the above expectation depends on the choice of the probability 
measure P; that is, it depends on the investor’s assessment of the market. 
For a call option, the expectation corresponding to the case of a bull market 
would be greater than that which assumes a bear market. In our example, the 
expected value of the discounted payoff from the option under the bull market 
hypothesis equals 30.48. Still, to construct a reliable model of a financial 
market, one has to guarantee the uniqueness of the price of any derivative 
security. This can be done by applying the concept of the so-called replicating 
portfolio, which we will now introduce. 

We shall usually assume that the borrowing and lending rates are equal. 
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1.4.2 Replicating Portfolios 

The two-state option pricing model presented below was developed indepen- 
dently by Sharpe (1978) and Rendleman and Bartter (1979) (a  point worth 
mentioning is that the ground-breaking papers of Black and Scholes (1973) 
and Merton (1973), who examined the arbitrage pricing of options in a 
continuous-time framework, were published much earlier). The idea is to con- 
struct a portfolio at  time 0 that replicates exactly the option’s terminal payoff 
at  time T. Let 4 = $0 = (ao, Po) E EX2 denote a portfolio of an investor with a 
short position in one call option. More precisely, let a 0  stand for the number 
of shares of stock held at time 0, and Po be the amount of money deposited on 
a bank account or borrowed from a bank. By T/,(4) we denote the wealth of 
this portfolio at  dates t = 0 and t = T; that is, the payoff from the portfolio 
4 at given dates. It should be emphasized that once the portfolio is set up 
at  time 0, it remains fixed until the terminal date T .  For its wealth process 
V(q5), we therefore have 

We say that a portfolio 4 replicates the option’s terminal payoff whenever 
VT(4) = CT, that is, if 

For the data of Example 1.4.1, the portfolio 4 is determined by the following 
system of linear equations 

with unique solution a 0  = 213 and Po = -165.08. Observe that for every 
call we are short, we hold a 0  of stock4 and the dollar amount Po in risk-free 
bonds in the hedging portfolio. Put  another way, by purchasing shares and 
borrowing against them in the right proportion, we are able to replicate an 
option position. (Actually, one can easily check that this property holds for 
any contingent claim X that settles at time T.) It  is natural to define the 
manufacturing cost Co of a call option as the initial investment needed to 
construct a replicating portfolio, i.e., 

Note that in order to determine the manufacturing cost of a call we did not 
need to know the probability of the rise or fall of the stock price. 

We shall refer to the number of shares held for each call sold as the hedge ratio. 
Basically, to hedge means to reduce risk by making transactions that reduce 
exposure to market fluctuations. 
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In other words, it appears that the manufacturing cost is invariant with 
respect to individual assessments of market behavior. In particular, it is iden- 
tical under the bull and bear market hypotheses. To determine the rational 
price of a call we have used the option’s strike price, the current value of the 
stock price, the range of fluctuations in the stock price (that is, the future 
levels of the stock price), and the risk-free rate of interest. The investor’s 
transactions and the corresponding cash flows may be summarized by the 
following two exhibits 

one written call option Co, 
a 0  shares purchased -Qoso, 
amount of cash borrowed Do, 

and 
payoff from the call option -CT, 

QO ST, 
loan paid back -?Po , 

where ? = 1 + r .  Observe that no net initial investment is needed to establish 
the above portfolio; that is, the portfolio is costless. On the other hand, for 
each possible level of stock price at time TI the hedge exactly breaks even 
on the option’s expiry date. Also, it is easy to verify that if the call were not 
priced at $21.59, it would be possible for a sure profit to  be gained, either by 
the option’s writer (if the option’s price were greater than its manufacturing 
cost) or by its buyer (in the opposite case). Still, the manufacturing cost 
cannot be seen as a fair price of a claim X, unless the market model is 
arbitrage-free, in a sense examined below. Indeed, it may happen that the 
manufacturing cost of a nonnegative claim is a strictly negative number. 
Such a phenomenon contradicts the usual assumption that it is not possible 
to make risk-free profits. 

1.4.3 Mart ingale Measure  for a Spo t  Market  

Although, as shown above, subjective (or actual) probabilities are useless 
when pricing an option, probabilistic methods play an important role in con- 
tingent claims valuation. They rely on the notion of a martingale, which 
is, intuitively, a probabilistic model of a fair game. In order to apply the 
so-called martingale method of derivative pricing, one has to find first a prob- 
ability measure P* equivalent to P, and such that the discounted (or relative) 
stock price process S*, defined by the formula 

follows a P*-martingale; that is, the equality So* = Ep*(S$) holds. Such 
a probability measure P* is called a martingale measure (or a martingale 
probability) for the discounted stock price process S*. 
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In the case of a two-state model, the probability measure P* is easily 
seen to be uniquely determined (provided it exists) by the following linear 
equation 

where p, = P*{wl) and 1 - p, = P*{w2). Solving this equation for p, 

Let us now check that the price Co coincides with C;, where we denote by 
C,* the expected value under P* of an option’s discounted terminal payoff - 
that is 

C; ef Ep* ((1 + r)-lcT) = ~p ((1 + r ) - l ( sT - K)+) .  
Indeed, using the data of Example 1.4.1 we find p, = 1713, so that 

C,* = (1 + r)-’(p,cU + (1 - p,)cd) = 21.59 = Co. 

Remarks. Observe that since the process S* follows a P*-martingale, we may 
say that the discounted stock price process may be seen as a fair game model 
in a risk-neutral economy - that is, in the stochastic economy in which the 
probabilities of future stock price fluctuations are determined by the martin- 
gale measure P*. For this reason, P* is also known as the risk-neutral proba- 
bility. It  should be stressed, however, that the fundamental idea of arbitrage 
pricing is based exclusively on the existence of a portfolio that hedges per- 
fectly the risk exposure related to uncertain future prices of risky securities. 
Thus, the probabilistic properties of the model are not essential. In particu- 
lar, we do not assume that the real-world economy is actually risk-neutral. 
On the contrary, the notion of a risk-neutral economy should be seen rather 
as a technical tool. The aim of introducing the martingale measure is twofold: 
firstly, it simplifies the explicit evaluation of arbitrage prices of derivative se- 
curities; secondly, it describes the arbitrage-free property of a given pricing 
model for primary securities in terms of the behavior of relative prices. This 
approach is frequently referred to as the partial equilibrium approach, as op- 
posed to the general equilibrium approach. Let us stress that in the latter 
theory the investors’ preferences, usually described in stochastic models by 
means of their (expected) utility functions, play an important role. 

To summarize, the notion of an arbitrage price for a derivative security 
does not depend on the choice of a probability measure in a particular pric- 
ing model for primary securities. More precisely, using standard probabilistic 
terminology, this means that the arbitrage price depends on the support of 
an actual probability measure P, but is invariant with respect to the choice of 
a particular probability measure from the class of mutually equivalent prob- 
ability measures. In financial terminology, this can be restated as follows: 
all investors agree on the range of future price fluctuations of primary secu- 
rities; they may have different assessments of the corresponding subjective 
probabilities, however. 



14 1. Financial Derivatives 

1.4.4 Absence of Arbitrage 

Let us consider a simple two-state, one-period, two-security market model 
defined on a probability space R = {wl,w2) equipped with the a-fields 
30 = (0, O),  FT = 2" (i.e., 3 T  contains all subsets of R), and a proba- 
bility measure p on (0, FT) such that P{wl) and p{w2) are strictly positive 
numbers. The first primary security is a stock whose price is modelled as a 
strictly positive discrete-time process S = (St) t~(o ,T) .  We assume that the 
process S is adapted to the filtration IF = {.Fo,FT), meaning that the ran- 
dom variable St is Ft-measurable for t = 0, T .  This implies that So is a real 
number, and 

where, without loss of generality, Su > Sd. The second primary security 
is a risk-free bond whose price process is Bo = 1, BT = 1 + r for some 
real r 2 0. Let @ stand for the linear space of all stock-bond portfolios 
C#J = 4o = (ao,,Bo), where a 0  and ,Bo are real numbers (clearly, the class @ 
may be thus identified with R2). We shall consider the pricing of contingent 
claims in a security market model M = (S, B, @). We shall now check that an 
arbitrary contingent claim X that settles at time T (i.e., any FT-measurable 
real-valued random variable) admits a unique replicating portfolio in our 
market model. In other words, an arbitrary contingent claim X is attainable 
in the market model M. Indeed, if 

X u  ifw =wl,  X(w) = X d  ifw=w2, 

then the replicating portfolio C#J is determined by a linear system of two equa- 
tions in two unknowns, namely 

that admits a unique solution 

for arbitrary values of X u  and x d .  Consequently, an arbitrary contingent 
claim X admits a unique manufacturing cost xO(X) in M which is given by 
the formula 

As was already mentioned, the manufacturing cost of a strictly positive con- 
tingent claim may appear to be a negative number, in general. 
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If this were the case, there would be a profitable risk-free trading strategy 
(so-called arbitrage opportuni ty)  involving only the stock and risk-free bor- 
rowing and lending. To exclude such situations, which are clearly inconsistent 
with any broad notion of a rational market equilibrium (as it is common to 
assume that investors are non-satiated, meaning that they prefer more wealth 
to less), we have to impose further essential restrictions on our simple market 
model. 

Definition 1.4.1. We say that a security pricing model M is arbitrage-free 
if there is no portfolio $ E @ for which 

A portfolio for which the set (1.10) of conditions is satisfied is called 
an arbitrage opportunity. A strong arbitrage opportunity is a portfolio 4 for 
which 

K($)<O and VT($)>O. (1.11) 
It is customary to take either (1.10) or (1.11) as the definition of an arbitrage 
opportunity. Note, however, that both notions are not necessarily equivalent. 
We are in a position to introduce the notion of an arbitrage price; that is, 
the price derived using the no-arbitrage arguments. 

Definition 1.4.2. Suppose that the security market M is arbitrage-free. 
Then the manufacturing cost .rro(X) is called the arbitrage price of X at time 
0 in security market M. 

As the next result shows, under the absence of arbitrage in a market 
model, the manufacturing cost may be seen as the unique rational price of a 
given contingent claim - that is, the unique price compatible with any rational 
market equilibrium. Since it is easy to create an arbitrage opportunity if the 
no-arbitrage condition Ho = 7r0(X) is violated, the proof is left to  the reader. 

Proposition 1.4.1. Suppose that  the spot market  model M = (S ,  B,  @) i s  
arbitrage-free. Let H stand for the rational price process of some attainable 
contingent c laim X; more explicitly, Ho E R and HT = X .  Let u s  denote by 
@H the class o f  all portfolios in stock, bond and derivative security H .  T h e  
extended marke t  model ( S ,  B ,  H,@H) i s  arbitrage-free if and only if Ho = 

..o(X). 

1.4.5 Optimality of Replication 

Let us show that replication is, in a sense, an optimal way of hedging. Firstly, 
we say that a portfolio $ perfectly hedges against X if VT($) > X, that is, 
whenever 

a d u  + (1 + r)Po 2 X u ,  
a d d  + (1 + r)Po 2 x d .  

(1.12) 
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The minimal initial cost of a perfect hedging portfolio against X is called the 
seller’s price of X I  and it is denoted by n$(X). Let us check that n t (X)  = 
no (X). By denoting c = Vo (4), we may rewrite (1.12) as follows 

- So( l+  r))  + c(1 + r )  > Xu,  
ao(Sd - So(1 + r ) )  + c(l  + r )  2 xd. (1.13) 

It is trivial to check that the minimal c E R for which (1.13) holds is actually 
that value of c for which inequalities in (1.13) become equalities. This means 
that the replication appears to be the least expensive way of perfect hedging 
for the seller of X .  Let us now consider the other party of the contract, i.e., 
the buyer of X .  Since the buyer of X can be seen as the seller of -X, the 
associated problem is to minimize c E R, subject to the following constraints 

ao(SU - So(1 + r ) )  + c(l  + r) > -XU, 
ao(sd - So(l+ r) )  + c(1 + r )  > - x d .  

It is clear that the solution to this problem is nS(-X) = -n(X) = n(-X), so 
that replication appears to be optimal for the buyer also. We conclude that 
the least price the seller is ready to accept for X equals the maximal amount 
the buyer is ready to pay for it. If we define the buyer’s price of X I  denoted 
by n i ( ~ ) ,  by setting T ~ ( x )  = -n$(-X), then 

n; (X) = n; (x) = no (X); 

that is, all prices coincide. This shows that in a two-state, arbitrage-free 
model, the arbitrage price of any contingent claim can be defined using the 
optimality criterion. It appears that such an approach to arbitrage pricing 
carries over to more general models models; we prefer, however, to define the 
arbitrage price as that value of the price that rules out arbitrage opportuni- 
ties. Indeed, the fact that observed market prices are close to arbitrage prices 
predicted by a suitable’stochastic model is due to the presence of the traders 
known as arbitrageurs5 on financial markets, rather than to the rational in- 
vestment decisions of most market participants., 

The next proposition explains the role of the so-called risk-neutral econ- 
omy in arbitrage pricing of derivative securities. Observe that the important 
role of risk preferences in classical equilibrium asset pricing theory is left aside 
in the present context. Notice, however, that the use of a martingale mea- 
sure P* in arbitrage pricing corresponds to the assumption that all investors 
are risk-neutral, meaning that they do not differentiate between all riskless 
and risky investments with the same expected rate of return. The arbitrage 
valuation of derivative securities is thus done as if an economy actually were 
risk-neutral. Formula (1.14) shows that the arbitrage price of a contingent 
claim X can be found by first modifying the model so that the stock earns at 

An arbitrageur is that market participant who consistently uses the price dis- 
crepancies to make (almost) risk-free profits. 
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the risk-free rate, and then computing the expected value of the discounted 
claim (to the best of our knowledge, this method of computing the price was 
discovered by Cox and Ross (197613)). 

Proposition 1.4.2. The spot market M = (S, B,  Qj) is arbitrage-free if and 
only if the discounted stock price process S* admits a martingale measure P* 
equivalent to P. In this case, the arbitrage price at time 0 of any contingent 
claim X that settles at time T is given by the riskneutral valuation formula 

or explicitly 

Proof. We know already that the martingale measure for S* equivalent to 
IP exists if and only if the unique solution p, of equation (1.5) satisfies 
0 < p, < 1. Suppose there is no equivalent martingale measure for S*; for 
instance, assume that p, 2 1. Our aim is to construct explicitly an arbitrage 
opportunity in the market model (S, B ,  Qj). To this end, observe that the 
inequality p, > 1 is equivalent to (1 + r)So 2 Su (recall that SU is always 
greater than Sd). The portfolio q5 = (-1, So) satisfies Vo(q5) = 0 and 

- S U + ( l + r ) S o  > 0 ifw =wi ,  
- ~ ~ - t - ( l + r ) S ~ > O  i fw=wz,  

so that q5 is indeed an arbitrage opportunity. On the other hand, if p, 5 0, 
then the inequality Sd > (1 + r)SO holds, and it is easily seen that in this 
case the portfolio II, = (1, -So) = -4 is an arbitrage opportunity. Finally, if 
0 < p, < 1 then for any portfolio q5 satisfying Vo(q5) = 0, in view (1.9) and 
(1.6), we get 

p*VU(q5) + (1 - p*)vd($) = 0, 
so that Vd(q5) < 0 when VU($) > 0, and Vd($) > 0 if Vu(q5) < 0. This shows 
that there are no arbitrage opportunities in M when 0 < p, < 1. To prove 
formula (1.14) it is enough to compare it with (1.9). Alternatively, we may 
observe that for the unique portfolio 4 = (ao, Po) that replicates the claim 
X we have 

so that we are done. 

Remarks. The choice of the bond price process as a discount factor is not 
essential. Suppose, on the contrary, that we have chosen the stock price S as 
a numeraire. In other words, we now consider the bond price B discounted 
by the stock price S ,  denoted by Bf = Bt/St for t E (0, T). 
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The martingale measure for the process B* is determined by the equality 
Bo = IEp(B$), or explicitly 

where 4 = 1 - P. One finds that 

and 

It is easy to show that the properly modified version of the risk-neutral val- 
uation formula has the following form 

where X is a contingent claim that settles at time T. It appears that in some 
circumstances the choice of the stock price as a numeraire is more convenient 
than that of the savings account. 

Let us apply this approach to the call option of Example 1.4.1. One finds 
easily that p = 0.62, and thus formula (1.19) gives 

as expected. 

1.4.6 Put Option 

We refer once again to Example 1.4.1. However, we shall now focus on a 
European put option instead of a call option. Since the buyer of a put option 
has the right to sell a stock at a given date T, the terminal payoff from the 
option is now PT = (K - ST)+, i.e., 

where we have taken, as before, K= $280. The portfolio $ = (ao,&) repli- 
cating the European put option is thus determined by the following system 
of linear equations 

320 a o  + 1.05 Do = 0, 
260 a 0  + 1.05 Po = 20, 

so that a 0  = -113 and Po = 101.59. Consequently, the arbitrage price Po of 
the European put option equals 
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Note that the number of shares in a replicating portfolio is negative. This 
means that an option writer who wishes to hedge risk exposure should sell 
short at  time 0 the number - a 0  = 113 shares of stock for each sold put 
option. The proceeds from the short-selling of shares, as well as the option’s 
premium, are invested in an interest-earning account. To find the arbitrage 
price of the put option we may alternatively apply Proposition 1.4.2. By 
virtue of (1.14), with X = PT, we get 

Finally, the put option value can also be found by applying the following 
relationship between the prices of call and put options. 

Corollary 1.4.1. The following put-call parity relationship is valid 

Proof. The formula is an immediate consequence of equality (1.3) and the 
pricing formula (1.14) applied to the claim ST - K.  0 

It  is worth mentioning that relationship (1.20) is universal - that is, it 
does not depend on the choice of the model (the only assumption we need to 
make is the additivity of the price). Using the put-call parity, we can calculate 
once again the arbitrage price of the put option. Formula (1.20) immediately 

For ease of further reference, we shall write down explicit formulas for the 
call and put price in the one-period, two-state model. We assume, as usual, 
that Su > K > Sd. Then 

and 
Su - S o ( l + r )  K - S d  

Po = 
SU-Sd l t r  ' 

1.5 Futures Call and Put Options 

We will first describe very succinctly the main features of futures contracts, 
which are reflected in stochastic models of futures markets to be developed 
later. As in the previous section, we will focus mainly on the arbitrage pric- 
ing of European call and put options; clearly, instead of the spot price of 
the underlying asset, we will now consider its futures price. The model of 
futures prices we adopt here is quite similar to the one used to describe spot 
prices. Still, due to the specific features of futures contracts used to set up 
a replicating strategy, one has to modify significantly the way in which the 
payoff from a portfolio is defined. 
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1.5.1 Futures Contracts and Futures Prices 

A futures contract is an agreement to buy or sell an asset at  a certain date in 
the future for a certain price. The important feature of these contracts is that 
they are traded on exchanges. Consequently, the authorities need to define 
precisely all the characteristics of each futures contract in order to make 
trading possible. More importantly, the futures price - the price at which 
a given futures contract is entered into - is determined on a given futures 
exchange by the usual law of demand and supply (in a similar way as for 
spot prices of listed stocks). Futures prices are therefore settled daily and the 
quotations are reported in the financial press. A futures contract is referred 
to by its delivery month, however an exchange specifies the period within 
that month when delivery must be made. The exchange specifies the amount 
of the asset to be delivered for one contract, as well as some additional details 
when necessary (e.g., the quality of a given commodity or the maturity of 
a bond). From our perspective, the most fundamental feature of a futures 
contract is the way the contract is settled. The procedure of daily settlement 
of futures contracts is called marking to market. A futures contract is worth 
zero when it is entered into; however, each investor is required to deposit 
funds into a margin account. The amount that should be deposited when the 
contract is entered into is known as the initial margin. At the end of each 
trading day, the balance of the investor’s margin account is adjusted in a 
way that reflects daily movements of futures prices. To be more specific, if 
an investor assumes a long position, and on a given day the futures price 
rises, the balance of the margin account will also increase. Conversely, the 
balance of the margin account of any party with a short position in this 
futures contract will be properly reduced. Intuitively, it is thus possible to 
argue that futures contracts are actually closed out after each trading day, 
and then start afresh the next trading day. Obviously, to offset a position in 
a futures contract, an investor enters into the opposite trade to the original 
one. Finally, if the delivery period is reached, the delivery is made by the 
party with a short position. 

1.5.2 One-period Futures Market 

It  will be convenient to start this section with a simple example which, in fact, 
is a straightforward modification of Example 1.4.1 to the case of a futures 
market. 

Example 1.5.1. Let f t  = fs(t,T*) be a one-period process that models the 
futures price of a certain asset S, for the settlement date T* > T.  We assume 
that fo  = 280, and 

f u  =320, ifw =wl ,  
f T ( ~ ) = {  fd=260 ,  i fw=w2, 
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where T = 3  month^.^ We consider a 3-month European futures call option 
with strike price K = $280. As before, we assume that the simple risk-free 
interest rate for 3-month deposits and loans is r = 5%. 

The payoff from the futures call option C$ = (fT - K)+ equals 

A portfolio 4 replicating the option is composed of a 0  futures contracts and 
Po units of cash invested in risk-free bonds (or borrowed). The wealth process 
v , ~  ($), t E (0, T}, of this portfolio equals vof ($) = Po, since futures contracts 
are worthless when they are first entered into. Furthermore, the terminal 
wealth of $ is 

v,f($) = ao ( f ~  - fo) + (1 + T)@o, (1.23) 

where the first term on the right-hand side represents gains (or losses) from 
the futures contract, and the second corresponds to a savings account (or 
loan). Note that (1.23) reflects the fact that futures contracts are marked to 
market daily (that is, after each period in our model). A portfolio $ = (ao, Po) 
is said to replicate the option when VTf = c;, or more explicitly, if the 
equalities 

V&(W) = a o ( f " - f o ) + ( l + r ) P o = C f " ,  i f w = w l ,  
a o ( f d  - fo) + (1 + r)Po = Cfd,  if w = w2 

are satisfied. For Example 1.5.1, this gives the following system of linear 
equations 

40 a. + 1.05 Po = 40, 
-20ao + 1.05 Po = 0, 

yielding a 0  = 213 and Po = 12.70. The manufacturing cost of a futures call 
option is thus Cof = v,f(4) = Po = 12.70. Similarly, the unique portfolio 
replicating a sold put option is determined by the following conditions 

so that a 0  = -113 and Po = 12.70 in this case. Consequently, the manufac- 
turing costs of futures put and call options are equal in our example. As we 
shall see soon, this is not a pure coincidence; in fact, by virtue of formula 
(1.29) below, the prices of call and put futures options are equal when the 
option’s strike price coincides with the initial futures price of the underly- 
ing asset. The above considerations may be summarized by means of the 
following exhibits (note that Po is a positive number) 

Notice that in the present context, the knowledge of the settlement date T* of a 
futures contract is not essential. It is implicitly assumed that T* 2 T. 
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one sold futures option  of, 
at  time t = 0 futures contracts 0, 

f cash deposited in a bank -Po = -Co, 
and 

option’s payoff -CT, f 
profits/losses from futures a 0  ( f ~  - fo), 
cash withdrawal v o  , 

where, as before, .i. = 1 + r. 

1.5.3 Martingale Measure for a Futures Market 

We are looking now for a probability measure @ that makes the futures price 
process (with no discounting) follow a @-martingale. A probability p, if it 
exists, is thus determined by the equality 

It is easily seen that 

- f o - f d  - 
P{wl} = p = --- f" - fo P{w2} = 1 - @ =  --- f" - f d ’  f" - f d ’  (1.25) 

Using the data of Example 1.5.1, one finds easily that @ = 113. Consequently, 
the expected value under the probability @ of the discounted payoff from the 
futures call option equals 

Zl,f = E p ( ( l  + r)-l(fT - K)') = 12.70 = c;. 

This illustrates the fact that the martingale approach may be used also in 
the case of futures markets, with a suitable modification of the notion of a 
martingale measure. 

Using the traditional terminology of mathematical finance, we may con- 
clude that the risk-neutral futures economy is characterized by the fair-game 
property of the process of a futures price. Remember that the risk-neutral 
spot economy is the one in which the discounted stock price (as opposed to 
the stock price itself) models a fair game. 

1.5.4 Absence of Arbitrage 

In this subsection, we shall study a general two-state, one-period model of 
a futures price. We consider the filtered probability space (0, (.Ft)tE(O,T), P) 
introduced in Sect. 1.4.4. The first process, which intends to model the dy- 
namics of the futures price of a certain asset, for the fixed settlement date 
T* > T,  is an adapted and strictly positive process f t  = fs(t,T*), t = 0,T.  
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More specifically, fo is assumed to be a real number, and fT is the following 

where, by convention, f" > f d .  The second security is, as in the case of a spot 
market, a risk-free bond whose price process is B o  = 1, BT = 1 + r for some 
real r 2 0. Let @ f  stand for the linear space of all futures contracts-bonds 
portfolios #I = 4 0  = ( Q I ~ , , ~ ~ ) ;  it may be, of course, identified with the linear 
space R2. The wealth process V f  (4)  of any portfolio equals 

(it is useful to compare these formulas with (1 .4) ) .  We shall study the valua- 
tion of derivatives in the futures market model M f  = ( f ,  B ,  @ f ) .  It  is easily 
seen that an arbitrary contingent claim X that settles at time T admits a 
unique replicating portfolio q5 E @. Put another way, all contingent claims 
that settle at time T are attainable in the market model M f .  In fact, if X is 
given by the formula 

then its replicating portfolio 4 E @ f  may be found by solving the following 
system of linear equations 

The unique solution of (1.27) is 

Consequently, the manufacturing cost r,f ( x )  in M f equals 

def rof ( x )  = vjf (4)  = po = X U ( f o  - f d )  + X d ( f U  - fo)  
( 1  + r ) ( f U  - f d )  

(1.29) 

We say that a model M f  of the futures market is arbitrage-free if there are 
no arbitrage opportunities in the class @ f  of trading strategies. The following 
simple result provides necessary and sufficient conditions for the arbitrage- 
free property of M f  . 
Proposition 1.5.1. The futures market M f  = ( f ,  B ,  @ f )  i s  arbitrage-free 
if and only if the process f that models the futures price admits a (unique) 
martingale measure @ equivalent to P. I n  this case, the arbitrage price at t ime 
0 of any contingent claim X that settles at t ime T equals 
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Proof. If there is no martingale measure for f ,  equivalent to P, we have either 
fi 2 1 or @ <  0. In the first case, we have fo - f d  2 f U  - f d  and thus fo 2 
f" > f d .  Consequently, a portfolio q5 = (-1,0) is an arbitrage opportunity. 
Similarly, when @ 5 0 the inequalities fo 5 f d  < f" are valid. Hence, the 
portfolio q5 = (1,O) is an arbitrage opportunity. Finally, if 0 < @ < 1 and for 
some q5 E @f we have ~of(q3) = 0, then it follows from (1.29) that 

so that vfd < 0 if vf" > 0, and vfU < 0 when vfd > 0. This shows that 
the market model Mf is arbitrage-free if and only if the process f admits a 
martingale measure equivalent to P. The valuation formula (1.30) now follows 
by (1.25)-(1.29). 0 

When the price of the futures call option is already known, in order to find 
the price of the corresponding put option one may use the following relation, 
which is an immediate consequence of equality (1.3) and the pricing formula 
(1.30) 

c,f - P,f = (1 + r)-’ (fo - K) .  (1.32) 

It  is now obvious that the equality  of = P,f is valid if and only if fo = K ;  
that is, when the current futures price and the strike price of the option 
are equal. Equality (1.32) is referred to as the put-call parity relationship for 
futures options. 

1.5.5 One-period Spot /Futures  Market  

Consider an arbitrage-free, one-period spot market (S, B, @) described in 
Sect. 1.4. Moreover, let f t  = fs(t, T), t E (0, T), be the process of futures 
prices with the underlying asset S and for the maturity date T. In order to 
preserve consistency with the financial interpretation of the futures price, we 
have to assume that fT = ST. Our aim is to find the right value fo of the 
futures price at  time 0; that is, that level of the price fo that excludes arbi- 
trage opportunities in the combined spot/futures market. In such a market, 
trading in stocks, bonds, as well as entering into futures contracts is allowed. 

Corollary 1.5.1. The futures price at time 0 for the delivery date T of the 
underlying asset S that makes the spot/futures market arbitrage-free equals 
fo = (1 + r)So. 
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Proof. Suppose an investor enters at time 0 into one futures contract. The 
payoff of his position at  time T corresponds to a time T contingent claim 
X = f~ - f~ = ST - f ~ .  Since it costs nothing to enter a futures contract we 
should have 

TO (x) = TO (ST - f0) = 01 
or equivalently, 

TO(X) = St - (1 + r)-’ fo = 0. 

This proves the asserted formula. Alternatively, one can check that if the 
futures price fo were different from (1 + r)So, this would lead to arbitrage 
opportunities in the spot/futures market. 0 

1.6 Forward Contracts 

A forward contract is an agreement, signed at  the initial date 0, to  buy or sell 
an asset at a certain future time T (called delivery date or maturity in what 
follows) for a prespecified price K, referred to as the delivey price. In contrast 
to stock options and futures contracts, forward contracts are not traded on 
exchanges. By convention, the party who agrees to buy the underlying asset 
at time T for the delivery price K is said to assume a long position in a given 
contract. Consequently, the other party, who is obliged to sell the asset at  the 
same date for the price K ,  is said to assume a short position. Since a forward 
contract is settled at maturity and a party in a long position is obliged to 
buy an asset worth ST at  maturity for K, it is clear that the payoff from 
the long position (respectively, from the short position) in a given forward 
contract with a stock S being the underlying asset corresponds to the time 
T contingent claim X (respectively, -X), where 

Let us emphasize that there is no cash flow at the time the forward contract 
is entered into. In other words, the price (or value) of a forward contract at 
its initiation is zero. Notice, however, that for t > 0, the value of a forward 
contract may be negative or positive. As we shall now see, a forward contract 
is worthless at  time 0 provided that a judicious choice of the delivery price 
K is made. 

1.6.1 Forward Price 

Before we end this section, we shall find the rational delivery price for a 
forward contract. To this end, let us introduce first the following definition 
which is, of course, consistent with typical features of a forward contract. 
Recall that, typically, there is no cash flow at the initiation of a forward 
contract. 
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Definition 1.6.1. The delivery price K that makes a forward contract 
worthless at  initiation is called the forward price of an underlying financial 
asset S for the settlement date T.  

Note that we use here the adjective financial in order to emphasize that 
the storage costs that have to be taken into account when studying forward 
contracts on commodities, are neglected. In the case of a dividend-paying 
stock, in the calculation of the forward price, it is enough to substitute So -lo 
for So, where 10 is the present value of all future dividend payments during 
the contract’s lifetime (cf. Sect. 3.2). 

Proposition 1.6.1. Assume that the one-period, two-state security market 
model (S, B ,@)  is arbitrage-free. Then the forward price at time 0 for the 
settlement date T of one share of stock S equals Fs(O, T )  = (1 + r)So. 

Proof. We shall apply the martingale method of Proposition 1.4.2. By apply- 
ing formulas (1.14) and (1.33), we get 

7ro(X) = IEp* (F’X) = IEp (S;) - iP1K = So - i - ' ~  = 0, (1.34) 

where i; = 1 + r .  It is now apparent that Fs(O, T) = (1 + r)So. 0 

By combining Corollary 1.5.1 with the above proposition, we conclude 
that in a one-period model of a spot market, the futures and forward prices 
of financial assets for the same settlement date are equal. 

Remarks. It seems instructive to consider a slightly more general model of a 
one-period market. Assume that So is a given real number and ST stands for 
an arbitrary random variable defined on some probability space (a, F, P). 
Also let Bo = 1 and BT = 1 + r for some real r 2 0. Fix a real number 
K ,  and assume that an investor may enter into a forward contract on a 
financial asset whose price follows the process S with the settlement date T 
and delivery price K .  Put another way, we extend the market by considering 
an additional "security" whose price process, denoted by G, is: Go = 0, GT = 
ST - K .  Let QiG be the class of all trading strategies in the extended market. 
It may be identified with the set of all vectors $0 = (a0,  PO, 70) E EX3, where 
a o ,  Po have the same interpretation as in Sect. 1.4.1, and yo stands for the 
number of forward contracts entered into at  the initial date 0. As before, a 
security market (S, B, G, QG) is said to be arbitrage-free whenever there are 
no arbitrage opportunities in QG. We shall show that the considered market 
is arbitrage-free if and only if the equality K = (1 + r)So holds. Assume, on 
the contrary, that K # (1 + r)So. If K < (1 + r)So, we consider a trading 
strategy 1C, = (-1, So, 1). Its wealth at time 0 equals Vo($) = -So + S o  = 0. 
On the other hand, at  time T we have 

VT(+) = -ST + SO(l + T) + ST - K = SO(l + T )  - K > 0, 
so that the portfolio $J E QiG guarantees a risk-free profit. Similarly, if the 
inequality K > (1 + r)So is satisfied, the trading strategy -$I constitutes an 
arbitrage opportunity. 
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1.7 Options of American Style 

An option of American style (or briefly, an American option) is an option 
contract in which not only the decision whether to exercise the option or not, 
but also the choice of the exercise time, is at the discretion of the option’s 
holder. The exercise time cannot be chosen after the option’s expiry date T.  
Hence, in our simple one-period model, the exercise date can either coincide 
with the initial date 0, or with the terminal date T.  

Notice that the value (or the price) at  the terminal date of the American 
call or put option written on any asset equals the value of the corresponding 
European option with the same strike price K. Thus, the only unknown 
quantity is the price of the American option at time 0. In view of the early 
exercise feature of the American option, the concept of perfect replication 
of the terminal option’s payoff is not adequate for valuation purposes. To 
determine this value, we shall make use of the general rule of absence of 
arbitrage in the market model. By definition, the arbitrage price at  time 0 of 
the American option should be set in such a way that trading in American 
options would not destroy the arbitrage-free feature the market. 

Assume, as before, that r 2 0 so that F 2 1. We will first show that the 
American call written on a stock that pays no dividends during the option’s 
lifetime is always equivalent to the European call; that is, that both options 
necessarily have identical prices at  time 0. As we shall see in what follows, 
such a property is not always true in the case of American put options; that 
is, American and European puts are not necessarily equivalent. For similar 
reasons, American and European calls are no longer equivalent, in general, 
if the underlying stock pays dividends during the option’s lifetime (or when 
-1 < r < 0, so that 0 < i: < 1). 

We place ourselves once again within the framework of a one-period spot 
market M = (S, B ,  @), as specified in Sect. 1.4.1. It  will be convenient to 
assume that European options are traded securities in our market. This causes 
no loss of generality, since the price process of any European option can be 
mimicked by the wealth process of a suitable trading strategy. For t = 0, T, 
let us denote by C: and P," the arbitrage price at  time t of the American 
call and put respectively. It  is obvious that C$ = CT and P+ = PT. AS was 
mentioned earlier, both arbitrage prices Ct  and P$ will be determined using 
the following property: if the market M = (S, B, @) is arbitrage-free, then the 
market with trading in stocks, bonds and American options should remain 
arbitrage-free. It  should be noted that it is not evident a priori that the last 
property determines in a unique way the values of C t  and P$. We assume 
throughout that the inequalities Sd < So(l + r )  < S" hold and the strike 
price satisfies Sd < K < S". Otherwise, either the market model would not 
be arbitrage-free, or valuation of the option would be a trivial matter. The 
first result establishes the equivalence of the European and American call 
written on a non-dividend-paying stock. 
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Proposition 1.7.1. A s s u m e  that  the risk-free interest rate r i s  a nonnega- 
tive real number. T h e n  the arbitrage price C$ of a n  Amer ican  call opt ion in 
the arbitrage-free marke t  model M = (S, B, @) coincides with the price Co of 
the European call opt ion with the same strike price K .  

Proof. Assume, on the contrary, that C$ # Co. Suppose first that C$ > Co. 
Note that the arbitrage price Co satisfies 

if r > 0. It is now straightforward to check that there exists an arbitrage 
opportunity in the market. In fact, to create a risk-free profit, it is sufficient 
to sell the American call option at Cg, and simultaneously buy the European 
call option at Co. If European options are not traded, one may, of course, 
create a replicating portfolio for the European call at initial investment Co. 
The above portfolio is easily seen to lead to a risk-free profit, independently 
from the decision regarding the exercise time made by the holder of the 
American call. If, on the contrary, the price C$ were strictly smaller than Co, 
then by selling European calls and buying American calls, one would be able 
to create a profitable risk-free portfolio. 0 

Before continuing our analysis of American options in an arbitrage-free 
one-period model, let us recall Jensen's inequality. We consider here only a 
special case of a finite probability space (for the general case, see Lemma 
A.0.3 in Appendix A). 

Lemma 1.7.1. Let h : R -+ R be a convex function, and E a random variable 
o n  a finite probability space ( 0 , 3 ,  P). T h e n  Jensen's inequality holds, that  is,  
g ( E d 0 )  5 E p ( g ( E ) ) .  
Proof. Under the present assumptions we have 0 = {wl, . . . w,}, and thus 

where pi = P{wi} for i = 1,. . . , n. Using the convexity of g ,  we obtain 

which is the desired inequality. 0 

American call option. It is worthwhile to observe that inequality (1.35) 
is valid in a more general set-up. Indeed, if r 2 0, So > K ,  and ST is a 
P*-integrable random variable, then we have always 
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where the first inequality follows by Jensen’s inequality (we use Lemma 1.7.1 
if f2 is finite, and Lemma A.0.3 otherwise). We conclude that American and 
European call options are equivalent. If, on the contrary, -1 < r < 0 then 
the second inequality is not valid, in general. Consequently, the equivalence 
of American and European calls may fail to hold in this case. 

American put option. It  is interesting to notice that in the case of the put 
option the situation is different. First, we have 

t 
Ep.(( l  + r ) - l ( ~  - ST)+) t ( ~ E P  ((1 + r ) - lK  - (1 + ?)-’ST)) 

= ((1 + r ) - l ~  - So)+ > K - So, 

where the last inequality holds provided that -1 < r < 0. If r = 0, we obtain 

Finally, if r > 0, no obvious relationship between Po and So - K is available. 
This feature suggests that for strictly positive interest rate the counterpart 
of Proposition 1.7.1 - the case of American put - should be more interesting. 
In fact, we have the following result. 

Proposition 1.7.2. Assume that r > 0. Then P," = Po i f  and only if the 
inequality 

Su- (l+r)So K-sd 
K - S o l  SU - S d  1 + r  

(1.36) 

is valid. Otherwise, P," = K - So > Po. If r = 0, then invariably P$ = Po. 

Proof. In view of (1.22), it is clear that inequality (1.36) is equivalent to 
Po > K - So. Suppose first that the last inequality holds. If, in addition, 
P$ > Po (respectively, P," < Po), by selling the American put and buying 
the European put (respectively, by buying the American put and selling the 
European put) one creates a profitable risk-free strategy. Hence, P$ = Po in 
this case.7 Suppose now that (1.36) fails to hold - that is, Po < K - So, and 
assume that P," # K - So. We wish to show that P," should be set to be 
K - So, otherwise arbitrage opportunities arise. Actually, if P$ were strictly 
greater that K - So, the seller of an American put would be able to lock in 
a profit by perfectly hedging exposure using the European put acquired at a 
strictly lower cost Po. If, on the contrary, inequality P," < K - So were true, 
it would be profitable to buy the American put and exercise it immediately. 
Summarizing, if (1.36) fails to hold, the arbitrage price of the American put 
is strictly greater than the price of the European put. Finally, one verifies 
easily that if the holder of the American put fails to exercise it at time 0, the 
option’s writer is still able to lock in a profit. 

To be formal, we need to check that no arbitrage opportunities are present if 
Poa = Po and (1.36) holds. It is sufficient to examine an arbitrary zero net 
investment portfolio built from stocks, bonds and American puts. 
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Hence, if (1.36) fails to hold, the American put should be exercised im- 
mediately, otherwise arbitrage opportunities would arise in the market. For 
the last statement, observe that if r = 0, then inequality (1.36), which now 
reads 

is easily seen to be valid (it is enough to take K = Sd and K = S"). 0 

The above results suggest the following general "rational" exercise rule in 
a discrete-time framework: at any time t before the option’s expiry, find the 
maximal expected payoff over all admissible exercise rules and compare the 
outcome with the payoff obtained by exercising the option immediately. If the 
latter value is greater, exercise the option immediately, otherwise go one step 
further. In fact, one checks easily that the price at time 0 of an American call 
or put option may be computed as the maximum expected value of the payoff 
over all exercises, provided that the expectation in question is taken under 
the martingale probability measure. The last feature distinguishes arbitrage 
pricing of American options from the typical optimal stopping problems, in 
which maximization of expected payoffs takes place under a subjective (or 
actual) probability measure rather than under an artificial martingale mea- 
sure. We conclude that a simple argument that the rational option’s holder 
will always try to maximize the expected payoff of the option at exercise 
is not sufficient to determine arbitrage prices of American claims. A more 
precise statement would read: the American put option should be exercised 
by its holder at  the same date as it is exercised by a risk-neutral individual8 
whose objective is to maximize the discounted expected payoff of the option; 
otherwise arbitrage opportunities would arise in the market. 

For our further purposes, it will be useful to formalize the concept of an 
American contingent claim. 

Definition 1.7.1. A contingent claim of American style (or shortly, Amer- 
ican claim) is a pair X a  = (Xo, XT), where Xo is a real number and XT is 
a random variable. We interpret Xo and XT as the payoffs received by the 
holder of the American claim Xa if he chooses to exercise it at time 0 and at  
time T respectively. 

Observe that in our present set-up, the only admissible exercise timesg 
are the initial date and the expiry date, say 7-0 = 0 and 7 1  = T. We assume 
also, for notational convenience, that T = 1. Then we may formulate the 
following corollary to Propositions 1.7.1-1.7.2, whose proof is left as exercise. 

Let us recall that a risk-neutral individual is one whose subjective assessments 
of the market correspond to the martingale probability measure P*. 
By convention, we say that an option is exercised at expiry date T if it is not 
exercised prior to that date, even when its terminal payoff equals zero (so that 
in fact the option is abandoned). Let us also mention that in a general setting, 
the exercise time is assumed to be the so-called stopping time. The only stopping 
times in a one-period model are TO = 0 and TI = T, however. 
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Corollary 1.7.1. The arbitrage prices of an American call and a n  American 
put option i n  the arbitrage-free market model M = (S, B,  @) are given by 

C: = max E p ((1 + r)-’(ST - K)’) 
’�7 

and 
Pa - max IEp ((1 + r)-’(K - s,)’) 

O - 'El 
respectively, where 7 denotes the class of all exercise times. More generally, 
if Xa = (Xo, XT) is  an  arbitrary contingent claim of American style, then 
i ts  arbitrage price n(Xa) i n  M = (S, B ,  @) equals 

nO(Xa) = rnax EP* ((1 + r)-’X,), ~ T ( X ~ )  = XT. 
’�7 

Remarks. Let us observe that pricing formulas of Corollary 1.7.1 are quite 
general. More precisely, they can be extended to the case of a multi-period 
discrete-time market model, as well as to a continuous-time set-up. 

American options on a dividend-paying stock. We make the standard 
assumption that r 2 0. Suppose that the underlying stock pays at time T a 
dividend whose value is known in advance. It is common to assume that the 
stock price declines on the ex-dividend day (that is, a t  time T)  by an amount 
equal to the dividend payment. Thus, the dividend payment does not reduce 
the wealth of a portfolio (if one sells borrowed shares, he is obliged not only 
to give back shares, but also to make restitution for the dividend payments). 
On the other hand, however, it affects the payoff from the option. In fact, 
the payoffs at expiry are C+ = (ST - K - K ) +  and P$ = ( K  + K - ST)+ 
for the call and put option respectively, where K > 0 represents the dividend 
amount. 

For European options, the dividend payment lowers the value of the call 
and increases the value of the put. To find a proper modification of the 
option price it is sufficient to replace the strike price K by K + K in the 
risk-neutral valuation formula. If options are of American style, dividend 
payments have important qualitative consequences, in general. Indeed, the 
American call written on a dividend-paying stock is not necessarily equivalent 
to the European call. Generally speaking, it may be optimal for a risk-neutral 
holder of an American call to exercise the option before expiry. For instance, 
in a one-period model, a holder of an American call option should exercise it 
immediately whenever the inequality 

holds; otherwise, her inaction would create an arbitrage opportunity in the 
market. It is also important to note that - in contrast to the case of the 
American put - the optimal exercise rule for the American call is always 
restricted to the set of ex-dividend dates only. Let us finally mention that the 
dividend payment increases the probability of early exercise of an American 
put option. 



32 1. Financial Derivatives 

1.8 Universal No-arbit rage Inequalities 

We will now derive universal inequalities that are necessary for absence of 
arbitrage in the market. In contrast to the situation studied up to now, we 
no longer assume that the price of the underlying asset admits only two ter- 
minal values. Furthermore, trading may occur continuously over time, hence 
a specific self-fnancing property needs to be imposed on trading strategies. 
At the intuitive level, a strategy is self-financing if no infusion of funds or 
withdrawals of cash are allowed; in particular, intertemporal consumption 
is excluded. In other words, the terminal wealth associated with a dynamic 
portfolio comes exclusively from the initial investment and the capital gains 
generated by the trading process. We do not need to give here a more formal 
definition of self-financing property as it is clear that the following property 
is valid in any discrete-or continuous-time, arbitrage-free market. 

Price monotonicity rule. In any model of an arbitrage-free market, if 
XT and YT are two European contingent claims, where XT 2 YT, then 
r t (XT)  2 rt(YT) for every t E [0, TI, where we denote by r t ( X ~ )  and .lrt(Yr) 
the arbitrage prices at time t of XT and YT respectively. Moreover, if XT > 
YT, then nt(XT) > r t ( Y ~ )  for every t E [0, TI. 

For the sake of notational convenience, a constant rate r 2 O will now be 
interpreted as a continuously compounded rate of interest. Hence, the price 
at  time t of one dollar to be received at time T 2 t equals e-T(T-t); in other 
words, the savings account process equals Bt = eTt for every t E [0, TI. This 
means that we place ourselves here in a continuous-time setting. Discrete- 
time counterparts of relations (1.37)-(1.41) are, of course, equally easy to 
obtain. 

Proposition 1.8.1. Let Ct and Pt (respectively, C: and P,") stand for the 
arbitrage prices at timet of European (respectively, American) call and put 
options, with strike price K and expiry date T.  Then the following inequalities 
are valid for every t E [O,T] 

and 
(K - St)+ 5 P," < K. (1.39) 

The put-call parity relationship, which in the case of European options reads 

takes, in  the case of American options, the form of the following inequalities 
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Proof. All inequalities may be derived by constructing appropriate portfolios 
at  time t and holding them to the terminal date. Let us derive, for instance, 
the first one. Consider the following (static) portfolios, A and B, established 
at  time t. Portfolio A consists of one European call option and ~ e - ’ ( ~ - ~ )  
of cash; portfolio B contains only one share of stock. The value of the first 
portfolio at  time T equals 

while the value of portfolio B is exactly ST. Hence, the arbitrage price of 
portfolio A at  time t dominates the price of portfolio B - that is, we have 

Ct + ~ e - ’ ( ~ - ~ )  > St, Q t E [0, TI. 

Since the price of the option is nonnegative, this proves the first inequality in 
(1.37). All remaining inequalities in (1.37)-(1.39) may be verified by means 
of similar arguments. To check that C t  = Ct, we consider the following 
portfolios: portfolio A - one American call option and ~ e - ~ ( ~ - ~ )  of cash; 
and portfolio B - one share of stock. If the call option is exercised at some 
date t* E [t ,T], then the value of portfolio A at time t* equals 

while the value of B is St*. On the other hand, the value of portfolio A at the 
terminal date T is max {ST, K) .  Hence, it dominates the value of portfolio B, 
which is ST. This means that early exercise of the call option would contradict 
our general price monotonicity rule. A justification of relationship (1.40) is 
straightforward, as CT - PT = ST - K .  To justify the second inequality in 
(1.41), notice that in view of (1.40) and the obvious inequality PF > Pt, we 

PF 2 Pt = C: + - St, 'd t E [0, TI. 
To prove the first inequality in (1.41), let us take the two following portfolios: 
portfolio A - one American call and K units of cash; and portfolio B - one 
American put and one share of stock. If the put option is exercised at time 
t* E [t, TI then the value of portfolio B at time t* is K .  On the other hand, 
the value of portfolio A at this date equals 

Ct + ~ e ~ ( ~ * - ~ )  > - K. 

Portfolio A is therefore more valuable at time t than portfolio B; that is 

for every t E [O,T]. 0 

We shall now examine general dependencies of option prices on the time 
to expiry and the strike price. Let C(So, T, K )  (respectively, Ca(So, T, K ) )  
stand for the price of the European (respectively, American) call option with 
the expiration date T and the strike price K. 
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The following relationships are easy to derive 

where Tl 5 T2. It  is also rather clear that 

provided that K1 I K2. 

Proposition 1.8.2. Assume that K1 < K2. The following inequalities are 
valid 

e - ’ T ( ~ l  - Kz) < C(So, T, K2) - C(So, TI K1) < 0 
and 

K1 - K2 < Ca(So, T, K2) - Ca(So, TI K1) 5 0. 

Proof. Let us consider, for instance, the case of European call options. Take 
the two following portfolios at time 0: portfolio A - one European call with 
exercise price K2 and ecTT(K2 - K1) units of cash; and portfolio B - one 
European call with exercise price K1. The value of portfolio A at time T is 

and the value of portfolio B at time T equals (So - K1)+. Consequently 

as expected. 0 

Proposition 1.8.3. The price of a European (or American) call (or put) 
option is a convex function of the exercise price K. 

Proof. Let us consider, for instance, the case of a European put option. We 
denote its price at time 0 by P(So,T,  K ) .  Assume that K1 < K2 and put 
K3 = yK1 + (1 - y)K2, where y E [O, 11 is a constant. We consider the 
following portfolios: portfolio A consisting of y European put options with 
exercise price K1 and 1 - y European put options with exercise price K2; and 
portfolio B that consists of one European put option with exercise price K3. 
At maturity T we have 

since the payoff function h(x) = ( K  - x)+ is convex in K 

An interesting (and more difficult) issue is the convexity of the option 
price as a function of the initial stock price. As we shall see in what follows, 
such a property is valid in several commonly used financial models, that is, 
in most models the option price inherits the convexity (concavity) property 
from the terminal payoff. 
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This chapter deals mostly with finite markets - that is, discrete-time models 
of financial markets in which all relevant quantities take a finite number of 
values. The case of discrete-time models with infinite state space is treated 
very briefly. Essentially, we follow here the approach of Harrison and Pliska 
(1981); a more exhaustive analysis of finite markets can be found in Taqqu 
and Willinger (1987). An excellent introduction to discrete-time financial 
mathematics is given by Pliska (1997) and Shreve (2004). A monograph by 
Follmer and Schied (2000) is the most comprehensive source in the area. 

The detailed treatment of finite models of financial markets presented 
below is not motivated by their practical importance (except for binomial or 
multinomial models). The main motivation comes rather from the fact that 
the most important ideas and results of arbitrage pricing can be presented in 
a more transparent way by working first in a finite-dimensional framework. 

Since the number of dates is finite, there is no loss of generality if we 
take the set of dates 7 = (0,. . . ,T*) .  Let 0 be an arbitrary finite set, 
0 = {wl,. . . , wd) say, and let F = FT* be the a-field of all subsets of 0, 
i.e., F = 2". We consider a filtered probability space (0, IF, P) equipped with 
a filtration IF = (Ft)tlT*, where P is an arbitrary probability measure on 
( 0 ,  FT*) such that P{wi) > 0 for every i = 1 , .  . . , d. We assume throughout 
that the a-field 3 0  is trivial; that is, Fo = {0,0) .  Since the underlying proba- 
bility space and the set of dates are both finite sets, all random variables and 
all stochastic processes considered in finite markets are necessarily bounded. 
Hence, they are integrable with respect to any probability measure P we are 
going to consider in what follows. A vector of prices of k primary securities is 
modelled by means of a IF-adapted lRk-valued, nonnegative stochastic process 
Z = (Z1,.  . . , z k ) ) .  A k-dimensional process Z = (Z1,. . . , Zk)  is said to be 
IF-adapted, if, for any i = 1 , .  . . , k and any t 5 T*, the random variable Z,Z 
is Ft-measurable. For brevity, we shall say that a given process is adapted, 
instead of IF-adapted, if no confusion may arise. We assume throughout that 
Ft = F: = a(Zo,  . . . , Zt); that is, that the underlying filtration IF is gener- 
ated by the observations of the price process Z. A trading strategy (a dynamic 
portfolio) is an arbitrary IRk-valued IF-adapted process q5 = (q5’, . . . ,q5"). At 
any date t ,  the ith component, q5:, of a portfolio q5 determines the number of 
units of the ith asset that are held in the portfolio at this date. 
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2.1 The Cox-Ross-Rubinstein Model 

Before we start the analysis of a general finite market, we present a particular 
model, which is a direct extension of a one-period two-state model with two 
securities to the multi-period set-up. Let T by a positive integer, interpreted 
as the time to maturity of a derivative contract, expressed in some convenient 
units of time. A European call option written on one share of a stock S paying 
no dividends during the option’s lifetime, is formally equivalent to the claim 
X whose payoff at time T is contingent on the stock price ST, and equals 

def X = (ST - K)+ = m a x { S ~  -K,O}. (2.1) 

The call option value (or price) at the expiry date T equals CT = (ST - K)+.  
Our first aim is to put the price on the option at any instant t = 0, .  . . , T ,  
when the price of a risky asset (a stock) is modelled by the Cox et al. (1979) 
multiplicative binomial lattice, commonly known as the Cox-Ross-Rubinstein 
(CRR, for short) model of a stock price. Since, for good reasons, models of 
this form are by far the most popular discrete-time financial models, it seems 
legitimate to refer to the CRR model as the benchmark discrete-time model. 

2.1.1 Binomial Lattice for the Stock Price 

We consider a discrete-time model of a financial market with the set of dates 
0 ,1 , .  . . , T*, and with two primary traded securities: a risky asset, referred to 
as a stock, and a risk-free investment, called a savings account (or a bond). 

Let us first describe the savings account. We assume that it a constant 
rate of return r > -1 over each time period [t, t + 11, meaning that its price 
process B equals (by convention Bo = 1) 

B t = ( l + r ) t = i t ,  V t=O , . . . ,  T*, (2.2) 

where we set i = 1 + r. We postulate that the stock price S satisfies 

for t = 0, .  . . , T* - 1, where 0 < d < u are real numbers and So is a strictly 
positive constant. It will be essential to assume that, given the level St of 
the stock price at time t, both possible future states at time t + 1, that is, 
SGl = us t  and Sf+l = dSt, have strictly positive probabilities of occurrence, 
also when we take into account all past observations Sol Sl, . . . , St of the price 
process S .  Formally, we postulate that 

P{St+, = uSt ( S o ,  S1,. . . , St) > 0, P{St+l = dSt I So, S i , .  . . , St} > 0. (2.4) 

To put it more intuitively, given the full observation of the sample path of 
the stock price S up to time t, the investors should never be in a position to 
tell with certainty whether the stock price will reach the upper level u s t  or 
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the lower level dSt at the end of the next time period. Since (2.4) states that 
at any date t the conditional distribution of St+l is non-degenerate under the 
actual (i.e., the real-world) probability P, we shall refer to (2.4) as the non- 
degeneracy condition. We shall argue that the replicating strategies (and thus 
also arbitrage prices) of derivative assets are independent of the choice of the 
actual probability measure P on the underlying probability space, provided 
that the non-degeneracy property (2.4) is valid under P. 

As a consequence, it is sufficient to focus on the simplest probabilistic 
model of the stock price with the desired features. To this end, we pick an 
arbitrary number p E (0 , l )  and we introduce a sequence Et, t = 1, .  . . , T* 
of mutually independent random variables on a common probability space 
(0,3, P),  with identical probability law 

We now formally define the stock price process S by setting 

The sequence of independent and identically distributed random variables 
Jt, t = 1, .  . . , T* plays the role of a driving noise in the stochastic dynamics 
of the stock price, which can be seen here as a geometric random walk. It  is 
apparent that under the present assumptions we have 

P{St+l = U S t  I SO, S1, . . . , St) = P{<t+l = U) = p > 0, 
P{St+i = dSt I So, S i ,  . . . , St) = P{&+l = d) = 1 - p > 0, 

and thus (2.4) holds. Equivalently, the value of the stock price at time t is 
given as 

where c l , .  . . , cT* are independent, identically distributed random variables: 

P{Ct = ]nu) = p = 1 - P{& = lnd) ,  Q t  = 1,. . . ,T*. 
Due to representation (2.6), the stock price S given by (2.5) is frequently 
referred to as an exponential random walk. It  is also clear that 

l nS t= lnS t - l+Ct ,  V t = 1  , . . .  ,T*.  

This means that the logarithm of the stock price (the log-price) follows an 
arithmetic random walk. Finally, let us introduce the sequence of logarithmic 
returns (the log-returns) p1, . . . , p p  on the stock by setting 

def st 
pt = ln (-) = ct. 

st-1 

Obviously, the log-returns p l ,  . . . , p p  are independent and identically dis- 
tributed under P. 
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In view of (2.5), it is clear that a typical sample path of the stock price 
can be represented as a sequence (so, sl, . . . , ST*) of real numbers such that 
s o  = So and the ratio si+l/si equals either u or d. If we take, for example, 
T* = 5, then a sample path of S may look, for instance, as follows: 

For mathematical convenience, we will later formally identify each sample 
path of the process S with a sequence of length T* of zeroes and ones, by 
associating the number 1 to u, and the number 0 to d. Manifestly, for the two 
sample paths given above, the corresponding sequences of zeroes and ones are 
(1,1,0,0,1) and (0,1,0,0,1) respectively. The collection of all sequences of 
zeroes and ones will also play the role of the underlying probability space R ,  
so that we formally set 0 = 2T*. This also means that in the CRR model 
with T* periods the space R = {wl,. . . , wd) comprises 2T* elementary events, 
each elementary event wk representing in fact a particular sample path of the 
stock price. 

2.1.2 Recursive Pricing Procedure 

Let us re-emphasize that the standing assumption that the random variables 
& ,  t = 1, . . . , T* are mutually independent and identically distributed under 
the actual probability P is not essential for our further purposes; we make 
this assumption, without loss of generality, for mathematical convenience. 

As we will see in what follows, the arbitrage price of any European or 
American contingent claim in the binomial model of a financial market is 
independent of the choice of the probability of upward and downward move- 
ments of the stock price at any particular node. Indeed, it is uniquely deter- 
mined by the assumed values of the stock price - that is, by the postulated 
form of sample paths of the stock price process. 

Formally, the arbitrage price depends only on the specification of the 
payoff, the initial stock price So and the value of parameters u, d and r .  
Hence, the valuation results that we are going to derive will appear to be 
distribution-free, meaning that they do not depend on the specification of 
the actual probability measure P. 

Let us introduce some notation. For any t 5 T I  we write at to denote 
the number of shares held during the period [t, t + I) ,  while ,Bt stands for the 
dollar investment in the savings account during this period. 

To determine the arbitrage price of a European call option we shall show, 
using backward induction, that by adjusting his or her dynamic portfolio $t = 
(at, Pt) ,  t = 0, .  . . , T - 1, at  the beginning of each period, an investor is able 
to mimic the payoff of an option at time T for every state. We shall refer to 
this fact by saying that the contingent claim X = (ST - K)+ admits a unique, 
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dynamic, replicating, self-financing strategy. Replication and valuation of a 
European put option can be reduced, through the put-call parity relationship, 
to that of a European call. 

For concreteness, we shall now focus on a European call option. It  will 
soon become clear, however, that the backward induction method presented 
below can be directly applied to any European contingent claim X of the 
form X = g(ST). It is common to refer to such claims as path-independent, as 
opposed to path-dependent claims that have the form X = h(So, S1,.  . . ,ST); 
that is, they depend on the whole sample path. In particular, we shall see 
that for an arbitrary path-independent European claim we need to compute 
only t + 1 values at any date t = O , 1 , .  . . , T*. By contrast, in the case of a 
path-dependent claim one has to deal with (at most) 2t values at  any date 
t = 0, .  . . , T.  The backward induction method (as well as the risk-neutral 
valuation method presented in Sect. 2.2.2) can be applied to both cases with 
no essential changes, however. 

Given a fixed maturity date 1 5 T 5 T*, we start our analysis by con- 
sidering the last period before the expiry date, [T - 1,Tl. We assume that 
a portfolio replicating the terminal payoff of a call option is established at  
time T - 1, and remains fixed until the expiry date T .  We thus need to find a 
portfolio $T-l = (CXT-l,PT-l) at the beginning of the last period for which 
the terminal wealth VT($), which equals 

replicates the option payoff CT; that is, we have VT($) = CT. Combining 
(2.1) with (2.7), we get the following equality 

By virtue of our assumptions, we have ST = ST-~<T-~; hence we may rewrite 
(2.8) in a more explicit form 

This simple system of two linear equations can be solved easily, yielding 

and 
u ( ~ S T - ~  - K)’ - ~(uST-1  - K)’ PT-1 = i:(u - d) 

Furthermore, the wealth VTP1 (4) of this portfolio at time T - 1 equals 

VT-I($) = QIT-~ST-I + PT-1 
- - (P*(UST-I - K)’ + (1 - p.)(dS~-l - K)’), 

where we write p, = (i: - d)/(u - d) = (1 + T - d)/(u - d). 
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As we shall show later in this section, the number p, specifies the prob- 
ability of the rise of the stock price over each period [ t , t  + 11 under the 
martingale measure for the process S* = SIB.  We assume from now on that 
d < 1 + r < u so that the number p, belongs to the open interval (0, l ) .  As- 
suming the absence of arbitrage in the market modelI1 the wealth V--l($) 
agrees with the value (that is, the arbitrage price) of a call option at time 
T - 1. Put  another way, the equality CTP1 = VT-1 (4) is valid. 

We continue our analysis by considering the preceding period, [T-2, T-11. 
In this step, we seek a portfolio dTPz = (aTv2,  PT-2) created a t  time T - 2 
in such a way that its wealth at time T - 1 replicates option value CT-1; that 
is 

aT-2ST-1 + PT-2’? = CT-1. (2.11) 

Note that since CT-i = VTP1(+), the dynamic trading strategy 4 constructed 
in this way will possess the self-financing property a t  time T - 1 

Basically, the self-financing feature means that the portfolio is adjusted at 
time T - 1 (and more generally, at any trading date) in such a way that 
no withdrawals or inputs of funds take place. Since STV1 = S T - ~ ~ T - ~  and 
&-2 E {u, d), we get the following equivalent form of equality (2.11) 

where we set 
1 

C$-I = : (p*(u2s~-2  - K)’ + (1 - p.)(udS~-2 - K)’) r 
and 1 c$-~ = : ( P * ( ~ ~ S T - Z  - K ) +  + (1 - p,)(d2s~-2 - K)+). r 
In view of (2.13), it is evident that 

Consequently, the wealth VTP2($) of the portfolio 4 ~ - 2  = ( c q - 2 ,  P T - ~ )  a t  
time T - 2 equals 

' We will return to this point later in Sect. 2.2. Let us only mention here that 
the necessary and sufficient condition for the absence of arbitrage has the same 
form as in the case of the one-period model; that is, it is exactly the condition 
d < 1 + r < u we have just imposed. 
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Using the same arbitrage arguments as in the first step, we argue that the 
wealth VT-2($) of the portfolio 4 at time T - 2 gives the arbitrage price 
at time T - 2, i.e., CT-’2 = VT-2(4). It  is evident that by repeating the 
above procedure, one can completely determine the option price at any date 
t 5 T,  as well as the (unique) trading strategy c,h that replicates the option. 
Summarizing, the above reasoning provides a recursive procedure for finding 
the value of a call with any number of periods to go. It  is worth noting that in 
order to value the option at  a given date t and for a given level of the current 
stock price St, it is enough to consider a sub-lattice of the CRR binomial 
lattice starting from St and ranging over T - t periods. 

Path-independent European claims. As already mentioned, the recursive 
valuation procedure applies with virtually no changes to any European claim 
of the form X = g(ST). Indeed, a specific formula for the option’s payoff was 
used in the first step only. If X = g(ST), we replace (2.8) by 

so that we now need to solve the following pair of linear equations: 

The unique solution a ~ - l ,  depends on ST-1, but not on the values of 
the stock price at times 0 , .  . . , T - 2. Hence, the replicating portfolio can be 
written as a ~ - 1  = fT-1 (ST-1) and PT-1 = hT-l(ST-l) for some functions 

hT-1 : R+ -+ R. Consequently, the arbitrage price TT-~(X)  = VT-~(+) 
of X at time T - 1 can be represented as rT- l (X)  = g ~ - l ( S ~ - l )  for some 
function g ~ - 1  : EX+ -+ R. 

In the next step, we consider the period [T - 2, T - 11 and a path- 
independent claim gT-l(ST-l) that settles at time T - 1. A similar rea- 
soning as above shows that 7rT-2(X) = gT-2(ST-2) for some function 
ST-2 : EX+ 4 R. 

We conclude that there exists a sequence of functions gt : R+ -+ R (with 
g~ = g) such that the arbitrage price process T(X) satisfies x t (X)  = gt(St) 
for t = 0, .  . . , T. As we shall see in what follows, this Markovian feature of the 
replicating strategy and the arbitrage price of a path-independent European 
contingent claim can also be deduced from the Markov property of the stock 
price under the martingale measure. 

Path-dependent European claims. In the case of a general (that is, pos- 
sibly path-dependent) European contingent claim, formula (2.14) becomes 

It  is essential to make clear that ar-1 and PT-l depend not only on the level 
of the stock price at  time T - 1 (i.e., on the choice of the node at  time T - I ) ,  
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but on the entire sample path that connects the initial state So = so with a 
given node at time T - 1. 

Let (so, sl, . . . ,  ST-^) be a particular sample path of the stock price pro- 
cess S that connects s o  with a generic value s ~ - 1  at time T - 1. In order 
to find the replicating portfolio for this particular sample path, we need to 
solve for the unknowns aT- 1 (so, s l ,  . . . , ST- 1) and PT- 1 (so, s l  , . . . , ST- 1) the 
following pair of linear equations 

where g" = g(so, sl, . . . , ST-1, U S T - ~ )  and gd = g(so, s l ,  . . . ,  ST-^, dsT-1). 
Of course, the number of sample paths connecting so with the current 

level of the stock price at time T - 1 depends on the choice of a node. It 
is also clear that the total number of sample paths of length T - 1 is 2T-1. 
Hence, the arbitrage price of X at time T - 1 will have at most 2T-1 different 
values. As soon as the arbitrage price 

r ~ - i ( X )  = VT-I($) = ~ T - I ( S O , S I ,  . . . ,ST-I)ST-I +PT- I ( so , s~ , .  . . ,ST-I) 

is found at  each node  ST-^ and for each sample path connecting so with 
this node, we are in a position to apply the same procedure as above to 
the (path-dependent) claim T T - ~ ( X )  settling at T - 1. In this way, we are 
able to find the sequence of prices 7rTV2 (X),  7 r T 4  (X),  . . . , 7r1 (X), 7r0 (X) ,  as 
well as replicating strategy $t = (at, Pt), t = 0, .  . . , T for a claim X .  Since 
this procedure has a unique solution for any X ,  it is fairly clear that any 
European contingent claim can be replicated, and thus it is attainable in the 
CRR model; we refer to this property as the completeness of the CRR model. 

Let FF stand for the a-field of all events of F generated by the obser- 
vations of the stock price S up to the date t ;  formally Fz = a(So, . . . , St), 
where a(So, . . . , St) denotes the least a-field with respect to which the ran- 
dom variables So , .  . . , St are measurable. We write PS to denote the filtration2 
generated by the stock price, so that IFS = (F ; )~~T*.  

By construction of a replicating strategy, it is evident that, for any fixed 
t ,  the random variables at, Pt defining the portfolio at  time t ,  as well as the 
wealth &($) of this portfolio, are measurable with respect to the a-field F:. 
Hence, the processes $ = (a, p)  and V($) are adapted to the filtration IFS 
generated by the stock price, or briefly, PS-adapted. 

We conclude that the unique replicating strategy for an arbitrary Euro- 
pean contingent claim in the CRR model follows an Ps-adapted stochastic 
process and is self-financing, in the sense that the equality 

at-1st + Pt-I? = at St + Pt (2.16) 

holds for every t = 1,. . . , T - 1. From the considerations above, we conclude 
that the following result is valid within the set-up of the CRR model. 

Recall that a filtration is simply an increasing family of a-fields. 
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Proposition 2.1.1. Any  European claim X is  attainable i n  the C R R  model. 
Its replicating strategy $ and arbitrage price T ( X )  are IF'-adapted processes. 
If, in addition, a claim X is  path-independent, the arbitrage price at t ime 
t = 0,.  . . , T is a function of the current level St of the stock price, so that, 
for any t = 0, .  . . , T ,  we have T ~ ( X )  = g t ( S t )  for some function gt : R+ 4 R. 

2.1.3 CRR Option Pricing Formula 

It appears that the recursive pricing procedure leads to an explicit formula 
for the arbitrage price of a European call (or put) option in the CRR model. 
Before we state this result, we find it convenient to  introduce some notation. 

For any fixed natural number m, let the function a ,  : R+ -i N* be given 
by the formula (N* stands hereafter for the set of all nonnegative integers) 

a,(x) = inf { j E N* I xujdm-j  > K ) ,  

where, by convention, inf 0 = co. 
Let us set ad = a,(dx) and a" = a m ( u x ) .  It  is not difficult to check that 

for any x > 0, we have either ad = a" or ad = a" + 1. For ease of notation, 

Proposition 2.1.2. For any m = 1,  . . . , T ,  the arbitrage price of a European 
call option at t ime t = T - m is given by the Cox-Ross-Rubinstein valuation 
formula 

where a = a,(ST-,), p, = (+ - d ) / ( u  - d )  and IS = p,u/?. A t  t ime t = 
T - m - 1,  the unique rephkating strategy $T-,-I = (QT-,-I, PT-,-I) 
equals 

where ad = a,(dS~-,-I) ,  a" = a,(uS~-,-I) and S = ad - a". 

Proof. Straightforward calculations yield 1 - 15 = d ( l  - p , ) / i ,  and thus 

Formula (2.17) is therefore equivalent to the following 
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We will now proceed by induction with respect to m. For m = 0, the above 
formula is manifestly true, since it reduces to CT = (ST - K)+ .  Assume now 
that C T - ~  is the arbitrage price of a European call option at time T - m. 
We have to select a portfolio $T-m-l = (aT-m-ll P T - ~ - ~ )  for the period 
[T - m - 1, T - m) (that is, established at time T - m - 1 at each node of 
the binomial lattice) in such a way that the portfolio’s wealth at time T - m 
replicates the value C T - ~  of the option. Formally, the wealth of the portfolio 
( c x ~ - ~ - ~ ,  PT-m-l) needs to satisfy the relationship 

which in turn is equivalent to the following pair of equations 

where 

Consequently, we have (we write q, = 1 - p,) 
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Similarly, 

The wealth of this portfolio at time T-m-1 equals (note that just established 
explicit formulas for the replicating portfolio are not employed here) 

Using the last formula and the equality (TI) + ( y )  = (m:l), we obtain 



46 2. Discrete-time Markets 

Note that the CRR valuation formula (2.17) makes no reference to the 
subjective (or actual) probability p. Intuitively, the pricing formula does 
not depend on the investor’s attitudes toward risk. The only assumption 
made with regard to the behavior of an individual is that all investors prefer 
more wealth to less wealth, and thus have an incentive to take advantage 
of risk-free profitable investments. Consequently, if arbitrage opportunities 
were present in the market, no market equilibrium would be possible. This 
feature of arbitrage-free markets explains the term partial equilibrium ap- 
proach, frequently used in economic literature in relation to arbitrage pricing 
of derivative securities. 

2.2 Martingale Properties of the CRR Model 

Our next goal is to analyze the no-arbitrage features of the CRR model. As 
mentioned already, it is convenient to work on R related to the canonical 
space of S. We start by introducing a finite probability space R; namely, for 
a fixed natural number T*, we consider 

In the present context, it will be sufficient to consider a specific class P 
of probability measures on the measurable space ( R , 3 ) ,  where 3 is the 
a-field of all subsets of R ,  i.e., 3 = 2 ". For a generic elementary event 
w = ( a l , .  . . , a p ) ,  we define its probability P{w) by setting 

where p E (0 , l )  is fixed. Let P be the class of all probability measures on 
(R,  3 )  of this form. It  is clear that any element P E P is uniquely determined 
by the value of the parameter p. For any j = 1, . . . , T* , we denote by Aj the 
event Aj = {w E R I a j  = 1). It is not difficult to  check that the events 
Aj, j = 1, .  . . ,T* are mutually independent; moreover, P{Aj) = p for every 
j = 1, .  . . , T*. We are now in a position to define a sequence of random 
variables (j, j = 1 , .  . . , T* by setting 

The random variables cj are easily seen to be independent and identically 
distributed, with the following probability law under P 

P { & = u ) = p = l - P { c . - d ) ,  3 - V t S T * .  (2.20) 

We shall show that the unique martingale measure for the process S* = S I B  
belongs to the class P. The assumption that the real-world probability is 
selected from this class is not essential, though. It  is enough to assume that 
P is such that any potential sample path of the price process S has a strictly 
positive probability, or equivalently, that the non-degeneracy condition (2.4) 
is satisfied. 
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2.2.1 Martingale Measures 

Let us return to the multiplicative binomial lattice modelling the stock price. 
In the present framework, the process S is determined by the initial stock 
price So and the sequence &, j = 1, .  . . , T* of independent random variables 
given by (2.19). More precisely, St, t = 0, .  . . , T* is defined on the probability 
space (0, F, P) by means of (2.5), or equivalently, by the relation 

with So > 0. Let us introduce the process S* of the discounted stock price by 
setting 

S; = St/Bt = b't < T*. (2.22) 
Let Vf be the family of decompositions of 0 generated by random variables 
S,, u < t ;  that is, Vf = D(So,. . . ,S t )  for every t < T*. It is clear that 
the family Vf ,  t < T*, of decompositions is an increasing family of a-fields, 
meaning that Vf c for every t < T* - 1. Note that the family Vf is 
also generated by the family &, . . . , ET* of random variables, more precisely, 

where by convention to = 1. The family Vf ,  t < T*, models a discrete-time 
flow of information generated by the observations of stock prices. In finan- 
cial interpretation, the decomposition Vf represents the market information 
available to all investors at time t .  Let us set 3: = a (Vf )  for every t < T*, 
where a (Vf )  is the a-field generated by the decomposition Vf .  It is clear 
that for t < T* 

Recall that we write IFS = (Ff) t < p  to denote the family of natural a-fields 
of the process S ,  or briefly, the natural filtration of the process S .  

Let P be a probability measure satisfying (2.4) - that is, such that 
P{w) > 0 for any elementary event w = ( a l , .  . . , u p ) .  Note that all proba- 
bility measures satisfying (2.4) are mutually equivalent. 

Definition 2.2.1. A probability measure P* equivalent to P is called a mar- 
tingale measure for the discounted stock price process S* if 

that is, if the process S* follows a martingale under P* with respect to the 
filtration IFS. In this case, we say that the discounted stock price S* is a 
(P* , IFs) -martingale, or briefly, a P* -martingale, if no confusion may arise. 

Since a martingale measure P* corresponds to the choice of the savings 
account as a numeraire asset, it is also referred to as a spot martingale mea- 
sure. The problem of existence and uniqueness of a spot martingale measure 
in the CRR model can be solved completely, as the following result shows. 
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Proposition 2.2.1. A martingale measure P* for the discounted stock price 
S* exists i f  and only if d < 1 + r < u. I n  this case, the martingale measure 
P* is the unique element from the class P that corresponds to p = p, = 
(1 + r  - d ) / ( ~  - d ) .  

Proof. Using (2.21)-(2.22), we may re-express equality (2.23) in the following 
way 

I E ~ * ( ? - ( ~ + ’ ) J ~ + ~ s ~  I 3:) = TtSt,  V t  5 T* - 1, (2.24) 

or equivalently, 

Since St > 0, for the last equality to hold it is necessary and sufficient that 

Since the right-hand side in (2.25) is non-random, we conclude that 

In view of Lemma 2.2.1 below, this means that &+I is independent of F: 
under P*, and thus independent of the random variables Jl, . . . , et under P*. 
Since (2.25) holds for any t ,  it is easy to deduce by induction that the random 
variables el, . . . , eT* are necessarily independent under P*. It thus suffices to 
find the distribution of Jt under P*. We have, for any t = 1, .  . . , T* 

By solving this equation, we find that P* {Jt = u) = p, = (1 + r - d)/(u - d )  
for every t .  Note that the last equality defines a probability measure P* if and 
only if d 5 1 + r < u. Moreover, P* belongs to the class P and is equivalent 
to P if and only if d < 1 + r < u .  0 

Lemma 2.2.1. Let J be a random variable on  a probability space (0, F , P )  
such that P{J = a )  + P{J = b) = 1 for some real numbers a ,  b. Let 6 be a 
sub-a-field of F .  If IE p(J 1 6 )  = IE pJ then J is independent of 6 .  

Proof. Equality IEp(J I G) = IE& implies that for any event B E G we have 

Let us write A = {e = a ) .  Then we obtain (we denote by AC the complement 
of A in 0, so that AC = 0 \A) ,  for any event B E G,  

The last equality implies that P{A n B )  = P{A)P{B), as expected. 0 
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Note that the stock price follows under the unique martingale measure 
P*, an exponential random walk (cf. formula (2.6)), with the probability of 
upward movement equal to p,. This feature explains why it was possible, with 
no loss of generality, to restrict attention to the special class of probability 
measures on the underlying canonical space 0. It is important to point out 
that the martingale measure P* is not exogenously introduced in order to 
model the observed real-world fluctuations of stock prices. Unlike the actual 
probability P, the martingale measure P* should be seen as a technical tool 
that proves to be useful in the arbitrage valuation of derivative securities. 

In view of relationship (2.21) is is clear that we have SG1 = .i.-l&+lS,*. 
The following corollary is thus an immediate consequence of the independence 
of the random variables &, . . . , ET* under P*. 

Corollary 2.2.1. The stock price S and the discounted stock price S* follows 
Markov processes under the spot martingale measure P* with respect to the 
filtration IFS = IFS* . 

Let @ stand for the class of all self-financing (see (2.16)) trading strategies 
in the CRR model. As in the previous chapter, by an arbitrage opportunity 
we mean a strategy 4 E @ with zero initial wealth, nonnegative terminal 
wealth, and such that the terminal wealth is strictly positive with positive 
probability (the formal definition is given in Sect. 2.6.2 below). We say that 
a model is arbitrage-free if such a trading strategy does not exist. 

Corollary 2.2.2. The CRR binomial model (S, B, @) is arbitrage-free if and 
o n l y i f d < l + r < u .  

Proof. Suppose first that the condition d < 1 + r < u does not hold. Then is 
it possible to produce an example of an arbitrage opportunity by considering, 
for instance, the first time-period and proceeding as in the case of a single- 
period model (buy stock if 1 + r < d and short stock if 1 + r > u). We 
conclude that the condition d < 1 + r < u is necessary for the arbitrage-free 
property of the model. The proof of sufficiency relies on the existence of a 
martingale measure established in Proposition 2.2.1. It  is enough to show 
that the discounted wealth process of any self-financing strategy follows a 
martingale under P*. We do not go into details here, since this part of the 
proposition follows immediately from Proposition 2.6.2. 0 

The notion of a martingale measure (or a riskneutral probability) is not 
universal, in the sense that it is relative to a specific choice of a numeraire 
asset. It  can be verified, for instance, that the unique martingale measure for 
the relative bond price B* = B / S  is the unique element from the class 7' 
that corresponds to the following value of p (cf. (1.17)) 

It  is easily seen that p is in the open interval (0 , l )  if and only if d < 1 +r  < u 
(that is, if and only if p, belongs to this interval). 
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2.2.2 Risk-neutral Valuation Formula 

We shall show that the CRR option pricing formula of Proposition 2.1.2 may 
be alternatively derived by the direct evaluation of the conditional expecta- 
tion, under the martingale measure P*, of the discounted option’s payoff. 

Proposition 2.2.2. Consider a European call option, with expiry date T 
and strike price K ,  written on one share of a common stock whose price 
S is assumed to follow the CRR multiplicative binomial process (2.5). Then 
for any m = O , 1 ,  . . . , T the arbitrage price CTvm, given by formula (2.17), 
coincides with the conditional expectation 

Proof. It  is enough to find the conditional expectation in (2.26) explicitly. 
Recall that we have ST =  ST-^ ( ’ ~ - ~ + l . .  . &- =  ST-^ qm, where we write 
qm = . . . &. The stock price STPm is a F’-m-measurable random 
variable, and the random variable qm is independent of the a-field F:-~. 

Hence, by applying the well-known property of conditional expectations 
(see Lemma A.O.l) to the random variables ?I, = ST-m, q = qm and to the 
function h(x, y) = i-m(xy - K)+ ,  one finds that 

where the function H : R -+ R equals 

The random variables ET-m+l,. . . , CT are mutually independent and identi- 
cally distributed under P*, with P*{& = u) = p, = 1 - P*{& = d). It  is thus 
clear that 

where a = am(ST-,) = inf {j E N* I ST-,ujdm-j > K). 0 

We may rewrite (2.26) in the following way 

where X = (ST-K)+. One might wonder if the risk-neutral valuation formula 
(2.27) remains in force for a larger class of financial models and European 
contingent claims. Generally speaking, the answer to this question is positive, 
even if the interest rate is assumed to follow a stochastic process. A general 
result for a discrete-time finite model is established in Sect. 2.6.4. 
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Let us note also that the risk-neutral valuation formula makes it clear, 
that the valuation is a linear mapping from the space of contingent claim 
that settle at time T (that is, the linear space of all FT-measurable random 
variables) to R. The put-call parity relationship Ct - Pt = St - K ? - ( ~ - ~ )  
can now be easily established either using the no-arbitrage arguments, or by 
applying the risk-neutral valuation formula to the payoff X = CT - PT = 
ST - K .  

Proposition 2.2.3. T h e  arbitrage price a t  t i m e  t = T - m of a European 
call opt ion settling a t  t ime  T equals 

Ct = st P {ST > K ( 3;) - K i P m P * { S ~  > K ( 3f), (2.28) 

where P and P* are martingale measures corresponding t o  the choice of the 
bond price B and the stock price S as a numeraire asset respectively. 
Proof. To derive (2.28), it is convenient to use the following representation 
of the price 

C T - ~ = S T - ~ E ~ ( S ~ ~ ( S ~ - K ) + I ~ - ~ ) ,  v ~ < T .  (2.29) 
This result is an immediate consequence of the general formula (2.60) of 
Sect. 2.6.7. By combining (2.29) with (2.26), it is easy to establish (2.28). 
Indeed, if we denote D = {ST > K )  then CT = S T ~ D  - K ~ D .  Consequently, 
using the linearity of the arbitrage price, we obtain 

Ct = st I E ~ ( S ? ~ S ~ ~ ~  13:) - KBt  EP* (B$’I, I F:). 
It  is easily seen that the last formula yields (2.28). 0 

2.3 The Black-Scholes Option Pricing Formula 

We will now show that the classical Black-Scholes option valuation formula 
(2.34) can be obtained from the CRR option valuation result (2.17) by an 
asymptotic procedure, using a properly chosen sequence of binomial models. 
To this end, we need to examine the asymptotic properties of the CRR model 
when the number of steps goes to infinity and, simultaneously, the size of time 
and space steps tends to zero in an appropriate way. 

In contrast to the previous section, T > 0 is a fixed, but arbitrary, real 
number. For any n of the form n = 2k, we divide the interval [O,T] into n 
equal subintervals Ij of length An = Tln ,  namely, Ij = [ jAn,  ( j  + l)An] for 
j = 0 , .  . . , n - 1. Note that n corresponds, in a sense, to the natural number 
T* in the preceding section. 

Let us first introduce the modified accumulation factor. We write rn to  
denote the risk-free rate of return over each interval I, = [ jAn,  ( j  + l)An]. 
Hence the price Bn of the risk-free asset equals 

B>, = ( l + r n ) j ,  V j  = O  , . . . ,  n. 
We thus deal here with a sequence Bn of savings accounts. 
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For any n, we assume that the stock price Sn can appreciate over the 
period Ij by u, or decline by d,. Specifically, we set SG+l)An = Jn 3+1.~An Sn 
for j = 0, .  . . , n - 1, where for any fixed n and j ,  Jy is a random variable 
with values in the two-element set {u,, d,). 

In view of Proposition 2.1.2, we may assume, without loss of generality, 
that for any n the random variables Jy , j = 1, . . . , n are defined on a common 
probability space (On, Fnl P,), are mutually independent, and 

for some number p, E (0, l ) .  Recall that the choice of the parameter p, E 
(0, l )  is not relevant from the viewpoint of arbitrage pricing. 

To ensure the convergence of the CRR option valuation formula to the 
Black-Scholes one, we need to impose, in addition, specific restrictions on the 
asymptotic behavior of the quantities r,, u, and d,. Let us put 

where r 2 0 and a > 0 are given real numbers. It is worth noting that for 
every n > r2a-2T we have d, = u;’ < 1 + r, < un and thus the CRR model 
(Sn, Bn, P )  is arbitrage-free for n sufficiently large. Also, using elementary 
arguments, we obtain 

1 + r, - d, - e-~V'X 
lim p,,, = lim = lim = 112 n++m n++m U, - dn n++m - e-u& 

and P*,nUn lim pn = lim - = 112. n++m n-++m 1 + T, 

As was mentioned earlier, we seek the asymptotic value of the call option 
price when the number of time periods tends to infinity. Assume that t = 
j ~ / 2 ~  for some natural j and k; that is, t is an arbitrary dyadic number from 
the interval [0, TI. Given any such number, we introduce the sequence m,(t) 
by setting 

mn(t) = n(T - t)/T, 'dn E N. (2.31) 
Then the sequence mn(t) has natural values for n = 2’ sufficiently large. 
Furthermore, T-t = m, (t) A, so that m, (t) represents the number of trading 
periods in the interval [t, T] (at least for large I ) .  Note also that 

For a generic value of stock price at  time t, St = ST-mn(t)a, = S, we define 

b,(t) = inf { j E N* I suj  n dmn(t)-j n > K ). (2.33) 

The next proposition provides the derivation of the classical Black-Scholes 
option valuation formula by means of an asymptotic procedure. A direct 
analysis of the continuous-time Black-Scholes option pricing model, based on 
the It6 stochastic calculus, is presented in Sect. 3.1. 
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Proposition 2.3.1. For any dyadic t E [O,T], the following convergence 
holds 

where q,,, = 1 - p,,,, & = 1 - p,, and Ct is given by the Black-Scholes 
formula 

Ct = St N(dl (St, T - t)) - ~ e - ’ ( ~ - ~ )  N(d2(St, T - t ) ) ,  (2.34) 

where 

and N stands for the standard Gaussian cumulative distribution function, 

Before proceeding to the proof of the proposition, let us make a few com- 
ments. We wish to make clear that the limit of the CRR option price depends 
essentially on the choice of sequences u, and d,. For the choice of u,s and 
d,s that we have made here, the asymptotic dynamic of the stock price is 
that of the geometric Brownian motion (known also as the geometric Wiener 
process). This means, in particular, that the asymptotic evolution of the stock 
price under the martingale measure may be described by a stochastic process 
whose sample paths almost all follow continuous functions; furthermore, the 
risk-neutral probability law of the continuous-time stock price at any time t 
is lognormal. 

Proof of Proposition 2.3.1. Let St = s be the generic value of the stock price 
at  time t. Our first goal is to check that 

It  is essential to  observe that 

where for every n the random variable y, has, under Q, the binomial law 
with parameters m,(t) and 15,. 
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Let us write an = and let us introduce the normalized se- 
quence 7, by setting 

where C;, j = 1, .  . . , n are independent, identically distributed random vari- 
ables with Bernoulli law and the parameter pn 

We wish first to check that the sequence -Si, of random variables converges in 
distribution to the standard Gaussian law. To this end, let us denote by in 
the characteristic function of the random variable (7 = <; - pn. We have 

It is not difficult to check that 

where the symbol o(z2) represents a quantity satisfying lim,,o o ( z ~ ) / ? ~  = 0. 
Consequently, by virtue of independence of the random variables <;, j = 
1 , .  . . , n,  the characteristic function gn(z) = EQ(eiz?n) of the random variable 
;y, can be represented as follows: 

From the last expression, it is thus apparent that the following point-wise 
convergence is valid: 

lim gn (z) = ePz2l2, V z E R. n++oo (2.38) 

Recall the well-known fact that the function e-z2/2 is the characteristic func- 
tion of the standard Gaussian law N(0, l ) .  

The convergence in distribution of the normalized sequence to the 
standard Gaussian law now follows from the point-wise convergence (2.38) of 
the corresponding sequence g, of characteristic functions to the characteristic 
function of the standard Gaussian law (see, for instance, Theorem 111.3.1 in 
Shiryaev (1984)). 

Furthermore, it is clear that 
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Hence, using (2.33), we obtain 

bn ( t )  - mn (t)Pn lirn 
n++cc Jmn (t)Pn (1 - Pn) 

= lirn ln(K/s)  + amn ( t )  d Z ( 1 -  2%) 
n-++m 20 Jmn ( t ) A n ~ n  (1 - ~ n )  

- - 
ln(K/s)  - ( r  + i a 2 ) ( ~  - t )  

= -dl(s,T - t )  
a m  

since 
i m  ( t )  ( 1  - 2pn) = - (T - t )  (5 + 4) . n-++m 

The convergence in distribution of the sequence yn to the standard Gaussian 
distribution N ( 0 , l )  and the equality 1 - N ( x )  = N(-x )  for x E R yield 

lim Q{bn(t) 5 yn 5 m n ( t ) )  = 1 - N ( -  dl(s,T - t ) )  = N(dl ( s ,T  - t ) ) .  n-+m 
This completes the proof of equality (2.37). Reasoning in a similar manner, 
we will now check that 

mn(t) 
lirn (m'j(t));d,,n(l - p,,,)mn(t)-j = N(d2(s ,  T - t ) ) .  (2.39) n++m 

j=bn(t) 
The sum in the left-hand side of formula (2.39) is equal to the probability 
Q{bn(t) 5 7; 5 mn( t ) ) ,  where for every n the random variable 7; has, under 
Q, the binomial law with parameters mn(t)  and p,,,. Moreover, we have 

since r 
lim mn ( t )  &(I - 2p, ,,) = (T - t )  (: - -- ) . n++m 

Therefore 
lim ~ { b , ( t )  5 y: 5 m n ( t ) )  = 1 - N (  - d 2 ( ~ , T  - t ) )  = N ( ~ ~ ( s , T - t ) ) .  

n-+cc 
The proposition now follows by combining (2.32), (2.37), and (2.39). 0 
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For a different choice of the sequences u, and d,, the stock price may 
asymptotically follow a stochastic process with discontinuous sample paths. 
For instance, if we put u, = u and d, = eCtln then the stock process will fol- 
low asymptotically a log-Poisson process, examined by Cox and Ross (1975). 
This noticeable feature is related to the fact that we deal with a triangu- 
lar array of random variables and thus the class of asymptotic probabil- 
ity laws is larger than in the case of the classical central limit theorem. 
More advanced problems related to the convergence of discrete-time finan- 
cial models to continuous-time counterparts were studied by, among others, 
Madan et al. (1989), He (1990), Amin (1991), Willinger and Taqqu (1991), 
Duffie and Protter (1992), Cutland et al. (1993b), Amin and Kanna (1994), 
Rachev and Ruschendorf (1994), Hubalek and Schachermayer (1998), Leisen 
(1998), Broadie et al. (1998), Lesne et al. (2000) and Lesne and Prigent 
(2001). The recent monograph by Prigent (2003)). is an excellent source of 
expertise in the area of weak convergence of financial models. 

2.4 Valuation of American Options 

In this section, we are concerned with the arbitrage valuation of American 
options written on a stock S within the framework of the CRR binomial model 
of a stock price. Due to the possibility of an early exercise of an American 
option, the problem of pricing and hedging of such claims cannot be reduced 
to a simple replication of the terminal payoff. Nevertheless, the valuation of 
American options will still be based on the no-arbitrage arguments. 

2.4.1 American Call Options 

Let us first consider the case of the American call option - that is, the option 
to buy a specified number of shares, which may be exercised at any time 
before the option expiry date T, or on that date. The exercise policy of the 
option holder is necessarily based on the information accumulated to date 
and not on the future prices of the stock. As in the previous chapter, we will 
write CF to denote the arbitrage price at time t of an American call option 
written on one share of a stock. By arbitrage price of the American call we 
mean such price process CF, t 5 TI that an extended financial market model 
- that is, a market with trading in risk-free bonds, stocks and American call 
options - remains arbitrage-free. Our first goal is to show that the price of an 
American call option in the CRR arbitrage-free market model coincides with 
the arbitrage price of a European call option with the same expiry date and 
strike price. For this purpose, it is sufficient to show that the American call 
option should never be exercised before maturity, since otherwise the option 
writer would be able to make risk-free profit. The argument hinges on the 
following simple inequality 
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which can be justified in several ways. For instance, one may use the explicit 
formula (2.17), or apply the risk-neutral valuation formula (2.26). In the latter 
method, the argument is based on Jensen’s conditional inequality applied to 
the convex function f (x) = (x - K)+.  In fact, we have (recall that t = T - m) 

where the first inequality is the Jensen conditional inequality, and the sec- 
ond follows from the trivial inequality K / im K (the assumption that 
r 2 0 is essential here). A more intuitive way of deriving (2.40) is based 
on no-arbitrage arguments. Note that since the option’s price Ct is always 
nonnegative, it is sufficient to consider the case when the current stock price 
is greater than the exercise price - that is, when St - K > 0. Suppose, on 
the contrary, that Ct < St - K for some t, i.e., St - Ct > K. Then it would 
be possible, with zero net initial investment, to buy at time t a call option, 
short a stock, and invest the sum St - Ct in a savings account. By holding 
this portfolio unchanged up to the maturity date T ,  we would be able to lock 
in a risk-free profit. Indeed, the value of our portfolio at time T would satisfy 
(recall that r 2 0) 

We conclude once again that inequality (2.40) is necessary for the absence of 
arbitrage opportunities. 

Taking (2.40) for granted, we may deduce the property CF = Ct by sim- 
ple no-arbitrage arguments. Suppose, on the contrary, that the writer of an 
American call is able to sell the option at time 0 at the price Cg > CO (it is 
evident that, a t  any time, an American option is worth at least as much as a 
European option with the same contractual features; in particular, Cg > Co). 
In order to profit from this transaction, the option writer establishes a dy- 
namic portfolio replicating the value process of the European call, and invests 
the remaining funds in risk-free bonds. Suppose that the holder of the option 
decides to exercise it a t  instant t before the expiry date T. Then the option’s 
writer locks in a risk-free profit, since the value of portfolio satisfies 

The above reasoning implies that the European and American call options 
are equivalent from the point of view of arbitrage pricing theory; that is, both 
options have the same price, and an American call should never be exercised 
by its holder before expiry. The last statement means also that a risk-neutral 
investor who is long an American call should be indifferent between selling it 
before, and holding it to, the option’s expiry date (provided that the market 
is efficient - that is, options are neither underpriced nor overpriced). 
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Let us show by still another intuitive reasoning that a holder of an Amer- 
ican call should never exercise the option before its expiry date. Consider an 
investor who contemplates exercising an American call option at a certain 
date t < T. A better solution is to short one share of stock and to hold the 
option until its expiry date. Actually, exercising the option yields St - K of 
cash at time t - that is, iTWt(St - K )  of cash at  the option’s expiry. The 
second trading strategy gives the payoff FTPtSt - ST + (ST - K ) +  at  time 
T ;  that is, either iTPtst - K (if ST > K )  or iT-t~t  - ST (if ST < K) .  

It is thus evident that in all circumstances the second portfolio outper- 
forms the first if r > 0. It  is interesting to observe that this argument can be 
easily extended to the case of uncertain future interest rates. 

2.4.2 American Put Options 

Since the early exercise feature of American put options was examined in 
Sect. 1.7, we will focus on the justification of the valuation formula. Let us 
denote by 7 the class of all stopping times defined on the filtered probability 
space (R,IF, P), where Ft = F: for every t = 0, .  . . , T*. By a stopping time 
we mean an arbitrary mapping T : R -+ (0,.  . . ,T*) such that for any t = 
0 , .  . . , T*, a random event {w E R 1 T(W) = t )  belongs to the a-field F t .  
Intuitively, this property means that the decision whether to stop a process 
at time t (that is, whether to exercise an option at time t or not) depends on 
the stock price fluctuations up to time t only. Also, let 7[t,Tl stand for the 
subclass of those stopping times T that satisfy t 5 T 5 T.  

Corollary 1.7.1 and the preceding discussion suggest the following result. 

Proposition 2.4.1. The arbitrage price P: of an American put option 
equals 

Moreover, for any t 5 T the stopping time T,* that realizes the maximum in 
(2.41) is given by  the expression (by convention min 0 = T) 

T,* = min {u E { t ,  . . . , T )  I ( K  - S,)+ > P," ). (2.42) 

Proof. The problem of arbitrage pricing of American contingent claims within 
a continuous-time set-up is examined in detail in Chap. 5 below. In particular, 
a continuous-time counterpart of formula (2.41) is proved in Theorem 5.1.1. 
The verification of (2.41) is, of course, technically much simpler, but it is 
based on similar arguments. For these reasons, the proof is left to  the reader 
(see also Shreve (2004)). 0 

The stopping time T,* will be referred to as the rational exercise time of 
an American put option that is still alive at time t .  Let us emphasize that 
the stopping time T,* does not solve the optimal stopping problem for any 
individual, but only for those investors who are risk-neutral. 
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Recall that the stock price S is Markovian under P* (see Corollary 2.2.1). 
An application of the Bellman principle3 reduces the optimal stopping prob- 
lem (2.41) to an explicit recursive procedure that allows us to find the value 
function VP. These observations lead to the following corollary to Proposition 
2.4.1. 

Corollary 2.4.1. Let the nonnegative adapted process KP, t < T ,  be defined 
recursively by  setting V$ = ( K  - ST)+ and 

Then the arbitrage price PF of an American put option at time t equals xp. 
Moreover, the rational exercise time after time t equals 

T: = min {u E { t ,  . . . , T )  I K - S, 2 V,P }. (2.44) 

It  is also possible to go the other way around - that is, to  first show directly 
that the price Pf needs necessarily to satisfy the recursive relation 

subject to the terminal condition P$ = ( K  - ST)+, and subsequently derive 
the equivalent representation (2.41). In the case of the CRR model (indeed, 
in the case of any discrete-time security pricing model), the latter approach 
appears to be the simplest way to value American options. The main reason 
for this is that an apparently difficult valuation problem is thus reduced 
to the simple one-period case. To show this we shall argue, as usual, by 
contradiction. To start with, we assume that (2.45) fails to hold for t = T - 1. 
If this is the case, by reasoning along the same lines as in Sect. 1.7, one may 
easily construct at  time T - 1 a portfolio producing risk-free profit a t  time 
T. Hence, we conclude that necessarily 

P@-, = max K - ST-1, EP* ( i - l ( ~  - ST)+ 1 . ~ ~ ) ) .  { 
The next step is to consider the time period [T - 2, T - 11, with T - 1 now 
playing the role of the terminal date, and P$-I being the terminal payoff. 
This procedure may be repeated as many times as needed. 

Summarizing, in the case of the CRR model, the arbitrage pricing of an 
American put reduces to the following simple recursive recipe 

with P$ = ( K  - ST)+ Note that P:T1 and p,a+dl represent the value of the 
American put in the next step corresponding to the upward and downward 
movement of the stock price starting from a given node on the lattice. 

For an exposition of the stochastic optimal control, see, e.g., Bertsekas and Shreve 
(1978) or Zabczyk (1997). 
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2.4.3 American Claim 

The above results may be easily extended to the case of an arbitrary claim of 
American style. We shall assume that an American claim does not produce 
any payoff unless it is exercised, so that it is not the most general definition 
one may envisage. Let g : R x (0,.  . . , T) -+ R be an arbitrary function. 

Definition 2.4.1. An American contingent claim Xa expiring at  time T 
consists of a sequence of payoffs (Xo, . . . , XT), where Xt is a nonnegative 
Ft-measurable random variable for t = 0, .  . . , T, and of a set of admissible 
exercise policies. The set of admissible exercise policies is restricted to the 
class I[o,Tl of all stopping times of the filtration IF with values in (0,. . . , T}. 
We say that an American contingent claim is associated with the reward 
function g if Xt = g(St, t )  for every t = 0, .  . . , T. We interpret Xt as the 
payoff received by the holder of the claim X a  upon exercising it a t  time t. 

An American contingent claim is said to be path-independent when its 
generic payoffs Xt do not depend on the whole sample path up to time t ,  
but only on the current value, St, of the stock price. It is clear the a claim is 
path-independent if and only if it is associated with a certain reward func- 
tion g. Arbitrage valuation of any American claim in a discrete-time model is 
based on a simple recursive procedure. In order to price a path-independent 
American claim in the case of the CRR model, it is sufficient to move back- 
ward in time along the binomial lattice. If an American contingent claim is 
path-dependent, such a simple recipe is no longer applicable (for examples of 
efficient numerical procedures for valuing path-dependent options, we refer 
to Hull and White (1993~)). We have, however, the following general result, 
whose rather straightforward, but lengthy, proof is omitted. 

Proposition 2.4.2. For every t 5 T,  the arbitrage price .rr(Xa) of an arbi- 
trary American claim X a  i n  the CRR model equals 

The price process .ir(Xa) can be determined using the following recurrence 
relation 

Xt , I E p  ( P - ’ ~ + ~  (XI) I ~ t ) ) ,  t 5 T - 1, (2.47) 

subject to the terminal condition nT(Xa) = XT. In  the case of a path- 
independent American claim X a  with the reward function g, we have for 
e v e r y t I T - 1  

where, for a generic stock price St, we write .rrGl(Xa) and T$+~(X") to denote 
the values of the price process .ir(Xa) at time t t l  i n  the nodes that correspond 
to the upward and downward movements of the stock price during the time- 
period [ t ,  t + 11. 
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2.5 Options on a Dividend-paying Stock 

So far we have assumed that a stock pays no dividend during an option’s 
lifetime. Suppose now that the stock pays dividends, and the dividend policy 
is of the following specific form: the stock maintains a constant yield, K, on 
each ex-dividend date. We shall restrict ourselves to the last period before 
the option’s expiry. However, the analysis we present below carries over to 
the more general case of multi-period trading. We assume that the option’s 
expiry date T is an ex-dividend date. This means that the shareholder will 
receive at that time a dividend payment dT that amounts to K u S ~ - ~  or 
6dSTpl, according to the actual stock price fluctuation. On the other hand, 
we postulate that the ex-dividend stock price at the end of the period will 
be either u(1- 6)ST-1 or d(1- 6)STP1. This corresponds to the traditional 
assumption that the stock price declines on the ex-dividend date by exactly 
the dividend amount. Therefore, the option’s payoff C$ at expiry is either 

depending on the stock price fluctuation during the last period. If someone 
is long a stock, he or she receives the dividend at the end of the period; a 
party in a short position has to make restitution for the dividend to the party 
from whom the stock was borrowed. Under these assumptions, the replicating 
strategy of a call option is determined by the following system of equations 
(independently of the sign of a~-1; that is, whether the position is long or 
short) + Q ~ ~ - ~ u S ~ - ~  + PTVl? = ( ~ ( 1 -  - K )  , + aT-ldST-1 + PT-li = (d(1 - K ) S T - ~  - K )  . 
Note that, in contrast to the option payoff, the terminal value of the portfolio 
(aTp1, PTP1) is not influenced by the fact that T is the ex-dividend date. This 
nice feature of portfolio’s wealth depends essentially on our assumption that 
the ex-dividend drop of the stock price coincides with the dividend payment. 
Solving the above equations for aT- 1 and PT- 1, we find 

and 

where u, = (1 - K)U and d, = (1 - 6)d. By standard arguments, we conclude 
that the price CF-l of the option at the beginning of the period equals 
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or explicitly 

where p, = (? - d)/(u - d). Working backwards in time from the expiry 
date, one finds the general formula for the arbitrage price of a European call 
option, provided that the ex-dividend dates and the dividend ratio K E (0 , l )  
are known in advance. If we price a put option, the corresponding hedging 
portfolio at time T - 1 satisfies 

This yields the following expression for the arbitrage price of a put option at 
time T - 1 

j:-1 
P;-l = (p*P$ + (1 - p*)pd) T .  

Once again, for any set of ex-dividend dates known in advance, the price of a 
European put option at time t can be derived easily by backward induction. 
Generally speaking, it is clear that the price of a call option is a decreasing 
function of the dividend yield K (cf. formula (2.49)). Similarly, the price of 
a put option increases when rc. increases. Both above relationships are rather 
intuitive, as the dividend payments during the option’s lifetime make the 
underlying stock less valuable at an option’s expiry than it would be if no 
dividends were paid. Also, one can easily extend the above analysis to include 
dividend policies in which the amount paid on any ex-dividend date depends 
on the stock price at that time in a more general way (we refer to Sect. 3.2 
for more details). 

Before we end this section, let us summarize the basic features of American 
options. We have argued that in the CRR model of a financial market, Eu- 
ropean and American call options on a stock paying no dividends during the 
option’s lifetime are equivalent (this holds, indeed, in any arbitrage-free mar- 
ket model). This means, in particular, that an American call option should 
never be exercised before its expiry date. If the underlying stock pays divi- 
dends during the option’s lifetime, it may be rational to exercise an American 
call before expiry (but only on a pre-dividend day - that is, one period be- 
fore the next dividend payment). It is important to notice that the arbitrage 
valuation of an American call option written on a dividend-paying stock can 
be done, as usual, by means of backward induction. 

On the other hand, we know that the properties of American and Euro- 
pean put options with the same contractual features are distinct, in general, 
as in some circumstances the holder of an American put written on a non- 
dividend-paying stock should exercise her right to sell the stock before the 
option’s expiry date. If the underlying stock pays dividends during a put 
option’s lifetime, the probability of early exercise declines, and thus the arbi- 
trage price of an American put becomes closer to the price of the otherwise 
identical put option of European style. 
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2.6 Finite Spot Markets 
Unless explicitly stated otherwise, we assume throughout that all assets are 
perfectly divisible and the market is frictionless, i.e., no restrictions on the 
short-selling of assets, nor transaction costs or taxes, are present. We then 
say that the market is perfect. 

In this section, the security prices Ztl,. . . , ZF are interpreted as spot prices 
(or cash prices) of certain financial assets. In order to avoid any confusion 
with the case of futures marke t s  that will be studied in the subsequent section, 
we shall denote hereafter the price process Z by S = (S1,. . . , Sk) .  In some 
places, it will be essential to assume that the price process of at least one 
asset follows a strictly positive process (such a process will play the role of a 
numeraire in what follows). Therefore, we assume, without loss of generality, 
that > 0 for every t < T*. To emphasize the special role of this particular 
asset, we will sometimes write B instead of Sk .  

As was mentioned above, the component 4; of a trading strategy 4 stands 
for the number of units of the ith security held by an investor at time t .  This 
implies that $$’: represents the amount of funds invested in the ith secu- 
rity at time t .  The term "funds" is used here for the sake of terminological 
convenience only. In fact, we assume only that the prices of all primary secu- 
rities are expressed in units of a certain common asset, which is thus used as 
a benchmark. The benchmark asset should have monotone appeal, meaning 
that either (a) all individuals prefer more units of this asset to less, or (b) 
all individuals prefer less units of this asset to more (we prefer to assume 
that (a) holds). Consequently, the value of any contingent claim will also be 
expressed in units of the benchmark asset. 

In our further development, we will sometimes express the original prices 
of all traded assets in terms of a fixed primary security; referred to as a 
numeraire .  The modified processes will be referred to as relative prices (or 
discounted prices, if the numeraire corresponds to a bond price). The original 
prices of primary securities may be seen as relative prices with respect to the 
benchmark asset, which is not specified explicitly, however. In view of our 
conventions, the following definition of the wealth of a spot trading strategy 
4 is self-explanatory. Though we consider here trading strategies lasting up 
to the terminal date T*, all definitions in this section can be easily extended 
to strategies up to time T < T* (this is left to the reader). 

2.6.1 Self-financing Trading Strategies 

We start with the definition of the wealth of a spot trading strategy. 

Definition 2.6.1. The wealth process V(q5) of a spot trading strategy q5 is 
given by the equality (the dot "." stands for the usual inner product in IRk) 

k 

&(d) = $t . st = ~ q 5 ~ ~ ~ ,  V t  < T*. 
i= 1 
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The initial wealth Vo(q5) = $o . So is also referred to as the initial invest- 
men t  (or initial capital) of the trading strategy $. Since both So and $0 are 
Fo-measurable random variables, they may be identified with some vectors in 
IW" therefore the initial wealth Vo(4) of any portfolio is a real number. Sub- 
sequently, at any instant t = 1 , .  . . , T*, the portfolio 4 may be rebalanced in 
such a way that there are no infusions of external funds, and no funds are 
withdrawn (in particular, the definition of a self-financing strategy assumes 
that no intertemporal consumption takes place). In the discrete-time spot 
market set-up, these natural assumptions are easily formalized by means of 
the following definition. 

Definition 2.6.2. A spot trading strategy 4 is said to be self-financing if it 
satisfies 

$t-1 . St = 4, .  St, ' d t  5 T*. (2.50) 

Intuitively, after a portfolio $0 is set up at time 0, its revisions are allowed 
at  times 1 , .  . . , T* only. In other words, it is held fixed over each time period 
( t ,  t + 1) for t = 0 , .  . . , T* - 1. Notice that the rebalancing of a portfolio 
4 at  the terminal date T* is also allowed. If a trading strategy q5 is self- 
financing, its revision at  time T* does not affect the terminal wealth VT* (4), 
however. In fact, by virtue of (2.50), the terminal wealth VT* (4) is uniquely 
determined by the form $p -1  of the portfolio at  time T* - 1 and the vector 
ST* of terminal prices of primary securities. Summarizing, when dealing with 
replication of contingent claims, we may assume that T* - 1 is the last date 
when a portfolio may be rebalanced. No wonder that the notion of a gains 
process G($), which is assumed to represent the capital gains earned by the 
holder of the dynamic portfolio 4, does not take into account the random 
variable q5p. 

Definition 2.6.3. The gains process G(4) of an arbitrary spot trading strat- 
egy 4 equals 

t-1 

G t ( 4 ) = C $ u . ( ~ u + ~ - S , ) ,  v t < T * .  (2.51) 
u=o 

In view of (2.51), it is clear that we consider here primary securities 
that do not pay intertemporal cash flows to their holders (such as dividends 
earned by a stockholder, or coupons received by a bond-holder from the issuer 
of a bond). Let us denote by @ the class of all self-financing spot trading 
strategies. It  is clear that the class @ is a vector space; for every 4, 1C, E @ 
and arbitrary real numbers c ,  d the linear combination c4+d1C, also represents 
a self-financing strategy. The following useful lemma relates the gains process 
G(4) of a self-financing strategy 4 to its wealth process V(4). 

Lemma 2.6.1. A spot trading strategy q5 is  self-financing if and only if 
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Proof. Assume first that 4 is self-financing. Then, taking into account for- 
mulas (2.50)-(2.51), we get 

t-1 

w) = 4 0 .  so + C(4 ,+ ,  . sU+, - mu . su) 
u=o 
t-1 

= do . S o  + C du . (Su+i - &) = Vo(4) + Gt ($), 
u=o 

so that (2.52) holds. The inverse implication is also easy to establish. 

2.6.2 Arbitrage Opportunities 

We pursue an analysis of the spot market model M = (S,@), where S is 
an adapted stochastic process, and @ stands for the class of all self-financing 
(spot) trading strategies. 

Definition 2.6.4. A self-financing trading strategy 4 is called an arbitrage 
opportunity if P{Vo($) = 0) = 1, and the terminal wealth of 4 satisfies 

P{VT*(4)L0)=1 and P{VT*(4)>0)>0.  

We say that a spot market M = ( S ,  @) is arbitrage-free if there are no arbi- 
trage opportunities in the class @ of all self-financing trading strategies. 

By a European contingent claim X that settles at time T we mean an 
arbitrary FT-measurable random variable. Unless explicitly stated otherwise, 
we shall deal with European contingent claims, and we shall refer to them as 
contingent claims or simply claims. Note that since the space f2 is assumed 
to be a finite set with d elements, the class X of all contingent claims settling 
at time T* may be identified with the linear space lRd (this applies also to 
claims that settle at any date T 5 T*). 

A replicating strategy for the contingent claim X that settles at time T 
is a self-financing trading strategy 4 such that VT(4) = X. Given a claim 
X, we denote by Qx the class of all trading strategies replicating X. The 
wealth process &($), t 5 T ,  of an arbitrary strategy 4 from @x is called a 
replicating process of X in M .  Finally, we say that a claim X is attainable 
in M if it admits at least one replicating strategy. The following definition 
refers to the last property. 

Definition 2.6.5. A market M is called complete if every claim X E X is 
attainable in M, or equivalently, if for every FT.-measurable random variable 
X there exists at least one trading strategy $ E @ such that VT* (4) = X. 

Generally speaking, the completeness of a particular model of a financial 
market is a highly desirable property. Under market completeness, any Eu- 
ropean contingent claim (including claims that settle at time T < T*) can 
be priced by arbitrage, and its price process can be mimicked by means of a 
self-financing dynamic portfolio. 
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2.6.3 Arbitrage Price 

In this section, X is an arbitrary attainable claim settling at time T. 

Definition 2.6.6. We say that X is uniquely replicated in M if it admits a 
unique replicating process in M; that is, if the equality 

holds for arbitrary trading strategies 4, $ belonging to Qx. In this case, the 
process V(4) is termed the wealth process of X in M .  

Proposition 2.6.1. Suppose that the market M is arbitrage-free. Then any 
attainable contingent claim X is uniquely replicated in M .  

Proof. Suppose, on the contrary, that there exists a time T attainable contin- 
gent claim X that admits two replicating strategies, say 4 and $, such that 
for some t < T we have: Vu(4) = Vu($) for every u < t, and &(4) # & ($). 

Assume first that t = 0 so that Vo($) > Vo($) for some replicating strate- 
gies 4 and $. Consider a strategy 5 given by (recall that B = s') 

where vo = & (4) - & ($) > 0. Then Vo (5) = 0 and V p  (<) = vO B;’ BT* > 0 
for every w ,  and thus C is an arbitrage opportunity. 

Let us now consider the case t > 0. We may assume, without loss of 
generality, that P{A) > 0, where A stands for the event {%($) > &($)). 
Denote by E the random variable [ = (4) -& ($), and consider the following 
trading strategy q 

4 - u ,  ’ d u < t ,  
and 

VU = ( 4 ~  - $ u ) n ~ c  + (0,. . . ,0 ,  EB, ’ )~A,  ’du > t, 
where Ac denotes the complement of the set A (i.e., if the event A occurs, 
both portfolio’s are liquidated and the proceeds are invested in the kth asset). 
It  is apparent that the strategy q is self-financing and Vo(q) = 0. Moreover, 
its terminal wealth VT* (q) equals 

VT* (q) = J B F ~ B ~ .  nA. 

Finally, it is clear that VT*(q) > 0 and P{VT*(q) > 0) = P{A} > 0. We 
conclude that q is an arbitrage opportunity. This contradicts our assumption 
that the market M is arbitrage-free. 0 

The converse implication is not valid; that is, the uniqueness of the wealth 
process of any attainable contingent claim does not imply the arbitrage-free 
property of a market, in general. The existence and uniqueness of the wealth 
process associated with any attainable claim is therefore insufficient to justify 
the term arbitrage price. Indeed, it is trivial to  construct a finite market in 
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which all claims are uniquely replicated, but there exists a strictly positive 
claim, say Y, that admits a replicating strategy with negative initial invest- 
ment (with negative manufacturing cost, using the terminology of Chap. 1). 
Suppose now that for every claim X ,  its price at time 0, no(X), is defined as 
the initial investment of a strategy replicating X .  It  is important to point out 
that the price functional no, on the space X of contingent claims, would not 
be supported by any kind of intertemporal equilibrium. In fact, any individ- 
ual would tend to take an infinite position in any such claim Y (recall that 
we assume that all individuals are assumed to prefer more wealth to less). In 
view of the foregoing considerations, we find it natural to formally introduce 
the notion of an arbitrage price in the following way. 

Definition 2.6.7. Suppose that the market M is arbitrage-free. Then the 
wealth process of an attainable claim X is called the arbitrage price process 
(or simply, the arbitrage price) of X in M. We denote it by nt(X),  t 5 T. 

2.6.4 Risk-neutral Valuation Formula 

As was mentioned earlier, the martingale approach to arbitrage pricing was 
first elaborated by Cox and Ross (197613) (although the idea of "risk-neutral" 
probabilities goes back to Arrow (1964, 1970)). In financial terminology, they 
showed that in a world with one stock and one bond, it is possible to construct 
preferences through a risk-neutral individual who gives the value of those 
claims that are priced by arbitrage. In this regard, let us mention that the 
martingale measures which we are now going to introduce are sometimes 
referred to as risk-neutral probabilities. 

For ease of notation, we shall write, as usual, Sk = B. This convention is 
not intended to imply that Sk should necessarily be interpreted as the price 
process of a risk-free bond. Recall, however, that we have assumed that Sk 
follows a strictly positive process. Let us denote by S* the process of relative 
prices, S,* = (S~B;~ ,  . . . , S~B;’) for every t 5 T*. 

Definition 2.6.8. A probability measure P* on ( 0 , F p )  equivalent4 to P 
(respectively, absolutely continuous with respect to P) is called a martingale 
measure for S* (respectively, a generalized martingale measure for S*) if the 
relative price S* is a P*-martingale with respect to the filtration IF. 

Recall that a k-dimensional process S* = (S*l, . . . , s * ~ )  is a P*-martingale 
with respect to IF if I E p  IS,*i( < oo for every t = 0, .  . . , T*, and the equality 

is valid for every t = O,.. . , T *  - 1. 

Probability measures P and Q on ( 0 , F )  are (mutually) equivalent if, for any 
C E T ,  we have P{C) = 0 if and only if Q{C) = 0. Q is said to be absolutely 
continuous with respect to P if, for any C E F ,  P{C) = 0 implies Q{C) = 0. 
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We denote by P(S*) and by p(S*) the class of all martingale measures for 
S* and the class of all generalized martingale measures for S* respectively. 
We have, of course, P(S*) C p(S*); moreover, it is not difficult to produce 
an example in which the class P(S*) is empty, and the class p(S*) is not. 
Observe also that the notion of a martingale measure essentially depend on 
the choice of the numeraire - recall that we have chosen sk = B as a nu- 
meraire throughout. The next step is to introduce the notion of a martingale 
measure for a market model M .  

Definition 2.6.9. A probability measure P* on ( f 2 , F p )  equivalent to P 
(respectively, absolutely continuous with respect to P) is called a martingale 
measure for M = (S, @) (respectively, a generalized martingale measure for 
M = (S, @)) if for every trading strategy 4 E @ the relative wealth process 
V*(+) = v($)B-I follows a P*-martingale with respect to the filtration P. 

We write P(M) (respectively, p ( M ) )  to denote the class of all martingale 
measures (respectively, of all generalized martingale measures) for M. Our 
goal is now to show that P(S*) = P ( M )  and p(S*)  = p ( M ) .  

Lemma 2.6.2. For any self-financing spot trading strategy 4, its relative 
wealth process V*(4) = V(4)B-I satisfies 

where A,S* = S:+l - S:. For any (generalized) martingale measure P*, the 
relative wealth V*($) follows a P*-martingale with respect to the filtration IF. 

Proof. Let us write V = V(4) and V* = V*($). It is enough to check that 

But, 

as q5t . S: = V,*. For the second statement, it is enough to check that 

Using (2.54), we obtain 

where the last equality follows from the martingale property of the relative 
price process S* under P*. 0 
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In view of the last lemma, the following corollary is easy to prove. 

Corollary 2.6.1. A probability measure P* on (0, 3 p )  is a martingale mea- 
sure for the spot market model M i f  and only i f  i t  i s  a (generalized) mar- 
tingale measure for the relative price process s * ,  i.e., P(S*)  = P ( M )  and 
P(s*) = P(M) .  

The next result shows that the existence of a martingale measure for M 
is sufficient for the no-arbitrage property of M .  Recall that trivially P ( M )  
P(M) so that the class P(M) is manifestly non-empty if P ( M )  is so. 

Proposition 2.6.2. Assume that the class P(M) is non-empty. Then the 
spot market M i s  arbitrage-free. Moreover, the arbitrage price process of any 
attainable contingent claim X settling at time T is given by the risk-neutral 
valuation formula 

where P* i s  any martingale measure for the market model M associated with 
the choice of B as a numeraire. Hence, the discounted arbitrage price r f  (X)  = 
r t (X) /B t  of any attainable European contingent claim is a martingale under 
any martingale measure P* . 
Proof. Let JP* be some martingale measure for M .  We know already that the 
relative wealth process V*($) of any strategy $ E @ follows a P*-martingale, 
and thus 

for every t. Since P* is equivalent to P, it is clear that there are no arbitrage 
opportunities in the class @ of self-financing trading strategies, and thus the 
market M is arbitrage-free. Moreover, for any attainable contingent claim X 
settling at time T and any trading strategy $ E Qx, we have 

This completes the derivation of representation (2.55). The second statement 
is obvious, since r T ( X )  = X. 0 

Remarks. Note that if the probability measure P* is a generalized martingale 
measure for the market M ,  then all equalities in (2.56) remain valid. The 
existence of a generalized martingale measure does not imply the absence 
of arbitrage, however. In a more general setting (e.g., in a continuous-time 
framework), a generalized martingale measure no longer plays the role of 
a pricing measure - that is, equality (2.55) may fail to  hold, in general, if 
a martingale measure P* is merely absolutely continuous with respect to 
an underlying probability measure P. The reason is that the It6 stochastic 
integral (as opposed to a finite sum) is not invariant with respect to an 
absolutely continuous change of a probability measure. 
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2.6.5 Price Systems 

This section addresses a basic question: is the existence of a martingale mea- 
sure a necessary condition for absence of arbitrage in a finite model of a 
financial market? We follow here a more traditional analytical approach, due 
essentially to Harrison and Pliska (1981). For a probabilistic approach we 
refer to Taqqu and Willinger (1987), who examine the case of a finite mar- 
ket, and to the papers of Dalang et al. (1990) and Schachermayer (1992), 
who deal with a discrete-time model with infinite state space (see also 
Harrison and Kreps (1979) for related results). 

Recall that since 0 = {wl,.. . , wd), the space X of all contingent claims 
that settle at time T* may be identified with the finite-dimensional linear 
space Rd. For any contingent claim X E X, we write 

Let us introduce the auxiliary concept of a price system. 

Definition 2.6.10. By a price system we mean an arbitrary strictly positive 
linear functional5 i f  : X + R. 

It is evident that for any price system ii there exists a (unique) vector Y 
such that Yi > 0 for i = 1 , .  . . ,d and ?(X) = E p ( X .  Y) for every X E X. 
This vector, commonly referred to as the state-price vector, represents, after 
renormalizing and discounting, the martingale measure. We need to introduce 
two definitions. The first implicitly assumes that the market is arbitrage-free. 

Definition 2.6.11. A price system ii is compatible with arbitrage pricing in 
the market model M whenever ii(X) = ro (X)  for any contingent claim X 
attainable in M .  

Definition 2.6.12. If M = (S, @) is a finite model of a security market (not 
necessarily arbitrage-free), then a price system ii is said to be consistent with 
M if ii(VT* (4)) = VO($) for every 4 E @. 

Proposition 2.6.3. There is a one-to-one correspondence between the class 
P(M) of all martingale measures for M and the set of all price systems 
consistent with M .  It is given by the following formulas 

and 
P*{A) = B r l  ii(BT* I*), VA E Fp. (2.58) 

Proof. It is sufficient to prove formulas (2.57) and (2.58). For the first, observe 
that if P* is a martingale measure for M then the relative wealth V*(4) of 
any trading strategy 4 E @ is a P-martingale. 

We say that a linear functional ii : Rd -+ R is strictly positive if ? ( X )  > 0 for 
every X = (xl , .  . . , xd) with xi 2 0 for all i and xi > 0 for some i. 
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Consequently, for the functional ii given by (2.57), we have 

It is also evident that .ir is a strictly positive linear functional on IRd. For the 
second step, assume that ii is an arbitrary price system consistent with M 
and P* is given by (2.58). One checks easily that P* is a probability measure 
on (0, FT*) equivalent to P. In view of Corollary 2.6.1, to show that P* 
belongs to  P ( M ) ,  we need to show that the relative price process S* follows 
a P*-martingale. Let T be an arbitrary stopping time6 with respect to  the 
filtration IF. For any fixed i E (1,.  . . , k - I) ,  we consider a trading strategy 
4 E @ defined by the formula 

for j # i ,  j # k, 
for j = i ,  

S: B; 1 (t) for j = k. 
Since $ is self-financing, and the price system ii is assumed to  be consistent 
with MI  we have ii(VT* ($)) = Vo(4), or equivalently, +(S$Bql BT*) = Sh. 
In terms of expected value with respect to IP*, this yields 

so that IEp*(S:i) = for an arbitrary stopping time T .  By considering 
stopping times of the form T = t n A  + T*nAc, where A is an arbitrary set 
from Ft, it follows that the process S*’ is a P*-martingale. Since i was an 
arbitrary number from the set (1,.  . . , k - I}, the proof is complete. 0 

From Proposition 2.6.2, we know already that if the set of martingale 
measures is non-empty, then the market M is arbitrage-free. We shall see 
that this condition is also necessary for the no-arbitrage property of M .  

Proposition 2.6.4. Suppose that the spot market model M is arbitrage-free. 
Then the class P ( M )  is non-empty. 

Proof. In view of Proposition 2.6.3, it suffices to show that if the market M 
is arbitrage-free, then there exists at least one price system ii consistent with 
M . L e t u s w r i t e X f  = { X E X I X L O a n d l E p X = l ) a n d  

XO = { X E  X I X = V T * ( ~ )  for s o m e 4 ~ @ w i t h V o ( $ )  = 0 ) .  

Note that Xf is a bounded, closed, convex subset of X ,  while X0 is a linear 
subspace of X.  Since X+ n X0 = 0, it is not difficult7 to show that there 

A random variable T : 0 -+ (0,. . . , T*} is said to be a stopping time with respect 
to the filtration F if the event {T = t )  belongs to Ft for every t = 0,. . . , T*. 
We need to find a vector a E I t d ,  orthogonal to x', and such that the inner 
product a .  y > 0 for every y E X'. Denote by C the orthogonal projection of 
Xf on the orthogonal complement V of xO. One can show that C is a non-empty, 
bounded, closed, convex set, and it does not contain the origin. By applying (in 
V, to the origin and the set C) the separation hyperplane theorem (cf. Luenberger 
(1984), Page 337) we obtain a vector a with desired properties. 
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exists a linear functional L : X -+ R that satisfies: L(X) = 0 on X0 and 
L(X) > 0 for every X E X f .  Let us put 

We shall check that the functional .ir defined by (2.59) is a price system 
consistent with M; that is, .ir(VT* (4)) = VO (4) for every 4 E @. Observe first 
that ii is a strictly positive linear functional on X, i.e., .ir is indeed a price 
system. For any 4 E @, define a self-financing trading strategy $ by setting 

It is clear that Vo($) = 0 and VT*($) = VT*($) - v~(~)B;~BT* SO that 
the random variable VT*($) belongs to the subspace XO. Consequently, 
.ir(VT* ($)) = 0, or equivalently, by the linearity of .ir 

This implies immediately that ii is consistent with M. 0 

The following result is the simplest version of the so-called First Funda- 
mental Theorem of Asset Pricing. 

Corollary 2.6.2. A finite spot market M is arbitrage-free i f  and only i f  the 
class P ( M )  is non-empty. 

Remarks. Let us emphasize the importance of the concept of a price sys- 
tem in the general equilibrium approach to arbitrage pricing in infinite mar- 
kets. In a market with an infinite collection of primary securities (or in a 
continuous-time setting), it is convenient to start by introducing a family 
of simple trading strategies, which does not contain arbitrage opportunities 
(or rather so-called simple free lunches). The price of any marketed claim 
X (i.e., a claim which can be replicated using a simple trading strategy) is 
set to equal the initial investment of a simple trading strategy replicating 
X.  In order to extend the price functional from the linear subspace of mar- 
keted claims to the linear space of all (integrable) claims, it is convenient 
to assume, in addition, that the market is viable as a model of economic 
equilibrium, meaning that there exists an individual who, when choosing a 
best net trade, subject to his budget constraint, is able to find an optimal 
trade. In such an approach, an individual is characterized by his preferences 
on the space of net trades IR x X. The fundamental equivalence result states 
that a market is viable if and only if there exists a continuous and strictly 
positive extension of the price functional - this extension is referred to as 
the arbitrage price. Any strictly positive linear functional also defines an 
equivalent probability measure, actually a martingale measure. For more de- 
tails on the equilibrium approach to arbitrage pricing, the reader may con- 
sult Harrison and Kreps (1979), Kreps (1981), and the monograph by Duffie 
(2001). 
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2.6.6 Completeness of a Finite Market 

The next result links the completeness of a finite market to the uniqueness 
of a martingale measure. Any result of this kind is referred to as the Second 
Fundamental Theorem of Asset Pricing. 

Proposition 2.6.5. An arbitrage-free spot market M is complete if and only 
if there exists a unique martingale measure P* for M .  

Proof. (+) Assume that M is an arbitrage-free complete market. Then for 
every random variable X from X there exists at least one trading strategy 
4 E @ such that VT*($) = X.  By virtue of Propositions 2.6.2 and 2.6.4, we 
have 7ro(X) = Bo IEp. (B$x) for every X E X,  where P* is any martingale 
measure from the non-empty class F ( M ) .  Hence, for arbitrary martingale 
measures PT and Pa from the class P(M) we have (recall that BT* > 0) 
IEp; X = IEp;X for every X E X, so that PT and Pa coincide. This ends the 
proof of the "only if" clause. 
(+) Suppose now that there exists a unique element P* in P(M), and denote 
by 7r an associated price system. Clearly the market M is then arbitrage-free; 
it rests to establish its completeness. 

Suppose, on the contrary, that there exists a contingent claim that is not 
attainable in M, represented by a non-zero vector XO. Since the class A of 
all attainable contingent claims is a linear subspace of IKd, we may assume, 
in addition, that all coordinates of Xo are nonnegative. Let us denote by 
A+ (respectively, by C) the cone of all attainable contingent claims with 
nonnegative coordinates (respectively, the cone generated by X0 and A+). 
We define the applications  IT^ : C -+ R, i = 1,2 by setting 

where S1 # b2 are arbitrary strictly positive constants. Note that xi is a 
strictly positive linear functional on C for i = 1,2. By standard results, each 
functional 7ri may be extended to a strictly positive linear functional on X = 
IKd. In this way, we have found two distinct price systems consistent with 
M .  Thus, by virtue of Proposition 2.6.3, there exist (at least) two distinct 
martingale measures for M .  This contradicts our assumption. 0 

Corollary 2.6.3. A contingent claim X E X is attainable if and only if the 
application P H IEp* (BT’X) from P ( M )  to R is constant. 

Proof. Let us take T = T*. Then the "only if" clause follows directly from 
Proposition 2.6.2, the "if" clause is a consequence of the second part of the 
proof of Proposition 2.6.5. The general case follows by similar arguments. 

Remarks. Let us return to the Taqqu and Willinger (1987) approach. They 
assume a weaker notion of attainability of a contingent claim; namely, they 
say a contingent claim X is attainable under Q if there exists a self-financing 
trading strategy 4 such that equality X = VT(4) holds Q-as. 
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Similarly, a market is called complete under Q if any contingent claim 
is attainable under Q. This coincides, of course, with our notion of attain- 
ability of contingent claims and completeness of the market if and only 
if probability measure Q is equivalent to the original probability mea- 
sure P, i.e., when Q{wi)  > 0 for every i = l , .  . . , d. The main result of 
Taqqu and Willinger (1987) in this regard states that the market is complete 
under Q if and only if Q is an extremal point of the convex set p ( M )  of 
generalized martingale measures. Williams (1991) discusses the problem of 
existence of a replicating strategy in terms of the predictable representation 
property of a discrete-time martingale. 

2.6.7 Change of a Numeraire 

Assume that the price of the first asset is also strictly positive (recall the 
standing assumption that St > 0 for every t). Then it is possible to use S1, 
rather than B = S" to express prices of all assets - that is, as a numeraire 
asset. It  is clear that all general results established in the previous sections will 
remain valid if we use S1 instead of s k .  For instance, the model is arbitrage- 
free if and only if there exists a martingale measure, denoted by p, associated 
with the choice of S1 as a numeraire. Moreover, the uniqueness of a martingale 
measure i? associated with S1 is equivalent to the market completeness. 

Assume that a model is arbitrage-free and complete. By modifying the 
notation in the statement and the proof of Proposition 2.6.2, we deduce that 
the arbitrage price process of any European contingent claim X settling at  
time T is given by the risk-neutral valuation formula under I 

nt(X) = St E ~ ( ( s + ) - ~ x  I &), ’dt I T.  
The last formula can also be proved using directly (2.55) and the expression 
for the Radon-Nikodjrm density of p with respect to P*, which is given by 
the following result. 

Proposition 2.6.6. The Radon-Nikody’m density process q of i? with respect 

Proof. It  is clear that P* and are mutually equivalent on (0, FT*) and 
thus the Radon-Nikodjrm density q p  = dp/dP* exists. Since the process 
S1/Sk is a martingale under P*, and, by virtue of general properties of the 
Radon-Nikodjrm density we have qt = I E p  (qT* 1 Ft) ,  it suffices to show that 

It  is easily seen that the last equality defines an equivalent probability mea- 
sure on (R,  FT. ) since q ~ *  > 0 and EP* qT* = l. 
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Hence, it remains to verify that if a process si/sk is a martingale under 
P* then the process Si/S1 is a martingale under . We thus assume that for 
u l t  

IEP* (s~/s: I Fu)  = s:/s~. 
Using the Bayes formula (see Lemma A.0.4), we obtain 

We conclude that given by (2.62) is indeed the (unique) martingale measure 
associated with S1. 0 

2.7 Finite Futures Markets 

We continue working under the standing assumption that the underly- 
ing probability space is finite. Throughout this section, the coordinates 
Z j ,  . . . ,@-’ of an JRk-valued process Z are interpreted as futures prices 
of some financial assets, S1, .  . . , Sk-’, say. More precisely, 2: = fsi (t, Ti) 
represents the value of the futures price at time t of the ith spot security cor- 
responding to the delivery date Ti .  We assume here that Ti 2 T* for every 
i = 1 , .  . . , k - 1. For ease of notation, we shall write briefly f: = fs.(t, Ti); 
also we write f t  to represent the random vector ( f j ,  . . . , f:-’). Furthermore, 
the last coordinate, zk = sk, is assumed to model the spot price of a certain 
security. The process Sk may be taken to model the price of an arbitrary 
risky asset; however, we shall typically assume that Sk represents the price 
process of a risk-free asset - that is, of a savings account. The rationale for 
this assumption lies in the fact that we prefer to express spot prices of deriva- 
tive securities, such as futures options, in terms of a spot security. In other 
words, the price process Sk will play the role of a benchmark for the prices 
of derivative securities. It is convenient to assume that the price process Sk 
is strictly positive. 

2.7.1 Self-financing Futures Strategies 

Our first goal is to introduce a class of self-financing futures strategies, along 
similar lines as in Sect. 2.6. By a futures trading strategy we mean an arbitrary 
KCk-valued IF-adapted process & ,  t f T*. The coordinates &, i = 1, . . . , k - 1 
represent the number of long or short positions in a given futures contract 
assumed by an individual at  time t. On the other hand, $:Sf stands, as 
usual, for the cash investment in the spot security sk at time t. As in the 
case of spot markets, we write B = Sk.  In view of specific features of futures 
contracts, namely the fact that it cost nothing to enter such a contract (cf. 
Sect. 1.2), we alter slightly the definition of the wealth process. 
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Definition 2.7.1. The wealth process vf (4) of a futures trading strategy 4 
is an adapted stochastic process given by the equality 

@($) = q@Bt, V t  5 T* .  (2.63) 

In particular, the initial investment vof(4) of any futures portfolio 4 equals 
v,f(4) = 4/jBo. Let us denote by 4f = (4l ,  . . . , $"I) the futures position. 
Though 4f is not present in formula (2.63) defining the wealth process, it 
appears explicitly in the self-financing condition (2.64) as well as in expression 
(2.65) describing the gains process (this in turn reflects the marking to market 
feature of a futures contract). 

Definition 2.7.2. A futures trading strategy 4 is said to be self-financing if 
and only if the condition 

is satisfied for any t = 1 , .  . . ,T*. The gains process Gf (4) of any futures 
trading strategy 4 is given by the equality 

Let us denote by @f the vector space of all self-financing futures trading 
strategies. The following result is a counterpart of Lemma 2.6.1. 

Lemma 2.7.1. A futures trading strategy 4 is self-financing if and only if 
we have 

4 f ( 4 ) = ~ o f ( 4 ) + ~ { ( 4 ) ,  ' v ' t IT* .  
Proof. Taking into account (2.64)-(2.65), for any self-financing futures strat- 
egy we get 

for every t = 0, .  . . ,T*. This proves the "only if" clause. The proof of the 
"if" clause is left to the reader. 0 
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We say that a futures trading strategy $ E @f is an arbitrage opportuni ty  
if P{vof($) = 0) = 1, and the terminal wealth of $ satisfies 

Vif, (4) 2 0 and P{v$. (4) > 0) > 0. 

We say that a futures market Mf = ( f ,  B,  @f)  is arbitrage-free if there are 
no arbitrage opportunities in the class @f of all futures trading strategies. 
The notions of a contingent claim, replication and completeness, as well as 
of a wealth process of an attainable contingent claim, remain the same, with 
obvious terminological modifications. For instance, we say that a claim X 
settling at time T is attainable in Mf if there exists a self-financing futures 
trading strategy $ such that v$($) = X. The following result can be proved 
along similar lines to Proposition 2.6.1. 

Proposition 2.7.1. Suppose tha t  t h e  marke t  Mf i s  arbitrage-free. T h e n  a n y  
attainable cont ingent  c la im X i s  uniquely  replicated in M f .  

The next definition, which introduces the arbitrage price in a futures 
market, is merely a reformulation of Definition 2.6.7. 

Definition 2.7.3. Suppose that the futures market Mf is arbitrage-free. 
Then the wealth process of an attainable contingent claim X that settles at  
time T is called the arbitrage price process of X in the market model M f .  
We denote it by . i r , f ( ~ ) ,  t 5 T. 

2.7.2 Martingale Measures for a Futures Market 

The next step is to examine the arbitrage-free property of a futures market 
model. Recall that a probability measure p on (0, FT*), equivalent to P, is 
called a martingale measure for f if the process f follows a p-martingale with 
respect to the filtration IF. Note that we take here simply the futures prices, 
as opposed to the case of a spot market in which we dealt with relative prices. 
We denote by P ( f )  the class of all martingale measures for f .  We adopt the 
following definition. 

Definition 2.7.4. A probability measure on (R, FT*) equivalent to P is 
called a mart ingale  measure for  ~f = (f,  B ,  @f)  if the relative wealth pro- 
cess qf ($) = v , ~  (4)~; ’  of any self-financing futures trading strategy $ is 
a p-martingale with respect to the filtration IF. The class of all martingale 
measures for Mf is denoted by P ( M f ) .  

In the next result, it is essential to  assume that the discrete-time process 
B is predictable with respect to the filtration IF. Formally, B is IF-predictable 
if for every t = 0, .  . . , T* - 1 the random variable Bt+l is measurable with 
respect to the cr-field .Ft. Intuitively, predictability of B means that the future 
value of Bt+l is known with certainty already at time t .  
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Although predictability of B may seem restrictive at the first glance, this 
property arises naturally in a discrete-time model with an uncertain rate of 
interest. Indeed, it is common to  assume that at  any date t the rate of interest 
rt that prevails over the next time period [t, t + 11 is known already at the 
beginning of this period. For instance, if the a-field Fo is trivial, the rate ro 
is a real number, so that the value B1 of a savings account at time 1 is also 
deterministic. Then, at time 1, at any state the rate rl is known, so that B2 is 
a Fl-measurable random variable and so forth. The resulting savings account 
process B is thus predictable with respect to  the filtration F (for brevity, we 
shall simply say that B is predictable). 

Lemma 2.7.2. Assume that B is predictable. Then, for any self-financing 
futures trading strategy 4 up to time T ,  the relative wealth process vf (4) 
admits the following representation 

where A, f = f,+l - f,. Consequently, for any martingale measure p E ’P(f), 
the relative wealth process vf (4) of a self-financing futures trading strategy 
4 follows a martingale under i?. 
Proof. Let us write Vf = Vf (4) and vf = vf (4). For the first statement, it 
is sufficient to  check that 

A t v f  = RCl - qf = B;ll 4{ . (ft+i - f t ) .  
Using (2.63)-(2.64) we get 

= B,-:,(&f + 4tf + (ft+l - f t )  + 4@t+l - Bt)) - 4: 
= K$l 4: . (ft+l - f t ) ,  

since Rf = 4;. For the second assertion, we need to show that 

But 

d 1 - Kf 3 = ~ p ( ~ ; $ ~  4; . (ft+l - f t )  I Ft) 
= G 1 l  4; . ~ P ( f t + l  - f t  I Ft )  = 0, 

as the random variable BG14{ is Ft-measurable, and the process f follows 
a martingale under i?. 0 

The following corollary can be easily established. 

Corollary 2.7.1. A probability measure p on (R, FT* ) is a martingale mea- 
sure for the futures market model Mf if and only if i? is a martingale measure 
for the futures price process f .  Hence, we have 'P( f )  = ’P(M f ). 
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2.7.3 Risk-neutral Valuation Formula 

The next result shows that the existence of a martingale measure is a sufficient 
condition for the absence of arbitrage in the futures market model M f .  In 
addition, the risk-neutral valuation formula is valid. Note that a claim X is 
interpreted as an ordinary "spot" contingent claim that settles at  time T. In 
other words, X is a &-measurable random payoff denominated in units of 
spot security B. Of course, X may explicitly depend on the futures prices. 
For instance, in the case of a path-independent European claim that settles 
at time T, we have X = h(f$,  . . . , f$-', s&) for some function h. 

Proposition 2.7.2. Assume that the class P ( M f )  of futures martingale 
measures is non-empty. Then the futures market model Mf is arbitrage-free. 
Moreover, the arbitrage price in Mf of any attainable contingent claim X 
settling at time T is given by  the risk-neutral valuation formula 

where i?' is any martingale measure from the class P ( M f )  

Proof. It is easy to check the absence of arbitrage opportunities in M f .  Also, 
equality (2.66) is a straightforward consequence of Lemma 2.7.2. Indeed, it 
follows immediately from the martingale property of the discounted wealth 
of a strategy that replicates X. 0 

The last result of this section corresponds to Corollary 2.6.2 and Propo- 
sition 2.6.5. 

Proposition 2.7.3. The following statements are true. 
(i) A finite futures market M f is arbitrage-free if and only if the class P(M f ) 
of martingale measures is non-empty. 
(ii) An arbitrage-free futures market Mf is complete if and only if the unique- 
ness of a martingale measure for Mf holds. 

Proof. Both statements can be proved by means of the same arguments as 
those used in the case of a spot market. 0 

2.8 Futures Prices Versus Forward Prices 

In the preceding section, the evolution of a futures price was not derived but 
postulated. Here, we start with an arbitrage-free model of a spot market and 
we examine the forward price of a spot asset. Subsequently, we investigate 
the relation between forward and futures prices of such an asset. As before, 
we write Si, i = 1,. . . , k to denote spot prices of primary assets. Also, we 
assume the strictly positive process B = sk plays the role of a numeraire 
asset - intuitively, a savings account. 
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It  is convenient to introduce an auxiliary family of derivative spot securi- 
ties, referred to as (default-free) zero-coupon bonds (or discount bonds). For 
any t I T 5 T*, we denote by B( t ,T )  the time t value of a security pay- 
ing to its holder one unit of cash at time T (no intermediate cash flows are 
paid before this date). We refer to B(t ,  T) as the spot price at time t of a 
zero-coupon bond of maturity TI or briefly, the price of a T-maturity bond. 
Assume that the spot market model is arbitrage-free, so that the class P ( M )  
of spot martingale measures is non-empty. Taking for granted the attainabil- 
ity of the European claim X = 1 that settles at time T (and which represents 
the bond’s payoff), we obtain 

B( t ,T )  = B ~ I E ~ * ( B ? ~  IFt), Vt < T. 
Let us fix i and let us write Si = S (as usual, we shall refer to S as the stock 
price process). We know already that a forward contract (with the settlement 
date T )  is represented by the contingent claim X = ST - K that settles at 
time T.  Recall that by definition, the forward price Fs(t, T) at time t I T is 
defined as that level of the delivery price K that makes the forward contract 
worthless at  time t equal to 0. Since the forward price Fs(t, T )  is determined 
at  time t,  it is necessarily a Ft-measurable random variable. It  appears that 
the forward price of a (non-dividend-paying) asset can be expressed in terms 
of its spot price at time t and the price at time t of a zero-coupon bond of 
maturity T. 

Proposition 2.8.1. The forward price at time t 5 T of a stock Si for the 
settlement date T equals 

Fs( t ,T)  = St/B(t,T), Vt 5 T. (2.67) 
In view of (2.55), we obtain 

rt (X)  = Bt IE p. (B, (sT - FS (t, T)) I Ft) = 0. 
On the other hand, since by assumption Fs(t, T) is Ft-measurable, we get 

r t ( X )  = Bt NP*(S$ I Ft)  - ~t FS(~,T)NP*(B,~ I Ft) St - B(t ,T)Fs(t ,T) ,  
since IE p* (S$ I Ft ) = S; . 0 

Though we have formally derived (2.67) using risk-neutral valuation ap- 
proach, it is clear that equality (2.67) can also be easily established using 
standard no-arbitrage arguments. In such an approach, it is enough to as- 
sume that the underlying asset and the T-maturity bond are among traded 
securities (the existence of a savings account is not required). 

If the reference asset S pays dividends (coupons, etc.) during the lifetime 
of a forward contract, formula (2.67) should be appropriately modified. For 
instance, in the case of a single (non-random) dividend D to be received by 
the owner of S at time U, where t < U < T I  equality (2.67) becomes 
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Let us denote by fs(t, T )  the futures price of the stock S - that is, the 
price at which a futures contract written on S with the settlement date T is 
entered into at  time t (in particular, fs(T, T )  = ST). We change slightly our 
setting, namely, instead on focusing on a savings account, we assume that we 
are given the price process of the T-maturity bond. We make a rather strong 
assumption that B(t ,  T )  follows a predictable process-i.e., for any t < T - 1 
the random variable B(t  + 1,T)  is .Ft-measurable. Intuitively, this means 
that on each date we know the bond price that will prevail on the next date 
(though hardly a realistic assumption, it is nevertheless trivially satisfied in 
any security market model which assumes a deterministic8 savings account). 

Proposition 2.8.2. Let the bond price B(t ,  T) follow a predictable process. 
The combined spot-futures market is arbitrage-free if and only if the futures 
and forward prices agree; that is, fs(t, T )  = Fs(t, T )  for every t < T.  

Proof. We first aim show that the asserted equality is necessary for the ab- 
sence of arbitrage in the combined spot-futures market. As was mentioned 
above, the T-maturity bond is considered as the basic spot asset; in partic- 
ular, all proceeds from futures contracts are immediately reinvested in this 
bond. Let us consider a self-financing futures strategy 11, for which Vof($) = 0. 
The terminal wealth of 11, satisfies 

T-1 

v,’($) = C dt + 1137 (ft+l - f t ) .  
t=O 

For instance, the gains/losses 11,0(fi - fo) incurred at  time 1 are used to 
purchase B-l(1, T )  units of the bond that matures at T.  This investment 
results in dO(fl - fO)B-’(1, T )  units of cash when the bond expires at time 
T.  Let us now consider a specific futures trading strategy; namely, we take 
ll,t = -B(t + 1, T) for every t 5 T - 1 (the bond coordinate of this strategy 
is uniquely determined by the self-financing condition). It is easy to see that 
in this case we get simply vTf(d) = fo - ST. In addition, we shall employ the 
following spot trading strategy 4: buy-and-hold the stock S, using the pro- 
ceeds from the sale of T-maturity bonds. It  is clear that in order to purchase 
one share of stock at  the price So, one needs to sell SoB-l(O, T )  units of the 
bond at the price B(0, T).  The initial wealth of 4 is therefore zero, and the 
terminal wealth VT (4) = ST - SO B-I (0, T) .  Combining these two strategies, 
we obtain the spot-futures strategy with zero initial wealth, and terminal 
wealth that equals VT (4) + V T f )  = f O  - SOB-’ (0, T) .  Since arbitrage op- 
portunities in the combined spot-futures market were ruled out, we conclude 
that fo = SOB-I (0, T ) ;  that is, the futures price at  time 0 coincides with the 
forward price Fs(O, T). Similar reasoning leads to the general equality. The 
proof of the converse implication is left to the reader. 0 

If all bond prices with different maturities are predictable, the bond prices (and 
thus the savings account) are deterministic. We are indebted to Lutz Schlogl for 
this observation. 



82 2. Discrete-time Markets 

2.9 Discrete-time Models with Infinite State Space 

In this short section, we relax the standing assumption that the underlying 
probability space is finite. We assume instead that we are given a finite family 
of real-valued, discrete-time, stochastic processes S 1 , .  . . , sk, defined on a 
filtered probability space (0, P, P), equipped with a filtration P = ( & ) t < p .  

We note that all definitions and results of Sect. 2.6.1-2.6.4 remain valid 
within the present set-up. Moreover, as in the finite case, it is possible to give 
a probabilistic characterization of discrete-time models of financial markets. 
The following result, which is a discrete-time version of the First Fundamental 
Theorem of Asset Pricing, was first established by Dalang et al. (1990), and 
later re-examined by other authors. 

Theorem 2.9.1. A discrete-time market model M = ( S ,  @) is arbitrage-free 
i f  and only i f  there exists a martingale measure P* for S*; that is, the class 
P(S*) is non-empty. 

The proof of sufficiency is based on arguments similar to those of Sect. 
2.6.4. One needs, however, to introduce the notion of a generalized martingale 
(see Jacod and Shiryaev (1998)), so we do not present the details here. The 
proof of necessity is more complicated. It is based, among other things, on 
Lemma 2.9.1 (for its proof, see Rogers (1994)) and an optional decomposition 
of a generalized supermartingale (see Follmer and Kabanov (1998)). 

Lemma 2.9.1. Let Xt, t 5 T*, be a sequence of Itk-valued random variables, 
defined on  a filtered probability space (a, PI  P), such that Xt is Ft-measurable 
for every t ,  and let yt ,  t I T*, be a sequence of Itk-valued random variables 
such that yt is Ft-l-measurable for eve y t and lytl < c for some constant c. 
Suppose that for t = 1, . . . , T* we have 

Then there exists a probability measure Q ,  equivalent to P on ( 0 ,  f i*), and 
such that the process Xt, t T*, is a Q-martingale. 

For the proof of the following version of the Second Fundamental Theorem 
of Asset Pricing, the reader is referred to Jacod and Shiryaev (1998). 

Theorem 2.9.2. A n  arbitrage-free discrete-time market model M = ( S ,  @) 
is complete if and only if the martingale measure P* is unique. 

For further results on discrete-time models, we refer to Follmer and Leuk- 
ert (1999) (quantile hedging), Follmer and Leukert (2000) (shortfall hedg- 
ing), Frittelli (2000) (entropy-based approach), Rouge and El Karoui (2000) 
(entropy- and utility-based approaches), Musiela and Zariphopoulou (2004a) 
(utility-based approach), Carassus et al. (2002) (super-replication). Let us 
mention that the results obtained in these papers are rarely explicit; in most 
cases only the existence of the respective hedging strategies is established (or 
the ’optimal’ hedging strategy is in some sense trivial). 
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The option pricing model developed in a groundbreaking paper by Black and 
Scholes (1973), formalized and extended in the same year by Merton (1973), 
enjoys great popularity. It  is computationally simple and, like all arbitrage- 
based derivative pricing models, does not require the knowledge of an in- 
vestor’s risk preferences. 

Option valuation within the Black-Scholes framework is based on the 
already familiar concept of perfect replication of contingent claims. More 
specifically, we will show that an investor can replicate an option’s return 
stream by continuously rebalancing a self-financing portfolio involving stocks 
and risk-free bonds. At any date t ,  the current wealth of a replicating portfolio 
determines the arbitrage price of an option. 

Our main goal is to derive closed-form expressions for both the option’s 
price and the replicating strategy in the Black-Scholes setting, and in other 
benchmark continuous-time models. To do this in a strict way, we need first 
to  construct an arbitrage-free market model with continuous trading. This 
can be done relatively easily if we take for granted certain results from the 
theory of stochastic processes, more precisely, from the It6 stochastic calculus. 
The theory of It8 stochastic integration is presented in several monographs; 
to cite a few, Elliott (1982), Revuz and Yor (1991), Durrett (1996), Karatzas 
and Shreve (l998a), Mikosch (lggg), Steele (2000), and Protter (2003). 

In financial literature, it is not uncommon to derive the Black-Scholes for- 
mula by introducing a continuously rebalanced risk-free portfolio containing 
an option and underlying stocks. In the absence of arbitrage, the return from 
such a portfolio needs to match the returns on risk-free bonds. This prop- 
erty leads to the Black-Scholes partial differential equation satisfied by the 
arbitrage price of an option. It  appears, however, that the risk-free portfolio 
does not satisfy the formal definition of a self-financing strategy, and thus 
this way of deriving the Black-Scholes formula is flawed. 

We make throughout the following basic assumptions concerning market 
activities: trading takes place continuously in time, and unrestricted bor- 
rowing and lending of funds is possible at the same constant interest rate. 
Furthermore, the market is frictionless, meaning that there are no transaction 
costs or taxes, and no discrimination against the short sale. In other words, 
we shall deal with the case of a perfect market. 
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3.1 The Black-Scholes Model 

We atart by describing processes modelling the prices of primary securities, 
a savings account (equivalently, a risk-free bond) and a common stock. 

3.1.1 Risk-free Bond 

The first primary security represents in our model an accumulation factor 
corresponding to a savings account (a money market account). We assume 
that the short-term interest rate r is constant (but not necessarily nonneg- 
ative) over the trading interval [0, T*]. The risk-free security is assumed to 
continuously compound in value at the rate r; that is, dBt = rBt  dt. We 
adopt the usual convention that Bo = 1, so that its price equals Bt = ert 
for every t E [O,T*]. When dealing with the Black-Scholes model, we may 
equally well replace the savings account by the risk-free bond. A unit zero- 
coupon bond maturing at time T is a security paying to its holder 1 unit of 
cash at a predetermined date T in the future, known as the bond’s maturity 
date. Let B(t,  T) stand for the price at time t E [0, TI of a bond maturing at  
time T. It is easily seen that to replicate the payoff 1 at time T it suffices to 
invest Bt/BT units of cash at  time t in the savings account B.  This shows 
that, in the absence of arbitrage opportunities, the price of the bond satisfies 

Note that for any fixed T, the bond price solves the ordinary differential 
equation 

dB( t ,T )=rB( t ,T )d t ,  B(O,T)=ePrT.  

We consider here a risk-free bond, meaning that its issuer will not default on 
his obligation to pay to the bondholder the face value at maturity date. 

3.1.2 Stock Price 

Following Samuelson (1965) and, of course, Black and Scholes (1973), we 
take a geometric (or exponential) Brownian motion as a stochastic process 
modelling the stock price. 

Let us fix the horizon date T* > 0. The continuous-time evolution of the 
stock price process (St)tG[o,T*l is described by the following linear stochastic 
differential equation (SDE) 

where p CL E is a constant appreciation rate of the stock price, a > 0 is a 
constant volatility, and So is the initial value of the stock price. As we shall 
see in what follows, the restrictive condition that p and a are constant can 
be weakened substantially. 
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The driving noise Wt, t E [0, T*], is a one-dimensional standard Brownian 
motion defined on a filtered probability space (0, P, IP). This means that W 
is a process with continuous sample paths, W has independent increments 
with respect to the reference filtration P,  and for every t > u the probability 
distribution of the increment Wt - W, is Gaussian with expected value 0 and 
variance t - u. Finally, by convention we set Wo = 0. A formal definition of 
a standard Brownian motion is given in Appendix B (see Definition B.l.l) .  

Since the sample paths of a Brownian motion are known to be almost ev- 
erywhere non-differentiable functions, with probability 1, equation (3.1) can- 
not be interpreted as a family of ordinary differential equations (one equation 
for each fixed elementary event w E 0). In fact, almost all sample paths of a 
Brownian motion have infinite variation on each time interval [u, t] for t > u, 
so that we are not in a position to apply the Lebesgue-Stieltjes integration 
theory in order to define an integral of the form Xu dW,, where X is an 
IF-adapted stochastic process 

Expression (3.1) is merely a shorthand notation for the following stochas- 
tic integral equation 

In other words, by a stochastic differential equation of the form (3.1) we 
mean in fact the stochastic integral equation (3.2). The definition of the 
second integral in (3.2), interpreted here as the It6 integral, can be found in 
Appendix B. Let us only mention here that if X is a continuous, P-adapted 
process, satisfying suitable integrability conditions, then 

where the limit is in fact taken over an arbitrary sequence of finite par- 
titions {tg = 0 < t? < . . . < t; = t )  of the interval [O,t] such that 
limn+, maxk=o ,..., ,-I (tz+l - tz) = 0. 

It is worth stressing that the It8 integral Xu dW, follows a martin- 
gale (or a local martingale) under IP with respect to the reference filtration 
IF. Other kinds of stochastic integrals, such as the Fisk-Stratonovich inte- 
gral, do not possess this property, and thus are commonly perceived as less 
appropriate in financial modelling oriented toward arbitrage pricing. 

It  appears that (3.1) specifies the stock price process uniquely, as the 
following result shows. 

Lemma 3.1.1. The process S given by the formula 

is the unique solution of the stochastic differential equation (3.1), or equiva- 
lently, the It6 integral equation (3.2). 
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Proof. Using ItB’s formula (see Theorem B. 1.1 in Appendix B), we shall check 
that the process given by (3.3) satisfies (3.1). Let us set 

dXt = (p - ;a2) dt + a dWt. 

Then the process S given by (3.1) satisfies St = g(Xt), where g : R -+ R is 
given as g(x) = Soex. Obviously, g(x) = g’ (x) = g"(x), and thus 

as expected. Uniqueness of solutions to (3.2) is an immediate consequence of 
the general result, due to It8, stating that a SDE with Lipschitz continuous 
coefficients has a unique solution. Alternatively, one can prove the uniqueness 
by applying the It8 formula to the ratio of two solutions to (3.2). 0 

It is convenient to assume that the underlying filtration IF = (.Ft)tEIO,T*l 
is the standard augmentation of the natural filtration IFW of the driving 
Brownian motion, that is, the equality .Ft = .FtW holds for every t E [0, T*]. 
For any fixed t E [0, T*], we have St = f (Wt) for some function f : IR 4 R+ 
that determines the one-to-one correspondence between the values St of the 
stock price and the values Wt of the Brownian motion. Specifically, the strictly 
increasing function f is given by the formula 

Consequently, for any natural n, any dates 0 < t l  < t2 < . . . < t, 5 T*, and 
any real numbers XI, 22, . . . , x,, we have 

where we set yi = f-’(xi). It  is thus clear that we have, for every t E [O,T*], 

We conclude that the filtration generated by the stock price coincides with 
the natural filtration of the driving noise W, and thus IFS = IFW = P. This 
means that the information structure of the model is based on observations 
of the stock price process only. 

In is easy to check that the Brownian motion W follows a martingale with 
respect to the underlying filtration IF. Indeed, for any t the random variable 
Wt is integrable with respect to P, and we have, for any u < t ,  

Let us define an auxiliary process M by setting 

Mt = exp (awt - $a2t ) ,  Vt E [0, T*]. (3.5) 
Lemma 3.1.2. The process M is a martingale under P with respect to the 
filtration IF. 
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Proof. In order to show that M is a martingale under P with respect to P, 
it suffices to note that 

I E ~ ( ~ ~ W ~ - W J  I F ~ )  = ~p(e4Wt-wu)  ) = exp ( i a 2 ( t  - u)), 

where the first equality is an consequence of the independence of the incre- 
ment Wt - Wu of the a-field Fu, and the second follows from the fact that 
Wt - Wu has the Gaussian distribution N(0, t - u). 0 

Since St = ePtMt, we have, for every u < t < T*, 

Corollary 3.1.1. The stock price S follows a martingale under the actual 
probability IP with respect to the filtration P if and only if its appreciation rate 
p = 0. If p > 0 (respectively p < 0) then IEp(St I FU) > Su for every t > u 
and thus the stock price S is a submartingale (respectively a supermartingale) 
under the actual probability IP. 

It  is apparent from (3.3) that the logarithmic stock returns are Gaussian, 
meaning that the random variable ln(St/Su) has under P a Gaussian prob- 
ability distribution for any choice of dates u < t 5 T*. Moreover, S is a 
time-homogeneous Markov process under IP with respect to the filtration IF, 
with the transition probability density function, for x, y > 0 and t < u, 

1 (ln(y/x) - pt  + i u2 ( t  - u)) 
ps(u, x,  t ,  Y) = J%@Y& 2a2(t - u) 

where formally ps(u, x, t, y) = P{St = y I Su = x). It  is important to observe 
that even if the appreciation rate p is modified in such a way that the stock 
price S is no longer Markovian under the actual probability P, it will always 
be a time-homogeneous Markov process under the martingale measure P* for 
the discounted stock price (see Sect. 3.1.4). 

As shown above, the stock price process given by (3.1) enjoys a lot of 
mathematically convenient (but not necessarily realistic) properties. It  should 
be made clear that we are not concerned here with the question of whether 
the maintained model is the "correct" model of asset price fluctuations. This 
problem has been an ongoing subject of empirical and theoretical studies over 
the past forty years (see Mandelbrot (1960, 1963, 1967), Fama (1965, 1981, 
1990), Fama and McBeth (1973), Greene and Fielitz (1977, 1979), Haggeman 
(l978), Merton (l98O), French (l983), Bookstaber and Clarke (l984), Kon 
(1984), Keim and Stambaugh (1986), French et al. (1987), Lo and McKinley 
(1988), West (l988), Scheinkman and LeBaron (l989), Nelson (l99O), Madan 
and Seneta (1990), Mittnik and Rachev (1993), Richardson and Smith (1993), 
Taylor (1994), Eberlein and Keller (1995), Barndorff-Nielsen et al. (1996), 
Jackwerth and Rubinstein (1996), or Willinger et al. (1999)). Let us agree 
that (3.1) can hardly be seen as a realistic model of the real-world behavior of 
a stock price. The option prices obtained within the Black-Scholes framework 
are reasonably close to those observed on options exchanges, however. 
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3.1.3 Self-financing Trading Strategies 

By a trading strategy we mean a pair q!~ = ($I, $2) of progressively measurable 
(see Appendix B) stochastic processes on the underlying probability space 
(0, IF, P). The concept of a self-financing trading strategy in the Black-Scholes 
market is formally based on the notion of the It8 integral. Intuitively, such 
a choice of stochastic integral is supported by the fact that, in the case of 
the It6 integral (as opposed, for instance, to the Fisk-Stratonovich integral), 
the underlying process is integrated in a predictable way, meaning that we 
take its values on the left-hand end of each (infinitesimal) time interval. 
Unless explicitly stated otherwise, we will assume that a stock S does not 
pay dividends (at lea,st during the option’s lifetime). 

Definition 3.1.1. We say that a trading strategy $ = ($I, $2) over the time 
interval [0, T] is sev-financing if its wealth process V(4), which is set to equal 

satisfies the following condition 

where the first integral is understood in the It8 sense and the second it the 
pathwise Riemann (or Lebesgue) integral. 

It  is, of course, implicitly assumed that both integrals on the right-hand 
side of (3.7) are well-defined. It  is well known that a sufficient condition for 
this is that1 

T 

P{ IT (q5t)2 d u  < m} = 1 and P { L  1921 d u  < m} = 1. (3.8) 

We denote by @ the class of all self-financing trading strategies. It follows from 
the example below that arbitrage opportunities are not excluded a priori from 
the class of self-financing trading strategies. 

Example  3.1.1. The following example of a suicide strategy is borrowed from 
Harrison and Pliska (1981). It  can be modified easily to provide an example 
of an arbitrage opportunity in an unconstrained Black-Scholes setting. For 
simplicity, we take r = 0, T = 1, and So = 1. For a strictly positive constant 
b > 0, we consider the following trading strategy 

b 0 < t 1 T(b), 4t = { otherwise, otherwise, 

where 
Note that condition (3.8) is invariant with respect to an equivalent change of a 
probability measure. 
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~ ( b )  = inf {t : St = 1 + b-l)  = inf {t : T/t(4) = 01, 

and T/t(d) = 1 + b - bSt . 
In financial interpretation, an investor starts with one dollar of wealth, 

sells b shares of stock short, and buys 1 + b bonds. Then he holds the portfolio 
until the terminal date T = 1, or goes bankrupt, whichever comes first. The 
probability of bankruptcy under this strategy is equal to p(b) = P{T(~)  < I) ,  
so that it increases from zero to one as b increases from zero to infinity. 
By selling short a very large amount of stock, the investor makes his failure 
almost certain, but he will probably make a great deal of money if he survives. 
The chance of survival can be completely eliminated, however, by escalating 
the amount of stock sold short in the following way. 

To show this, we shall modify the strategy as follows. On the time in- 
terval [O, 1/21> we follow the strategy above with b = 1. The probability of 
bankruptcy during [O, 1/21 thus equals p = P { T ( ~ )  5 1/21. If ~ ( 1 )  > 112, 
the amount of stock sold short is adjusted to a new level bl a t  time 112. Si- 
multaneously, the number of bonds held is revised in a self-financing fashion. 
The number b l  is chosen so as to make the conditional probability of ruin 
during the time interval (1/2,3/4], given that we have survived up to time 
112, equal to p again. 

In general, if at any time t, = 1 - (112)" we still have positive wealth, 
then we readjust (typically increase) the amount of stock sold short, so that 
the conditional probability of bankruptcy during (t,, t,+l] is always p. To 
keep the strategy self-financing, the amount of bonds held must be adjusted 
at each time t, as well. The probability of survival until time t, is then 
(1 - P ) ~ ,  and it vanishes as n tends to 0 (so that t, tends to 1). We thus have 
an example of a piecewise constant, self-financing strategy, ($I, d2)  say, with 
KC$) = &so+& = 1, 

and Vl (4) = 0. To get a reliable model of a security market we need, of course, 
to  exclude such examples of doubling strategies from the market model. 

3.1.4 Martingale Measure for the Spot Market 

We find it convenient to introduce the concept of the admissibility of a trading 
strategy directly in terms of a martingale measure (we refer to Chap. 8 for 
an alternative approach based on the concept of a tame strategy). For this 
reason, our next goal is to study the concept of a martingale measure within 
the Black-Scholes set-up. 

As usual, we write S* = S I B  to denote the discounted stock price. Using 
(3.3) and the fact that Bt = ert ,  we obtain, for every t E [O,T*], 
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Put equivalently, the process S* is the unique solution to the SDE 

The martingale property of S* under P can thus be analyzed in exactly the 
same way as for the stock price S. 

Corollary 3.1.2. The discounted stock price S* follows a martingale under 
the actual probability P with respect to the filtration IF if and only i f  if = r.  If 
p > r (respectively p < r )  then IEp(S; I Fu)  > S; for every t > u, so that S* 
is a submartingale (respectively a supermartingale) under P. 

The next definition refers directly to the martingale property of the dis- 
counted stock price S* Essentially, we seek a probability measure under which 
the drift term in (3.9) d’ isappears. 

Definition 3.1.2. A probability measure Q on (Q, Fp ), equivalent to P, is 
called a martingale measure for S* if S* is a local martingale under Q. 

In the study of the no-arbitrage property of the model and the derivation 
of the risk-neutral valuation formula, it is convenient to focus directly on the 
martingale property of the discounted wealth process. 

Definition 3.1.3. A probability measure P* on (Q, &*), equivalent to P, is 
called a spot martingale measure if the discounted wealth y($) = &(q5)/Bt 
of any self-financing trading strategy q5 is a local martingale under P*. 

The following result shows that within the present set-up both these no- 
tions coincide. Let us stress that this is true only under the assumption that 
a stock S does not pay dividends during the time period [0, T*]. The case of 
a dividend-paying stock is analyzed in Sect. 3.2. 

Lemma 3.1.3. A probability measure is a spot martingale measure i f  and 
only i f  i t  is a martingale measure for the discounted stock price S*. 

Proof. Let 4 be a self-financing strategy and let V* = V*($). Using ItB’s 
integration by parts formula, we get (note that dB,' = -rB;' d t )  

We thus obtain the following equality 

It  suffices to make use of the local martingale property of ItB’s integral. 

In the Black-Scholes setting, the martingale measure for the discounted 
stock price is unique, and it is known explicitly, as the following result shows. 
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Lemma 3.1.4. The unique martingale measure Q for the discounted stock 
price process S* is given by the Radon-Nikod?jm derivative 

Under the martingale measure Q, the discounted stock price S* satisfies 

and the process W,* = Wt - ( r  - p)a-lt, t E [0, T*], is a standard Brownian 
motion on a probability space (52, IF, Q). 

Proof. Essentially, all statements are direct consequences of Girsanov’s the- 
orem (see Theorem B.2.1 and Proposition B.2.1). 0 

Combining the last two lemmas, we conclude that the unique spot mar- 
tingale measure P* is given on (52 ,Fp)  by means of the Radon-Nikod9m 
derivative 

The discounted stock price S* follows under P* a strictly positive martingale, 
since we have, for every t E [0, T*], 

S: = S,* exp (OW,* - i a 2 t )  = S,*M,*, (3.12) 

where M *  is given by (3.5) with W replaced by W*. The stock price at time 
t equals 

St = S;Bt = Soexp (OW,* + (r  - i a2 ) t ) ,  (3.13) 
and thus the dynamics of the stock price S under P* are 

Note that S is a time-homogeneous Markov process under P*. Finally, it is 
useful to observe that all filtrations involved in the model coincide; that is, 
p = p = p w *  =IFS=pS*.  

We are in a position to introduce the class of admissible trading strate- 
gies. In view of Example 3.1.1, the necessity of imposing some restriction on 
a class of trading strategies is obvious. In an unconstrained Black-Scholes 
model, arbitrage opportunities are not precluded, and thus reliable valuation 
of derivative instruments is not possible. 

Definition 3.1.4. A trading strategy q5 E @ is called P*-admissible if the 
discounted wealth process 

follows a martingale under P*. We write @(P*) to denote the class of all 
P*-admissible trading strategies. The triple Mss = (S, B ,  @(P*)) is called 
the arbitrage-free Black-Scholes model of a financial market, or briefly, the 
Black-Scholes model. 
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For the sake of brevity, we shall simple say that 4 is admissible rather than 
P*-admissible if no confusion may arise. It  easy to check that by restricting 
our attention to the class of all admissible strategies, we have guaranteed the 
absence of arbitrage opportunities in the Black-Scholes model. 

Definition 3.1.5. We say that a European contingent claim X that settles 
at  time T < T* is attainable in the Black-Scholes model if it can be replicated 
by means of an admissible strategy. 

Given an attainable European contingent claim X that settles at  time 
T < T*, we can uniquely define its arbitrage price, .rrt(X), as the wealth 
Vt(4) at  time t of any admissible trading strategy 4 replicating X - that 
is, satisfies VT(+) = X .  If no replicating admissible strategy  exist^,^ the 
arbitrage price of such a claim is not defined. Conforming with the definition 
of an arbitrage price, to value a derivative security we will usually search 
first for its replicating strategy. Another approach to the valuation problem 
is also possible, as the following simple result shows. 

Corollary 3.1.3. Let X be an attainable European contingent claim that 
settles at time T.  Then the arbitrage price nt(X) at time t E [0, TI i n  M s s  
is given by the risk-neutral valuation formula 

Proof. Let 4 be an admissible strategy replication X .  We have 

where the first and the last equalities are consequences of the definition of 
the arbitrage price, and the middle equality follows from Lemma 3.1.3. 0 

Remarks. (a) The assumption that IF = FW is not essential if our aim is to 
value European and American contingent claims with the stock S being the 
underlying asset. If this condition is relaxed, the uniqueness of the martingale 
measure, and thus also the completeness of the market, may fail to hold, in 
general. But, more importantly, this does not affect the arbitrage valuation 
of standard options written on the stock S and other claims having S as the 
underlying asset. 
(b) We could have assumed that the interest rate r and the stock price volatil- 
ity a are deterministic functions of time (see Sect. 3.1.6 below). Also, the 
appreciation rate p could be an adapted stochastic process, satisfying mild 
regularity conditions. Although we do not discuss such generalizations here, 
it is rather clear that extensions of most results presented in this chapter to 
such a case are rather straightforward. Replicating strategies and arbitrage 
prices of attainable claims with any expiration date T < T* will be exactly 
the same if p is a constant and in the case of a random appreciation rate. 

This happens only if a claim is not integrable under P* (see Sect. 8.2). 
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In particular, Theorem 3.1.1 and its proof remain valid with no changes 
if we replace a constant p by an P-adapted process. We need, however, to 
assume that the process p is such that the formula 

defines a probability measure P* equivalent to P on (R,FT*).  This holds if 
and only if IEP(qT*) = 1. In general, it may happen that the random variable 
q p  given by (3.16) is well-defined, but IEp(qT*) < 1 SO that P*{R) < 1. 

3.1.5 Black-Scholes Option Pricing Formula 

In Black and Scholes (1973), two alternative justifications of the option val- 
uation formula are provided. The first relies on the fact that the risk-free 
return can be replicated by holding a continuously adjusted position in the 
underlying stock and an option. In other words, if an option is not priced 
in accordance with the Black-Scholes formula, there is a sure profit to be 
made by some combination of either short or long sales of the option and 
the underlying asset. The second method of derivation is based on equilib- 
rium arguments requiring, in particular, that the option earns an expected 
rate of return commensurate with the risk involved in holding the option as 
an asset. The first approach is usually referred to as the risk-free portfolio 
method, while the second is known as the equilibrium derivation of the Black- 
Scholes formula. An analysis of economic assumptions that support these 
two methodologies can be found, for instance, in Gilster and Lee (1984) and 
McDonald and Siege1 (1984). 

The replication approach presented below is based on the observation that 
in the Black-Scholes setting the option value can be mimicked by holding a 
continuously rebalanced position in the underlying stock and risk-free bonds. 
Recall that we assume throughout that the financial market we are dealing 
with is perfect (partially, this was already implicit in the definition of a self- 
financing trading strategy). 

We shall first consider a European call option written on a stock S ,  with 
expiry date T and strike price K. Hence, the payoff (and the price) at time 
T equals (ST - K)+.  Let the function c : R+ x (O,T] -+ R be given by the 
formula 

c(s, t )  = SN (dl (s, t)) - KeCtN(d2(s, t)) , (3.17) 
where 

and d2(s, t)  = dl(s, t)  - a&, or explicitly 
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Furthermore, let N stand for the standard Gaussian cumulative distribu- 
tion function 

1 N ( x )  = - Ix epz2I2  d i ,  'V'X E B. 
Jz;; -, 

We adopt the following notational convention 

Let us denote by Ct  the arbitrage price of a European call option in the 
Black-Scholes model. We are in a position to state the main result of this 
chapter. 

Theorem 3.1.1. The arbitrage price at time t < T of the European call 
option with expiry date T and strike price K i n  the Black-Scholes model is 
given by the formula 

Ct = c ( S t , T  - t ) ,  V t  E [O,T], (3.20) 

where the function c : IR+ x ( 0 ,  T ]  -+ E% is given by (3.17). More explicitly, for 
any t < T we have 

where d l ,  d2 are given by (3.18)-(3.19). Moreover, the unique admissible repli- 
cating strategy 4 = ( @ ,  42) of the call option satisfies, for every t E [0, TI, 

and 
4," = ePTt ( c (S t ,  T - t )  - &st) 

Proof. We provide two alternative proofs of the Black-Scholes result. The first 
relies on the direct determination of the replicating strategy. It  thus gives not 
only the valuation formula (this, however, requires solving the Black-Scholes 
PDE (3.26)),  but also explicit formulas for the replicating strategy. 

The second method makes direct use of the risk-neutral valuation formula 
(3.15) of Corollary 3.1.3. It focuses on the explicit computation of the arbi- 
trage price, rather than on the derivation of the hedging strategy. However, as 
soon as the option’s price is found, it is also possible to derive the form of the 
replicating strategy by taking the partial derivative of the pricing function c 
with respect to the price of the underlying asset, that is, the stock. 

First method. We start by assuming that the option price, C t ,  satisfies the 
equality Ct = v ( S t , t )  for some function v : IR+ x [0, TI -+ IR. We may thus 
assume that the replicating strategy 4 we are looking for has the following 
form 

4t = (42,&) = ( g ( s t , t ) , h ( S t , t ) )  (3.21) 
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for t E [0, TI, where g, h : IR+ x [0, T] -+ IR are unknown functions. Since 4 is 
assumed to be self-financing, the wealth process V(d), given by 

&($I = g(St,t)St + h(St,t)Bt = v(St,t), (3.22) 

needs to satisfy the following: dK(q5) = g(St, t)  dSt + h(St, t )  dBt. Under the 
present assumptions, the last equality can be given the following form 

since from the second equality in (3.22) we obtain 

We shall search for the wealth function v in the class of smooth functions 
on the open domain V = (0, +m) x (0,T); more exactly, we assume that 
v E c2> ’ (v) .  An application of It6’s formula yields3 

Combining the expression above with (3.23), we arrive at  the following expres- 
sion for the It6 differential of the process Y that equals = v(St, t )  - &($) 

On the other hand, in view of (3.22), the process Y vanishes identically, and 
thus d& = 0. By virtue of the uniqueness of canonical decomposition of 
continuous semimartingales, the diffusion term in the above decomposition 
of Y vanishes. In our case, this means that we have, for every t E [0, TI, 

In view of the properties of the It6 integral, this is equivalent to: 

For (3.24) to hold, it is sufficient and necessary that the function g satisfies 

We shall assume from now on that (3.25) holds. Then, using (3.25), we get 
still another representation for Y, namely 

Subscripts on v denote partial derivatives with respect to the corresponding 
variables. 
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It  is thus apparent that Y vanishes whenever v satisfies the following partial 
differential equation (PDE), referred to as the Black-Scholes PDE 

Since CT = v(ST, T)  = (ST - K)+,  we need to impose also the terminal 
condition v(s, T )  = (s - K ) +  for s E R+. It is not hard to check by di- 
rect computation that the function v(s, t)  = c(s, T - t) ,  where c is given by 
(3.17)-(3.19), actually solves this problem.4 It  thus remains to check that the 
replicating strategy 4, given by the formula 

is admissible. Let us first check that 4 is indeed self-financing. Though this 
property is here almost trivial by the construction of 4, it is nevertheless al- 
ways preferable to check directly the self-financing property of a given strat- 
egy (cf. Sect. 3.1.10). We need to check that 

Since K(4)  = 4; St + 4: Bt = v(St , t ) ,  by applying It6’s formula, we get 

dK(4) = v,(St, t)  dSt + % a 2 ~ f  v,,(St, t)  dt + vt(St, t )  dt. 

In view of (3.26), the last equality can also be given the following form 

and thus 

This ends the verification of the self-financing property. In view of our def- 
inition of admissibility of trading strategies, we need to verify that the dis- 
counted wealth process V*($), which satisfies 

follows a martingale under the martingale measure P*. By direct computation 
we obtain v,(s, t)  = N(dl(s, T - t ) )  for every (s, t )  E R+ x [0, TI, and thus, 
using also (3.10), we find that 

More precisely, the function v solves the final value problem for the backward 
PDE (3.26), while the function c solves the associated initial value problem for 
the forward PDE. To get the forward PDE, it is enough to replace vt(s,t) by 
-vt(s, t) in (3.26). Both of these PDEs are of parabolic type on D. 
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where <, = uSuN(dl(S,,T - u)). The existence of the stochastic integral is 
an immediate consequence of the sample path continuity of the process <. 
From the general properties of the It6 stochastic integral, it is thus clear that 
the discounted wealth V*(4) follows a local martingale under P*. To show 
that V*(q5) is a genuine martingale (in fact, a square-integrable martingale), 
it is enough to observe that (for the first equality, see Appendix B) 

where the last inequality follows easily from the existence of the expo- 
nential moments of a Gaussian random variable. Equality c, (St, T - t)  = 
N(dl(St ,T - t)) can be checked by the direct computation of the partial 
derivative of the pricing function c with respect to s. 0 

Second method. The second method of the proof puts more emphasis on the 
explicit evaluation of the price function c. The form of the replicating strat- 
egy will not be examined here. Since we wish to apply Corollary 3.1.3, we 
need to check first that the contingent claim X = (ST - K)+  is attainable in 
the Black-Scholes market model, however. This follows easily from the gen- 
eral results - more specifically, from the predictable representation property 
(see Theorem B.1.3) combined with the square-integrability of the random 
variable X *  = BT’ (ST - K)+ under the martingale measure P*. We conclude 
that there exists a predictable process 8 such that the stochastic integral 

follows a (square-integrable) continuous martingale under P*, and 

X *  = B,’(s~-K)+ = Ep.X*+ 8,dW: = Bp*X*+ h,dS;, (3.29) IT IT 
where we have put ht = 8t/(aST). Let us set & = BtV,* and let us consider 
a trading strategy q5 that is given by 

qhtl = ht, 4: = &* - htS; = B,’(v, - htSt). (3.30) 

We shall check that the strategy 4 is self-financing. The wealth process V(q5) 
agrees with V, and thus 

as expected. It is also clear that VT(q5) = VT = (ST - K ) + ,  so that q5 is 
in fact an admissible replicating strategy for X .  So far, we have shown that 
the call option is represented by a contingent claim that is attainable in the 
Black-Scholes model M 13% 
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Our goal is now to evaluate the arbitrage price of X using the risk-neutral 
valuation formula. Since Ftw = FF for every t E [O,T], the risk-neutral 
valuation formula (3.15) can be rewritten as follows 

for some function c : R+ x [0, T] -+ R. The second equality in (3.31) can be 
inferred, for instance, from the Markovian property of S (recall that S follows 
a time-homogeneous Markov process under P*). Alternatively, we can make 
use of equality (3.13). The increment W+ - W,* of the Brownian motion is 
independent of the a-field Ftw = FY* ; on the other hand, the stock price St 
is manifestly Fy-measurable. 

By virtue of the well-known properties of conditional expectations (see 
Lemma A.0.1), we get 

I E P * ( ( S ~  - K ) + [ F ~ )  = H(&,T - t ) ,  (3.32) 

where the function H(s ,  T - t )  is defined as follows 

for any (s, t )  E R+ x [0, TI. It is therefore enough to focus on the case t = 0 
and to find the unconditional expectation 

where D stands for the set {ST > K).  For J 2 ,  we have 

J 2  = e - T T ~  P*{ST > K )  
- - 

- e r T ~  P* { SO exp (ow; + ( r  - !p2)~) > K )  

since the random variable J = - w T / n  has a standard Gaussian law N(0 , l )  
under the martingale measure P*. For the second integral, note first that 

It  is convenient to introduce an auxiliary probability measure l on (0, FT) 
by setting 

d l  -- 
dP* 

- exp (aW+ - : a 2 ~ ) ,  IF-as. 
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By virtue of Proposition B.2.1, the process Wt = W,* - a t  follows a standard 
Brownian motion on the space (0, IF, p). Moreover, using (3.12) we obtain 

S; = so exp (a WT + a 2 ~ ) .  (3.34) 

Combining (3.33) with (3.34), we find that 

JI = soR{s; > KB,~} 

= So R {so exp (aWT + la2T) > ~ e - ’ ~  

Using similar arguments as for J2, we find that J1 = So N(dl (So, T)) .  Sum- 
marizing, we have shown that the price at time 0 of a call option equals 

where 

This ends the proof for the special case of t = 0. The valuation formula for 
any date 0 < t < T can now be deduced easily from (3.32). 0 

Remarks. (a) One can check that the probability measure is the martingale 
measure corresponding to the choice of the stock price as a numeraire asset, 
that is, the unique probability measure, equivalent to P, under which the 
process B* = B I S  is a martingale. It  the second proof, we have in fact 
shown that (cf. formula (2.28)) 

Ct = S~F{ST > K I F t }  - KB(t,T)P*{ST > KIFt} .  

(b) Undoubtedly, the most striking feature of the Black-Scholes result is the 
fact that the appreciation rate ,u does not enter the valuation formula. This 
is not surprising, however, as expression (3.1.4) describing the evolution of 
the stock price under the martingale measure P* does not involve p. More 
generally, we could have assumed that the appreciation rate is not constant, 
but is varying in time, or even follows a stochastic process (adapted to the 
underlying filtration). 
(c) Let us stress that we have worked within a fully continuous-time set-up - 
that is, with continuously rebalanced portfolios. For obvious reasons, such an 
assumption is not justified from the practical viewpoint. It is thus interesting 
to note that the Black-Scholes result can be derived in a discrete-time set-up, 
by making use of the general equilibrium arguments (see Rubinstein (1976), 
Brennan (1979)). In such an approach, it is common to assume that the 
stock price follows jointly lognormal law with the aggregate consumption 
(that is, with the market). Also, it is essential to impose specific restrictions 
on investors’ risk preferences. Since the general equilibrium methodology is 
beyond the scope of this text, we refer the reader to the monograph by 
Huang and Litzenberger (1988) for details. 
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3.1.6 Case of Time-dependent Coefficients 

Assume that the stock price process is governed by the stochastic differential 
equation 

dSt = p(t, &)St dt + a(t)St dWt, So > 0, . (3.35) 
where p : [0, T*] x R --+ R is a deterministic function and a : [0, T*] -+ R is 
also deterministic, with a ( t )  > E > 0 for some constant E.  We assume that p 
and a are sufficiently regular, so that the SDE (3.35) admits a unique strong 
solution S, which is a continuous, strictly positive process. For instance, it 
suffices to assume that the function p(t, S) is Lipschitz continuous in the 
second variable, and both p and a are bounded. 

We introduce the accumulation factor B by setting 

for a deterministic function r : [0, T*] 4 R. In view of (3.36), we have 

dBt = r(t)Bt dt, Bo = 1, 

so that r( t )  represents the instantaneous, continuously compounded interest 
rate prevailing at the market at time t. It  is easy to check that the price of a 
zero-coupon bond satisfies 

Under the present hypotheses, the martingale measure P* is unique, and 
the risk-neutral valuation formula (3.15) is still valid. Hence, the price of a 
European call option satisfies, for every t E [0, TI, 

Note that under the martingale measure P* we have 

If r and a are, for instance, bounded functions, the unique solution to (3.38) 
is known to be 

It is now an easy task to derive a suitable generalization of the Black-Scholes 
formula using (3.37). Indeed, it appears that it is enough to replace the 
quantities r ( T  - t)  and a2 (T  - t)  in the standard Black-Scholes formula by 

T T 
r ( t , T ) = l  r(u)du and v 2 ( t , ~ ) = L  a2(u)du,  (3.39) 

respectively. The pricing function obtained in this way solves the Black- 
Scholes PDE with time-dependent coefficients. 
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3.1.7 Merton's Model 

In this paragraph, the assumption that the interest rate is deterministic will 
be relaxed. Valuation of options under stochastic interest rates is examined 
at  some length in the second part of this book. Here we consider only a very 
special model, which was put forward by Merton (1973). We assume that the 
stock price is given by (3.35). On the other hand, the evolution of the price 
B( t ,  T )  of a unit zero-coupon bond5 is determined by the following expression 

where w is another standard Brownian motion, also defined on the un- 
derlying probability space (R,F,P). For a fixed maturity T, the process 
B( t ,T) ,  t E [O,T], is assumed to be adapted and strictly positive, also 
B(T, T )  = 1 (a judicious choice of the coefficient a and b is essential here). In 
addition, we assume that d(W, w ) ~  = pdt, where p is a real number. Finally, 
for a fixed maturity T ,  the volatility b(t, T )  of the bond price is assumed to 
be a deterministic function of t. Using the no-arbitrage arguments, Merton 
showed that the price of a European call option, with strike price K and 
expiry date TI equals 

where 
ln(s/K) - In B( t ,T)  f ;v2(t,T) 

h1,2(~, t, T )  = 
v(t1 T)  

and 

v2(t, T) = (g2(u) - 2pa(u)b(u, T )  + b2(u, T)) du. lT 
It  is interesting to note that equality (3.41) follows easily from a much more 
general valuation result, which is established in Sect. 11.3.2 below. 

Let us return to the case of a deterministic interest rate. In the present 
context, it corresponds to the assumption that the volatility of the bond 
price vanishes identically - that is, b(t, T )  = 0 for every t < T and any 
maturity T. In the absence of arbitrage, this can be shown to imply also 
that the coefficients a(t,  T) are deterministic, and all zero-coupon bonds with 
differing maturities have identical instantaneous rates of return - that is, 
a(t ,  T )  = a(t,  U )  for every t 5 min{T, U ) .  We may thus define the short- 
term interest rate r by setting r( t )  = a(t,  T )  for every t < T. Since r is a 
deterministic function, the bond price B(t,  T )  equals 

Recall that a unit zero-coupon bond maturing at time T is a security paying to 
its holder 1 unit of cash at a predetermined date T in the future. 
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On the other hand, the price of a European call option is now given by (3.41), 
with 

with r( t ,  T) and v2(t, T )  given by (3.39) (note that in this case r ( t ,  T )  = 
-In B(t,  T)). If, in addition, the short-term rate and the volatility are con- 
stant, the pricing result above reduces, as it should, to the standard Black- 
Scholes formula. 

3.1.8 Put-Call  Pa r i ty  for Spot  Options 

If there are to be no arbitrage opportunities, otherwise identical puts and calls 
must at all times during their lives obey, at least theoretically, the put-call 
parity relationship (empirical studies of the put-call parity are reported in 
Klemkosky and Resnick (1979) and Gould and Galai (1974)). A point worth 
stressing is that equality (3.43) does not rely on specific assumptions im- 
posed on the stock price model. Indeed, it is satisfied in any arbitrage-free, 
continuous-time model of a security market, provided that the savings ac- 
count B is given by Bt = ert. 

Proposi t ion 3.1.1. The arbitrage prices of European call and put options 
with the same expiry date T and strike price K satisfy the put-call parity 
relationship ct - Pt = St - K ~ - ~ ( ~ - ~ )  (3.43) 
for every t E [0, TI. 

Proof. It  is sufficient to observe that the payoffs of the call and put options 
at  expiry satisfy the equality 

Relationship (3.43) now follows from the risk-neutral valuation formula. Al- 
ternatively, one may derive (3.43) using simple no-arbitrage arguments. 

The put-call parity can be used to derive a closed-form expression for the 
arbitrage price of a European put option. Let us denote by p : R+ x (0, TI -, R 
the function 

p(s, t)  = K ~ - ’ ~ N (  - d2(s, t)) - s N (  - dl(s, t ) ) ,  (3.44) 

with dl(s, t)  and d2(s, t)  given by (3.18)-(3.19). The following result is an 
immediate consequence of Proposition 3.1.1 combined with Theorem 3.1 . l .  

Corollary 3.1.4. The Black-Scholes price at time t < T of a European put 
option with strike price K equals Pt = p(St, T - t), where the function p : 
R+ x [0, TI 4 R is given by (3.44). More explicitly, the price at time t < T 
of a European put option equals 
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3.1.9 Black-Scholes PDE 

Our purpose is now to extend the valuation procedure of Theorem 3.1.1 to 
any contingent claim attainable in M s s ,  and whose values depend only on 
the terminal value of the stock price. Random payoffs of such a simple form 
are termed path-independent claims, as opposed to path-dependent contingent 
claims - that is, payoffs depending on the fluctuation of the stock price over a 
prespecified period of time before the settlement date. Path-dependent pay- 
offs correspond to the various kinds of OTC options, known under the generic 
name of exotic options. For instance, a lookback call option, whose termi- 
nal payoff equals (ST - mint,[o,T~ St)+, can serve as an example of a path- 
dependent contingent claim. Another example of a path-dependent option is 
an Asian option, whose payoff at  the expiry date is determined on the basis of 
the arithmetic average of the stock price during a prespecified time interval. 
We start with an auxiliary result, dealing with a special case of the classi- 
cal Feynman-Kac formula. Basically, the Feynman-Kac formula expresses the 
solution of a parabolic PDE as the expected value of a certain functional of 
a Brownian motion (we refer to Sect. 4.3-4.4 in Karatzas and Shreve (1998) 
for a thorough discussion of technical assumptions). 

Lemma 3.1.5. Let W be the one dimensional Brownian motion defined on 
a filtered probability space (0, IF, P). For a Borel-measurable function h : R -, 
R, we define the function u : R x [0, TI -t R by setting 

u(x, t )  = ~ ~ p ( e - ~ ( ~ - ~ )  ~ ( W T )  I Wt = x) V (x, t)  E R x [0, TI. (3.45) 

Suppose that 

e-axz Ih(x)l dx < w (3.46) 

for some a > 0. Then the function u is defined for 0 < T - t < 1/2a and 
x E R, and has derivatives of all orders. In particular, it belongs to the class 
c ~ ~ ~ ( R  x (0,T)) and satisfies the following PDE 

with the terminal condition u(x, T )  = h(x) for x E R. 

Proof. From the fundamental properties of the Brownian motion, it is clear 
that u is given by the expression 

for every (x, y, t )  E R2 x [0, TI. Hence, all statements easily follow by straight- 
forward computations (the reader is referred to Karatzas and Shreve (1998a) 
for details). 0 
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Suppose we are given a Borel-measurable function g : R -+ R. Then we 
have the following result, which generalizes Theorem 3.1.1. Let us observe 
that the problem of attainability of any P*-integrable European contingent 
claim can be resolved by invoking the predictable representation property 
(completeness of the multidimensional Black-Scholes model is examined in 
Sect. 8.2.1). 

Corollary 3.1.5. Let g : R -+ R be a Borel-measurable function, such that 
the random variable X = g(ST) is integrable under P*. Then the arbitrage 
price in M s s  of the claim X which settles at time T is given by the equality 
x t (X)  = v(St,t), where the function v : R+ x [0, TI -+ R solves the Black- 
Scholes partial differential equation 

av 1 , a 2 ~  av 
- + - a s - + rs- - rv = 0, 'd (s, t)  E (0, co) x (0, T) ,  (3.48) d t  2 ds2 d s  

subject to the terminal condition v(s, T )  = g(s). 

Proof. We shall focus on the straightforward derivation of (3.48) from the 
risk-neutral valuation formula. By reasoning along similar lines to the second 
proof of Theorem 3.1.1, we find that the price xt (X)  satisfies 

for some function v : R+ x [0, T] + R. Furthermore, 

xt (X)  = IE p* (e-r(T-t) g(f (WG, T))  I FY*), 
where f : R x [0, T] -+ R is a strictly positive function given by the formula 

Let us denote 

U(X, t )  = IEpr (e-r(T-t) g(f (WG, T))  I Wt* = X) 

By virtue of Lemma 3.1.5, the function u(x, t)  satisfies 

subject to the terminal condition u(x,T) = g(f(x,T)) .  A comparison of 
(3.49) and (3.45) yields the following relationship between v(s, t)  and u(x, t )  
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and thus 
uxx(x, t) = ’ ~ s s ( ~ 1  t)f,2(x, t) + ~ s ( ~ 1  t) fxx(x, t). 

On the other hand, it follows from (3.50) that 

and 
ft(x, t) = (r - ia2)f (x, t).  

We conclude that 

and 
uzx(x, t )  = a2s2vss(s, t )  + a2sv,(s, t). 

Substitution into (3.51) gives 

Simplified, this yields (3.48). Both the terminal and boundary conditions are 
also evident. 0 

3.1.10 A Riskless Portfolio Method 

A risk-free portfolio is a trading strategy created by taking positions in an 
option and a stock in such a way that the portfolio’s wealth follows a process 
of finite variation. It can be verified that the wealth of a risk-free portfolio 
should appreciate at the risk-free rate (otherwise, it would be possible to 
create profitable risk-free strategies). 

Let v = v(s,t) be a smooth function v : R+ x [0, TI -+ R such that 
v(s, T )  = (s - K)+. As in the proof of Theorem 3.1.1, we assume a priori 
that the arbitrage price of a call option at time t < T equals Ct = v(St,t). 
The same reasoning can be applied to a put option on a stock S.  

Our goal is to examine a specific trading strategy that involves a short 
position in one call option, and a long position in the underlying stock. For- 
mally, we consider a dynamic portfolio & = ($:, &), where 4: and & stand 
for the number of shares of stock and the number of call options held at 
instant t respectively. More specifically, we assume that for every t E [0, T] 

The wealth at time t of this strategy equals 

Suppose that the trading strategy 4 is self-financing. Then V satisfies 

d& = 4: dSt + 4; dCt = V, (St, t)  dSt - dv(St, t). (3.54) 
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We wish to re-derive the Black-Scholes PDE by taking (3.54) as a starting 
point. Note that It6’s formula gives 

dv(St, t )  = (,uSt us(&, t) + ia2s? vSs(St, t)  + vt(St, t)) dt + uStv,(St, t)  dWt. 

Substituting this into (3.54), we obtain 

so that the strategy $ appears to be instantaneously risk-free, meaning that 
its wealth process is a continuous, adapted process of finite variation. Since 
under the martingale measure the discounted wealth process v,* = B,’& 
of any self-financing trading strategy is known to follow a local martingale, 
the last equality implies that the continuous process of finite variation V* is 
~ o n s t a n t . ~  Put  another way, we have shown that dV,* = 0, or equivalently, 
that d& = rV, dt. On the other hand, in view of (3.55), the differential dV,* 
satisfies also 

dV,* = B c l  dV, - r B c l  & dt, 

or more explicitly 

The equality dV,* = 0 is therefore satisfied if and only if, for any t E [0, TI, 
we have 

This in turn holds if and only if the function v solves the Black-Scholes PDE. 
This shows that the Black-Scholes PDE, and thus also the Black-Scholes 
option valuation result, can be obtained via the risk-free portfolio approach. 

So far we have implicitly assumed that the portfolio 4 given by (3.52) is 
self-financing. However, to completely justify the above proof of the Black- 
Scholes formula, we still need to verify whether the strategy $ is self-financing 
when v solves the Black-Scholes PDE. Unfortunately, this is not the case, as 
Proposition 3.1.2 shows. Thus, the rather frequent derivation of the Black- 
Scholes formula in existing financial literature through the risk-free portfolio 
approach is mathematically unsatisfactory (to our knowledge, this fact was 
first noted by Bergman (1982)). A point worth stressing is that the risk-free 
portfolio approach is unquestionable in a discrete-time setting. 

Proposition 3.1.2. Suppose that the trading strategy 4 is given by (3.52) 
with the function v(s, t)  = c ( s ,T  - t ) ,  where c is given by the Black-Scholes 
formula. Then the strategy 4 is not self-financing; that is, condition (3.54) 
fails to hold. 

It is well known that all (local) martingales with respect to the natural filtration 
of a Brownian motion have sample paths that are almost all of infinite variation, 
unless constant. 
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Proof. To check whether the strategy 4 is self-financing, it is sufficient to 
evaluate the differential d& using directly expression (3.53) and to compare 
the result with the self-financing condition (3.54). 

In order to make direct calculations of d& we need, in particular, to find 
the It6 differential of the product us(&, t)St of two It6 processes. For ease of 
notation, we shall write U to denote the process Ut = us (St, t) for t E [0, TI. 
An application of It6’s formula yields 

Consequently, once again by the It6 formula, we get 

and thus 

d& = St (pst  uss(St, t )  + ;a2$ usss(st, t )  + %(St, t)) dt 
+ as? us, (st, t) dWt + us (St , t)  dSt + a2s? v, , (~t ,  t)  dt - dv(St , t). 

Suppose that the trading strategy 4 is self-financing. In the present context, 
this means that the following equality holds (cf. (3.53)) 

For the last equality to be satisfied, it is necessary that (for convenience, the 
argument (St, t) is suppressed) 

1 2 2  
st (pst US, + 2 a  St v,,, + a2st US, + vt,) dt + as: us, dwt  = 0. 

Using the Black-Scholes PDE, differentiated with respect to the variable s, 
we may rewrite the last equality in the following way 

where W* is the Brownian motion under the martingale measure P*. It  is 
evident that the last equality is not valid, since the second derivative of the 
option price with respect to s does not vanish, either for the call or for the 
put option, that is, when u(s,t) = c(s ,T - t )  or u(s , t )  = p(s ,T  - t). An 
explicit expression for these derivatives is given in the next ~ e c t i o n , ~  in which 
we deal with the sensitivities of the option price with respect to underlying 
variables and model parameters. 

We conclude that the trading strategy 4 introduced in the statement of 
the proposition is not self-financing. Notice, however, that the additional cost 
associated with 4 up to time T is represented by a random variable with zero 
mean under the martingale measure P*. This peculiar feature of 4 explains 
why the risk-free portfolio approach leads to the correct form of the option 
valuation formula. 0 

The put-call parity relationship makes it obvious that they have the same value. 
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3.1 .ll Black-Scholes Sensitivities 

We will now examine the basic features of trading portfolios involving options. 
Let us start by introducing the terminology widely used in relation to option 
contracts. We say that at a given instant t before or at expiry, a call option 
is in- the-money and out-of-the-money if St > K and St < K respectively. 
Similarly, a put option is said to be in-the-money and out-of-the-money at 
time t when St < K and St > K respectively. Finally, when St = K both 
options are said to be at-the-money. The intr insic  values of a call and a put 
options are defined by the formulas 

respectively, and the t i m e  values equal 

for t E [0, TI. It is thus evident that an option is in-the-money if and only if its 
intrinsic value is strictly positive. A short position in a call option is referred 
to as a covered call if the writer of the option hedges his or her risk exposure 
by holding the underlying stock; in the opposite case, the position is known 
as a naked call. Writing covered call options is a popular practice among 
portfolio managers, as such a strategy seems to offer obvious advantages. 
Let us consider, for example, a call option with the strike price K above the 
current stock price St. If the stock appreciates and is called away, the portfolio 
still gains the option price and the difference K-St (also, it receives dividends 
for the period before exercise). If the stock price rises, but the option is out- 
of-the money at expiry (and thus is abandoned), the portfolio will gain the 
option price and the stock appreciation up to the strike price - that is, ST -St. 
Finally, if the stock declines in price, the loss St -ST is buffered by the option 
price, so that the total loss from the position will be less than if no option 
were written. Summarizing, writing covered call options significantly reduces 
the risk exposure of a stockholder, traditionally measured by means of the 
variance of the return distribution. It should be observed, however, that most 
of the drop in variance occurs in that part of the return distribution where 
high variance is desirable - that is, on the right-hand side. Still, it is possible 
(at least theoretically) for a covered call strategy to give a higher expected 
return and a lower variance than the underlying stock. 

When an investor who holds a stock also purchases a put option on this 
stock as a protection against stock price decline, the position is referred to 
as a protective put.  While writing covered calls truncates, roughly speaking, 
the right-hand side of the return distribution and simultaneously shifts it to 
the right, buying protective puts truncates the left-hand side of the return 
distribution and at the same time shifts the distribution to the left. The last 
effect is due to the fact that the cost of a put increases the initial investment 
of a portfolio. 
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Note that the classical mean-variance analysis, pioneered by Markowitz 
(1952)~~ does not provide an appropriate performance measure for portfolios 
with options because of the skewness that may be introduced into portfolio 
returns, and the fact the volatility is not constant (see Chap. 7). For more 
details on the effectiveness of option portfolio management, the interested 
reader may consult Leland (1980), Bookstaber and Clarke (1984, 1985), and 
Trevor and Sheedy (1996, 1999). 

To measure quantitatively the influence of an option’s position on a given 
portfolio of financial assets, we will now examine the dependence of its price 
on the fluctuations of the current stock price, time to expiry, strike price, and 
other relevant parameters. For a fixed expiry date T and arbitrary t 5 T, 
we denote by T the time to option expiry - that is, we put T = T - t .  We 
write p(St , T, K ,  r, a) and c(Stl T, K ,  r, a) to denote the price of a call and a 
put option respectively. The functions c and p are thus given by the formulas 

and 
p(s, T, K ,  r, a )  = KeVTTN(-d2) - sN(-dl) (3.57) 

with 

Recall that at any time t E [0, TI, the replicating portfolio of a call option 
involves at shares of stock and ,Bt units of borrowed funds, where 

The strictly positive number at that determines the number of shares in the 
replicating portfolio is termed the hedge ratio or, briefly, the delta of the 
option. It  is not hard to verify by straightforward calculations that 

where n stands for the standard Gaussian probability density function: 

The more recent literature include Markowitz (1987), Huang and Litzenberger 
(1988), and Elton and Gruber (1995). 
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Similarly, in the case of a put option we get 

Consequently, the delta of a long position in a put option is a strictly negative 
number (equivalently, the price of a put option is a strictly decreasing function 
of a stock price). Generally speaking, the price of a put moves in the same 
direction as a short position in the asset. In particular, in order to hedge a 
written put option, an investor needs to short a certain number of shares of 
the underlying stock. 

Another useful coefficient measuring the relative change of an option’s 
price as the stock price moves is the elasticity. For any date t 5 T, the 
elasticity of a call option is given by the equality 

and for a put option it equals 

Let us check that the elasticity of a call option price is always greater than 
1. Indeed, for every t E [O,T], we have 

This implies also that Ct - cS(St,7)St < 0, and thus the replicating portfolio 
of a call option always involves the borrowing of funds. Similarly, the elasticity 
of a put option satisfies 

This in turn implies that Pt - Stps(St, T) > 0 (this inequality is obvious any- 
way) and thus the replicating portfolio of a short put option generates funds 
which are invested in risk-free bonds. These properties of replicating portfo- 
lios have special consequences when the assumption that the borrowing and 
lending rates coincide is relaxed. It is instructive to determine the dynamics 
of the option price C under the martingale measure P*. Using 16 ’s  formula, 
one finds easily that under the martingale measure P* we have 
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The last formula shows that the appreciation rate of the option price in 
a risk-neutral economy equals the risk-free rate r.  The volatility coefficient 
equals aq; so that, in contrast to the stock price volatility, the volatility of 
the option price follows a stochastic process (note also that aq; > a ) .  This 
feature makes the influence of an option’s position on the performance of a 
portfolio of financial assets rather difficult to quantify. Some of the qualitative 
properties of the arbitrage price inherited from the corresponding properties 
of the terminal payoff (such as monotonicity, convexity, the sign of the hedge 
ratio, etc.), which in the Black-Scholes setting can be easily deduced from 
the knowledge of the partial derivatives, can be shown to hold also in a more 
general setting, when the stock price is assumed to obey a one-dimensional 
diffusion. Interesting results in this vein can be found in Jagannathan (1984), 
Grundy (1991), Bergman et al. (1996), and El Karoui et al. (1998). 

The position delta is obtained by multiplying the face valueg of the option 
position by its delta. Clearly, the position delta of a long call option (or a 
short put option) is positive; on the contrary, the position delta of a short call 
option (and of a long put option) is a negative number. The position delta of 
a portfolio is obtained by summing up the position deltas of its components. 
In this context, let us make the trivial observation that the position delta of 
a long stock equals 1, and that of a short stock is -1. It is clear that the 
option’s (or the option portfolio’s) position delta measures only the market 
exposure at the current price levels of underlying assets. More precisely, it 
gives the first order approximation of the change in option price, and thus it 
is sufficiently accurate only for a small move in the underlying asset price. 

To measure the change in the option delta as the underlying asset price 
moves, one should use the second derivative with respect to s of the option’s 
price - that is, the option’s gamma. The gamma effect means that position 
deltas also move as asset prices fluctuate, so that predictions of revaluation 
profit and loss based on position deltas are not sufficiently accurate, except for 
small moves. It  is easily seen that bought options have positive gammas, while 
sold options have negative gammas. A portfolio’s gamma is the weighted sum 
of its options’ gammas, and the resulting gamma is determined by the domi- 
nant options in the portfolio. In this regard, options close to the money with 
a short time to expiry have a dominant influence on the portfolio’s gamma. 
Generally speaking, a portfolio with a positive gamma is more attractive than 
a negative gamma portfolio. Recall that by theta we have denoted the deriva- 
tive of the option price with respect to time to expiry. Generally, a portfolio 
dominated by bought options will have a negative theta, meaning that the 
portfolio will lose value as time passes (other variables held constant). In 
contrast, short options generally have positive thetas. Finally, options close 
to the money will have more influence on the position theta than options far 
from the money. 

The face value equals the number of underlying assets, e.g., the face value of an 
option on a lot of 100 shares of stock equals 100. 
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The derivative of the option price with respect to volatility is known as 
the vega of an option. A positive vega position will result in profits from 
increases in volatility; similarly, a negative vega means a strategy will profit 
from falling volatility. To create a positive vega, a trader needs to dominate 
the portfolio with bought options, bearing in mind that the vega will be 
dominated by those options that are close to the money and have significant 
remaining time to expiry. 

Example 3.1.2. Consider a call option on a stock S, with strike price$30 and 
with 3 months to expiry. Suppose, in addition, that the current stock price 
equals$31, the stock price volatility is a = 10% per annum, and the risk-free 
interest rate is r = 5% per annum with continuous compounding. We may 
assume, without loss of generality, that t = 0 and T = 0.25. Using (3.18), we 
obtain (approximately) dl(So,T) = 0.93, and thus da(So,T) = dl(So,T) - 
a n  = 0.88. Consequently, using formula (3.17) and the following values of 
the standard Gaussian probability distribution function: N(0.93) = 0.8238 
and N(0.88) = 0.8106, we find that (approximately) Co = 1.52, 4; = 0.82 
and $: = -23.9. This means that to hedge a short position in the call option 
sold at the arbitrage price Co = $1.52, an investor needs to purchase at time 
0 the number S = 0.82 shares of stock (this transaction requires an additional 
borrowing of 23.9 units of cash). The elasticity at  time 0 of the call option 
price with respect to the stock price equals 

Suppose that the stock price rises immediately from $31 to $31.2, yielding a 
return rate of 0.65% flat. Then the option price will move by approximately 
16.5 cents from $1.52 to $1.685, giving a return rate of 10.86% flat. Roughly 
speaking, the option has nearly 17 times the return rate of the stock; of 
course, this also means that it will drop 17 times as fast. If an investor’s 
portfolio involves 5 long call options (each on a round lot of 100 shares of 
stock), the position delta equals 500 x 0.82 = 410, so that it is the same 
as for a portfolio involving 410 shares of the underlying stock. Let us now 
assume that an option is a put. The price of a put option at  time 0 equals 
(alternatively, Po can be found from the put-call parity (3.43)) 

The hedge ratio corresponding to a short position in the put option equals 
approximately S = -0.18 (since N(-0.93) = 0.18), therefore to hedge the 
exposure, using the Black-Scholes recipe, an investor needs to short 0.18 
shares of stock for one put option. The proceeds from the option and share- 
selling transactions, which amount to $5.73, should be invested in risk-free 
bonds. Note that the elasticity of the put option is several times larger than 
the elasticity of the call option. If the stock price rises immediately from $31 
to $31.2, the price of the put option will drop to less than 12 cents. 
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3.1.12 Market Imperfections 

Let us summarize once again the basic assumptions of the Black-Scholes 
model that allowed us to value European options by arbitrage reasoning: 
(a) the market for the stock, the option and cash is perfect; 
(b) present and future interest rates are known with certainty; 
(c) the lending and borrowing interest rates are equal; 
(d) the stock price has a known constant volatility; 
(e) there are no transaction costs or taxes; 
(f) there are no margin requirements. 

Let us comment briefly on the last assumption. Market regulations usually 
impose restrictions upon the amount of funds one can borrow to purchase 
securities. For instance, if there is a 50% margin requirement, 50% at  most of 
the stock’s value can be borrowed at  the time of purchase. If the stock price 
declines after initiation, the borrowings may rise by up to 75% of the stock’s 
value. On the other hand, when a party shorts a stock, a margin account 
must be established with a balance of at least 50% of stock’s initial value. If 
the stock price rises, it remains at least 30% of the subsequent stock’s value. 
The proceeds from the short sale are held by the broker and usually do not 
earn interest (on the contrary, the margin account earns interest). When 
purchasing naked calls, no margin is required, but when selling a naked call, 
a margin must be maintained, just as if it were a short sale. Alternatively, 
the underlying security can be placed with the broker, resulting in a covered 
call. When the assumption (e) is relaxed, the frequency of transactions may 
mean that the exact formulas are very sensitive to the imposition of even 
small transaction costs. In essence, positive transaction costs impose some 
risk on neutral hedgers who must adopt finite holding periods. If these costs 
are not too high, and the hedgers are not too risk-averse, the exact formulas 
established in Sect. 3.1 will still prove useful. 

In practice, even if the portfolio adjustment is based on the continuous- 
time Black-Scholes model, the rebalancing is made periodically. An impor- 
tant problem is therefore to study the efficiency of discretely adjusted option 
hedges. The bias (systematic risk) of discretely rebalanced option hedges were 
examined by, among others, Boyle and Emanuel (1980), Cox and Rubinstein 
(1985), Gilster (1990), and Mercurio and Vorst (1996). Leland (1985), Gilster 
and Lee (1984), Henrotte (1991), Grannan and Swindle (1996), Toft (1996), 
Kabanov and Safarian (1997), and Whalley and Wilmott (1997) extend this 
methodology by taking transaction costs into account. Johnson and Stulz 
(1987), Hull and White (1995), Jarrow and Turnbull (1995), and Klein (1996) 
study the effect of credit risk on option prices. 

Empirical tests of the Black-Scholes model and its alternatives were 
the subject of several studies; to mention just a few: Black and Scholes 
(1 972a), MacBeth and Merville (1 979, l98O), Rubinstein (l985), Lauterbach 
and Schultz (1990), and Ncube and Satchel1 (1997). 
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3.1.13 Numerical Methods 

Since a closed-form expression for the arbitrage price of a claim is not always 
available, an important issue is the study of numerical methods that yield ap- 
proximations of arbitrage prices and hedging strategies. In the Black-Scholes 
framework, these methods include: the use of multinomial lattices (trees) to 
approximate continuous-time models of security prices; procedures based on 
the Monte Carlo simulation of random variables; and finite-difference meth- 
ods of solving the associated partial differential equations. Since a detailed 
study of various techniques is far beyond the scope of this text, we shall only 
survey briefly the relevant literature. The interested reader may consult re- 
cent monographs and textbooks by Clewlow and Strickland (1998), Jackel 
(2002), Seydel (2002), and Glasserman (2003). 

Binomial (or, more generally, multinomial) models of security prices were 
studied by Cox et al. (1979) and Boyle (1986), who proposed an approxima- 
tion of the stock price by means of the trinomial tree. Generally speaking, 
the main goal of these, and several other, studies lies in improving the ac- 
curacy and/or speed of numerical pricing procedures. Let us observe in this 
regard that the market practice frequently requires the ability to perform a 
re-evaluation of a large number of derivative securities in a reasonably short 
period of time. 

Let us return to the classical CRR binomial approximation of the expo- 
nential Brownian motion, which was examined in Sect. 2.3. If a continuous- 
time framework is taken as a benchmark, an increase in accuracy is gained 
by assuming that the first two moments of an approximating binomial pro- 
cess coincide with the corresponding moments of the exponential Brownian 
motion used to model the stock price. The corresponding modification of the 
CRR model of Chap. 2.1 runs as follows. For a fixed T > 0 and arbitrary 
n E N, we write A, = Tin. Notice that for every j = 0, .  . . , n - 1 we have 

under the martingale measure P*. Hence, the expected value of the ratio 
S ( j + l ) ~ , l S j ~ ,  equals 

ml(n)  = EP* ( S ( ~ + I ) A , / ~ ~ A , )  = exp(rAn) 

for every j, and the second moment of this ratio is 

The corresponding values of the parameters u,, d, and p, can be found by 
solving the following equations 

with d, = u i l .  
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It is worth pointing out that the convergence result of Sect. 2.3 remains 
valid for the above modification of the CRR binomial model. More accurate 
approximation results were obtained by considering a trinomial lattice, as 
proposed by Boyle (1986). In a trinomial lattice, there are three possible 
future states for every node. For a fixed j, let us denote by pjk(i) the transition 
probability from the state sj(i) a t  time jAn to the state ~ j + ~ ( k )  at time 
( j  + l )&. The transition probabilities pjk(2) and the state values s,(i) must 
be chosen in such a way that the lattice accurately approximates the behavior 
of the stock price S under the martingale probability. Once the lattice is 
already constructed, the valuation of European (and American) contingent 
claims is done by the standard backward induction method. 

In order to evaluate the prices of options depending on two underlying 
assets, Boyle (1988) extends this technique to the case of a bivariate multino- 
mial model. For further developments of the binomial approach, which take 
into account the presence of the volatility smile effect, we refer to Rubinstein 
(1994) and Derman et al. (1996). Related empirical studies were reported in 
a recent paper by Jackwerth and Rubinstein (1996). 

Another widely popular numerical technique in option pricing is the 
Monte Carlo method. The efficient valuation of derivative securities (with 
the special emphasis on exotic options) using the Monte Carlo simulation was 
studied by, among others, Boyle (1977), Johnson and Shanno (1987), Duffie 
and Glynn (1996), Boyle et al. (1997), Broadie and Glasserman (1997a), 
Fournik et al. (1997c, 1999) and Lehoczky (1997). In particular, the Monte 
Carlo method was applied by Hull and White (1987a) and Fournik et al. 
(1997b) in the context of stochastic volatility models. 

Finite-difference methods of solving partial differential equations are ex- 
amined in the context of option valuation in Schwartz (1977), Brennan and 
Schwartz (1978a), and Courtadon (198213). Since a presentation of these 
methods is beyond the scope of this book, let us mention only that one 
can use both explicit and implicit finite-difference schemes, as well as the 
Crank-Nicolson method. For a detailed analysis of finite-difference methods 
in option valuation, we refer the reader to the monograph by Wilmott et al. 
(1993), in which the authors successfully apply the PDE approach to numer- 
ous types of standard and exotic options (also accounting for the presence of 
(small) transaction costs). Hull and White (1988a) apply the control variate 
technique in order to improve the efficiency of the finite-difference method 
when valuing American options on a dividend-paying stock (let us mention 
that the use of the control variate technique in conjunction with the Monte 
Carlo method goes back to Boyle (1977)). 

For more advanced studies related to the computation of continuous-time 
option prices using discrete-time approximations, we refer the reader also to 
Geske and Shastri (1985a), Omberg (1987b), Nelson and Ramaswamy (1990), 
Amin (1991), Leisen and Reimer (1996), Rogers and Stapleton (1998), and 
Broadie et al. (1999). 
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3.2 A Dividend-paying Stock 

Up to now, we have studied arbitrage pricing within the Black-Scholes frame- 
work under the assumption that the stock upon which an option is written 
pays no dividends during option’s lifetime. In this section, we assume that 
the dividends (or the dividend rate) that will be paid to the shareholders 
during an option’s lifetime can be predicted with certainty. 

3.2.1 Case of a Constant Dividend Yield 

Let us first consider the case when the dividend yield, rather than the divi- 
dend payoffs, is assumed to be known. More specifically, we assume that the 
stock S continuously pays dividends at some fixed rate K. Following the classi- 
cal paper by Samuelson (1965) (see also Samuelson and Merton (1969)), we 
assume that the effective dividend rate is proportional to the level of the 
stock price. Although this is rather impractical as a realistic dividend policy 
associated with a particular stock, Samuelson’s model fits the case of a stock 
index option reasonably well. The dividend payments should be used in full, 
either to purchase additional shares of stock, or to invest in risk-free bonds 
(however, intertemporal consumption or infusion of funds is not allowed). 
Consequently, a trading strategy 4 = (@, q52) is said to be self-financing 
when its wealth process V(4), which equals, as usual, V,($) = &St + 4: Bt , 
satisfies 

dK(4) = 4; dSt + dt + 4: dBt, 
or equivalently, 

We find it convenient to introduce an auxiliary process St = eKtSt, whose 
dynamics are given by the stochastic differential equation 

where p, = p + K .  In terms of this process we have 

and 
dT/t($) = q$e-Ktd>t + 4: dBt. 

Also, it is not difficult to check that the discounted wealth V*(q5) satisfies 

where 3; = & B F ~ .  Put  differently, we have 

dV,*($) = a&$ ( d ~ t  + a-l(p, - r )  dt) . 
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In view of the last equality, the unique martingale measure Q for our model 
is given by (3.11), but with p replaced by p,. The dynamics of V*(d) under 
Q are given by the expression 

while those of S* are 
dS’: = aS: dwt1 

where the process wt = Wt - ( r  - p,)aP1t is a standard Brownian motion on 
the probability space (fl,P, Q). It is thus possible to construct, by defining 
in a standard way the class of admissible trading strategies, an arbitrage-free 
market in which a risk-free bond and a dividend-paying stock are primary 
securities. Assuming that this is done, the valuation of stock-dependent con- 
tingent claims is now standard. In particular, we have the following result. 

Proposition 3.2.1. The arbitrage price at time t < T of a call option on 
a stock paying dividends at a constant rate rc during the option’s lifetime is 
given by the risk-neutral formula 

or explicitly 

where St = ~ ~ e - " ( ~ - ~ ) ,  and dl ,  da are given by (3.18)-(3.19). Equivalently, 

Cr = ~ ~ e - " ( ~ - ~ )  N(dl (s t ,  T - t)) - ~ e - ’ ( ~ - ~ ) N ( d 2 ( S t ,  T - t)) , 

where 

Proof. The first equality is obvious. For the second, note first that we may 
rewrite (3.60) as follows 

Using (3.59), and proceeding along similar lines to the proof of Theorem 
3.1.1, we find that 

C," = e-nT c (St, T - t ,  eKTK), 

where c is the standard Black-Scholes call option valuation function. Put  
another way, CF = cK (St, T - t)  , where 

cn(s, t)  = S ~ - , ~ N  (dl (s, t)) - K ~ - ’ ~ N  (d2(s, t)) 

and dl, dz are given by (3.62). 0 
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Alternatively, to derive the valuation formula for a call option (or for any 
European claim of the form X = g(ST)), we may first show that its arbitrage 
price equals v(St, t) ,  where v solves the following backward PDE 

on (0, oo) x (0, T),  subject to the standard terminal condition v(s, T )  = g(s). 
Under the assumptions of Proposition 3.2.1, one can show also that the value 
at time t of the forward contract with expiry date T and delivery price K is 
given by the equality 

Consequently, the forward price at  time t 5 T of the stock S, for settlement 
at date T ,  equals 

~ g ( t ,  T) = e ( r - n ) ( T - t ) ~  t. (3.63) 

It is not difficult to check that the following version of the put-call parity 
relationship is valid 

where pK(St, T - t )  stands for the arbitrage price at time t of the European 
put option with maturity date T and strike price K. In particular, if the 
exercise price equals the forward price of the underlying stock, then 

As was mentioned already, formula (3.61) is commonly used by market prac- 
titioners when valuing stock index options. For this purpose, one needs to 
assume that the stock index follows a lognormal process - actually, a geo- 
metric Brownian motion.1° The dividend yield n, which can be estimated 
from the historical data, slowly varies on a monthly (or quarterly) basis. For 
options with a relatively short maturity, it is therefore reasonable to assume 
that the dividend yield is constant. 

3.2.2 Case of Known Dividends 

We will now focus on the valuation of European options on a stock with 
declared dividends during the option’s lifetime. We assume that the amount 
of dividends to be paid before option’s expiry and the dates of their payments, 
are known in advance. Our aim is to show that the Black-Scholes formula 
remains in force, provided that the current stock price is reduced by the 
discounted value of all the dividends to be paid during the life of the option. 

lo This does not follow from the assumption that each underlying stock follows 
a lognormal process, unless the stock index is evaluated on the basis of the 
geometric average, as opposed to the more commonly used arithmetic average. 
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As usual, it is sufficient to consider the case t = 0. Assume that the 
dividends n l , .  . . , nm are to be paid at  the dates 0 < TI < . . . < T, < T.  
We assume, in addition, that dividend payments are known in advance - 
that is, nl ,  . . . , nm are real numbers. The present value of all future dividend 
payments equals 

and the value of all the dividends paid after time t and compounded at the 
risk-free rate to the option’s expiry date T is given by the expression 

Following Heath and Jarrow (1988), in modelling the stock price we will sep- 
arate the capital gains process from the impact of dividend payments. The 
capital gains process G is assumed to follow the usual stochastic differential 
equation 

dGt = pGt dt + uGt dWt, Go > 0, (3.66) 
hence G follows a geometric Brownian motion. The process S, representing 
the price of a stock that pays dividends 61,. . . , nm at times TI, .  . . , T, may 
be introduced by setting 

where the process D, given by the equality 

accounts for the impact of ex-dividend stock price decline. Alternatively, one 
may put 

m 
st = ct + C n j e - T ( T ~ - t ) ~  [O,T,] (t) = ~t + ~t (3.68) 

j=1 

for t E [0, TI, where D now satisfies 

Note that in the first case we have Go = So and GT = ST + DT = ST + I o ,  
while in the second case Go = So - Do = So - lo and GT = ST. Not surpris- 
ingly, the option valuation formulas corresponding to various specifications 
of the stock price (that is, to  (3.67) and (3.68)) are not identical. 
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As usual, the first step in option valuation is to introduce the notion of a 
self-financing trading strategy. Under the present assumptions, it is natural 
to assume that if 4 = is a self-financing trading strategy, then all 
dividends received during the option’s lifetime are immediately reinvested in 
stocks or bonds. Hence, the wealth process of any trading strategy 4, which 
equals & (4) = 4; St + 4: Bt , satisfies, as usual, 

Intuitively, since the decline of the stock price equals the dividend, the wealth 
of a portfolio is not influenced by dividend payments. It turns out that the 
resulting option valuation formula will not agree with the standard Black- 
Scholes result, however. In view of (3.69), the martingale measure P* for the 
security market model corresponds to the unique martingale measure for the 
discounted capital gains process G; = G~B,’. Hence, P* can be found in 
exactly the same way as in the proof of Theorem 3.1.1. We can also price 
options using the standard risk-neutral valuation approach. 

Proposition 3.2.2. Consider a European call option with strike price K 
and expiry date T, written on a stock S that pays deterministic dividends 
~ 1 , .  . . , K~ at times TI , .  . . , T,. Assume that the stock price S satisfies (3.66)- 
(3.67). Then the arbitrage price at time t of this option equals 

C," = S t N ( h l ( S t , ~  - t)) - e - r ( T - t ) ( ~  + I t )N(h2(St ,T - t ) ) ,  

where It is given by expression (3.65), and 

In St - ln(K + It) + (r f ?p2)(~ - t )  
hi,z(St,T - t)  = 

c r m  

Proof. It  is sufficient to consider the case of t = 0. An application of the 
risk-neutral valuation formula yields 

The dynamics of the capital gains process G under P* are 

We conclude that the price of the European call option is given by the stan- 
dard Black-Scholes formula, with strike price K replaced by lo + K .  0 

By virtue of Proposition 3.2.2, if the stock price behavior is described 
by (3.66)-(3.67), then the pricing of European options corresponds to use 
of the Black-Scholes formula with the strike price increased by the value of 
the dividends compounded to time T at the risk-free rate. The next result 
corresponds to the second specification of the stock price, given by (3.68). The 
reader should be advised that this approach appears to be rather inconvenient 
when dividend payments are modelled as random variables. 
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Proposition 3.2.3. Consider a European call option with strike price K and 
expiry date T,  written on a stock S paying deterministic dividends 61, . . . , r;, 
at times TI, . . . , Tm. Assume that the stock price S satisfies (3.66)-(3.68). 
Then the arbitrage price at time t of this option equals 

6; = (St - It) N (dl (St - ft , T - t)) - e-T(T-t) K N (dz(St - f t  , T - t)) , 

where It is given by equality (3.64), and the functions dl,dz are given by 
(3.18)-(3.19). 

Proof. Once again we consider the case of t = 0. We need to find 

But now under IP we have 

The assertion is now obvious. 0 

Remarks. The last result is consistent with the market practice of using the 
Black-Scholes formula with the stock price reduced by the present value of the 
dividends (see Rubinstein (1983), Hull (1997)). In terms of binomial approx- 
imations of the stock price, the approach first presented above (i.e., based 
on formulas (3.66)-(3.67)) corresponds to the following specification of the 
discrete-time tree 

for i = 0 , .  . . ,n and j = 0, .  . . , i .  On the other hand, the second approach 
corresponds to the process 

for j = 0, .  . . , i .  In both cases, valuation of an option can be made either 
by means of the standard backward induction method, or by using the risk- 
neutral valuation formula. We have assumed throughout that the dividend 
payments are deterministic, and the ex-dividend decline of the stock price 
equals the dividend. The ex-dividend behavior of stock prices is examined by 
several authors; see, for instance, Kalay (1982, 1984), Lakonishok and Ver- 
maelen (1983,1986), Barone-Adesi and Whaley (1986), and Kaplanis (1986). 
It is commonly agreed that due to higher personal taxes on dividends than 
on capital gains, the equilibrium stock price decline on the ex-dividend day 
should be less than the dividend. However, empirical studies show that al- 
though the stock price drops by an amount which is usually less then the 
dividend. it is sometimes more. 
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3.3 Bachelier Model 
In his doctoral dissertation published in 1900, Louis Bachelier not only ex- 
amined the valuation of bond options, but in fact initiated the study of 
continuous-time processes and introduced the Wiener process. Despite the 
notoriety of more recent Black-Scholes model, in some markets the Bachelier 
model appears to be a better tool to handle derivatives (especially short-lived 
options). 

According to the contemporary version of the Bachelier model, the stock 
price is given by the equality 

and the interest rate r is constant. The process W is a one-dimensional stan- 
dard Brownian motion under P. We postulate, in addition, that the informa- 
tion flow is modelled by the filtration P,  which is the natural filtration of W. 
Note the similarity to the Black-Scholes model in that PW = PS. 

Self-financing trading strategies are defined as in Sect. 3.1.3; in particular, 
Lemma 3.1.3 is still valid within the present set-up. An application of ItB’s 
formula yields 

dS,’ = B,' ( p  dt + CT dWt - rSt dt). 
For any fixed T* > 0, therefore, the unique spot martingale measure for the 
Bachelier model coincides with the unique probability measure, equivalent to 
P on (0, Fp), and such that the process S; = St/Bt is a P*-martingale. As 
a straightforward consequence of Girsanov’s theorem, we get (cf. (3.11)) 

Thus, the process W,*, t E [O, T*], given by the formula 

is a one-dimensional standard Brownian motion under P* with respect to IF. 
Moreover, under the martingale measure P* we have 

so that, obviously, S* is a martingale under P*. Equivalently, 

It  is common to consider the Bachelier model for r = 0. In this case, the last 
formula simplifies to: 

St = So + OW:. (3.72) 
We shall adopt this convention in what follows, leaving the general case as 
an exercise. Of course, the stock price given by (3.72) is a time-homogeneous 
Gaussian process with independent increments (and thus a Markov process) 
under the martingale measure P*. 
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3.3.1 Bachelier Option Pricing Formula 

Consider a European call option written on a stock S, with expiry date T 
and strike price K .  Let the function c : R+ x (0, T] -4 R be given by the 
formula 

c(s,t) = a d n ( d ( s , t ) )  + (s - K)N(d(s, t )) ,  (3.73) 
where 

As before, N (respectively, n) stands for the standard Gaussian cumulative 
distribution function (respectively, the standard Gaussian density function). 
As usual, we shall restrict our attention to the class of admissible trading 
strategies. 

Theorem 3.3.1. Assume that r = 0. Then the arbitrage price at time t < T 
of the European call option with expiry date T and strike price K in the 
Bachelier market is given by the formula 

where the function c : R+ x (O,T] -+ R is given by (3.73)-(3.74). The unique 
admissible replicating strategy 4 of the call option satisfies 

Proof. We shall only derive the arbitrage price, using the risk-neutral valua- 
tion formula. For t = 0, we obtain 

where D stands for the event {ST > K). Consequently, 

The random variable 6 = W G / ~  has a standard Gaussian law N(0, l) .  Thus 

where we have used the equality nf(x) = -xn(x), and 

For 0 < t < T,  we have ST = St + a(W; - W:). To evaluate 

we observe that the random variable St is Ft-measurable, and the increment 
W$ - W: is independent of the a-field Ft under P*. 0 
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Since the put-call parity (3.43) remains valid, the price of a put option 
can be found from Theorem 3.3.1 as well. Since Ct - Pt = St - K ,  we obtain 

Pt = a - n ( d ( ~ t , ~  - t)) + (St - K ) N (  - d(St ,T - t ) ) .  

Non-zero interest rate. For a non-zero interest rate r, we have 

where we write K* = BF'K. Thus, in view of (3.70), in order to derive 
the pricing formula, it suffices to replace the constant a by the function 
5(t)  = aecrt  in the proof of Theorem 3.3.1. As a result, we obtain 

where 

Remarks. A different expression for the price is obtained if we postulate that 
the stock price is given by the equality St = ert(So + aW,*), rather than 
by equation (3.71). We now have S,* = So + aW,*, and the formula for the 
arbitrage price of a call option becomes 

ct = erta-n(d(st, t ,  T)) + (St - ~ e - ’ ( * - ~ ) ) N ( d ( ~ t ,  t , ~ ) ) ,  

where we set 

This follows from the fact that, under the present assumptions, the condi- 
tional law of ST - K given the a-field Ft is Gaussian, specifically, 

ST - K N N ( ~ ’ ( ~ - ~ ) s ~  - K, e Z T T a 2 ( ~  - t ) )  . 

3.3.2 Bachelier's PDE 

Let us return to the general case, as specified by equation (3.71). To solve 
this equation explicitly with the initial condition So, it suffices to note that 
(3.71) is equivalent to (3.70). It is easily seen that St satisfies 

t 
st = B,S~ + B, 1 OB;~ dw:, 

or more explicitly 
t st = ertSo + 1 oer(t-u) d w *  

U ’  

Hence, the random variable St has a Gaussian law under the martingale 
measure P*. 
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Since we have, for arbitrary s < t ,  
st = er(t-8) S, + aer(t-u) d w *  I’ 21) 

it is also clear that S is a Markov process under P*. We conclude that we deal 
here with a time-homogeneous diffusion process, and thus the PDE approach 
can also be applied. Let g : IW + R be a Borel-measurable function. Mimicking 
the proof of Corollary 3.1.5, we check that the arbitrage price in the Bachelier 
model of the claim X =  ST) settling at time T is given by the equality 
xt(X) = v(St, t ) ,  where v : R x [0, T] --+ IW solves the Bachelier PDE 

with the terminal condition v(s, T )  = g(s). 

3.3.3 Bachelier Sensitivities 

For a fixed date T and any t < T,  we denote by T the time to option expiry 
- that is, we put T = T - t. We consider the case when r = 0, and we write 
p(s, T, K,  a )  and c(s, T, K, a) to denote the pricing function of a call and a 
put option respectively. The functions c and p are thus given by the formulas 

C(S, T, K ,  a) = a&n(d) + (s - K)N(d) 

and 
p(s, T ,K,  a )  = a&n(d) f (s - K)N(-d) 

with d = d(s, T) given by (3.74). Straightforward calculations show that 

C, = N ( d ) = S > O ,  

Similarly, for a put option we obtain 

p, = & n ( d ) = X > O ,  
p~ = -ps = N(-d) >O. 

The signs of sensitivities are identical in Bachelier and Black-Scholes models. 
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3.4 Black Model 

The goal of this section is to present another classical continuous-time model, 
put forward in a paper by Black (1976a), who examined the valuation of 
options on futures contracts. Although, for the sake of expositional simplicity, 
we refer in this section to a futures contract on a stock, suitable variants of 
Black’s formula will later be applied to a large variety of options. 

Let fs(t, T*), t E [0, T*], stand for the futures price of a certain stock S 
for the date T*. The evolution of futures prices f t  = fs(t, T*) is given by the 
familiar expression 

dft = pf f t  dt + afft dWt, fo > 0, (3.75) 

where pf and af > 0 are real numbers, and Wt, t E [O,T*], stands for a 
one-dimensional standard Brownian motion, defined on a probability space 
(0, IF, P), where IF = IFW. The unique solution of SDE (3.75) equals 

The price of the second security is given, as before, by Bt = ert. 
Remarks. In the Black-Scholes set-up, the futures price dynamics of a stock 
S can be found by combining (3.1) with the following chain of equalities 

where, as usual, Fs(t,T*) stands for the forward price of the stock for the 
settlement date T*. The last equality in (3.76) can be derived easily from the 
absence of arbitrage in the spot/forward market; the second is a consequence 
of the assumption that the interest rate is deterministic. If the stock price S 
is governed by the SDE (3.1), then ItG’s formula yields 

rT* dft = ( p  - r)ft dt + aft dWt, fo = Soe , 
and thus f satisfies (3.75) with pf = p - r and af = a. It  follows from (3.76) 
that 

f s ( t ,T*)  = Fs( t ,T*)  = EP*(ST*I Ft),  (3.77) 

where B(t ,T*) is the price at time t of the zero-coupon bond maturing at  
T*. It appears that under uncertainty of interest rates, the right-hand sides 
of (3.77) and (3.78) characterize the futures and the forward price of S re- 
spectively (see Sect. 9.6). 

Since futures contracts are not necessarily associated with a physical un- 
derlying security, such as a stock or a bond, we prefer to study the case of 
futures options abstractly. This means that we consider (3.75) as the exoge- 
nously given dynamics of the futures price f .  For ease of notation, we write 
p = pf and a = af in what follows. 
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3.4.1 Self-financing Futures Strategies 

By a futures strategy we mean a pair $t = ($:, 4:) of real-valued adapted 
stochastic processes, defined on the probability space ( 0 ,  IF, P). Since it costs 
nothing to take a long or short position in a futures contract, the wealth 
process ~f (4) of a futures strategy 4 equals 

We say that a futures strategy $ = (&, q52) is self-financing if its wealth 
process vf (4) satisfies, for every t E [O,T], 

We denote by @f the class of all self-financing futures strategies. 

3.4.2 Martingale Measure for the Futures Market 

A probability measure @' equivalent to P is called the futures martingale 
measure if the discounted wealth Vf (4) = ~f ($)/B of any strategy 4 E @f 

follows a local martingale under i?'. 

Lemma 3.4.1. Let @' be a probability measure on (O,.FT) equivalent to P. 
Then @' is a futures martingale measure if and only if the futures price f is 
a local martingale under i?'. 

Proof. The discounted wealth Vf for any trading strategy 4 E @f satisfies 

dKf($) = ~ ; ~ ( & d f ,  + & d B t )  -rB;lxf($)dt = q$~;ldf~,  

as (3.79) yields the equality 

B;’ (4: dBt - r ~ ; ~  (4) dt) = B;’ (B;lhf (4) dBt - (4) dt) = 0. 

The statement of the lemma now follows easily. 0 

The next result is an immediate consequence of Girsanov’s theorem. 

Proposition 3.4.1. The unique martingale measure on (R,.FT) for the 
process f is given by the Radon-Nikody’m derivative 

The dynamics of the futures price f under @' are 

dft = aft d ~ t ,  

and the process wt = Wt + ~ a - l t ,  t E [0, TI, is a standard Brownian motion 
on the probability space ( 0 ,  IF, @'). 
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It is clear from (3.80) that 

f t  = fo exp (owt - $a2t) ,  Vt E [0, TI, (3.81) 

so that f follows a strictly positive martingale under @. As expected, we 
say that a futures strategy 4 E @f is @-admissible if the discounted wealth 
vf (4) follows a martingale under @. We shall study an arbitrage-free futures 
market M f  = (f ,  B,@f (@)), where @f (@) is the class of all @-admissible 
futures trading strategies. The futures market model M f  is referred to as 
the Black futures model in what follows. The notion of an arbitrage price is 
defined in a similar way-to the case of the Black-Scholes market. 

3.4.3 Black's Futures Option Formula 

We will now dcrive the valuation formula for futures options, first established 
by Black (197613). Let the function cf : R+ x [0, TI -+ R be given by Black’s 
futures formula 

where 

and N denotes the standard Gaussian cumulative distribution function. 
Before we formulate the main result of this section, let us consider once 

again the futures contract written on a stock whose price dynamics satisfy 
(3.1). If T = T*, then the futures option valuation result (3.82)-(3.83) can 
be found directly from the Black-Scholes formula by setting St = fte-r(T-t) 
(this applies also to the replicating strategy). Intuitively, this follows from the 
simple observation that in this case we have fT = ST at the option’s expiry, 
and thus the payoffs from both options agree. In practice, the expiry date of a 
futures option usually precedes the settlement date of the underlying futures 
contract - that is. T < T*. In such a case we have 

or equivalently, 

and we may still value the futures option as if it were the spot option. Such 
considerations rely on the equality fs(t, T*) = Fs(t, T*),  which in turn hinges 
on the assumption that the interest rate is a deterministic function. They thus 
cannot be easily carried over to the case of stochastic interest rates. For this 
reason, we prefer to give below a straightforward derivation of the Black 
futures formula. 
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Theorem 3.4.1. The  arbitrage price C f  i n  the arbitrage-free futures market 
M f  of a European futures call option, with expiry date T and strike price K ,  
i s  given by the equality C,f = c f  ( ft , T - t ) .  More explicitly, 

The  futures strategy 4 E @ f  (p) that replicates a European futures call option 
equals for every t E [0, TI, 

d c f  
$tl = - ( f t , T  - t ) ,  4; = c T t c f  ( f t , ~  - t ) .  

(3 f (3.84) 

Proof. We will follow rather closely the proof of Theorem 3.1.1. We shall 
therefore focus mainly on the derivation of (3.82)-(3.84). Some technical de- 
tails, such as integrability of random variables or admissibility of trading 
portfolios, are left aside. 

First method. Assume that the price process Ctf is of the form Ctf = v ( f t ,  t )  
for some function v : R+ x [0, TI -. R, and consider a futures strategy 4 E @ f  
of the form q5t = (g (  f t ,  t ) ,  h( f t ,  t ) )  for some functions g, h : R+ x [0, TI -, R. 
Since the replicating portfolio 4 is assumed to be self-financing, the wealth 
process ~f ( 4 ) ,  which equals 

satisfies 
a f ( 4 )  = g ( f t , t ) d f t  + h ( f t , t ) d B t ,  

or more explicitly 

On the other hand, assuming that the function v is sufficiently smooth, we 
find that 

Combining the last equality with (3.86), we get the following expression for 
the It6 differential of the process Yt = v ( f t ,  t )  - v , ~  (4 )  

d Y ,  = ( v t ( f t , t ) + ~ f t v ~ ( f t , t ) + i a ~ f , 2 v f f ( f t , t ) ) d t + a f t v ~ ( f t , t ) d W t  

- P f t d f t ,  t )  dt - g f t d f t ,  t )  dWt  - 4 f t ,  t )  dt = 0. 

Arguing along similar lines to the proof of Theorem 3.1.1, we infer that 

and thus also 

where the last equality follows from the definition of Y 
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To guarantee the last equality we assume that v satisfies the following 
partial differential equation (referred to as the Black PDE) 

vt + &p2f2vff - ru = 0 

on (0, oo) x (0, T), with the terminal condition v(% T) = (f - K)+.  Since the 
function v(f, t )  = cf (f,  T-t),  where cf is given by (3.82)-(3.84), is easily seen 
to solve this problem, to complete the proof it is sufficient to note that, by 
virtue of (3.87) and (3.85), the unique p-admissible strategy 4 that replicates 
the option satisfies 

Details are left to the reader. 

Second method. Since the random variable 

is easily seen to be integrable with respect to the martingale measure p, it is 
enough to evaluate the conditional expectation 

~ , f  = BtIEi((fT - K)+B#~~) = B ~ E @ ( ( ~ T  - K)+B,’~ ft). 

This means that, in particular for t = 0 we need to find the expectation 

where D denotes the set {fT > K).  For 12, we have 

and thus 

I2 = e - ’ T ~  - o w T  < ln(fo/K) - $02T} { 

since the random variable J = - w T / e  has under i?’ the standard Gaussian 
law. To evaluate 11, we define an auxiliary probability measure @ on (0, FT) 
by setting 

& - = exp (OWT - + 0 2 ~ ) ,  
d@J 

and thus (cf. (3.81)) 

Il = P{fT~;’nD) = eCTTfO@ 
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Moreover, the process wt = wt - at is a standard Brownian motion on 
the filtered probability space (0, IF, @), and 

Consequently, 

The general valuation result for any date t is a fairly straightforward conse- 
quence of the Markov property of f .  0 

The method of arbitrage pricing in the Black futures model can be easily 
extended to any path-independent claim contingent on the futures price. In 
fact, the following corollary follows easily from the first proof of Theorem 
3.4.1. As was mentioned already, in financial literature, the partial differential 
equation of Corollary 3.4.1 is commonly referred to as the Black PDE. 

Corollary 3.4.1. The arbitrage price i n  M f  of any attainable contingent 
claim X = g ( f T )  settling at time T is given by ~f (x)  = v ( f t , t ) ,  where the 
function v : EX+ x [O,T] -+ E% is a solution of the following partial differential 
equation 

subject to the terminal condition v( f ,  T)  = g( f )  . 

Let us denote by P/ = pf ( f t ,  T - t )  the price of a futures put option with 
strike price K and T - t to  its expiry date, provided that the current futures 
price is ft.  To find the price of a futures put option, we can use the following 
result, whose easy proof is left to the reader. 

Corollary 3.4.2. The following relationship, known as the put-call parity 
for futures options, holds for every t E [0, TI 

Consequently, the price of a futures put option equals 

where Jl ( f ,  t )  and i2( f ,  t )  are given by (3.83). 



132 3. Continuous-time Models 

Example 3.4.1. Suppose that the call option considered in Example 3.1.2 is a 
futures option. This means, in particular, that the price is now interpreted as 
the futures price. Using (3.82), one finds that the arbitrage price of a futures 
call option equals (approximately)  of = 1.22. Moreover, the portfolio that 
replicates the option is composed at time 0 of 4; futures contracts and 4; 
invested in risk-free bonds, where 4; = 0.75 and 4; = 1.22. Since the number 
4; is positive, it is clear that an investor who assumes a short option position 
needs to enter 4; (long) futures contracts. Such a position, commonly referred 
to as the long hedge, is also a generally accepted practical strategy for a 
party who expects to purchase a given asset at some future date. To find 
the arbitrage price of the corresponding futures put option, we make use of 
the put-call parity relationship. We find that  of = 0.23; moreover, for the 
replicating portfolio of the put option we have 4; = -0.25 and 4: = 0.23. 
Since now 4; < 0, we deal here with the short hedge - a strategy typical for 
an investor who expects to sell a given asset at some future date. 

3.4.4 Options on Forward Contracts 

We return to the classical Black-Scholes framework of Sect. 3.1. We will 
consider a forward contract with delivery date T* > 0 written on a non- 
dividend-paying stock S .  Recall that the forward price at time t of a stock S 
for the settlement date T* equals 

FS(t, T*) = Ste r(T*-t)  , Vt E [O,T*]. 

This means that the forward contract, established at  time t, in which the 
delivery price is set to be equal to Fs(t, T*) is worthless at time t.  Of course, 
the value of such a contract at  time u E (t, T*] is no longer zero, in general. 
It  is intuitively clear that the value vF( t ,  u, T*) of such a contract at time 
u equals the discounted value of the difference between the current forward 
price of S at  time u and its value at time t, that is 

for every u E [t, T*]. The last equality can also be derived by applying directly 
the risk-neutral valuation formula to the claim X = ST* - Fs(t,T*) that 
settles at time T*. Indeed, we have 

since the random variable St is &-measurable. It is worthwhile to observe 
that the value VF(t, U, T*) is in fact independent of the settlement date T*. 
Therefore, we may and do write VF(t, u, T*) = vF( t ,  u) in what follows. 
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By definition,’’ a call option written at time t on a forward contract with 
the expiry date t < T < T* is simply a call option with zero strike price, 
written on the value of the underlying forward contract, so that the payoff 
at time T equals 

C< = (vF (t, T)) + = (ST - s ~ ~ T ( ~ - ~ ) ) + .  

It  is clear that the call option on the forward contract purchased at  time t 
gives the right to enter at time T into the forward contract on the stock S 
with delivery date T* and delivery price Fs(t ,  T*). If the forward price at time 
T is less than it was at time t ,  the option is abandoned. In the opposite case, 
the holder exercises the option, and either enters, at no additional cost, into 
a forward contract under more favorable conditions than those prevailing at  
time T,  or simply takes the payoff of the option. Assume now that the option 
was written at time 0, so that the terminal payoff equals 

To value such an option at time t 5 T,  we can make use of the Black-Scholes 
formula with the (fixed) strike price K = SoeTT. After simple manipulations, 
we find that the option’s value at time t is 

Remarks. Alternatively, in order to derive (3.88), we can make use of Black’s 
futures formula. Since the futures price fs(T, T)  equals ST, we have 

An application of Black’s formula yields 

where f t  = fs( t ,T)  and 

Since in the Black-Scholes setting the relationship fs(t,T) = ~ ~ e ~ ( ~ - ~ )  is 
satisfied, it is apparent that expressions (3.88) and (3.89) are equivalent. It 
is rather obvious that this equivalence hinges on the postulated non-random 
character of interest rates in the Black-Scholes model. 
l1 Since options on forward contracts are not traded on exchanges, the definition of 

an option that has a forward contract as an underlying asset is largely a matter 
of convention. 
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3.4.5 Forward and Futures Prices 

Simple relation Fs(t, T) = fs(t, T )  is a consequence of very restrictive as- 
sumptions (such as: a perfect divisibility of futures contracts, no allowance 
for transaction costs and taxes, equality of the lending and borrowing rates, 
etc.) imposed on the considered model of a financial market. It  is worth 
pointing out that this equality is not necessarily valid in the case of mod- 
els of financial markets with stochastic interest rates. For instance, in Sect. 
11.5, a non-trivial relationship between a forward and a futures prices in the 
Gaussian HJM set-up is established. Generally speaking, the spread between 
the forward and futures price of an asset depends on the correlation between 
the asset price and the savings account (or the zero-coupon bond). 

No-arbitrage relationships between the forward and futures prices of com- 
modities, stocks, stock indices, currencies, bonds, e t ~ .  are analyzed by sev- 
eral authors (see, for instance, Cox et al. (1981b), Levy (1989), or Flesaker 
(1991)). Polakoff and Dizz (1991) demonstrate that when futures are not per- 
fectly divisible, even if interest rates are constant, futures and forward prices 
will differ. The impact of different income and capital gains taxes on stock 
index futures and on the no-arbitrage condition was examined by Cornell and 
French (1983a, 1983b), who allowed also for stochastic interest rates. Finally, 
when transaction costs are taken into account, the non-existence of arbitrage 
opportunities leads to a determination of a band (instead of a specific value) 
for the futures price (see Klemkosky and Lee (1991)). 

Theoretical relationships between forward and futures prices predicted by 
the no-arbitrage condition, and the effects of marking to market, were also ob- 
jects of exhaustive statistical studies. In particular, such tests were performed 
for commodity futures markets by French (1983); for stock index futures 
by Park and Chen (1985), Park and Sears (1985), Ng (1987), Morse (1988), 
MacKinlay and Ramaswamy (1988), Chung (1991), and Stoll and Whaley 
(1994); for foreign exchange markets by Cornell and Reinganum (1991); and 
for interest rate derivatives by Sundaresan (1991) and Meulbroek (1992). 

There is some evidence that the actual futures prices frequently depart 
from the values predicted theoretically (although some researchers of futures 
prices conclude that the no-arbitrage condition is supported by the empirical 
evidence). Put another way, futures contracts appear to be over- or under- 
priced (one says, for instance, that a given futures contract is overpriced when 
the actual futures price exceeds the theoretical futures price predicted by the 
no-arbitrage condition). In consequence, after allowing for marking to market 
and transaction costs, profitable arbitrage opportunities do sometimes arise 
between the real-world futures market and the corresponding spot market for 
a given financial asset. It  may be shown, however, that allowance for trading 
lags leads to clear reductions in the average arbitrage profit; moreover, these 
profits become risky. It is frequently argued that the observed deviations 
from theoretical prices are due to particular regulatory restrictions and to an 
inadequate allowance for transaction costs and taxes. 
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3.5 Robustness of the Black-Scholes Approach 

The crucial postulate of the Black-Scholes approach is the constancy of the 
volatility parameter (or at  least its deterministic and predictable character). 
In this section, we present a few results related to the impact of an uncertain 
volatility of the underlying asset on the pricing and hedging of a derivative 
contract. By an uncertain volatility we mean any stochastic process (or an 
unknown deterministic function) which determines the real-life dynamics of 
the underlying asset. Since we postulate that the real-life dynamics of the 
underlying asset are given by some roughly described stochastic process, and 
in practical implementations we use a well-specified volatility process, this 
is also referred to as the issue of mis-specified volatility. Let us stress that 
we reserve the term stochastic volatility to an exogenously given volatility 
process occurring in a postulated model of the financial market. In Chap. 7, 
we shall analyze modelling of stochastic volatility, and the implications of 
the volatility specification on pricing and hedging of derivatives. Since we do 
not examine here questions related to the concept of implied volatility, the 
results of this section are of a minor practical importance. 

3.5.1 Uncertain Volatility 

In this subsection, we assume that the stock price dynamics under the real-life 
probability P are 

where W is a Brownian motion with respect to some filtration IF, and p and 
a 2 0 are certain IF-adapted stochastic processes, such that the stock price 
process S is well defined. This means that S is given by the formula 

where the first integral is the It6 integral. Equation (3.90) will be referred 
to as true dynamics of the stock price. It should be made clear that there 
is no assumption here that the processes p and a are known explicitly. Put  
differently, we only know that the true dynamics fall within a certain subclass 
of strictly positive It6 processes. Also, there is no need to postulate that the 
filtration P is generated either by the stock price, or by the process W. We 
only assume that W is a Wiener process with respect to IF under P. Let us 
stress that equation (3.90) will not be used in the derivation of the arbitrage 
price and/or the replicating strategy for a given contingent claim. We are 
only going to employ this equation by taking it as a true model of the real- 
life behavior of the stock price. Our goal is to examine the robustness of 
the hedging strategy derived within a particular model with respect to an 
uncertain real-life volatility of the stock price. 
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Remarks. Let us stress that the process of uncertain volatility cannot be 
observed. At best, a trader can observe the so-called realized volatility along 
a single sample path of the process S .  Formally, for a given sample path 
S.(w), the associated sample path @.(w) of the uncertain volatility is called 
the realized volatility of the stock price, and the integral 

T 
u2 (t, ~ ) ( w )  = 1 @:(w) du 

is informally termed the realized variance of the stock price over the time 
interval [t, TI. Some authors examine the issue of uncertain volatility from the 
pathwise perspective by focusing on the so-called worst-case scenarios. For 
results in this vein we refer to Avellaneda et al. (1995), who consider pricing 
and hedging derivative securities in markets with uncertain volatilities, and 
to Bick (1995), who studies quadratic-variation-based trading strategies. 

3.5.2 European Call and Put Options 

We make a crucial assumption that the nonnegative uncertain volatility pro- 
cess at, t E [0, TI, is bounded by a constant: at I am,, < m, where 

am,, = ess SUP SUP tE[o ,q  at.  
Following El Karoui et al. (1998), Davis (2000) and others, we shall consider 
the following situation: a trader sells a call (or put) option at the Black- 
Scholes price c(So, T )  = c(So, 0) evaluated for some constant volatility pa- 
rameter a 2 a,,,. Recall that, in accordance with our notation, the Black- 
Scholes price of the call option equals Ct = c(St, T - t) = E(S~, t),  where the 
function c is given by (3.17) and where we set ~ ( s ,  t)  = c(s, T - t) .  

Starting from the initial endowment Vo(4) 2 c(So,T), a trader consis- 
tently hedges his short position in a call option using the Black-Scholes delta, 
so that 4; = N(dl(St, t ) )  = &(St, t)  for every t E [0, TI. Our goal is to show 
that the wealth process K(4) = 4iSt + @Bt of the self-financing trading 
strategy 4 = ($I, q52) satisfies 

T T 
V T ( ~ )  = Vo(4) + l 4: dSu + 1 4: dBu 2 (ST - K)+,  p-a .~ .  

Since the strategy is self-financing, this can be rewritten using the discounted 
values, namely, 

Proposition 3.5.1. Assume that the short-term interest rate r is constant. 
Suppose that a constant a > 0 is such that the inequality at 5 a holds for 
every t E [O,T]. Let the initial endowment satisfy Vo(4) c(So,T). Then for 
the self-financing strategy 4 = (4 ’ ,~$~) ,  where 4; = N(dl(St , t ))  = Es(St,t) 
for every t E [O,T], we have V T ( ~ )  L (ST - K)+. 



3.5 Robustness of the Black-Scholes Approach 137 

Proof. Since the true dynamics of the stock price are given by (3.90), an 
application of ItB’s formula to the value function E yields 

It should be stressed that c(St, t) is simply an auxiliary process; it represents 
neither the market price, nor the model’s price of the option. It  can be seen 
as the wrongly calculated price of the option by a trader who uses the Black- 
Scholes model with constant volatility 0, while in reality the stock price 
evolves according to (3.90).12 However, it is clear that for t = T we get 
E(STIT) = (ST - K)+ ,  SO that at the option’s expiration date the value 
of the process c(St,t) matches the option’s payoff. Recall that the function 
c(s, t) satisfies the Black-Scholes PDE (cf. (3.26)) 

Combining (3.91) with (3.92), and using the assumption 4; = c,(St, t ) ,  we 
arrive at the following expression: 

Consequently, 

or equivalently, 

Upon integration of the last equality, we obtain 
-1 2 v,*($) - Vo($) = B?’(ST - K ) +  -e(SO,o) + ;C , , (S~ ,~ ) (C~  -a?)Bt St dt. 

We know already that the price of the call option in the Black-Scholes model 
is a strictly convex function of s, specifically, c,,(s, t)  > 0 for every t > 0. 
Consequently, we have that 

The conclusion of the proposition follows easily. 0 

From the theoretical perspective, Proposition 3.5.1 is an interesting result, 
since it shows the robustness of the Black-Scholes pricing and hedging recipe 
with respect to a model mis-specification. It  seems unlikely, however, that 
any result of this kind could have a strong practical appeal. First, to the best 
of our knowledge, no robust statistical method allowing for the estimation of 
the instantaneous volatility process at is available. A reliable prediction of 
the future behavior of this process is even more questionable. 

Of course, the price C(St, t )  is correct if bt happens to coincide with (T. 



138 3. Continuous-time Models 

Second, the concept of an uncertain volatility, formally represented by an 
unspecified stochastic process, seems to be inconsistent with the postulated 
dynamics (3.90). Indeed, if we have no hints on how to model the behavior of 
i?t, what makes us believe that an adequate description of real-life dynamics 
of the underlying asset has the form (3.90). 

Third, assuming that a trader is lucky enough to know in advance the 
upper bound a,,,, we need to make an unrealistic assumption that he can sell 
an option for the price corresponding to the maximal level of the forecasted 
volatility. The real issue in the over-the-counter trading is, rather, how to 
find a competitive price of a contract. It  is rather clear that a more precise 
assessment of volatility risk is needed for this purpose. 

Finally, from the viewpoint of hedging, it is not at  all clear whether the 
use of the Black-Scholes hedge ratio could be the best hedging strategy for a 
trader needing to address the issue of an uncertain volatility. 

Let us return to the theoretical study. The following result is an easy 
consequence of the proof of Proposition 3.5.1. Note that we now postulate 
that the inequality at > a > 0 is valid; that is, the uncertain volatility is 
assumed to be bounded from below by a positive constant. 

Corollary 3.5.1. Assume that the short-term interest rate r is constant and 
a constant a > 0 is such that the inequality at > a holds for evemJ t E [0, TI. If 
the initial endowment satisfies Vo($) 2 -c(So, T),  then for the self-financing 
trading strategy 4 = (4’, q52), where 4’ equals 

we have V T ( ~ )  > -(ST - K)+. 

Proposition 3.5.1 and Corollary 3.5.1 allow us to examine the seller’s price 
n,S(CT) and the buyer’s price n,b(CT) = -n,S(-CT) of a call (or put) option. 
Recall that we now work under the standing assumption that the real-world 
dynamics of the stock are specified by (3.90). 

Seller's price. We shall first consider the seller’s price of an option. We stress 
that n,S(CT) stands for the seller’s price of the call option in the real-world 
model, that is, under (3.90). It is easy to deduce from Proposition 3.5.1 that 
this seller’s price satisfies .rr,S (CT) 5 cmaX(St , T - t ) ,  where c,,, (St, T - t )  is 
the Black-Scholes price of the call option evaluated for the constant volatility 
o,,,(t) given by 

It is also clear that the same result is valid for a European put option written 
on S, that is, r,S(PT) 5 pmaz (St, T - t) ,  where pma,(St, T - t)  the Black- 
Scholes price of the put option evaluated for the volatility ama,(t). 

Buyer's price. Let us now consider the buyer’s price n,b(CT) in the real- 
world model. Using Corollary 3.5.1, we obtain: r,S(-CT) 5 -cmin(St, T - t) ,  
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where cmin(St, T - t) is the Black-Scholes price of the call option evaluated 
for the volatility amin (t), where 

provided, of course, that ami,(t) > 0. Consequently, x ,b(C~)  2 cmin(Str T-t)  
and, by similar arguments, x,b(pT) L pmin(St, T - t ) ,  

No-arbitrage bounds. We conclude that the following inequalities are 
valid: 

~ m i n  (St , T - t)  I ~ ; ( c T )  I (CT) < cmaz (St 1 T - t)  
and 

pmin (St , T - t) 5 ~; (PT)  I (PT) < pmaz (St , T - t) . 
Of course, since the real-life model is not completely specified, there is no 
chance of being more precise. In particular, we are not in a position to find 
the exact values for no-arbitrage bounds that are x,b(cT) and r,S(CT) in the 
case of a call option (x,b(pT) and ’ir,S(PT) for a put). 

3.5.3 Convex Path-independent European Claims 

We refer the reader to ElKaroui and Jeanblanc-PicquB (1990), Lyons (1995), 
El Karoui et al. (1998), Frey and Sin (1999), Frey (2000), Romagnoli and 
Vargiolu (2000) for further results on robustness of the Black-Scholes for- 
mula, and to Bergman et al. (1996), Bergman (1998) or Kijima (2002) for 
more information on the general properties of option prices. In fact, we will 
not analyze the general properties of option prices in diffusion-type models, 
but rather we shall focus on the impact of uncertain volatility on prices of 
contingent claims and the respective hedging strategies. 

We shall now extend the result of the previous subsection to the case of a 
convex (concave) path-independent European claim and a general diffusion- 
type model of the stock price. As before, given the (true) volatility process 
at, we have the following dynamics of the stock price under the real-world 
probability P 

d ~ ~ = s ~ ( ~ ~ d t + ~ ~ d w ~ ) ,  so>o, (3.93) 
for some IF-adapted processes p and ii 2 0. The process W is a Brownian 
motion under P, but we do not assume that the filtration IF is generated by W. 
As was mentioned before, we shall restrict our attention to a specific class of 
models. Let 3 stand for the process describing the stock price in the model. 
We assume that the volatility 5 in the model has the form Ct = 5(St, t), 
where 5 : R+ x R+ --+ R+ is a deterministic function. We shall refer to a 
volatility process of this form as the path-independent asset-based volatility 
or, more informally, local volatility. We model the stock price dynamics under 
the martingale measure p as follows 

where the process w is a Brownian motion under p 
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We assume that r : R+ -, R+ is a deterministic function, so that 

B~ = exp (’r(u) du). 

We postulate that SO = So and the function 6(s, t )  is sufficiently regular to 
ensure the existence and uniqueness of a nonnegative solution of (3.94). 

The model (3.94) will later be used to price a given contingent claim 
X I  through the risk-neutral valuation formula under @. We therefore find it 
convenient to assume that this model is complete, so that p is the unique 
martingale measure. Let us stress that there is no relationship between the 
two probabilities IP and @' (in general, they are defined on different probability 
spaces). The only instance when the probability measure @ intervenes is the 
calculation of the arbitrage price of a given contingent claim within the model 
given by (3.94). 

One of our goals is to examine the monotonicity of a call (put) option price 
with respect to the level of the volatility. We shall check that in the case of 
the stock price given by (3.94) the option’s price is an increasing function 
of the volatility in the following sense: if the two volatility functions satisfy 
a (s ,  t )  2 a(s ,  t )  for every (s, t )  then the price a call (put) option assuming the 
volatility function 6 is never less than the price evaluated for a model with 
the same interest rate, but with volatility function a .  This property extends 
to a larger class of convex path-independent European contingent claims. 
It  is no longer valid, in general, when the underlying stock pays dividends 
(see Kijima (2002)) or when the volatility coefficient is path-dependent, as 
opposed to a state-dependent volatility a ( s , t )  (see ElKaroui et al. (1998)). 

Technical assumptions. We make the following standing assumptions re- 
garding the regularity of the volatility function 6 and the payoff function h: 
(i) 6 : [0, T] x (0, m) --+ R is continuous and bounded, 
(ii) (d/ds)(si?(s, t ) )  is continuous in (s, t )  and Lipschitz continuous and 
bounded in s E (0, co), uniformly in t E [0, TI, 
(iii) h is a convex (or concave) function on (0, co) with bounded one-side 
derivatives: Ih’(x3z)l < co for every x > 0. 

The first issue that we are going to address is the preservation of the 
convexity (or concavity) property of the terminal payoff. The following result 
is borrowed from El Karoui et al. (1998). 

Lemma 3.5.1. Assume that the dynamics of the stock price under @ are 
given by (3.94) with deterministic interest rate r.13 If the payoff of a path- 
independent European claim X = h(ST) is represented by a convex (concave) 
function h, then for any fixed t E [0, TI the arbitrage price 

i i t (x )  = B , I E , ( ~ ( S ~ ) B $ ~  I St) = ~ ( $ , t )  (3.95) 

is a convex (concave) function of the variable s. 

l3  In fact, this last restriction can be relaxed (see ElKaroui et al. (1998)). 
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For the proof of Lemma 3.5.1, the reader is referred to the original paper. 
Similar convexity preserving properties were established in Bergman et al. 
(l996), Bergman (l998), Hobson (l998b), Martini (lggg), and Kijima (2002). 

We shall assume from now on that the function fi : (0, cm) x [0, TI 4 R 
is continuous, of class C211((0, cm) x [0, TI), with bounded partial derivative 
6,(s, t )  (we refer to El Karoui et al. (1998) for technical conditions that are 
sufficient for these properties to hold). Under the present assumptions, the 
function 6(s, t )  satisfies the following extension of the Black-Scholes PDE 

By virtue of Lemma 3.5.1, in order to establish the monotonicity property of 
the arbitrage price, we may use in the present context similar techniques as 
in the proof of Proposition 3.5.1. Suppose that we have sold the claim X at  
time 0 at the price iio(X) that was calculated in accordance with our model, 
as specified by (3.94). We define a hedging strategy of the short position 
by setting 4: = 6,(St,t) for every t E [O,T] (note that the process 4’ is 
bounded). Assume that true dynamics of S are given by (3.93). Our goal is to 
show that under some circumstances the wealth process of the self-financing 
trading strategy 4 = (4 l ,  q52) satisfies VT($) >  ST). 

Proposition 3.5.2. Let the short-term interest rate r( t )  be deterministic. 
Assume that t )  > at for every t E [0, TI, where the process S is given 
by (3.93). Consider a European claim X = h(gT) represented by a convex 
function h. Let 4 = ($I, $2) be the self-financing trading strategy such that 
4; = 6, (St, t) ,  where 6(s, t)  is the function given by (3.95). If &($) > iio(X), 
then VT($) >  ST), P-a.s. 

Proof. The proof is based on arguments similar to those of the proof of Propo- 
sition 3.5.1. We shall focus on the case of a convex payoff function h. First, 
ItG’s formula yields 

Using (3.96) and the assumption that 4; = 6,(St,t), we obtain 

and thus 

Finally, 

Integrating the last equality, we obtain 
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Since the convexity of the pricing function 6 yields 6,,(s,t) > 0 and by 
assumption a2(St, t )  > a?,  we conclude that 

VT (4) > BT (VO (4) - 5 0  (X))  +  ST). 
This ends the proof of the proposition. 
Remarks. Under assumptions of Proposition 3.5.2, if at > 3(St, t)  then 

VT (4) < BT (VO (4) - 50 (XI) +  ST). 
Suppose now that the claim X = h(ST), where -h satisfies the technical 
assumptions of Proposition 3.5.2 (in particular, h is concave). Then it follows 
easily from the proof of Proposition 3.5.2 that for the strategy 4 = ($I, $2) 
with 4: = 6,(St,t) and h ( 4 )  > iio(X) the inequality VT(4) >  S ST) will 
hold, if we assume that at 2 a(&, t )  for every t E [0, TI. 
Corollary 3.5.2. Suppose that instead of dynamics (3.93), we postulate that 
S is governed under some probability p by the following SDE 

dSt = St (r (t) dt + at d Wt) , (3.97) 

where w is a Brownian motion under I .  Then under the assumptions of 
Proposition 3.5.2, we have 

Before proceeding to the proof, let us observe that since 5 is an uncertain 
volatility in risk-neutral dynamics (3.97), the expected value occurring in the 
right-hand side of (3.98) is, practically speaking, not available. If instead we 
interpret (3.97) as another model of the stock price (so that the process a is 
known), then (3.98) may be used to compare arbitrage prices yielded by two 
different models; this idea is exploited in Corollary 3.5.3. 
Proof of Corollary 3.5.2. It suffices to observe that Proposition 3.5.2 yields, 
for Vo(4) = 5o(X)1 

Since the process is bounded and S* = S~B;’ is a martingale under p, 
we obtain 

ffo(X) 2 Bo EP(~(ST)B,~) ,  
as desired. 0 

Let us consider another diffusion-type local volatility model: 

dSt = St(r( t)  dt + a(St , t )  dWt), (3.99) 

where 8 2 0 is such that the SDE has a unique solution under P. We assume 
that a given contingent claim X represented by the payoffs h(sT) and h(sT) 
can be replicated in corresponding models, as given by SDEs (3.94) and (3.99) 
respectively. 
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Corollary 3.5.3. Assume that So = So and the inequality S(s, t)  > 8(s,  t)  
holds for every (s, t ) .  Then for any path-independent European contingent 
claim X represented by a convex function h, we have iio(X) > iio(X). Simi- 
larly, if X is given by a concave function h, we have iio(X) 5 iio(X). 

Proof. It  suffices to make use of Corollary 3.5.2. 0 

In the general case, when X is not attainable in either of the two models, 
we claim that the inequality i i i ( ~ )  > ii; (X)  is valid. To check this, it suffices 
to observe that (3.98) yields 

where M (respectively, M) stands for the class of all martingale measures 
for the first (respectively, second) model. We take for granted the following 
equalities (see ElKaroui and Quenez (1995) or CvitaniC and Karatzas (1992, 
1993)) 

7~: (X)  = sup Bo Ep (h(ST) B T ~ )  (3.101) 
P�M 

and 
T&(x) = -in[ B ~ E ~ ( ~ ( S ~ ) B T ~ ) .  (3.102) 

PEM 

Thus, inequality (3.100) immediately implies that $(x) > i i t(X). A more 
straightforward proof of this inequality is based on the following reasoning: 
we define the function G by setting 

and we check (using Lemma 3.5.1 and mimicking the proof of Proposi- 
tion 3.5.2) that the strategy 4; = G,(st,t), with K ( 4 )  = G ( ~ o , o ) ,  satisfies 
VT($) > h(ST), p-a.s. This shows that ?i;(X) 5 G(So, 0) for any choice of the 
martingale probability @. Consequently, we have $(x) 2 i i t(X). 

Corollary 3.5.3 yields a desirable, and intuitively plausible, monotonicity 
property of arbitrage price of European call and put options with respect to a 
state-dependent volatility coefficient. As was mentioned already, when path- 
dependent volatility processes are allowed, it is possible to give an example 
in which the monotonicity property of Corollary 3.5.3 is violated, even for a 
standard European call option. ElKaroui et al. (1998) construct an explicit 
example14, of two volatility processes depending on the stock price only (so 
that we may formally write 5t = f (t, S p t l )  and at = g(t, S p t l ) )  such that 
at > Zit for every t E [0, TI, but the price at time 0 of a European call option 
with expiration date T evaluated for 6 is strictly below the price yielded by a 
model with a higher volatility 8 .  Finally let us mention that in the case of a 
path-dependent claim, there is no reason to expect that the price will be an 
increasing function of a volatility, even in the classical Black-Scholes set-up. 

l4 This counter-example does not invalidate Proposition 3.5.2, since it relies on a 
comparison of two models with path-dependent stochastic volatilities. 
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3.5.4 General Path-independent European Claims 

Avellaneda et al. (1995) (see also, Avellaneda and Par& (1996), and Gozzi 
and Vargiolu (2002)) develop a PDE approach to super-replication of contin- 
gent claims for the generalized Black-Scholes model, in which the uncertain 
volatility a is assumed to follow a stochastic process that is bounded from 
below and from above by strictly positive deterministic constants denoted, 
as before, by amin and a,,,. Consider a model of the form: 

dSt = St ( rd t  +at dW;). (3.103) 

The process W* is a one-dimensional Brownian motion on a filtered probabil- 
ity space (52, P, P*), and at stands for an arbitrary adapted stochastic process 
on this space, with a priori known lower and upper bounds. No restrictions on 
the underlying filtration IF are imposed, and thus the foregoing results cover 
also the case of stochastic volatility models, which are examined in Chap. 7. 

It is worth stressing that Avellaneda et al. (1995) consider a fairly 
general class of path-independent European contingent claims of the form 
X = h(ST), without imposing either the convexity or the concavity condi- 
tion on the terminal payoff h (this should be contrasted with results of the 
two previous subsections). 

Let us denote by Silt@, u E [t, TI, the process given by (3.103) and start- 
ing at  time t from the level s; that is, with the initial condition s:’~" = s. 
Also, for any fixed (s, t) E R+ x [0, TI, let Qs>t be the family of all (infinite- 
dimensional) probability laws of such processes, when a ranges over all P- 
adapted stochastic processes that satisfy the constraint 

Let us write I = [amin, a,,,], and let us denote by At(I)  the class of all such 
processes a .  In view of (3.101), in order to examine the seller’s price, it is 
natural to introduce the function 0 : R+ x [O, T] -+ R by setting 

or equivalently, 

where, of course, Q {St = s) = 1 for any Q E Qslt. Similarly, we define the 
function 2 by the formula 

v(s, t )  = inf I E p  (e-r(T-t)h(~$t’")), - 
"€At ( I )  

or equivalently, 
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In the present set-up, it is natural to define the seller’s price as the minimal 
initial endowment at  time t given the level s of the stock price, such that for 
any choice of a E At (I) it is possible to construct a trading strategy 4 which 
super-replicates a given contingent claim, in the sense that the inequality 
VT(4) > h ( ~ 2 ~ )  holds. Formally, we set 

n t (X)  = inf {&($) I \dii E At(1) 3 4 E @ t , ~  : V T ( ~ )  > h ( ~ $ ~ ) ) ,  

where Q t , ~  is the class of self-financing strategies over the time interval [t, TI. 
Let us first observe that K(4)  will in fact depend on s and t only. Notice also 
that for any choice of a volatility process a E At(I) ,  the inequality VT($) > X 
should hold for some strategy 4. Hence, the choice of the strategy may depend 
on a given form of the uncertain volatility process a. For any date t E [0, TI, 
the seller’s price can be defined in an analogous way. 

Avellaneda et al. (1995) show that $(X) = v(St, t) ,  where the function 
v : IR+ x [0, T] -+ IR satisfies the following non-linear PDE,15 which is termed 
the Black-Scholes-Barenblatt equation (BSB equation, for short) 

with the obvious terminal condition 6(s, T )  = h(s), where the auxiliary func- 
tion tij : R 4 aka,) equals 

Notice that equation (3.104) can also be rewritten as follows 

This emphasizes the fact that the volatility parameter is chosen dynamically, 
according to the local convexity (concavity) of the value function v(s, t). 

The buyer’s pricing function 2 solves an analogous equation, with the 
function tij replaced by the function zu, which is given by the formula 

so that the corresponding BSB equation is 

with the terminal condition g(s, T )  = h(s) . 
l5 This PDE is in fact the Hamilton-Jacobi-Bellman (HJB) equation associated 

with a specific exit problem. 
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It  is clear that the properties of the BSB equation depend in an essential 
manner on the convexity (concavity) of the value function V. As we already 
know from Lemma 3.5.1, the convexity (concavity) of the terminal payoff 
is generally preserved by arbitrage pricing for diffusion-type models, in the 
sense that the value function has this property as well. Thus it is by no 
means surprising that in the case of standard call and put options, we obtain 
simply the Black-Scholes prices that correspond to the extreme values of the 
volatility parameter. To be more specific, the seller’s price (respectively, the 
buyer’s price) of a call (and put) option in the sense of Avellaneda et al. 
(1995) is given by the Black-Scholes formula with the volatility parameter 
equal to a,,, (respectively, amin). Of course, the situation becomes much 
more complicated when we deal with contracts with non-convex terminal 
payoffs, with multi-asset derivatives, or with non-diffusion-type models. 

We have, however, the following result extending Proposition 3.5.1. 

Proposition 3.5.3. Assume that the short-term interest rate r is  constant. 
Suppose that the inequality amin < a, < amin holds for every t E [0, TI, and 
the initial endowment satisfies Vo(4) > v(So,T). Assume that there exists a 
classical solution t o  the BSB equation (3.104). Then  for the self-financing 
trading strategy $ = (4’, $2), where +tl = 8, (St, t )  for every t E [0, TI, we 
have V T ( ~ )  >  ST). 

Proof. The proof goes along similar lines to the proof of Proposition 3.5.1. 
In particular, we obtain the following equality 

This shows that 

which is the desired result. 0 

Proposition 3.5.3 shows that a super-replication of (path-independent) 
European contingent claims is feasible under the following assumptions. First, 
our initial endowment should be at least equal to the seller’s price 8(So, T). 
Second, we should be able to solve the corresponding BSB equation and to 
find a bound on the partial derivative 0,. Recall once again that we postulate 
here that actual dynamics of the stock price are given by an uncertain volatil- 
ity process that is bounded from below and from above by strictly positive 
constants. 

Option prices and hedging strategies based on the maximization of the ex- 
ponential utility function in a model with mis-specified volatility were studied 
by Ahn et al. (1997) and Huang and Davison (2002). Robustness of Gaussian 
hedges under mis-specification was examined by Dudenhausen et al. (1999). 
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In this chapter, an arbitrage-free model of the domestic security market is 
extended by assuming that trading in foreign assets, such as foreign risk- 
free bonds and foreign stocks (and their derivatives), is allowed. We will 
work within the classical Black-Scholes framework. More specifically, both 
domestic and foreign risk-free interest rates are assumed throughout to be 
nonnegative constants, and the foreign stock price and the exchange rate 
are modelled by means of geometric Brownian motions. This implies that 
the foreign stock price, as well as the price in domestic currency of one unit 
of foreign currency (i.e., the exchange rate) will have lognormal probability 
distributions at future times. Notice, however, that in order to avoid perfect 
correlation between these two processes, the underlying noise process should 
be modelled by means of a multidimensional, rather than a one-dimensional, 
Brownian motion. Our main goal is to establish explicit valuation formulas 
for various kinds of currency and foreign equity options. Also, we will provide 
some indications concerning the form of the corresponding hedging strategies. 
It is clear that foreign market contracts of certain kinds should be hedged both 
against exchange rate movements and against the fluctuations of relevant 
foreign equities. 

4.1 Cross-currency Market Model 

All processes considered in what follows are defined on a common filtered 
probability space (0, P, P), where the filtration IF is assumed to be the P- 
augmentation of the natural filtration generated by a d-dimensional Brownian 
motion W = (W1,. . . , w d ) .  The domestic and foreign interest rates, r d  and 
r f ,  are assumed to be given real numbers. Consequently, the domestic and 
foreign savings accounts, denoted by Bd and Bf respectively, satisfy 

B,d=exp(rdt), Btf=exp(rf t) ,  Vt€[O,T*] .  

It  is worth stressing that Bf and Btf are denominated in units of domestic 
and foreign currency respectively. 

We now introduce the exchange rate process Q that will play an important 
role as a tool used to convert foreign market cash flows into units of domestic 
currency. Moreover, it can also play the role of an option’s underlying "asset". 
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We adopt here the convention that the exchange rate is denominated in 
units of domestic currency per unit of foreign currency. This means that Qt 
represents the domestic price at  time t of one unit of the foreign currency. 
Note, however, that the exchange rate process Q cannot be treated on an 
equal basis with the price processes of domestic assets; put another way, the 
foreign currency cannot be seen as just an additional traded security in the 
domestic market model, unless the impact of the foreign interest rate is taken 
into account. 

We assume throughout that the exchange rate process Q is governed under 
the actual probability P by the following stochastic differential equation 

where PQ E IR is a constant drift coefficient and UQ E IRd denotes a constant 
volatility vector. As usual, the dot ". " stands for the Euclidean inner product 
in IRd, for instance, 

d 

i=l 

Also, we write I . I to  denote the Euclidean norm in IRd. Using this notation, 
we can make a clear distinction between models based on a one-dimensional 
Brownian motion, and models in which the multidimensional character of the 
underlying noise process is essential. 

4.1.1 Domestic Martingale Measure 

In view of (4.1), the exchange rate at  time t equals 

Let us introduce an auxiliary process Q*, given by the equality 

which represents the value at time t of the foreign savings account, when 
converted into the domestic currency, and discounted by the current value of 
the domestic savings account. It is useful to observe that Q* satisfies 

or equivalently, that the dynamics of Q* are 

We thus see that the process Q* is a martingale under the original probability 
measure P if and only if the drift coefficient PQ satisfies PQ = r d  - rf. 

In order to rule out arbitrage between investments in domestic and foreign 
bonds, we have to postulate the existence of a martingale measure, which is 
defined as follows. 
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Definition 4.1.1. A probability measure P*, equivalent to P on (f2,FT*), 
is a martingale measure of the domestic market (or briefly, a domestic mar- 
tingale measure) if the process Q* is a P*-martingale. 

Intuitively, the domestic martingale measure P* is a risk-neutral probabil- 
ity as seen from the perspective of a domestic investor - i.e., an investor who 
constantly denominates the prices of all assets in units of domestic currency. 
In view of Girsanov’s theorem, any martingale measure P* is associated with 
some vector 5 E Rd that satisfies 

It worth observing that a martingale measure P* is not unique, in general. 
Indeed, the uniqueness of a solution to (4.3) need not hold, in general. Hence, 
for any f i satisfying (4.3), the probability measure P*, given by the usual 
exponential formula 

dP* 
-- 
dP - exp (5 .  W p  - i1f,(2~*), P-a.~. ,  

can play the role of a domestic martingale measure. In addition, the process 
W*, which equals 

W,*=Wt-Ct, ’dt�[O,T*],  

follows a d-dimensional Brownian motion under P*. Since Qt = Q; B,d/Bf, we 
see that the dynamics of the exchange rate Q under the domestic martingale 
measure P* are 

Completeness. The uniqueness of the martingale measure can be gained by 
introducing the possibility of trading in additional foreign or domestic assets, 
foreign or domestic stocks, say. In other words, the uniqueness of a martingale 
measure holds if the number of (non-redundant) traded assets, including the 
domestic savings account, equals d +  1, where d stands for the dimensionality 
of the underlying Brownian motion. For instance, if no domestic stocks are 
traded and only one foreign stock is considered, to guarantee the uniqueness 
of a martingale measure P*, and thus the completeness of the market, it is 
enough to assume that W, and thus also W*, is a two-dimensional Brownian 
motion. In such a case, the market model involves three primary securities 
- the domestic and foreign savings accounts (or equivalently, domestic and 
foreign bonds) and a foreign stock. 

Risk-neutral valuation. Assume that the model is complete. Then the 
arbitrage price nt(X),  in units of domestic currency, of any contingent claim 
X that settles at time T and is also denominated in the domestic currency, 
equals 

nt(X) = e-rd(T-t) IEp* (X  I F t ) .  (4.5) 
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If a claim Y is denominated in units of foreign currency, its arbitrage price 
at time t ,  expressed in units of domestic currency, is given by the formula 

Note that the arbitrage price of such a claim can be alternatively evaluated 
using the martingale measure associated with the foreign market, and ul- 
timately converted into domestic currency using the current exchange rate 
Qt. To this end, we need to introduce an arbitrage-free probability measure 
associated with the foreign market, termed a foreign martingale measure. 

4.1.2 Foreign Martingale Measure 

We now take the perspective of a foreign-based investor - that is, an investor 
who consistently denominates her profits and losses in units of foreign cur- 
rency. Since Qt is the price at time t of one unit of foreign currency in the 
domestic currency, it is evident that the price at time t of one unit of the 
domestic currency, expressed in units of foreign currency, equals Rt = 1/Qt. 
From It6’s formula, we have 

or more explicitly 

The dynamics of R under P* are thus given by the expression 

Equivalently, 
dR,* = -R,* aQ . (dW,* - aQ dt), (44 

where R* stands for the following process 

Observe that R* represents the price process of the domestic savings account, 
expressed in units of foreign currency, and discounted using the foreign risk- 
free interest rate. By virtue of (4.6), it is easily seen that R* is a martingale 
under a probability measure i?', equivalent to P* on (0, .FT*), and given by 
the formula 

where the process rl equals 

Any probability measure @ defined in this way is referred to as a foreign 
martingale measure. 
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If the uniqueness of a domestic martingale measure P* is not valid, the 
uniqueness of a foreign market martingale measure @' does not hold either. 
However, under any foreign martingale measure @', we have 

where wt = WW,* - f fQt,  t E [0, T*], follows a d-dimensional Brownian motion 
under @'. It  is useful to observe that the dynamics of R under the martingale 
measure are given by the following counterpart of (4.4) 

For any attainable contingent claim X ,  that settles at time T and is denom- 
inated in units of domestic currency, the arbitrage price at time t in units of 
foreign currency is given by the equality 

We are now in a position to establish a relationship linking a conditional 
expectation evaluated under the foreign market martingale measure @' to its 
counterpart evaluated under the domestic martingale measure P*. We assume 
here that @' is associated with P* through (4.7). 

Proposition 4.1.1. The following formula is valid for any 3T-measurable 
random variable X (provided that the conditional expectation is well-defined) 

Proof. Applying the abstract Bayes formula, we obtain 

and thus (note that q follows a martingale under P*) 

It is now enough to make use of (4.8). 0 

4.1.3 Foreign Stock Price Dynamics 

Let S,f be the foreign currency price at time t of a foreign traded stock 
which pays no dividends. In order to exclude arbitrage, we assume that the 
dynamics of the price process Sf under the foreign martingale measure @' are 

with a constant volatility coefficient asf E IRd. This means that the stock 
price process Sf follows 
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under the domestic martingale measure P* associated with p. For the purpose 
of pricing foreign equity options, we will sometimes find it useful to convert 
the price of the underlying foreign stock into the domestic currency. We write 
S{ = Q~S[ to denote the price of a foreign stock Sf expressed in units of 
domestic currency. Using ItB’s formula, and the dynamics under P* of the 
exchange rate Q, namely, 

one finds that under the domestic martingale measure P*, the process S f  
satisfies 

dStf = gtf (rd dt + (asf + aQ) . d ~ : ) .  (4.15) 

The last equality shows that the price process S f  behaves as the price process 
of a domestic stock in the classical Black-Scholes framework; however, the cor- 
responding volatility coefficient is equal to the superposition asf + CTQ of two 
volatilities - the foreign stock price volatility and the exchange rate volatil- 
ity. By defining in the usual way the class of admissible trading strategies, 
one may now easily construct a market model in which there is no arbitrage 
between investments in foreign and domestic bonds and stocks. Since this 
can be easily done, we leave the details to the reader. 

4.2 Currency Forward Contracts and Options 

In this section, we consider derivative securities whose value depends ex- 
clusively on the fluctuations of exchange rate Q, as opposed to those se- 
curities that depend also on some foreign equities. Currency options, for- 
ward contracts and futures contracts provide an important financial instru- 
ment through which to control the risk exposure induced by the uncertain 
future exchange rate. The deliverable instrument in a classical foreign ex- 
change option is a fixed amount of underlying foreign currency. The valua- 
tion formula that provides the arbitrage price of foreign exchange European- 
style options was established independently by Biger and Hull (1983) and 
Garman and Kohlhagen (1983). They have shown that if the domestic and 
foreign risk-free rates are constant, and the evolution of the exchange rate is 
described by (4.1), then a foreign currency option may be valued by means 
of a suitable variant of the Black-Scholes option valuation formula. More pre- 
cisely, one may apply formula (3.61) of Sect. 3.2.1, which gives the arbitrage 
price of a European option written on a stock paying a constant dividend 
yield. The stock price St should be replaced by the exchange rate Qt,  and 
the dividend yield r; with the foreign interest rate r f .  In view of the argu- 
ments presented in Sect. 4.1, we may and do assume throughout this section 
that the Brownian motion W is one-dimensional. 
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4.2.1 Forward Exchange Rate 

Let us first consider a foreign exchange forward contract written at  time t that 
settles at the future date T .  The asset to be delivered by the party assuming a 
short position in the contract is a prespecified amount of foreign currency, say 
1 unit. The party who assumes a long position in a currency forward contract 
is obliged to pay a certain number of units of a domestic currency, the delivery 
price. As usual, the delivery price that makes the forward contract worthless 
at  time t 5 T is called the forward price at time t of one unit of the foreign 
currency to be delivered at the settlement date T .  In the present context, 
it is natural to refer to this forward price as the forward exchange rate. We 
write FQ(t, T) to denote the forward exchange rate. 

Proposition 4.2.1. The forward exchange rate FQ(t,  T )  at time t for the 
settlement date T is given by the following formula 

F Q ( t ,  T )  = e ( T d - T f ) ( T - t )  Qt,  Vt E [0, TI. (4.16) 

Proof. It is easily seen that if (4.16) does not hold, risk-free profitable oppor- 
tunities arise between the domestic and the foreign market. 0 

Relationship (4.16), commonly known as the interest rate parity, asserts 
that the forward exchange premium must equal, in the market equilibrium, 
the interest rate differential r d  - r f .  A relatively simple version of the inter- 
est rate parity still holds even when the domestic and foreign interest rates 
are no longer deterministic constants, but follow stochastic processes. Under 
uncertain interest rates, we need to to introduce the price processes Bd(t, T )  
and Bf (t, T )  of the domestic and foreign zero-coupon bonds with maturity 
T. A zero-coupon bond with a given maturity T is a financial security paying 
one unit of the corresponding currency at the future date T.  Suppose that 
zero-coupon bonds with maturity T are traded in both domestic and foreign 
markets. Then equality (4.16) may be extended to cover the case of stochas- 
tic interest rates. Indeed, it is not hard to show, by means of no-arbitrage 
arguments, that 

where Bd(t, T) and Bf (t, T )  stand for the respective time t prices of the do- 
mestic and foreign zero-coupon bonds with maturity T.  Note that in (4.17), 
both Bd(t ,T) and Bf ( t ,T)  are to be seen as the domestic and foreign dis- 
count factors rather than the prices. Indeed, it is natural to express prices 
in units of the corresponding currencies, while discount factors are simply 
the corresponding real numbers. Finally, it follows immediately from (4.14) 
that for any fixed settlement date T, the forward price dynamics under the 
martingale measure (of the domestic economy) P* are 
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and FQ(T, T) = QT. In what follows, we will use the last formula as a con- 
venient argument to show that the forward and futures exchange rates agree 
(at least as long as the interest rates are deterministic). 

4.2.2 Currency Option Valuation Formula 

As a first example of a currency option, we consider a standard European 
call option, whose payoff at  the expiry date T equals 

where QT is the spot price of the deliverable currency (i.e., the spot exchange 
rate at  the option’s expiry date), K is the strike price in units of domestic 
currency per foreign unit, and N > 0 is the nominal value of the option, 
expressed in units of the underlying foreign currency. It  is clear that payoff 
from the option is expressed in the domestic currency; also, there is no loss 
of generality if we assume that N = 1. Summarizing, we consider an option 
to buy one unit of a foreign currency at  a prespecified price K ,  which may 
be exercised at the date T only. 

We find it convenient to introduce the process ~ f ,  defined as follows: 

Note that B,f represents the value at time t of a unit investment in a foreign 
savings account, expressed in units of the domestic currency. 

Proposition 4.2.2. The arbitrage price, in units of domestic currency, of a 
currency European call option is given by the risk-neutral valuation formula 

Moreover, the price c,& is given by the following expression 

c,& = ~ t e - ’ ~  (T-t) ~ ( h l ( Q ~ ,  T - t)) - K ~ - ~ ~ ( ~ - ~ ) N ( ~ ~ ( Q ~ ,  T - t ) ) ,  

where N is the standard Gaussian cumulative distribution function, and 

Proof. Let us first examine a trading strategy in risk-free domestic and foreign 
bonds, which we call a currency trading strategy in what follows. Formally, 
by a currency trading strategy we mean an adapted stochastic process 4 = 
($I, $2). In financial interpretation, &B/ and $ ’ ~ , d  represent the amounts 
of money invested at time t in foreign and domestic bonds. It  is important to 
note that both amounts are expressed in units of domestic currency (see, in 
particular, (4.2)). A currency trading strategy 4 is said to be self-financing 
if its wealth process V ( $ ) ,  given by the formula 
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where ~f = B ~ Q , ,  B,d = eTdt, satisfies the following relationship 

For the discounted wealth process V,*(4) = e-Tdt Q(4)  of a self-financing 
currency trading strategy, we easily get 

On the other hand, by virtue of (4.14), the dynamics of the process Q*, under 
the domestic martingale measure P*, are given by the expression 

Therefore, the discounted wealth V*($) of any self-financing currency trad- 
ing strategy 4 follows a martingale under P*. This justifies the risk-neutral 
valuation formula (4.19). Taking into account the equality QT = ~&e- ’ f  T,  
one gets also 

where c(s, t ,  K,  r, a) stands for the standard Black-Scholes call option pricing 
function (see (3.56)). More explicitly, we have 

d1(Bfl T - t ) )  - KeTf Te-Td(T-t) N (dz(B,f1 T - t))) 

= ~ t e - ~ f ( ~ - ~ ) N  (dl (B[, T - t)) - ~ e - ~ d ( ~ - ~ )  N (d2(Bf , T - t)) . 
This proves the formula we wish to show, since 

for i = 1,2.  Finally, one finds immediately that the first component of the 
self-financing currency trading strategy that replicates the option equals 

4; = e-TfT N ( ~ ~ ( B ~ , T  - t)) = ePTfT N ( ~ ~ ( Q ~ , T  - t)).  

This means that to hedge a short position, the writer of the currency call 
should invest at  time t < T the amount (expressed in units of foreign cur- 
rency) 

4 ; ~ ;  = e - ~ f  ( ~ - t )  N ( h d Q t J ’ 4 )  
in foreign market risk-free bonds (or equivalently, in the foreign savings ac- 
count). In addition, she should also invest the amount (denominated in do- 
mestic currency) 
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G'f - Qte-’f (T-t) N (hl (Qt, T - t)) 

in the domestic savings account. 

Remarks. (a) As was mentioned earlier, a comparison of the currency option 
valuation formula established in Proposition 4.2.2 with expression (3.61) of 
Sect. 3.2 shows that the exchange rate Q can be formally seen as the price of 
a fictitious domestic "stock". Under such a convention, the foreign interest 
rate r f  can be interpreted as a dividend yield that is continuously paid by 
this fictitious stock. 
(b) It is easy to derive the put-call relationship for currency options. Indeed, 
the payoff in domestic currency of a portfolio composed of one long call option 
and one short put option is 

where we assume, as before, that the options are written on one unit of foreign 
currency. Consequently, for any t E [O,T] we have 

Suppose that the strike level K is equal to the current value of the forward 
exchange rate FQ(t ,T).  By substituting (4.16) in (4.20), we get 

so that the arbitrage price of the call option with exercise price K equal to the 
forward exchange rate FQ(t, T )  coincides with the value of the corresponding 
put option. 
(c) We may also rewrite the currency option valuation formula of Proposition 
4.2.2 in the following way 

where Ft = FQ (t, T) and 

This shows that the currency option valuation formula can be seen as a 
variant of the Black futures formula (3.82) of Sect. 3.4. Furthermore, it is 
possible to re-express the replicating strategy of the option in terms of do- 
mestic bonds and currency forward contracts. Let us mention that under the 
present assumptions of deterministic domestic and foreign interest rates, the 
distinction between the currency futures price and forward exchange rate is 
not essential. In market practice, currency options are frequently hedged by 
taking positions in forward and futures contracts, rather than by investing 
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in foreign risk-free bonds. Similar strategies are used to hedge the risk as- 
sociated with options written on a foreign stock. Hence, there is a need to 
analyze investments in foreign market futures contracts in some detail. 

The reader should be advised that, unfortunately, the empirical stud- 
ies devoted to the constant interest rates model introduced in this chap- 
ter have been disappointing. First, Goodman et al. (1985) (see also Shastri 
and Tandon (1986)) found that the lognormal model of exchange rate gives 
biased predictions of the actual prices of currency options. Various subse- 
quent modifications of the model, taking into account the possibility of early 
exercise in the case of American options (as in Bodurtha and Courtadon 
(1987, 1995)), as well as allowing for alternative exchange rate processes,1 
provided only slightly better empirical results. More accurate option prices 
were obtained by Shastri and Wethyavivorn (1987), who examined the jump- 
diffusion model of the exchange rate. Note that since both domestic and for- 
eign interest rates are highly correlated with inflation and other dominant 
factors in each economy, it seems reasonable to expect that a model allowing 
for stochastic interest rates correlated with the exchange rate process would 
provide a more adequate description of real-world currency markets. Such a 
model of the cross-economy is examined in Chap. 14. Interested readers are 
referred also to the papers of Grabbe (1983), Adams and Wyatt (1987), and 
Amin and Jarrow (1991). 

4.3 Foreign Equity Forward Contracts 

In a global equity market, an investor may link his foreign stock and currency 
exposures in a large variety of ways. More specifically, he may choose to 
combine his investments in foreign equities with differing degrees of protection 
against adverse moves in exchange rates and stock prices, using forward and 
futures contracts as well as a variety of options. 

4.3.1 Forward Price of a Foreign Stock 

We will first consider an ordinary forward contract with a foreign stock being 
the underlying asset to be delivered - that is, an agreement to buy a stock on 
a certain date at  a certain delivery price in a specified currency. It  is natural 
to distinguish between the two following cases: (a) when the delivery price 
~f is denominated in the foreign currency, and (b) when it is expressed in 
the domestic currency; in the latter case the delivery price will be denoted by 
K ~ .  Let us clarify that in both situations, the value of the forward contract 
at  the settlement date T is equal to the spread between the stock price at  

Let us mention here the CEV diffusion of Cox and Ross (1976b), which was 
analyzed in the context of currency option valuation by Tucker et al. (1988). 
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this date and the delivery price expressed in foreign currency. The terminal 
payoff is then converted into units of domestic currency at the exchange rate 
that prevails at  the settlement date T. Summarizing, in units of domestic 
currency, the terminal payoffs from the long positions are 

in the first case, and 

if the second case is considered. 

Case (a). Observe that the foreign-currency payoff at settlement of the 
forward contract equals XT = S$ - K f .  Therefore its value at time t, de- 
nominated in the foreign currency, is 

Consequently, when expressed in the domestic currency, the value of the 
contract at time t equals 

We conclude that the forward price of the stock sf, expressed in units of 
foreign currency, equals 

Case (b). In this case, equality (4.5) yields immediately 

hence, by virtue of (4.15), the domestic-currency value of the forward contract 
with the delivery price Kd  denominated in domestic currency equals 

v , . ~ ( K ~ )  = Q ~ s , ~  - epTd ( T - t ) ~ d .  

This implies that the forward price of a foreign stock in domestic currency 
equals 

so that, somewhat surprisingly, it is independent of the foreign risk-free in- 
terest rate r f .  To explain this apparent paradox, observe that in order to 
determine the forward price F;, (t, T) ,  one can find first the delivery price 
from the perspective of the foreign-based investor, Fsff (t, T), and then con- 
vert its value into domestic currency using the appropriate forward exchange 
rate. Indeed, such calculations yield 

so that the interest rate rf drops out from the final result. 
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4.3.2 Quanto Forward Contracts 

The aim of this section is to examine a quanto forward contract on a foreign 
stock.2 Such a contract is also known as a guaranteed exchange rate forward 
contract (a GER forward contract for short). TO describe the intuition that 
underpins the concept of a quanto forward contract, let us consider an investor 
who expects a certain foreign stock to appreciate significantly over the next 
period, and who wishes to capture this appreciation in his portfolio. Buying 
the stock, or taking a long position in it through a forward contract or call 
option, leaves the investor exposed to exchange rate risk. To avoid having 
his return depend on the performance of the foreign currency, he needs a 
guarantee that he can close his foreign stock position at  an exchange rate 
close to the one that prevails at present. This can be done by entering a 
quanto forward or option contract in a foreign stock. We will first concentrate 
on the study of quanto forward contracts, leaving the analysis of quanto 
options to the next section. We start by defining precisely what is meant by 
a quanto forward contract in a foreign stock s f .  As before, the payoff of a 
guaranteed exchange rate forward contract on a foreign stock at  settlement 
date T is the difference between the stock price at  time T and the delivery 
price denominated in the foreign currency, say K f .  However, this payoff is 
converted into domestic currency at a predetermined exchange rate, denoted 
by Q in what follows. More formally, denoting by v , ~ ( K ~ ,  Q) the time t value 
in domestic currency of the quanto forward contract, we have 

We wish to determine the right value of such a contract at  time t before the 
settlement. Note that the terminal payoff of a quanto forward contract does 
not accounts for the future exchange rate fluctuations during the life of a 
contract. Nevertheless, as we shall see in what follows, its value v , ~ ( K ~ ,  Q) 
depends on the volatility coefficient UQ of the exchange rate process Q - 
more precisely, on the scalar product fsQ . usf that determines the instanta- 
neous covariance between the logarithmic returns of the stock price and the 
exchange rate. By virtue of the risk-neutral valuation formula, the value at 
time t of the quanto forward contract equals (in domestic currency) 

To find the conditional expectation I E p  (5’; 1 Ft)., observe that by virtue of 
(4.13), the process st = e e - b t ~ f  follows a martingale under P*, provided that 
we take b = rf - UQ . usf . Consequently, we find easily that 

lEp* (s; I Ft) = esTI3p (ST I F t )  = e6Tst = =e6(T- t )~ f  t 1 

Generally speaking, a financial asset is termed to be a quanto product 
denominated in a currency other than that in which it is usually traded. 
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This in turn implies that the forward price at time t associated with the 
quanto forward contract that settles at time T equals (in units of foreign 

It is interesting to note that E'sf, (t, T )  is simply the conditional expectation of 
the stock price at the settlement date T ,  as seen at time t from the perspective 
of a domestic-based investor. Furthermore, at least when K = aQ . usf > 0, 
it can also be interpreted as the forward price of a fictitious dividend-paying 
stock, with K = UQ . usf playing the role of the dividend yield (cf. formula 
(3.63) in Sect. 3.2). 

4.4 Foreign Market Futures Contracts 

Let us now consider an investor who assumes positions in foreign market 
futures contracts. We need to translate, in an appropriate way, the marking 
to market feature of futures contracts. To this end we assume that the profits 
or losses from futures positions are immediately (i.e., continuously) converted 
into domestic currency. Let us start by examining investments in foreign 
market futures contracts in a discrete-time framework. Suppose that ft = 
fsf(t ,  T )  represents the foreign market futures price of some asset Sf. We 
consider a finite collection of dates, to = 0 < t l  < . . . < tN = T, that is 
assumed to represent the set of dates when the futures contracts are marked 
to market. If at any date ti an investor assumes atz positions in foreign 
market futures contracts, and then holds the portfolio unchanged up to the 
date ti+l > ti, the cumulative profits or losses incurred by the investor up to 
the terminal date T are given by the expression 

where we assume that all cash flows resulting from the marking to market 
procedure are immediately converted into domestic currency. The last sum 
may be given the following equivalent form 

Assume now that the number of resettlement dates tends to infinity, the 
time interval [O, TI being fixed. In view of properties of the cross-variation 
of continuous semimartingales, the equality above leads to the following self- 
financing condition for continuously rebalanced portfolios. 
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Definition 4.4.1. An adapted process 4 = ( i l ,  i2) is a self-financing trad- 
ing strategy in foreign market futures contracts with the price process 
ft = f s f ( t ,T) ,  and in a domestic savings account with the price process 
Bf , if 

d w 4 )  = 4; ( Q ~  dft + d ( ~ ,  f h) + if d ~ ? ,  (4.23) 

where the wealth process equals & (4) = 4," B: for t E [0, TI. 

In the sequel, we will assume that the futures price f = fsf follows a 
martingale under the foreign market martingale measure p. More specifically, 
the dynamics of the foreign market futures price fsf are given by the following 
expression 

dfsf (t, T, = fsf T, af ' dwtl (4.24) 
where af = asf is a constant volatility vector. Combining (4.14) with (4.24), 
we get the following equivalent form of (4.23) 

and finally 
d&($) = &&t ftaf . dWt* + @ r d ~ , d  dt. 

Let fQ(t, T)  stand for the futures exchange rate at time t for the settlement 
date T - that is, the domestic price at time t of the T-maturity futures 
contract with terminal price QT.  It is natural to postulate that fQ(t,  T )  = 
EP* (QT I Ft) .  It follows easily that fQ( t ,T)  = FQ(t ,T),  i.e., the forward 
and futures exchange rates agree. Equivalently, the dynamics of the futures 
exchange rate under the domestic martingale measure P* are (cf. (4.18)) 

with the terminal condition fQ (T, T )  = QT. 

Definition 4.4.2. By the domestic futures price of the foreign asset Sf we 
mean the process f$, (t, T) ,  denominated in units of domestic currency, that 
satisfies the terminal condition 

and is such that for an arbitrary self-financing futures trading strategy 6 in 
foreign market futures contracts, there exists a self-financing (in the usual 
sense) futures strategy 4 such that d&($) = dl$($). 

More explicitly, we postulate that for any strategy 6 satisfying the condi- 
tions of Definition 4.4.1, there exists a trading strategy 4 = (&, qh2, 43) such 
that the corresponding wealth process l$ (4) = 4: Bf , t E [0, TI, satisfies the 
standard self-financing condition for the futures market, namely 
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and the instantaneous gains or losses from both strategies are identical. Intu- 
itively, using the domestic futures price f;, (t, T) and futures exchange rate 
fQ(t ,T),  we are able to mimic positions in foreign market futures contracts 
on foreign assets by entering contracts on the corresponding domestic futures 
market. This in turn implies that the valuation and hedging of foreign market 
futures options can be, in principle, reduced to pricing of domestic futures 
options. 

Example 4.4.1. As a real-life example of the domestic futures price fif (t, T) 
and the corresponding foreign market futures price fsf (t, T), one can consider 
the dollar-denominated gold futures contracts traded on the COMEX and 
the yen-denominated gold futures contracts traded on the Tokyo Commodity 
Exchange. This shows that the underlying asset of both futures contracts is 
not necessarily a foreign equity, but virtually any tradable good. 

Our aim is now to show that it is possible to express fgf (t, T )  in terms 
of the futures exchange rate fQ(t ,T) and the foreign market futures price 
fsf (t,  T) .  Indeed, we have the following simple result. 

Lemma 4.4.1. The domestic futures price fgf ( t ,  T)  of the foreign market 
asset sf for the settlement date T satisfies 

Proof. It  is clear that (4.27) implies the terminal equality (4.26). Further- 
more, using (4.24)-(4.25) and It6’s formula, we get 

dZt = &(af + uQ) . dW,*, (4.28) 

where we write Zt = fQ(t ,T) fsf( t ,T) .  We conclude that Z follows a P*- 
martingale, and satisfies the terminal condition ZT = Q T S ~ .  It  is now not 
difficult to check that Z is the domestic futures price of the foreign asset s f .  
The details are left to the reader. 0 

In order to justify equality (4.27) in a more intuitive way, let us consider 
a specific trading strategy. We combine here a self-financing trading strategy 
in foreign market futures contracts with a dynamic portfolio of exchange 
rate futures contracts. Let f;, (t, T )  be given by (4.27). Suppose that at any 
time t 5 T the strategy q = ($, r12,  r13) is long in rll foreign market futures 
contracts and long in $ exchange rate futures contracts, where3 

for some process $, and the instantaneous marked-to-market profits and 
losses from the foreign positions are continually converted into domestic cur- 
rency. Furthermore, let $ be the bonds component of the portfolio, so that 

This choice of trading strategy was discussed in Jamshidian (1994b). 
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the portfolio’s wealth in domestic currency is &(Q) = $B,d, and we may 
assume that the portfolio is self-financing. This means that the incremental 
profits and losses from 7 satisfy 

where, as before, we write ft  = fsf( t ,  T). By applying (4.24) and (4.25), we 
get 

In view of equality wt = W,* - C Q ~ ,  the last equality can be simplified as 
follows 

W r l )  = $tfif ( t , ~ ) ( a f  + UQ) . dW,* + rl; dB?. 
Finally, using (4.28), we arrive at the following equality 

This shows that the strategy qt is essentially equivalent to positions in the 
domestic futures contract, whose price process is fgf (t, T) .  

Jamshidian (1994b) exploits similar arguments to evaluate and hedge var- 
ious foreign market futures contracts using their domestic (quanto) counter- 

1 -1 parts. Let us set 4: = gtQ, f, , where 

and f t  represents the foreign market futures price of a certain contract. The 
specific nature of the futures contract in question has no relevance; we need 
only assume that the dynamics of f under the foreign market martingale 
measure are 

dft = f t  af . dwt 

with fT = X ,  where af is a constant (or at least deterministic) volatility 
vector, and X is an arbitrary FT-measurable random variable. If the bond 
component $2 of this strategy is chosen in such a way that the strategy 
$ = ($I ,  $2) is self-financing in the sense of Definition 4.4.1, then we have 

St W$) = - (Qt dft + d(Q, f ) t )  + 4: dB? 
Qtft 

since an application of It6’s rule to (4.29) yields 

Since, in addition, we have g~ = fT = X (note the distinction with condition 
(4.26)), it is clear that the process g represents the quanto counterpart of the 



164 4. Foreign Market Derivatives 

foreign market futures price f .  Put differently, in order to hedge a domestic- 
denominated futures contract whose terminal value in units of the domestic 
currency equals X, we may take positions either in foreign market futures 
contracts with price process f ,  or in their domestic counterparts with price 
process g. 

Example 4.4.2. The method presented above may be used, for example, to 
evaluate and hedge the dollar-denominated futures contract of the Japanese 
equity Nikkei index traded on the CME, whose terminal dollar price is the 
yen level of Nikkei 225 at time T, using the yen-denominated Nikkei 225 
futures contract traded on the Osaka Stock Exchange. 

4.5 Foreign Equity Options 

In this section, we shall study examples of foreign equity options - that is, op- 
tions whose terminal payoff (in units of domestic currency) depends not only 
on the future behavior of the exchange rate, but also on the price fluctuations 
of a certain foreign stock. Recall that we have examined the dynamics of the 
price process Sf under the domestic and the foreign martingale measure in 
Sect. 4.1.3. To value options related to foreign market equities, we shall use 
either the domestic martingale measure P* or the foreign martingale measure 
p, whichever will be more convenient. 

4.5.1 Options Struck in a Foreign Currency 

Assume first that an investor wants to participate in gains in foreign equity, 
desires protection against losses in that equity, but is unconcerned about 
the translation risk arising from the potential drop in the exchange rate. We 
denote by T the expiry date and by Kf the exercise price of an option. It  
is essential to note that Kf is expressed in units of foreign currency. The 
terminal payoff from a foreign equity call struck in foreign currency equals 

This means, in particular, that the terminal payoff is assumed to be converted 
into domestic currency at the spot exchange rate that prevails at the expiry 
date. By reasoning in much the same way as in the previous section, one can 
check that the arbitrage price of a European call option at  time t equals 

Using (4.14), we find that 
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where = rd - r f  - +laQI2. Equivalently, using (4.11), we get 

Since is the arbitrage-free measure of the foreign economy, it is not hard 
to establish the following expression 

An inspection of the valuation formula above makes clear that a hedging 
portfolio involves at any instant t the number N ( ~ ~ ( s { ,  T - t ) )  shares of the 
underlying stock; this stock investment demands the additional borrowing of 

ptd = QtKf  e-Tf (T-t)  N(g2(Stf, T - t)) 

units of the domestic currency, or equivalently, the borrowing of 

ptf = K f  e-Tf (T-t)  N (g2 (s!, T - t)) 

units of the foreign currency. 

Remarks. The valuation result established above is in fact quite natural. 
Indeed, seen from the foreign market perspective, the foreign equity option 
struck in foreign currency can be priced directly by means of the standard 
Black-Scholes formula. Put  another way, if the domestic price of such an 
option were different from its foreign market price, converted into units of 
domestic currency at the current exchange rate, it would be possible to make 
arbitrage profits by buying (or selling) the option in the domestic market, 
and simultaneously selling (or buying) it in the foreign market. 

As was explained in Sect. 4.1, when dealing with foreign equity options, 
one can either do the computations with reference to the domestic economy, 
or equivalently, one may work within the framework of the foreign economy 
and then convert the final result into units of domestic currency. The choice 
of the method depends on the particular form of an option’s payoff; to some 
extent it is also a matter of taste. 

In the case considered above, in order to complete the calculations in the 
domestic economy, one needs to compute directly the following expectation 
(for the sake of notational simplicity we put t = 0) 

where, as before, we write X = rd - r f  - +1aQI2. This can be done using the 
following elementary lemma, whose proof is left to the reader. 
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Lemma 4.5.1. Let ( E ,  7 )  be a zero-mean, jointly Gaussian (non-degenerate), 
two-dimensional random variable on a probability space (52,  F, P). Then for 
arbitrary positive real numbers a and b we have 

where 

4.5.2 Options Struck in Domestic Currency 

Assume now that an investor wishes to receive any positive returns from the 
foreign market, but wants to be certain that those returns are meaningful 
when translated back into his own currency. In this case he might be in- 
terested in a foreign equity call struck in domestic currency, with payoff at 
expiry 

2 def d + - Sf - ~ d ) + ,  CT = (S$QT-K)  - (  
where the strike price K d  is expressed in domestic currency. Due to the 
particular form of the option’s payoff, it is clear that it is now convenient to 
study the option from the domestic perspective. To find the arbitrage price 
of the option at time t,  it is sufficient to evaluate the following conditional 

and by virtue of (4.14)-(4.13), the stock price expressed in units of domestic 
currency 3tf has the following dynamics under P* 

Hence, arguing as in the proof of the classical Black-Scholes formula, one 
finds easily that the option’s price, expressed in units of domestic currency, 
is given by the formula 

Once again, the value ~ ( l ~ ( , ! ? t f ,  T -t)) represents the number of shares of the 
underlying stock held in the replicating portfolio at time t. To establish the 
replicating portfolio, an additional borrowing of 

pd = e - r d ( T - t ) ~ d  N 
t (12 (3{, T - t)) 

units of the domestic currency is required. 
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4.5.3 Quanto Options 

Assume, as before, that an investor wishes to capture positive returns on his 
foreign equity investment, but now desires to eliminate all exchange risk by 
k i n g  an advance rate at which the option’s payoff will be converted into 
domestic currency. At the intuitive level, such a contract can be seen as a 
combination of a foreign equity option with a currency forward contract. By 
definition, the payoff of a quanto call (i.e., a guaranteed exchange rate foreign 
equity call option) at  expiry is set to be 

where Q is the prespecified exchange rate at which the conversion of the 
option’s payoff is made. Note that the quantity Q is denominated in the 
domestic currency per unit of foreign currency, and the strike price K f  is 
expressed in units of foreign currency. Since the payoff from the quanto option 
is expressed in units of domestic currency, its arbitrage price equals 

The next proposition shows that a closed-form solution for the price of a 
quanto option is easily available. 

Proposition 4.5.1. The arbitrage price at time t of a European quanto call 
option with expiry date T and strike price K f  equals (in units of domestic 
currency) 

= Q.-Q(T-~) s ( ~ ~ ( ~ - ~ ) N ( ~ ~ ( s ( ,  T - t)) - ~f N(c~(s(, T - t))) , ( 
where 6 = rf - aQ . asf and 

Proof. Using (4.31), we obtain 

C: = ~ . ( S - r d ) ( ~ - ~ )  Ep* (e-6(T-t) (s; - K f  )+ 1 F~). 

Since the dynamics of Sf under P* are (cf. (4.13)) 

in order to evaluate the conditional expectation, we can make use of the 
classical form of the Black-Scholes formula. Namely, we have 

where the function c(s, t ,  K,  r, a) is given by (3.56). Upon rearranging, this 
yields the desired equality. 0 
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The quanto option can also be examined under the foreign market mar- 
tingale probability; the domestic market method is slightly more convenient, 
however. To this end, note that, expressed in units of foreign currency, the 
price at time t of the quanto option is given by the expression 

e - ~ f  (T-t) Q I E @ ( R ~  (s; - ~ f ) + l  F~). 

By virtue of (4.10), we have 

RT = Roexp ( -  aQ wT f (rf -Td - ; I a Q l 2 ) ~ ) .  

On the other hand, (4.12) yields 

S& = s,f exp (asf . WT + (rf - ;laSfl2)T). 

By combining the last two equalities, we arrive at the following expression 

RTS& = ROS; exp ((rf - y ) ~ )  exp ( a .  WT - ;laI2T), 

where 
a=as f  -a&, ~ = r d - r f + a ~ . a s f .  

Let us consider the case t = 0. To find the value of the option in units of 
domestic currency, it is enough to evaluate 

For this purpose, one can make use of Lemma 4.5.1 with constants 

a = sOfe-yT, b = ~f e-TdT 

and with the random variables 

It  is easy to check that k = lasf I @ ,  and 

where b = rf - aQ . a s f .  Consequently, by virtue of (4.30), we get 

C: = ~ ( a N ( h )  - bN(h - k)) = QePTdT (s,feBTN(h) - K f  ~ ( h  - k)). 

The last equality is easily seen to agree with the option valuation formula 
established in Proposition 4.5.1. By proceeding along the same lines, one can 
also find the price Pf of a quanto put option with the strike price K f  and 
the guaranteed exchange rate Q. Furthermore, we have the following version 
of the put-call parity relationship: Ct3 - Pf = I/;a(Kf, Q), where v , ~ ( K ~ ,  Q) 
represents the value at  time t of the corresponding guaranteed exchange rate 
forward contract in domestic currency (see (4.22)). 
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4.5.4 Equity-linked Foreign Exchange Options 

Finally, assume that an investor desires to  hold foreign equity regardless of 
whether the stock price rises or falls (that is, he is indifferent t o  the foreign 
equity exposure), however, wishes to  place a floor on the exchange rate risk of 
his foreign investment. An equity-linked foreign exchange call (an Elf-X call, 
for short) with payoff at expiry (in units of domestic currency) 

where K is a strike exchange rate expressed in domestic currency per unit of 
foreign currency, is thus a combination of a currency option with an equity 
forward. The arbitrage price (in units of domestic currency) of a European 
Elf-X call with expiry date T equals 

We shall first value an equity-linked foreign exchange call option using the 
domestic martingale measure. 

Proposition 4.5.2. The arbitrage price, expressed in domestic currency, of 
a European equity-linked foreign exchange call option, with strike exchange 
rate K and expiry date T ,  is given by the following formula 

C: = S{ ( Q ~ N ( ~ I ( Q ~ , T  - t)) - K ~ - T ( ~ - ’ ) N ( w ~ ( Q , , T  - t ) ) ) ,  (4.32) 

where y = r d  - rf + OQ . asf and 

Proof. As usual, it is sufficient to  consider the case o f t  = 0. In view of (4.13), 
we have 

We define a probability measure Q on (0, FT) by setting 

dQ 
dP* - = exp (asf . W; - $ lasf 1 2 ~ ) ,  P*-a.s. 

Notice that the process Ut = W,* - a s f t  follows a Brownian motion under Q. 
Furthermore, 

(34 - sf ( r f - r d - n ~  s 
0 -  ~e f I T ~ q ( ( Q ~  - W), 

and the dynamics of the process Q under the probability measure Q are 
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The expectation IEQ(QT - K)+  can be evaluated along the same lines as in 
the standard Black-Scholes model, yielding the following equality 

where, as usual, the function c(s, t ,  K ,  r ,  a) is given by (3.56). 0 

The Elf-X option can also be valued by taking the perspective of the 
foreign market-based investor. The option price at time 0, when expressed in 
units of foreign currency, is given by the risk-neutral valuation formula 

To derive equality (4.32) from the last formula, one can directly apply Lemma 
4.5.1 with the constants 

and the random variables 

Note that the standard deviation of the Gaussian random variable < - r] is 
k = laQ 1 n ,  and thus h equals 

This implies that the option’s price, expressed in units of domestic currency, 
equals 

C; = SOf(&oN(h) - K ~ - Y ~ N ( ~ -  k)). 

Formula (4.32) now follows by standard arguments. 

Remarks. Note that as Sf we may take the price process of any foreign 
security, not necessarily a stock. For instance, to find the currency option 
valuation formula, it is enough to take as Sf the price process of a foreign 
bond paying one unit of the foreign currency a t  maturity date T. Under the 
present assumptions the bond price equals Bf  ( t ,T)  = exp(-rf(T - t)) ,  so 
that the bond price volatility vanishes - that is, asf = 0. To derive from (4.32) 
formula (4.19) that gives the arbitrage price c,& of a European currency call 
option, it is enough to  observe that the re1ationshi.p C: = exp(-T~(T -t))C,& 
is satisfied for every t E [0, TI. 

Let us conclude this chapter by mentioning that extensions of several 
results of this chapter to the case of a financial market model that makes 
account for uncertainty of interest rate can be found in Chap. 14. For more 
information on exotic foreign exchange products and their valuation in other 
models than the lognormal model examined in this chapter, the reader is 
referred to the monograph by Lipton (2001). 



5. American Options 

In contrast to the holder of a European option, the holder of an American op- 
tion is allowed to exercise his right to buy (or sell) the underlying asset at  any 
time before or at the expiry date. This special feature of American-style op- 
tions - and more generally of American claims - makes the arbitrage pricing 
of American options much more involved than the valuation of standard Eu- 
ropean claims. We know already that arbitrage valuation of American claims 
is closely related to specific optimal stopping problems. Intuitively, one might 
expect that the holder of an American option will choose her exercise policy 
in such a way that the expected payoff from the option will be maximized. 
Maximization of the expected discounted payoff under subjective probability 
would lead, of course, to non-uniqueness of the price. It appears, however, 
that for the purpose of arbitrage valuation, the maximization of the expected 
discounted payoff should be done under the martingale measure (that is, un- 
der risk-neutral probability). Thus, the uniqueness of the arbitrage price of 
an American claim holds. One of the earliest works to examine the rela- 
tionship between the early exercise feature of American options and optimal 
stopping problems was the paper by McKean (1965). As the arbitrage valu- 
ation of derivative securities was not yet discovered at  this time, the optimal 
stopping problem associated with the optimal exercise of American put was 
studied by McKean (1965) under an actual probability IP, rather than under 
the martingale measure IP*, as is done nowadays. For further properties of the 
optimal stopping boundary, we refer the reader toVan Moerbeke (1976). Ba- 
sic features of American options, within the framework of arbitrage valuation 
theory, were already examined in Merton (1973). However, mathematically 
rigorous valuation results for American claims were first established by means 
of arbitrage arguments in Bensoussan (1984) and Karatzas (1988, 1989). An 
exhaustive survey of results and techniques related to the arbitrage pricing of 
American options was given by Myneni (1992). For an innovative approach 
to American options and related issues, see Bank and Follmer (2003). 

The purpose of this chapter is to provide the most fundamental results 
concerning the arbitrage valuation of American claims within the continuous- 
time framework of the Black-Scholes financial model. Firstly, we discuss the 
concept of the arbitrage price of American contingent claims and its ba- 
sic properties. As a consequence, we present the well-known result that an 
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American call option with a constant strike price, written on a non-dividend- 
paying stock, is equivalent to the corresponding European call option. Sub- 
sequently, we focus on the features of the optimal exercise policy associ- 
ated with the American put option. Next, the analytical approach to the 
pricing of American options is presented. The free boundary problem as- 
sociated with the optimal exercise of American put options was studied 
by, among others, McKean (1965) and Van Moerbeke (1976). More recently, 
Jaillet et al. (1990) applied the general theory of variational inequalities to 
study the optimal stopping problem associated with American claims. 

Finally, the most widely used numerical procedures related to the ap- 
proximate valuation of American contingent claims are reviewed. An an- 
alytic approximation of the American put price on a non-dividend-paying 
stock was examined by Brennan and Schwartz (1977a), Johnson (1983) and 
MacMillan (1986). We close this chapter with an analysis of an American call 
written on a dividend-paying stock (this was examined in Roll (1977)). 

5.1 Valuation of American Claims 

We place ourselves within the classical Black-Scholes set-up. Hence, the prices 
of primary securities - that is, the stock price, S ,  and the savings account, 
B - are modelled by means of the following differential equations 

where p E R and u > 0 are real numbers, and 

dBt = rBt  dt, Bo = 1, 

with r E R. As usual, we denote by W the standard Brownian motion defined 
on a filtered probability space (0, IF, P), where IF = PW. For ease of notation, 
we assume here that the underlying Brownian motion W is one-dimensional. 

In the context of arbitrage valuation of American contingent claims, it 
is convenient (although not necessary) to assume that an individual may 
withdraw funds to finance his consumption needs. For any fixed t ,  we denote 
by At the cumulative amount of funds that are withdrawn and consumed1 
by an investor up to time t.  The process A is assumed to be progressively 
measurable2 with non-decreasing sample paths; also, by convention, A. = 
Ao- = 0. We say that A represents the consumption strategy, as opposed to 
the trading strategy 4. It  is thus natural to call a pair (4, A) a trading and 
consumption strategy in (S, B).  In the present context, the formal definition 
of a self-financing strategy reads as follows. 

The term "consumed" refers to the fact that the wealth is dynamically diminished 
according to the process A. 
We assume also that A is an RCLL process - that is, almost all sample paths of 
A are right-continuous functions, with finite left-hand limits. 
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Definition 5.1.1. A trading and consumption strategy ($,A) in (S, B) is 
self-fnancing on [0, T ]  if its wealth process V(4, A), given by the formula 

satisfies for every t E [O, T ]  

In view of (5.1), it is clear that A models the flow of funds that are 
not reinvested in primary securities, but rather are put aside f ~ r e v e r . ~  By 
convention, we say that the amount of funds represented by At is consumed 
by the holder of the dynamic portfolio (4, A) up to time t .  Eliminating the 
component c$2 yields the following equivalent form of (5.1) 

where we write V to  denote the wealth process V(4, A). Equivalently, 

where Ct = &St represents the amount of cash invested in shares at time t .  
The unique solution of the linear SDE (5.2) is given by an explicit formula 

which holds for every t E [0, TI. We conclude that the wealth process of any 
self-financing trading and consumption strategy is uniquely determined by 
the following quantities: the initial endowment Vo, the consumption process 
A, and the process C representing the amount of cash invested in shares. In 
other words, given an initial endowment Vo, there is one-to-one correspon- 
dence between self-financing trading and consumption strategies (4, A) and 
two-dimensional processes (C, A). We will sometimes find it convenient to 
identify a self-financing trading and consumption strategy (4, A) with the 
corresponding pair (C, A), where C = $:St. Recall that the unique martingale 
measure P* for the Black-Scholes spot market satisfies 

dP* 
- = exp (y wT* - - - 
dP 

(’ - ’I2 T * )  , P-a.s. 
2 a2 

It is easily seen that the dynamics of the wealth process V under the mar- 
tingale measure P* are given by the following expression 

Let us stress that, in contrast to the trading-consumption optimization problems, 
the role of the consumption process is not essential in the present context. Indeed, 
one can alternatively assume that these funds are invested in risk-free bonds. 
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where W* follows the standard Brownian motion under P*. This yields im- 
mediately 

Hence, an auxiliary 

def 2, = 

where V;C = K/Bt,  

process Z ,  given by the formula 

follows a local martingale under P*. We say that a self- 
financing trading and consumption strategy (4, A) is admissible if the condi- 
tion 

is satisfied so that Z is a P*-martingale. Similarly to Sect. 3.1, this assumption 
is imposed in order to exclude pathological examples of arbitrage opportuni- 
ties from the market model. We are now in a position to formally introduce 
the concept of a contingent claim of American style. To this end, we take an 
arbitrary continuous reward function g : R+ x [0, TI -+ R satisfying the linear 
growth condition Ig(s,t)I 5 kl + k2s for some constants kl, kz. An American 
claim with the reward function g and expiry date T is a financial security 
that pays to its holder the amount g(St, t)  when exercised at time t.  

Remarks. We deliberately restrict our attention to path-independent Ameri- 
can contingent claims - that is, to American claims whose payoff at  exercise 
depends on the value of the underlying asset at  the exercise date only. 

The writer of an American claim with the reward function g accepts the 
obligation to pay the amount g(St, t )  at any time t. It  should be emphasized 
that the choice of the exercise time is at  discretion of the holder of an Ameri- 
can claim (that is, of a party assuming a long position). In order to formalize 
the concept of an American claim, we need to introduce first a suitable class 
of admissible exercise times. Since we exclude clairvoyance, the admissible 
exercise time T is assumed to be a stopping time4 of filtration IF. Since in the 
Black-Scholes model we have IF = IFW = IFW* = IFS, any stopping time of the 
filtration IF is also a stopping time of the filtration IFS generated by the stock 
price process S .  In intuitive terms, it is assumed throughout that the decision 
to exercise an American claim at  time t is based on the observations of stock 
price fluctuations up to time t, but not after this date. This interpretation 
is consistent with our general assumption that the a-field Ft represents the 
information available to all investors at time t.  Let us denote by 71t,T1 the 
set of all stopping times of the filtration IF that satisfy t 5 T 5 T (with 
probability 1). 

A random variable T : (0, FT, P) + [0, T] is a stopping t i m e  of filtration F if, for 
every t E [0, T] the event {T 5 t )  belongs to the u-field Ft . 
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Definition 5.1.2. An American contingent claim Xa with the reward func- 
tion g : R+ x [0, T] + R is a financial instrument consisting of: (a) an expiry 
date T; (b) the selection of a stopping time T E 7[O,T1; and (c) a payoff 
X: = g (ST , T) on exercise. 

Typical examples of American claims are American options with constant 
strike price K and expiry date T. The payoffs of American call and put 
options, when exercised at the random time T, are equal to X, = (ST - K)+  
and Y, = ( K  - ST)+ respectively. In a slightly more general case, when the 
strike price is allowed to vary in time, the corresponding reward functions 
are gC(s, t) = (s - Kt)+ and gp(s, t)  = (Kt - s)+ for American call and 
put options respectively. Here, K : [0, T] -+ EX+ is a deterministic function 
representing the variable level of the strike price. Our aim is to derive the 
"rational" price and to determine the "rational" exercise time of an American 
contingent claim by means of purely arbitrage arguments. To this end, we 
shall first introduce a specific class of trading strategies. For expositional 
simplicity, we concentrate on the price of an American claim X a  at time 0; 
the general case can be treated similarly, but is more cumbersome from the 
notational viewpoint. It  will be sufficient to consider a very special class of 
trading strategies associated with the American contingent claim Xa ,  namely 
the buy-and-hold strategies. By a buy-and-hold strategy associated with an 
American claim X a  we mean a pair (c, T), where T E 710,Tl and c is a real 
number. In financial interpretation, a buy-and-hold strategy (c, T) assumes 
that c > 0 units of the American security Xa are acquired (or shorted, if 
c < 0) at  time 0, and then held in the portfolio5 up to the exercise time 
r. Let us assume that there exists a "market" price, say Uo, at which the 
American claim X a  trades in the market at time 0. Our first task is to find 
the right value of Uo by means of no-arbitrage arguments (as was mentioned 
above, the arguments leading to the arbitrage valuation of the claim Xa at  
time t > 0 are much the same as in the case of t = 0, therefore the general 
case is left to the reader). 

Definition 5.1.3. By a self-financing trading strategy in (S, B,  Xa)  we mean 
a collection (4, A, c, T), where (4, A) is a trading and consumption strategy in 
(S, B )  and (c, T )  is a buy-and-hold strategy associated with Xa.  In addition, 
we assume that on the random interval (T, T] we have 

It  will soon become apparent that it is enough to consider the cases of 
c = 1 and c = -1; that is, the long and short positions in the American claim 
Xa.  An analysis of condition (5.3) shows that the definition of a self-financing 
strategy (4, A, c, T) implicitly assumes that the American claim is exercised 

Observe that such a strategy excludes trading in the American claim after the 
initial date. In other words, dynamic trading in the American claim is not 
considered at this stage. 
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at a random time T, existing positions in shares are closed at time 7, and all 
the proceeds are invested in risk-free bonds. For brevity, we shall sometimes 
write ?I, to  denote the dynamic portfolio (4 ,  A, c, T) in what follows. Note that 
the wealth process v($) of any self-financing strategy in (S, B,  Xa)  satisfies 
the following initial and terminal conditions 

and 

In what follows, we shall restrict our attention to the class of admissible trad- 
ing strategies 4 = (4 ,  A, c, T) in (S, B,  Xa)  that are defined in the following 
way. 

Definition 5.1.4. A self-financing trading strategy ($,A, c, T) in (S, B, Xa)  
is said to be admissible if a trading and consumption strategy (4 ,  A) is ad- 
missible and AT = A,. The class of all admissible strategies ($, A, c, T) is 
denoted by &. 

Let us introduce the class Go of those admissible trading strategies 4 for 
which the initial wealth satisfies ~ ( 4 )  < 0 and the terminal wealth has the 
nonnegative value; that is6 ~ ~ ( 4 )  = $$Bt > 0. In order to precisely define 
an arbitrage opportunity, we have to take into account the early exercise 
feature of American claims. It is intuitively clear that it is enough to consider 
two cases - a long and a short position in one unit of an American claim. 
This is due to the fact that we need to exclude the existence of arbitrage 
opportunities for both the seller and the buyer of an American claim. Indeed, 
the position of both parties involved in a contract of American style is no 
longer symmetric, as it was in the case of European claims. The holder of 
an American claim can actively choose his exercise policy. The seller of an 
American claim, on the contrary, should be ready to meet his obligations at  
any (random) time. We therefore set down the following definition of arbitrage 
and an arbitrage-free market model. 

Definition 5.1.5. There is arbitrage in the market model with trading in the 
American claim Xa with initial price Uo if either (a) there is long arbitrage, 
i.e., there exists a stopping time T such that for some trading and consumption 
strategy (4, A) the strategy (4 ,  A, 1, T )  belongs to the class &O, or (b) there 
is short arbitrage, i.e., there exists a trading and consumption strategy (4, A) 
such that for any stopping time T the strategy (4 ,  A, -1, T) belongs to the 
class So .  In the absence of arbitrage in the market model, we say that the 
model is arbitrage-free. 

Since the existence of a strictly positive savings account is assumed, one can 
alternatively define the class 9' as the set of those strategies 4 from @ for which 
~ ( 4 )  = 0, V T ( ~ )  = ~$BT 2 0, and the latter inequality is strict with positive 
probability. 
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Definition 5.1.5 can be reformulated in the following way: there is absence 
of arbitrage in the market if the following conditions are satisfied: (a) for any 
stopping time r and any trading and consumption strategy (4, A), the strat- 
egy (4, A, 1, r) is not in 6’; and (b) for any trading and consumption strategy 
(4, A), there exists a stopping time r such that the strategy (4, A, -1, T) is 
not in go .  Intuitively, under the absence of arbitrage in the market, the holder 
of an American claim is unable to find an exercise policy r and a trading and 
consumption strategy (4, A) that would yield a risk-free profit. Also, under 
the absence of arbitrage, it is not possible to make risk-free profit by selling 
the American claim at  time 0, provided that the buyer makes a clever choice 
of the exercise date. More precisely, there exists an exercise policy for the 
long party that prevents the short party from locking in a risk-free profit. 

By definition, the arbitrage price at  time 0 of the American claim Xa,  de- 
noted by .rro(Xa), is that level of the price Uo that makes the model arbitrage- 
free. Our aim is now to show that the assumed absence of arbitrage in the 
sense of Definition 5.1.5 leads to a unique value for the arbitrage price .rro(Xa) 
of Xa (as was mentioned already, it is not hard to extend this reasoning in or- 
der to determine the arbitrage price .rrt(Xa) of the American claim Xa at  any 
date t E [0, TI). Also, we shall find the rational exercise policy of the holder 
- that is, the stopping time that excludes the possibility of short arbitrage. 

The following auxiliary result relates the value process associated with 
the specific optimal stopping problem to the wealth process of a certain ad- 
missible trading strategy. For any reward function g, we define an adapted 
process V by setting 

for every t E [0, TI, provided that the right-hand side of (5.4) is well-defined. 

Proposition 5.1.1. Let V be an adapted process defined by formula (5.4) 
for some reward function g. Then there exists an admissible trading and con- 
sumption strategy ($, A) such that & = x($, A) for every t E [0, TI. 

Proof. We shall give the outline of the proof (for technical details, we refer to 
Karatzas (1988) and Myneni (1992)). Let us introduce the Snell envelope J of 
the discounted reward process Z,* = e-rtg(St, t ) .  By definition, the process J 
is the smallest supermartingale majorant to the process Z*. From the general 
theory of optimal stopping, we know that 

for every t E [0, TI, and thus & = eTt Jt .  Since J is a RCLL regular su- 
permartingale of class DL,7 it follows from general results that J admits 

Basically, one needs to check that the family {JTI T E 7 p T l )  of random variables 
is uniformly integrable under P*. We refer the reader to Sect. 1.4 in Karatzas and 
Shreve (1998a) for the definition of a regular process and for the concept of the 
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the unique Doob-Meyer decomposition J = M - H, where M is a (square- 
integrable) martingale and H is a continuous, non-decreasing process with 
Ho = 0. Consequently, 

The predictable representation property (see Theorem B.1.3) yields 

T for some progressively measurable process < with I E p  ( So c: du) < oo. Hence, 
upon setting 

we conclude that the process V represents the wealth process of some (ad- 
missible) trading and consumption strategy. 0 

By the general theory of optimal stopping, we know also that the random 
time rt that maximizes the expected discounted reward after the date t is 
the first instant at  which the process J drops to the level of the discounted 
reward, that is (by convention inf Q) = T) 

T~ = inf {U E [t, TI I J, = 2: ). 
In other words, the optimal (under P*) exercise policy of the American claim 
with reward function g is given by the equality 

T = inf {U E [0, TI I J, = e-’"g(S,, u) ) . 
Observe that the stopping time TO is well-defined (i.e., the set on the right- 
hand side is non-empty with probability I ) ,  and necessarily 

In addition, the stopped process J t A ,  is a martingale, so that the process H 
is constant on the interval [O, TO]. This means also that At = 0 on the random 
interval [O, TO], SO that no consumption is present before time 70. We find it 
convenient to introduce the following definition. 

Definition 5.1.6. An admissible trading and consumption strategy ($,A) 
is said to be a perfect hedging against the American contingent claim X a  with 
reward function g if, with probability 1, 

&($I 2 g(St,t),  Vt E [O,Tl. 
We write @(Xa) to denote the class of all perfect hedging strategies against 
the American contingent claim Xa.  

Doob-Meyer decomposition of a semimartingale. Regularity of J, which follows 
from the results of Bismut and Skalli (1977), implies the continuity of H and 
thus it is not essential (otherwise, H is known to be predictable). 
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From the majorizing property of the Snell envelope, we infer that the trad- 
ing and consumption strategy ( 4 ,  A) introduced in the proof of Proposition 
5.1.1 is a perfect hedging against the American claim with reward function 
g .  Moreover, this strategy has the special property of minimal initial endow- 
ment amongst all admissible perfect hedging strategies against the American 
claim. Our goal is now to determine ro(Xa)  explicitly, by assuming that trad- 
ing in the American claim X a  would not destroy the arbitrage-free features 
of the Black-Scholes model. 

Theorem 5.1.1. There is absence of arbitrage (in the sense of Definition 
5.1.5) in the market model with trading in an American claim if and only if 
the price ro(Xa)  is given by  the formula 

More generally, the arbitrage price at time t of an American claim with reward 
function g equals 

Proof. We shall follow Myneni (19%). Let us assume that the "market" price 
Uo of the option satisfies Uo > Vo. We shall show that in this case, the 
American claim is overpriced - that is, a short arbitrage is possible. Let 
( 4 ,  A) be the trading and consumption strategy considered in the proof of 
Proposition 5.1.1 (see formula (5.5)). Suppose that the option’s buyer selects 
an arbitrary stopping time T E as his exercise policy. Let us consider the 
following strategy (4, A, -1, T) (observe that in implementing this strategy, 
we do not need to assume that the exercise time T is known in advance) 

and At At,,. Since (4,A) is assumed to be a perfect hedging, we have 
&ST + #BT > g(S,, T), SO that &BT 2 0, P * - a s  Moreover, by construc- 
tion, the initial wealth of (4, A, - 1 , ~ )  satisfies &so +& - Uo = Vo - Uo < 0. 
We conclude that the strategy (4, A, - 1 , ~ )  is a (short) arbitrage opportunity 
- that is, a risk-free profitable strategy for the seller of the American claim 
Xa .  Suppose now that Uo < Vo, so that the American claim is underpriced. 
We shall now construct an arbitrage opportunity for the buyer of this claim. 
In this case, we may and do assume that he chooses the stopping time TO as 
an exercise time. In addition, we assume that he holds a dynamic portfolio 
(-4, -A). Note that the process A vanishes identically, since T = TO. This 
means that no consumption is involved in the strategy chosen by the buyer. 
Furthermore, the initial wealth of his portfolio satisfies 
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and the terminal wealth is zero, since in view of (5.6) the wealth of the 
portfolio at the exercise time TO vanishes. This shows that by making a clever 
choice of exercise policy, the buyer of the American claim is able to lock in 
a risk-free profit. We conclude that the arbitrage price ro(Xa)  necessarily 
coincides with Vo, since otherwise arbitrage opportunities would exist in the 
market model. 0 

5.2 American Call and Put Options 

From now on we restrict our attention to the case of American call and 
put options. We allow the strike price to vary in time; the strike price is 
represented by a deterministic function K : [0, TI + R+ that satisfies 

for a bounded function k : [0, T ]  + EX. The reward functions we shall study 
in what follows are gC(s,t) = (s - Kt)+ and gP(s, t )  = (Kt - s)+, where the 
rewards gC and gP correspond to the call and the put options respectively. It  
will be convenient to introduce the discounted rewards X,* = (St - Kt)+/Bt 
and Y,* = (Kt - St)+/Bt. For a continuous semimartingale Z and a fixed 
a E R, we denote by LT(Z) the (right) semimartingale local time of 2, given 
explicitly by the formula 

for every t E [O,T] (by convention we set sgn(0) = -1). It  is well known 
that the local time La(Z) of a continuous semimartingale Z is an adapted 
process whose sample paths are almost all continuous, non-decreasing func- 
tions. Moreover, for an arbitrary convex function f : R -+ R the following 
decomposition, referred to as the It6-Tanaka-Meyer formula, is valid 

where f; is the left-hand side derivative of f ,  and the measure = f" repre- 
sents the second derivative of f ,  in the sense of distributions. An application 
of the It6-Tanaka-Meyer formula yields 

where C, = rK, - k,. Similarly, for the process Y* we get 
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In particular, if the strike price K t  = K > 0 is a constant, then the discounted 
rewards X *  and Y* satisfy8 

t 
X; = X,’ + 1 1 I S U > ~ )  B ; ~  ( O S ~  dw: + r K  du)  + 

and 

Since the local time is known to be an increasing process, it is evident that 
if the strike price is a positive constant and the interest rate is nonnegative, 
then the discounted reward process X* follows a submartingale under the 
martingale measureg P*, that is, 

On the other hand, the discounted reward Y* of the American put option 
with constant exercise price is a submartingale under P*, provided that r 5 0. 
Summarizing, we have the following useful result. 

Corollary 5.2.1. The discounted reward X *  (respectively, Y * )  of the Amer- 
ican call option (respectively, put option) with constant strike price follows a 
submartingale under P* if r 2 0 (respectively, if r < 0) .  

Let us now examine the rational exercise policy of the holder of an option 
of American style. We shall use throughout the superscripts c and p to denote 
the quantities associated with the reward functions gC and g p  respectively. In 
particular, 

and 

We know already that in the case of a constant strike price and under a 
nonnegative interest rate r ,  the discounted reward X* of a call option follows 
a P*-submartingale. Consequently, the Snell envelope J C  of X *  equals 

Obviously we have L: ( S  - K )  = L: (s)  and L:(S - K )  = L P K  (-s) .  It is also 
possible to show that L - ~ ( - s )  = L K ( S ) .  
This property follows directly from Jensen’s conditional inequality. 
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This in turn implies that for every date t the rational exercise time after 
time t of the American call option with a constant strike price K is the 
option’s expiry date T (the same property holds for the American put option, 
provided that r 5 0). In other words, under a nonnegative interest rate, an 
American call option with constant strike price should never be exercised 
before its expiry date, and thus its arbitrage price coincides with the Black- 
Scholes price of a European call. Put differently, in usual circumstances, the 
American call option written on a non-dividend-paying stock is always worth 
more alive than dead, hence it is equivalent to the European call option with 
the same contractual features. (Let us qualify here that this remark does 
not apply, for instance, to American currency call options.) This shows that 
in the case of constant strike price and nonnegative interest rate r ,  only an 
American put option written on a non-dividend-paying stock requires further 
examination. 

5.3 Early Exercise Representation of an American Put 

The following result is a consequence of a much more general theorem due to 
ElKaroui and Karatzas (1991). For the sake of concreteness, we shall focus 
on the case of the American put option. The proof of Proposition 5.3.1 can 
be found in Myneni (1992). 

Proposition 5.3.1. The Snell envelope JP admits the following decomposi- 
tion 

Recall that = ertJ,P for every t. Consequently, the price P: of an 
American put option satisfies 

Furthermore, in view of the Markov property of the stock price process S, it 
is clear that for any stopping time T E T[t,T], we have 

We conclude that the price of an American put equals P: = Pa (St, T - t)  for 
a certain function Pa : R+ x [0, T] 4 R. To be a bit more explicit, we define 
the function Pa ( s , t )  by setting 
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We assume from now on that the strike price K is constant; that is, 
Kt  = K > 0 for every t E [0, TI. It is possible to show that the function 
Pa(s ,  u) is decreasing and convex in s, and increasing in u. Let us denote 
by C and D the continuation region and stopping region respectively. The 
stopping region D is defined as that subset of R+ x [O,T] for which the 
stopping time rt satisfies 

for every t E [0, TI. The continuation region C is, of course, the complement 
of D in R+ x [0, TI. Note that in terms of the function P a ,  we have 

2) = {(s, t) E R+ x [0, T] I Pa(s ,  T - t )  = ( K  - s)+ ) 

and 
C = {(s, t )  E R+ x [0, T] I Pa(s ,  T - t)  > ( K  - s)+ ). 

Let us define the function b* : [0, T] -+ R+ by setting 

b*(T - t)  = sup {s E R+ I Pa(s ,  T - t)  = (K - s)+ ). 

It  can be shown that the graph of b* is contained in the stopping region D. 
This means that it is only rational to exercise the put option at time t if the 
current stock price St is at  or below the level b*(T - t). For this reason, the 
value b*(T - t)  is commonly referred to as the critical stock price at  time t.  
It  is sometimes convenient to consider the function c* : [O,T] -+ R+ which 
is given by the equality c*(t) = b*(T - t) .  For any t E [0, TI, the optimal 
exercise time rt after time t satisfies 

or equivalently, 

rt = inf {u E [t ,T] ISu I b*(T - u ) )  = inf{u E [ t ,T]  IS, I c*(u)). 

We quote the following lemma from Van Moerbeke (1976). 

Lemma 5.3.1. The function c* is non-decreasing, infinitely smooth over 
(0, T) and limtTT c*(t) = limTFt10 b*(T - t)  = K .  

By virtue of the next result, the price of an American put option may be 
represented as the sum of the arbitrage price of the corresponding European 
call option and the so-called early exercise premium. 

Corollary 5.3.1. The following decomposition of the price of an American 
put option is valid 

where P: = Pa(St ,  T - t)  is the price of the American put option, and Pt = 
P ( S t , T  - t)  is the Black-Scholes price of a European put with strike K .  
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Decomposition of the price provided by Corollary 5.3.1 is commonly 
referred to as the early exercise premium representation of an American 
put. I t  was derived independently, by different means and at various levels 
of strictness, by Kim (1990), Jacka (1991) and Jamshidian (1992) (see also 
Carr et al. (1992) for other representations of the price of an American put). 
Using Corollary 5.3.1, we get for t = 0 

where Po is the price at time 0 of the European put. Observe that if r = 0, 
then the early exercise premium vanishes, which means that the American 
put is equivalent to the European put and thus should not be exercised before 
the expiry date. Taking into account the dynamics of the stock price under 
P*, we can make representation (5.8) more explicit, namely 

where p = r - a2/2 and N denotes the standard Gaussian cumulative distri- 
bution function. A similar decomposition is valid for any instant t E [0, TI, 
provided that the current stock price St belongs to the continuation region 
C; that is, the option should not be exercised immediately. For any date 
t E [O,T], we have 

where P(St, T - t )  stands for the price of a European put option of maturity 
T - t ,  and St is the current level of the stock price. A change of variables 
leads to the following equivalent expression 

which is valid for every (s, t )  E C. If St = b*(T - t ) ,  then we have necessarily 
Pa(St, T - t)  = K - b* (T - t) ,  so that clearly P a ( b *  (t), t )  = K - b* (t) 
for every t E [0, TI. This simple observation leads to the following integral 
equation satisfied by the optimal boundary function b* 

K - b*(t) = P(b*(t),t)  + r K  l e-'u N ( ln(b* (t - u)/b* (t)) - pu ) du. 
f f f i  

Unfortunately, a solution to this integral equation is not known explicitly, 
and thus it needs to be solved numerically. On the other hand, the following 
bounds for the price Pa(s ,  t )  are easy to derive 
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and 
Pa(s, t) - P(s , t )  2 r K  e-'. N ( ln(bT,/s) - pu 

ff& 

where bT, stands for the optimal exercise boundary of a perpetual put- that is, 
an American put option with expiry date T = CQ. To this end, it is enough to 
show that for any maturity T ,  the values of the optimal stopping boundary 
b* lie between the strike price K and the level bT,, i.e., K 5 b*(t) I bT, 
for every t E [O,T]. The value of bT, is known to be (seeMcKean (1965), 
Merton (1973), or the next section) 

The properties of the critical stock price near the option expiry were studied 
by, among others, Barles et al. (1995) and Lamberton (1995). Their main 
result states that the critical price satisfies 

as t approaches the expiry date T ,  i.e., when T - t 1 0. 

5.4 Analytical Approach 

The aim of this section is to give a short overview of analytical methods 
related to the optimal stopping problem for diffusion processes. 

The free boundary problem related to the optimal stopping problem for 
an American put option was first examined by McKean (1965) and van Mo- 
erbeke (1976). As usual, we shall focus on the valuation within the Black- 
Scholes framework of an American put written on a stock paying no dividends 
during the option’s lifetime. For a fixed expiry date T and constant strike 
price K ,  we denote by Pa (S t ,T  - t)  the price of an American put at time 
t E [0, TI; in particular, Pa(ST, 0) = ( K  - ST)+. It will be convenient to 
denote by L the following differential operator 

where A stands for the infinitesimal generator of the one-dimensional diffu- 
sion process S (considered under the martingale measure P*). Also, let Lt 
stand for the following differential operator 
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The proof of the following proposition, that focuses on the properties of  the 
price function Pa(s , t )  of an American put, can be found in van Moerbeke 
(1976) (see also McKean (1965), Jacka (1991), and Salopek (1997)). Recall 
that we write c*(t) = b*(T - t ) .  

Proposition 5.4.1. The American put value function Pa(s,  t )  is smooth on 
the continuation region C with -1 5 PF(s,t) 5 0 for all ( s , t )  E C .  The 
optimal stopping boundary b* is a continuous and non-increasing function on 
(0, TI, hence c* is a non-decreasing function on [0, T ) ,  and 

lim b* (T  - t )  = lim C* ( t )  = K. 
T-t L O  tTT 

On C ,  the function Pa satisfies P t ( s , t )  = CPa(s,t);  that is, 

Furthermore, we have 

lim Pa(s , t )  = K -  
s 1 b* ( t )  

lim Pa(s , t )  = 0, 
s-+m v t  E ((),TI, 

Pa(s , t )  > ( K  - s)+, V ( s , t )  E R+ x (0, TI. 

In order to determine the optimal stopping boundary, one needs to 
impose an additional condition, known as the smooth fit principle, that 
reads as follows (for the proof of the next result, we refer the reader 
toVan Moerbeke (1976)). 

Proposition 5.4.2. The partial derivative P;(s, t )  is continuous a.e. across 
the stopping boundary c*; that is 

lim P;(s,t) = -1 
slc*(t) 

for almost every t E [0, TI. 

We are now in a position to state (without proof) the result characterizing 
the price of an American put option as the solution to the free boundary 
problem (see Van Moerbeke (1976), Jacka (1991), and Salopek (1997)). 

Theorem 5.4.1. Let Q be an open domain in R+ x [O,T) with continuously 
differentiable boundary c. Assume that v : R+ x [0, T ]  is a continuous function 
such that u E C3>l(G), the function g(s, t )  = v(eS,  t )  has Tychonov growth,10 
and v satisfies Ctv = 0 on Q;  that is 

lo A function g E R+ x (O,T] has T y c h o n o v  growth  if g and partial derivatives 
g,, g,,, g s t ,  and g,,, have growth at most exp(o(s2)), uniformly on compact 
sets, as s tends to infinity. 
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for every (s, t )  E G, and 

v ( ~ , t )  > ( K  - ~ ) + 1  Q(s i t )  E 61 
v(s, t)  = ( K  - s)’, Q (s, t )  E GC, 

v(s ,T)  = (K-s)’, Q s E R + ,  
lim v,(s,t) = -1, 
l c(t) 

Then the function Pa(s ,  t )  = v(s, T - t)  for every (s,  t)  E EX+ x [0, T] is the 
value function of the American put option with strike price K and maturity T .  
Moreover, the set C = Q is the option’s continuation region, and the function 
b*(t) = c(T - t) ,  t E [0, TI, represents the critical stock price. 

We shall now apply the above theorem to a perpetual put - that is, an 
American put option that has no expiry date (i.e., with maturity T = co). 
Since the time to  expiry of a perpetual put is always infinite, the critical 
stock price becomes a real number b& < K ,  and the PDE (5.10) becomes 
the following ordinary differential equation (ODE) for the function v,(s) = 
v(s1m) 

1 2 2 d2vw durn 
- o s r ( ~ )  + r s  -(s) - rvaa(s) = 0, V s  E (b,, co), (5.11) 
2 ds 

with v,(s) = K - s for every s E [0, b&]. Our aim is to  show that equality 
(5.9) is valid. For this purpose, observe that ODE (5.11) admits a general 
solution of the form 

urn (s) = clsdl + c2sd2, Q s E (bk,  m) ,  

where cl , c2, dl and d2 are constants. Using the boundary condition 

and the smooth fit condition 

dvw lim -(s) = -1, 
s l b ,  ds 

we find that 

and thus, in particular, equality (5.9) is valid. 
In contrast to the free boundary approach, the formulation of the optimal 

stopping problem in terms of variational inequalities allows us to  treat the 
domain of the option as an entire region. In other words, we do not need to  
introduce explicitly here the stopping boundary b*. 
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Jaillet et al. (1990) have exploited the general theory of variational in- 
equalities - as exposed in a monograph by Bensoussan and Lions (1978) - to  
study the optimal stopping problem associated with American claims. They 
show, in particular, that the techniques of variational inequalities provide an 
adequate framework for the study of numerical methods related to American 
options. 

Theorem 5.4.2. Assume that v : R+ x [O,T] is a continuous function such 
that the function g(s, t )  = v(eS, t )  satisfies certain growth conditions. Suppose 
that for every (s, t) E R+ x [0, T] we have 

Ltv(s,t) I 0, 
v(s,t) > ( K  - s)+,  

v(s,T) = (K-s)’, 

((K - s)+ - v(s, t)) Ltv(s, t)  = 0. 

Equivalently, we have v(s, T )  = ( K  - s)+ and 

max { ( K  - s)+ - v(s, t ) ,  ~ , v ( s , t ) )  = O. 

Then v is unique and v(s, t )  = Pa(s,  T - t )  for every (s, t)  E R+ x [0, TI. 

As one might expect, a solution to the problem above is not known ex- 
plicitly (for the proof of existence and uniqueness we refer to Bensoussan and 
Lions (1978)). Numerical methods of solving variational inequalities associ- 
ated with American options were developed by Jaillet et al. (1990). 

5.5 Approximations of the American Put Price 

Since no closed-form expression for the value of an American put is avail- 
able, in order to value American options one needs to use a numerical 
procedure. It  appears that the use of the CRR binomial tree, although 
remarkably simple, is far from being the most efficient way of pricing 
American options. Various approximations of the American put price on a 
non-dividend-paying stock were examined by Brennan and Schwartz (1977a), 
Johnson (l983), MacMillan (l986), Leisen (l996), and Broadie and Detemple 
(1996, 199710). Dividend-paying stocks and other types of American options 
were studied using analytical methods in Geske (1979b), Blomeyer (1986), 
Barone-Adesi and Waley (1986, 1987), Omberg (1987a), Broadie and De- 
temple (1995), and Huang et al. (1996). Numerical integration was applied 
to American option valuation by Parkinson (1977). A compound option ap- 
proach to American put options was examined in Geske and Johnson (1984). 
Geske and Roll (1984) analyzed the valuation of American call options with 
the Black-Scholes formula. 
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Let us comment briefly on the approximate valuation method proposed 
by Geske and Johnson (1984). Basically, the Geske-Johnson approximation 
relies on the discretization of the time parameter and the application of back- 
ward induction, as in any other standard discrete-time approach. However, 
in contrast to the space-time discretization used in the multinomial trees ap- 
proach or in the finite difference methods, the approach of Geske and Johnson 
makes use of the exact distribution of the vector of stock prices (St,, . . . , St, ) , 
where tl  < . . . < t, = T are the only admissible (deterministic) exercise 
times. l1 In other words, the decision to exercise an option can be made at  
any of the dates t l ,  . . . , t, only. Let us start by considering the special case 
when n = 2 and tl = T/2, t2 = T. Note that if n = 1 then the option can be 
exercised at tl  = T only, so that it is equivalent to a European put. To find 
an approximate value for an American put, we argue by backward induction. 
Suppose that the option was not exercised at time t l .  Then the value of the 
option at time tl  is equal to the value of a European put option with ma- 
turity t2 - t l  = T/2, given the initial stock price St, = ST/2. The price of 
a European put is given, of course, by the standard Black-Scholes formula, 
denoted by P(ST12, T/2). The critical stock price by at time t l  = T/2 solves 
the equation K - ST/2 = P(ST12, T/2), hence it can be found by numerical 
methods. Moreover, it is clear that the value VT/2 of the option at  time T/2 

Note that it is optimal to exercise the option at time t l  if and only if ST/2 < 
by. To find the value of the option at time 0, we need first to  evaluate the 
expectation ~o ( so)  = IE p (e-rT/2 VT/2), or equivalently, 

Notice that the latter expectation can be expressed in terms of the proba- 
bility law of the two-dimensional random variable (ST/21 ST); equivalently, 
one exploit the joint law of WT/2 and WT. A specific, quasi-explicit repre- 
sentation of Vo(So) in terms of two-dimensional Gaussian cumulative distri- 
bution function is in fact a matter of convenience. The approximate value 
of an American put with two admissible exercise times, T/2 and T, equals 
P2(So, T) = Vo(So). The same iterative procedure may be applied to an 
arbitrary finite sequence of times t l  < . . . < t, = T.  In this case, the 
Geske-Johnson approximation formula involves integration with respect to 
a n-dimensional Gaussian probability density function. It  appears that for 
three admissible exercise times, T/3, 2T/3 and T, the approximate quasi- 
analytical valuation formula provided by the Geske and Johnson method is 
roughly as accurate as the binomial tree with 150 time steps. For any nat- 
ural n, let us denote by Pt (So, T )  the Geske-Johnson option’s approximate 

l1 An option that may be exercised early, but only on predetermined dates, is 
commonly referred to as Bermudan option. 
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value associated with admissible dates ti = Ti ln ,  i = 1 , .  . . , n. It  is possible 
to show that the sequence P:(So,T) converges to the option’s exact price 
Pa(So, T )  when the number of steps tends to infinity, so that the step length 
tends to zero. To estimate the limit Pa(So,T), one can make use of any ex- 
trapolation technique, for instance Richardson’s approximation scheme. Let 
us briefly describe the latter technique. Suppose that the function F satisfies 

in the neighborhood of zero, so that 

and 
F(lh) = F(0) + cllh + c212h2 + o(h2) 

for arbitrary 1 > k > 1. Ignoring the term o(h2), and solving the above system 
of equations for F(O), we obtain (" z "denotes approximate equality) 

where a = l(1-1)-k(k-1), b = k(k-1) andc  = 12(k-1)-l(k2-l)+k(k-l). 
Let us write P: to denote P:(So, T )  for n = 1,2 ,3  (in particular, Pf(So,  T )  
is the European put price P(So,T)) .  For n = 3 upon setting k = 312, 1 = 3 
and Pf = F(lh) ,  P$ = F(kh), P," = F(h) ,  we get the following approximate 
formula 

Pa(So,T)  z PP,"+~(P," - P,") - ;(P," - P,"). 

Bunch and Johnson (1992) argue that the Geske-Johnson method can be fur- 
ther improved if the exercise times are chosen iteratively in such a way that 
the option’s approximate value is maximized. 

The analytic method of lines, developed in Carr and Faguet (1994), re- 
lies on the approximate solution of the free-boundary problem of Sect. 5.4 
by means of a suitable time discretization (the quadratic approximation de- 
veloped by MacMillan (1986) and Barone-Adesi and Whaley (1987) can be 
seen as a special case of this method). Let us write v(s,t) = Pa(s,  T - t )  
and c*(t) = b*(T - t )  so that Ltv = 0 (cf. (5.10)) on the open domain 
{(s, t)  E R+ x (0, T) 1 s > c(t)). Moreover, v is known to satisfy the following 
set of conditions 

v(s ,T) = (K - s)+, Vs E R+, 
lim v(s,t) = K - c ( t ) ,  V ~ E [ O , T ] ,  

8 l c(t) 

lim v,(s,t) = -1, 
slc(t)  

v t  E [O,Tl, 

lim v(s, t)  = 0, 
5-CC 

Vt E [O,T]. 
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For arbitrary natural n and fixed horizon date T, we write A, = T l n  and 
ti = id ,  for i = 0, .  . . , n. Denote by vi(s) the approximate value of v(s, id,). 
Then the PDE (5.10) becomes the following ODE 

for s E (c(iA,), 00). The last equation can be solved recursively for both the 
function v(s, in,) and the optimal stopping boundary c(iA,) i = 0, .  . . , n. 
Since the explicit formulas are rather involved, we refer the reader to the 
original paper, Carr and Faguet (1994), for details. 

5.6 Option on a Dividend-paying Stock 

Since most traded options on stocks are unprotected American call options 
written on dividend-paying stocks, it is worthwhile to comment briefly on the 
valuation of these contracts. A call option is said to be unprotected if it has 
no contracted "protection" against the stock price decline that occurs when 
a dividend is paid. It  is intuitively clear that an unprotected American call 
written on a dividend-paying stock is not equivalent to the corresponding 
option of European style, in general. Suppose that a known dividend, D,  will 
be paid to each shareholder with certainty at a prespecified date TD during 
the option’s lifetime. Furthermore, assume that the ex-dividend stock price 
decline equals 6D for a given constant 6 E [0, 11. Let us denote by ST, and 
PTD = ST, - 6D respectively the cum-dividend and ex-dividend stock prices 
at time To. It is clear that the option should eventually be exercised just 
before the dividend is paid - that is, an instant before To. Consequently, as 
first noted by Black (1975), the lower bound for the price of such an option 
is the price of the European call option with expiry date TD and strike price 
K .  This lower bound is a good estimate of the exact value of the price of the 
American option whenever the probability of early exercise is large - that is, 
when the probability P{CT, < ST, - K )  is large, where CT, = C(PTD, T - 
To, K )  is the Black-Scholes price of the European call option with maturity 
T - TD and exercise price K .  Hence, early exercise of the American call is 
more likely the larger the dividend, the higher the stock price ST, relative to 
the strike price K ,  and the shorter the time-period T - TD between expiry 
and dividend payment dates. An analytic valuation formula for unprotected 
American call options on stocks with known dividends was established by 
Roll (1977). However, it seems to us that Roll’s original reasoning, which 
refers to options that expire an instant before the ex-dividend date, assumes 
implicitly that the holder of an option may exercise it before the ex-dividend 
date, but apparently is not allowed to sell it before the ex-dividend date. To 
avoid this discrepancy, we prefer instead to consider European options which 
expire on the ex-dividend date - i.e., after the ex-dividend stock price decline. 



192 5. American Options 

Before formulating the next result, we need to introduce some notation. 
Let us denote by b* the cum-dividend stock price level above which the orig- 
inal American option will be exercised at  time To, so that 

It  is worthwhile to observe that C(s - bD, T - To, K) < s - K when s E 
(b*, m), and C(s-bD,T-TD, K )  > s - K  for every s E (0, b*). Note that the 
first two terms on the right-hand side of equality (5.13) below represent the 
values of European options, written on a stock S, that expire at time T and 
on the ex-dividend date TD respectively. The last term, COt(TD, b* - K ) ,  
represents the price of a so-called compound option (see Sect. 6.4). To be more 
specific, we deal here with a European call option with strike price b* - K 
that expires on the ex-dividend date To, and whose underlying asset is the 
European call option, written on S, with maturity T and strike price K .  
The compound option will be exercised by its holder at the ex-dividend date 
TD if and only if he is prepared to pay b* - K for the underlying European 
option. Since the value of the underlying option after the ex-dividend stock 
price decline equals C(PTD, T - To, K ) ,  the compound option is exercised 
whenever 

that is, when the cum-dividend stock price exceeds b* (this follows from the 
fact that the price of a standard European call option is an increasing function 
of the stock price, combined with equality (5.12)). 

Proposition 5.6.1. The arbitrage price C ~ ( T ,  K )  of an unprotected Amer- 
ican call option with expiry date T > TD and strike price K ,  written on a 
stock paying a known dividend D at time To, equals 

f o r t  E [O,TD], where b* is the solution to (5.12). 

Proof. Note that the first term in (5.13) represents the price of an option 
written on a dividend-paying stock, hence it is not given by the standard 
Black-Scholes formula. On the other hand, on the ex-dividend date TD we 
have 

&(T, K )  = C(ST, - bD,T - TD, K )  = C(PT,,T - TD, K). 
From the reasoning above, it is clear that in order to check the validity of 
(5.13), it is enough to consider the value of the portfolio of options on the 
ex-dividend date TD. Let us assume first that the cum-dividend stock price 
STD is above the early exercise level b*. The value of the portfolio is 

as expected. Assume now that the stock is below the level b*. In this case, the 
right-hand side of (5.13) equals simply C(PTD, T - To, K),  as the remaining 
options are worthless. This completes the derivation of (5.13). 0 
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In the preceding chapters, we have focused on the two standard classes of 
options - that is, call and put options of European and American style. The 
aim of this chapter is to study examples of more sophisticated option con- 
tracts. The generic name exotic opt ion is given here to any option contract, 
which is not a standard European or American option. Although the payoffs 
of exotic options are given by similar expressions for both spot and futures 
options, it is clear that the corresponding valuation formulas would not agree. 
We will restrict here our attention to the case of exotic spot options. We find 
it convenient to classify the large family of exotic options as follows: 
(a) packages - options that are equivalent to a portfolio of standard European 
options, cash and the underlying asset (stock, say); 
(b) forward-start options - options that are paid for in the present but re- 
ceived by holders at  a prespecified future date; 
(c) chooser options - option contracts that are chosen by their holders to be 
call or put at  a prescribed future date; 
(d) compound options - option contracts with other options playing the role 
of the underlying assets; 
(e) b i n a y  options - contracts whose payoff is defined by means of some bi- 
nary function; 
(f) barrier options - options whose payoff depends on whether the underlying 
asset price reaches some barrier during the option’s lifetime; 
(g) lookback opt ions-  options whose payoff depends, in particular, on the min- 
imum or maximum price of the underlying asset during options’ lifetimes; 
(h) A s i a n  options - options whose payoff depends on the average price of the 
underlying asset during a prespecified period; 
(i) basket options - options with a payoff depending on the average of prices 
of several assets; 
(j) a-quanti le  options - options whose payoff depends on the percentage of 
time that the price of the underlying asset remains below some level; 
(k) combined options o n  several assets - these include, for instance, options 
on the minimum or maximum price of two risky assets; 
(1) Russ ian  opt ion - a "user friendly" variant of a standard American option; 
(i) passport opt ion - an option related to the performance of a traded account. 
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6.1 Packages 

An arbitrary financial contract whose terminal payoff is a piecewise linear 
function of the terminal price of the underlying asset may be seen as a package 
option - that is, a combination of standard options, cash and the underlying 
asset. As usual, we denote by S the price process of the underlying asset; we 
shall refer to S as a stock price. Unless explicitly stated otherwise, we shall 
place ourselves within the classical Black-Scholes framework (or its direct 
multidimensional generalization). 

Collars. Let K2 > K1 > 0 be fixed real numbers. The payoff at  expiry date 
T from the long position in a collar option equals 

CLT min { max{ST,KL),K2}. 

It is easily seen that the payoff CLT can be represented as follows 

so that a collar option can be seen as a portfolio of cash and two standard 
call options. 

This implies that the arbitrage price of a collar option at any date t before 
expiry equals 

where C(s, T - t, K )  = c(s, T - t, K,  r, a) stands for the Black-Scholes call 
option price at time t ,  where the current level of the stock price is s, and the 
exercise price of the option equals K (see formula (3.56)). 

Break forwards. By a break forward we mean a modification of a typical 
forward contract, in which the potential loss from the long position is limited 
by some prespecified number. More explicitly, the payoff from the long break 
forward is defined by the equality 

where F = Fs(O, T)  = soerT is the forward price of a stock for settlement at  
time T ,  and K > F is some constant. The delivery price K is set in such a 
manner that the break forward contract is worthless when it is entered into. 
Since 

BFT = (ST - F)’ + F - K, 
it is clear that for every t E [0, TI, 

In particular, the right level of K ,  KO say, is given by the expression 
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Using the Black-Scholes valuation formula, we end up with the following 

where dl and d2 are given by (3.18)-(3.19). 

Range  forwards. A range forward may be seen as a special case of a collar 
- one with zero initial cost. Its payoff at expiry is 

def RFT = max{min{S~ ,K2} ,~1) -F  = max{min{ST-F,K2-F},K1-F), 

where K1 < F < Kz, and as before F = Fs(0,T) = soerT. It  appears 
convenient to decompose the payoff of a range forward in the following way 

Indeed, the above representation of the payoff implies directly that a range 
forward may be seen as a portfolio composed of a long forward contract, a 
long put option with strike price K1, and finally a short call option with 
strike price K2. Furthermore, its price at t equals 

As was mentioned earlier, the levels K1 and Kz are chosen in such a way that 
the initial value of a range forward equals 0. 

6.2 Forward-start Options 

Let us consider two dates, say To and T, with To < T. A forward-start option 
is a contract in which the holder receives, at time To (at no additional cost), 
an option with expiry date T and exercise price equal to KST, for some 
K > 0. On the other hand, the holder must pay at time 0 an up-front fee, the 
price of a forward-start option. Let us consider the case of a forward-start 
call option, with terminal payoff 

To find the price at time t E [0, To] of such an option, it suffices to consider its 
value at  the delivery date To, that is, the price at time To of the at-the-money 
option with expiry date T.  Thus, we have 

Since we restrict our attention to the classical Black-Scholes model, it is easily 
seen that 

C(STO,T -TO,ST,) = S T O C ( ~ , T - T O , K ) .  
Since C(1, T - To, K )  is non-random, the option’s value at time 0 equals 
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If a stock continuously pays dividends at a constant rate K ,  the above equality 
should be modified as follows 

where C" stands for the call option price derived in Proposition 3.2.1. Similar 
formulas can be produced for the case of a forward-start put option. We shall 
return to the analysis of forward-start options in Sect. 7.1.10, in which the 
assumption of a constant volatility will be relaxed. 

6.3 Chooser Options 

As suggested by the name of the contract, a chooser opt ion is an agreement 
in which one party has the right to choose at some future date To whether 
the option is to be a call or put option with a common exercise price K and 
remaining time to expiry T - To. The payoff at To of a standard chooser 
option is 

while its terminal payoff is given by the expression 

where A stands for the following event belonging to the a-field FTo 

A = { w E  R I C ( S T , , T - T ~ , K )  >P(ST, ,T-T0,K))  

and AC is the complement of A in R. Recall that the call-put parity implies 
that 

and thus 

The last equality implies immediately that the standard chooser option is 
equivalent to the portfolio composed of a long call option and a long put 
option (with different exercise prices and different expiry dates), so that its 
arbitrage price equals, for every t E [0, To], 

CHt = C(St ,T  - t ,  K )  + P(St,To - t ,  Ke- TU-TO) ). 
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In particular, using the Black-Scholes formula, we get for t = 0 

where 

and 

6.4 Compound Options 

A compound opt ion (see Geske (1977, 1979), Selby and Hodges (1987)) is a 
standard option with another standard option being the underlying asset. 
One can distinguish four basic types of compound options: call on a call, 
put on a call, call on a put, and, finally, put on a put. Let us consider, for 
instance, the case of a call o n  a call compound option. For two future dates 
To and T I  with To < T I  and two exercise prices KO and K ,  consider a call 
option with exercise price KO and expiry date To on a call option with strike 
price K and maturity T .  It is clear that the payoff of the compound option 
at time To is 

def 
COTo - ( C ( S T ~ I T I K ) - K O ) + ~  

where C ( S T o , ~ ,  K )  stands for the value a t  time To of a standard call op- 
tion with strike price K and expiry date T = To + T. In the Black-Scholes 
framework, we obtain the following equality 

C(s,  T, K )  = sN(dl(s ,  T, K) )  - ~ e - ~ ’ N ( d ~ ( s ,  T,  K)) .  

Moreover, since under P* we have 

STo = SO exp (a&< + ( r  - +a2) To), 

where < has a standard Gaussian probability law under P*, the price of the 
compound option a t  time 0 equals 

where I& = di(g(x), T,  K )  for i = 1,2, the function g : IR 4 IR is given by the 
formula 

g (x) = So exp (o fi x + (r  - $ a2 )  To) 

and, finally, the constant xo is defined implicitly by the equation 

xo = inf {x E IR I C(g(x), T, K )  > KO). 
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Straightforward calculations yield 

6.5 Digital Options 

By a digital (or binary) option we mean a contract whose payoff depends in a 
discontinuous way on the terminal price of the underlying asset. The simplest 
examples of binary options are cash-or-nothing options and asset-or-nothing 
options. The payoffs at expiry of a cash-or-nothing call and put options are 

def 
BCCT xn BCPT - XI jsT,~},  

where in both cases X stands for a prespecified amount of cash. Similarly, 
for the asset-or-nothing option we have 

for a call and put respectively. All options introduced above may be eas- 
ily priced by means of the risk-neutral valuation formula. Somewhat more 
complex binary options are the so-called gap options, whose payoff at expiry 
equals 

def GCT = (ST - X ) n  = BACT - BCCT 
for the call option, and 

for the corresponding put option. Once again, pricing these options involves 
no difficulties. As a last example of a binary option, let us mention a super- 
share, whose payoff is 

def ST 
= -n{Kl<ST<K2} K1 

for some positive constants K1 < K2. The price of such an option at time 0 
is easily seen to equal 

where 
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6.6 Barrier Options 

The generic term barrier options refers to the class of options whose payoff de- 
pends on whether or not the underlying prices hit a prespecified barrier during 
the options’ lifetimes. For closed-form expressions for prices of various barrier 
options and numerical methods, we refer to Rubinstein and Reiner (1991), 
Kunitomo and Ikeda (1992), Douady (1994), Rich (1994), Carr (1995), Cheuk 
and Vorst (1996), Ritchken (1995), Broadie et al. (1997), and Roberts and 
Shortland (1997). Heynen and Kat (1994) examine partial barrier options - 
that is, barrier options in which the underlying price is monitored for barrier 
hits only during a prespecified period during an option’s lifetime. So-called 
double barrier options are treated in Kunitomo and Ikeda (1992), Geman and 
Yor (l996), Hui (l996), Jamshidian (l997b), and Pelsser (2000b). 

To give the flavor of the mathematical techniques used when dealing with 
barrier options, we will examine a specific kind of currency barrier option, 
namely the down-and-out call option. The payoff at expiry of a down-and-out 
call option equals (in units of domestic currency) 

1 def 
CT = (QT - K)+n  { m i n o j t j T  Q~ 2 HI, 

where K and H are constants. It  follows from the formula above that the 
down-and-out option becomes worthless (or is knocked out) if, at any time 
t  prior to the expiry date T ,  the current exchange rate Qt falls below a 
predetermined level H .  It  is thus evident that a down-and-out option is less 
valuable than a standard currency option. Our aim is to find an explicit 
formula for the so-called knock-out discount. 
Out-of-the-money knock-out option. Suppose first that the inequalities 
H < K and H < Qo are satisfied. From the general features of a down-and- 
out call, it is clear that the option is knocked out when it is out-of-the-money, 
Recall that under the domestic martingale measure P* we have (cf. (4.4)) 

where Xt = aQW,* + Xt for t  E [O,T], and X = rd - r f  - ;a$. Therefore, 

{W E 0 I min Qt 2 H) = {w E 0 I m~ L ln(H/Qo)), OStlT 

where mT = minolt5.r Xt ,  and thus 

where D stands for the set 

We conclude that the price at  time 0 of a down-and-out call option admits 
the following representation 



200 6. Exotic Options 

where P* is the martingale measure of the domestic market. In order to 
directly evaluate Ci by means of integration, we need to find first the joint 
probability distribution of random variables XT and m ~ .  One can show (see 
Harrison (1985) or Appendix B) that for all x, y such that y 5 0 and y 5 x,  
we have 

where, for ease of notation, we write u in place of UQ. Consequently, the 
probability density function of (XT, mT) equals 

for y 5 0, y 5 x, where n stands for the standard Gaussian density function. 
From the above it follows, in particular, that 

To find the expectation 

we need to evaluate the double integral 

where A = {(x, y); x > ln(K/Qo), y > ln(H/Qo), y I 0, y I z}. Straight- 
forward (but rather cumbersome) integration leads to the following result 

where 

and 

By collecting and rearranging the formulas above, we conclude that the price 
at initiation of the knock-out option admits the following representation (re- 
call that we write a = aQ) 

C; = c,& - Jo = Standard Call Price Knockout Discount, (6.1) 
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where (cf. Proposition 4.2.2) 

and 

JO = QOe-’f ( H / Q ~ ) ~ A ~ - ~ + ~  N(c1) - Ke-’dT N(c2), 

where h1,z = h1,2(Qo, T) and cl,2 = c1,2(Q0, T).  Notice that the proof of 
this formula can be substantially simplified by an application of Girsanov’s 
theorem. We define an auxiliary probability measure p by setting 

@ - = exp (OW; - i a 2 ~ )  = VT, P * - a s  
dP* 

It follows from the Girsanov theorem that the process Wt = W,* - a t  is 
a standard Brownian motion under the probability measure p. Moreover, 
taking into account the definition of X I  we find that 

Ep. (eX~n,)  = e(rd-’f)T Ep. ( V T ~ D )  

Finally, the semimartingale decomposition of the process X under p is 

hence, for every y 5 0, y 5 x, we have 

F {D) = ~ ( h ~  ( Q ~ ,  T)) - ( H / Q ~ ) ~ ~ ~ - ~ + ~  N(cdQ0, TI).  

Representation (6.1) of the option’s price now follows easily. 

In-the-money knock-out option. When K 5 H and H < Qo, the option 
is knocked out when it is in-the-money. In this case we have 

since { m ~  > In(H/Qo)) c {XT > ln(K/Qo)). It is well known (see 
Harrison (1985) or Appendix B) that for every y 5 0 

and thus 

On the other hand, 
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where 
ln(q/H) + (rd - rf k i o 2  ) t  

h1,2(q1 t )  = ffd 
and 

ln(H/q) + (rd - rf f ;a2 )t 
?1,2(q, t )  = 

a &  
Consequently, the option price at time 0 equals Ci = c0 - JO, where 

co = QoeP’f N (fil (QO, T)) - Ke - ’ d T ~ ( i 2 ( ~ o ,  T)) 

is the price of the standard currency call with strike H, and denoting = 
?1,2(Q0, TI, we get 

6.7 Lookback Options 

Lookback options are another example of path-dependent options - i.e., option 
contracts whose payoff at expiry depends not only on the terminal prices of 
the underlying assets, but also on asset price fluctuations during the options’ 
lifetimes. We will examine the two following cases: that of a standard lookback 
call option, with payoff at expiry 

where m$ = mintEIO,Tl St; and that of a standard lookback put option, whose 
terminal payoff equals 

where M! = maXtE[O,T] St.  Note that a lookback option is not a genuine 
option contract since the (European) lookback option is always exercised by 
its holder at  its expiry date. It  is clear that the arbitrage prices of a lookback 
option are 

for the lookback call and put respectively. Standard lookback options were 
first studied by Goldman et al. (1979a, 1979b). So-called limited risk and 
partial lookback options (both of European and American style) were exam- 
ined by Conze and Viswanathan (1991). 
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Proposition 6.7.1. Assume that r > 0. Then the price at time t < T of a 
European lookback call option equals 

s where s = St, m = mt , T = T - t and r l , 2  = r + $a2.  Equivalently, 

where 
- ln(s/m) + r1r 
d =  

a 8  
In particular, if s = St = m = mf then by setting d = r l f i /a ,  we get 

Proof. Since the discounted stock price S* is a martingale under P*, we have 

Il = e-r(T-t) I E p  (ST I Ft) = ert I E p  (5’; ( Ft) = St. 

To evaluate 12, observe first that for every u E [t, TI, we have 

Su = St exp (U(W,* - W,*) + r2(u - t ) )  = ~ ~ e - ( ~ u - ~ ~ ) ,  

where Xt = -ow,* + ut with v = ;a2 - r ,  and W* follows the standard 
Brownian motion under P*. Hence, 

where M$ = m a u E  [t,T] (Xu - Xt).  From the properties of the Brownian 
motion it is clear that the random variable M T ~  is independent of Ft. More- 
over, the probability law of M t T  under P* coincides with the law under P* 
of M,", where M," = maxU,p,,] Xu and r = T - t. Finally, we have 

where both mf and St are Ft-measurable random variables, and M t T  is 
independent of the a-field Ft. It thus suffices to compute the expectation 

def L(s, m) = I E p  (min {m, se-MC~}) = IEp* (min {m, sePM:}) 

for fixed real numbers s 2 m > 0. 
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Indeed, we have 

I2 = e-T(T-t) IE p* (m$ I Ft) = e-Tr L(St, mf ). 

To find L(s, m) explicitly, note first that 

where z = - ln(m/s). Consequently, 

By virtue of equality (B.34) in Appendix B, we have 

Using a trivial equality 2 ~ a - ~  - 1 = - 2 r c ~ - ~ ,  we therefore obtain 

The first integral can be represented in the following way 

and thus 

Ll(s, m) = seTTIEp (euW:-u2r/2n { xT2z ) )  - mP*{& > z). 

Equivalently, we have 

Ll(s ,m) = seTTQ{X, > z) - mP*{X, 2 z ) ,  

where the probability measure Q satisfies on (R, FT) 

It is now easily seen that 

For L2(s, m), by setting x, = XT - 2 ~ 7 ,  we get 



6.7 Lookback Options 205 

Consequently, we have 

Since X, = -ow,* + VT, by elementary algebra we get 

e - 2 ~ 0 - 2 2 T  - - 2ru-' w : - ~ T ~ ~ - ~ T  e 

Let us define the probability measure 0 by setting 

d 0  -- 
dP* 

- exp (%a-I w,* - 2r2oP27),  P*-as. 

Note that the process wt = W: - 2ro-lt follows a Brownian motion under 
0. Furthermore, 

and finally 

where, as before, z = - ln(m/s). The asserted formula is now an immediate 
consequence of the relationship 

with s = St and m = mf. 0 

The next result, which is stated without proof, deals with the lookback 
put option (see Goldman et al. (1979a, 1979b)). 

Proposition 6.7.2. Assume that r > 0. The price of a European lookback 
put option at time t < T equals 

where we write s = St, M = M:, 7 = T - t ,  and ~ 1 , 2  = r k  402. Equivalently, 

o2 
LPt = -SN(-d)  + Me-"N(-d + a f i )  + s - ~ ( d )  2r 
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where 

In particular, if s = St = M = M: then, denoting d = rlfi/a, we obtain 

Notice that an American lookback call option is equivalent to its European 
counterpart. Indeed, the process Zt = e-Tt ( s t  -m f )  = S,* -At is a submartin- 
gale, since the process A has non-increasing sample paths with probability 1. 
American and European lookback put options are not equivalent, however. 
The following bounds for the price LP: of an American lookback put option 
can be established 

Numerical approximations of the price of an American lookback put option 
are examined in Barraquand and Pudet (1996). For a robust hedging of a 
lookback option, the reader may consult Hobson (1998a). 

6.8 Asian Options 

An Asian option (or an average option) is a generic name for the class of 
options (of European or American style) whose terminal payoff is based on 
average asset values during some period within the options’ lifetimes. Due 
to their averaging feature, Asian options are particularly suitable for thinly 
traded assets (or commodities). Actually, in contrast to standard options, 
Asian options are more robust with respect to manipulations near their expiry 
dates. Typically, they are also less expensive than standard options. Let T 
be the exercise date, and let 0 < To < T stand for the beginning date of the 
averaging period. Then the payoff at expiry of an Asian call option equals 

A def cT = (As(To,T) -K)+,  

where 

l T s u d U  As(To7T) = To (6.5) 

is the arithmetic average of the asset price over the time interval [To, TI, K 
is the fixed strike price, and the price S of the stock is assumed to follow a 
geometric Brownian motion. The main difficulty in pricing and hedging Asian 
options is due to the fact that the random variable A(To, T )  does not have 
a lognormal distribution. This feature makes the task of finding an explicit 
formula for the price of an Asian option surprisingly involved. For this reason, 
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early studies of Asian options were based either on approximations or on the 
direct application of the Monte Carlo method. The numerical approach to 
the valuation of Asian options, proposed independently by Ruttiens (1990) 
and Vorst (1992), is based on the approximation of the arithmetic average 
using the geometric average. Note first that it is natural to substitute for the 
continuous-time average A(To, T )  its discrete-time counterpart 

where Ti = To + i (T  - To)/n. Furthermore, the arithmetic average AZ(To, T) 
can be replaced with the geometric average, denoted by GZ(Tol T )  in what 
follows. Recall that the random variables ST,, i = 1, . . . , n are given explicitly 
by the expression 

ST, =  ST^ exp (a(wgi - W+o ) + (T - ;a2) ( T ~  - To)), 

where W* is a standard Brownian motion under the martingale measure P*. 
Hence, the geometric average admits the following representation 

n- 1 n- 1 

Gz (To, T) = ( n ST,) lin = cSTo exp (z c (n - i - + - w ) )  
i=O i=O 

for a strictly positive constant c. In view of the independence of increments 
of the Brownian motion, the last formula makes clear that the geometric 
average GZTo, T) has a lognormal distribution under P*. The approximate 
Black-Scholes-like formula for the price of an Asian call option can thus be 
easily found by the direct evaluation of the conditional expectation 

It  appears, however, that such an approach significantly underprices Asian 
call options. To overcome this deficiency, one may directly approximate 
the true distribution of the arithmetic average using an approximate dis- 
tribution, typically a lognormal law with the appropriate (see 
Levy (1992), Turnbull and Wakeman (1991), and Bouaziz et al. (1994)). An- 
other approach, initiated by Carverhill and Clewlow (1990), relies on the use 
of the fast Fourier transform to evaluate the density of the sum of random 
variables as the convolution of individual densities. The second step in this 
method involves numerical integration of the option’s payoff function with 
respect to this density function. Kemna and Vorst (1990) apply the Monte 
Carlo simulation with variance reduction to price Asian options. They replace 
A(T0, T) with the arithmetic average (6.6), so that the approximate value of 
an Asian call option is given by the formula 

It should be noted that explicit formulas for all moments of the arithmetic aver- 
age are available (see Geman and Yor (1992, 1993) and Yor (1992a, 1992b)). 
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Since the random variables ST,, i = 1 , .  . . , n are given by an explicit formula, 
they can easily be generated using any standard procedure. A lower bound 
for the price of an Asian option was found in Rogers and Shi (1995). Nielsen 
and Sandmann (1996) examined numerical pricing of Asian options under 
stochastic interest rates. 

The most efficient analytical tools leading to quasi-explicit pricing formu- 
las were developed in recent years by Geman and Yor (1992, 1993) (see also 
Hoffman (1993)). We shall now give a short account of their results. Consider 
first the special case of an Asian option that is already known to be in-the- 
money, i.e., assume that t < T belongs to the averaging period, and the past 
values of stock price are such that 

In this case, the value at  time t of the Asian option equals 

A St(l - e-~(T-t) ) e-’(T-t) K - 1 
Ct = ( -- f S, du) .  (6.8) 

r ( T  - To) T - To To 

Indeed, under (6.7), the price of the option satisfies 

or equivalently, 

Furthermore, we have 

since (recall that S,* = e-TtSt) 

For an Asian option that is not known at time t to be in-the-money at time 
T,  no explicit valuation formula is available. We close this section with a 
result which gives a partial answer to the valuation problem (for a proof we 
refer to original papers by Geman and Yor). Let us only mention that the 
proof of the quasi-explicit formula (6.9) is based on a connection between an 
exponential Brownian motion and time-changed Bessel processes. 
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Proposition 6.8.1. The price of an Asian call option admits the represen- 
tation 

where 

Moreover, the Laplace transform ofCV(h, q) with respect to h is given by the 
formula 

where p = d m ,  7 = i ( p  - u), and d = (h(X - 2 - 2v)I’(y - I))-’. 

In order to apply the last result to price the option, one needs to find 
(at least numerically) the inverse Laplace transform of the function g(X). 
For this purpose, we write f (h) = CV(h, q) and we introduce an auxiliary 
function f(h) = e-"" f (h), with a > 2u + 2. Then the Laplace transform of 
f equals g(X +a)  = G(X). Moreover, since the function is regular for X > 0, 
we are in a position to make use of the inverse Fourier transform - that is 

This can be done numerically, using the fast Fourier transform - a de- 
tailed description of this approach (and numerical examples) is provided in 
Geman and Eydeland (1995). For other approaches to the valuation of an 
Asian option, we refer to Alziary et al. (1997), Chesney et al. (1997a), and 
Lipton (2001). 

6.9 Basket Options 

A basket option, as suggested by its name, is a kind of option contract that 
serves to hedge against the risk exposure of a basket of assets - that is, a 
predetermined portfolio of assets. Generally speaking, a basket option is more 
cost-effective than a portfolio of single options, as the latter over-hedges the 
exposure, and costs more than a basket option. An intuitive explanation 
for this feature is that the basket option takes into account the correlation 
between different risk factors. For instance, in the case of a strong negative 
correlation between two or more underlying assets, the total risk exposure 
may almost vanish, and this nice feature is not reflected in payoffs and prices 
of single options. From the analytical viewpoint, there is a close analogy 
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between basket options and Asian options. Let us denote by Si, i = 1 , .  . . , k 
the price processes of k underlying assets; they will be referred to as stocks in 
what follows. In this case, it seems natural to refer to such a basket option as 
the stock index option (in market practice, options on a basket of currencies 
are also quite common). The payoff at expiry of a basket call option is defined 
in the following way 

k 
B def + cT = (xwis$-~) = ( A ~ - K ) + ,  (6.10) 

i=l 
k where wi 2 0 is the weight of the ith asset, so that x i = l  wi = 1. Note 

that AT stands for the weighted arithmetic average AT = ~ t = ~  wiS$. We 
assume that each stock price Si follows a geometric Brownian motion. More 
explicitly, under the martingale measure P* we have 

ds; = S: ( r  dt + 6i . dW;) (6.11) 

for some non-zero vectors di E IEk, where W* = (W1*, . . . , w k * )  stands for 
a k-dimensional Brownian motion under P*, and r  is the risk-free interest 
rate. Observe that for any fixed i, we can find a standard one-dimensional 
Brownian motion wi such that 

and ai = lCil, where lei\ is the Euclidean norm of ei. Let us denote by pi,j 
the instantaneous correlation coefficient 

We may thus alternatively assume that the dynamics of price processes Si 
are given by (6.12), where W ,  i = 1 , .  . . , k are one-dimensional Brownian 
motions, whose cross-variations satisfy ( w i ,  ~ j ) ~  = p i j  t for every i, j = 
1,. . . , k .  Let us return to the problem of valuation of basket options. For 
similar reasons as those applying to Asian options, basket options are rather 
intractable analytically. Rubinstein (1991a) developed a simple technique of 
pricing basket options on a bivariate binomial lattice, thus generalizing the 
standard Cox-Ross-Rubinstein methodology. Unfortunately, this numerical 
method is very time-consuming, especially where there are several underlying 
assets. To overcome this, Gentle (1993) proposed valuation of a basket using 
an approximation of the weighted arithmetic mean in the form of its geometric 
counterpart (this follows the approach of Ruttiens (1990) and Vorst (1992) 
to Asian options). For a fixed t 5 T,  let us denote by wi the modified weights 

&.  - wi s,i - - wi Fsi ( t ,  T) 
Z - 

x : = l ~ j s i  C : = ~ W ~ F ~ . ( ~ , T ) ’  

where Fsl (t, T )  is the forward price at  time t of the ith asset for the settlement 
date T.  
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We may rewrite (6.10) as follows^ 

j=l i=l j=l 

where S'^ = SyFsi{t,T), AT = E ^ l l ^ i ^ h and 

K e-^(^-*) K 
K = —u = —. -^ (6.14) 

The arbitrage price at time t of a basket call option thus equals 
k 

Cf = e - ( ^ - * ) ( ^ ^ . , F 5 , ( t , T ) ) E p * ( ( i T - K ) + | ^ , ) , 

or equivalently, 

k 

C,^ = {^wjSi)Er*(^{AT - K)^ \Tt), (6.15) 
i = i 

The next step relies on an approximation of the weighted arithmetic mean 
Yli=i '^i^T using a similarly weighted geometric mean. More specifically, we 
approximate the price CQ of the basket option using the number CQ given 
by the formula (for ease of notation, we set t = 0 in what follows) 

k 

C^ = {Y.'^jSi)^^*{GT-k)^. (6.16) 

where GT = R 1 I ( ’ § T ) ’ ^ ’ and 

K = ̂  + Ep* {GT - AT). (6.17) 

In view of (6.11), we have (recall that Fsi{^,T) = e"^S^) 

Sij, = SyFsi{0,T) = e-^^-^T-^fr/s^ 

and thus the weighted geometric average GT equals 
GT = e^^-^T-C2T/2 ^ ^VT-C2T/2^ (g ;^g) 

with rjT = ci- W^, where we write ci = ̂ i=i '^iO'i and C2 = Yli=i ^i^^h We 
conclude that the random variable GT is lognormally distributed under P*. 
More precisely, the random variable r]T in (6.18) has Gaussian distribution 
with expected value 0 and variance 

^ This representation is introduced because it appears to give a better approxima›
tion of the price of a basket option than formula (6.10). 
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k where we write v2 = pi,j Gjwj aiaj. We have used here the equality 
I E p  (w~wF*) = &,T, where &, stands for Kronecker’s delta - that is, Jlrn 
equals 1 if 1 = m and zero otherwise. Note also that the last term on the 
right-hand side of (6.17) equals 1, since 

and the expected value IEp (GT) equals 

We conclude that K = K + c - 1. The expectation in (6.16) can now be 
evaluated explicitly, using the following simple lemma (cf. Lemma 4.5.1). 

Lemma 6.9.1. Let E be a Gaussian random variable on (0,3, P) with ex- 
pected value 0 and variance a2 > 0. For any real numbers a ,  b > 0, we have 

1 2  + I E ~ ( a e ~ - 2 ~  - b) = aN(h)  - bN(h - a ) ,  (6.19) 

where h = a-' In(a/b) + ;a. 

We have 

so that we may set 5 = VT, a = c and b = K + c- 1. In view of Lemma 6.9.1, 
the following result is straightforward. 

Proposition 6.9.1. Let us denote 

k k 
A ,. c = exp {(i C pi,jwiwjoiaj - ~ u i , u : )  (T - t)}. 

i,j=l j=1 

The approximate value C: of the price C: of a basket call option with strilce 
price K and expi y date T equals 
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where the modified weights .Liri are given by  (6.13), K is given b y  (6.14), and 

l nc -  l n ( k  + c -  1) f v2t 
11,2(t) = 

v& 
Suppose that k = 1. In this case, wl = 1, and the arithmetic average 

agrees with the geometric one. Consequently, c = 1 and (6.20) reduces to the 
standard Black-Scholes formula. For a slightly different approach to approx- 
imate valuation of basket options, the reader is referred to Huynh (1994). In 
this approach, the weighted average AT in (6.15) is directly replaced by a log- 
normally distributed random variable. Then the series expansion of the true 
distribution of AT is derived in terms of an approximating lognormal distri- 
bution. An estimate of the basket option price can thus be obtained by direct 
integration. The idea of using the series expansion, known as the generalized 
Edgeworth series expansion, in the context of option valuation goes back 
at  least to Jarrow and Rudd (1982). Turnbull and Wakeman (1991) applied 
this method to approximate valuation of Asian options. 

6.10 Quantile Options 

A new type of path-dependent option, the so-called a-quantile option, was 
proposed recently by Miura (1992). Let us fix a strictly positive number 0 < 
a < 1. For a fixed horizon date T ,  the a-quantile of a continuous, strictly 
positive semimartingale S over the time interval [0, TI is the random variable 
Q$(S), which is given by the formula 

where 1 denotes the Lebesque measure, or equivalently, 

It is apparent that the random variable Q$(S) is defined pathwise; hence, 
the term a-percentile seems to be a more adequate name for Q$(S) than the 
term a-quantile that usually refers to probabilistic properties. In financial 
interpretation, if the process S represents the stock price, then the a-quantile 
is that price level at which the percentage of time the stock price remains 
below this level before time T equals a.  By definition, the payoff at expiry 
of the a-quantile call option equals C@ = (Q$(S) - K)+. Assume, more 
specifically, that under the martingale measure IP, the price S equals 
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St = So exp (UW; + (r - ;a2)t) ,  Vt E [O,T], 

for a certain u > 0. Note that by virtue of the scaling property of the Brow- 
nian motion, it is sufficient to consider the case T = 1 and a = 1. Moreover, 
to value the a-quantile option explicitly within the Black-Scholes framework, 
we need to determine the probability distribution of the following random 
variable (W stands for a one-dimensional Brownian motion) 

for any fixed 0 < a: < 1, t > 0 and drift coefficient v E R. The relevant com- 
putations were done using different methods by Yor (1995), Akahori (1995), 
Dassios (1995), and Embrechts et al. (1995). Let us set P = d m .  
Then for v = 0 and t = 1 the probability density function f of the law of 
Q(a, 0 , l )  is given by the following formula, due to Yor (1995) 

and 

f (x)  = 6 exp ( -  $1 fi(8-11x1)1 ~x < 0, 

As observed in Yor (1995), the generalization of the formula above to the 
case of a non-zero drift term is not straightforward. On the other hand, 
Dassios (1995) showed that for any 0 < a < 1, t > 0 and v E R the random 
variable Q(a ,  v, t)  admits the probability density function f u ,  given by the 
formula 

00 

fV(x )  = ~ _ f ~ ( ~ - Y ~ a t ) f i ( Y l ( l - a ) t ) d ~ ~  (6.21) 

where 

(x - vt)2 ) - 2 u e x p ( 2 u x ) N ( ~ ) ,  x + vt i f x  > 0, 
t 

and fl (x, t )  = 0 otherwise; 

and f2(x, t )  = 0 otherwise. Here N is the cumulative distribution function of 
the standard Gaussian law, and N denotes the tail of N ,  that is 

- 
N(x) = 1 - N(x) = - I" Jz;; 

e-z2/2 dz, V x E R. 
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In the special case of v = 0, the convolution (6.21) can be evaluated explic- 
itly, yielding Yor’s formula. Relationship (6.21) leads to the following identity, 
which was originally derived by Dassios (1995) (an alternative proof of Das- 
sios’ result is also given in echts et al. (1995)) 

(A) Q(a,v)  - sup(W,+vs)+ inf (WS +us) ,  
s l a  s l l -a  

(4 where = denotes equality of probability laws, and it is assumed that the one- 
dimensional standard Brownian motions W and w are mutually independent. 
On the other hand, (6.21) can also be used to evaluate the price of the a- 
quantile option, at least for t = 0. Let us denote by g the function g(t, x, v) = 
P{q(t, v) < x), where the random variable q(t, v) is given by the formula 

and W follows a one-dimensional standard Brownian motion 
function g is known to be given by the quasi-explicit formula 

v2 
7r(t - s) exp ( - ?(t - s)) ) - S ~ N ( ~ ~ ~ ) J  cis, 

under P. The 

1 

where N denotes the tail of the standard Gaussian distribution. Let us state 
without proof a valuation result due to Akahori (1995). Basically, the calcu- 
lations that lead to the pricing formula of Proposition 6.10.1 are equivalent to 
those based on Dassios’s results (we refer to the original papers for details). 

Proposition 6.10.1. The price at time 0 of the a-quantile call option in the 
Black-Scholes framework equals 

00 Y K C$ = e-TT G(T, o-’ in -,a, u) dy + ~ P ’ ~ K G ( T ,  o-’ ln - ,a ,  v), 
s o  s o  

where v = c-'(r - :a2) and 

for every x # 0, where h(s, x, v) is the density of the first hitting time of x 
by the process Wt + vt, that is 

h(s, x, v) = - I X '  exp ((Ix’ - "I2) , v s > O. * 2s 
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6.11 Other Exotic Options 

Multi-asset options. By a multi-asset option (or a combined option) we 
mean an option contract in which the terminal payoff depends on the price 
processes of several risky assets. Let us mention that options on a maximum 
of two risky assets enter the payoff functions of some traded securities in a 
straightforward way. As a typical example of such a security, we may cite the 
so-called currency option-bond that offers to its bearer the option to choose 
the currency in which payment is to be made. For instance, a currency option- 
bond could let the bearer choose at maturity between U.S. dollars and British 
pounds at a predetermined exchange rate written in the indenture of the 
bond. Many other types of commonly used financial contracts (such as risk 
sharing contracts, secured debts, compensation plans) are contingent claims 
whose payoff functions include calculation of the maximum or minimum of 
two (or more) risky assets. 

Combined options were studied by Feiger and Jacquillat (1979), who 
consider the currency option-bonds; Stulz (1982), who works out explicit 
formulas for prices of European options on the minimum or maximum 
of two risky assets using the partial differential equation method in the 
two-dimensional Black-Scholes framework; and Margrabe (1978), who ex- 
amines options to exchange one asset for another. A general approach 
to the valuation of European and American multi-asset contingent claims 
can be found in Stapleton and Subrahmanyan (1984), Boyle et al. (1989), 
Cheyette (1990), Broadie and Detemple (1997a), and Veiga (2004). 

Russian options. As in the case of a standard American option, the owner 
of a Russian option has the right to choose the exercise time 7. However, 
the Russian option pays the owner either S, or the maximum stock price 
achieved up to the exercise date, whichever is larger, discounted by eVTT.  

An analysis of an optimal stopping problem associated with the valua- 
tion of the Russian option was done by Shepp and Shiryaev (1993, 1994) 
and Kramkov and Shiryaev (1994). The formal justification of the option’s 
arbitrage price can be found in Duffie and Harrison (1993). 

Passport options. A passport option is a specific option contract that has 
the put-like payoff directly linked to the performance of a portfolio of assets 
held by an investor (the option’s buyer). The rationale for this kind of op- 
tion is to provide a protection of the holder of a traded account against the 
downside risk without sacrificing upside potential. The valuation of a pass- 
port option (and other options on a traded account) is related to a solution of 
an optimization problem. For more information on the valuation of passport 
options, we refer to Hyer et al. (1997), Andersen et al. (1998), Lipton (1999), 
Delbaen and Yor (2000), Henderson and Hobson (2000, 2001), Shreve and 
Vecer (2000), and Henderson et al. (2002). 



7. Volatility Risk 

Loosely speaking, a model of financial security can be often identified with 
the following three components: an underlying variable, a mechanism used to 
reflect the uncertainty with regard to the future value of this variable and, 
last but not least, arbitrage-free considerations. 

Let us consider the simple case of a stock price model. The underlying 
variable is today’s observed stock price. The simplest way to describe un- 
certainty with regard to its future value is to think about the (infinitesimal) 
standard deviation around the current level. This corresponds to the concept 
of the absolute (or normal) volatility. Assume that the absolute volatility of 
the stock price is constant. Then the usual assumption of the sample path 
continuity, combined with the no arbitrage requirement, lead to the Bachelier 
(1900) model for the stock price. Alternatively, one could define uncertainty 
with regard to the future stock value by concentrating on the standard de- 
viation of logarithmic returns; that is, the relative (or lognomnal) volatility. 
The assumption of constancy of relative volatility results in the Black and 
Scholes (1973) model. We conclude that the choice of a particular quantity 
(absolute or relative volatility) to measure the uncertainty is almost equiva- 
lent to specification of basic probabilistic features of a model. 

Within this convention, it is quite natural to link informally the risk of 
model’s specification with the volatility risk. We shall follow this idea here, 
although we would like to make it clear that such a terminological link can 
be partially justified only for certain relatively restrictive classes of models, 
such as diffusion-type models or binomial (multinomial) trees, and it does 
not hold in general. As expected, the arbitrage-free features of a model are 
usually guaranteed by the existence of a martingale measure. 

The chapter is organized as follows. First, in Sect. 7.1, we introduce the 
concepts of a historical volatility and of an implied volatility, and we present a 
preliminary analysis of their importance in a real-life implementation of arbi- 
trage pricing theory. We present briefly a commonly used method of dealing 
with volatility risk, based on the sensitivities of the price with respect to 
volatility. We examine the issue of valuation of exotic options (for concrete- 
ness, we focus on a forward-start option) under stochastic volatility. Our goal 
is to illustrate the well-known fact that the knowledge of the implied volatility 
surface is not sufficient for the unique valuation of exotic options. 
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In Sect. 7.2, we present a model, commonly known as the CEV model, 
in which both normal and lognormal volatilities are random. The time- 
homogeneous version of this model, first proposed by Cox (1975), assumes 
that the level of the volatility depends on the current price of the underlying 
asset. The model can thus accommodate for the property that the volatility 
may increase (or decrease) when the stock price falls (or rises). The functional 
dependence of the volatility on the stock price means also that the risk of 
the underlying and the volatility risk are closely tied to each other. This is 
an undesirable feature if we wish to use this model to hedge volatility risk. 

Subsequently, in Sect. 7.3, we present an innovative approach, originated 
by Dupire (1993a, 199313, 1994) and Derman and Kani (1994), that is based 
on the observation that the risk-neutral probability law of the underlying 
asset at  any future date T is uniquely specified by market prices of European 
call (or put) options with expiration date T and strikes ranging over all 
possible states of the process. In the discrete-time set-up, one may build 
an implied tree for an underlying asset, as in Derman et al. (1996a). In the 
continuous-time framework, the method advocated by the afore-mentioned 
authors results in the concept of a local volatility (LV). Sect. 7.3.3 is devoted 
to a particular class of LV models, known as the mixture models. 

In Sect. 7.4, we give an overview of diffusion-type models of stochastic 
volatility (SV). Since no specific restrictions are imposed on the exogenously 
given dynamics of the stochastic process representing the volatility, a number 
of alternate SV models were proposed by various researchers; to mention 
a few, Hull and White (1987a), Scott (1987, 1991), Wiggins (1987), Stein 
and Stein (1991), Heston (1993). Typically, the stock price dynamics and 
the volatility dynamics are governed by two (possibly correlated) Brownian 
motions, and thus the price risk and the volatility risk are partially separated 
(they may even be "orthogonal" if the two driving Brownian motions are 
independent as, for instance, in the case of Hull and White (1987a) model). 

The presence of two driving Brownian motions results in a model incom- 
pleteness, and the associated phenomenon of non-uniqueness of a martingale 
measure. Hence, the issue of the correct specification of a risk-neutral proba- 
bility used for pricing of derivatives arises. In the context of classical examples 
of SV models, such as that of Hull and White model or Heston’s model, the 
choice of a martingale measure is usually done by a judicious specification of 
the market price of volatility risk. We also present in this section the SABR 
model, which is a stochastic volatility extension of the CEV model. It  is 
known to provide a relatively good fit to  observed prices of some interest 
rate options. More importantly, it also seems to generate the dynamics of the 
implied volatility smile more consistently with its historical behavior. 

Sect. 7.6 concludes the chapter with a brief overview of alternative ap- 
proaches to volatility risk, such as: random time change, modelling of an 
underlying asset by means of a LBvy process, as well as direct modelling of 
the implied volatility surface. 
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7.1 Implied Volatilities of Traded Options 

All potential practical applications of the Black-Scholes formula hinge on 
knowledge of the volatility parameter of the stock price returns. Indeed, of 
the five variables necessary to specify the model, all are directly observable 
except for the stock price volatility. The most natural, albeit somewhat naive, 
approach to the volatility specification uses an estimate of the standard de- 
viation based upon an ex-post series of returns from the underlying stock. 
Needless to say that this approach is based on the implicit belief that the 
real-world dynamics of the stock price are described by means of a continu- 
ous semimartingale, with a specific form of the quadratic variation, namely, 
d(S) t  = a2S: dt for some constant a > 0. 

7.1.1 Historical Volatility 

In the first empirical tests of the Black-Scholes option pricing formula, per- 
formed by Black and Scholes (1972), the authors used over-the-counter data 
covering the 1966-1969 period. The stock volatilities were estimated from 
daily data over the year preceding each option price observation. They 
concluded that the model overpriced (respectively, underpriced) options on 
stocks with high (respectively, low) historical volatilities. More generally, they 
suggested that the usefulness of the model depends to a great extent upon 
investors’ abilities to make good forecasts of the volatility. In subsequent 
years, the model was tested by several authors on exchange-traded options 
(see, for instance, Galai (1977)) confirming the bias in theoretical option 
prices observed originally by Black and Scholes. Although the estimation 
of stock price volatility from historical data is a fairly straightforward pro- 
cedure, some important points should be mentioned. Firstly, to  reduce the 
estimation risk arising from the sampling error, it seems natural to increase 
the sample size, e.g., by using a longer series of historical observations or by 
increasing the frequency of observations. It  is thus important to mention that, 
unfortunately, there is strong empirical evidence to suggest that the variance 
is non-stationary, so that extending the observation period may make mat- 
ters even worse. Furthermore, in many cases only daily data are available, so 
that there is a limit on the number of observations available within a given 
period. Finally, since the option pricing formula is non-linear in the standard 
deviation, an unbiased estimate of the standard deviation does not produce 
an unbiased estimate of the option price. To summarize, since the volatility 
is usually unstable through time, historical precedent is a poor guide for esti- 
mating future volatility. Moreover, estimates of option prices based on histor- 
ical volatilities are systematically biased. For detailed studies of the historical 
volatility method, we refer to Boyle and Ananthanarayanan (1977), Parkin- 
son (1980), Ball and Torous (1984), Butler and Schachter (1986), French and 
Roll (l986), Marsh and Rosenfeld (l986), Skinner (l989), Rogers and Satchel1 
(1991), Chesney et al. (1993b), and Levy and Yoder (1996). 
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7.1.2 Implied Volatility 

Alternatively, one can infer the market’s consensus outlook as to the volatil- 
ity of a given asset by examining the prices at which options on that asset 
trade. Since the Black-Scholes call (respectively, put) option price appears 
to be a strictly increasing (respectively, strictly decreasing) function of the 
underlying stock volatility, and all other factors determining the option price 
are known with certainty, one can infer the volatility that is implicit in the 
observed market price of an option. 

More specifically, let us consider at time t a European call option with 
exercise price K and the time T = T - t to  the expiration date T. Suppose 
that the current market price Cy of the option is observed, and thus it can 
be taken as an input. Then the implied volatility at time t ,  denoted as et, is 
derived from the non-linear equation 

where the only unknown quantity is Ct. This means that the implied volatility 
8 is the value that, when put in the Black-Scholes formula, results in a model 
price equal to the current market price of a call option. Of course, the same 
reasoning may by applied to a put option; in this case, equation (7.1) becomes 

PT = K~-"N(-  d 2 ( S t , ~ , 3 t ,  K , r ) )  - S t N ( -  d l ( S t , ~ , B ~ ,  K , r ) ) ,  (7.2) 

where Ptm is the market price of a put. Due to the put-call parity relationship 
(which, as well known, does not depend on the choice of model, but hinges 
on the no-arbitrage arguments only) it is to be expected that the implied 
volatility of a call option, and that of a put option with the same strike 
and expiration date, should coincide (or at least should be very close to each 
other). Let us finally, mention that the quantity 8t obtained from (7.1) should 
be called the market-based Black-Scholes implied volatility, rather than simply 
the implied volatility. In the special case of r = 0 (this corresponds to forward 
price dynamics), it is more convenient to term et the Black implied volatility. 
The distinction between the Black-Scholes implied volatility and the Black 
implied volatility is, mathematically speaking, absolutely unnecessary in any 
model in which interest rates are deterministic, however. 

Other conventions related to the right-hand side of (7.1) are also possible, 
and used in the literature. For instance, if instead of the Black-Scholes result 
as a conventional options pricing formula, we use the Bachelier formula (3.73), 
so that (7.1) becomes 

cZ" = (St - K ) N ( d ( S t , ~ , 8 t , K , r ) )  +6t&n(d(St ,r18t ,K,r)) ,  (7.3) 

then the unique value et that satisfies (7.3) will, of course, be termed the 
Bachelier implied volatility. Let us mention in this regard that some authors 
prefer to use the terms: relative (or lognormal) volatility and absolute (nor- 
mal) volatility for the Black-Scholes and the Bachelier volatility respectively. 
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7.1.3 Implied Volatility Versus Historical Volatility 

Before we proceed to modelling issues, let us say few words about economet- 
ric studies of the Black-Scholes implied volatility. Early research (Latan6 and 
Rendleman (1976), Schmalensee and Trippi (1978), Beckers (1981)) found 
that the estimates of the actual volatility based on market implied volatilities 
outperform, at least in terms of their predictive power, more straightforward 
estimates based on historical data. Contrary to these findings, subsequent 
studies of stock index options (reported in Canina and Figlewski (1993), Day 
and Lewis (1993), and Lamoureux and Lastrapes (1993)) suggest that the 
implied volatility has virtually no correlation with future volatility. These 
results may be explained by the presence of relatively high transaction costs 
in the case of stock options; the market prices may thus deviate substan- 
tially from the theoretical prices based on a model assuming the absence of 
transaction costs. 

In a recent study by Szakmary et al. (2003), the authors focus on futures 
prices and options. They conclude that the implied volatilities outperform 
historical volatility as a predictor of realized volatility in the underlying fu- 
tures prices, thus confirming Jorion’s (1995) conjecture. This can be related 
to the fact that futures options markets, due to minimal trading frictions, 
are more efficient than other options markets. 

Interesting conclusions were also obtained by researchers who studied the 
impact of transaction costs on implied volatilities and Black-Scholes option 
prices. More specifically, Jarrow and O’Hara (1989) considered the relation 
between the implied volatility and transaction costs. They conjectured that 
the difference between an option’s implied volatility and the historical volatil- 
ity of the underlying stock should reflect the transaction costs of a dynamic 
hedge. Swidler and Diltz’s (1992) research, which takes into account the bid- 
ask spread, suggests that using a non-constant volatility model - such as the 
CEV model (see Sect. 7.4) - would be more appropriate to price long-term 
options. The implied volatility, considered as a function of the option’s strike 
price, sometimes exhibits a specific U-shape (cf. Rubinstein (1985), Shastri 
and Wethyavivorn (1987) or Taylor and Xu (1993)). One of the long-standing 
problems has been how to reconcile this peculiar feature of empirical option 
prices, referred to as the smile effect, with the Black-Scholes model. A typ- 
ical solution to this problem relies on a judicious choice of a discrete- or 
continuous-time model for stock price returns. Let us mention in this con- 
text the growing interest in financial modelling based on stable processes, first 
proposed by Mandelbrot (1963) to address the departure of returns from nor- 
mality. In the first place, these alternative models are focused on fitting the 
observed asset returns. Thus, models produced within this stream of research 
are econometric models based on statistical data. For more information on 
applications of stable distribution in financial modelling, we refer to Blat- 
tberg and Gonedes (1974), Hsu et al. (1974), Mittnik and Rachev (1993), 
Cheng and Rachev (1995), Popova et al. (1995), and Hurst et al. (1999). 



222 7. Volatility Risk 

7.1.4 Approximate Formulas 

We continue the study of the notion of Black-Scholes implied volatility. We 
start by considering a rather elementary, but practically important, question 
of solving equation. (7.1) for an unknown value of the volatility parameter a, 
all other variables being fixed. The following properties of the Black-Scholes 
price of a call option are easy to check: 

lim Co = (So - K e  - T T ) f ,  lim Co = oo. 0--to 0-03 

Moreover, as shown in Proposition 1.8.1, the value (So - Ke-TT)+ is actually 
the no-arbitrage lower bound for the price of a call option (notice this bound 
is universal, that is, it is a model-free quantity), it is natural to expect that the 
market price will never fall below this level. Finally, the partial derivative of 
the option price with respect to the volatility parameter a is strictly positive, 
since it equals (see Sect. 3.1.11) 

where n is the standard Gaussian probability density function. We conclude 
that for any observed market price C z  > (So - ~ e - ’ ~ ) +  of the option with 
strike K and maturity T, the non-linear equation 

possesses a unique solution 8 = i?o(T, K )  (recall that the interest rate r is 
assumed here to be fixed and known). 

Unfortunately, there is no explicit solution to this equation, and thus 
one needs to make use of some numerical method, such as, for instance, the 
Newton-Raphson method (let us mention that Manaster and Koehler (1982) 
discuss the choice of a starting value for the first iteration). It  is thus im- 
portant to notice that some authors, including Brenner and Subrahmanyam 
(1988) and Corrado and Miller (1996), provide explicit approximate formulas 
for the Black-Scholes implied volatility. To derive the Corrado-Miller formula, 
we start with the expansion of the standard Gaussian cumulative distribution 

By substituting this expansion into the Black-Scholes pricing formula, we 
obtain the following approximation for the call price (note that cubic and 
higher order terms have been ignored) 

Let us set K = Ke-TT. After standard manipulations, we arrive at  the fol- 
lowing quadratic equation in the quantity 3 = aJ?; 
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The larger root is given by 

where so = So - K. In particular, when the current stock price So equals the 
discounted exercise price (i.e., we deal with an at-the-money forward call), 
the formula above reduces to the original Brenner-Subrahmanyam formula, 
which reads 6 = f i C o / s o .  It  appears that a further gain in accuracy can 
be obtained by using the following approximation 

and by substituting the number 4 with the parameter a.  In this way, we 
arrive at the following improved approximate formula (which still reduces to 
the Brenner-Subrahmanyam formula if So = ~ e - ' ~ )  

A judicious choice of an auxiliary parameter a allows us to improve the 
overall accuracy of the last approximation, without affecting at-the-money 
accuracy. Corrado and Miller (1996) argue that a = 2 is a reasonable choice. 
By inserting this value into last formula, we obtain yet another approximation 
for the implied volatility of a call option 

For a discussion of the accuracy of the last formula, we refer to the original 
paper by Corrado and Miller (1996). 

7.1.5 Implied Volatility Surface 

So far, it has been implicitly assumed that the strike and maturity of an 
option are fixed, and thus equality (7.1) (or formula (7.3), depending on our 
choice of a market convention) yielded a single number, called the implied 
volatility. Note, however, that the actual value of the implied volatility 3 of 
a call (or a put) option determined in this way may depend, in general, not 
only on a choice of a conventional model, but also on the option’s contractual 
features - that is, on the strike K  and the time to maturity T. Given a cross- 
section of current market prices at  time t = 0 of call options with different 
strikes and maturities, we therefore find a parametrized family of implied 
volatilities 30(T, K ) ,  where the parameter K ranges over all available strikes 
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and the parameter T runs over all available maturities of traded options. It 
is convenient to assume that the strike K is any positive number, and the 
maturity T is any date prior to some horizon date T*. In this way, we arrive 
at the concept of the implied volatility surface. 

Definition 7.1.1. Let CF(T,  K )  stand for the family of market prices of 
European call options with all strikes K > 0 and all maturities 0 < T 5 T* 
for some T* > 0. Then the market-based Black-Scholes implied volatility 
surface 80(T, K )  is implicitly defined through the equation 

where c(So, T, K ,  r, a )  is the Black-Scholes price of a call option. If C r ( T ,  K )  
is replaced by prices Co(T, K )  given by some stochastic model, we say that 
the implied volatility surface is model-based. 

Remarks. The parameter r is assumed to be constant in this chapter, and thus 
it plays no essential role. Definition 7.1.1 can be easily adapted to cover the 
case of random interest rates. Rather than focus on the spot price, it suffices to 
consider the forward price of the underlying asset and the associated implied 
volatility. In such a case, one deals with a variant of Black’s formula, and 
thus r disappears from the right-hand side of (7.4). 

According to Definition 7.1.1, the implied volatility surface 8 0  is a map- 
ping $0 : (0, T*] x R+ -+ R+. Let us note, however, that the implied volatility 
formally depends also on the current level of the price of the underlying asset 
(we still maintain our standing assumption that the interest rate r is fixed). 
Hence, the more adequate notation in such a case would be 8o(So,T, K ) ,  
rather than 60(T, K ) ,  especially when one is interested in random fluctua- 
tions of this surface when time elapses. 

In this subsection, we shall examine only briefly the issues related to the 
static shape of a model-based implied volatility surface 80(T, K) .  The issue 
of the arbitrage-free dynamics of a model-based implied volatility surface 
is postponed to Sect. 7.6, in which some preliminary results related to the 
modelling of dynamics of implied volatility surface are mentioned. 

Observe that Definition 7.1.1 can be easily reformulated to be conform 
with the Bachelier model. To this end, it suffices to replace the Black-Scholes 
pricing function c by the Bachelier pricing function CB. Since in the Bachelier 
model the stock price ranges over all real values, the implied volatility surface 
8 0  should now be interpreted as a mapping from (0, T*] x R to R+. 

More generally, if a considered model is based on a parameter other than 
the volatility, denoted by a say, then we may equally well define the cor- 
responding implied surface Bo(T, K) .  Nevertheless, since we adopt the con- 
vention of treating the Black-Scholes model (equivalently, the Black model) 
as a benchmark continuous-time model, unless explicitly stated otherwise we 
shall mean by the implied volatility surface the Black-Scholes implied volatil- 
ity surface, as given by Definition 7.1.1. 
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Assume first that the maturity date T is fixed. Then the mapping 
K H 80(T, K )  is termed the implied volatility curve for the maturity date 
T .  If implied volatilities for low strikes are higher than implied volatilities 
for higher strikes, the shape is termed a skew. The term smile is used when 
the function K H 80(T, K )  has a minimum, usually for the value of the 
strike K lying not far away from the forward value of the underlying asset. 
Consequently, the dependence of the shape of the implied volatility curve on 
the maturity date T is referred to as either as the term structure of volatility 
smiles or the term structure of volatility skews. 

Consider the rather unlikely situation when the implied volatility eo(T, K )  
inferred from call option prices is flat in K ;  that is, for each maturity date 
T the implied volatility 80(T, K )  does not depend on strike K.  We thus deal 
with the term structure of volatilities given by some function 8 : (0, T*] --+ 
iR+. Note that in this case, in order to ensure an exact match to market data 
it suffices to consider a simple extension of the Black-Scholes model with 
time-dependent (but state-independent) volatility function 8 : iR+ -+ R+ 

dSt = St (r dt + 8(t) dW,*), 

where the volatility function 8(t)  satisfies, for every T E [0, T*], 

Of course, the equality above is valid for any choice of K > 0, since under 
the present assumptions the right-hand side does not depend on K .  The exis- 
tence of the function 8 satisfying (7.5) is obvious, provided that the function 
&i(T, K ) T  is increasing in T and sufficiently smooth (recall that bo(T, K )  is 
now assumed to not depend on K) .  It is a simple exercise to check that the 
Black-Scholes price of each call option on a stock is equal to its market price, 
as specified by the implied volatility. Formally, we have that 

IEp+ (eCTT(sT - K)+) = c(SO,T, K , T , ~ o ( T ,  K)) = C r ( T ,  K) ,  

where c is the Black-Scholes pricing function for a call option. We conclude 
that the model-based implied volatilities match exactly the market-based 
volatilities for all call options. Let us stress that the derivation of the implied 
volatility surface from the market data is a highly non-trivial problem. Since 
only a finite collection of prices of call and put options are observed in prac- 
tice, equality (7.4) yields the implied volatility parameter for a finite family 
of dates and maturities only. Consequently, it is not possible to determine 
uniquely the whole surface of implied volatilities on the basis of available 
market data. Alternative methodologies of inferring the shape of the implied 
volatility surface were examined by, among others, Andersen and Brotherton- 
Ratcliffe (1997), Avellaneda et al. (1997), Lagnado and Osher (l997), Dumas 
et al. (l998), Bodurtha and Jermakyan (lggg), Tompkins (2001), Berestycki 
et al. (2002, 2003), Cont (2002), Cont and Tankov (2002, 2003), Samperi 
(2002), and Crkpey (2003). 
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7.1.6 Asymptotic  Behavior of t h e  Implied Volatility 

It is a challenging theoretical and practical issue how to describe an arbitrage- 
free shape of the implied volatility surface. Let us fix T and let us assume 
that So > 0 and that we are given a nonnegative random variable ST under 
a probability measure P* that is interpreted as a risk-neutral probability. 
Thus, we have So = B o I E p * ( ~ ~ l ~ T )  and for every strike K > 0, the call 
price Co(T, K )  at time 0 is given by the formula 

Co(T, K) = B ~ E ~ * ( B ; ~ ( s ~  - K)’). 
Our first goal is to derive no-arbitrage bounds on the Black-Scholes implied 
volatility under fairly general assumptions. Let us mention that a similar set- 
up will be used in Sect. 7.3 to derive the so-called local volatility function. 

Remarks. We may and do assume without loss of generality that r = 0, or 
equivalently, that Bo = BT = 1. In the case of random interest rates, it can 
be shown (see Sect. 9.6) that there exists a probability measure PT equivalent 
to P* on (R, FT), termed the forward measure, such that the forward price 
of S for the settlement date T is a martingale under PT and 

Co(T, K )  = B(0, T) IE~,(ST - K)’. 

The shape of the implied volatility surface was recently examined by 
Hodges (1996), Gatheral (1999), Gatheral et al. (2000), and Lee (2004a). 
Let us briefly describe the findings of the last author. Lee (2004a) focuses 
on the asymptotic behavior of the implied volatility in terms of the moments 
of the random variable ST. He first establishes the following auxiliary result 
(similar upper bounds were previously derived by Broadie et al. (1998)). 

Proposi t ion 7.1.1. For any p > 0 and K > 0, for a call option we have 

and the price of a put option satisfies 

where, by convention, SFP = 00 on the event {ST = 0). 

Proof. It is not difficult to  check that 

Indeed, both sides have the same value for s = (p+l)K/p, and the right-hand 
side has positive second order derivative. Similarly, 

By taking expected values, we achieve the proof. 
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Remarks. Note that if IEp (SF+’) < co then Co(T, K )  = O(K-P) as K -t co. 
Similarly, IEp  SF^) < co then Po(T, K )  = O(KP+l) as K + 0. 

To analyze the asymptotic behavior of the implied volatility, it is conve- 
nient to  introduce an auxiliary variable y = ln(So/K), commonly referred to  
as the log-moneyness, and to set x = -y = ln(K/So) (recall that we assume 
that r = 0; in general, the spot price So should be replaced by the forward 
price of the stock for the settlement date T) .  

For any fixed maturity date T > 0, the Black-Scholes implied volatility 
at log-moneyness x is defined as the unique solution eo(x) of the equation 
Co(T, Soex) = c(So, T, Soex, 80(x)). The first result furnishes the bound on 
the slope of the right-hand tail of the square of the implied volatility. 

Lemma 7.1.1. There exists a real number x* > 0 such that for every x > x* 
we have ~ o ( x )  < m. 
Proof. Since the Black-Scholes price c(So, T, K,  a) is increasing in a, it suf- 
fices to check that c(So, T, Soex, 8 0  (x)) < c(So, T, Soex, m) for x large 
enough. This inequality holds since, on the one hand, by the dominated con- 
vergence theorem, we get 

I + _  lirn c(So, T, Soex, 8o (x)) = lirn Co(T, Soex) = lirn IEp (ST - Soe ) - 0, x-cc x ' m x ' cc 

and, on the other hand, using the Black-Scholes formula, we obtain 

lirn c(So, T, Soex, m) = So (N(0) - lirn ex N(-a)) = Sol2 > 0, 
2-cc 2-m 

where the second equality follows by l’H8pital rule. 0 

The next result yields the first moment formula for implied volatility. Let 
us denote 

fi = sup {p > 0 : IEp*   SF’^) < co), = lirn sup TX-’~;(X). 
x-cc 

Since the proof of the next result is elementary, but rather tedious, it is 
omitted (see Lee (2004)). 

Proposition 7.1.2. For any 6 < co, we have that 

& 2 - 4 ( @ T - f i ) .  
- 

Moreover, ,B = 0 if @ =  co. 

Remarks. Hodges (1996) and Gatheral(1999) focus on the slope of the implied 
volatility, and they derive the bound by analyzing an ordinary differential 
equation satisfied by the implied volatility. The approach developed by Lee 
(2004a) is more straightforward, and his results are sharper. 

Let us now consider the left-hand (i.e., small strikes) tail of the square of 
implied volatility. Again, the interested reader is referred to Lee (2004a) for 
the proofs of foregoing two results. 
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Lemma 7.1.2. For any ,B > 2, there exists a real number x* such that for 
every x < x* we have bo(x) < For ,B = 2, the same conclusion is 
valid if and only if P*{ST = 0) < 112. 

Let 

The second moment formula for implied volatility is provided by the following 
result. 

Proposition 7.1.3. For any 6 < CO, we have that 

,k= 2 - 4 ( J m - f i ) .  

In addition, ,B = 0 if p = CO. 

Let us first observe, that the existence of moments of the underlying 
random variable can be deduced from the properties of a postulated model. 
The maximal moment exponents f i  and ?j are therefore readily available for 
many popular models. 

The asymptotic formulas given above can be applied to extrapolation of 
the implied volatility skew (smile), as well as to model calibration. 

First, when dealing with an extrapolation of the volatility smile beyond 
the actively traded strikes, it is not recommended, in view of Propositions 
7.1.2 and 7.1.3, to use functional forms that allow either tail to grow faster 
than Ix~ ’ /~ .  In addition, unless the underlying variable has all moments, it is 
advisable not to use functional forms which allow either tail to grow slower 
than 

Second, the moment formulas facilitate the calibration of model parame- 
ters to observed volatility skews. Suppose that we can observe the tail slopes 
of the skew, so that the maximal moment exponents f i  and p are available. 
For a chosen model for the underlying asset, this produces two identifying re- 
strictions on the model’s parameters. To illustrate this important feature, 
Lee (2004a) examines the following two particular examples: the double- 
exponential jump diffusion model (see Kou (2002)) and the normal inverse 
Gaussian model (see Barndorff-Nielsen (1998)). 

In the former case, the asset price follows a geometric Brownian motion 
with jumps at event times of a Poisson process. The sizes of up-jumps and 
down-jumps in returns are exponentially distributed with the parameters 71 
and 72 respectively. It  appears that the equalities f i  = 71 - 1 and fi = 72 are 
valid. We are therefore able to infer the values of 71 and 72 from the values 
of maximal moment exponents f i  and p, and thus also from the tail slopes of 
the implied volatility skew that are, in principle, observable. 

In the latter example, the asset returns have the normal inverse Gaussian 
distribution with four parameters, denoted as NIG(a, b, c,  d ) .  It appears that 
two of them, namely b and c, can be inferred from f i  and p. The other two 
parameters have no influence on the tail slopes. 
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7.1.7 Marked-to-Market Models 

By an actively traded option (or a liquid option) we will invariably mean an 
option contract for which there exists a liquid market, so that an option can 
be sold or purchased at any time and the bid-ask spread can be neglected. 
It is thus clear that the valuation of liquid options does not require a math- 
ematical model. However, hedging of positions in liquid options appears to 
be an issue that is not much simpler than hedging of these derivative assets 
for which a liquid market does not exists. Hence, one of major goals of fi- 
nancial modelling is to develop an efficient method of hedging positions in 
liquid options. Another important goal is the development of a reliable pric- 
ing procedure for exotic products, based on market prices of liquid derivatives 
(in most cases, plain-vanilla options). This imposes a natural requirement: 
any mathematical model used for pricing exotic products should be marked- 
to-market; that is, a t  any given date it should reproduce with the desired 
precision the current market prices of liquid assets. 

Marking-to-market is typically associated with some procedure of spec- 
ifying the levels of a model’s variables and parameters; for this reason it is 
commonly referred to as a model’s calibration. A marked-to-market model is 
considered to have stability properties, from the point of view of calibration, 
if after fitting it to the current market prices of liquid assets the remaining 
parameters can be kept constant (or almost constant) over a reasonably long 
period of time. It should be stressed, however, that no matter how sophisti- 
cated a model is used, we will need to update its parameters as soon as market 
conditions change dramatically. We summarize the considerations above by 
making an attempt to identify the most important features of an acceptable 
model for pricing and hedging derivatives. Modern practical implementations 
of arbitrage pricing theory seem to rely on the following paradigms: 
1. Market inputs 
Liquid derivative contracts play almost identical role as the underlying as- 
set in the classical Black-Scholes approach. In particular, the prices of these 
contracts are considered to be given by the market, together with the price 
of the underlying. 
2. Marking-to-market 
A model used for pricing of exotic derivatives should at any given date be 
fitted to liquid market prices of related contracts. 
3. Relative pricing 
Non-liquid (exotic) products are priced and hedged relatively to the liquid 
price information with regard to the underlying and relevant derivatives. 
4. Dynamical features 
A model used for pricing and hedging is expected to have a potential to re- 
produce the observed typical behavior of all pertinent risk factors. Ideally, it 
should take as an underlying variable all liquid assets and aim at stability 
over time of parameters used to describe the uncertainty about the future 
value of this variable. 
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7.1.8 Vega Hedging 

Suppose that a trader has opted for the use of the classical Black-Scholes 
model. Then the following pertinent questions arise: 
- how to reconcile hedging of volatility risk with the assumption that the 
volatility is constant in the Black-Scholes world? 
- which implied volatility should one use for pricing and hedging exotic 
derivatives such as, for instance, barrier options? 

We shall first address these questions from the practical, rather than the 
theoretical, perspective. Hence, we acknowledge that the Black-Scholes model 
is not correct, but we insist at the same time on the use of the Black-Scholes 
formula. 

Vega. As was mentioned in Sect. 3.1.11, the derivative of the option price 
with respect to (implied or actual) volatility is known as the vega of an option. 
In the classical Black-Scholes model, it measures the sensitivity of the option 
value to small changes in the volatility parameter a. We also know 

where c(s, T, K,  r, a )  and p(s, T, K ,  r, a )  stand for the Black-Scholes pricing 
functions for a call and a put options, and n is the standard Gaussian prob- 
ability density function. Hence, the vega of both a call and a put is strictly 
positive at any time over the lifetime of the option. This means simply that 
the prices of both options always rise with the increase of the volatility a .  

An intuitive meaning of the vega parameter is thus rather clear: a positive 
vega position should result in profits from increases in volatility; similarly, 
a negative vega means a strategy should profit from falling volatility. It  is 
definitely less obvious how to reconcile formally the use of Black-Scholes 
vega as a tool to study the impact of random fluctuations of volatility on the 
value of a derivative asset, with the assumption of constancy of the volatility 
within the Black-Scholes set-up. 

Volga and vanna. Following the above logic, it is also natural to make an 
attempt to quantify the second order and cross effects on the value if the 
derivative security due to the fluctuations of a. For this purpose, it is quite 
common to use the following partial derivatives 

where dl = dl(s, T, K,  r,  a )  and d2 = dz(s, r, K,  r, a )  (see (3.58)). Recall also 
that we have sn(dl) = KePTTn(d2). Partial derivatives c,, and c,, are known 
among practitioners as volga and vanna. They are perceived as intuitive mea- 
sures of fluctuations of vega as market conditions change. 
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Hedging of vega risk. It  is widely acknowledged that in a securities market 
with liquid plain-vanilla options, the volatility risk can be hedged by buying 
or selling these options in much the same way as delta hedging is used to 
neutralize the risks to changes in the price of the underlying asset. 

The claim that the incompleteness is a major deficiency of a mathematical 
model should thus be taken with caution. The observation that some options 
do not have unique prices in an incomplete model is not relevant, if they are 
among liquid assets, so that their valuation is not our goal at all. Moreover, by 
postulating that plain-vanilla options are traded, we may formally complete 
an incomplete model, so that exotic options will have unique prices and can 
be replicated. Theoretical research in this vein was done, among others, by 
Romano and Touzi (1997), who focused on the PDE approach. Derman et 
al. (1995), Carr et al. (1998) and Brown et al. (2001) examine a related issue 
of static hedging of exotic options. 

From the practical perspective, it it common to immunize the vega, the 
vanna and the volga of an exotic option (a barrier currency option, say) 
with a static combination of plain-vanilla options, and at the same time to 
derive the hedge ratio using a model with constant volatility. This practical 
approach can be seen as an ad hoc substitute of a strict procedure of a 
market’s completion by an enlargement of a class of traded assets. 

Modified delta. If the random character of a is acknowledged, it seems 
intuitively justified to use the so-called modified hedge ratio. It  aims to repre- 
sent, as the standard Black-Scholes delta, the partial derivative of the option 
price with respect to the underlying asset. However, it is now calculated in 
the following way (for an example, see (7.19)) 

The appearance of an additional term is due to the observation that the 
implied volatility depends on the level of the underlying asset. The modified 
delta is expected to yield a better hedging strategy than the classical Black- 
Scholes delta, which ignores the volatility risk completely. 

From the discussion above, it is rather clear that the classical Black- 
Scholes model with constant volatility cannot be seen as a realistic option 
pricing model. Thus, its unquestionable popularity among traders requires a 
deeper analysis. It can be justified, for instance, by the following arguments. 

First, it provides a trader with a rule that links the move of the underlying 
(and other risk factors) to a well specified rule of action. The concept of 
sensitivities (delta, gamma, vega, etc.) yields an effective tool for hedging 
options through dynamic revisions of a portfolio. 

Second, the concept of an implied volatility provides traders with an effi- 
cient common language that synthetizes option prices in a single number. It  
can be used as a reference point to an ideal model in which all liquid relevant 
market information is taken as an underlying variable. 
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7.1.9 Correlated Brownian Motions 

We shall now describe two alternative well-known constructions of correlated 
one-dimensional Brownian motions that will be used in what follows. 

First method. Let W = (W1, W2) be a two-dimensional standard Brown- 
ian motion with respect to some filtration IF (for instance, we may take as IF 
the natural filtration of W) under IP*. This means that W1 and W2 are two 
independent one-dimensional standard Brownian motions with respect to IF 
(as well as with respect to their natural filtrations). Let p be an arbitrary 
IF-progressively measurable stochastic process taking values in [-I, 11. We set 

for every t E R+. One can check, using LBvy’s characterization theorem (see 
Appendix B), that the processes W* and w are standard one-dimensional 
Brownian motions under IP* with respect to IF. Moreover, their cross-variation 
satisfies d(W*, W) = pt dt for t E R+. Indeed, we have 

since by the assumed independence of W1 and W2 their cross-variation 
(W1, W2) vanishes, i.e., (W1, W2)t  = 0 for every t E R+. 

Second method. An alternative, slightly more general, construction runs 
as follows. Let W = (W1,. . . , wd) be a d-dimensional standard Brownian 
motion with respect to IF, and let bi, i = 1,. . . , n be a family of IRd-valued, 
IF-progressively measurable processes. Assume that (bi l  # 0 for every t E R+ 
and i = 1 , .  . . , n,  where I . I stands for the Euclidean norm in Rd. For each 
i ,  we define a bounded, Rd-valued, IF-progressively measurable process bi by 
setting @ = bi lbi 1-l for every t E R+. Then for each i = 1, . . . , n the process 
wi given as 

- .  
W I = ~  b; .dW,, 'dt E R + ,  

is a one-dimensional standard Brownian motion with respect to IF (again, by 
LBvy’s characterization theorem). Moreover, for every i,  j = 1, .  . . , n we have 

where the dot . stands for the inner product in Rd. We conclude that the 
infinitesimal correlation between W i  and ~j equals, for every t E R+, 

In the financial literature, it is common to refer to the matrix [Py]lli,jln as 
the correlation matrix of the n-dimensional process W. 
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Change of a probability measure. We shall now analyze the behavior 
of correlated Brownian motions under an equivalent change of a probability 
measure. To this end, shall use a two-dimensional version of Girsanov’s theo- 
rem (see Theorem B.2.1). Let W = (w’, W2) be a standard two-dimensional 
Brownian motion on a filtered probability space (R,  IF, P*). Let us fix T > 0 
and let us assume that X = (A1, X2)  is an adapted process such that 

T T 
~ p *  {exp (1 A, d ~ ,  - 1 I X , ~ ~  du)} = 1. 

where / X u  l 2  = (Xh)2+(Xt)2 and the dot " .  " stands for the usual inner product 
in R2. We define the probability measure @, equivalent to P on (0, FT),  by 
postulating that the Radon-Nikodjrm derivative of @ with respect to P* equals 

Then, by virtue of Girsanov’s theorem, the two-dimensional process 

is a standard two-dimensional Brownian motion on the space ( 0 ,  IF, @). 
Now, let W* and w be the two one-dimensional correlated Brownian 

motions, as defined at the beginning of this section. Let us assume that an 
adapted process X = (A1, 0) satisfies condition (7.9). We define the probability 
@ on (0, FT) through formula (7.10). Then the process 

t t I@,=w;-l X;du=w:-1  hhdu, V t t  [O,T], 

as well as the process W2, are one-dimensional Brownian motions with re- 
spect to @. Moreover, the process wt admits the following representation 

t 

wt = 1 pu d(Wu + A: du) + d m d ~ : .  

From the last formula, it is easy to conclude that the process W given by the 
equality 

t @=wt-1 puh:du, V t t  [O,T], 

is also a one-dimensional Brownian motion under P. Finally, the cross- 
variation of w and w equals 

As expected, it is invariant with respect to an equivalent change of the un- 
derlying probability measure. 
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7.1.10 Forward-start Options 

We shall now address the second question formulated at the beginning of 
Sect. 7.1.8, that is, the impact of the choice of an (implied) volatility on the 
value of an exotic option. To illustrate the utmost importance of a volatility 
specification on the valuation of exotic options, we shall re-examine a forward- 
start opt ion (see Sect. 6.2). Recall that, for two dates 0 < To < T, a forward- 
start call option is a a call option with expiry date T and strike equal to ST, 
set at time To. The contract can be formally identified with the payoff 

at  time T .  Equivalently, it may be seen as the payoff 

at time To. Note that in the right-hand side of the last formula, we have the 
price of a plain-vanilla call option evaluated at time To. 

Case of constant volatility. In Sect. 6.2, we have shown that, within the 
framework of the classical Black-Scholes model, the price at  time To of a 
forward-start option satisfies 

and thus its value at time 0 equals 

FSo = Soc(1, T - TO, K,  r, a) =  SO, T - TO, KSo, r, a). 

Case of deterministic volatility. Suppose now that we deal with a gener- 
alized Black-Scholes model with deterministic volatility a( t) .  We have argued 
in Sect. 7.1.5 that such a model is capable of explaining an implied volatility 
surface with flat smile. We now obtain 

Consequently, 

Assuming flat implied volatility smiles for To and T,  we may infer the forward 
implied volatility 8(To, T )  from the implied volatility surface 80(T, K) ,  since 
(see (7.5)) 

T~:(T, K) - T ~ & , ~ ( T ~ ,  K) e2 ( T ~ ,  T) = 
T - To 1 

where, by assumption, the implied volatilities 8: (T, K )  and 8; (To, K )  are 
independent of the strike K .  
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Case of a random volatility. In the presence of the volatility smile, it is 
no longer possible to derive uniquely the forward volatility from the implied 
volatility surface. To deal with this case, we make the generic assumption 
that S satisfies 

dSt = St (r dt + at d ~ , * )  
for some stochastic volatility process a that is not necessarily adapted to 
the filtration generated by a one-dimensional standard Brownian motion W* 
under a martingale measure P* (for explicit examples of such models, see 
Sect. 7.4 below). We observe that the discounted stock price S,* = St/Bt is 
a P-martingale. 

Suppose that the volatility process a is given, and we are in a position to 
find a closed-form solution for the price C(STo, T - To, KSTo) in this model. 
In order to find the price of a forward-start option at time t E [0, To], we need 
to compute the following conditional expectation 

and this appears to be a non-trivial problem, in general. Note, however, that 
the terminal payoff can be represented as follows: 

where the auxiliary process s is given as st = StnTo for every t  E [0, TI, and 
where we set Y = STISTO = STIST. We define a probability measure @, 
equivalent to P* on (0, FT), by setting 

def d@ - ST& v T = -  - - =a- P*-a.s. 
* jbBT SOBT~ 

where we set a = e-r(T-T~).  Moreover, for every t  E [O,To] we have 

def d@ 
V t  = - 

ST0 B0 st BO = a ~ p  (- 1 ~ ~ )  = a-, P*-a.s. 
@* SOBTO so& 

Let us write bt = ast. The next lemma shows that by changing a probability 
measure we may simplify the calculations. 

Lemma 7.1.3. We have 

Proof. We have, for every t  E [0, To] 

where the last equality is an immediate consequence of the abstract Bayes 
formula (see Lemma A.0.4 in Appendix A). 0 
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Since the process st/& is obviously constant for t E [0, To], the random 
variable Y = ST/S~o = sT/sT corresponds to the value at time T of a process 
with the volatility vanishing for every t E [0, To]. This simple observation 
underpins the proof of the following result. 

Proposition 7.1.4. The arbitrage price at time t E [0, To] of a forward-start 
option equals 

is a standard Brownian motion under @ with respect to the filtration F 
Proof. The fact that w is a standard Brownian motion is a consequence of 
equality (7.11) and Girsanov’s theorem. Indeed, (7.11) yields 

In view of Lemma 7.1.3, to establish the valuation formula, it suffices to 
observe that the random variable Y = St/STo can be represented as follows: 

since obviously dW,* = dwt  for every t E [To, TI. 

In order to proceed with explicit calculation of the option price, we need 
to find the dynamics of the volatility process a under @. This is not a difficult 
task provided, for instance, that the SDE that governs a under IP is given. 
Suppose that a satisfies under P* 

dot = ii(at, t )  dt + b(at, t)  dWt, 

where w is a one-dimensional standard Brownian motion, possibly correlated 
with W*, so that d(W*, w), = pt dt for some IF-progressively measurable 
process p taking values in [-I, 11. Then under @ the volatility at is governed 

where Wt = Wt - ~ ~ p , a , ~ [ o , T o l ( ~ )  du and the adjusted drift coefficient 
Z(t, at) is given by 

Z(at,t) = ii(fft,t) f a t ~ t b ( f f t ~ t ) n [ ~ , ~ o ] ( t ) .  
Kruse (2003) and Lucic (2004) have independently applied the method de- 
scribed above to arbitrage valuation of a forward-start option in the frame- 
work of a stochastic volatility model proposed by Heston (1993) (for a de- 
scription of this model, see Sect. 7.4). Since the pricing formulas produced in 
these papers are rather heavy, they are not reported here. 
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7.2 Extensions of the Black-Scholes Model 

We start the study of volatility modelling by examining a few examples of 
models with random Black-Scholes (i.e., relative) volatility, in which the same 
one-dimensional Brownian motion governs the stock price and the stochas- 
tic volatility of this price. In other words, we assume here that the relative 
volatility of the underlying asset is state-dependent, so that at = a(&)  for 
some function a .  Particular models within this approach can be easily pro- 
duced by postulating a priori that the stock price is described by the SDE 

dSt = b (St, t) dt + g (St) d Wt (7.13) 

for some strictly increasing (or strictly decreasing) and smooth function g : 
R+ -+ R+. By applying It6’s formula to the process vt = g(St), we obtain 

If we denote by h the inverse function of g, then we get 

dvt = (gl(h(vt))b(h(vt), t)  + iglf (h(vt)) v:) dt + gl(h(ut)) ut dWt. 

7.2.1 CEV Model 

Cox (1975)’ proposed the following particular choice of the function g in 
(7.13) 

g(s)=a!sP, Q s E R + ,  
where a! > 0 and 0 < ,l? < 1 are constants. According to this choice, the stock 
price satisfies under P* 

so that the relative volatility of S equals at = f(St)  = a~f- ’ .  For ,l? = 0, 
(7.14) yields the Bachelier model, while for ,b' = 1 it coincides with the Black- 
Scholes model. It is thus convenient to exclude the extreme cases, and to 
assume in what follows that 0 < ,b' < 1. Notice that for any 0 < /3 < 1 
the infinitesimal conditional variance of the logarithmic rate of return of the 
stock equals a: = a2~f(P-1), and thus it changes inversely with the price. 
This feature was found to be characteristic of actual stock price movements 
by several econometric studies. Furthermore, we have formally 

For related results, see also Cox and Ross (1976b), Beckers (1980), Ang and Pe- 
terson (1984), Schroder (1989), Goldenberg (1991), Bibby and Smrensen (1997), 
and Lo et al. (2000). 
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The last two equalities serve as a justification for the following commonly 
standard terminology. 

Definition 7.2.1. A stock price model given by (7.14) is called the Cox 
model or the constant elasticity of variance model (the CEV model, for short). 

Before addressing the issue of option pricing, let us examine the properties 
of solutions to (7.14). It  is worth noting that this equation corresponds to the 
classical Girsanov example in the theory of stochastic differential equations. 
Assume first that r = 0. Then it is well known that the SDE (7.14) has 
a unique2 solution for any ,!? 2 112; uniqueness of solutions fails to hold, 
however, for any 0 < b < 112 (although it still holds in the class of positive 
solutions). We shall therefore assume in what follows that the inequalities 
112 < ,!? < 1 and r 2 0 are valid. Under these conditions, the solution to the 
SDE (7.14) is known to be a strictly positive process, provided that So > 0. 

Remarks. The choice of the parameter ,!? can be motivated not only by mathe- 
matical concerns, such as the existence and uniqueness of a solution to (7.14), 
strict positivity of a solution, etc., but also by some financial considerations. 
Some authors argue along the following lines: they postulate that the process 
that represents the total value of the firm has constant volatility; the value of 
the stock (equity) is then derived through a variant of the Black-Scholes op- 
tion’s pricing formula (for instance, by assuming, as in Merton (1974), that 
the firm’s debt is in the form of a single zero-coupon bond of maturity T 
issued by the firm). In this case, the volatility of the stock is not constant, 
but it depends on the current level of the value of the firm (and thus on the 
current level of the stock price as well). It  should be acknowledged, however, 
that it is rather difficult to justify the dynamics (7.14) using purely financial 
arguments. 

Let us stress once again that in this case (and indeed in any model of Sect. 
7.2 and 7.3) the random character of the volatility is somewhat conventional, 
since it is derived from the randomness of the underlying asset. To clarify 
this point, let us consider the Bachelier model 

dSt = rSt dt + a dW,* 

and the Black-Scholes model 

dSt = rSt dt + ast dWt*. 

In the first case, the absolute volatility is constant, but the relative volatility 
is random, since it can be represented as a /S t .  In the Black-Scholes set-up, 
the relative volatility is constant, and the absolute volatility ast is random. 

By uniqueness we mean here pathwise uniqueness (i.e., strong uniqueness) of 
solutions, which is known to imply uniqueness in law (i.e., weak uniqueness). 
Pathwise uniqueness of soultions implies also that any solution is strong, i.e., it 
is adapted to the filtration generated by the driving noise W* (also when W* is 
a Brownian motion with respect to some larger filtration). 
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Completeness of the CEV model. Let us make a standard assumption 
that the reference filtration F is generated by the driving Brownian motion 
W*. Then the CEV model is complete, so that any European contingent 
claim that is FT-measurable and P*-integrable possesses a unique arbitrage 
price given by the risk-neutral valuation formula 

By applying the Feynman-Kac formula, we deduce that T ~ ( X )  = v(St, t) ,  
where the function v solves the following PDE (cf. (3.96) 

with terminal condition v(s, T) = h(s). 

Option prices. Option prices for the CEV model were examined, among 
others, by Beckers (1980), Schroder (1989), Goldenberg (1991), and Lo et 
al. (2000). Let us mention that the transition probability density function 
for the stock price governed by the CEV model can be explicitly expressed 
in term of the modified Bessel functions (see, e.g., Sect. 10.7.3 in Lipton 
(2001)). Consequently, the arbitrage price of any European contingent claim 
can be found, at least in principle, by integration of the payoff function with 
respect to the transition density. The derivation of the option pricing formula 
is beyond the scope of this text. Let us only mention that Schroder (1989) 
established the following computationally convenient representation for the 
call price in the CEV model: 

where g(p, x) stands for the density function of the Gamma distribution: 
g(p, x) = x~-’e-"/I’(p) and where we set y = 1/2(1 - P). Moreover, we 

where in turn Ft = St/B(t,  T) is the forward price of a stock, and where 

is the scaled time to maturity of an option. 

Implied volatility smile in the CEV model. A rather obvious advantage 
of the CEV model over the classical Black-Scholes model stems from the 
presence of an additional parameter P that makes the former model more 
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flexible than the latter one. By an appropriate choice of a and P, it is possible 
to get a better fit to  observed market prices of options, than by using a single 
parameter a (see, e.g., Beckers (1980) or Lauterbach and Schultz (1990)). 
Let us stress that as soon as we have decided to use the CEV model to value 
options, the Black-Scholes formula is reduced to a conventional tool that 
allows us to quote market prices in terms of Black-Scholes implied volatilities. 
Hence, the Black-Scholes formula is not formally needed for the calibration 
of the CEV model to market data. It  is, of course, useful in an equivalent 
problem of fitting the observed surface of (Black-Scholes) implied volatilities. 
It is rather clear that for any choice of parameters P # 1 and a # 0, the 
CEV model yields prices of European options that correspond to a certain 
smile in the Black-Scholes implied volatility surface. To be more specific, it 
appears that for a fixed maturity T ,  the implied volatility of a call option is 
a decreasing function of the strike K .  

Dynamic behavior of the implied volatility surface predicted by the CEV 
model was recently examined by Hagan and Woodward (1999a). They have 
considered the case when the stock price S is governed by equation (7.14) 
with time-dependent coefficient a. Thus, the forward price of a stock 

Ft = Fs (t, T) = St /B  (t, T) = eT(T- t )~ t  

satisfies, under the martingale measure P*, 

Since the SDE above is a straightforward generalization of the Black model, 
it is natural to focus here on the associated Black implied volatility. 

Hagan and Woodward (1999a) (see also Sect. 10.7.5 in Lipton (2001)) have 
shown that the implied volatility 80(T, K )  predicted by the model (7.16) is, 
when expressed in terms of the current level Fo of the forward price, fairly 
accurately described by the following approximate formula: 

where Fa = (Fo + K)/2 and a, is given by the formula (in the classical CEV 
model in which a is constant, we have a, = a )  

To derive their formula, Hagan and Woodward (1999a) employed singular 
perturbation techniques3 that are beyond the scope of the present text. 
Hence, we refer to the original paper for the derivation of the approxima- 
tion given above, and for more accurate formulas with higher-order terms. 

The same techniques were subsequently used by Hagan et al. (2002) to analyze 
a stochastic volatility extension of the CEV model (see Sect. 7.4.5). 
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Let us only mention, that Hagan and Woodward (1999a) examined also a 
more general set-up, namely, they consider a model in which the forward 
price F solves the SDE 

where the function A is assumed to be twice differentiable. 
Notice that the Black implied volatility 60(T, K )  depends also on the level 

Fo of the forward price, so that we have 6 0  (T, K )  = 8(Fo, T, K) .  This trivial 
observation allows us to write the option’s price in the following way (cf. 
(7.8)) 

c,,p(F, T, K )  = c(F, T, K,  6(F, T, K)) ,  (7.18) 
where c,,p(F, T, K )  is the pricing function for a call option within the CEV 
model with parameters a and ,l?, and c(F, T, K ,  a) is the Black pricing func- 
tion. Consequently, the delta of a call option can be represented as follows: 

This shows that the value of delta predicted by the CEV model has two 
components: the Black delta and an additional term representing the impact 
of the change of the implied volatility caused by changes in the forward price. 

Using their approximate formula, Hagan and Woodward (1999a) draw 
an important conclusion that the CEV model has an inherent flaw of in- 
correctly predicting the future movements of the Black (or Black-Scholes) 
implied volatility. This undesirable feature is shared by any model based on 
the local volatility function technique that is presented in Sect. 7.3. 

7.2.2 Shifted Lognormal Models 

A relatively simple way to fit the implied volatility skew is to use the so-called 
shifted lognormal model (see Rubinstein (1983) and Marris (1999)). According 
to this approach, the dynamics of S under the martingale measure P* are 

The model offers the advantage of simple closed-form expressions for plain- 
vanilla call and put options and hence it is easier to work with than many 
other models such as, for instance, the CEV model. It  should be noticed, how- 
ever, that a model constructed in this way has a potential to  fit the observed 
volatility surface, but is unlikely to adequately reproduce dynamical features 
of this surface (for reasons mentioned above). Let us note that deterministic- 
shift extensions of short-term rate models (such models are examined in Chap. 
10) were successfully applied to provide an exact fit of a term structure model 
to the observed yield curve (see Sect. 3.8 in Brigo and Mercurio (2001a) and 
the references therein). The same idea was recently applied to other term 
structure models, such as the model of LIBORs (see Rebonato and Joshi 
(2001), Joshi and Rebonato (2003), and Sect. 12.7 below). 
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7.3 Local Volatility Models 

Suppose that the implied volatility surface that is currently observed in the 
market is not flat with respect to K .  Then we are forced to conclude that mar- 
ket prices of plain-vanilla options cannot be explained by a simple generaliza- 
tion of the Black-Scholes model with time-dependent deterministic volatility. 
It  appears, however, that it is possible to construct a complete diffusion-type 
model that yields an exact fit to the observed term structure of volatility 
smiles, provided that no static arbitrage opportunities are present in the 
market. Specifically, we may postulate that the martingale dynamics of S are 

dSt = St ( r  dt + a(St ,  t)  dW;) 

for some diffusion coefficient a (s ,  t) ,  referred to as the local volatility function 
in what follows. 

7.3.1 Implied Risk-Neutral Probability Law 

Breeden and Litzenberger (1978) observed that, for any given future date 
T ,  the one-dimensional risk-neutral probability law of the underlying asset 
is uniquely determined by prices of European call options with all possible 
strikes and maturity date T .  Before we proceed to the proof of this result, let 
us stress that when prices of all European call (or put) options with differ- 
ent strikes and maturities are known, we can only establish the uniqueness 
of one-dimensional marginal laws of the stock price under the risk-neutral 
probability. No higher-dimensional marginal probability laws of the under- 
lying asset can be uniquely inferred if the only available data are prices of 
standard European calls and/or puts. 

In this paragraph, we fix T and we assume that we observe prices of 
all call options with different strikes. Our goal is to show that, under mild 
technical conditions, we can recover the probability law of ST uniquely under 
a probability measure P* that is interpreted as a risk-neutral probability. 

Suppose, in addition, that we know a priori that the random variable ST 
is nonnegative and admits a probability density function f ( . , T) under P*. 
We fix So and we postulate that, for a fixed exercise date T > 0 and every 
strike K E R, the call price Co(T, K )  at  time 0 is given by the formula 

Co(T, K )  = Bo IEp* (B;' (ST - K)+)  = e-TT (S - K)+f  (s, T) ds = c(K, T )  

for some pricing function c. We shall show (see Corollary 7.3.1) that the 
density function f ( . , T) satisfies 

f ( s ,T )  = eTTcKK(s,T). (7.20) 

This implies, in particular, that the function c( . , T )  : R -, R is twice differ- 
entiable with respect to K .  To be more specific, the function c ( .  , T) is con- 
tinuously differentiable with respect to K ,  and the partial derivative CK( . , T )  
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is an absolutely continuous function with respect to the Lebesgue measure. 
In other words, we have 

rK 

for some (locally integrable) function cKK(s, T). 
It appears that formula (7.20) can be essentially generalized. Suppose 

that, for a fixed maturity T > 0 and arbitrary strike K ,  we have 

Co(T, K )  = eFTT (S - K)+ dF(s,  T )  = c(K, T),  J, (7.21) 

where F (  . , T)  denotes the cumulative distribution function of the random 
variable ST under IP*. Note that c ( .  , T )  : R -+ R is a nonnegative, con- 
vex function (in particular, it is continuous). Hence, as a locally integrable 
function, it defines a distribution pC, which is a nonnegative measure on the 
measurable space (R, B(R)). Specifically, for any continuous function h with 
compact support (that is, vanishing outside some bounded interval) we have 

where pC(h) stands for the value of the distribution pC represented by the 
function c(., T)  on the element h. 

Let us now analyze the first and second order distributional derivatives 
of pc, denoted by p& and pkK in what follows. By definition, the first order 
distributional derivative of pC in the distributional sense is a distribution, 
denoted as p k ,  such that for any continuously differentiable function h with 
compact support we have 

In order to make the last formula more explicit, let us observe that since 
the function c ( .  ,T )  is convex, it admits non-decreasing (and thus locally 
bounded) right-hand-side and left-hand-side derivatives ch ( . , T)  and ci ( . , T). 
Thus, the first order distributional derivative p k  can be identified with the 
distribution determined by either ck(. , T )  or ci(.  , T). For ease of notation, 
we shall frequently refer to the symbol cK(., T )  rather than p k .  

In particular, for any continuous function h with compact support the 
following chain of equalities holds: 

Moreover, for any continuously differentiable function h with compact sup- 
port we have, as expected, 
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Let us now analyze the second order distributional derivative of pC, de- 
noted as pkK.  It  is represented by a nonnegative measure on (R, B(R)) de- 
termined by the first order distributional derivative of the non-decreasing 
function CL ( . , T)  (or CL ( . , T))  . 

For this reason, we shall frequently write pkK = C K K ( ’  , T ) ,  SO that for 
any continuous function h with compact support we have 

and for any twice continuously differentiable function h with compact support 
we have 

Lemma 7.3.1. For any bounded Borel measurable function g : R -+ R, we 
have 

L g ( S ) d F ( s l T ) = e T T  S. g(s)cKK(dslT)~ (7.22) 

and thus for every Borel set A in R 

Before proving the lemma, let us emphasize that the derivative CKK in the 
last two formulas should be understood in the sense of distributions. In view 
of equality (7.23), this derivative is represented by a probability measure (up 
to a normalizing constant). 

Proof of Lemma 7.3.1. Let us take an arbitrary twice continuously differ- 
entiable function h with compact support. As explained above we have, by 
virtue of the definition of the distributional derivative, 

or equivalently, 

Using equality (7.21) and Fubini’s theorem, we obtain 

since the integration by parts formula yields 
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We conclude that for any twice continuously differentiable function h with 
compact support we have 

The assertion now follows by the standard approximation arguments. 

Corollary 7.3.1. Suppose that the random variable ST admits a continuous 
probability density function f (., T). Then the function c(., T )  is twice contin- 
uously differentiable with respect to K and 

CKK(S, T )  = e-rT f (s, T), V S  E IR. 

By virtue of Lemma 7.3.1, we conclude that, under mild technical condi- 
tions, all one-dimensional marginal laws of the price process S are uniquely 
determined by the prices Co(T, K )  of European call options (or equivalently, 
by the knowledge of the Black-Scholes implied volatility surface 30(T, K)). 
For more information on estimation of implied probability density functions, 
see Ait-Sahalia (1996a), Ait-Sahalia and Lo (1998), Bliss and Panigirtzoglou 
(2002) and the references therein. 

Note that the knowledge of all one-dimensional marginal laws is not suf- 
ficient for the unique specification of a stochastic process. It is known that, 
even when the price process S is a Markov martingale, this is not sufficient 
for the uniqueness of the law of this process (see Madan and Yor (2002)). 
Put  another way, given all prices of plain-vanilla call (or put) options, it 
is possible to  construct various alternative models for the underlying asset 
that exactly reproduce prices of all plain-vanilla call (or put) options, but in 
which the prices of exotic options and the corresponding hedging strategies 
are essentially different. 

7.3.2 Local Volatility 

From the previous section, we know that a complete collection of prices of 
all plain-vanilla call (or put) options uniquely determine one-dimensional 
marginal laws of the price process S under a probability measure P*, inter- 
preted as a risk-neutral probability. Dupire (1993a, 199313, 1994) and, inde- 
pendently, Derman and Kani (1994) proposed to move one step further, and 
to find a fully specified stochastic process S that is capable of reproducing 
the observed prices of call (put) options. To ensure the uniqueness of such an 
implied process, Dupire proposed to restrict attention to the class of diffusion 
processes. Specifically, he postulated that under P* we have 

dSt = st ( r  dt + a (&,  t )  dwt*), (7.24) 

where S o  > 0 and a : IR+ x R+ -+ R is a yet unspecified local volatility (LV, for 
short). Of course, a yet unknown function a should be sufficiently regular, in 
order to guarantee the existence and uniqueness of a strictly positive solution 
to  (7.24), such that S: = ecrtSt is a P*-martingale. 
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Remarks. In a discrete-time set-up, a similar approach was initiated by Ru- 
binstein (1994) (see also Jackwerth and Rubinstein (1996)). Their method is 
based on the concept of an implied tree, that is, a binomial (or trinomial) 
model for the asset price that, owing to some specific smoothness assump- 
tions, gives the best fit to market data. Andersen and Brotherton-Ratcliffe 
(1997) and Britten-Jones and Neuberger (1999) (see also Rossi (2002)) ex- 
amine an alternative discrete-time approach, in which a finite-difference grid 
is constructed. In the present text, we shall not discuss these methods, and 
thus the interested reader is referred to original papers for details. 

As before, the prices of call options given by the market are denoted as 
Cp(T,  K) .  Dupire’s goal was to show that knowledge of the family Cp(T ,  K )  
is indeed sufficient for the unique specification of the process S within the 
considered class of diffusion processes. 

Let us stress that it is by no means obvious whether the observed family 
of market prices CT(T,  K )  corresponds to an arbitrage-free model; for some 
preliminary results in this direction, we refer to Carr and Madan (2004) 
and Davis (2004b). Instead of dealing directly with market prices, we shall 
therefore postulate from the outset that we are given the family Co(T, K )  of 
prices of plain-vanilla call options that were obtained within an (unknown) 
arbitrage-free model of the stock price. Our goal is to show that if this is 
the case, then we can find a function a(s, t) such that the model (7.24) will 
exactly reproduce these prices. As one might guess, this statement is not 
necessarily true, in general, unless some regularity conditions on the pricing 
function c(K, T )  = Co(T, K )  are imposed. 

Formally, we shall assume from now on that we are given the family 
Co(T, K )  such that there exists a probability space (0, F, P*) and a martin- 
gale M on this space, for which 

Co(T, K )  = lE (MT - ~ e - ’ ~ )  + ef c(K, T). (7.25) 

We adopt the following definition of the local volatility. 

Definition 7.3.1. A function a : lR+ x lR+ 4 IR such that the prices of 
all plain-vanilla call options given by the model (7.24) coincide with a given 
family of prices Co(T, K) ,  that is, 

is called the local volatility. 

Before stating the main result of this subsection, let us consider once 
again the standard Black-Scholes model. Let c(So, T, K )  be the family of 
Black-Scholes call prices, for a fixed initial value So of the stock price and 
arbitrary strikes and maturities. It  is not difficult to show by straightforward 
calculations that, for any fixed So > 0, the function c(K,T) = c(So, K ,  T )  
satisfies the following Black-Scholes-like PDE 
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with the initial condition c(K, 0) = (So - K)+ .  It is interesting to notice that 
Dupire’s PDE (7.27) is a direct generalization of the equation above. 

Proposition 7.3.1. Assume that the local volatility a is such that the SDE 
(7.24) has a unique solution S and for any t E R+ the random variable 
St admits a continuous density function f (s, t). ’Let c(K, T )  be the pricing 
function for European call options given by the model (7.24). If c is of class 
C1>2(E% x [0, T*], Kt), then it satisfies the following PDE 

- cT(K,T) + a2(K,  T ) K ~ c ~ ~ ( K , T )  - TKcK(K, T)  = 0 (7.27) 

with the initial condition c(K, 0) = (So - K)+ .  

Proof. We assume that for every T and K 

c(K, T )  = Bo Ep* (B,’(sT - K)+)  = Ep* (S$ - ~ - T ~ K ) + ,  

where the process S satisfies (7.24) and where we write S$ = eVrTST. Note 
that the process ST = e-TtSt is a continuous (local) martingale under P*, 
since it satisfies 

For any t > 0, let f *(., t)  stand for the probability density of the random 
variable ST. The obvious equality 

yields 

so that the function c(., T )  is twice differentiable with respect to K .  
By applying the ItG-Tanaka-Meyer formula (see Appendix B) to the con- 

vex function (x - K ) +  and a continuous (local) martingale s*, we obtain 

Consequently, we have 

Recall that for any bounded (or nonnegative) Bore1 measurable function h 
the following density of occupation time formula is valid, for every t E R+, 

In our case, the last equality yields 
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BP ( l h(a)L:(S*) da) = lEp= (/ ~ ( S : ) ( S ~ ) ~ U ~ ( ~ ' ~ S ~ ,  u )  du . 
0 1 

Let h be a continuous function with compact support. By applying the last 
equality, formula (7.29), and Fubini’s theorem, we obtain, for every T ,  

1 T 
= a + - ECP. (1 h ( ~ t ) ( ~ t ) ~ o ~ ( e ' ~ ~ t ,  t )  dt) 

2 

where 
a = S, h(K)(S;  - K)+ dK. 

Since the last equality is valid for any continuous function h with compact 
support, we obtain 

c ( K e r T , ~ )  = (SG - K)+ + f * ( ~ , t ) ~ ~ o ~ ( e " ~ ,  t )  dt. 
l l T  

Differentiation of both sides with respect to T yields 

In view of (7.28) and upon substituting KeTT with K ,  we obtain 

-cT(K, T )  + i a2(K,  T ) K ~ C K K ( K ,  T )  - TKcK(K,  T )  = 0. 

Since obviously c(K, 0) = (So - K)+,  this completes the proof. 0 

The following corollary to Proposition 7.3.1 shows that, under suitable 
technical assumptions, there exists a unique implied local volatility a(s ,  t )  
compatible with a full collection Co(T, K )  of prices of European calls. 

Corollary 7.3.2. Let the call prices Co(T, K )  = c(K,T)  be given by (7.25) 
for some martingale M .  We assume that the function c(K, T )  is once differ- 
entiable with respect to T and twice diferentiable with respect to K .  Suppose, 
in addition, that cKK(s , t )  # 0 for every t > 0 and s > 0. Then the unique 
implied local volatility is given by  the expression 

provided that the function a(s ,  t ) ,  implicitly defined by  the last equation, is 
suficiently regular to guarantee the existence and uniqueness of solutions to 
(7.24) and the existence of a continuous probability density function f (s ,  t ) .  
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Before proceeding, let us mention that the original proof of Proposition 
7.3.1, given by Dupire (1993a), was based on the PDE approach. Let us sketch 
Dupire’s arguments briefly. We denote by f (s, t )  the density of St under P*. 
It  is known that, under suitable regularity conditions, it satisfies the following 
PDE (commonly known as the Kolmogorov forward equation) 

df l a 2  d -- + - (s2a2(s, t )  f (s , t ))  - - (rs f (s, t)) = 0. a t  2 as ds  

On the other hand, we already know from (7.20) that for every t > 0 we have 
f (s, t )  = ertcss(s, t). Consequently, 

Substituting and dividing by ert, we obtain 

We note that 

We therefore obtain 

1 d2 d2 
- - (s2a2(s, t)css(s, t)) = --- (rscs(s, t)  + 4% 4). 
2 ds2 ds2 

Integrating the last equation twice with respect to s, and using again the 
equality f (s, t)  = ertcss(s, t) ,  we get 

for some functions g and h of the time parameter. Taking into account the 
condition: lim,,, g(t)s + h(t) = 0 for every t ,  we find that g = h = 0. This 
concludes the original derivation of Dupire’s PDE. 

Extension to a dividend-paying stock. Local volatility approach can be 
easily extended to the case of a dividend-paying stock, which was considered 
in Sect. 3.2.1. Specifically, if a stock pays dividends continuously at a fixed 
rate K then the Black-Scholes pricing function for a call option can be shown 
to satisfy 

It is thus easy to guess that equation (7.30) should now be replaced by the 
following generalized formula 
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Interpretation of the local volatility. Let us mention another impor- 
tant feature of the local volatility, first noted by Dupire (1996) and Derman 
and Kani (1998), and formally established by Klebaner (2002) and Savine 
(2002). We shall focus now on the ’true’ dynamics of the underlying asset. 
Namely, we no longer postulate that S is governed by (7.24), but we assume 
instead that the process S* is a continuous martingale of class 3.t' on a finite 
interval [0, T*] (that is, the random variable m a x t < p  IS:( is assumed to be 
P*-integrable). Assume, in addition, that the random variable St (or equiv- 
alently, ST) admits a probability density function for every 0 < t 5 T* and 
the quadratic variation (S) of the process S is pathwise differentiable. Then 
the function 

satisfies the following version of Dupire’s PDE 

with the initial condition c(K, 0) = (So - K ) + ,  where the auxiliary function 
V(K, T) is defined as follows: 

Let us observe that if the underlying filtration IF is generated by a Brownian 
motion then, by virtue of the predictable representation theorem, the process 
(S) is necessarily absolutely continuous with respect to the Lebesgue measure. 
Let us write d(S)t = at dt for some (sufficiently regular) stochastic process 
a and let V(K, T)  = a2(K,  T)K2.  Then we obtain 

We thus conclude that the squared local volatility a2(K,  T )  is the risk-neutral 
expectation of the future squared stochastic volatility of the stock price S, 
conditioned on the event {ST = K). 

To establish (7.32)-(7.33), it suffices to mimic the proof of Proposition 
7.3.1 and to observe that under the present assumptions the following equal- 
ities are valid: 

Klebaner (2002) gives a simple example of a stochastic volatility model of 
Bachelier type in which the function V(K,T) can be computed explicitly 
(such examples are rather rare, however). The interesting problem of finding 
the local volatility model associated with a given stochastic volatility model 
was recently addressed by several researchers. 
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7.3.3 Mixture Models 

In this section, we present the so-called mixture models that can formally be 
seen as particular cases of a local volatility model. 

Let us consider a finite family Fi, i = 1 , .  . . , m of cumulative distribution 
functions (c.d.f.) on R or, more generally, on IRd. By a mixture of probability 
laws on R (on IRd) we mean the probability law associated with the c.d.f. F 
of the form F = C z l p i F i ,  where the weights pi are such that pi > 0 and 
C E n = , p i  = 1. It is clear that we may interpret F as a result of picking at 
random a c.d.f. Fi with the corresponding probability pi. A generic mixture 
model is an attempt to extend this simple procedure to the case of stochastic 
processes, rather then random variables. 

It is well known that a mixture of two or more normal densities on R yields 
a probability law with heavy tails. This observation underpins an attempt 
to reproduce the shape of the volatility smile through a judiciously chosen 
mixture of either normal or lognormal laws. Before proceeding, let us make 
a trvial observation that that a mixture of normal (respectively, lognormal) 
laws is not a normal (respectively, lognormal) law. 

Ritchey (1990), Melick and Thomas (1997), Guo (1998) were among the 
first to examine modelling of stock returns4 based on mixtures of lognormal 
laws. Formally, they constructed in this way a model with ’random’ volatility 
a, in which the level of the volatility is chosen at random at time 0 from the 
given set of volatility functions {al ,  . . . , a m )  in accordance with probabilities 
pl ,  . . . ,pm. The probabilities pl ,  . . . ,pm can thus be seen as additional pa- 
rameters appearing in the mixture model for the stock price. The main goal 
of the papers mentioned above was the static calibration of an option pricing 
model to observed market data, rather than dynamical hedging or pricing of 
exotic options. 

Let us stress that in its classical version, a mixture model is simply a fam- 
ily of reference models used to specify the one-dimensional marginal laws of 
a mixture model. Dynamical features of each reference model are used within 
each of these models to value exotic options, but they are not fully employed 
in order to uniquely specify the dynamics (equivalently, multidimensional 
marginal laws) of a mixture model. 

Before we present some results in this vein, let us comment on the ad- 
vantages and drawbacks of this method. On the positive side, it provides a 
simple and efficient method of fitting the market data. It  is not at all clear, 
however, whether a mixture model is capable of correctly addressing the issue 
of volatility risk. Piterbarg (2003b) points out that since the method does 
not specify a dynamical model of the underlying asset, it should be used 
with care for the valuation and hedging of these exotic products that exhibit 
a strong dependence on multi-dimensional laws of the underlying asset. 

The method is by no means limited to modelling of the stock price. Andersen and 
Brotherton-Ratcliffe (2001) and G9tarek (2003) applied this method to produce 
extended Libor market models with stochastic volatility. 
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To be more specific, if we consider a forward-start option or a compound 
option then, in principle, we can value such a contract in each of the refer- 
ence models (for instance, Black-Scholes models with different, but constant, 
volatilities), and subsequently specify its price in a mixture model as the 
weighted value of these prices. Such a procedure clearly neglects the random 
character of the volatility, and its impact on the future value of a contract. 
Indeed, the future value of many exotic options depends on the future value 
of the volatility, and thus such options should be priced and hedged in a 
model that is flexible enough to account for this feature. 

Within the framework of mixture models, this issue was addressed by 
Brigo and Mercurio (2001c, 2002a, 2002b) and Brigo et al. (2003), who made 
an important next step, by deriving a dynamical diffusion-type model, as- 
sociated with a fairly general mixture model. In this way, they obtained a 
diffusion-type model, that can be easily calibrated to market prices of Eu- 
ropean options. In addition, it can be used for the valuation and hedging of 
exotic (path-dependent) products. 

Mixture of lognormal models. Let us consider a family Si, i = 1 , .  . . , m 
of one-dimensional diffusion processes 

with Sh = So for every i, and let us denote by f i(., t)  the probability density 
function of the random variable S; under the martingale measure P*. We 
assume that the diffusion coefficients gi(s,t) are appropriately chosen, so 
that the SDE above admits a unique, strong solution for each i = 1,. . . , m. 

Although the method developed by Brigo and Mercurio is fairly general, 
and thus covers various probability distributions, for concreteness, we shall 
focus on the special case of a mixture of lognormal probability laws. This 
case corresponds to the choice gi(s, t)  = ai( t)s  for a deterministic function 
ui defined on the time interval [0, TI. 

In this case, for any t > 0 the probability density function f i(s) ,  s > 0, 
of the random variable Si is given by the following well-known expression: 

1 1 S 1 2 
f y s ,  t )  = -- ln - - r t  + -u:(t)) } , 

6 v v i  (t) s { 2 4 t )  ( s;, 2 

where we set t 
2 vi (t) = 0: (u) du. 

The goal is to find a diffusion coefficient 5(s, t)  such that the process S, which 
is a (unique, strong) solution to the SDE 

has the following property: there exists a family pi, i = 1,. . . , m of strictly 
positive constants, such that C z ~ p i  = 1 and for any t E [0, TI we have 
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where f (., t )  is the probability density function of the random variable St 
under the martingale measure P*. The following result is due to Brigo and 
Mercurio (2001~). As becomes apparent from the proof, their method can be 
seen as an extension of Dupire’s approach. 

Proposition 7.3.2. Assume that the weights p l ,  . . . , pm are given and r = 0. 
Let the function 5(s1 t )  satisfy 

If the diffusion coefficient S(s,  t )  defined in this way is suficiently regular to 
guarantee the existence and uniqueness of a strong solution S to (7.35), then 
the probability density function of St satisfies (7.36) for every t E [0, TI. 

Proof. Let us sketch the proof. For any maturity T > 0 and strike K > 0, 
we define 

c;(T, K )  = (B,~(s$ - K)+) ,  
where the process Si satisfies (7.34) with Sh = So. Proceeding along similar 
lines to the proof of Proposition 7.3.1, we obtain 

c;(T, KerT) = (S,' - K)+ + - f;(K, t)g?(ertK, t )  dt, : JoT 
where f t ( . , t )  is the probability density function of S:* = e-rtSf. Let for 
every T and K 

Co(T, K )  = B o I E a * ( ~ , l ( ~ T  - K)+) ,  
where S is given by (7.35). We have 

Co(Tl KerT) = (S,' - K)+ + f * ( K ,  t)K2a2(ertK, t )  du, JoT 
where f*(., t )  is the density of S,* = eVrtSt. Equality (7.36) holds if and only 
if we have rn 

c ~ ( K ,  T )  = CPic;(~, K )  
i=l 

for every T > 0 and K > 0, or more precisely, if we have 
m T 

pi f : ( ~ ,  t)g:(eTtK, t )  dt = x 1 pi f:(K, t )  dt. 
i= 1 i=l 0 

The last equality is indeed satisfied, since we have 

Cpi f:(sl t)g?(ertsl t )  = x p i  f;(s, t)s2c2(erts, t ) .  

For r = 0, the formula above is an immediate consequence of (7.37). 0 
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7.3.4 Advantages and Drawbacks of LV Models 

From the mathematical perspective, a generic local volatility (LV) model 
is self-consistent, arbitrage-free, and it can be calibrated to perfectly fit the 
observed market smiles and skews provided, that the market is arbitrage-free. 
Indeed, under the assumptions of Proposition 7.3.1, there exist a unique LV 
model reproducing market prices of standard options. In addition, any model 
obtained through the LV method is complete, provided that a(s ,  t)  > 0. Thus, 
any contingent claim can be exactly replicated by trading in bond and stock 
and thus all derivative assets (including plain-vanilla options) are formally 
redundant. Despite these nice features, the concept of a local volatility is by 
no means an ideal tool for hedging of volatility risk. 

First, it is clear that the LV methodology hinges on an unrealistic assump- 
tion that we observe option prices at a continuum of strikes and maturities. 
Since this assumption is never satisfied in practice, the computation of the 
implied local volatility is a non-trivial mathematical issue, and the final ex- 
pression for the local volatility heavily relies on a numerical procedure at  hand 
(for examples, see, e.g., Avellaneda et al. (1997), Andersen and Brotherton- 
Ratcliffe (1997), or Carr and Madan (1998a)). Note that searching for an 
implied local volatility function is essentially equivalent to searching for an 
implied volatility surface. Indeed, although the two implied volatilities are 
conceptually different, they are linked via a one-to-one correspondence. Prac- 
tical consequences of this property for a robust specification of an implied 
volatility surface were examined by Berestycki et al. (2000, 2002, 2003). 

Second, according to the LV paradigm, given the market data for Eu- 
ropeans calls, we pretend to be able not only to uniquely specify all one- 
dimensional marginal laws, but also to recover the risk-neutral dynamics of 
the underlying asset. As a consequence, the LV methodology is based on an 
implicit belief that the values of all contingent claim, including exotic op- 
tions, are uniquely determined by market prices of standard European calls 
(or puts). This unrealistic feature may serve as an argument that the LV 
methodology is unlikely to adequately address the issue of volatility risk. Du- 
mas et al. (1998) performed empirical tests of implied volatility functions; 
they concluded that the LV approach yields rather poor hedging results. Re- 
lated numerical studies of performance of hedging strategies that are based 
on sticky-strike and sticky implied tree models are reported in Lee (2001). 
To improve pricing and hedging properties of LV method, Dupire (1996) and 
Derman and Kani (1998) proposed to introduce dynamical behavior of the 
local volatility. In this version of the LV method, the local volatility surface 
is no longer ’static’, but it is assumed to obey a stochastic process, driven 
by some additional Brownian motion. The pertinent mathematical issue is 
the derivation of the drift coefficient in the risk-neutral dynamics of the lo- 
cal volatility, by making use of the martingale property of discounted option 
prices. It appears that the dynamics of the stochastic local volatility is rather 
complicated, and thus its implementation is rather difficult (see Sect. 7.5). 
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7.4 Stochastic Volatility Models 

In a continuous-time framework, the random volatility at is usually assumed 
to obey a diffusion-type process. Let the stock price S be given as 

with the stochastic volatility a (also known as the instantaneous volatility or 
the spot volatility) satisfying 

where W and w are standard one-dimensional Brownian motions defined on 
some filtered probability space (0, IF, P), with the cross-variation satisfying 
d(W, w ) ~  = pdt for some constant p E [-I, 11. Recall that the Brownian 
motions W and w are mutually independent if and only if they are uncor- 
related - that is, when p = 0. More generally, we may assume that pt is a 
stochastic process adapted to the filtration IF generated by W and W. For a 
fixed horizon date T, a martingale measure P* for the process S; = St/Bt is 
defined as a probability measure equivalent to P on on ( 0 ,  FT) such that S* 
is a (local) martingale under P*. Under any martingale measure P*, we have 

with the spot volatility a satisfying 

for some drift coefficient iit. We shall adopt a commonly standard convention 
that 

?it = ii(at,t) = a(a t , t )  + X(at,t)b(at,t) (7.40) 
for some (sufficiently regular) function X(a, t). The presence of the additional 
term in the drift of the stochastic spot volatility a under an equivalent martin- 
gale measure is an immediate consequence of Girsanov’s theorem. A specific 
form of this term, as given above, is a matter of convenience and its choice 
is motivated by practical considerations. 

Definition 7.4.1. A generic model of the form (7.38)-(7.39) is referred to 
as a stochastic volatility model (a SV model, for short). 

Under suitable regularity conditions, a unique solution (S, a) to (non- 
linear) stochastic differential equations (7.38)-(7.39) is known to follow a two- 
dimensional diffusion process; results concerning the existence and uniqueness 
of the SDEs can be found, e.g., in Ikeda and Watanabe (1981) or Karatzas 
and Shreve (1998a). The existence of an equivalent probability measure un- 
der which the process S; = St/Bt is a martingale (as opposed to a local 
martingale) is a non-trivial issue, however, and thus it needs to be examined 
on a case-by-case basis for each particular SV model (see, e.g., Sin (1998)). 
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Stochastic volatility models of the stock price are also supported by empir- 
ical studies of stock returns. Early studies of market stock prices (reported in 
Mandelbrot (1963), Fama (1965), Praetz (1972), and Blattberg and Gonedes 
(1974)) concluded that the lognormal law is an inadequate descriptor of 
stock returns. More recent studies (see, for instance, Hsu et al. (1974) and 
Kon (1984)) have found that the mixture of Gaussian distributions better de- 
scribes the leptokurtic empirical distributions. Ball and Torous (1985) have 
empirically estimated models of returns as mixtures of continuous and jump 
processes. Empirical studies of Black (l976a), Schmalensee and Trippi (l978), 
and Christie (1982) uncovered an inverse correlation between stock returns 
and changes in volatility. This peculiar feature of stock returns supports the 
conjecture that the stock price volatility should be modelled by means of an 
autonomous stochastic process, rather then as a function of the underlying 
asset price. 

7.4.1 PDE Approach 

Generally speaking, stochastic volatility models are not complete, and thus 
a typical contingent claim (such as a European option) cannot be priced by 
arbitrage. In other words, the standard replication arguments can no longer 
be applied to most contingent claims. For this reason, the issue of valuation 
of derivative securities under market incompleteness has attracted consid- 
erable attention in recent years, and various alternative approaches to this 
problem were subsequently developed. Seen from a different perspective, the 
incompleteness of a generic SV model is reflected by the fact that the class 
of all martingale measures for the process S,* = St/Bt comprises more than 
one probability measure, and thus the necessity of specifying a single pricing 
probability arises. 

Since under (7.38)-(7.40) we deal with a two-dimensional diffusion pro- 
cess, it is possible to derive, under mild additional assumptions, the partial 
differential equation satisfied by the value function of a European contingent 
claim. For this purpose, one needs first to specify the market price of volatility 
risk X(a, t). Mathematically speaking, the market price for risk is associated 
with the Girsanov transformation of the underlying probability measure lead- 
ing to a particular martingale measure. Let us observe that pricing of contin- 
gent claims using the market price of volatility risk is not preference-free, in 
general (typically, one assumes that the representative investor is risk-averse 
and has a constant relative risk-aversion utility function). 

To illustrate the PDE approach mentioned above, assume that the dy- 
namics of two-dimensional diffusion process (S, a) under a martingale mea- 
sure are given by (7.38)-(7.40), with Brownian motions W* and w such that 
d(W*, W) = p dt for some constant p E [-I, I]. Suppose also that both pro- 
cesses, S and a, are nonnegative. Then the price function v = v(s, a, t)  of a 
European contingent claim is well known to satisfy a specific PDE (see, for 
instance, Garman (1976) or Hull and White (1976a)). 
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Since the proof of Proposition 7.4.1 is based on a straightforward appli- 
cation of the Feynman-Kac formula, it is omitted. 

Proposition 7.4.1. Consider a European contingent claim X = g(ST) that 
settles at time T .  Assume that the price of X is given by  the risk-neutral 
valuation formula under P* 

for some choice of a martingale probability lID* for the process S: = St/Bt. 
Then the pricing function v : R+ x R+ x [0, TI -+ R solves the PDE 

with the terminal condition v(s,  a, T )  = g(s) for every s E JR+ and a E R+. 

Let us stress once again that we do not claim here that IP is a unique 
martingale measure for a given model. Hence, unless volatility-based deriva- 
tives are assumed to be among primary assets, the market price of volatility 
risk needs to be exogenously specified. For some specifications of stochastic 
volatility dynamics and the market price of volatility risk, a closed-form ex- 
pression for the option’s price is available. In other cases, suitable numerical 
procedures need to be employed. Since we deal here with a multi-dimensional 
diffusion process, deterministic methods based on the discretization of the 
partial differential equation satisfied by the pricing function appear exces- 
sively time-consuming. An alternative Monte Carlo approach for stochastic 
volatility models was examined by FourniB et al. (199713). 

7.4.2 Examples of SV Models 

Various SV model are obtained by making different choices of dynamics for 
the stochastic volatility process at (or its square a:). For instance, Wiggins 
(1987) postulated the following set-up 

where the (spot) volatility process at satisfies 

while W and w are correlated Brownian motions. As a special case of dy- 
namics (7.41), he considered the mean-reverting Ornstein-Uhlenbeck process; 
more precisely, he assumed that In at satisfies 

for some constants n, v and 0. The same specification of the dynamics of In at 
was assumed also by Scott (1987, 1991) and Chesney and Scott (1989). 



258 7. Volatility Risk 

Specifications of stochastic volatility proposed by other authors include 
the following SDEs: 

dat = ~ ( v - a t ) d t + 0 d W t ,  
dat = &at (v - at)  dt + Oat dwt ,  
dat = teat dt + Bat dwt,  
dot = a t 1 ( v  - KO;) dt + 0dWt, 
da? = tc(v - a;) dt + Bat dwt.  

A non-exhaustive list of papers devoted to stochastic volatility models in- 
cludes: Johnson and Shanno (1987), Stein and Stein (1991), Hofmann et al. 
(1992), Heston (1993), Ball and Roma (1994), Heynen et al. (1994), Renault 
and Touzi (1996), F’rey (1996), Bakshi et al. (1997, 2000), F’rey and Stremme 
(l997), Romano and Touzi (l997), Scott (l997), Zhu and Avellaneda (l998), 
Sircar and Papanicolaou (1999), Fouque et al. (2000b), Lee (2001), Hagan et 
al. (2002), Sabanis (2002), Berestycki et al. (2003), and Andersen and Piter- 
barg (2004). A comprehensive survey of closed-form results for diffusion-type 
stochastic volatility models was provided by Leblanc (1996) (see also Pitman 
and Yor (1996) for related theoretical results). Let us finally mention that 
stochastic volatility models are also used in the framework of term structure 
modelling (see Sect. 11.7 and 12.7 in this regard). 

7.4.3 Hull and White Model 

It  is not possible to deal in detail with each of stochastic volatility models 
mentioned above. We shall only analyze rather briefly a few most widely 
popular, and proven to be successful in practical implementations, models. 

We start by a concise presentation of the general framework which covers, 
in particular, the classical Hull and White (1987a) model. We postulate that 
the stock price S obeys the SDE 

with the volatility a satisfying the diffusion equation 

where W and w are independent, one-dimensional standard Brownian mo- 
tions under P. In other words, the process (W, W )  follows a standard two- 
dimensional Brownian motion under the real-world probability P. We require 
that the market price of volatility risk is chosen in such a way that under a 
(non-unique) martingale measure P* we have 

and 
dat = &(at, t) dt + b(at,t) dwt, (7.43) 

for some function &(a, t) ,  where (W*, W) is a standard two-dimensional Brow- 
nian motion under P*. 
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To achieve this goal, we postulate that the market price of volatility risk 
is specified by a process X(at, t) for some function X(a, t). Of course, an equiv- 
alent change of a probability measure should also correctly modify the drift 
term in the dynamics of S .  This drift correction be done in a similar way as 
in the classical Black-Scholes model. 

Despite the fact that W* and w are assumed to be independent standard 
Brownian motions under P*, it is obvious that the processes Sand a are not 
independent under a martingale measure P*. It  is rather clear, however, that 
dynamics of the stock price S,  when conditioned on a particular sample path 
of the volatility process a, is lognormal under P*. Consequently, a stochastic 
volatility model driven by two independent Brownian motions is relatively 
easy to handle. 

Before we proceed to valuation of contingent claims, let us explain how 
to derive formally the drift coefficient in (7.43). To this end, we shall make 
use of the multidimensional version of the Girsanov theorem (see Theorem 
B.2.1 in Appendix B). 

Let us fix a finite horizon date T*. It  is straightforward to check that the 
Radon-Nikodim density of P* with respect to P on ( 0 ,  F p )  is given by the 
following expression 

where 

and 

where the processes p, a and X(at, t)  satisfy suitable technical assumptions 
ensuring that P* (0 )  = 1. We conclude that the drift term in (7.43) takes the 
following form (cf. (7.40)) 

We assume from now on that the coefficients 6(a, t)  and b(a,t) are suffi- 
ciently regular to ensure the existence and uniqueness of a strong solution to 
stochastic differential equation (7.43). It  is now possible to show that the dis- 
counted stock price is a martingale (as opposed to a local martingale) under 
any probability measure P* formally given by expression (7.44). 

Proposition 7.4.2. The process S* given by, for t E [O,T*], 

s,* = B;’s, = SO exp 

is a martingale with respect to IF under P*. 
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Proof. First, by virtue of continuity of sample paths of a, it is clear that 

Thus, the process S* is well defined and it is a local martingale under P*. 
Since, in addition, the processes W* and a are mutually independent under 
P*, we may compute the conditional expectation IEp (S: I Fu) by conditioning 
first on the enlarged a-field G = F u V a ( a ,  : u < s < t) .  Since IEp* (ST I G) = S: 
and S: is Fu-measurable, it is clear that IEp (ST I FU)  = S;, as desired. 

To examine another interesting feature of the Hull and White model, let 
us denote by A the increasing stochastic process representing the integrated 
squared volatility: 

Let us assume that P*{At > 0) = 1 for every t > 0. Then for any t E [0, T*] 
we have 

S: = B;lst = soexp (&&- :At), 

where we set 
t 

Ft = 1 dW:. 

One can show that the random variable It is independent of the filtration IFu 
generated by the volatility process a and has for any t E [0, T*] the standard 
Gaussian law N(0, l ) .  

The model given by (7.42)-(7.43) is not complete (we shall return to the 
issue of completeness of stochastic volatility models later in this section), and 
thus the standard replication argument is no longer valid. Alternative ad hoc 
solution to the option pricing problem is to choose any probability measure 
P* of the form (7.44) to play the role of the risk-neutral probability that 
will serve to the valuation of contingent claims. In particular, one may apply 
Proposition 7.4.1, if the PDE approach appears to be more computationally 
efficient than direct probabilistic calculations (or the Monte Carlo method). 

We assume from now on that the martingale measure P* has been selected, 
and we define the price of a European contingent claim X that settles at T 
using the risk-neutral valuation formula: 

Let Fs stand for the cumulative distribution function of ST under P*, so that 

where Fs lA(~Iw)  denotes the conditional cumulative distribution function 
of ST given that AT = w, and FA represents the cumulative distribution 
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function of AT under P*. The conditional cumulative distribution function 
FslA ( s I w )  has a lognormal density, specifically, dFslA(slw) = f s lA(~Iw)  ds, 
where for any fixed w > 0 and any s > 0 

We are in a position to state a result that furnishes a simple representation 
for the price of a path-independent European claim. 

Proposition 7.4.3. The price at time 0 of any contingent claim X = 
h(ST)settling at time T, satisfies 

or more explicitly 

From the proposition above, it is clear that valuation of any contingent 
claim X = h(ST) is rather straightforward, provided that we know how to 
value this claim analytically in the Black-Scholes set-up, and the cumula- 
tive distribution function FA is given explicitly. Indeed, we can then use the 
following simple recipe 

where r t S ( ~ I w )  stands for the price of X in the standard Black-Scholes 
model with the volatility parameter a = a. Put equivalently, the price 
of a path-independent contingent claim in a stochastic volatility framework 
with independent driving Brownian motions is the expected Black-Scholes 
price, where the expected value is taken over the probability distribution 
of the integrated squared volatility. For example, the price at time 0 of a 
European call option can be represented as follows 

CO(T,K) = L m e ( s O , ~ , ~ , w ) d ~ A ( w ) ,  (7.45) 

where ?(So, T, K ,  w) is the Black-Scholes pricing function of a call option, 
expressed in terms of the stock price So, strike K and the integrated squared 
volatility in the Black-Scholes model, that is, w = a2T. It  is clear that 

E(So, T, K ,  w) = SON (dl (SO, T, K ,  w)) - ~ e - ’ ( ~ - ~ ) i V ( d 2 ( ~ ~ ,  T, K,  w)) , 
where 
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The last step in a model specification relies on a choice of ii and b in the 
dynamics (7.43) of the volatility process at.  Hull and White (1987a) concen- 
trated on the instantaneous variance vt = a; and they postulated that 

Unfortunately, even in the case of constant ji and v, a closed-form expression 
for the cumulative distribution function FA is not available. For this reason, 
Hull and White (1987a) computed the moments of the random variable AT, 
and used them to derive an approximate formula for the option price. 

As observed by Romano and Touzi (1997), the pricing formula of Propo- 
sition 7.4.3 can be extended to the case of correlated Brownian motions W* 
and W in (7.42)-(7.43). Specifically, let us assume that d(W*, w ) ~  = pt dt 
for some process pt = p(at,t)  taking values in [-I, 11. In this case the price 
at  time t of a European call option with strike K and exercise date T can be 
computed from the following representation: 

where ?(s, t, T, K,  w) is the Black-Scholes call pricing function expressed in 
terms of the integrated squared volatility w = a2(T - t) ,  and where we set 

and 

w(t, T )  = (1 - p:)a2 du. IT 
The derivation of representation (7.46) is based on similar arguments as the 
proof of Proposition 7.4.3, and thus it is left to the reader. 

Using the pricing formula (7.46) it is possible to show (see Romano and 
Touzi (1997)) that the arbitrage price of a call (or put) option is a strictly 
convex function of the current level of the stock price. This property proves to 
be important if we wish to complete a stochastic volatility model by formally 
postulating that a particular option is among primary traded assets. 

Renault and Touzi (1996) observed that a generic stochastic volatility 
model yields a smile effect in the shape of the implied volatility. Specifically, 
they proved that when the Brownian motions driving a stock and its volatility 
are independent then, under mild technical conditions, the implied volatility 
is locally convex around the minimum that corresponds to the forward price 
of the stock. The original proof of this result was later simplified by Sircar 
and Papanicolaou (1999), who also dealt with the case of correlated Brownian 
motions. Another result in this vein was recently obtained by Lee (2001). He 
showed that if the price and volatility are driven by independent Brownian 
motions then local and implied volatilities are symmetric functions of log- 
moneyness, and thus any SV model of this kind yields a symmetric smile. 
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Sircar and Papanicolaou (1999) and Fouque et al. (2000a, 2000b) examine 
the asymptotic expansion of implied volatility under slowly-varying stochastic 
volatility. Lee (2001) applies various asymptotic expansions to assess the bias 
in option pricing and hedging strategies under stochastic volatility. 

Let us return to the issue of the model incompleteness. It  is generally 
agreed that the real-world markets are incomplete. Clearly, in the case of 
the complete securities market, options (and other derivative securities) are 
redundant. Hence, strictly speaking, trading in derivatives has no economic 
justification in such a model. As was pointed out above, to value contingent 
claims in an incomplete stochastic volatility model, it is necessary and suf- 
ficient to specify the market price for volatility risk. Alternatively, as shown 
by Bajeux-Besnainou and Rochet (1996) and Romano and Touzi (1997), it is 
possible to complete a stochastic volatility model by enlarging the class of pri- 
mary traded assets. Usually, this is done by postulating that some derivatives 
(for instance, a finite family of plain-vanilla options) are liquidly traded. Davis 
(2004a) develops a complete stochastic volatility model based on a finite fam- 
ily of traded options. Hobson and Rogers (1998) take a different approach: 
they produce an example of a complete stochastic volatility model, driven 
by a single Brownian motion, in which the stochastic volatility is defined in 
terms of weighted moments of historic log-price. 

7.4.4 Heston's Model 

A widely popular stochastic volatility model, proposed by Heston (1993), 
assumes that the asset price S satisfies 

dSt = St (pt dt + f i )dWt (7.47) 

with the instantaneous variance v governed by the SDE 

dvt = R(i/ - vt) dt + r l ~ v t d ~ t ,  (7.48) 

where W and w are standard one-dimensional Brownian motions defined on 
a filtered probability space (R, F, P), with the cross-variation (W, w ) ~  = pt 
for some constant p E [-I, 11. In this case, it is more convenient to express 
the pricing function v and the market price of volatility risk X in terms of 
variables (s, v, t),  rather than (s, a , t ) .  We now make a judicious choice of 
the market price of volatility risk; specifically, we set X(vt,t) = a f i  for 
some constant a such that a 7  # R. Hence, under a martingale measure P*, 
equations (7.47)-(7.47) become 

and 
dvt = rc(C - vt) dt + r l f i d ~ t ,  (7.50) 

where we set 
rc = k2(R - aq)-’, 3 = DR(R - a7)- 1 
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and where W* and w are standard one-dimensional Brownian motions such 
that d(W*, w ) ~  = pdt. It is now easily seen that the pricing PDE in Heston’s 
model has the following form: 

with the terminal condition v(s, v, T )  = g(s) for every s E R+ and v E R+. We 
take here for granted the existence and uniqueness of (nonnegative) solutions 
S and v to Heston’s SDE. It  is common to assume that 2 ~ f i  > a2 so that the 
solution v is strictly positive if vo > 0. Let us note that (7.50) has exactly 
the same form as the Cox-Ingersoll-Ross equation for the short-term rate (see 
Sect. 10.1 and 10.3). 

In order to value a European call option, we shall first simplify the PDE 
at  hand. To this end, let us introduce a new variable: x = ln(F/K), where 
F = s/B(t ,T).  In other words, we consider the log-moneyness of an option 
in terms of the forward price of the underlying asset. Also, we shall focus on 
the forward price of an option, so that the pricing function is f = v/B(t, T). 
Straightforward calculations show that the function f = f (x, v, t)  satisfies 
the following PDE 

As in Duffie et al. (2000), we search for a solution in the form 

After substituting the proposed equation to (7.51), we obtain 

where 
a = ~ f i ,  b j  = K - jpq 

and the terminal condition becomes: f j (x,  v, T )  = 1 if x > 0 and 0 otherwise. 
To complete a solution of the option valuation problem, it is convenient to 
use the Fourier transform technique. Before stating the final result, we need 
to introduce an auxiliary notation: 

and 

As a final result, we obtain the following formula (see Heston (1993)) 

where we set T = T - t. 



7.4 Stochastic Volatility Models 265 

Moreover, we set 

where in turn gj(k) = r;(k)/r{(k). The integration of the real-valued func- 
tion appearing in the formula for f j  can be done by standard numerical 
methods. As was mentioned in Sect. 7.1.10, Kruse (2003) and Lucic (2004) 
examined the valuation of forward-start options within the framework of He- 
ston’s model. 

From Lewis (2001), it is possible to derive the level, slope and curvature 
of at-the-money forward (ATMF) implied volatility from the parameters of 
Heston’s model. It  appears that they are, respectively, 

4dv’y 4 ~ 7  27 

where rc' = K - pq/2, K’U’ = KD and y = J4~12 + q2(1 - p)2 - 26’. 
Furthermore, Gatheral et al. (2000) found the asymptotics of the far-from- 

the-money implied volatility for Heston’s model. Finally, using the results of 
Lee (2004a) (see Sect. 7.1.6), it is possible to find the asymptotes of the 
square of the implied volatility, specifically, 

as T tends to infinity, where 

V ( W )  = lim (ag(x))’, 
2'00 

v(-oo) = lim (ag(x))’. 
2'-00 

7.4.5 SABR Model 

In a recent paper by Hagan et al. (2002) (see also Hagan and Woodward 
(1999a) for related research), the authors examine the issue of dynamics of 
the implied volatility smile. They argue that any model based on the local 
volatility function incorrectly predicts the future behavior of the smile: when 
the price of the underlying decreases, LV models predict that the smile shifts 
to higher prices. Similarly, an increase of the price results in a shift of the 
smile to lower prices. It  was observed that the market behavior of the smile 
is precisely the opposite. Thus, the local volatility model has an inherent 
flaw of predicting the wrong dynamics of the Black-Scholes implied volatility. 
Consequently, hedging strategies based on such a model may be worse than 
the hedging strategies evaluated for the ’naive’ model with constant volatility 
- that is, Black-Scholes or Black’s models. 
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A challenging issue is to identify a class of models that has the following 
essential features: a model should be easily and effectively calibrated and it 
should correctly capture the dynamics of the implied volatility smile. 

A particular model proposed and analyzed by Hagan et al. (2002) is speci- 
fied as follows: under the martingale measure P* the forward price is assumed 
to obey the SDE 

dFt = &F! dW,*, (7.53) 

where 
d& = V& d ~ t  , &O = a ,  (7.54) 

where W* and w are Brownian motions with respect to a common filtration 
IF, with a constant correlation coefficient p. The model given by (7.53)-(7.54) 
is termed the SABR modeL5 Of course, it can be seen as a natural extension 
of the classical CEV model, proposed by Cox (1975). 

The model can be accurately fitted to the observed implied volatility curve 
for a single maturity T.  A more complicated version of the model is needed 
if we wish to fit volatility smiles at several different maturities. 

More importantly, the model seems to predict the correct dynamics of the 
implied volatility skews (as opposed to the CEV model or any model based on 
the concept of a local volatility function). To support this claim, Hagan et al. 
(2002) derive and study the approximate formulas for the implied Black and 
Bachelier volatilities in the SABR model. It appears that the Black implied 
volatility in this model can be represented as follows: 

ppau 
+ 

(2 - 3 p 2 ) ~ 2  + 
24(FoK)fi ~ ( F ~ K ) & / ~  24 ] T } ,  

where we write p = 1 - p, 

and 

In the case of at-the-money option, the formula above reduces to 

The acronym SABR refers, presumably, to the commonly used notation for the 
model’s parameters: stochastic-app model. 
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7.5 Dynamical Models of Volatility Surfaces 

Let us recall that a local volatility (LV) model by construction yields ex- 
act prices of European options, but the prices of most other options, in- 
cluding many options with path- and volatility-dependent payoffs, are only 
approximate. Indeed, exact prices for most contingent claim depend on the 
full stochastic behavior of (unobserved and possibly autonomous) stochas- 
tic volatility process, while an LV model implicitly postulates that the spot 
volatility satisfies at = a(St ,  t ) ,  so that it is fully specified by the static local 
volatility surface and the dynamics of the stock price. 

To resolve the inherent shortcomings of the LV approach that were men- 
tioned above, it is natural to allow for stochastic evolution of the local volatil- 
ity surface, thus defining a dynamical model of the local volatility surface. As 
was mentioned already, Dupire (1996) and Derman and Kani (1998) proposed 
an extension of the LV methodology from a static local volatility surface to a 
fully dynamical framework. To emphasize the restrictive character of finan- 
cial models based on the concept of a static local volatility, Derman and Kani 
(1998) attribute to the LV approach the name of effective theory of volatility. 
They argue that the (static) local volatility can be seen as a counterpart of 
the concept of a static yield curve in term structure modelling. 

7.5.1 Dynamics of the Local Volatility Surface 

Neuberger (1990b) observed that if we apply a standard delta-hedging strat- 
egy to a contract that pays the logarithm of the price of the underlying asset 
(such a contract is termed the log-price), then the hedging error accumulates 
to the difference between the realized variance and the fixed variance used 
for hedging. Starting from this observation, Dupire (1996) introduced the 
concept of a forward variance, which is a quantity associated with a calendar 
spread of two log-price contracts. He then directly modelled the evolution of 
the term structure of forward variances, by proceeding along similar lines to 
the Heath et al. (1992a) approach to modelling of the term structure of inter- 
est rates (for the latter approach, see Chap. 11). In this way, he constructed a 
stochastic volatility model in which an exogenous specification of the market 
price of volatility risk is not required. 

In an independent study by Derman and Kani (1998), the authors devel- 
oped a dynamical model of a local volatility surface. Using the martingale 
property of discounted option prices, they derived the no-arbitrage drift re- 
striction on the forward local volatility surface. Since this condition is rather 
involved, it is not reported here. Let us only mention that practical applica- 
tions of their ideas are based on simulated stochastic implied trees in which 
the level of the underlying asset and the local volatility, as reflected by transi- 
tion probabilities, change in a simulation step (see Derman and Kani (1998)). 
In a related paper, Carr and Madan (199813) analyze the consequences of 
stochastic local volatility on volatility trading. 
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7.5.2 Dynamics of the Implied Volatility Surface 

A closely related, but slightly more straightforward, approach to stochastic 
volatility modelling was initiated by Schonbucher (1999). His idea was to 
directly prescribe the stochastic development of the implied Black-Scholes 
volatility for a given family of plain-vanilla options with different strikes and 
maturities. In the first step, Schijnbucher (1999) focused on arbitrage-free 
dynamics of the (model-based) stochastic implied volatility (SIV) bt(T, K )  
for a finite collection of maturity dates and strikes. Subsequently, he has also 
examined the case of a continuum of strikes and maturities. 

Formally, the Black-Scholes stochastic implied volatility surface 8,(T, K )  
is implicitly defined through the equation 

where Ct(T, K )  is the price at time t of a call option predicted by some 
stochastic model for the price of the underlying asset S, and c stands for the 
Black-Scholes pricing function of a call option. Let us stress that T represents 
the actual maturity date of an option, as opposed to the time to maturity 
that will be denoted as T = T - t in what follows. 

Schonbucher's (1999) approach. To illustrate the main ideas underpin- 
ning Schonbucher’s approach, let us consider the special case of a fixed ma- 
turity date T and a given strike level K .  Suppose that the stock price S 
satisfies 

dSt = St ( rd t  + at dW,*), 
where W* is a Brownian motion under the martingale measure P* and at 
represents the spot volatility. We assume that under P* 

where W* and w are independent Brownian motions, and coefficients a , P  
and y are adapted stochastic processes. 

In order to correctly specify the risk-neutral drift in the dynamics (7.56) 
of the implied volatility surface, expression (7.56) is substituted into Black- 
Scholes pricing formula. Since the discounted option price necessarily follows 
a P*-martingale, using straightforward calculations based on It6’s formula 
and the Black-Scholes PDE, we obtain the following relationship 

1 at (T, K )  = - ((dt (T, K )  - ot) 2 ~ ~ ~ , ,  - c,,@(~, K) - 2% (T, K ) C ~ S ~ ~ S U )  
2% 

where c,, c,,, etc. are sensitivities of the Black-Scholes pricing function of a 
call option, and d l ,  d2 are the corresponding coefficients; note that the usual 
variables (St, T - t, K ,  r, et(T, K) )  were suppressed. The last formula can be 
further simplified, to give 

2 
at) - 

where we denote T - t by T .  
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Starting from the last equation, one can try to derive the dynamics of 
the stochastic volatility at under P*, and to study the pertinent relationships 
between the stochastic implied volatility surface &(T, K )  and the instanta- 
neous volatility at. For an informal discussion of these properties, we refer to 
the original paper by Schonbucher (1999). 

Furthermore, by considering options with different maturities, it is possi- 
ble to derive drift constraints for the forward implied volatility &t(K,T, U), 
which is given as, for any dates t 5 T < U, 

Since we do not present these results here, the interested reader may consult 
the original paper for details. 

Stochastic implied volatility. Following Schonbucher’s ideas, Brace et al. 
(2001b, 2002) focused on mathematical features of stochastic model of implied 
volatility surface. Their research emphasized the fact that not only the risk- 
neutral drift, but also the volatility of the stochastic implied volatility cannot 
be chosen arbitrarily, but should satisfy rather stringent condition. 

Brace et al. (2002) conjecture that the initial implied volatility surface and 
the volatility of the stochastic implied volatility fully specify the underlying 
stochastic volatility model, via the relationship at = bt(t,  St).  To formalize 
this conjecture, they represent the financial problem at hand as a purely 
mathematical problem, and impose suitable restrictions on the underlying 
processes. 

For fixed T and K ,  let us write Ct (T, K )  = &:(T, K )  (T - t)  for t E [0, TI. 
Without loss of generality, we may and do assume that r = 0 in what fol- 
lows. The Bachelier version of the stochastic volatility model (SIV) developed 
by Brace et al. (2001b, 2002) relies on the following standing assumptions 
(SIV.l)-(SIV.4). The first assumption is in fact the choice of convention for 
the instantaneous volatility. 

(SIV.l) Under P*, the price process S is governed by the Bachelier equation 

for some process a modelling the instantaneous absolute volatility. 

The next postulate imposes a particular form of the generic dynamics of 
the family of processes ((T, K) .  

(SIV.2) For every maturity T and strike K ,  the process C = [(T, K )  obeys 

dJt (T, K )  = mt dt + 2Ct (T, K)u: (T, K )  dwt  + 2Ct (T, K)U: (T, K )  dWt* , 
where the processes m, u1 and u2 are given as: mt = m(T, K,  St, at, &) and 
ui = ui (T, K ,  St, at, Jt ) for some regular functions m and ui, i = 1,2. At this 
stage, regularity is understood in a fairly general sense, and thus more specific 
conditions should be given in a further study of a particular SIV model. 
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The next two assumptions, (SIV.3) and (SIV.4), deal with the initial and 
terminal conditions respectively. 
(SIV.3) The initial condition is Jo(T, K )  = 8g(T, K)T,  where bo(T, K )  is 
the initial implied volatility surface. 

The initial condition co(T, K )  is said to be admissible if the associated 
volatility surface 80(T, K) is feasible in the sense that there exists a P*- 
martingale S such that eo(T, K )  represents the implied volatility surface 
associated with option prices corresponding to S. In other words, we impose 
the natural requirement that the implied volatility surface 80(T, K )  can be 
realized by some arbitrage-free model S. Although this property is essential, 
rather little is known about explicit necessary and sufficient conditions for 
this property to hold (see Sect. 7.1.6). 
Remarks. Following an earlier work by Figlewski (2002), Henderson et al. 
(2003) consider a related problem of admissible pricing functions for Euro- 
pean call options. They propose specific explicit expressions for valuation 
formulas, and check that they satisfy the necessary conditions for the no- 
arbitrage property. 
(SIV.4) The following terminal condition is satisfied: limt+r&(T, K )  = 
JT (T,  K )  = 0. 

Terminal condition of assumption (SIV.4) is called the feedback condition 
in Brace et al. (2001b, 2002). We shall see below that this terminology is 
indeed justified. Let us remark that exactly the feedback condition makes 
the problem of explicit specification of a model satisfying (SIV.l)-(SIV.4) 
more difficult that this might appear at the first glance. 

Arguing along similar lines to Schonbucher (1999), Brace et al. (2001b) de- 
rive the following generic expression for risk-neutral dynamics of < = [(T, K )  

where ut = (u i ,  u;), at = (at,  0) and Wt = (W:, w t )  is a two-dimensional 
standard Brownian motion under P*. Note that I . I stands here for the Eu- 
clidean norm in R2. AS was mentioned already, the correct specification of 
the drift is equivalent to the martingale property of the discounted option 
price under P*. 
Remarks. Suppose that we adopt the Black-Scholes convention, rather than 
the Bachelier convention, so that (7.57) is replaced by 

for some instantaneous relative volatility process a .  Then the associated pro- 
cess & = &(T, K )  can be shown to satisfy under P* (see Brace et al. (2001a)) 
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Let us return to the Bachelier formulation, as given by (SIV.l)-(SIV.4). 
In this case, any solution to (7.58) (if it exists) necessarily satisfies 

r t 

where we denote 

Consequently, in view of the terminal condition (SIV.4), by setting t = T we 

This in turn implies that for any maturity T and strike K we have that 

~ T E ~ ( T ,  K ) l t = ~  = $(T, K )  = I ~ T  + ( K  - ST)UT(T, K)I2 
Finally, by setting T = t and K = St, we get u: = 8: (t, St).  The last 
equality makes it clear why condition (SIV.4) was referred to as the feedback 
condition. Essentially, it implies that the instantaneous volatility a is specified 
endogenously as being equal to the implied volatility of the immediately 
maturing at-the-money option. 

It is not clear, however, whether for an arbitrary specification of the 
volatility process u in the dynamics (7.58) the price process S will not only 
be a martingale under P*, but will also return the initial option prices. If this 
is the case, the process u is called admissible. The choice of an admissible 
volatility process u is the most difficult issue in the present framework. 

Let us conclude these general considerations by stating the following three 
challenging (and rather difficult to solve in all generality) theoretical prob- 
lems that need to be examined in the context of modelling stochastic implied 
volatility surface: 
(a) the determination of the class of all admissible initial conditions for the 
implied volatility surface, 
(b) the determination of the class of admissible volatilities of the implied 
volatility surface, in the sense described above, 
(c) the conjecture that the initial implied volatility surface and the volatil- 
ity of stochastic implied volatility surface fully specify the dynamics of the 
underlying asset. 

Apart from theoretical studies, Brace et al. (2002) report also result of 
Monte Carlo experiments based on a particular choice of a stochastic volatil- 
ity model. As a result of these experiments, they conclude that the marginal 
distributions of the underlying asset are determined (as they should) on the 
implied volatilities only, but the joint distributions depend also on the choice 
of the volatility of the stochastic implied volatility surface. In this way, they 
partially substantiate their conjecture mentioned above. Some related theo- 
retical issues were recently addressed by Durrleman (2004). 
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7.6 Alternative Approaches 

In this section, we provide a brief overview of alternative approaches to the 
issue of stochastic volatility and the related problem of fitting a model to mar- 
ket data. These alternative approaches include various mathematical tech- 
niques permitting to construct stochastic models that are focused on at least 
one of the following modelling goals a better fit to empirical return data, a 
more realistic shapes of the implied volatility surface, or a better forecast of 
the future volatility (for the latter issue, see, e.g., Figlewski (1997)). 

7.6.1 Modelling of Asset Returns 

Let us first focus on various methodologies that are primarily directed to- 
wards forecasting the volatility of various macroeconomic variables. Models 
of this kind are tailored to reflect at least some of several well documented 
features of time series of logarithmic daily asset returns, such as: skewness 
of distributions, heavy tails (leptokurtosis), volatility clustering, or the mean 
reversion in the price and volatility and their negative correlation. 

Autoregressive models. A discretization of a diffusion-type stochastic 
volatility model may lead to an autoregressive random variance models, an 
ARV model for short. For instance, the evolution of a discrete-time, two- 
dimensional process (St,crt) may be described by the following recurrence 
relation 

and 
l n ~ t + ~  = v - K(V - lncrt) + 

where (&, vt), t E N, are independent, identically distributed random vari- 
ables with Gaussian distribution. The ARV models of asset returns were 
examined by Wiggins (1987), Chesney and Scott (1989), Melino and Turn- 
bull (1990), Duffie and Singleton (1993), and others. A related approach to 
the modelling of stochastic volatility in a discrete-time framework, is based 
on so-called ARCH or GARCH models - that is, models with the property 
of (general) autoregressive conditional heteroskedasticity. These models were 
first introduced by Engle (1982) and Bollerslev (1986) respectively. 

Engle and Ng (1993) and Duan (1995) analyze the following extended 
version of a GARCH model: the stock price S is assumed to satisfy, under 
the real-life probability P, 

where 
h t + ~  = Po + h h t  + Pzht(vt+~ - c ) ~  (7.60) 

where Do, PI and Pz are nonnegative parameters and the constant X represents 
the unit risk premium. 
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Furthermore, the random variable vt+l has, conditionally on the a-field 
Ft representing the information available at time t ,  the standard Gaussian 
distribution. Finally, the nonnegative parameter c is aimed to capture the 
negative correlation between return and volatility innovations. In the special 
case of c = 0, the model reduces to the standard GARCH model introduced 
by Bollerslev (1986). 

It follows from (7.59)-(7.60) that, when conditioned on the a-field Ft, the 
stock price has a lognormal distribution with conditional expected value 

and conditional variance 
2 ht Varp(S t+~IF t )=  (IEp(St+lIFt)) (e -1) .  

Duan (1995) develops an equilibrium approach to the valuation of contingent 
claims in this set-up, by postulating specific risk preferences of investors. 
According to his method (see also Kallsen and Taqqu (1997) for an alternative 
justification), the risk-neutral dynamics of the stock price are 

with the process h satisfying 

ht+l = Po + Plht + P2ht(&t+l - c * ) ~ ,  
where c* = c + X and the random variable ~ t + l  has, conditionally on the 
a-field Ft, the standard Gaussian distribution under P*. In principle, we are 
now in a position to use Monte Carlo simulations to value contingent claims. 
A simple lattice algorithm for pricing claims under the model described above 
was developed by Ritchken and Trevor (1997). 

It  is important to observe that GARCH models can be formally linked to 
stochastic volatility models through a limiting procedure. Specifically, most 
existing bivariate diffusion models of the stock price and its volatility can be 
obtained as limits of sequences of GARCH models (see Nelson (1990) and 
Duan (1996)). As a consequence, the lattice-based method of Ritchken and 
Trevor (1997) can also be used to value options in many existing continuous- 
time diffusion-type models of stochastic volatility. 

Empirical studies reported in Taylor (1994) support the conclusion that 
both discrete-time aforementioned methodologies lead to reasonably close 
values for option prices. Lehar et al. (2002) show, however, that although 
the GARCH model (7.59)-(7.60) dominates the Hull and White (1987) 
stochastic volatility in option pricing, there are no notable differences be- 
tween the models, when they are used for risk management. For more details 
on GARCH models, we refer to Engle and Bollerslev (1986), Nelson (1990, 
1991), Bollerslev et al. (1992), Engle and Mustafa (1992), Engle and Ng 
(1993), Duan (1995), Shephard (1996), Ritchken and Trevor (1997), Kallsen 
and Taqqu (1998) and to the monograph by Gouri6roux (1997). 
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Jump-diffusion processes. Merton (1976) proposed an extension of the 
Black-Scholes model in which the stock returns no longer obey a stochas- 
tic process with continuous sample paths, but are subject to unpredictable 
jumps. It  appears that in the case of a stock price following a jump-diffusion 
process with random jump sizes we deal with an incomplete model, in gen- 
eral, so that the exact replication of contingent claims is no longer possible. 
To solve the valuation problem, Merton (1976) therefore postulated that the 
jump risk is diversifiable, and thus the jump risk should not be rewarded. In 
other words, the market price for the jump risk should vanish. Formally, the 
dynamics of S under the martingale measure P* in Merton’s model are 

dSt = St- ((r - Xp) dt + a dW,* + d~:), 

where N U  is a pure jump process. The moments of jumps of N coincide 
with the jumps the Poisson process N with intensity A,  and the size of the 
ith jump is determined by a random variable Ui. Specifically, (Ui)i21 is a 
sequence of independent, identically distributed random variables with the 
finite expectation p = IEpUi. Hence, the jump process N U  is a marked 
Poisson process, given as 

It  is not difficult to check that the relative price S,* = St/Bt is indeed a P*- 
martingale. It  is common to assume that the jump sizes Ui are lognormally 
distributed random variables independent of the Brownian motion W* and 
the Poisson process N.  Under this set of assumptions, one may derive a 
closed-form expression for the price of a European call option. 

Unfortunately, an analysis of theoretical and practical issues related to 
modelling returns through discontinuous semimartingales would require a 
separate chapter. The interested reader is thus referred to original papers 
by, among others, Ball and Torous (1983a, 1985), Colwell and Elliott (1991), 
Amin (1993), Bardhan and Chao (1993, 1995), Mercurio and Runggaldier 
(1993), Lando (1995), Scott (1997), Zhang (1997), Jiang (1999), Kou (2002), 
and Gatheral (2003). Let us only mention that empirical studies of perfor- 
mance of alternative option pricing models done by Bakshi et al. (1997), 
Andersen and Andreasen (2000a), Duffie et al. (2000), and Cont and Tankov 
(2002) seem to indicate that that a jump-diffusion (possibly with stochastic 
volatility) model fits better the observed volatility smile than a continuous 
stochastic volatility model, especially for shorter expirations. In a recent pa- 
per by Matytsin (1999), the author argues that a good fit to the observed 
volatility smile and, more importantly, reasonable values of parameters can 
be obtained if a jump-diffusion model is combined with a stochastic volatility 
model in such a way that jumps of the stock price and jumps of its volatility 
occur simultaneously (more precisely, each jump of a stock price is accompa- 
nied by a positive jump in volatility). 
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LQvy processes. A Le'vy process is a process with right-continuous sample 
paths, which has stationary (that is, time-homogeneous), independent incre- 
ments and, by convention, starts from 0 at  time 0. An almost immediate 
important consequence of the definition of a LBvy process is the property of 
infinite divisibility of its marginal distributions. The characteristic function 
of an infinitely divisible distribution is well-known to be given by the clas- 
sical LQvy-Khintchine formula that can be found in any advanced textbook 
on probability theory. The marginal distributions of a particular LBvy pro- 
cess are therefore relatively easy to identify. Since we do not go into details 
here, for an introduction to the theory of LBvy processes and an analysis of 
financial models driven by LBvy processes, we refer to Shiryaev (1999) and 
Cont and Tankov (2003). A nice survey of LBvy processes in the context of 
financial modelling is given by Geman (2002). 

A Brownian motion is a classical example of a LBvy process. It should be 
stressed, however, that a Brownian motion with drift is the only LBvy process 
with continuous sample paths, and thus stock price given by a generic LBvy 
process has typically discontinuities. A LBvy process that does not possess 
a non-trivial Gaussian component is referred to as pure jump LQvy process. 
Such processes may have sample paths of finite variation, as opposed to LBvy 
processes with non-zero diffusion component. Some recent studies provide 
arguments in favor of pure jump LQvy processes as good models for the prices 
of all European options across all strikes and maturities at  a given moment 
of time (see, e.g., Leblanc and Yor (1998) or Carr et al. (2003a)). 

Let us also observe that stable processes, briefly mentioned in Sect. 7.1.3, 
form a subclass of LBvy processes. However, except for the special case of a 
Gaussian process, stable processes are known to have infinite variance (and 
sometimes infite expectation), which seems to be an undesirable feature for 
financial modelling. Hence, we shall focus on two other particular classes of 
LBvy processes that attracted attention of researchers in recent years. 

First, in order to account for skewness and kurtosis of market returns, 
several authors proposed to use alternative probability distributions leading 
to specific classes of LQvy models, such as the hyperbolic model or the normal 
inverse Gaussian model. Since both hyperbolic and normal inverse Gaussian 
probability distributions are known to be infinitely divisible, it is possible 
to use the corresponding Levy processes (instead of a standard Brownian 
motion) as the driving noise in the dynamics of asset returns. 

Studies of these models were done by, among others, Eberlein and Keller 
(1995), Barndorff-Nielsen et al. (1996, 2002), Barndorff-Nielsen (1997, 1998), 
Bibby and Sfirensen (1997)) Eberlein et al. (1998), Rydberg (1999), and Bing- 
ham and Kiesel (2001). Eberlein and Keller (1995) advocate the use of the 
class of generalized hyperbolic L h y  mot ions  that includes both the hyperbolic 
motion and the normal inverse Gaussian motion as special cases. We refer to 
original papers for explicit representations of characteristic functions and the 
so-called LBvy densities of the aforementioned probability distributions. 
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Another pure jump LBvy model is the CGMY model proposed by Geman 
et al. (2001a) and Carr et al. (2002a). They show that a pure jump version 
of this model yields an excellent fit to market data for the SPX index and 
reasonably well reproduces the implied volatility surface for stock index op- 
tions. Let us mention that Carr et al. (2003a) conduct a detailed theoretical 
and empirical study of stochastic volatility models driven by a LBvy process. 

From standard results of stochastic analysis, it follows that the only LBvy 
processes that have market completeness are the Brownian motion and the 
Poisson process, but not the combination of both these processes (see Jean- 
blanc and Pontier (1990)). It  is thus clear that most security market models 
driven by a LBvy are incomplete, so that the valuation of derivative securities 
becomes a non-trivial issue in this set-up (see, for instance, Buhlman et al. 
(1996) or Chan (1999)). If we take for granted that the price of a claim is 
given as the expected value under a (judiciously chosen) martingale measure, 
then the option price can be found by the general method of inverting the 
characteristic function of a given stochastic process, provided that it is explic- 
itly known (see Carr and Madan (1999), Duffie et al. (2000), Lewis (2001), 
Gatheral (2003) or Lee (2004b)). 

In regard to incompleteness of financial models driven by a LBvy pro- 
cess, let us mention that Dritschel and Protter (2000) introduced a family 
of discontinuous stochastic processes, indexed by a parameter -2 5 P 5 0, 
that are not LBvy processes since they do not have independent increments 
(except for the extreme case p = 0 corresponding to a Brownian motion), 
but are strong Markov processes under the unique martingale measure. For 
values of p close to zero, the sample paths of a process have similar features 
as sample paths of a Brownian motion, except for the fact that occasional 
jumps occur. Hence, we deal here with a parametrized family of complete 
models of the discontinuous stock price. 

Random time change. A still another way of addressing the issue of skew- 
ness and fat tails of daily asset returns is based on the notion of a subordi- 
nated stochastic process. A subordinated process is obtained from a primitive 
stochastic process by using an independent random time change process, re- 
ferred to as a subordinator (formally, a subordinator is an increasing LBvy 
process). It is thus rather clear that probability distributions corresponding 
to marginal laws of subordinated stochastic processes are closely related to 
mixtures of probability distributions (cf. Sect. 7.3.3) 

Clark (1973) was the first to  propose a subordinated lognormal process 
in order to produce a model of stock returns with heavy tails, essentially by 
mixing the underlying Gaussian probability laws with different variances. His 
ideas subsequently developed by, among others, Madan and Seneta (1990), 
Madan and Milne (1991), Eberlein and Jacod (1997), Leblanc and Yor (1996), 
and Bibby and Sprrensen (1997). In particular, Madan and Seneta (1990) 
(see also Madan and Milne (1991)) propose to use a gamma process as a 
subordinator, thus producing the class of so-called variance gamma models. 
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Lesne and Prigent (2001) justify a continuous-time subordinated model by 
considering a sequence of Cox-Ross-Rubinstein models with random number 
of time steps, given by a sequence of stochastic processes (Yn)n21. Formally, 
the random variable YT specifies the number of price changes during the 
period [O,t] in the nth discrete-time model. As expected, the random time 
change Yn is assumed to be independent of the process describing the jump 
sizes of the stock price. They show that, under suitable assumptions, the 
associated sequence (Sn)n21 converges in law to the price process S that 
satisfies St = Soef, where the log-return process Z obeys the following SDE 

where in turn W is a standard Brownian motion and Y is an increasing 
process independent of W. Hurst et al. (1997) and Lesne and Prigent (2001) 
analyze also the impact of the choice of a subordinator on option prices. 

Following the conclusions of econometric studies reported in Jones et al. 
(1994) and Ghysels et al. (1995), in recent papers by Geman and An6 (1996), 
Geman et al. (1998), and An6 and Geman (2000) the authors focus on the 
concept of business time (or transaction clock), as opposed to the calendar 
time. Essentially, the business time is here understood as a stochastic pro- 
cess determined by the cumulative number of trades realized in a given time 
period. They argue that a Brownian motion subjected to a general random 
time change (not necessarily time-homogeneous), as opposed to a subordi- 
nated process, is a better tool to model asset returns. Their approach leads 
to a model with stochastic volatility that is directly related to the business 
time process. 

7.6.2 Modelling of Volatility and Realized Variance 

In the context of stochastic volatility models, it is worth mentioning that the 
(implied or instantaneous) volatility process may also be considered as the 
"underlying asset" in derivative contracts. The valuation of volatility futures 
and volatility futures options was examined by Griinbichler and Longstaff 
(1996), who postulated that the volatility process a is governed by the fol- 
lowing stochastic differential equation, previously encountered in Heston’s 
model, 

dat = ~ ( v  - at) dt + BJatdWt. 
In this regard, it is interesting to note that some exchanges have introduced 
daily quotations of a volatility index.6 As a generic rule, the current value of 
such an index is evaluated on the basis of some kind of implied volatilities of 
a given portfolio of exchange traded options. Thus, it is based on the concept 
of the implied volatility, rather than the instantaneous (realized) volatility. 

In 1993, the Chicago Board Options Exchange has introduced the CBOE Volatil- 
ity Index (VIX). It measures market expectations of near term volatility conveyed 
by S&P 500 option prices. CBOE offers also futures and options on VIX. 
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A discussion of the importance of hedging the volatility risk through 
trading (local) volatility derivatives (such as volatility swaps7 and volatility 
gadgets) and, more generally, volatility-sensitive contracts (e.g., compound 
forward-start straddle options) can be found in Brenner and Galai (1989)) 
Whaley (1993), Kani et al. (1996), Carr and Madan (199813)) and Brenner et 
al. (2000). In a recent work by Carr and Lee (2003), the authors examine a 
robust valuation and hedging of derivatives on quadratic variation. 

Swap contracts on realized variation, defined as the sum of squared daily 
logarithmic returns, have been trading for some years, so that there is a good 
reason to develop specific models for this path-dependent random quantity. 
Heston and Nandi (2000) proposed a version of Heston’s model for pricing 
options on realized variance. In a more recent paper by Carr et al. (2003b), 
the authors focus on a direct modelling of quadratic variation of logarithmic 
asset returns. Their goal is to develop a model for the valuation of options 
on the future realized quadratic variation of asset returns (see also Dufresne 
(2001) in this regard). Let us stress that for a pure jump LBvy process the 
quadratic variation is random, as opposed to the case of a Brownian motion, 
so that processes from this class are suitable for modelling realized variance. 
Carr et al. (2003b) consider also additive processes of the type introduced 
by Sato (1991) (see also Sato (1999)) that are associated with the so-called 
self-decomposable probability distributions. 

Recall that a random variable X is self-decomposable if for every 0 < c < 1 
there exists an independent random variable YC such that the distribution of 
X and the distribution of cX + Yc coincide. A self-decomposable probability 
distribution is known to be infinitely divisible. Let us also recall that a process 
X is called y self-similar if the law of the process Xct, t E R+, is identical as 
the law of the process cYXt, t E R+ .8 

Sato (1991) showed that for every self-decomposable probability distribu- 
tion p and any constant y > 0 there exists an additive self-similar process 
X such that the distribution of the random variable XI  coincides with p. 
Carr et al. (2003b) examine in detail relevant properties of L6vy and Sato 
processes (such as: infinite activity, infinite variation, complete monotonic- 
ity) and they empirically test the CGMY model. They conclude that this 
model outperforms the corresponding subordinated process (a time-changed 
Brownian motion with drift) in pricing options on realized variance. 

For more detailed information on derivative pricing under uncertain 
and/or stochastic volatility, see Chriss (1996), Fouque et al. (2000a)) Lewis 
(2000)) Buff (2002), or Cont and Tankov (2003). Kit-Sahalia (2002,2004) and 
Kit-Sahalia and Mykland (2003, 2004) examine a related statistical issue of 
identification of a continuous-time process from discretely observed data. 

Essentially, a volatility swap pays the difference between the realized volatility 
and the fixed swap rate determined at the outset of the contract. 
A standard Brownian motion is manifestly self-similar, since for any c > 0 the 
law of the process W,t coincides with the law of the process &Wt. 
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This chapter furnishes a summary of basic results associated with continuous- 
time financial modelling. The first section deals with a continuous-time 
model, which is based on the It6 stochastic integral with respect to a semi- 
martingale. Such a model of financial market, in which the arbitrage-free 
property hinges on the chosen class of admissible trading strategies, is termed 
the standard market model hereafter. We discuss the relevance of a judicious 
choice of a numeraire asset. On a more theoretical side, we briefly comment 
on the class of results - informally referred to as a fundamental theorem of 
asset pricing - which say, roughly, that the absence of arbitrage opportunities 
is equivalent to the existence of a martingale measure. The theory developed 
in this chapter applies both to stock markets and bond markets. It  can thus 
be seen as a theoretical background to the second part of this text. 

For simplicity, we restrict ourselves to the case of processes with con- 
tinuous sample paths. Putting aside a somewhat higher level of technical 
complexity, jump-diffusion or LBvy-type models of discontinuous prices can 
be dealt with along the same lines. As was mentioned already, in a typical 
jump-diffusion model, price discontinuities are introduced through a Poisson 
component. In this regard, we refer to Cox and Ross (1975), Aase (1988), 
Madan et al. (1989), Elliott and Kopp (1990) Naik and Lee (1990), Shi- 
rakawa (1991), Ahn (1992), Mercurio and Runggaldier (1993), Cutland et al. 
(1993a), Bjork (1995), Mulinacci (1996) or Scott (1997). 

The second section deals with a particular example of a market model 
- the multidimensional Black-Scholes market. In contrast to Chap. 3 and 
6, we focus on general questions such as market completeness, rather than 
on explicit valuation of contingent claims. Since the pricing of particular 
claims such as options is not examined in detail, let us mention here that 
in a complete multidimensional Black-Scholes model with constant interest 
rate and stock price volatility matrix, it is straightforward to derive a PDE - 
analogous to the Black-Scholes PDE - which is satisfied by the price of any 
path-independent European claim. 

Let us stress that market imperfections are not intended to be the main 
topic of this book. Hence, proofs are provided only for the most important re- 
sults. A more detailed account of techniques and results related to continuous- 
time imperfect markets is given in Karatzas and Shreve (1998b). 
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8.1 Standard Market Models 

Consider a continuous-time economy with a trading interval [0, T*] for a fixed 
horizon date T* > 0. Uncertainty in the economy is modelled by means of 
a family of complete filtered probability spaces ( 0 ,  IF, P), P E P ,  where P is 
a collection of mutually equivalent probability measures on (0, &*) .  Each 
individual in the economy is characterized by a subjective probability measure 
P from P. Events in our economy are revealed over time - simultaneously to 
all individuals - according to the filtration IF = (3t)tE[0,T*l, which is assumed 
to satisfy the "usual conditions", meaning that (a) the underlying filtration 
IF is right-continuous, i.e., Ft = nn,,,FU for every t < T*; (b) 3 0  contains 
all null sets, i.e., if B c A E F0 and P{A) = 0, then B E 3 0 .  We find it 
convenient to assume that the a-field 3 0  is P-trivial (for some, and thus for 
all, P E P ) ;  that is, for every A E 3 0  either P{A) = 0 or P{A) = 1. There 
are Ic primary traded securities whose price processes are given by stochastic 
processes Z1,.  . . , Zk.  We assume that Z = (Z1, . . . , Zk)  follows a continuous, 
JRk-valued semimartingale on (0, IF, P) for some - and thus for all - P E P .  
This means that each process Zi admits a unique decomposition Zi = Zi + 
Mi + Ai, where Mi  is a continuous local martingale, and Ai is a continuous, 
adapted process of finite variation, with Mi = At = 0. For the definition 
and properties of the vector- and component-wise stochastic integrals with 
respect to a multidimensional semimartingale, we refer to Jacod (1979) and 
Protter (2003). 

8.1.1 Standard Spot Market 

We assume first that processes Z1, . . . , zk represent the spot prices of some 
traded assets. It  is convenient to assume that Zk (and thus also l /Zk)  fol- 
lows a continuous, strictly positive semimartingale. We take 2"s a bench- 
mark security; in other words, we choose Zk as the numeraire asset. Fol- 
lowing the seminal paper of Harrison and Pliska (1981) (see also Harrison 
and Kreps (1979)), we say that an EXk-valued predictable1 stochastic process 
4t = (4t1, . . . , q$), t E [0, TI, is a self-financing (spot) trading strategy over 
time interval [0, TI if the wealth process V(4), which equals 

satisfies K(4) = Vo(4) + Gt(4) for every t < T,  where Gt(4) stands for the 
gains process 

For the definition of a continuous-time predictable process, see Protter (1990) or 
Revuz and Yor (1991). Basically, predictability is a slight extension of the left- 
continuity of the sample paths of the process. In the case of the It8 integral with 
respect to continuous local martingales, it is actually enough to assume that the 
integrand is progressively measurable. 
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Observe that since Gt(q5) models the gains or losses realized up to and in- 
cluding time t ,  it is clear that we implicitly assume that the securities do not 
generate any revenue such as dividends. If the dividends of the risky security 
are paid continuously at the rate fit = (ti$, . . . , fit), then the gains process 
includes also the accumulated dividend gains and thus 

where ZF = (ts:Zt1,. . . , $2;). For convenience of exposition, we assume that 
fi = 0. 

The financial interpretation of equalities (8.1)-(8.2) is that all changes in 
the wealth of the portfolio are due to capital gains, as opposed to withdrawals 
of cash or infusions of new funds. They reflect also the fact that the market 
that is the object of our studies is implicitly assumed to be frictionless, mean- 
ing that there are no transaction costs and no restrictions on short-selling. 
Equality (8.2) assumes that the process q5 is sufficiently regular so that the 
stochastic integral in (8.2) is well-defined. The last property of q5 is also in- 
variant with respect to an equivalent change of the underlying probability 
measure. More exactly, if for some predictable process q5 the It6 stochastic 
integral in (8.2) exists under some probability measure P, then it exists also 
under any probability measure Q equivalent to P; furthermore, the integrals 
evaluated under P and Q coincide (see Theorem IV.25 in Protter (2003)); 
that is t 

P - l  & . d Z , = Q -  q5,.dZU, V ~ E  [O,T]. I' 
To avoid technicalities, we assume throughout, unless otherwise specified12 
that the trading process 4 is locally bounded. Let us comment briefly on the 
implications of this assumption. First, if Z is a P-local martingale, then the 
integral 

is known (see Theorem IV.29 in Protter (2003)) to follow a P-local martingale 
(in general, the It8 integral of a predictable process with respect to a local 
martingale is not necessarily a local martingale). Second, if q5 is a locally 
bounded process, then the It6 stochastic integral in (8.2) is component-wise; 
that is 

k 

l t q 5 u . d Z u = ~ i 5 ~ d Z ~ ,  VtE[O,T].  
i= l  

This restriction becomes inconvenient when the concept of completeness of a 
market model is examined. 
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We denote by QT the class of all self-financing spot trading strategies over 
the time interval [0, TI. Similarly, @ = UT<T*@T - stands for the class of all 
self-financing trading strategies. 

Definition 8.1.1. A strategy $ E @T is called an arbitrage opportunity if 
the wealth process V($) satisfies, for some (hence for all) P E P, the following 
set of conditions 

Arbitrage opportunities represent the limitless creation of wealth through 
risk-free profit and thus they should not exist in a well-functioning market 
(in practice, they should disappear rapidly). In the case of a continuous-time 
model, the class @ of all self-financing strategies is usually too large; that 
is, arbitrage opportunities are not ruled out a priori from @. Put another 
way, the "natural" market modcl M = (2 ,  @) is not well suited to the pur- 
pose of arbitrage pricing. To circumvent this drawback, for any T 5 T*, it is 
necessary to restrict attention to a certain subclass !PT c QT, referred to as 
admissible trading strategies (the class 9~ will be defined later). Given a col- 
lection 9 = U T<T*PT of admissible trading strategies, we say that a security 
market M = ( Z , 9 )  is arbitrage-free if there are no arbitrage opportunities in 
9 .  As usual, a European contingent c laim that settles at time T is modelled 
by means of a FT-measurable random variable X .  

Definition 8.1.2. A strategy $ E PT replicates a European contingent claim 
X settling at time T if VT ($) = X. If a claim X admits at  least one replicating 
strategy $ from PT, it is said to be attainable in M and the wealth process 
V($) is referred to as the replicating process of X .  

Two following issues should be addressed. First, it is essential to  ensure 
the uniqueness of a replicating process3 for any claim attainable in M. By 
definition, a contingent claim X is uniquely replicated in M if the replicating 
process of X in M is unique, up to indistinguishability4 of stochastic pro- 
cesses. Second, we have to exclude those replicating processes that constitute 
arbitrage opportunities. As was mentioned already, to develop a theory of 
arbitrage pricing in a continuous-time setting, we need first to make a judi- 
cious choice of the class 9 of admissible trading strategies. The definition of 
admissibility hinges on the notion of a martingale measure for relative prices. 

Let Z* stand for the relative price process of primary securities when the 
price Zk is chosen as a numeraire, i.e., Z,* = Zt/Z," = (Z,’/Z,k, . . . , I ) .  For 
any trading strategy $, we denote by V*($) its relative wealth 

If the replicating process for X were not uniquely determined, it would be tempt- 
ing to search for the minimal replicating process, in a suitable sense. 
Two processes Y 1  and Y 2 ,  defined on a common probability space (L?, IF, P), are 
said to be indistinguishable if P{w E 0 I &' ( w )  = @ (w)  , )d t E [0, T ]  ) = 1. 
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For brevity, we say that a probability measure Q is equivalent to P if it is 
equivalent to some probability measure P from P ,  and thus, of course, to  any 
probability measure P from P .  

Definition 8.1.3. A probability measure P* on (0, FT* ), equivalent to PI is 
called (a) a martingale measure for Z* if Z* follows a local martingale under 
P*; (b) a martingale measure for ~ % f  the relative wealth process V* (4) of 
any strategy 4 E @ follows a local martingale under P*. 

Note that the superscript k in M~ corresponds to the choice of the kth 
security as a numeraire asset. Let us denote by P(Z*) and by p(Mk) the 
class, possibly empty, of all martingale measures for Z* and for M~ respec- 
tively. Then we have the following simple result, which shows that P(Z*)  and 
P ( M  k ,  coincide. 

Lemma 8.1.1. A probability measure P* is a martingale measure for Z* if 
and only if it is a martingale measure for Mk.  

Proof. For the inclusion P (Z*)  C P(Mk) ) ,  note that using It6’s integration 
by parts formula, we obtain 

since d&(+) = g5t . dZt. Put  differently, we have 

where G*(4) follows a local martingale under P* (recall that 4 is a locally 
bounded process). For the converse inclusion, it is enough to observe that 
buy-and-hold strategies of the form (0,.  . . , I , .  . . ,0)  belong to @. 0 

We assume from now on that the class p ( M k )  is non-empty, i.e., that 
there exists at least one martingale measure for the market model. M% For 
a fixed, but otherwise arbitrary, martingale measure P* E ?(My we find it 
convenient to introduce the class of P*-admissible trading strategies in the 
following way. 

Definition 8.1.4. A trading strategy 4 E QT is said to be P*-admissible if 
the relative gains process 

follows a martingale under P*. The class of all P*-admissible trading strategies 
from @T is denoted by @&(IP). We write djk(P*) = UT<T*@&(P*). - 
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We denote by Mk(P*) the spot market model (Z,@k(P*)), We say that a 
contingent claim X is attainable in M~((P*) if X is @"IF’*)-attainable. Under 
our hypotheses, if a strategy $ is P*-admissible, then the process G* given by 
(8.4) follows a local martingale under any martingale measure for M k .  If we 
relax the assumption that the trading strategy is locally bounded, then G* is 
not necessarily a local martingale under a probability measure Q equivalent 
to P*. 

Proposition 8.1.1. For any martingale measure P* E p(Mk)), the spot 
market model Mk(P*) is arbitrage-free. Any contingent claim X attainable 
i n  Mk(P*) admits a unique replicating process i n  @k (P*). 

Proof. To prove the first statement, it is enough to verify that the class 
@"P*) of trading strategies does not contain arbitrage opportunities. For any 
4 E cDk((P*), with Vo($) = 0, we have V* (4) = G* ($), where G* (4) follows 
a martingale under P*, with G6(4) = 0. This immediately yields equality 
IEp* (V-,) = 0. Since VT($) = z&vG($), and Z$ is a strictly positive random 
variable P*-a.s., it is easily seen that if Vo($) = 0 and P*{VT 2 0) = 1 
then P*{VT($) = 0) = 1. The absence of arbitrage opportunities in @"(P*) 
thus follows immediately from the equivalence of P* and P .  For the second 
assertion, note that if the uniqueness of a replicating process were violated, 
it would be possible to construct an arbitrage opportunity along similar lines 
to the proof of Proposition 2.6.1, by investing in the kth asset (note that the 
relative price of this asset is manifestly a P*-martingale). 0 

Let X be a European contingent claim attainable in Mk(P*). The wealth 
process V(4) of any P*-admissible trading strategy which replicates X is 
called the arbitrage price of X i n  Mk(P*). We denote it by .irk(X I P*). For any 
claim X (not necessarily attainable in M~(P*) ) ,  we introduce the following 
definition. 

Definition 8.1.5. Let X be a European contingent claim settling at time 
T such that the random variable X / Z ~  is P*-integrable. The expected value 
process of X relative to Zk under P* is defined by setting 

The next result shows that the arbitrage price of any contingent claim 
agrees with the associated expected value process. 

Proposition 8.1.2. For any European contingent claim X that settles at 
time T and is attainable i n  M(P*),  we have 

.irf(X I P*) = U ~ ( X  I IF), V t  E [0, TI. (8.5) 

Proof. Let us define the relative price of X by setting 

7+* (X I P*) kf *f (X I P*)/z,~. 
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For any replicating strategy 4 E G ~ ( P * ) ,  we have 

n:’* (X I P*) = V,* (4) = IE p* (x/z$ I 3 t )  , 
since V; (4 )  = x/z$. In particular, it is clear that the random variable X/Z$ 
is IP-integrable. Combining (8.6) with (8.7), we get (8.5). 0 

An apparent drawback of Definition 8.1.4 is the dependence of the class 
of admissible trading strategies on the choice of a martingale m e a ~ u r e . ~  To 
circumvent this deficiency, we might postulate that a self-financing strategy 
is admissible if it belongs to the class Q~(P*)  for some P* E P ( M k ) .  For this 
choice of the class of admissible trading strategies, the spot market model 
is manifestly arbitrage-free. However, it would be unsatisfactory to have two 
distinct arbitrage prices for an attainable claim. We therefore need to show 
that for any two martingale measures, PT and Pa say, the arbitrage prices 
r k ( X  I PT) and n k ( X  I P;) agree. Since this problem is rather difficult to  han- 
dle without additional assumptions, we shall restrict ourselves from now on 
to strategies whose wealth, expressed in units of the kth asset, is bounded 
from below by a constant (this idea goes back at  least to Dybvig and Huang 
(1988)). Intuitively, this means that the maximal leverage - whose level is 
arbitrarily large but finite - is known in advance. 

Definition 8.1.6. A strategy 4 E GT is said to be t a m e  relative t o  Zk if 
there exists m E R such that the relative wealth V*(4) = v(4) /Zk satisfies 
v ( 4 )  2 m for every t E [O,T]. 

Note that the class of tame strategies is manifestly invariant with respect 
to an equivalent change of a probability measure, however it is not invariant 
with respect to the choice of the numeraire asset. 

Definition 8.1.7. A trading strategy 4 E QT is said to be admissible relative 
t o  Zk if it is a tame strategy and is P*-admissible for some martingale measure 
P* E P ( M ~ ) ) .  We denote by @$ the class of all strategies that are admissible 
relative to Zk.  The pair Mk = (Z,@) is referred to as the standard spot 
marke t  model. 

Proposition 8.1.3. T h e  standard spot marke t  model Mk = (z,@) i s  
arbitrage-free. T h e  arbitrage price of any  contingent claim attainable in Mk 
i s  well-defined. If a European contingent claim X settling at t i m e  T is  @(Pf)- 
attainable for i = 1 , 2 ,  then  for every t E [0, TI 

o r  equivalently, 
IE P; (x/z$ l 3 t )  = Pa (x/z$ 1 34. 

As was mentioned already, the martingale property of the process of relative 
wealth is not invariant with respect to an equivalent change of a martingale 
measure, in general. 
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Proof. Under any probability measure P* from P(Mk), the relative wealth 
V*(4) of a strategy 4, admissible relative to Zk ,  follows a local martingale 
bounded from below. Hence, it is a P*-supermartingale (this property is an 
immediate consequence of Fatou’s lemma and the definition of a local mar- 
tingale); that is 

In particular, if Vo(4) = 0 then 

and thus, for any P E P, if P{VT($) > 0) = 1 then P{VT(~) > 0) = 0. 
This shows that there are no arbitrage opportunities in @!. To prove the 
second statement, consider a @/j-attainable contingent claim X that settles 
at time T. Let 4, $ E @! be two strategies such that VT(4) = VT(+) = X.  
Let 4 E @(IF’:) and $ E @(Pa). Then 

%, (4) = T;  (X I PT) = zf E pF ( x / z~  
and 

& ($) = .rrF (X I Pa) = 2," E p; (x/z$ 
On the other hand, from (8.3) we get 

rT 

where G*($) is a PT-martingale. Since G*(4) follows a supermartingale under 
Pa, we have 

and thus & (+) &(4). Interchanging the roles, we find that &(4) 5 &($) 
and thus the equality &($) = &($) is satisfied for every t < T. 0 

The common value of an arbitrage price .rrk(X I P*) is denoted .rrk(X) and 
is referred to as the arbitrage price of X in M k .  The following result shows 
that the arbitrage price in Mk equals the maximal expected value over all 
martingale measures. Furthermore, it corresponds also to the minimal cost 
of a tame replicating strategy. 

Proposition 8.1.4. Let X be a contingent claim that settles at time T and 
is attainable i n  the market model M k .  The arbitrage price of X satisfies 

where we denote by O(X) the class of all tame trading strategies that replicate 
a claim X. 
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Proof. Since a claim X is @!(IF’;)-attainable for some martingale measure 
PT E ’ P (M9,  there exists a strategy 4 E @!(IF’;) such that 

Under our assumptions, the process G*($) follows a supermartingale under 
any martingale measure P* E F’(Mk), and thus 

This ends the proof of the first equality. For the second, assume that $ is an 
arbitrary tame strategy belonging to O(X), so that 

Once again, G*($) is a supermartingale under any martingale measure P* E 
p(Mk), so that lEp*G&($) 5 0. Using (8.9), we obtain 

Since X is attainable in M" there exists a tame strategy $ and a martingale 
measure P* such that the equality holds in (8.10). This proves the second 
equality in (8.8). 0 

In view of the last result, it is tempting to conjecture that the arbitrage 
price of a bounded attainable claim satisfies, for any t E [0, TI, 

and 
T:(x) = ess inf ,$EO(X) K(4). (8.12) 

It is not at all clear, however, whether the right-hand sides of (8.11)-(8.12) 
represent stochastic processes (they are defined almost surely, for any fixed 
t). Nevertheless, it is possible to show, in some circumstances, that the right- 
hand side of (8.11) is a well-defined stochastic process, with almost all sample 
paths right-continuous and with finite left-hand limits (that is, an RCLL 
process) and equality (8.11) is valid (cf. ElKaroui and Quenez (1995)). For 
the second equality, we can show that the (relative) arbitrage price of an 
attainable claim can be characterized as the smallest supermartingale, under 
any martingale measure P* E p ( M k ) ,  that equals x/Z$ at time T. More 
precisely, if P* is a fixed, but arbitrary, martingale measure and Y is an 
arbitrary P*-supermartingale that satisfies YT = X/Z$ then for any t E [0, T] 
we obtain (for the definition of T:’*(x) see the proof of Proposition 8.1.2) 
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If a contingent claim X is P*-attainable for some martingale measure and 
the random variable X/Z$ is bounded from below by a constant, then it 
is attainable by means of a tame strategy; that is, X is attainable in M k .  
Clearly, any claim attainable in Mk is bounded from below in this sense. 

Let X be a P*-attainable contingent claim such that X/Z$ is bounded 
from below. Then, in view of (8.8), for any martingale measure Q* E p(Mk), 
we have 

EQ* (x/z$) 5 Ep* (x/z$) < CO. (8.13) 
Suppose that a claim X that is attainable in M ~ ,  is also bounded from 
above, meaning that X/Z$ < m for some m E R. Let $ be a tame replicating 
strategy for X, so that V*($) is a P*-martingale under some martingale 
measure P*. In this case, the relative wealth V*($) follows a martingale under 
any martingale measure Q* E %’(Mk). Indeed, using standard arguments, the 
process V* ($) can be shown to follow simultaneously a supermartingale and a 
submartingale under any probability measure Q* from ?(Mk) .  Consequently, 
we have equality in (8.13). This leads to the following corollary. 

Corollary 8.1.1. Let X be a contingent claim such that the random variable 
I X ~ / Z $  is bounded by a constant. Then X is P*-attainable for some P* E 
%’(Mk) if and only if X is P*-attainable for every P* E %’(Mk)). Furthermore, 
X is attainable i n  M~ i f  and only i f  the mapping P* H E p  (x/z$) from 
%’(Mk) to R is constant. 

Proof. The first assertion is clear. The "only if" clause of the second assertion 
is also evident (cf. Proposition 8.1.3). It  remains to show that the "if" clause is 
valid. To this end, we employ a result due to Jacka (1992) (for related results, 
see also Stricker (1984), Ansel and Stricker (1994) and Delbaen (1992)). It  
states6 that if X is a claim bounded from below,7 and P is a martingale 
measure such that 

then X is P*-attainable. In particular, if H is a constant mapping (with finite 
value), then X is P*-attainable for any martingale measure P*. 0 

Remarks. (a) Consider a contingent claim XA that settles at time T* and has 
the form XA = z$, nA, where A is an event from FT*. In view of Corollary 
8.1.1, the claim XA is attainable in the model M q f  and only if the mapping 
P* H Ep* (x~/z$*)  = P*(A), from %’(Mk) to R, is constant. This shows 
immediately that if the uniqueness of a martingale measure does not hold, 
then there exists an event A E FT* such that the claim XA is not attainable 
in M k .  

Since the proof relies on the duality between certain linear topological spaces of 
stochastic processes (which will not be introduced here), it is omitted. ' Actually, Jacka focuses on the case of nonnegative claims. The case of contingent 
claims that are bounded from below can be derived easily from his results. 
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(b) At first glance, Corollary 8.1.1 might also suggest that the choice of a 
martingale measure is not relevant if we wish to price a claim that is at- 
tainable in M k .  Unfortunately, this is not the case, in general; that is, the 
inequality in (8.13) can be strict. This means that there exists a contingent 
claim X,  attainable in M k ,  and such that the mapping P* H Ep* (x/z$) 
from p ( M k )  to R is not constant (for an example, see Schachermayer (1994)). 
Put  another way, there exist (unbounded) contingent claims X that are P*- 
attainable under some martingale measure P*, and are not Q*-attainable 
under a martingale measure Q*. On the other hand, the characterization of 
attainable claims given in Corollary 8.1.1 is also valid for certain classes of 
unbounded claims (cf. ElKaroui and Quenez (1995)). 
(c) Suppose that we have chosen the class of all tame strategies as the class of 
all admissible trading strategies. From the first part of the proof of Proposi- 
tion 8.1.3, it follows that such a market model is arbitrage-free. The unique- 
ness of the replicating process fails to hold, in general; that is, there exists 
an attainable contingent claim X and two tame replicating strategies $ and 
I+!I such that Vo($) # Vo($).8 To circumvent this deficiency, we may define 
the arbitrage price of X as the minimal cost of a tame replicating strategy, 
provided that there exists a tame trading strategy which realizes the min- 
imum (in this case, a claim is said to be attainable). Such an approach to 
admissibility of strategies leads to the same class of attainable claims as in 
the market model (2 ,  @), and to the same prices for all attainable claims. 
(d) Attainability of contingent claims and characterization of the arbitrage 
price for the case of the multidimensional version of the Black-Scholes model 
are examined in a number of papers; to mention a few: PagQs (1987), Karatzas 
et al. (1991) and El Karoui and Quenez (1995). For more general results in this 
vein - proved in an abstract semimartingale setting - the interested reader 
is referred to Delbaen and Schachermayer (1994, 1997a, 1997b), Kramkov 
(1996), and Follmer and Kramkov (1996). 

8.1.2 Futures Market 

Generally speaking, given an arbitrage-free model of the spot market, the 
futures price of any traded security can be, in principle, derived using no- 
arbitrage arguments. In some circumstances, however, on may find it prefer- 
able to impose conditions directly on the futures price dynamics of cer- 
tain assets. For this reason, we shall now comment on a direct construc- 
tion of an arbitrage-free model involving the futures prices of k - 1 as- 
sets and, in addition, the spot price of one traded security. Let us write 
(Z1,. . . , Zk-l) = (f l ,  . . . , f k-l) = f .  In financial interpretation, each pro- 
cess f i  is assumed to represent the futures price of a certain asset (corre- 

For instance, in the Black-Scholes framework, it is enough to take X = 0, the 
strategy 4 as in Example 3.1.1, and 11, equal to 0 identically. Note that the 
strategy 11, - 4 = -4 is not an arbitrage opportunity, since it is not a tame 
strategy. 
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sponding to the delivery date Ti 2 T*). As before, the process .Zk stands 
for the spot price of some traded security. For convenience, we assume that 
Zk and l /Zk  follow continuous, strictly positive semimartingales. In view 
of specific features of futures contracts, we need modify the definition of a 
self-financing spot trading strategy as follows. 

Definition 8.1.8. An EXk-valued predictable process 4 = (qhl,. . . , $k) is a 
self-financing futures trading strategy if the wealth process vf ($), defined as 
&f (4) = &Z,k, satisfies v , ~  (4) = vgf (4) + Gtf (4), where gains process Gf ($) 
is given by the formula 

where 4f = (@, . . . , q5k-1). We write @f to denote the class of all self- 
financing futures trading strategies. 

The arbitrage-free futures market model ~f = (2, !Pf) relies on the spec- 
ification of the class !Pf of admissible trading strategies. Of course, the con- 
cepts of a contingent claim, replicating process, arbitrage opportunity and 
an arbitrage-free market remain valid. For the reader’s convenience, we shall 
formulate the definitions of martingale measures explicitly. First, the martin- 
gale measure for f is any probability measure @' equivalent to P such that f 
follows a local martingale under p. Second, a probability measure l??, equiv- 
alent to P, is called a martingale measure for the futures market model Mf 
if, for arbitrary futures trading strategy 4 E @ f ,  the relative wealth process Rf (4 )  = v ; ~  ($)/Z,k follows a local martingale under @'. We denote by P(f) 
and p ( M f )  the class of all martingale measures for the process f and for the 
market model Mf respectively. The following result is a direct counterpart 
of Proposition 8.1.1. 

Proposition 8.1.5. Assume that for every i = 1,. . . , k - 1 we have 

(fi,  l /Zk) t  = 0, Vt E [0, T*]. (8.14) 

Then any probability measure @' from P ( f )  is a martingale measure for the 
futures market model Mf; that is, P ( f )  2 p ( M f ) .  

Proof. From It6’s formula, we have 

d(ll2,k) = - ( l / ~ , k ) ~  dz; + ( l / ~ , k ) ~  d(Zk, z ~ ) ~ ) , .  
This implies that d ( z k ,  l /Zk))  = -(z$)-~ d(Zk,  z ~ ) ~ .  An application of It6’s 
integration by parts formula yields 

dKf = (I/@) d&f + &f d(l/Z;) + d ( v f ,  l/zk)t 
= (2:)-’($f . dft + 4; d z f )  + &zf d ( l / z f )  

+ $tf . d ( f ,  l/zk)t + 4; 42" l / ~ ~ ) t  

= (1/~:)4% . dft + 4: . d(f ,  l/zk)t, 
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where 

Since by assumption the process (f i, l /Zk)  vanishes for every i,  we have 

where the process ~f follows a @’-local martingale. 0 

The Black model of the futures market assumes deterministic interest, so 
that (8.14) is trivially satisfied, and indeed we know that P( f )  = P ( M f ) .  
Condition (8.14) need not hold, in general, when the stochastic character of 
the interest rates is acknowledged. Thus, under uncertainty of interest rates, 
the property P ( f )  C p ( M f )  is not necessarily valid. 

8.1.3 Choice of a Numeraire 

For simplicity of exposition, we assume throughout this section that a con- 
tingent claim is represented by a nonnegative FT-measurable random vari- 
able. The price processes Z1,.  . . , Z k  are assumed to be continuous, strictly 
positive semimartingales, so that processes l/Z1, . . . , l/Z%lso follow con- 
tinuous semimartingales. It  is clear that any security Zi can be chosen as the 
numeraire asset;g in this way, we formally obtain not a single market model, 
but rather a finite family of standard spot market models Mi, i = 1, .  . . , k. 
A natural question that arises in this context is the dependence (or, more to 
the point, independence) of the arbitrage price on the choice of the numeraire 
asset, for a contingent claim attainable in two market models Mi and Mj, 
where i # j. 

By a positive trading strategy we mean a strategy 4 E @ such that the 
wealth V($) follows a nonnegative process. We denote by @+ the class of 
all positive strategies. The class @+ is invariant not only with respect to an 
equivalent change of probability measure, but also with respect to the choice 
of a numeraire asset. In particular, if 4 belongs to @+ then, for any fixed 
i, the relative wealth V(4)/Zi follows a nonnegative local martingale under 
any martingale measure for the process Z/Zi, since (cf. the proof of Lemma 
8.1.1) 

t 
K(W: = K(WG + mu . d(zU/z:) (8.15) 

for every t E [0, TI. In financial interpretation, equality (8.15) means that a 
self-financing trading strategy remains self-financing after the change of the 

Provided that a suitable class of admissible trading strategies is introduced, so 
that the change of numeraire does not destroy the no-arbitrage property. For an 
extensive discussion of this point, the interested reader may consult Delbean and 
Schachermayer (1995). 
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benchmark asset in which we express the prices of all other securities (such 
a property is intuitively clear). Furthermore, if a strategy 4 replicates the 
claim X that settles at time T then it replicates the claim X/Z$. Therefore, 
attainability of a given claim in a particular market model Mi hinges on the 
martingale property of the relative wealth V(4)/Zi of a replicating strategy 
under a martingale measure from the class ?(Mi). Of course, the class P ( M i )  
coincides with the collection of all martingale measures for the relative price 
process Z/Zi. Let us observe that, if the class P(Mi) is non-empty, arbitrage 
opportunities are manifestly excluded from the market model M i .  

Example 8.1.1. In the context of stochastic interest rate models, it is fre- 
quently convenient to take the price of the T-maturity zero-coupon bond 
as the numeraire asset. The market model obtained in this way is referred 
to as the T-forward market, and the corresponding martingale measure is 
called the forward measure for the date T.  Since the analysis based on the 
concept of a forward measure is presented at some length in the second part 
of this text (cf. Sect. 9.6), we prove here only a simple auxiliary result.’’ 
Let FZ, (t, T) = Z;/B(t, T) stand for the forward price of the ith asset for 
settlement at time T .  For brevity, we sometimes write F; = FZi(t,T) and 
Fz(t,  T )  = (Fi( t ,  T) ,  . . . , Fk( t ,  T)). We write v($) to denote the forward 
wealth of 3; that is %($) = Gt. Fz(t, T )  = &(4)/B(t,  T) ,  where 3 = 4 is the 
corresponding spot strategy and, as usual, K(4)  = 4t . Zt. 

Lemma 8.1.2. A trading strategy $ is a sey-financing forward strategy; that 
is, the forward wealth v(+) satisfies 

if and only if the wealth process K(4)  = qht . Zt of the spot trading strategy 
4 = 1C, satisfies 

Proof. We shall prove the "only if" clause. We need to show that 

Since l4 (+) = B(t, T)% ($), the It6 formula yields 

From (8.16), it follows that I I  = B(t, T)Gt . dFz(t, T) .  Furthermore, 

lo It deals with the special case of invariance of the class of self-financing strategies 
under the change of the numeraire asset, as discussed above. Nevertheless, for 
the reader’s convenience, we provide its proof. 
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Finally, once again by (8.16), we obtain 

where (B(., T) ,  Fz(.,  T) )  = ((B(., T), F1 (., T)), . . . , (B(., T), Fk (., T))). Since 
for a n y i = l ,  . . . ,  k 

it is clear that equality (8.17) is indeed satisfied. 0 

Let us stress that we may take the value process of any dynamic portfolio 
of primary securities as the numeraire asset, provided that it follows a strictly 
positive process (or a strictly negative process). We thus have the following 
definition. 

Definition 8.1.9. A numeraire is a strictly positive (or strictly negative) 
wealth process V($) of an arbitrary self-financing trading strategy +. 

Given such a strategy +, it is not difficult to verify that 

where 4 is an arbitrary self-financing strategy. Summarizing, we have a con- 
siderable degree of freedom in the choice of the numeraire asset. 

Proposition 8.1.6. Let the class P ( M i )  be non-empty for some i 5 k .  More 
precisely, we assume that relative prices Zj/Zi are P*-martingales for some 
P* E %’(Mi). Then: (i) for any j # i ,  if the process Zj/Zi follows a P*- 
martingale, the class P ( M j )  of martingale measures is  non-empty; (ii) for 
any trading strategy q5 E @ such that the relative wealth process V(4)/Zi fol- 
lows a strictly positive martingale under P*, there exists a martingale measure 
for the relative price process Z/V($). 

Proof. Since buy-and-hold strategies are manifestly self-financing, the first 
statement follows from the second. To prove (ii), we may in fact take an 
arbitrary strictly positive process N such that N/Zi is a P*-martingale. We 
define a measure Q* on (0, FT*) by setting 

The random variable VT* is strictly positive and IEp. (qT.) = 1 (this follows 
from the martingale property of the process N/Zi under P*).  Consequently, 
Q* is indeed a probability measure equivalent to P*. We wish to show that 
all relative price processes ZJ /N  follow (local) martingales under Q*. 
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Let us fix j ,  and assume, for simplicity, that the random variable 2$,/NT. 
is ()*-integrable. An application of the Bayes rule yields 

Using (8.18), we get 

where we have used the martingale property of Zj/Zi under P*. For Jz, we 
have J2 = (NtZj)/(NOZ:), and thus J1/ Jz = z ~ / N ~ ,  as expected. 0 

Proposition 8.1.7. Let X be a contingent claim that can be priced by ar- 
bitrage in standard market models Mi and M j .  More specij?cally, we as- 
sume that X i s  Pb-attainable and P;-attainable, where Pf E ?(Mi) and 
P; E %'(Mi). Then  for every t E [O,T] 

Proof. The proof is quite standard, and thus it is left to the reader. 0 

Example 8.1.2. To illustrate the way in which Proposition 8.1.7 can be ap- 
plied to facilitate the valuation of derivative securities, we place ourselves 
once again within the standard Black-Scholes framework. Suppose that we 
wish to price a European call option maturing at time T.  For convenience, 
as the second security we take a unit zero-coupon bond maturing at time T 
(instead of the savings account B with the price process Bt = ert). Since the 
bond pays one unit of cash at  time T,  its price process is easily seen to be 
B(t ,  T )  = e-r(T-t) = epTTBt . Formally, we have 2: = St and 2: = B(t ,  T)  
for every t E [0, TI. The option payoff admits the representation 

so that 

where and P* are the (unique) martingale measures that correspond to 
the choice of stock and bond as the numeraire respectively. Since such an 
approach was already implicitly used in the second proof of Theorem 3.1.1, 
we do not go into details. 

For further examples of applications of the change of numeraire technique, 
we refer to Geman et al. (1995). Let us only note that virtually all European 
options (including currency options, exotic options and interest rate options) 
can be priced using this method. In fact, we use it - either explicitly or 
implicitly - in many places throughout this text. 
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8.1.4 Existence of a Martingale Measure 

Let us examine the problem of the existence of a martingale measure for 
a given process Z that follows a continuous semimartingale under P. For 
more general results, the interested reader may consult Stricker (1990), Ansel 
and Stricker (1992), Christopeit and Musiela (1994), Schachermayer (1994), 
Delbaen and Schachermayer (1994, 1995b), and Rydberg (1997). 

We start by studying the form of the Radon-Nikod$m derivative pro- 
cess. Since the underlying filtration is not necessarily Brownian, the density 
process may be discontinuous, in general. Consider a real-valued RCLL semi- 
martingale U, defined on (R,IF, P),  with Uo = Uo- = 0. We denote by E(U) 
the Dole'ans exponential of U; that is, the unique solution of the SDE 

d l t  (U) = Et- (U) dUt , (8.19) 

with Eo(U) = 1. Let us define the quadratic variation of U by setting 

The solution to equation (8.19) is known explicitly, namely 

Et(U) = exp (Ut - 4 [U];) n (1 + AUU)exp(-AuU), 
u<t  

where AuU = Uu - Uu- and [UIC is the path-by-path continuous part of [U]. 
l1 Suppose that 

AtU > -1 and IEa(lT.  (U)) = 1. (8.20) 

Then E(U) follows a strictly positive, uniformly integrable martingale under 
P. In such a case, we may introduce a probability measure QU on (R,  F p ) ,  
equivalent to P,  by postulating that the Radon-Nikod$m derivative equals 

Conversely, if Q is a probability measure on (0, FT*) equivalent to  P then 
we denote by q the RCLL version of the conditional expectation 

dQ w = & P ( ~  / h), V t  E [O,T*] 

The process q follows a strictly positive, uniformly integrable martingale. 
Also, it coincides with the Doleans exponential &(U) of a local martingale U, 
which is given by the formula 

It is well known that [U]" = ( U c ) ,  where U C  is the continuous local martingale 
part of U (we refer to Protter (1990) for more details). 



296 8. Continuous-time Security Markets 

To summarize, a probability measure Q on (0, FT*) is equivalent to  the 
underlying probability measure P if and only if Q = Q for some local mar- 
tingale U, such that condition (8.20) is satisfied and Uo = Uo- = 0. Let 
Q be a probability measure equivalent to P and let Q be given by (8.21). 
Consider a continuous, real-valued P-semimartingale Z ,  with the canonical 
decomposition Z = Zo + M + A. Since M follows a continuous martingale, it 
is well known that the cross-variation (Q, M )  exists. By virtue of Girsanov’s 
theorem (cf. Theorem 111.20 in Protter (1990)), Z is a continuous semimartin- 
gale under Q,  and its canonical decomposition under Q is Z = Zo + N + B, 
where N = M - (M, U )  follows a continuous local martingale under Q, and 
B = A + (M, U )  is a continuous process of finite variation. The following 
result provides the basic criteria for the existence of a martingale measure. 

Proposition 8.1.8. Let Z be a real-valued special12 semimartingale under  
P, with the canonical decomposition Z = Zo + M +A. T h e n  a local martingale 
U, satisfying (8.20), defines a martingale measure for Z if and only if 

At + (M, U) t  = 0, V t  E [0, T*]. (8.22) 

If (8.22) holds, there exists a real-valued predictable process < satisfying 

and such that  A admits  the representation At = C, d (M),. 

Proof. The first assertion follows from Girsanov’s theorem. The second can 
be proved using the Kunita-Watanabe inequality (for the latter, see Protter 
(1990)). 0 

8.1.5 Fundamental Theorem of Asset Pricing 

Following the fundamental ideas of Arrow (1964), many authors have con- 
tributed to the development of the general equilibrium approach to asset 
pricing under uncertainty; to  mention just a few: Harrison and Kreps (1979), 
Kreps (1981), and Duffie and Huang (1985, 1986). By a first fundamental 
theorem of asset pricing, we mean a result that establishes the equivalence of 
the absence of an arbitrage opportunity in the stochastic model of financial 
market, and the existence of a martingale measure. In a discrete-time frame- 
work, such an equivalence result is established, by different methods and 
under various assumptions, in Harrison and Pliska (1981), Taqqu and Will- 
inger (1987), Dalang et al. (1990), Back and Pliska (1990), Schachermayer 
(l992), Rogers (l994), and Kabanov and Kramkov (l994a). 

l2 A semimartingale Z is special if it admits a (unique, i.e., canonical) decompo- 
sition Z = Zo + M + A, where M is a local martingale and A is a predictable 
process of finite variation. A continuous semimartingale is special. 
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In a continuous-time set-up, the first results in this direction were ob- 
tained by Stricker (1990), McBeth (1991) and Ansel and Stricker (1992). 
Subsequently, they were improved and extended in various directions by Del- 
baen (l992), Schweizer (l992b), Lakner (l993), Delbaen and Schachermayer 
(1994a, 1994b, 1995b, 1995c, 1997b), Frittelli and Lakner (1994), Jouini 
and Kallal (1995), Levental and Skorohod (1995), Klein and Schachermayer 
(1996a), Kabanov and Kramkov (1997), and Cherny (2003). 

The definition of an arbitrage opportunity can be formulated in many 
different ways; in particular, it depends essentially on the choice of topology 
on the space of random variables. We shall quote here only a result that 
deals with continuous - but possibly unbounded - processes. Let us say that 
a process Z admits a strict martingale measure if it admits a martingale 
measure P* such that Z is a martingale under P*. Note that we do not as- 
sume a priori that (relative) security prices follow semimartingales, therefore 
the It6 integration theory is not at  hand. To circumvent this difficulty, by 
a trading strategy we mean a simple predictable process (i.e., piecewise con- 
stant between predictable stopping times), so that the integral is trivially 
well-defined. Formally, a simple predictable trading strategy is a predictable 
process, which can be represented as a (finite) linear combination of stochas- 
tic processes of the form +ll I,, ,,I, where 71, 72 are stopping times, and $ is 
a FT,-measurable random variable. A simple predictable trading strategy is 
5-admissible if the relative wealth satisfies K(4) 2 -5 for every t. 

Definition 8.1.10. A price process Z satisfies NFLBR (no free lunch with 
bounded risk) if there does not exist a sequence of simple strategies {4n)n21 
and a FT*-measurable random variable X with values in R+ U {+m) such 
that VT- (4,) 2 -1, lim ,,, VT* (4,) = X and P{X > 0) > 0. 

Delbaen (1992) showed that for a bounded, continuous process, condi- 
tion NFLBR is equivalent to the existence of a strict martingale measure (in 
a discrete-time setting, this equivalence was established by Schachermayer 
(1993), without the boundedness assumption). If Z is an unbounded, contin- 
uous process, condition NFLBR implies the existence of a martingale measure 
(not necessarily strict). A slightly stronger no-arbitrage condition, referred to 
as NFLVR (no free lunch with vanishing risk), is obtained if the inequality 
VT* (4,) 2 -1 in Definition 8.1.10 is replaced by the following condition 

VT*(&) 2 4, for some sequence 5, 1 0. 

Put another way, for any sequence {4n)n>1 of simple predictable strategies 
such that 4, is &,-admissible and the sequence 5, tends to zero, we have 
VT* (4,) 4 0 (in probability) as n -+ m .  Delbaen and Schachermayer (199413) 
showed that NFLVR is equivalent to the existence of a martingale measure, 
even when the continuity assumption is relaxed (we still need to assume that 
Z is a locally bounded semimartingale). The case of unbounded processes 
was examined in Delbaen and Schachermayer (199713). 
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8.2 Multidimensional Black-Scholes Model 

In this section, the classical Black-Scholes model is extended in several direc- 
tions. First, the number of risky primary securities (stocks) can be greater 
than 1. Second, the underlying Brownian motion is assumed to be multidi- 
mensional, rather than one-dimensional. Finally, the volatility coefficient is 
no longer assumed to be constant (or deterministic). For any i = 1,. . . , k, 
the price process Zi = Si of the ith stock is modelled as an It6 process 

with SA > 0, or equivalently, 

where W = (W1,. . . , w d )  is a standard d-dimensional Brownian motion, de- 
fined on a filtered probability space ( 0 ,  IF, P). For simplicity, we assume that 
the underlying filtration IF coincides with IFW, i.e., the filtration IF is gener- 
ated by the Brownian motion W. The coefficients ai and pi follow bounded 
progressively measurable processes on the space (0, IF, P), with values in EXd 
and R respectively. A special, but important, case is obtained by postulating 
that for every i the volatility coefficient ai is represented by a fixed vector in 
JRd and the appreciation rate pi is a real number. For brevity, we write a = at 
to denote the volatility matrix - that is, the time-dependent random matrix 
[a?], whose ith row represents the volatility of the ith stock. The last primary 
security, the savings account, has the price process Zk+' = B satisfying 

for a bounded, nonnegative, progressively measurable interest rate process r .  
To ensure the absence of arbitrage opportunities, we postulate the existence 
a d-dimensional, progressively measurable process y such that the equality 

is satisfied simultaneously for every i = 1 , .  . . , k (for Lebesgue a.e. t E [0, T*], 
with probability one). Note that the marke t  price for risk y is not uniquely 
determined, in general. Indeed, the uniqueness of a solution y to (8.23) holds 
only if d 5 k and the volatility matrix a has full rank for every t E [0, T*]. For 
instance, if d = k and the volatility matrix a is non-singular (for Lebesgue 
a.e. t E [0, T*], with probability one), then13 

’Yt = = c l ( r t l  - p t ) ,  V t  E [O,T*], 

l3 Note that no specific symbol is used for the matrix product. 
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where 1 denotes the d-dimensional vector with every component equal to 
one, and pt is the vector with components p$ Given any process y satisfying 
(8.23), we introduce a measure P* on (0, Fp) by setting 

provided that the right-hand side of (8.24) is well-defined. The DolBans ex- 
ponential 

is known to follow a strictly positive supermartingale (but not necessarily a 
martingale) under P, so that the case I E p  (qT*) < 1 is not excluded a priori. 
We conclude that formula (8.24) defines a probability measure P* equivalent 
to P if and only if q follows a P-martingale. It  is thus essential to check 
whether a given process y gives rise to an associated equivalent martingale 
measure.14 We assume from now on that the class of martingale measures is 
non-empty. By virtue of Girsanov’s theorem, the process W*, which equals 

is a d-dimensional standard Brownian motion on the probability space 
(0, IF, P*). Using It8’s formula, it is easy to verify that the discounted stock 
price S;/Bt satisfies, under P*, 

d(S’t/Bt) = (S~/B,) af . dW; 

for any i = 1 , .  . . , k. This mean that the discounted prices of all stocks follow 
local martingales under P*, so that any probability measure defined by means 
of (8.23)-(8.24) is a martingale measure for our model (corresponding to the 
choice of the savings account as the numeraire). For any fixed P*, we define the 
class @(P*) of admissible trading strategies, and the class of tame strategies 
relative to B, as in Sect. 8.1. Let us emphasize, however, that we no longer 
assume that a process 4 representing a trading strategy is necessarily locally 
bounded.15 The standard market model obtained in this way is referred to 
as the multidimensional Black-Scholes market. 

Remarks. The classical multidimensional Black-Scholes model assumes that 
d = k, the constant volatility matrix a is non-singular and the appreciation 
rates pi and the continuously compounded interest rate r are constant. It  is 
easily seen that under these assumptions, the martingale measure exists and 
is unique. 

l4 For the last property to hold, it is enough (but not necessary) that y follows a 
bounded process. 

l5 In the present set-up, if the wealth process follows a (local) martingale under 
some martingale measure P* then it necessarily follows a local martingale under 
any equivalent martingale measure. 
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8.2.1 Market Completeness 

Let us now focus on the concept of market completeness. Basically, it is 
defined in much the same way as for a finite market model, except that 
certain technical restrictions are imposed on contingent claims. 

Definition 8.2.1. The multidimensional Black-Scholes model is complete if 
any P*-integrable contingent claim X that is bounded from below is attain- 
able; that is, if for any such claim X there exists an admissible trading strat- 
egy 4 E @if’ such that X = VT(4). In the opposite case, the market model 
is said to be incomplete. 

The superscript k + 1 refers to the fact that we have chosen the savings 
account as the numeraire. Recall also that, by assumption, the interest rate 
process r is nonnegative and bounded. The integrability and boundedness 
of X is therefore equivalent to the integrability and boundedness of the dis- 
counted claim X/BT. On the other hand, we do not postulate a priori that 
uniqueness of a martingale measure holds, hence the P*-integrability of X 
refers to an arbitrary martingale measure for the model. The next result 
establishes necessary and sufficient conditions for the completeness of the 
Black-Scholes market. In the general semimartingale framework, the equiv- 
alence of the uniqueness of a martingale measure and the completeness of a 
market model was conjectured and analyzed by Harrison and Pliska (1981, 
1983) (see also Muller (1989)). The case of the Brownian filtration was ex- 
amined in Jarrow and Madan (1991). Finally, Chatelain and Stricker (1994, 
1995) provided rigorous and definitive results for the case of continuous lo- 
cal martingales (see also Artzner and Heath (1995) and Pratelli (1996) for 
related results) They focus on the important distinction between the vector- 
and component-wise stochastic integrals. In the next result, we consider the 
It6 vector-wise stochastic integral. 

Proposition 8.2.1. The following are equivalent: (i) the multidimensional 
Blaclc-Scholes model is complete; (ii) inequality d 5 k holds and the volatil- 
ity matrix a has full rank for Lebesgue a.e. t E [O,T*], with probability 1; 
(iii) there exists a unique martingale measure P* for discounted stock prices 
Si/B,  2 = 1 , .  . . , k .  

Proof. We shall merely outline the proof. Let us first examine the implication 
(ii) =+ (i). Essentially, it is a consequence of the representation theorem for 
the filtration of a multidimensional Brownian motion,16 combined with the 
possibility of expressing the underlying Brownian motions W1,. . . , Wd in 
terms of stock price processes S1, .  . . , SIC. The last property is a consequence 
of postulated features of the volatility process a. 

l6 See Chap. 5 in Revuz and Yor (1991). It is important to observe that the process 
W* has predictable representation property with respect to the filtration IFW, 
since W has (this can be shown using Bayes’s formula). 



8.2 Multidimensional Black-Scholes Model 301 

For the implication (i) + (iii), it is enough to show that if non-uniqueness 
of the martingale measure occurs, then the market model is incomplete. 
Indeed, if (iii) is not satisfied, then manifestly there exist two martingale 
measures, P* and Q*, and an event A E .FT* such that EP* (nA/BT.) # 
IE ( IAIBT* ). This in turn implies that the claim X = IA that settles at  
time T* is not attainable (cf. Corollary 8.1.1), and thus the market model is 
incomplete. It  remains to check the implication (iii) J (ii). Assume, on the 
contrary, that property (ii) does not hold, and let us show that the non- 
uniqueness of the martingale measure is valid. For this purpose, it is enough 
to show that there exists a bounded progressively measurable process ;y that 
does not vanish identically, and such that (cf. (8.23)) a: . ;yt = 0, for every 
i = 1, . . . , k and for Lebesgue a.e. t E [0, T*], with probability 1. In other 
words, the values of the bounded progressively measurable process 7 belong 
to the kernel of the (random) linear mapping associated with a; that is, 
-S.t E Kerat for Lebesgue a.e. t E [O,T*], with probability 1. To exclude a 
trivial solution, we may postulate, in addition, that ;yt # 0 if Ker at # (0). 
The existence of a process 7 with desired properties can be achieved in an 
explicit way - for instance, by projecting the vector of the orthonormal basis 
in lRd on the orthogonal complement of Ker at; details are left to the reader 
(special attention should be paid to the measurability of 7) .  0 

Suppose that 5 = dl that is, the number of stocks equals the dimension 
of the Brownian motion. If we restrict our attention to the component-wise 
stochastic integral (i.e., we consider a smaller class of trading strategies), 
then (as shown by Chatelain and Stricker (1994)) to ensure the complete- 
ness of the Black-Scholes market, it is sufficient to assume, in addition, that 
the process gliaij is bounded (for every i, j ,  1 = 1 , .  . . , d), where the matrix 
Gt = [g?] = at1 is the inverse of the (non-singular) matrix a .  Chatelain 
and Stricker (1994) show that if the discounted prices follow continuous lo- 
cal martingales, then vector-wise completeness implies component-wise com- 
pleteness, provided that a suitable condition is satisfied by the coefficients of 
the decomposition of discounted prices on an orthonormal martingale basis. 

The one-dimensional Black-Scholes market model, examined in Chap. 3, 
is, of course, a special case of multidimensional market. Hence, Proposition 
8.2.1 applies also to the classical Black-Scholes market model, in which the 
martingale measure P* is well known to be unique. We conclude that the 
one-dimensional Black-Scholes market model is complete; that is, any P*- 
integrable contingent claim is P*-attainable, and thus is priced by arbitrage. 

Note that we have examined the completeness of the market model in 
which trading was restricted to primary securities. Completeness of a model 
of financial market with traded call and put options (and related topics, such 
as static hedging of derivatives) is examined by several authors; to mention 
a few: Ross (1976b), Breeden and Litzenberger (1978), Green and Jarrow 
(1987), Nachman (1989), Madan and Milne (1993), and Bajeux-Besnainou 
and Rochet (1996). 
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8.2.2 Variance-minimizing Hedging 

We shall now examine rather succinctly the mean-variance approach to the 
hedging of non-attainable claims in an incomplete market. We associate the 
generic term of mean-variance hedging with an arbitrary method for the hedg- 
ing of non-attainable contingent claims that is based on the expected value 
and variance. In a continuous-time framework, typical optimization problems 
are the following: 
(MV.l) For a fixed c E R, minimize 

over all self-financing trading strategies 4. 
(MV.2) Minimize 

over all c E JR and all self-financing trading strategies $. 
(MV.3) Minimize 

J3(4) = Varp ( X* - 1’$ds:) 
over all self-financing trading strategies 4. 
The problems above have been extensively treated, at various levels of gen- 
erality, by Duffie and Richardson (1991), Schweizer (1992a, 1994a, 1995b), 
Monat and Stricker (1993, 1995), Delbaen and Schachermayer (1996), Gou- 
rikroux et al. (1996), Pham et al. (1998), and Laurent and Pham (1997). For 
an excellent survey of ideas and results related to the mean-variance hedging, 
we refer to Schweizer (2001). 

Note that problem (MV.2) is related to the closedness, in the space L2(P) 
of FT-measurable random variables, of the following set 

In the last formula, we write H z  to denote the class of all real-valued special 
semimartingales with finite 'Hz norm, where 

and Z = Zo + M + A is the canonical decomposition of Z. If the discounted 
price S* follows a square-integrable martingale under P, then the closedness 
of the space GT of stochastic integrals is straightforward, since Itb’s integral 
defines an isometry. In the general case, the closedness of GT is examined by 
Schweizer (1994a) and Monat and Stricker (1993). 
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8.2.3 Risk-minimizing Hedging 

A different approach to the hedging of non-attainable claims, referred to as 
risk-minimizing hedging, starts by enlarging the class of trading strategies 
in order to allow for additional transfers of funds (referred to as costs). This 
method of hedging in incomplete markets, originated by Follmer and Sonder- 
mann (1986), was subsequently developed by Follmer and Schweizer (1989, 
1991) and Schweizer (1990, 1991). 

We fix a probability measure P and we assume that the canonical decom- 
position of S* under P is S* = So* + M + A .  For a given claim X ,  we consider 
the class of all replicating strategies, not necessarily self-financing, such that 
the discounted wealth process follows a real-valued semimartingale of class 
1-I;. By definition, the (discounted) cost process C($) of a strategy 4 equals17 

where V,* (4) = S: . As in a discrete-time setting, a local risk minimization 
is based on the suitably defined minimality of the cost process. Since in 
a continuous-time setting the formal definition is rather involved, we refer 
the reader to Schweizer (1991) for details. Schweizer (1991) shows also that, 
under mild technical assumptions, a replicating strategy 4* is locally risk- 
minimizing if it is mean self-financing and the cost process C($*) follows 
a square-integrable martingale strongly orthogonalla to the martingale part 
of S*. A strategy 4 is said to be mean sev-financing under P if the cost 
process C(4) follows a martingale under P. The following generalization of 
the Kunita-Watanabe decomposition, introduced by Follmer and Schweizer 
(1989, 1991), appears to be useful. 

Definition 8.2.2. We say that a square-integrable random variable X *  ad- 
mits the Follmer-Schweizer decomposition with respect to S* under P if 

where co is a real number, J is a predictable process such that the stochastic 
integral . dS: belongs to the class 1-I: and L is a square-integrable 
martingale strongly orthogonal to M under P, with Lo = 0. 

The following result, stated without proof, emphasizes the relevance of 
the Follmer-Schweizer decomposition in the present context. Basically, it says 
that a locally risk-minimizing replicating strategy is determined by the pro- 
cess J in representation (8.29). 

l7 Note that the cost process does not involve the initial cost, but only the additional 
transfers of funds (i.e., withdrawals and infusions). 

l8 Basically, two martingales are said to be strongly orthogonal if their product 
follows a martingale. 
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Proposition 8.2.2. Let X be a European claim, settling at time T ,  such 
that X *  is square-integrable under P. The following are equivalent: (i) X 
admits a locally risk-minimizing replicating strategy; and (ii) X *  admits a 
Follmer-Schweizer decomposition with respect to the stock price S* under P. 
Moreover, if (ii) holds, then there exists a locally risk-minimizing replicating 
strategy $* such that (4*)i = 9 for i = 1 , .  . . , k, where J is given by  (8.29). 
Finally, for any locally risk-minimizing strategy 4, we have 

In view of Proposition 8.2.2, it is clear that the Follmer-Schweizer decom- 
position provides a neat method of searching for the locally risk-minimizing 
strategy (as the last component of 4* can be found, in principle, using the 
mean self-financing condition). This in turn raises the issue of effectively find- 
ing the Follmer-Schweizer decomposition of a given payoff. It  appears that 
the Follmer-Schweizer decomposition under P corresponds to the Kunita- 
Watanabe decomposition under the so-called minimal martingale measure @ 
associated with P. Furthermore, if X admits the locally risk-minimizing repli- 
cating strategy 4* then the initial cost equals Vo($*) = Co($*) = IEp(X*) 
(recall that Bo = 1). More generally, the following version of the risk-neutral 
valuation formula holds 

Despite its resemblance to the standard risk-neutral valuation formula, equal- 
ity (8.30) is essentially weaker, since the right-hand side manifestly depends 
on the choice of the minimal martingale measure (through the choice of the 
actual probability P). On the other hand, when applied to an attainable con- 
tingent claim, it gives the right result - that is, the arbitrage price of X in 
the Black-Scholes market. We introduce the notion of a minimal martingale 
measure for a continuous,  valued semimartingale S*, with the canonical 
decomposition S* = So* + M + A. 

Definition 8.2.3. A martingale measure @ for S* is called a minimal mar- 
tingale measure associated with P if any local P-martingale strongly orthog- 
onal (under P) to each local martingale Mi for i = 1,. . . , k remains a local 
martingale under @. 

General results regarding the existence and uniqueness of a minimal mar- 
tingale measure can be found in Follmer and Schweizer (1991) and Ansel and 
Stricker (1992) (see also Schachermayer (1993) for an important counter- 
example, and Hofmann et al. (1992) for applications to option pricing in a 
stochastic volatility model). The last result of this section provides necessary 
and sufficient conditions for the existence of a minimal martingale measure 
in the multidimensional Black-Scholes framework. 
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Proposition 8.2.3. A minimal martingale measure @ associated with P ex- 
ists if and only i f  there exists a progressively measurable Rd-valued process ? 
such that: (i) for every i = 1 , .  . . , k 

rt - pi = ui . ?t, I @ P-a.e. on [0, T*] x 0; 

(ii) the Doldans exponential E(UT) of the process U? = J: ?u . dWu is a 
martingale under P; and (iii) with probability 1, for almost every t we have 

I yt E Im af  = (Ker at) , where a* is the transpose of a .  

The proof of Proposition 8.2.3 is omitted (see Ansel and Stricker (1992) 
and El Karoui and Quenez (1995)). Note that conditions (i)-(ii) are sufficient 
for the existence of a martingale measure, as we may define the martingale 
measure @ using formula (8.24). Condition (iii) that corresponds to the con- 
cept of minimality of @, says, essentially, that there exists a process ( such 
that % = 

In a typical example, when one starts with the complete Black-Scholes 
model and assumes that only some stocks are accessible for trading, under 
the minimal martingale measure the returns on traded stocks equal the risk- 
free rate of return, and the returns on non-traded stocks remain unchanged - 
that is, they are the same under the original probability measure P and under 
the associated minimal martingale measure @ (cf. Lamberton and Lapeyre 
(1993) and Rutkowski (1996b)). We shall now present such an example in 
some detail. 

Example 8.2.1. We place ourselves in the multidimensional Black-Scholes set- 
ting with constant coefficients, so that the price B of a risk-free bond, and 
prices Si,  i = 1, . . . , k of risky stocks satisfy 

where W follows a k-dimensional standard Brownian motion on a probability 
space (0, IF, P), the appreciation rates pi are constants, and the volatility 
coefficients oi l  i = 1, . . . , k are linearly independent vectors in R k .  We define 
the stock index process I by setting 

where wi > 0 are constants such that ~ f = ~  wi = 1. The stock index is thus 
the weighted arithmetic average of prices of all traded stocks. We consider 
a European call option written on the stock index, formally defined as the 
contingent claim CT = (IT - K)+. Assume first that r = 0 (this assumption 
will be subsequently relaxed). It is clear that under the present hypothe- 
ses, there exists the unique martingale measure P* for the multidimensional 
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Black-Scholes model. P* is determined by the unique solution y* E R%o 
the system of equations pi + ai . y* = 0, i = 1,. . . , k, through the Dolkans 
exponential a* 

- = exp (y* . WT - i J y * 1 2 ~ ) ,  P-a.s. dP 
Assume for the moment that all stocks can be used for hedging; we thus deal 
with a complete model of a security market. It is clear that the arbitrage price 
of the stock index call option in the complete Black-Scholes market equals 

where h : IW" [O, T] -+ R is a certain smooth function. Moreover, the strategy 
replicating the option satisfies 

4: = hsi(s;, . . . , s ~ , T  - t ) ,  

for i = 1, . . . , k and 4: = h(Sj, . . . , Sk, T - t )  - ~ f = ~  4:s:. The option’s 
price and the replicating strategy 4 are, of course, independent of the drift 
coefficients pZ. This follows immediately from the fact that the dynamics of 
stock prices under the martingale measure P* are 

where the process W* satisfying W,* = Wt - y*t follows a k-dimensional 
standard Brownian motion under P*. 

From now on, we assume that only some stocks, say S1, .  . . , Sm (with 
1 5 m < k) are accessible for a particular trader, whose assessment of the 
future market behavior is reflected by the subjective probability measure 
P. Such a specification is now essential, since a solution to the locally risk- 
minimization problem will depend on appreciation rates pZ, which in turn 
depend on the choice of P. Let us observe that the martingale measure for 
the m-dimensional process (S1,. . . , S" is not unique. Indeed, any solution 
y E Rk to the system of equations pZ + ai . y = 0, i = 1, .  . . , m defines a 
martingale measure P, for the process (S1,.  . . , Sm), namely, 

The minimal martingale measure @' for the process s = (S1, . . . , Sm), asso- 
ciated with P, corresponds to that vector 9 E lRk that satisfies 

where 8 stands for the matrix with rows a’, . . . , am.  Let us now examine the 
Follmer-Schweizer decomposition of the stock index process1g I with respect 
to s under the probability measure P. 

l9 Essentially, a process X t ,  t E [0, TI, admits the Follmer-Schweizer decomposition 
if representation of the form (8.29) is valid for any t E [0, TI. 
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First, observe that under P* we have 

where a’ = ~ t = ~  wiSiai. Let vmf l ,  . . . , v% Rk be any orthonormal basis in 
Ker 6. Then, we have (note that 6 represents a linear mapping 6 : R b  Rm, 
and thus 6* : Rm 4 IRk) 

where 

and II, is some Rm-valued adapted process. Consequently, under the martin- 
gale measure P* we have 

On the other hand, under the original probability measure P the dynamics 
of I are 

m 

d& = v: dWt - v: (y*)’ dt + x I/$ d ~ i ,  
i=l 

where (y*)’ E Rk stands for the orthogonal projection of y* on Ker a, that 
is, (7*)L = xr=m+l  (y* . d) vj. Concluding, under the minimal martingale 
measure @' associated with P we have 

since .j/ I vk. Similar decompositions can be established for the process 
.irt(CT) representing the option’s price. Note, however, that the knowledge of 
these representations is not sufficient to determine the locally risk-minimizing 
hedging of an option. Note that the locally risk-minimizing value of an option 
can be found from the formula 

since the dynamics of (S1, . . . , sk) under the minimal martingale measure @ 
are easily seen to be 
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To find a locally risk-minimizing replicating strategy under IF', we proceed 
as follows. First, we introduce auxiliary stochastic processes Gj,  j = m + 
1 , .  . . , k by setting 

dG1 = G; vi . d ~ t ,  G; > 0. 

It  is essential to  observe that the unique martingale measure for the k- 
dimensional semimartingale (S1, . . . , Sm, Gmfl, . . . , Gk) is easily seen to co- 
incide with the minimal martingale measure @'. The self-financing replicating 
strategy for CT, with Si,  i = 1 , .  . . , m and Gj, j = m + 1, .  . . , k playing the 
role of hedging assets, can be found by proceeding along the same lines as in 
the case of a complete market. Indeed, the arbitrage price of the option in 
this fictitious market equals 

for some function h(x1, . . . , xk, T - t). Furthermore, the self-financing repli- 
cating strategy + = (+O, $ I , .  . . , +k) equals 

for i = 1,. . . ,k ,  and 

In this way, we arrive at  the following formula 

which is the Kunita-Watanabe decomposition of CT under @' (notice that 
for every i and j the processes Si and Gj  are square-integrable martingales 
mutually orthogonal under @', since ci I d if i 5 m and j > m). We 
conclude that the process (+’, . . . , $m) represents the locally risk-minimizing 
replicating strategy of the option, associated with the original probability 
measure P. Furthermore, the corresponding cost process C(+) satisfies 

From now on, we relax the assumption that r = 0. In the general case, we 
find easily that 

= s:($ dt + ci . dwt) ,  

under the minimal martingale measure @, where jii = r for i = 1,. . . , m and 
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for i = m + 1, . . . , k. Furthermore, we now set 

Our goal is to find a quasi-explicit expression for the valuation function h. 
The first step is to evaluate the following conditional expectation 

As soon as the function g is known, to find the function h, it is sufficient to 
express processes Smf l ,  . . . , Sk in terms of Gm+l, .  . . , Gk. This can be done 
using explicit formulas that are available for all these processes. 
First step. Note that processes Si are given by the following explicit formula 

Let us denote by p the following function 

where the random variable E = (51,. . . , Ck) has the standard k-dimensional 
Gaussian probability distribution under Q. Using Proposition 2.2 in Lamber- 
ton and Lapeyre (1993) (or by direct computations), we obtain 

g(s1,. . . , sk, T - t )  = e - r ( ~ - t )  f(S1,. . . ,ik, m a 1 ,  . . . , m a k , ~ ) ,  

where 
Si = si exp - lai12)(~ - t)) 

and 

f (XI, .  . . , xk, bl,. . . , bk, K )  
k 

- - C wixi e1b7’2/2 p(wlxl b1 . bi, . . . , wkxk bk . hil bl,. . . , bkl K )  
i=l 

K ~ ( w ~ z ~ ,  . . . , wkxk, bl ,  . . . , bk,  K )  

for every x l , . . . , x ~  E R and b1 ,... , b k  � R k .  
Second step. As was mentioned already, to find the function h it is sufficient to 
express processes SmS1, . . . , sk in terms of auxiliary processes GmS1, . . . , Gk. 
Since this involves no difficulties, the second step is left to the reader. 

Remarks. It  is worth mentioning that a utility-based approach to the valu- 
ation and hedging of contingent claims under market incompleteness is not 
presented in this text. Hence, for the so-called indifference pricing of non- 
attainlable claims we refer to, for instance, Davis (1997), Henderson (2002), 
or Musiela and Zariphopoulou (2004b) and the references therein. 
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8.2.4 Market Imperfections 

Under market imperfections - such as the presence of transaction costs, dif- 
ferent lending/borrowing rates or short sales constraints - the problem of 
arbitrage pricing becomes much more involved. We shall comment briefly on 
the two most relevant techniques used in the context of the Black-Scholes 
model with imperfections, namely backward stochastic diflerential equations 
(BSDEs) and stochastic optimal control. 

Backward SDEs. Assume first that the market is perfect, but possibly in- 
complete. Let 4 be a self-financing trading strategy. Then the wealth process 
V = V(4) satisfies (cf. (5.2)) 

dl4  = rt& d t  + Ct . ((pt - rt 1) dt + at dWt) , (8.31) 

where the ith component of Ct denotes the amount of cash invested in the ith 
stock at  time t. Given a process C, we may consider (8.31) as a linear SDE, 
with one unknown process, V. It is well known that such an equation can 
be solved explicitly for any initial condition Vo (cf. Sect. 5.1). However, in 
replication of contingent claims, we are given instead the terminal condition 
VT = X .  Also, the stock portfolio C is not known a priori. It  is therefore more 
appropriate to treat (8.31) as a backward SDE, with two unknown processes, 
V and (. Observe that, at the intuitive level, the concept of a BSDE combines 
the predictable representation property with the linear (or, more generally, 
non-linear) SDE. One may thus argue that no essential gain can be achieved 
by introducing this notion within the framework of a perfect (complete or 
incomplete) market. On the other hand, there is no doubt that the notion of 
a BSDE appears to be a useful tool when dealing with market imperfections. 
To this end, one needs first to develop a theoretical background, including 
the existence and uniqueness results as well as the so-called comparison the- 
orem. A comparison theorem that basically states that solutions of BSDEs 
are ordered if the drift coefficients are, allows one to deal with a situation 
where a perfect hedging strategy is not available as a solution to a particular 
BSDE, but can be described as a limit of a monotone sequence of solutions of 
simpler BSDEs. Let us write down an example of a BSDE that arises in the 
study of imperfect markets. If the lending and borrowing rates are different, 
say Rt > rt for every t ,  then (8.31) becomes 

Note that the non-linearity in the last equation appears in the drift term only, 
but depends on both the wealth process V and the stock portfolio (. Similar 
equations arise when other kinds of market imperfections are examined. For 
further information, in particular for references to original papers, the reader 
may consult El Karoui and Quenez (1997) and El Karoui et al. (1997). 
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Stochastic optimal control. The optimal control (or dynamic program- 
ming) technique provides all the necessary tools to deal with arbitrage pric- 
ing, and indeed has already been used in some places in this text. It  should 
be acknowledged, however, that in the present text much emphasis is given 
to the modelling of perfect markets and finding explicit solutions to the val- 
uation problems. Hence, the stochastic control methodology - which is par- 
ticularly well suited for the theoretical study of market imperfections - is 
not fully exploited. For comprehensive studies of pricing contingent claims 
via optimization techniques in the multidimensional Black-Scholes market, 
we refer the interested reader to the monograph20 by Karatzas and Shreve 
(1998b) (recent literature in this vein includes also Karatzas (1989, 1996), 
Shreve (1991), and Sethi (1997)). Let us only indicate some recent papers 
in the area.21 Karatzas et al. (1991) deal with market incompleteness by 
introducing a fictitious complete market - adding some stocks, and then pe- 
nalizing, in an appropriate way, investments in these stocks (see also Karatzas 
and Xue (1991) for a similar approach). Cvitanid and Karatzas (1992, 1993) 
and Karatzas and Kou (1996, 1998) extend these studies, by considering the 
problem of super-replication of European and American contingent claims 
with constrained portfolios. A relatively concise exposition of their results 
can be found in CvitaniC (1997). A stochastic control approach to the perfect 
hedging of contingent claims in an incomplete market is also developed in 
El Karoui and Quenez (1995). 

Let us finally mention these works, in which the dynamic programming 
technique is applied to analyze continuous-time financial model under the 
presence transaction costs. Super-replication of contingent claims and the 
portfolio optimization problem for the Black-Scholes model with proportional 
transaction costs are treated in Cvitanik and Karatzas (1996), Broadie et al. 
(1996), and CvitaniC et al. (1999b). They provide, in particular, a quasi- 
explicit martingale characterization of the seller’s price of an option. Using 
slightly different techniques, Soner et al. (1995) solve explicitly a particular 
problem, namely, they show that in the Black-Scholes market with propor- 
tional transaction costs, no non-trivial super-replicating strategy for a Euro- 
pean call option exists.22 Put another way, the trivial buy-and-hold strategy 
is "optimal" and thus the seller’s price of the option equals, at any time before 
the option’s expiry date, the price of the underlying stock. It  is interesting 
to note that this specific feature of a European call option cannot be easily 
deduced from general results established in CvitaniC and Karatzas (1996). 

20 It provides also an exhaustive treatment of optimal consumption/investment 
problems under constraints, such problems are not covered by the present text. 
All papers that are mentioned in what follows deal with the continuous-time 
Black-Scholes model. The dynamic programming approach to the valuation of 
European and American claims in a discrete-time multinomial model can be 
found in Tessitore and Zabczyk (1996) and Zabczyk (1997). 

22 This result confirms the conjecture formulated in Davis and Clark (1994). For 
related results, see Barles and Soner (1998) and Levental and Skorohod (1997). 



Part I1 

Fixed-income Markets 



9. Interest Rates and Related Contracts 

By a fixed-income market we mean that sector of the global financial market 
on which various interest rate-sensitive instruments, such as bonds, swaps, 
swaptions, caps, etc. are traded. In real-world practice, several fixed-income 
markets operate; as a result, many concepts of interest rates have been devel- 
oped. There is no doubt that management of interest rate risk, by which we 
mean the control of changes in value of a stream of future cash flows resulting 
from changes in interest rates, or more specifically the pricing and hedging 
of interest rate products, is an important and complex issue. It creates a de- 
mand for mathematical models capable of covering all sorts of interest rate 
risks. Due to the somewhat peculiar way in which fixed-income securities and 
their derivatives are quoted in existing markets, theoretical term structure 
models are often easier to formulate and analyze in terms of interest rates 
that are different from the conventional market rates. In this chapter, we firsr 
give an overview of various concepts of interest rates. We also describe the 
most important financial contracts related to interest rates. Subsequently, in 
Sect. 9.5 we examine the most basic features of a generic stochastic term 
structure model driven by a Brownian motion, and we present the so-called 
forward measure technique of valuation of interest-rate derivatives. 

9.1 Zero-coupon Bonds 

Let T* > 0 be a fixed horizon date for all market activities. By a zero-coupon 
bond (a discount bond) of maturity T we mean a financial security paying to 
its holder one unit of cash at a prespecified date T in the future. This means 
that, by convention, the bond’s principal (known also as face value or nominal 
value) is one dollar. We assume throughout that bonds are default-free; that 
is, the possibility of default by the bond’s issuer is excluded. The price of 
a zero-coupon bond of maturity T at any instant t 5 T will be denoted by 
B( t ,T ) ;  it is thus obvious that B(T, T )  = 1 for any maturity date T 5 T*. 
Since there are no other payments to the holder, in practice a discount bond 
sells for less than the principal before maturity - that is, a t  a discount (hence 
its name). This is because one could carry cash at  virtually no cost, and thus 
would have no incentive to invest in a discount bond costing more than its 
face value. 
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We will usually assume that, for any fixed maturity T < T*, the bond 
price B(t ,  T) ,  t E [0, TI, is a strictly positive and adapted process on a filtered 
probability space (0, lF, P). 

9.1.1 Term Structure of Interest Rates 

Let us consider a zero-coupon bond with a fixed maturity date T 5 T*. The 
simple rate of return from holding the bond over the time interval [t, TI equals 

The equivalent rate of return, with continuous compounding, is commonly 
referred to as a (continuously compounded) yield-to-maturity on a bond. 

Definition 9.1.1. An adapted process Y (t, T) defined by the formula 

is called the yield-to-maturity on a zero-coupon bond maturing at  time T. 

The term structure of interest rates, known also as the yield curve, is 
the function that relates the yield Y(t, T )  to maturity T. It is obvious that, 
for arbitrary fixed maturity date T,  there is a one-to-one correspondence 
between the bond price process B( t ,T)  and its yield-to-maturity process 
Y (t, T). Given the yield-to-maturity process Y(t, T) ,  the corresponding bond 
price process B(t,  T )  is uniquely determined by the formula1 

B(t,  T )  = e-Y(tlT)(T-t), Vt E [0, TI. 
The discount function relates the discount bond price B(t, T )  to maturity T. 
At the theoretical level, the initial term structure of interest rates may be 
represented either by the family of current bond prices B(O,T), or by the 
initial yield curve Y(0, T),  as 

B(O,T)=e-Y(OIT)T, V T E  [O,T*]. (9.3) 

In practice, the term structure of interest rates is derived from the prices 
of several actively traded interest rate instruments, such as Treasury bills, 
Treasury bonds, swaps and futures. Note that the yield curve at  any given day 
is determined exclusively by market prices quoted on that day. The shape of 
an historically observed yield curve varies over time; the observed yield curve 
may be upward sloping, flat, descending, or humped. There is also strong 
empirical evidence that the movements of yields of different maturities are not 
perfectly corrclatcd. Also, the short-term interest rates fluctuate more than 
long-term rates; this may be partially explained by the typical shape of the 
term structure of yield volatilities that is downward sloping. These features 
mean that the construction of a reliable model for stochastic behavior of the 
term structure of interest rates is a task of considerable complexity. 

We assume that the limit of Y( t ,T ) ,  as  t tends to T, exists. 
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9.1.2 Forward Interest Rates 

Let f (t, T )  be the forward interest rate at  date t 5 T for instantaneous risk- 
free borrowing or lending at date T.  Intuitively, f (t, T) should be interpreted 
as the interest rate over the infinitesimal time interval [T, T + dT] as seen 
from time t. As such, f (t, T )  will be referred to as the instantaneous, con- 
tinuously compounded forward rate, or shortly, instantaneous forward rate. 
In contrast to bond prices, the concept of an instantaneous forward rate is 
a mathematical idealization rather than a quantity observable in practice. 
Still, a widely accepted approach to the bond price modelling, due to Heath, 
Jarrow and Morton, is actually based on the exogenous specification of a 
family f (t, T) ,  t 5 T 5 T*, of forward rates. Given such a family f (t, T), the 
bond prices are then defined by setting 

On the other hand, if the family of bond prices B(t,  T )  is sufficiently smooth 
with respect to maturity T, the implied instantaneous forward interest rate 
f (t, T )  is given by the formula 

which, indeed, can be seen as the formal definition of the instantaneous for- 
ward rate f (t, T) .  

Alternatively, the instantaneous forward rate can be seen as a limit case 
of a forward rate f (t, T, U) that prevails at time t for risk-free borrowing or 
lending over the future time interval [T, U]. The rate f (t, T, U) is in turn tied 
to the zero-coupon bond price by means of the formula 

or equivalently, 
In B(t,  T )  - In B(t ,  U) f (t, T, U) = U - T  

Observe that Y(t, T) = f (t, t, T), as expected - indeed, investing at  time t in 
T-maturity bonds is clearly equivalent to lending money over the time interval 
[t, TI. On the other hand, under suitable technical assumptions, the conver- 
gence f (t, T) = limulT f (t, T, U) holds for every t 5 T. For convenience, 
we focus on interest rates that are subject to continuous compounding. In 
practice, interest rates are quoted on an actuarial basis, rather than as contin- 
uously compounded rates. For instance, the actuarial rate (or effective rate) 
a( t ,  T )  at time t for maturity T (i.e., over the time interval [t, TI) is given by 
the following relationship 
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This means, of course, that the bond price B(t ,  T )  equals 

Similarly, the forward actuarial rate a(t ,  T, U) prevailing a t  time t over the 
future time period [T, U] is set to satisfy 

(1 + a ( t , T , ~ ) ) ’ - ~  = exp ( f ( t , ~ , u ) ( U  -T))  = B(t ,T) /B( t ,U) .  

9.1.3 Short-term Interest Rate 

Most traditional stochastic interest rate models are based on the exogenous 
specification of a short-term rate of interest. We write rt to  denote the in- 
stantaneous interest rate (also referred to as a short-term interest rate, or 
spot interest rate) for risk-free borrowing or lending prevailing a t  time t over 
the infinitesimal time interval [t, t + dt]. In a stochastic set-up, the short-term 
interest rate is modelled as an adapted process, say r, defined on a filtered 
probability space (0, IF, P) for some T* > 0. We assume throughout that r is 
a stochastic process with almost all sample paths integrable on [0, T*] with 
respect to the Lebesgue measure. We may then introduce an adapted process 
B of finite variation and with continuous sample paths, given by the formula 

Equivalently, for almost all w E 0, the function Bt = Bt(w) solves the differ- 
ential equation dBt = rtBtdt, with the conventional initial condition Bo = 1. 
In financial interpretation, B represents the price process of a risk-free secu- 
rity that continuously compounds in value at the rate r .  The process B is 
referred to  as an accumulation factor or a savings account in what follows. 
Intuitively, Bt represents the amount of cash accumulated up to  time t by 
starting with one unit of cash at time 0, and continually rolling over a bond 
with infinitesimal time to  maturity. 

9.2 Coupon-bearing Bonds 

A coupon-bearing bond is a financial security that pays to  its holder the 
amounts c l , .  . . ,cm a t  the dates TI,. . . ,T,. Unless explicitly stated other- 
wise, we assume that the time variable is expressed in years. Obviously the 
bond price, say B,(t), at  time t can be expressed as a sum of the cash flows 
cl,  . . . , c, discounted to time t,  namely 
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A real bond typically pays a fixed coupon c and repays the principal N .  We 
therefore have cj = c for j = 1, . . . , m - 1 and cm = c+ N .  The main difficulty 
in dealing with bond portfolios is due to the fact that most bonds involved are 
coupon-bearing bonds, rather than zero-coupon bonds. Although the coupon 
payments and the relevant dates are preassigned in a bond contract, the 
future cash flows from holding a bond are reinvested at rates that are not 
known in advance. Hence, the total return on a coupon-bearing bond that is 
held to maturity (or for a lesser period of time) appears to be uncertain. As 
a result, bonds with different coupons and cash flow dates may not be easy 
to compare. 

The standard way to circumvent this difficulty is to extend the notion 
of a yield-to-maturity to coupon-bearing bonds. We give below two versions 
of the definition of a yield-to-maturity. The first corresponds to the case 
of discrete compounding (such an assumption reflects more accurately the 
market practice); the second assumes continuous compounding. 

Consider a bond that pays m identical yearly coupons c at the dates 1,. . . , m 
and the principal N after m years. Its yield-to-maturity at time 0, denoted 
by Y,(o), may be found from the following relationship 

Since the coupon payments are usually determined by a preassigned interest 
rate r, > 0 (known as a coupon rate), this may be rewritten as follows 

It is clear that in this case the yield does not depend on the face value of the 
bond. Notice that the price B,(O) equals the bond’s face value N whenever 
the coupon rate equals the bond’s yield-to-maturity - that is, rc = Y,(o); 
in this case a bond is said to be priced at par. Similarly, we say that a 
bond is priced below par (i.e., at a discount) when its current price is lower 
than its face value: B,(O) < N,  or equivalently, when its yield-to-maturity 
exceeds the coupon rate: Y,(o) > r,. Finally, a bond is priced above par (i.e., 
at a premium) when B,(O) > N ,  that is, when Y,(o) < r,. In the case of 
continuous compounding, the corresponding yield-to-maturity Y,(O) satisfies 

where B,(O) stands for the current market price of the bond. 
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Let us now focus on zero-coupon bonds (i.e., c = 0 and N = 1). The 
initial price B(0, m) of a zero-coupon bond can easily be found provided its 
yield-to-maturity p(0 ,  m) is known. Indeed, we have 

Similarly, in a continuous-time framework, we have B(0,T) = e-Y(OjT)T, 
where B(0, T )  is the initial price of a unit zero-coupon bond of maturity T, 
and Y(0, T )  stands for its yield-to-maturity. We adopt the following defini- 
tions of the yield-to-maturity of a coupon-bearing bond in a discrete-time 
and in a continuous-time setting. 

Definition 9.2.1. The discretely compounded yield-to-maturity pc(i) at  
time i on a coupon-bearing bond that pays the positive deterministic cash 
flows cl,  . . . , c, at  the dates 1 < . . . < m is given implicitly by means of the 
formula m 

where B,(i) stands for the price of a bond at the date i < m. 

Definition 9.2.2. In a continuous-time framework, if a bond pays the pos- 
itive cash flows c l , .  . . ,c, at the dates TI < . . .  < T,, then its continu- 
ously compounded yield-to-maturity Yc(t) = Yc(t; cl, . . . , c,, TI, . . . , T,) is 
uniquely determined by the following relationship 

where B,(t) denotes the bond price at time t < T,. 

Note that on the right-hand side of (9.9) (respectively, (g.lO)), the coupon 
payment at time i (respectively, at  time t) is not taken into account. Conse- 
quently, the price Bc(i) (respectively, B,(t)) is the price of a bond after the 
coupon at time i (respectively, at time t )  has been paid. We focus mainly 
on the continuously compounded yield-to-maturity Yc(t). It is common to 
interpret the yield-to-maturity Yc(t) as a proxy for the uncertain return on a 
bond; this means that it is implicitly assumed that all coupon payments oc- 
curring after the date t are reinvested at the rate Y,(t). Since this cannot, of 
course, be guaranteed, the yield-to-maturity should be seen as a very rough 
approximation of the uncertain return on a coupon-bearing bond. On the 
other hand, the return on a discount bond is certain, therefore the yield-to- 
maturity determines exactly the return on a discount bond. It is worth noting 
that for every t a .Ft-adapted random variable Y,(t) is uniquely determined 
for any given collection of positive cash flows cl,  . . . , c, and dates TI, . . . , T,, 
provided that the bond price at time t is known. 



9.2 Coupon-bearing Bonds 321 

Let us conclude this section by observing that the bond price moves in- 
versely to the bond’s yield-to-maturity. Moreover, it can also be checked that 
the moves are asymmetric, so that a decrease in yields raises bond prices 
more than the same increase lowers bond prices. This specific feature of the 
bond price is referred to as convexity. Finally, it should be stressed that the 
uncertain return on a bond comes from both the interest paid and from the 
potential capital gains (or losses) caused by the future fluctuations of the 
bond price. Hence, the term fixed-income security should not be taken liter- 
ally, unless we consider a bond that is held to its maturity. 

9.2.2 Market Conventions 

The market conventions related to U.S. government debt securities differ 
slightly from our generic definitions adopted in the preceding section. Debt 
securities issued by the U.S. Treasury are divided into three classes: bonds, 
notes and bills. The Treasury bill (T-bill, for short) is a discount bond - 
it pays no coupons, and the investor receives the face value at maturity. 
Maturity of a T-bill is no longer than one year. Treasury notes and bonds, T- 
notes and T-bonds for short, are coupon securities. T-bonds have more than 
10 years to maturity when issued, T-notes have shorter times to maturity; 
bonds and notes are otherwise identical. The U.S. Treasury pays bond-holders 
total annual interest equal to the coupon rate, however a m-year government 
bond pays coupons semi-annually in equal instalments, say at  times Tj 7 j 6  
where 6 = 112 and j = 1,2 , .  . . ,2m. The quoted "yield-to-maturity" Yc(0) 
on a government bond, more correctly called a bond equivalent yield, is based 
on the following relationship 

where r, is the coupon rate of a bond and N stands for its face value (note 
that, for simplicity, we consider only government bonds with a round number 
of coupon periods to maturity). By simple algebra, one finds that formula 
(9.11) may be rewritten as follows 

The yield at  time i is implicitly defined by means of the relationship 

where yC(i) is the yield-to-maturity on a bond at time i ,  after the ith interest 
payment has been made. Note that the interest rate ~ ~ ( 0 )  is annualized with 
no compounding. 



322 9. Interest Rates and Related Contracts 

The compounded annualized yield Y: (0) , defined as 

is termed the effective annual yield. A government bond is traded in terms of 
its price, which is quoted as a percentage of face value - unless it is trading as 
WI (i.e., when issued) before an auction; a WI bond is quoted in yield terms. 
The quoted price of a bond does not coincide with the price a customer has 
to pay for it; the invoice price of a bond is the quoted price plus accrued 
interest from the last interest payment back to the purchase date. 

9.3 Interest Rate Futures 

The most heavily traded interest rate futures contracts are those related 
either to fixed-income securities (such as, Treasury bonds, notes and bills), 
or to specific interest rates (such as, LIBORs or swap rates). Typical contracts 
from the first category are: Treasury bond futures, Treasury note futures, and 
Treasury bill futures. The Eurodollar futures and LIBOR futures, which have 
as the underlying instrument the 3-month LIBOR and the 1-month LIBOR 
respectively, are examples of futures contracts from the second category. The 
LIBOR - that is, the London Interbank Offer Rate - is the rate of interest 
offered by banks on deposits from other banks in Eurocurrency markets. 
LIBOR represents the interest rate at which banks lend money to each other; 
it is also the floating rate widely used in interest rate swap agreements in 
international financial markets. LIBOR is determined by trading between 
banks, and changes continuously as economic conditions change. 

The most important interest rate futures options are: T-bond futures op- 
tions, T-note futures options, Eurodollar futures options, and LIBOR futures 
options. The nominal size of the option contract usually agrees with the size 
of the underlying futures contract; for instance, it amounts to $100,000 for 
both T-bond futures and T-bond futures options, and to $1 million for Eu- 
rodollar futures and the corresponding options. Let us now describe these 
contracts in some detail. 

9.3.1 Treasury Bond Futures 

Until the introduction of financial futures, the futures market consisted only 
of contracts for delivery of commodities. In 1975, the Chicago Board of Trade 
(CBOT) created the first financial futures contract, a futures contract for 
so-called mortgage-backed securities. Mortgage-backed securities are bonds 
collaterized with a pool of government-guaranteed home mortgages. Since 
these securities are issued by the Government National Mortgage Associa- 
tion (GNMA), the corresponding futures contract is commonly referred to as 
Ginnie Mae futures. 
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Treasury bond futures contracts were introduced on the CBOT two years 
later, that is, in 1977. Nominally, the underlying instrument of a T-bond 
futures contract is a 15-year T-bond with an 6% coupon. T-bond futures 
contracts and T-bond futures options trade with up to one year to maturity. 
As usual, the futures contract specifies precisely the time and other relevant 
conditions of delivery. Delivery is made on any business day of the delivery 
month, two days after the delivery notice (i.e., the declaration of intention 
to make delivery) is passed to the exchange. The invoice price received by 
the party with a short position equals the bond futures settlement price 
multiplied by the delivery factor for the bond to be delivered, plus the accrued 
interest. The delivery factor, determined for each deliverable bond issue, is 
based on the coupon rate and the time to the bond’s expiry date. Basically, 
it equals the price of a unit bond with the same coupon rate and maturity, 
assuming that the yield-to-maturity of the bond equals 8%. For instance, for 
a bond with m years to maturity and coupon rate r,, the conversion factor 
b equals 

so that 6 > 1 (respectively, b < 1) whenever r ,  > 0.08 (respectively, r ,  < 
0.08). Note that the adjustment factor 6 makes the yields of each deliverable 
bond roughly equal for a party paying the invoice price. In particular, if the 
settlement futures price2 is close to 100, this yield is approximately 8%. At 
any given time, there are about 30 bonds that can be delivered in the T-bond 
futures contract (basically, any bond with at least 15 years to maturity). The 
cheapest-to-deliver bond is that deliverable issue for which the difference 

Quoted bond price - Settlement futures price x Conversion factor 
is least. Put  differently, the cheapest-to-deliver bond is the one for which the 
basis bt = B:(t)  - ftbi is minimal, where B i ( t )  is the current price of the 
ith deliverable bond, ft is the bond futures settlement price, and bi is the 
conversion factor of the ith bond. Usually, the market is able to forecast the 
cheapest-to-deliver bond for a given delivery month. A change in the shape 
of the yield curve or a change in the level of yields often means a switch 
in cheapest-to-deliver bond, however. This is because, as yields change, a 
security with a slightly different coupon or maturity may become cheaper 
for market makers to deliver. Before the delivery month, the determination 
of the cheapest-to-deliver issue also involves the cost of carry (net financing 
cost) of a given bond; the top delivery choice is the issue with the lowest 
after-carry basis. Due to the change of yield level (or new bond issue) as time 
passes, the top delivery choice also changes. The possibility of such an event, 
which may be seen as an additional source of risk, makes the valuation of 
futures contracts and their use for hedging purposes more involved. 

It is customary to quote both the bond price and the bond futures price for a 
$100 face value bond. 
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9.3.2 Bond Options 

Currently traded bond-related options split into two categories: OTC bond 
options and T-bond futures options. The market for the first class of bond 
options is made by primary dealers and some active trading firms. The long 
(i.e., 30-year) bond is the most popular underlying instrument of OTC bond 
options; however, options on shorter-term issues are also available to cus- 
tomers. Since a large number of different types of OTC bond options exists 
in the market, the market is rather illiquid. Most options are written with one 
month or less to expiry. They usually trade at-the-money. This convention 
simplifies quotation of bond option prices. Options with exercise prices that 
are up to two points out-of-the-money are also common. Bond options are 
used by traders to immunize their positions from the direction of future price 
changes. For instance, if a dealer buys call options from a client, he usually 
sells cash bonds in the open market at the same time. 

Like all typical exchange-traded options, T-bond futures options have 
fixed strike prices and expiry dates. Strike prices come in two-point incre- 
ments. The options are written on the first four delivery months of a futures 
contract (note that the delivery of the T-bond futures contract occurs only 
every three months). In addition, a l-month option is traded (unless the 
next month is the delivery month of the futures contract). The options stop 
trading a few days before the corresponding delivery month of the underlying 
futures contract. The T-bond futures option market is highly liquid. An open 
interest in one option contract may amount to $5 billion in face value (this 
corresponds to 50,000 option contracts). 

9.3.3 Treasury Bill Futures  

The Treasury bill (T-bill, for short) is a bill of exchange issued by the U.S. 
Treasury to raise money for temporary needs. It pays no coupons, and the 
investor receives the face value at maturity. T-bills are issued on a regular 
schedule in 3-month, 6-month and l-year maturities. In the T-bill futures 
contract, the underlying asset is a 90-day T-bill. The common market practice 
is to quote a discount bond, such as the T-bill, not in terms of the yield-to- 
maturity, but rather in terms of so-called discount rates. The discount rate 
represents the size of the price reduction for a 360-day period (for instance, a 
bill of face value 100 that matures in 360 days and is sold at a discount rate 
10% is priced at 97.5). 

Formally, a discount rate Rb(t, T) (known also as bankers’ discount yield) 
of a security that pays a deterministic cash flow XT at the future date T, 
and has the price Xt at time t < T,  equals 

where T - t is now expressed in days. 
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In particular, for a discount bond this gives 

where P( t ,  T) (respectively, B(t, T) )  stands for the cash price of a bill with 
face value 100 (respectively, with the unit face value) and T - t days to 
maturity. Conversely, given a discount rate Rb(t, T) of a bill, we find its cash 
price from the following formula 

For a just-issued 90-day T-bill, the above formulas can be further simplified. 
Indeed, we have 

Rb(O,90) = 4(1 - P(O,90)/100) 

and 
P(O,90) = 100(1 - ;Rb(0,90)). 

The bill yield on a T-bill equals 

so that it represents the annualized (with no compounding) interest rate 
earned by the bill owner. In terms of a bill yield Yb(t,T), its price B(t ,  T) 
equals 

Note that the above conventions concerning bill yields assume a 360-day year 
(definitions assuming a 365-day year are not uncommon, however). A widely 
used practical formula for the bond equivalent yield on a T-bill with 182 or 
fewer days to maturity is 

Taking the yield on a government bond as a benchmark, we define the bond 
equivalent yield yb(t, T )  on a T-bill by setting 

where the time period T - t is expressed in days. The above equality is a 
consequence of the following implicit definition of the bond equivalent yield 

(t , T)  on a T-bill 



326 9. Interest Rates and Related Contracts 

Finally, the eflective annual yield ~ g ( t ,  T )  on a T-bill, that is directly com- 
parable with an effective annual yield Y: on a T-bond, equals 

In contrast to T-bills, which are quoted in terms of the discount rate, T-bill 
futures are quoted in terms of the price. In particular, the T-bill futures price 
at maturity equals 100 minus the T-bill quote. The marking to market pro- 
cedure is based, however, on the corresponding cash price of a given futures 
contract. For instance, if the quotation for T-bill futures is f,b = 95.02, the 
implied discount rate equals ~f (t, T )  = 4.98, and thus the corresponding 
cash futures price, which is used in marking to the market, equals 

pf (t, T) = 100 - i(100 - f,b) = 100 - i~~ ( t , ~ )  = 98.755 

per $100 face value bill, or equivalently, $987,550 per futures contract (the 
nominal size of one T-bill futures contract that trades on the Chicago Mer- 
cantile Exchange (CME) is $1 million). 

9.3.4 Eurodollar Futures 

Since conventions associated with market quotations of the LIBOR and Eu- 
rodollar time deposit futures (Eurodollar futures, for short) are close to those 
examined above, we shall describe them in a rather succinct way. Eurodollar 
futures contracts and related Eurodollar futures options have traded on the 
Chicago Mercantile Exchange since 1981 and 1985 respectively. Eurodollar 
futures and Eurodollar futures options trade with up to five years to ma- 
turity. A Eurodollar futures option is of American style; one option covers 
one futures contract and it expires at the settlement date of the underlying 
Eurodollar futures contract. 

Formally, the underlying instrument of a Eurodollar time deposit futures 
contract is the 3-month LIBOR. At the settlement date of a Eurodollar fu- 
tures contract, the CME surveys 12 randomly selected London banks, which 
are asked to give their perception of the rate at which 3-month Eurodollar 
deposit funds are currently offered by the market to prime banks. A suitably 
rounded average of these quotes serves to determine the Eurodollar futures 
price at  the settlement date of a Eurodollar futures contract (cf. Amin and 
Morton (1994)). 

Let us emphasize that the LIBOR is defined as the add-on yield; that 
is, the actual interest payment on a 3-month Eurodollar time deposit equals 
" LIBOR x numbers of days for investment/360 " per unit investment. In our 
framework, the (spot) LIBOR at time t on a Eurodollar deposit with a ma- 
turity of T days is formally defined as 
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Equivalently, the bond price is given by the following expression 

In particular, for a 3-month LIBOR the relationship simplifies to 

A Eurodollar futures price fl(T, T )  on the settlement day T is 

hence 100 - f l ( t ,T)  converges to a 3-month LIBOR (in percentage terms) 
as the time argument t tends to the delivery date T. A market quotation of 
Eurodollar futures contracts is based on the same rule as the quotation of 
T-bill futures. Explicitly, if q stands for the market quotation of Eurodollar 
futures then the value of a contract is 

per $100 of nominal value. The nominal value of one Eurodollar futures con- 
tract is $1 million; one basis point is thus worth $25 when the contract is 
marked to the market daily. 

For instance, the quoted Eurodollar futures price 94.47 corresponds to 
a 3-month LIBOR futures rate of 5.53%, and to the price $986,175 of one 
Eurodollar futures contract. If the next day the quoted price rises to 94.48 
(i.e., the LIBOR futures rate declines to 5.52%), the value of one contract 
appreciates by $25 to $986,200. 

Let us briefly describe market conventions related to Eurodollar futures 
options. The owner of a Eurodollar futures call option obtains a long position 
in the futures contract with a futures price equal to the option’s exercise price; 
the call writer obtains a short futures position. On marking to market, the 
call owner receives the cash difference between the marked-to-market futures 
price and the strike price. 

9.4 Interest Rate Swaps 

Generally speaking, a swap contract (or a swap) is an agreement between two 
parties to exchange cash flows at some future dates according to a prearranged 
formula. In a classical swap contract, the value of the swap at the time it is 
entered into, as well as at the end of its life, is zero. The two most popular 
kinds of swap agreements are standard interest rate swaps and cross-currency 
swaps (known also as differential swaps). In a plain vanilla interest rate swap, 
one party, say A, agrees to pay to the other party, say B, amounts determined 
by a fixed interest rate on a notional principal at each of the payment dates. 



328 9. Interest Rates and Related Contracts 

At the same time, the party B agrees to pay to the party A interest at a 
floating reference rate on the same notional principal for the same period of 
time. Thus an interest rate swap can be used to transform a floating-rate loan 
into a fixed-rate loan or vice versa. In essence, a swap is a long position in a 
fixed-rate coupon bond combined with short positions in floating-rate notes 
(alternatively, it can be seen as a portfolio of specific forward contracts). In 
a payer swap, the fixed rate is paid at  the end (or, depending on contractual 
features of the swap, at the beginning) of each period, and the floating rate is 
received (therefore, it may also be termed a fixed-for-floating swap). Similarly, 
a receiver swap (or a floating-for-fixed swap) is one in which an investor pays 
a floating rate and receives a fixed rate on the same notional principal. In a 
payer swap settled i n  arrears, the floating rate paid at the end of a period is 
set at the beginning of this period. We say that a swap is settled i n  advance 
if payments are made at the beginning of each period. Notice that payments 
of a swap settled in advance are the payments, discounted to the beginning 
of each period, of the corresponding swap settled in arrears. However, the 
discounting conventions vary from country to country. In some cases, both 
sides of a swap are discounted using the same floating rate; in others, the 
floating is discounted using the floating and the fixed using the fixed. 

Let us consider a collection To = T < TI < . . . < Tn of future dates. 
Formally, a forward start swap (or briefly, a forward swap) is a swap agreement 
entered at the trade date t 5 To with payment dates TI < . . . < Tn (if a swap 
is settled in arrears) or To < . . . < TnP1 (if a swap is settled in advance). 
For most swaps, a fee (the up-front cost) is negotiated between the counter- 
parties at the trade date t .  The forward swap rate is that value of the fixed 
rate that makes the value of the forward swap zero. 

The market gives quotes on swap rates, i.e., the fixed rates at which finan- 
cial institutions offer to their clients interest rate swap contracts of differing 
maturities, with fixed quarterly, semi-annual or annual payment schedules. 
Some benchmark swap rates are the underlying instruments in swap futures 
contracts. The most typical option contract associated with swaps is a swap- 
tion - that is, an option on the value of the underlying swap or, equivalently, 
on the swap rate. 

9.4.1 Forward Rate Agreements 

Let us comment briefly on a more conventional class of contracts, widely 
used by companies to hedge the interest rate risk. Consider a company that 
forecasts that it will need to borrow cash at a future date, say T, for the 
period [T, U]. The company will be, of course, unhappy if the interest rate3 
rises by the time the loan is required. 

Interest rates for floating-rate loans are usually set by reference to some float- 
ing benchmark interest rate. For instance, if a company raises a loan at "LI- 
BOR+p%", the company will pay a rate of interest on its loan equal to whatever 
LIBOR is, plus an extra p%. 
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A commonly used contract that serves to reduce interest rate risk exposure 
by locking into a rate of interest, is a forward rate agreement. A forward rate 
agreement (an FRA) is a contract in which two parties (a seller of a contract 
and a buyer) agree to exchange, at some future date, interest payments on 
the notional principal of a contract. It  will be convenient to assume that this 
payment is made at the end of the period, say at  time U. The cash flow is 
determined by the length of the time-period, say [T, U], and by two relevant 
interest rates: the prespecified rate of interest and the risk-free rate of interest 
prevailing at time T.  The buyer of an FRA thus pays interest at  a preassigned 
rate and receives interest at  a floating reference rate that prevails at time T .  
Note that an FRA may be seen as an example of a forward contract, the 
contract’s underlier being an uncertain future cash flow (interests to be paid 
at time U). A typical use of a forward rate agreement is a long position in an 
FRA combined with a loan taken at time T over the period [T, U]. A synthetic 
version of such a strategy is a forward-forward loan - that is, a combination 
of a longer-term loan and a shorter-term deposit (a company just takes a 
loan over [0, U] and makes a deposit over [O,T]). Assuming a frictionless 
market, the rate of interest a company manages to lock into on its loan 
using the above strategy will coincide with the prespecified rate of interest 
in forward rate agreements proposed to customers by financial institutions 
at no additional charge. Indeed, instead of manufacturing a forward-forward 
loan, a company may alternatively buy (at no charge) an FRA and take at 
time T a loan on the spot market. 

We shall examine first a forward rate agreement written at time 0 with the 
reference period [T, U]. We may and do assume, without loss of generality, 
that the notional principal of the contract is 1. Let r (0 ,T)  stand for the 
continuously compounded interest rate for risk-free borrowing and lending 
over the time-period [O,T]. It  is clear that, barring arbitrage opportunities 
between bank deposits and the zero-coupon bond market, the T-maturity 
spot rate r(0, T )  should satisfy er(02T)T = BP1(0, T). In other words, the 
interest rate r(0, T )  coincides with the continuously compounded yield on 
a T-maturity discount bond - that is, r (0 ,T)  = Y(0,T) for every T.  As 
was mentioned earlier, the buyer of an FRA receives at  time U a cash flow 
corresponding to an interest rate set at time T,  and pays interest according 
to a rate preassigned at time 0. The level of the predetermined rate, loosely 
termed a forward interest rate, is chosen in such a way that the contract is 
worthless at the date it is entered into. Let us denote by f (0, T, U) this level 
of interest rate, corresponding to an FRA written at time 0 and referring to 
the future time period [T, U]. 

The forward rate f (0, T, U) may alternatively be seen as a continuously 
compounded interest rate, prevailing at time 0, for risk-free borrowing or lend- 
ing over the time period [T, U]. It  is not difficult to  determine the "right" level 
of the forward rate f (0, T, U) by standard no-arbitrage arguments. By con- 
sidering two alternative trading strategies, it is easy to establish the following 
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More generally, the forward rate f (t, T, U) satisfies 

(U - t)r(t ,  U) - (T  - t ) r ( t ,T)  f (4 T, U) = U - T  
for every t 5 T 5 U, where r ( t ,T)  is the future spot rate, as from time 
t ,  for risk-free borrowing or lending over the time period [t,T]. Note that 
f (0, T, T )  = f (0, T) ,  i.e., the rate f (0, T, T)  (if well-defined) equals the in- 
stantaneous forward interest rate f (0, T). For similar reasons, the equality 
f (t, T, T) = f (t, T) is valid. If r (t, T) = Y (t, T) ,  then in terms of bond prices 
we have (cf. (9.6)) 

In B(t,  T )  - In B(t,  U) f (tl  Tl U) = U - T  
Bid-offer spread. In order to derive formulas that more closely reflect the 
market practice, one needs to take into account the bid-offer spread - that 
is, the spread between the borrowing and lending rates. Banks quote forward 
loan and deposit rates to their customers if requested. Denote by rb(O,T) 
(respectively, ro(O, T))  the bid (respectively, offered) interest rate prevailing 
on the money market at  time 0. The bid rate rb(O, T )  is the interest rate 
that financial institutions, say banks, are ready to pay on deposits, while 
the offered rate r,(O,T) is the rate charged by banks on loans. The offered 
forward rate fo(O, T, U) (i.e., the forward loan rate) corresponds to a short 
position in a forward rate agreement - that is, fo(O, T, U) is the rate charged 
by banks for loans over [T, U]. It is not difficult to check that the offered 
forward rate fo(O, T, U) satisfies 

In fact, the last equality means that the rate fo(O, T, U) is the actual rate over 
the period [T, U] that a company may lock into by applying a forward-forward 
loan (the company has to pay an offered rate of ro(O, U) for its longer-term 
loan; it receives interest determined by the bid rate rb(Ol T)  on the shorter- 
term deposit). Summarizing, the offered forward rate fo(O, T,  U) is equal to 
the rate of interest on loans implied by a synthetic forward-forward loan over 
the same period of time. By similar arguments, one can check that the bid 
forward interest rate equals 

fb(0, T, U) = 
Urb(0, U) - Tro(0, T )  

U - T  
Note that the bid rate fb(O, T,  U) (the forward deposit rate) corresponds to 
a short position in an FRA. In other words, fb(O, T, U) is the rate of interest 
that a bank is ready to pay on deposits placed by companies over the future 
time period [T, U]. 
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9.5 Stochastic Models of Bond Prices 

In this section, we examine the basic technical issues related to generic 
continuous-time term structure models. We start by introducing the concept 
of an arbitrage-free family of bond prices associated with a given process 
modelling the short-term interest rate. This is subsequently specified to the 
most widely popular and practically important case of It6 processes. 

9.5.1 Arbitrage-free Family of Bond Prices 

Recall that, by convention, a zero-coupon bond pays one unit of cash at 
a prescribed date T in the future. The price at any instant t < T of a 
zero-coupon bond of maturity T is denoted by B(t, T); it is thus clear that, 
necessarily, B(T, T)  = 1 for any maturity date T 5 T*. Furthermore, since 
there are no intervening interest payments, in market practice the bond sells 
for less than the principal before the maturity date. 

Essentially, this follows from the fact that it is possible to invest money in 
a risk-free savings account yielding a nonnegative interest rate (or at least to 
carry cash at virtually no cost). However, the assumption that B(t,  T)  5 1 is 
not covenient, since it would exclude some Gaussian term structure models 
from our considerations. Thus, we make the following standing assumption. 

Assumption (B). We postulate that for any fixed maturity T 5 T*, the 
price process B(t,  T),  t E [0, TI, is a strictly positive and P-adapted process, 
defined on a filtered probability space (R, IF, P), where the filtration P is the P- 
completed version of the filtration generated by the underlying d-dimensional 
standard Brownian motion W. 

The first question that we will address is the absence of arbitrage oppor- 
tunities between all bonds with different maturities and a savings account. 
Suppose that an adapted process r, given on a filtered probability space 
(R,P,P),  models the short-term interest rate, meaning that the savings ac- 
count process B satisfies 

Then we have the following definition of arbitrage-free property. 

Definition 9.5.1. A family B(t ,T),  t 5 T 5 T*, of adapted processes is 
called an arbitrage-free family of bond prices relative to a short-term interest 
rate process r if the following conditions are satisfied: 
(a) B(T,T) = 1 for every T E [O,T*], 
(b) there exists a probability measure P* on ( R , F p )  equivalent to P, and 
such that for any maturity T E [0, T*] the relative bond price 

is a martingale under P* 
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Any probability measure P* of Definition 9.5.1 is called a martingale mea- 
sure for the family B( t ,T)  relative to r, or briefly, a martingale measure for 
the family B(t ,  T )  if no confusion may arise. In what follows, we shall dis- 
tinguish between spot and forward martingale measures. In this context, the 
martingale measure of Definition 9.5.1 should be seen as a spot martingale 
measure for the family B(t ,  T). 

The reader might wonder why it is assumed that the relative price Z* 
follows a martingale, and not merely a local martingale, under P*. The 
main reason is that under such an assumption we have trivially Z*(t ,T) = 
I E p  (Z*(T, T )  l3 t )  for t 5 T, so that the bond price satisfies 

In other words, for any martingale measure P* of an arbitrage-free family of 
bond prices, we have 

Conversely, given any nonnegative short-term interest rate r defined on a 
probability space (R,IF,P), and any probability measure P* on ( R , F p )  
equivalent to P, the family B(t,  T )  given by (9.14) is easily seen to be an 
arbitrage-free family of bond prices relative to r .  Let us observe that if a 
family B(t,  T )  satisfies Definition 9.5.1 then necessarily the bond price pro- 
cess B(., T )  is a P*-semimartingale, as a product of a martingale and a process 
of finite variation (that is, a product of two P*-semimartingales). Thus, it is 
also a P-semimartingale, since the probability measures P and P* are assumed 
to be mutually equivalent (see Theorem 111.20 in Protter (1990)). 

9.5.2 Expectations Hypotheses 

Suppose that equality (9.14) is satisfied under the actual probability measure 
P, that is 

B( t ,T)  = I E ~ ( ~ - L ~ ’ " ’ ~ U  IFt), Vt t [O,T]. (9.15) 

Equality (9.15) is traditionally referred to as the local expectations hypoth- 
esis ((L-EH) for short), or a risk-neutral expectations hypothesis. The term 
"local expectations" refers to the fact that under (9.15), the current bond 
price equals the expected value, under the actual probability, of the bond 
price in the next (infinitesimal) period, discounted at the current short-term 
rate. This property can be made more explicit in a discrete-time setting (see 
Ingersoll (1987) or Jarrow (1996)). In our framework, given an arbitrage-free 
family of bond prices relative to a short-term rate r ,  it is evident that (9.14) 
holds, by definition, under any martingale measure P*. This does not mean, 
however, that the local expectations hypothesis, or any other traditional form 
of expectations hypothesis, is satisfied under the actual probability P. 
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An alternative hypothesis, known as the return-to-maturity expectations 
hypothesis (RTM-EH) assumes that the return from holding any discount 
bond to maturity is equal to the return expected from rolling over a series of 
single-period bonds. Its continuous-time counterpart reads as follows 

for any maturity date T < T*. 
Finally, the yield-to-maturity expectations hypothesis (YTM-EH) asserts 

that the yield from holding any bond is equal to the yield expected from 
rolling over a series of single-period bonds. In a continuous-time framework, 
this means that for any maturity date T 5 T*, we have 

B (t , T) = exp { - ~ ( ~ d ) } ,  ~t E [O,TI. 

The last formula may also be given the following equivalent form 

or finally 
f ( t , T )  = E P ( ~ T I ~ ~ ) ,  b ’ t ~  [O,T]. (9.16) 

In view of (9.16), under the yield-to-maturity expectations hypothesis, the 
forward interest rate f (t, T) is an unbiased estimate, under the actual proba- 
bility P, of the future short-term interest rate rT. For this reason, the YTM- 
EH is also frequently referred to as the unbiased expectations hypothesis. We 
will see in what follows that condition (9.16) is always satisfied - not under 
the actual probability, however, but under the so-called forward martingale 
measure for the given date T.  

Remarks. If the short-term rate r is a deterministic function, then all expec- 
tations hypotheses coincide, and follow easily from the absence of arbitrage. 
Several authors have examined the validity of various forms of expectations 
hypotheses under the actual probability, usually within the framework of 
a general equilibrium approach (see, e.g., Cox et al. (1981a), Fama (1984b), 
Campbell (l986), Longstaff (1990b), Stigler (IWO), and McCulloch (1993)). 

9.5.3 Case of It6 Processes 

In a continuous-time framework, it is customary to model the short-term 
rate of interest by means of an It6 process, or more specifically, as a one- 
dimensional diffusion process.4 We will first examine the general case of a 

Generally speaking, a dzffusion process is an arbitrary strong Markov process 
with continuous sample paths. In our framework, a diffusion process is given 
as a strong solution of a stochastic differential equation (SDE) driven by the 
underlying Brownian motion W. 
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short-term interest rate following an It6 process. We thus assume that the 
dynamics of r are given in a differential form 

where p and a are adapted stochastic processes with values in R and Rd 
respectively. 

Recall that expression (9.17) is a shorthand form of the following integral 
representation 

It is thus implicitly assumed that p and a satisfy the suitable integrability 
conditions, so that the process r is well-defined. In financial interpretation, 
the underlying probability measure P is believed to reflect a subjective as- 
sessment of the "market" upon the future behavior of the short-term interest 
rate. In other words, the underlying probability P is the actual probability, as 
opposed to a martingale probability measure for the bond market, which we 
are now going to construct. Let us recall, for the reader’s convenience, a few 
basic facts concerning the notion of equivalence of probability measures on a 
filtration of a Brownian motion. Firstly, it is well known that any probabil- 
ity measure Q equivalent to P on (Q,FT*) is given by the Radon-Nikodfm 

for some predictable IRd-valued process A. The member on the right-hand 
side of (9.18) is the Doleans exponential, which is given by the following 
expression (see Appendix B) 

Given an adapted process A, we write PA to  denote the probability measure 
whose Radon-Nikodfm derivative with respect to P is given by the right-hand 
side of (9.18). In view of Girsanov’s theorem, the process 

follows a d-dimensional standard Brownian motion under P'. Let us men- 
tion that the natural filtrations of the Brownian motions W and W X  do 
not coincide, in general. The following result deals with the behavior of the 
short-term interest rate r and the bond price B(t,  T )  under a probability 
measure PA equivalent to P - more specifically, under a probability mea- 
sure PA that is a martingale measure in the sense of Definition 9.5.1 (see 
Artzner and Delbaen (1989) for related results). 
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Proposition 9.5.1. A s s u m e  the short-term interest rate r follows a n  It6 
process under  the actual probability P, as specified by (9.17). Let B(t ,  T )  be a n  
arbitrage-free family  o f  bond prices relative t o  r .  For a n y  martingale measure 
P* = PA of  Definition 9.5.1, the following holds. (i) T h e  process r satisfies 
u n d e r  PA 

drt = (pt + ut . At) d t  + at . d w ; .  
(ii) There exists a n  adapted IFtd-valued process b X ( t , ~ )  such that 

Consequently, for a n y  fixed matur i ty  T E (0, T*] we have 

Proof. To show (i), it is enough to combine (9.17) with (9.19). For (ii), it is 
sufficient to observe that the process M = Z*r] follows a (local) martingale 
under P. In view of Theorem B.1.3, we have 

for some P-adapted process y. Applying It6’s formula, we obtain 

where we have used 

Equality (9.20) now follows easily from (9.21), once again by It6’s formula. 
The last asserted formula is also evident. 0 

It  is important to note that the process bX(t, T )  does not depend in fact 
on the choice of X (this is an immediate consequence of Girsanov’s theorem). 
This observation allows us to formulate the following definition. 

Definition 9.5.2. The process b ( t ,  T )  = b X ( t ,  T)  is called the volatility of a 
zero-coupon bond of maturity T. 

The next result provides a link between representations of the price 
B(t,  T )  associated with different, but mutually equivalent, probability mea- 
sures. 

Corollary 9.5.1. Let PA and PX be two probability measures equivalent t o  
the underlying probability measure P. Assume that  the bond price B(t ,  T )  i s  
given by formula (9.14), with P* = PA. T h e n  for every t E [0, TI 
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Proof. For any process A, let (I' stand for the integral 

Straightforward calculations show that 

where yt = At - it. Applying the abstract Bayes rule, we get 

This yields the asserted equality upon simplification. 

9.5.4 Market Price for Interest Rate Risk 

Let us comment on the consequences of the results above. Suppose that the 
short-term interest rate r satisfies (9.17) under a probability measure P. Let 
P* = PA be an arbitrary probability measure equivalent to P. Then we may 
define a bond price B(t ,  T )  by setting 

It follows from (9.20) that the bond price B(t ,  T )  satisfies, under the actual 
probability P, 

This means that the instantaneous returns from holding the bond differ, 
in general, from the short-term interest rate r .  In financial literature, the 
additional term is commonly referred to as the risk premium or the marke t  
price for interest rate risk. It is usually argued that due to the riskiness of 
a zero-coupon bond, it is reasonable to expect that the instantaneous return 
from holding the bond will exceed that of a risk-free security (i.e, of a savings 
account) in a market equilibrium.5 Unfortunately, since our arguments refer 
only to  the absence of arbitrage between primary securities and derivatives 
(that is, we place ourselves in a partial equilibrium framework), we are unable 
to identify the risk premium. 

Summarizing, we have a certain degree of freedom: if the short-term rate 
r is given by (9.17) then any probability measure P* equivalent to  P can 

The general equilibrium approach to the modelling of the term structure of 
interest rates is beyond the scope of this text. The interested reader is referred 
to the fundamental papers by Cox et al. (1985a, 198513). 
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formally be used to construct an arbitrage-free family of bond prices through 
formula (9.22). Notice, however, that if the actual probability measure P is 
used to define the bond price through formula (9.22), the market prices for 
risk vanish. 

We end this section by mentioning an important problem of matching the 
initial yield curve. Given a short-term interest rate process r and a probability 
measure P*, the initial term structure B(0, T )  is uniquely determined by the 
formula 

B(O,T)=IEp(e-loTrudu), ’v’TE[O,T*]. (9.23) 

This feature of bond price models based on a specified short-term interest 
rate process makes the problem of matching the current yield curve much 
more cumbersome than in the case of models that incorporate the initial 
term structure as an input of the model. The latter methodology, commonly 
known as the Heath-Jarrow-Morton approach (see Heath et al. (1992a)), will 
be presented in detail in Chap. 11. 

9.6 Forward Measure Approach 

The aim of this section is to describe the specific features that distinguish 
the arbitrage valuation of contingent claims within the classical Black-Scholes 
framework from the pricing of options on stocks and bonds under stochastic 
interest rates. We assume throughout that the price B(t,  T )  of a zero-coupon 
bond of maturity T 5 T* (T* > 0 is a fixed horizon date) follows an It6 
process under the martingale measure 

with B(T, T )  = 1, where W* denotes a d-dimensional standard Brownian 
motion defined on a filtered probability space (0, IF, P*), and rt stands for 
the instantaneous, continuously compounded rate of interest. In other words, 
we take for granted the existence of an arbitrage-free family B(t,  T )  of bond 
prices associated with a certain process r modeling the short-term interest 
rate. Moreover, it is implicitly assumed that we have already constructed an 
arbitrage-free model of a market in which all bonds of different maturities, 
as well as a certain number of other assets (called stocks in what follows), 
are primary traded securities. It should be stressed that the way in which 
such a construction is achieved is not relevant for the results presented in 
what follows. In particular, the concept of the instantaneous forward interest 
rate, which is known to play an essential role in the HJM methodology, is not 
employed. As was mentioned already, in addition to zero-coupon bonds, we 

The reader may find it convenient to assume that the probability measure P* 
is the unique martingale measure for the family B(t, T), T 5 T*; this is not 
essential, however. 
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will also consider other primary assets, referred to as stocks in what follows. 
The dynamics of a stock price Si, i = 1,. . . , M, under the martingale measure 
P* are given by the following expression 

where ai represents the volatility of the stock price Si. Unless explicitly stated 
otherwise, for every T and i, the bond price volatility b(t, T )  and the stock 
price volatility c r i  are assumed to be IRd-valued, bounded, adapted processes. 
Generally speaking, we assume that the prices of all primary securities follow 
strictly positive processes with continuous sample paths. Note, however, that 
certain results presented in this section are independent of the particular 
form of bond and stock prices introduced above. We denote by xt(X) the 
arbitrage price at time t of an attainable contingent claim X at time T.  By 
virtue of the standard risk-neutral valuation formula 

In (9.26), B represents the savings account given by (9.7). Recall that the 
price B(t,  T )  of a zero-coupon bond maturing at time T admits the following 
representation (cf. (9.13)) 

for any maturity 0 5 T 5 T*. Suppose now that we wish to price a European 
call option, with expiry date T, that is written on a zero-coupon bond of 
maturity U > T.  The option’s payoff at expiry equals 

so that the option price Ct at any date t < T is 

To find the option’s price using the last equality, we need to know the joint 
(conditional) probability law of FT-measurable random variables BT and 
B(T, U). The technique that was developed to circumvent this step is based 
on an equivalent change of probability measure. It  appears that it is possible 
to find a probability measure PT such that the following holds 

Consequently, 

where FB(t, U, T )  is the forward price at time t, for settlement at the date T ,  
of the U-maturity zero-coupon bond (see formula (9.29)). If b(t, U) - b(t, T) 
is a deterministic function, then the forward price FB(t, U,T) can be shown 
to follow a lognormal martingale under PT; a Black-Scholes-like expression 
for the option’s price is thus available. 
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9.6.1 Forward Price 

Recall that a forward contract is an agreement, established at the date t < T ,  
to pay or receive on settlement date T a preassigned payoff, say X ,  at an 
agreed forward price. Let us emphasize that there is no cash flow at the 
contract’s initiation and the contract is not marked to market. We may and do 
assume, without loss of generality, that a forward contract is settled by cash 
on date T. Hence, a forward contract written at time t with the underlying 
contingent claim X and prescribed settlement date T > t may be summarized 
by the following two basic rules: (a) a cash amount X will be received at time 
T,  and a preassigned amount Fx(t,T) of cash will be paid at time T; (b) 
the amount Fx(t ,T) should be predetermined at time t (according to the 
information available at this time) in such a way that the arbitrage price of 
the forward contract at time t is zero. 

In fact, since nothing is paid up front, it is natural to admit that a forward 
contract is worthless at its initiation. We thus adopt the following formal 
definition of a forward contract. 

Definition 9.6.1. Let us fix 0 5 t 5 T 5 T*. A forward contract written at 
time t on a time T contingent claim X is represented by the time T contingent 
claim GT = X - Fx(t, T)  that satisfies the following conditions: (a) Fx (t, T)  
is a Ft-measurable random variable; (b) the arbitrage price at time t of a 
contingent claim GT equals zero, i.e., rt(GT) = 0. 

The random variable Fx(t ,T) is referred to as the forward price of a 
contingent claim X at time t for the settlement date T.  The contingent claim 
X may be defined in particular as a preassigned amount of the underlying 
financial asset to be delivered at the settlement date. For instance, if the 
underlying asset of a forward contract is one share of a stock S then clearly 
X = ST. Similarly, if the asset to be delivered at time T is a zero-coupon 
bond of maturity U 2 T I  we have X = B(T, U). Note that both ST and 
B(T, U) are attainable contingent claims in our market model. The following 
well-known result expresses the forward price of a claim X in terms of its 
arbitrage price r t ( X )  and the price B(t,  T )  of a zero-coupon bond maturing 
at time T. 

Lemma 9.6.1. The forward price Fx(t, T)  at time t 5 T, for the settlement 
date T, of an attainable contingent claim X equals 

Proof. It is sufficient to observe that 
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where the last equality is a consequence of condition (b) of Definition 9.6.1. 
This proves the first equality in (9.28); the second equality in (9.28) follows 
immediately from (9.25)-(9.27). 0 

Let us examine the two typical cases of forward contracts mentioned 
above. If the underlying asset for delivery at  time T is a zero-coupon bond 
of maturity U > T,  then (9.28) becomes 

On the other hand, the forward price of a stock S (S stands hereafter for Si 
for some i) equals 

For the sake of brevity, we will write F B ( ~ ,  U, T )  and Fs(t,T) instead of 
FB(T,U) (t, T )  and FsT (t, T )  respectively. More generally, for any tradable 
asset Z we denote by Fz(t ,T)  the forward price of the asset - that is, 
Fz( t ,T)  = Zt/B(t ,T) for t E [O,T]. 

9.6.2 Forward Martingale Measure 

To the best of our knowledge, within the framework of arbitrage valu- 
ation of interest rate derivatives, the method of a forward risk adjust- 
ment was pioneered under the name of a forward risk-adjusted process by 
Jamshidian (1987) (the corresponding equivalent change of probability mea- 
sure was then used by Jamshidian (1989a) in the Gaussian framework). 
The formal definition of a forward probability measure was introduced in 
Geman (1989) under the name of forward neutral probability. 

In particular, Geman (1999) observed that the forward price of any finan- 
cial asset follows a (local) martingale under the forward neutral probability 
associated with the settlement date of a forward contract. For further devel- 
opments of the forward measure approach, we refer the reader, in particular, 
to El Karoui and Rochet (1989) and Geman et al. (1995). Most results in this 
section do not rely on specific assumptions imposed on the dynamics of bond 
and stock prices. We assume that we are given an arbitrage-free family B(t ,  T )  
of bond prices and the related savings account B. Note that by assumption, 
0 < B(0,T) = I E p  (B,’) < CO. 

Definition 9.6.2. A probability measure PT on (0, FT) equivalent to P*, 
with the Radon-Nikodjim derivative given by the formula 

is called the forward martingale measure (or briefly, the forward measure) for 
the settlement date T. 
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Notice that the above Radon-Nikodim derivative, when restricted to the 
a-field Ftl satisfies for every t E [0, TI 

When the bond price is governed by (9.24), an explicit representation for the 
density process qt is available. Namely, we have 

In other words, qt = s t (uT) ,  where U? = fi b(u,T) . dW;. Furthermore, the 
process wT given by the formula 

is a standard Brownian motion under the forward measure PT (this is, of 
course, a consequence of Girsanov’s theorem). We will sometimes refer to 
WT as the forward Brownian motion for the date T.  

The next result shows that the forward price of a European contingent 
claim X at time T can be expressed easily in terms of the conditional expec- 
tation under the forward measure PT. 

Lemma 9.6.2. The forward price at time t for the delivery date T of an 
attainable contingent claim X ,  settling at time T, equals 

Fx ( t ,T )  =EP,(X I Ft), Vt E [O,T], (9.34) 

provided that X is PT-integrable. In particular, the forward price process 
Fx(t ,T),  t E [0, TI, is a martingale under the forward measure PT. 

Proof. Bayes’s rule yields 

where 

and qt = IE P* ( q ~  I Ft) .  Combining (9.28) with (9.35), we obtain the desired 
result. 0 

Under (9.24), the last term in (9.35) can be given a more explicit form, 
namely, we have 

for every t E [0, TI. 
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The following equalities: 

and Fs(t, T) = IE p, (ST I F t )  for every t E [0, T*], are immediate consequences 
of Lemma 9.6.2. More generally, the relative price of any traded security 
(which pays no coupons or dividends) follows a local martingale under the 
forward probability measure PT, provided that the price of a bond maturing 
at time T is taken as a numeraire. The next lemma establishes a version of 
the risk-neutral valuation formula that is tailored to the stochastic interest 
rate framework. 

Lemma 9.6.3. The arbitrage price of an attainable contingent claim X at 
time T is given by  the formula 

Proof. Equality (9.36) is an immediate consequence of (9.28) combined with 
(9.34). For a more direct proof, note that the price r t ( X )  can be re-expressed 
as follows 

An application of Bayes’s rule yields 

as expected. 

The following corollary deals with a contingent claim that settles at time 
U # T. We wish to express the value of this claim in terms of the forward 
measure for the date T. 

Corollary 9.6.1. Consider an attainable contingent claim X settling at time 
U .  (i) If U 5 T ,  then the price of X at time t < U equals 

(ii) If U 2 T and X is FT-measurable, then for any t 5 U we have 

Proof. Both equalities are intuitively clear. In case (i), we invest at  time U a 
FU-measurable payoff X in zero-coupon bonds which mature at time T .  For 
the second case, observe that in order to replicate a &-measurable claim 
X at  time U, it is enough to purchase, at time T ,  X units of a zero-coupon 
bond maturing at time U. Both strategies are manifestly self-financing, and 
thus the result follows. 
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An alternative way of deriving (9.37) is to observe that since X is FU- 
measurable, we have for every t E [0, U] 

This means that the claim X settling at time U has, at any date t E [0, U], 
an identical arbitrage price to the claim Y = XB-l(U,T) that settles a t  
time T .  Formula (9.37) now follows from relation (9.36) applied to the claim 
Y. Similarly, to prove the second formula, we observe that since X is FT- 
measurable, we have for t E [0, TI 

We conclude once again that a FT-measurable claim X at time U 2 T is 
essentially equivalent to a claim Y = XB(T, U) at time T.  0 

9.6.3 Forward Processes 

Let us now consider any two maturities T, U E [0, T*]. We define the forward 
process FB(t,  T, U) by setting 

def B (t T)  FB (t, T, U) = --- 
B(t, U) ' 

Vt E [O,TAU]. 

Note that we have 

Suppose first that U > T ;  then the amount 

is the add-on (annualized) forward rate over the future time interval [T, U] 
prevailing at time t,  and 

is the (continuously compounded) forward rate at time t over this interval (cf. 
(9.6)). On the other hand, if U < T then FB(t,  T, U) represents the value a t  
time t of the forward price of a T-maturity bond in a forward contract with 
settlement date U. The following lemma can be proved by a straightforward 
application of ItS1s formula. 
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Lemma 9.6.4. For any maturities TI U E [O,T*], the dynamics under P of 
the forward process are given by the following expression 

~ F B ( ~ , T , U )  = F B ( ~ , T , U ) Y ( ~ I T , U )  (dWt - ~ ( t , U , T * ) d t ) ,  

for every t E [0, U A TI 

Combining Lemma 9.6.4 with Girsanov’s theorem, we obtain 

~ F B  (t , T, U) = FB (t, T, U) Y (t, TI  U) . dw?, (9.41) 

where for every t E [0, U] 
t 

W? = Wt - 1 y(u, U, T*) du. (9.42) 

The process wU is a standard Brownian motion on the filtered probability 
space (0, (3t)tE[0,Ul, P U ) ,  where the probability measure P a  N P is defined 
on (0, F u )  by means of its Radon-Nikod$m derivative with respect to the 
underlying probability measure PI  i.e., 

It is apparent that the forward process FB(t,  TI  U) follows an exponential 
local martingale under the "forward" probability measure P u ,  since equality 
(9.41) yields 

for t E [0, U A TI. Observe also that we have PT. = P and wT* = W. We 
thus recognize the underlying probability measure P as a forward martingale 
measure associated with the horizon date T*. 

9.6.4 Choice of a Numeraire 

Before we end this introductory chapter, let us examine briefly the basic the- 
oretical ideas that underpin recently developed approaches to term structure 
modelling (in particular, the so-called market models of term structure of in- 
terest rates). For the reader’s convenience, we shall restrict here our attention 
to the case of two bond portfolios serving as numeraire assets. It should be 
stressed, however, that the choice of a numeraire asset is by no means limited 
to this specific situation. As seen from Definition 8.1.9, any wealth process 
can be chosen as a numeraire asset (see also Geman et al. (1995), Delbaen 
and Schachermayer (1995b), Artzner (1997), and Davis (1998)). 
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By focusing directly on numeraire portfolios and the associated martingale 
measures, the forward measure approach that proved to be successful in the 
valuation of bond options under deterministic bonds volatilities, was extended 
to cover virtually all practically important situations. 

Let us comment, in a rather informal manner, on the rationale behind a 
specific choice of a numeraire. To this end, we consider two particular port- 
folios of zero-coupon bonds with respective strictly positive wealth processes 
v1 and V2. It  appears that a typical standard interest rate derivative (such 
as, a bond option, a cap or a swaption) can be formally seen as an option 
to exchange one portfolio of zero-coupon bonds for another, with an expiry 
date T, say. Hence, we deal with a generic payoff of the following form 

where K > 0 is a constant strike level, and D = {V; > KV;) stands for the 
exercise event. It  is not difficult to check, using the abstract Bayes rule (see 
Appendix A), that the martingale measures P1 and P2 associated with the 
choice of wealth processes V1 and v2 as numeraire assets are linked to each 
other through the following equality: 

Note that we consider here both probability measures on the measurable 
space (R, FT).  Furthermore, the arbitrage price of the option admits the 
following representation (provided, of course, that the option is attainable, 
so that it can be replicated) 

If one wishes to obtain the Black-Scholes-like formula for the price Ct, it is 
enough to assume that the relative value V1/V2 is a lognormal martingale 
under P2, so that 

for a deterministic function : [0, TI -+ IFtd (for simplicity, we also assume 
that the function is bounded), where W132 follows a standard Brownian 
motion under P2. In view of (9.44), the Radon-Nikodjrm density of P1 with 
respect to P2 equals 

and thus the process 

is a standard Brownian motion under P1. 
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Proceeding along similar lines to the derivation of the Black-Scholes for- 
mula (see the proof of Theorem 3.1.1), we obtain the following extension of 
the classical Black-Scholes result 

where 
ln(V,l/h2) - In K f u ? , ~  (t, T )  

d1,2(t1 T )  = 
u1,2(t, T )  

and 

Using formula (9.45), it is not difficult to show the considered option can 
be replicated, provided that portfolios V1 and v2 are tradable primary se- 
curities. For instance, it suffices to assume that the reference zero-coupon 
bonds are among liquid assets. It is also possible to justify formula (9.45) by 
showing the existence of a replicating strategy based on forward contracts. 

Let us emphasize that the valuation formulas for interest rate caps and 
swaptions in respective lognormal market models of forward LIBOR and swap 
rates that will be presented in Chap. 12 and 13 respectively, can also be seen 
as special cases of the generic valuation formula (9.45). Assume that we are 
given a collection To < TI < . . . < Tn of resetlsettlement dates. Then for the 
jth caplet we will take 

and in the case of the jth swaption we will choose 

where we set Sj = Tj - Tj-1 for j = 1 , .  . . ,n. 

Remarks. It is interesting to notice also that in order to get the valuation 
result (9.45) for t = 0, it is enough to assume that the random variable 
V$/V; has a lognormal probability law under the martingale measure P2. 
This simple observation underpins the construction of the so-called Markov- 
functional interest rate model. This alternative approach to term structure 
modelling, developed by Hunt et al. (1996, 2000), is presented in Sect. 13.7. 

Let us conclude this chapter by stressing that, when constructing a par- 
ticular derivatives pricing model, we should start by choosing a suitable nu- 
meraire asset (or a family of numeraire assets). Typically, the same assets 
are used later for replication of derivative securities at hand. As we shall see 
in that follows, this fundamental idea was successfully applied to all sorts of 
interest rate derivatives. 
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The aim of this chapter is to survey the most popular models of the short-term 
interest rate. For convenience, we will work throughout within a continuous- 
time framework; a detailed presentation of a discrete-time approach to term 
structure modelling is done in Jarrow (1995). In a continuous-time set-up, 
the short-term interest rate is usually modelled as a one-dimensional diffusion 
process. This classical approach to bond price modelling has been examined 
by many authors during the last 30 years. In this text, we provide only 
a brief survey of the most widely accepted examples of diffusion processes 
used to model the short-term rate. The short-term rate approach to bond 
price modelling is not developed in subsequent chapters. This is partially 
explained by the abundance of literature taking this approach, and partially 
by the difficulty of fitting the observed term structure of interest rates and 
volatilities within a simple diffusion model (see Pelsser (2000a) or Brigo and 
Mercurio (2001a)). Instead, we develop the term structure theory for a much 
larger class of models that includes diffusion-type models as special cases. 
Nevertheless, it should be made clear that diffusion-type modelling of the 
short-term interest rate is still the most popular method for the valuing and 
hedging of interest rate-sensitive derivatives. 

Generally speaking, existing stochastic models of the term structure can 
be classified either according to the number of factors or with respect to 
the number of state variables. The first classification refers to the number of 
sources of uncertainty in a model; it will usually correspond to the dimen- 
sionality of the underlying Brownian motion. Single-factor models assume 
perfect correlation among different points on the yield curve; multi-factor 
models have the potential to  explain the lack of perfect correlation. The sec- 
ond classification refers to the dimensionality of a certain Markov process 
embedded in a model - deterministic functions of this Markov process define 
the yield curve. Under such a classification, the number of factors is always 
not greater than the number of state variables. Let us stress that this clas- 
sification is not generally accepted in existing literature. In effect, factors 
are frequently identified with state variables, especially when dealing with a 
model that directly postulates the dynamics of the short-term interest rate. 
In such an approach, the dimensionality of the underlying Brownian motion 
usually coincides with the number of state variables. 
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10.1 Single-factor Models 

In this section, we provide a survey of most widely accepted single-factor 
models of the short-term interest rate. It is assumed throughout that dy- 
namics of r are specified under the martingale probability measure P*. As 
a consequence, the risk premium does not appear explicitly in our formulas. 
The underlying Brownian motion W* is assumed to be one-dimensional. In 
this sense, the models considered in this section are based on a single source 
of uncertainty, so that they belong to the class of single-factor models. 

10.1.1 Time-homogeneous Models 

Merton's model. Merton (1973) proposed to model the short-term rate 
process r through the formula: 

where W* is a one-dimensional standard Brownian motion under the spot 
martingale measure P*, and ro,a ,  a are positive constants. The following 
elementary lemma will prove useful. 

Lemma 10.1.1. Let the random variable have the Gaussian law N ( p , a 2 ) .  
Then the random gariable ( = e f  has the expected value e f i + ~ ' / ~  and the 
variance e2fi+"2 (en - 1) .  

The next result furnishes the valuation formula for the zero-coupon bond 
in Merton’s model. 

Proposition 10.1.1. The arbitrage price B ( t ,  T )  of a T-maturity zero- 
coupon bond i n  Merton's model equals 

B ( ~ ,  T )  = e - r t ( ~ - t ) - ~ a ( ~ - t ) 2 + ~ c 2 ( ~ - t ) 3  (10.2) 

The dynamics of the bond price under P* are: 

Proof. Let us evaluate the price B ( 0 ,  T )  using the formula 

To this end, we need to find the probability law of the integral &- = r ,  du. 
Let us set & = r t ( T  - t )  so that YT = 0. Using Itb’s product rule, we obtain 

d& = (T - t )  drt - rt  dt ,  

that is, 
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T T 
YT - Yo = -roT = ( T  - t )  drt - Jd rt dt. 

In view of (10.1), we find that 

[T = TOT + ( T  - t )  drt = roT + ( T  - t ) (adt  + adW,*), 
J o  J o  

or equivalently, 

We shall now use the fact that for any continuous function f : [0, TI -. R the 
integral f ( t )  dW: has the Gaussian law with mean zero and the variance 

f 2 ( t )  dt. In our case f ( t )  = a ( T  - t ) ,  so that 

We conclude that tT has under P* the Gaussian law with the expected value 
roT + i a ~ ~  and the variance 

In view of (10.4), we have B(0 ,  T )  = I E ~  ( e - fT ) .  By virtue of Lemma 
10.1.1, we obtain 

~ ( 0 ,  T )  = e - ~ ~ ~ - f a ~ 2 + Q o Z ~ 3  

The general result (10.2) is a consequence of the Markov property of rt and 
the formula 

Using (10.2), it is not difficult to derive the dynamics of B ( t ,  T ) .  We have 
B ( t , T )  = f ( Z t ) ,  where f ( 2 )  = eZ and 

Using ItG’s lemma, we get 

This completes the proof of the proposition. 

where 

Let us also mention that since the volatility of the bond’s price appears to 
be a deterministic function in Merton’s model, the valuation formula for a 
bond option is a special case of the general result of Proposition 11.3.1. 
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Vasicek's model. The model analyzed by Vasicek (1977) is one of the 
earliest models of term structure (see also Brennan and Schwartz (1977c), 
Richard (1978), and Dothan (1978)). The diffusion process proposed by Va- 
sicek is a mean-reverting version of the Ornstein-Uhlenbeck process. The 
short-term interest rate r is defined as the unique strong solution of the SDE 

where a ,  b and a are strictly positive constants. It is well-known that the 
solution of (10.5) is a Markov process with continuous sample paths and 
Gaussian increments. 

Lemma 10.1.2. The unique solution to the SDE (10.5) is given by the for- 
mula: 

a = r se -b ( t -4  + - e-"t-4 
b ) + a [ e-b(t-u) d ~ : .  

for any s < t the conditional law of rt  with respect to the a-field Fs is 
Gaussian, with the conditional expected value 

and the conditional variance 

The limits of IEp* (rt  I F S )  and Varp* (r t  1 FS) when t tends to infinity are: 
a 

lim Ep%(rt 13;) = ;, 
t --+ 00 

and 
a2 

lim Varp  (r t  I F s )  = - 
t+cc 2b 

Proof. Let us fix s > 0 and let us consider the process = rteb(t-s) where 
t > s. Using It6’s lemma and (10.5), we obtain 

d x  = eb(t-s) drt + beb(t-")rt dt 
- - eb(t-s) ( a  dt - brt dt + a dW: + brt d t )  
- - eb(t-s) ( a  dt +  ad^,*). 

Thus, we have 

and consequently 
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Finally, we obtain 

since 

It is well-known that for any function g the It8 integral g(u) dW,* is a 
random variable independent of the a-field Fs and has the Gaussian law 
N(0, sSt g2 (u) du). In our case 

We conclude that for any s < t the conditional law of rt with respect to the 
a-field Fs is Gaussian, with the conditional expected value 

and the conditional variance 

This ends the proof of the lemma. 0 

Note that the solution to (10.5) admits a stationary distribution, to wit, 
a Gaussian distribution with expected value a/b and variance a2/2b. 

Our next goal is to find the price of a bond in Vasicek’s model. To this 
end, we shall use the risk-neutral valuation formula directly. An alternative 
derivation of bond pricing formula, based on a PDE approach, is given in 
Proposition 10.1.3. 

Proposition 10.1.2. The price at time t of a zero-coupon bond in Vasicek’s 
model equals: 

~ ( t ,  T) = em(t9T)-n(t2T)~t (10.6) 

where 
1 n(t, T) = - (1 - e-b(T-t) 
b ) (10.7) 

and 
m(t, T )  = $ lT n2(U, T)  du - a n(u, T) du. LT (10.8) 

The bond price volatility is a deterministic function b(., T )  : [0, TI t R. More 
explicitly, b(t, T )  = -an(t, T) ,  and thus the dynamics of the bond price under 
P* are: 

dB(t,T) = B( t ,T ) ( r td t  - an(t,T)dW,*). (10.9) 
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Proof. We shall first evaluate B(0, T )  using the formula: 

We know already that 

so that 

a e-bt d t  + CJ JYt  e-b(t-u) dW: dt. 
0 0 

Observe that 1' epbt d t  = - 1 (I - e-bT) = n(0, T ) .  b 
Using the stochastic Fubini theorem (see Theorem IV.45 in Protter (1990)),  
we obtain: 

This means that 

It is easy to check that 

T lT n(u, T )  du = - - n(0, T ) ,  
b 

and thus 

The random variable JT has under P* the Gaussian law with the expected 
value n(0, T)ro + a J: n(u, T )  d u  and the variance o2 J: n2 (u, T )  du. In view 
of Lemma 10.1.1, we obtain 
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The general valuation formula (10.6) is an easy consequence of the Markov 
property of r. Finally, to establish (10.9), it suffices to apply It6’s rule. 

By combining (10.7) with (lO.8), we obtain a more explicit representation 
for m(t,  T):  

Let us consider any security whose payoff depends on the short-term rate 
r as the only state variable. More specifically, we assume that this security is 
of European style, pays dividends continuously at a rate h(rt, t ) ,  and yields 
a terminal payoff GT = g(rT) at time T. Its arbitrage price r t ( X )  is given 
by the following version of the risk-neutral valuation formula: 

where v is some function v : R x  [O, T*] -+ R. From the well-known connection1 
between diffusion processes and partial differential equations, it follows that 
the function v : R x [0, T*] -+ R solves the following valuation PDE 

dv 1 d2v dv 
-(r, t )  + - g2 - (r, t )  + (a - br) -(r, t )  - rv(r, t)  + h(r, t )  = 0, 
dt 2 dr2 d r  

subject to the terminal condition v(r, T )  = g(r).  Solving this equation with 
h = 0 and g(r) = 1, Vasicek (1977) proved the following result (recall that 
we have already derived (10.10)-(10.12) through the probabilistic approach; 
see Proposition 10.1.2). 

Proposition 10.1.3. The price at time t of a zero-coupon bond in Vasicek’s 
model equals 

B(t,  T) = v(rt,  t, T )  = em(t>T)-n(t>T)rt ,  (10.10) 

where 
1 n(t, T )  = - (1 - e-b(T-t) 
b 

(10.11) 

and 

n2(u, T) du - a n(u, T )  du. 4' (10.12) 

Recall that this result is known as the Feynman-Kac formula (see, for instance, 
Theorem 5.7.6 in Karatzas and Shreve (1998a)). 
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Proof. To establish this result by a PDE approach, it is enough to assume 
that the bond price is given by (10.10), with the functions m and n satisfying 
m(T, T )  = n(T, T )  = 0, and to make use of the valuation PDE. By separating 
terms that do not depend on r, and those that are linear in r ,  we arrive at  
the following system of differential equations: 

and 
n t ( t ,T)  = bn(t,T) - 1 

with m(T,T) = n(T,T) = 0, that in turn yields easily the expressions 
(10.11)-(10.12). Using It6’s formula, one can check that 

so that the bond price volatility equals b(t, T )  = -an(t, T) ,  where n(t,  T )  is 
given by (10.11). 0 

If the bond price admits representation (10.10), then obviously 

and thus the bond’s yield, Y(t,T), is an affine function of the short-term 
rate r t .  For this reason, Markovian models of the short-term rate in which 
the bond price satisfies (10.10) for some functions m and n are termed afine 
models of the term structure. 

Jamshidian (1989a) obtained closed-form solutions for the prices of a Eu- 
ropean option written on a zero-coupon and on a coupon-bearing bond for 
Vasicek’s model. He showed that the arbitrage price at  time t of a call option 
on a U-maturity zero-coupon bond, with strike price K and expiry T 5 U ,  
equals (let us mention that Jamshidian implicitly used the forward measure 
technique, presented in Sect. 9.6) 

where q = B(t, U)/B(t, T )  and Q stands for some probability measure equiv- 
alent to the spot martingale measure P*. 

The random variable J is independent of the a-field .Ft under Q, and has 
under Q a lognormal law such that the variance VarQ (1nJ) equals vv(t, T) ,  

or explicitly 
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The bond option valuation formula established in Jamshidian (1989a) reads 
as follows 

where for every t 5 T 5 U 

As in the case of Merton’s model, the valuation formula for a bond option in 
Vasicek’s model is a special case of the general result of Proposition 11.3.1. 
This is due to the fact that the bond volatility b(t, T) is deterministic. 

It is important to observe that the coefficient a that is present in the 
dynamics (10.5) of r under P*, does not enter the bond option valuation for- 
mula. This suggests that the actual value of the risk premium has no impact 
whatsoever on the bond option price (at least if it is deterministic); the only 
relevant quantities are in fact the bond price volatilities b(t, T) and b(t, U). 
To account for the risk premium, it is enough to make an equivalent change 
of the probability measure in (10.15). Since the volatility of the bond price is 
invariant with respect to such a transformation of the underlying probability 
measure, the bond option price is independent of the risk premium, provided 
that the bond price volatility is deterministic. 

Hence, the determination of the risk premium may appear irrelevant, if 
we concentrate on the valuation of derivatives. This is not the case, however, 
if our aim is to model the actual behavior of bond prices. Let us stress that 
stochastic term structure models presented in this text have derivative pricing 
as a primary goal (as opposed to, for instance, asset management). 

Remarks. Let us analyze the instantaneous forward rate f (t, T). Note that 

where n(t,  T )  and m(t, T )  are given by (10.7) and (10.8) respectively. Let us 
denote g(t) = 1 - e-bt. Elementary calculations show that 

and. of course. 

Consequently, we find that 

It  is interesting to note that the instantaneous forward rate f (t, T )  tends to 
0 when maturity date T tends to infinity (the current date t being fixed). 
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Dothan's model. It  is evident that Vasicek’s model, as indeed any Gaussian 
model, allows for negative values of (nominal) interest rates. This property 
is manifestly incompatible with no-arbitrage in the presence of cash in the 
economy. This important drawback of Gaussian models was examined, among 
others, by Rogers (1996). To overcome this shortcoming of Gaussian models, 
Dothan (1978) proposed to specify the short-term rate process r through the 
expression: 

drt = art dW,*, 

so that in his model 

rt = ro exp (OW,* - i a2 t ) ,  ’v’t E [0, T*], 

where W* is a one-dimensional standard Brownian motion under the spot 
martingale measure P*, and a is a positive constant. It is clear that rt is 
lognormally distributed under P*, and thus the short-term interest rate can- 
not become negative. On the other hand, however, the probability law of the 
integral r, du under P* is not known, and explicit formula for the bond 
price is not available in Dothan’s model. 

Brennan and Schwartz model. Brennan and Schwartz (1980b) proposed 
a mean-reverting version of Dothan’s model, namely, 

drt = (a - brt) dt + art dW,*. 

T As in the case of Dothan’s model, the probability law of the integral St r, du 
under P* is not known, so that numerical procedures are required to value 
zero-coupon bonds and bond options. 
Cox-Ingersoll-Ross model. The general equilibrium approach to term 
structure modelling developed by Cox et al. (1985b) (CIR, for short) leads to 
the following modification of the mean-reverting diffusion of Vasicek, known 
as the square-root process 

where a ,  b and a are strictly positive constants. Due to the presence of the 
square-root in the diffusion coefficient, the CIR diffusion takes only positive 
values. More precisely, it can reach zero, but it never becomes negative. In 
a way similar to the previous case, the price process Gt = v(rt,  t)  of any 
standard European interest rate derivative can be found, in principle, by 
solving the valuation PDE (for the origin of this PDE, see Sect. 10.1.3) 

dv 1 d2v dv 
- (r, t)  + - a2r _Z (r, t)  + (a - br )  - (r, t)  - rv(r, t )  + h(r, t)  = 0, 
dt 2 d r  d r  

subject to the terminal condition v(r, T) = g(r, T) .  Cox et al. (1985b) found 
closed-form solutions for the price of a zero-coupon bond by a PDE approach. 
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We conjecture that the bond price B( t ,T )  in the CIR model satisfies 
(10.10) for some functions m and n. Then, using the valuation PDE above, 
we find that the function n solves, for each fixed maturity date T, the Riccati 
equation 

n t ( t ,T)  - +a2n2(t ,T) - bn(t,T) + 1 = 0 (10.19) 

with the terminal condition m(T, T )  = 0, and the function m satisfies 

mt (t, T )  = an(t,  T )  (10.20) 

with the terminal condition m(T, T )  = 0. Solving this system of ordinary 
differential equations, we obtain 

-yeb7/2 
y cosh YT + + b sinh -yr 

and 
sinh y r  

n( t ,T)  = 
y cosh y r  + + b sinh y r  ' (10.22) 

where we denote T = T - t and 27 = (b2 + 2a2)’I2. We conclude that the 
CIR model belongs to the class of affine term structure models. 

Closed-form expressions for the price of an option on a zero-coupon bond 
and an option on a coupon-bearing bond in the CIR framework were derived 
in Cox et al. (198513) and in Longstaff (1993) respectively. 

In Sect. 10.3, we shall analyze in some detail the time-dependent version 
of the CIR model. Let us only mention here that the CIR bond option pricing 
formulas involves the cumulative non-central chi-square distribution, and it 
depend on the deterministic risk premium (it is easily seen that the bond price 
volatility in the CIR framework is stochastic, rather than deterministic). 

Remarks. As pointed out by Rogers (1995), the dynamics of the form (10.18) 
can be obtained by a simple transformation of a d-dimensional Gaussian 
process. Let X be a diffusion process solving the SDE 

where W is a d-dimensional Brownian motion, and P, a : [0, T*] -, R are 
bounded functions. Then the process rt = IXtI2 satisfies 

where W* is a one-dimensional Brownian motion. This shows the con- 
nection between the properties of the (generalized) CIR model and the 
theory of Bessel processes. We shall analyze this issue in more detail in 
Sect. 10.3 in which we shall examine the extended CIR model, i.e., the time- 
inhomogeneous version of the CIR model in which r satisfies 
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Longstaff (1990a) has shown how to value European call and put options 
on yields in the CIR model. For a fixed time to maturity, the yield on a 
zero-coupon bond in the CIR framework is, of course, a linear function of the 
short-term rate, since 

where T = T - t is fixed. The number P ( t ,  7) represents the yield at  time t 
for zero-coupon bonds with a constant maturity 7, provided that the current 
level of the short-term rate is rt = r .  In accordance with the contractual 
features, for a fixed 7, a European yield call option entitles its owner to 
receive the payoff C g ,  which is expressed in monetary units and equals C F  = 
(P(rT, 7) - K)+, where K is the fixed level of the yield. 

Longstaff's model. Longstaff (1989) modified the CIR model by postulat- 
ing the following dynamics for the short-term rate 

referred to as the double square-root (DSR) process. Longstaff derived a 
closed-form expression for the price of a zero-coupon bond 

B(t,  T) = v(rt, t, T )  = e"( t ,T) -" ( t>T)r t -~( t ,T) f i  

for some functions m, n and p that are known explicitly (we do not reproduce 
them here). The bond’s yield is thus a non-linear function of the short-term 
rate. Also, the bond price is not a monotone function of the current level of 
the short-term rate. This feature makes the valuation of a bond option less 
straightforward than usual. Indeed, it is, typically, possible to represent the 
exercise set of a bond option in terms of r as the interval [r*, oo) or (-oo, r*] 
for some constant r*,  depending on whether an option is a put or a call (see 
Sect. 10.1.4). 

An empirical comparison of the CIR model and the DSR model, which 
was done by Longstaff (1989), suggests that the DSR model outperforms the 
CIR model in most circumstances. Empirical studies of the CIR model are re- 
ported also in Brown and Dybvig (1986), Gibbons and Ramaswamy (1993), 
and Pearson and Sun (1994). Note that, albeit in a continuous-time setting, 
the short-term interest rate is defined theoretically as the instantaneous rate 
with continuous compounding; in empirical studies it is common to use the 
1-month Treasury bill yield as a proxy for the short-term interest rate. A 
general conclusion from these studies is that the actual behavior of the bond 
price cannot be fully explained within the framework of a single-factor model. 
As one might easily guess, in order to increase the explanatory power of short- 
term models it is tempting to increase the number of the underlying state 
 variable^.^ Another possible way of improving the explanatory power of a 
model is to allow the coefficients to depend explicitly on the time parameter. 

See, however, Chen and Scott (l992), Maghsoodi (l996), and Jamshidian (1995) 
and Sect. 10.3 below for further single-factor extensions of the CIR model. 
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10.1.2 Time-inhomogeneous Models 

All term structure models should preferably match liquid market information 
concerning historically observed interest rates and their volatilities. In this 
regard, let us observe that fitting of the initial yield curve is done by con- 
struction in some models; however, it may prove to be a rather cumbersome 
task in others. Fitting a model to the term structure of market volatilities 
- that is, to  the historically observed volatilities of forward rates - is typi- 
cally even more difficult. Advanced optimization techniques are necessary to 
search for the parameters that return market prices for liquid interest rate 
derivatives such as bond options, futures options, caps and swaptions. For 
this reason, it is easier to work with models for which closed-form valuation 
formulas are available, at least for zero-coupon bonds and the most typical 
European options. 

Hull and White model. Note that both Vasicek’s and the CIR models 
are special cases of the following mean-reverting diffusion process 

drt = a(b - crt)dt + arf dW:, 

where 0 5 ,O 5 1 is a constant. These models of the short-term rate are thus 
built upon a certain diffusion process with constant (i.e., time-independent) 
coefficients. In practical applications, it is more reasonable to expect that in 
some situations, the market’s expectations with regard to future interest rates 
involve time-dependent coefficients. Also, it would be a plausible feature if a 
model fitted not merely the initial value of the short-term rate, but rather 
the whole initial yield curve. This desirable property of a bond price model 
motivated Hull and White (1990a) to propose an essential modification of the 
models above. The fairly general interest rate model they proposed extends 
both Vasicek’s model and the CIR model in such a way that the model is able, 
in principle, to  fit exactly any initial yield curve. In some circumstances, it 
leads also to a closed-form solution for the price of a European bond option. 
Let us describe the main steps of this approach. In its most general form, the 
Hull and White methodology assumes that 

for some constant ,O > 0, where W* is a one-dimensional Brownian motion, 
and a ,  b, a : R+ -, R are locally bounded functions. By setting 6 = 0 in 
(10.26), we obtain the generalized Vasicek model, in which the dynamics of r 
are3 

drt = (a(t) - b(t)rt) dt + a( t )  dW;. (10.27) 

To solve this equation explicitly, let us denote l(t) = b(u) du. Then we 
have 

d(el(t)rt) = (a(t) dt + a(t) dW;). 

A special case of such a model, with b = 0, was considered by Merton (1973). 
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Consequently 

It is thus not surprising that closed-form solutions for bond and bond option 
prices are not hard to derive in this setting. On the other hand, if we put 
p = 112 then we obtain the generalized CIR model 

In this case, however, the closed-form expressions for the bond and option 
prices are not easily available, in general (this would require solving (10.19)- 
(10.20) with time-dependent coefficients a(t) , b(t) and a(t)) .  For special cases, 
we refer the reader to Jamshidian (1995), where a generalized CIR model 
with closed-form solutions is examined, and to Schlogl and Schlogl (1997), 
who consider the case of piecewise constant coefficients. As was mentioned 
already, the extended CIR model (more specifically, the special case of the 
constant dimension model) is examined in Sect. 10.3. 

The most important feature of the Hull and White approach is the possi- 
bility of the exact fit of the initial term structure and, in some circumstances, 
also of the term structure of forward rate volatilities. This can be done, for 
instance, by means of a judicious choice of the functions a ,  b and a. Since 
the details of the fitting procedure depend on the particular model (i.e., on 
the choice of the exponent p), let us illustrate this point by restricting our 
attention to the generalized Vasicek model. We start by assuming that the 
bond price B(t,  T )  can be represented in the following way 

for some functions m and n ,  with m(T, T )  = 0 and n(T, T )  = 0. Plugging 
(10.28) into the fundamental PDE for the zero-coupon bond, which is 

we obtain 

Since the last equation holds for every t ,  T and r ,  we deduce that m and n 
satisfy the following system of differential equations (cf. (10.13)-(10.14)) 

and 
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Fitting the yield curve. Suppose that an initial term structure P (0 ,T)  
is given exogenously. We adopt the convention to denote by P(0, T )  the ini- 
tial term structure, which is given (it can, for instance, be inferred from the 
market data), as opposed to the initial term structure B(0,T) implied by a 
particular stochastic model of the term structure. Assume also that the for- 
ward rate volatility is not predetermined. In this case, we may and do assume 
that b(t) = b and a(t)  = a are given constants; only the function a is thus 
unknown. Since b and a are constants, n is given by (10.11). Furthermore, in 
view of (10.29), m equals 

Since the forward rates implied by the model equal (cf. (9.5)) 

easy calculations involving (10.11) and (10.30) show that the unknown func- 
tion a(t) is implicitly given by the following equation: 

Put another way, f(0, T )  = g(T) - h(T), where gl(T) = -bg(T) + a(T) with 
g(0) = ro ,  and 

h(T) = ( 1 / 2 ) b - ~ a ~ ( l  - e-bT). 
Consequently, we obtain 

and thus the function a is indeed uniquely determined. This terminates the 
fitting procedure. Although, at least theoretically, this procedure can be ex- 
tended to fit the volatility structure, is should be stressed that the possibility 
of an exact match with the historical data is only one of several desirable 
properties of a model of the term structure. If the forward rate volatilities 
are also fitted, the Hull and White approach becomes close to the Heath, 
Jarrow and Morton methodology, which is treated in the next chapter. 

In the matching procedure, the exact knowledge of the first derivative of 
the initial term structure P(0, T )  with respect to T is assumed. In practice, 
the yield curve is known only at a finite number of points, corresponding to 
maturities of traded bonds, and the accuracy of data is also largely limited. 
The actual shape of the yield curve is therefore known only approximately 
(see, for instance, McCulloch (1971, 1975), Vasicek and Fong (1982), Shea 
(1984, 1985), Nelson and Siege1 (1987), Delbaen and Lorimier (1992), Adams 
and van Deventer (1994), or Marangio et al. (2002)). Furthermore, in fit- 
ting additional initial data, we would typically need to use also the higher 
derivatives of the initial yield curve. 
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Lognormal model. The lognormal model of the short-term rate derives 
from a single-factor discrete-time model of term structure, put forward inde- 
pendently by Black et al. (1990) and Sandmann and Sondermann (1989) (in 
financial literature, it is usually referred to as the Black-Derman-Toy model). 
Generally speaking, the discrete-time model is based on judicious construc- 
tion of a binary tree for a one-period interest rate. In principle, the value of 
the short-term interest rate at each node of the tree, and the corresponding 
transition probabilities, can be chosen in such a way that the model matches 
not only the initial forward rate curve, but also the initial volatility structure 
of forward rates (see Sandmann (1993)). In its general form, the lognormal 
model of the short-term rate is described by the following dynamics of the 
process r :  

d lnr t  = (a(t) - b(t) In rt) dt + a ( t )  dWt* (10.31) 

for some deterministic functions a ,  b and a .  Put  differently, rt = eYt, where 
the process Y follows a time-inhomogeneous Vasicek’s model: 

For this reason, it is also known as the exponential Vasicek model. 
In particular, the continuous-time limit of the Black-Derman-Toy model 

corresponds to the choice b(t) = -a’(t)/a(t). Black and Karasinski (1991) 
examine practical aspects of the model given by (10.31). They postulate that 
the model fits the yield curve, the volatility curve and the cap curve. 

Example 10.1.1. Consider the special case of the Black and Karasinski (1991) 
model, specifically, 

where W* follows a one-dimensional Brownian motion under P*, the coeffi- 
cient a : R+ -+ R+ is a deterministic function, and b E R, a > 0 are constants. 
As was mentioned already, the process x = In rt satisfies Vasicek’s (1977) dy- 
namics. Consequently, the unique solution to (10.32) is given by the following 
expression 

It is easy to check that the probability distribution of rt under IP is lognormal 
with the following parameters 

I' a 
Ep (r t )  = exp (epbt ln ro + e-b(t-u) a(u) du + - (1 - e-2bt)) 

4b 

and 

( 
t a2 I E p  (r:) = exp 2evbt ln r0 + 2 e-b( t -u)a(~)  du + - (1 - e-2bt)). 

b 
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If a(t) = a E R and b > 0, then for any t > s the conditional first and 
second moments of rt given the a-field FS are 

a a2 
lim & p. (rt  / Fs) = exp (- + -) 
s-00 b 4b 

and 
lim Var p* (rt I FS) = exp 
S-OO (T + g) (exp (g) - 1) 

Remarks. Hogan and Weintraub (1993) showed that the dynamics of (10.31) 
lead to infinite prices for Eurodollar futures, and this is, of course, an un- 
desirable property. To overcome this drawback, Sandmann and Sondermann 
(1993b, 1997) proposed a focus on effective annual rates, rather than on sim- 
ple rates over shorter periods. In the continuous-time limit, they found the 
following dynamics for the annual effective rate it 

Consequently, the annual, continuously compounded rate, which is given by 
the equality Ft = ln(1 + i t ) ,  satisfies 

Remarks. In terms of the continuously compounded and actuarial forward 
rates of Sect. 9.1, we have Ft = f ( t , t ,  t + 1) and i t  = a( t , t  + I ) ,  where time 
is expressed in years. 

10.1.3 Model Choice 

Let us first summarize the most important features of term structure models 
that assume the diffusion-type dynamics of the short-term rate. Suppose that 
the dynamics of r under the actual probability P satisfy 

for some sufficiently regular functions p and a. Assume, in addition, that the 
risk premium process equals At = A(rt, t) for some function X = X(r, t) .  In 
financial interpretation, the last condition means that the excess rate of return 
of a given zero-coupon bond depends only on the current short-term rate and 
the price volatility of this bond. Using (10.33) and Girsanov’s theorem, we 
conclude that under the martingale measure P* = IPX, the short-term rate 
process r satisfies 

drt = pX(rt ,  t)dt + a ( r t ,  t)  dW;, (10.34) 
where the risk-neutral drift coefficient equals 
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Let us stress once again that it is necessary to assume that the functions 
p, (T and X are sufficiently regular (for instance, locally Lipschitz with respect 
to the first variable, and satisfying the linear growth condition), so that the 
SDE (10.34), taken with initial condition ro > 0, admits a unique global 
strong solution. Under such assumptions, the process r is known to follow, 
under the martingale measure P*, a strong Markov process with continuous 
sample paths. The latter property allows for the use of techniques developed 
in the theory of Markov processes. 

Consider an arbitrary attainable contingent claim X of European style, 
with the settlement date T. Let the payoff at time T associated with X has 
the form g(rT) for some function g : R -+ R. In addition, we assume that 
this claim pays dividends continuously at a state- and time-dependent rate 
h(rt, t) .  Under this set of assumptions, the ex-dividend price4 of X is given 
by the following version of the risk-neutral valuation formula: 

where v is some function v : R x [0, T*] + R. It follows from the general 
theory of diffusion processes, more precisely from the result known as the 
Feynman-Kac formula (see Theorem 5.7.6 in Karatzas and Shreve (1998a)), 
that under mild technical assumptions, if a security pays continuously at a 
rate h(r t , t ) ,  and yields a terminal payoff GT = g(rT) at time T, then the 
valuation function v solves the following fundamental PDE 

dv 1 d2 v dv 
- (r,  t)  + - 02(r,  t )  (r, t )  + pX (r, t )  - (r, t )  - rv(r, t)  + h(r, t )  = 0, dt 2 d r  ar 

subject to the terminal condition v(r ,T) = g(r).  Existence of a closed-form 
solution of this equation for the most typical derivative securities (in partic- 
ular, for a zero-coupon bond and an option on such a bond) is, of course, 
a desirable property of a term structure model of diffusion type. Otherwise, 
the efficiency of numerical procedures used to solve the fundamental PDE 
becomes an important practical issue. 

A time-discretization of a diffusion-type model of the short-term rate 
becomes a substantially simpler task if a model exhibits the nice feature of 
path-independence. Formally, a diffusion-type term structure model is said 
to be path-independent if a solution r of (10.34) admits the representation 
rt = g(Wt,t) for some (deterministic) function g. This particular form of 
path-independence is a rather strong assumption, however, and thus it is 
unlikely to be satisfied by a short-term rate model. 

The so-called ex-dividend price of an asset reflects the expected future dividends 
only. In other words, we do not assume that the dividends received prior to time 
t were reinvested in some way, but we simply ignore them. 
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As shown by Schmidt (1997) (see also Jamshidian (1991b)), most of the 
short-term models used in practice (these include, among others, Vasicek’s 
model, the CIR model, the lognormal model) possess a weaker property; 
namely, r can be represented in the following way 

where g, h : IR+ -+ R are continuous functions, and the functions H : R -+ IR 
and u : IR+ 4 R+ (with u(0) = 0) are strictly increasing and continuous. 
Since, typically, all of these functions are known explicitly, representation 
(10.35), which is indeed a weaker form of path-independence, leads to a con- 
siderable simplification of numerical procedures used in implementing single- 
factor models. 

In view of the abundance of existing single-factor models (see Brennan 
and Schwartz (1977c), Richard (1978), Courtadon (1982a), Ball and Torous 
(1983b), and Evans et al. (1994) for further examples) the choice of model 
is an issue of primary importance. Leaving analytical tractability aside, it is 
desirable for a model to be able to explain the actual behavior of the term 
structure, market prices of derivatives, or simply the observed short-term 
interest. For hedging purposes, it is essential that a model is able to generate 
a sufficiently rich family of yield curves (for instance, increasing, decreasing, 
or humped) and the variations of the yield curve predicted by the model are 
consistent with typical real-life fluctuations of this curve. More details on 
this issue can be found in papers by Schlogl and Sommer (1994, 1998) and, 
especially, Rogers (l995). 

10.1.4 American Bond Options 

Let us denote by Pa(rt, t, T) the price at time t of an American put option, 
with strike price K and expiry date T, written on a zero-coupon bond of 
maturity U > T. Let us denote by B(rt ,  t ,  U) the price at time t 5 U of this 
bond. 

Arguing along similar lines as in Chap. 5, it is possible to show that 

where l[t,Tl is the class of all stopping times with values in the time interval 
[t,T]. For a detailed justification of the application of standard valuation 
procedures to American contingent claims under uncertain interest rates, we 
refer the reader to Amin and Jarrow (1992). For any t E [0, TI the optimal 
exercise time rt equals 

rt = inf {u E [t, TI I ( K  - B(ru,  u, U))+ = Pa(ru, u, T) ). 

Assume that the bond price B(r ,  u, U) is a decreasing function of the rate r, 
all other variables being fixed (this holds in most, but not all, single-factor 
models). 
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Then the rational exercise time satisfies 

rt = inf {u E [t ,T] Ir, > r:} 
for a certain adapted stochastic process r* representing the critical level of 
the short-term interest rate. Using this, one can derive the following early 
exercise premium representation of the price of an American put option on 
a zero-coupon bond 

where P(rt, t, T )  stands for the price at time t 5 T of the corresponding 
European-style put option. The quasi-analytical forms of this representation 
for Vasicek’s model and the CIR model were found by Jamshidian (1992). 
Chesney et al. (1993a) have studied bond and yield options of American style 
for the CIR model, using the properties of the so-called Bessel  bridges. 

10.1.5 Options on Coupon-bearing Bonds 

A coupon-bearing bond is formally equivalent to a portfolio of discount bonds 
with different maturities. To value European options on coupon-bearing 
bonds, we take into account the fact that the zero-coupon bond price is 
typically a decreasing function of the short-term rate r .  This implies that 
an option on a portfolio of zero-coupon bonds is equivalent to a portfolio 
of options on zero-coupon bonds with appropriate strike prices. Let us con- 
sider, for instance, a European call option with exercise price K and expiry 
date T on a coupon-bearing bond that pays coupons cl,  . . . , c, at dates 
Tl < . . . < T, < T*. The payoff of the option at  expiry equals 

The option will be therefore exercised if and only if rt < r*, where the critical 
interest rate r* solves the equation 

The option’s payoff can be represented in the following way 

where Kj  = B(r*,  T, Tj). The valuation of a call option on a coupon-bearing 
bond thus reduces, in the present setting, to the pricing of options on zero- 
coupon bonds. 
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10.2 Multi-factor Models 

All models considered in the previous section belong to the class of single- 
factor models. Since the short-term rate was assumed to follow a (one- 
dimensional) Markov process, it could also be identified with a unique state 
variable of the model. A more general approach to term structure modelling 
incorporates multi-factor models; that is, those term structure models that 
involve several sources of uncertainty (typically represented by a multidimen- 
sional Brownian motion). 

In most two-factor models, the term structure is inferred from the evo- 
lution of the short-term interest rate and some other economic variable (for 
instance, the long-term interest rate, the spread between the short-term and 
long-term rates, the yields on a fixed number of bonds, etc.). Since the anal- 
ysis of two-factor models of the term structure of interest rates is rather 
lengthy, and is frequently based on the general equilibrium arguments, we 
refer the reader to the original papers, such as Brennan and Schwartz (1979, 
1980, 1982), Schaefer and Schwartz (1984), Duffie and Kan (1994, 1996), 
and Longstaff and Schwartz (1992a, 199213). Richard (1978) and Cox et al. 
(1985b) also consider models with two state variables; the underlying state 
variables (such as the rate of inflation) are not easily observed, however. 

Empirical tests of two-factor and multi-factor models, reported in Stam- 
baugh (1988), Longstaff and Schwartz (1992a), and Pearson and Sun (1994), 
show that introducing additional state variables (and thus also additional fac- 
tors) significantly improves the fit. This positive feature is counterbalanced, 
however, by the need to use much more cumbersome numerical procedures 
and by the difficult problem of identifying additional factors. 

10.2.1 State Variables 

From the theoretical point of view, a general multi-factor model is based 
0.n the specification of a multidimensional Markov process X .  Assume, for 
instance, that X = (X1,. . . , x d )  is a multidimensional diffusion process, 
defined as a unique strong solution of the following SDE 

where W is a d-dimensional Brownian motion, and the coefficients p and a 
take values in lRd and lRdxd respectively. Equation (10.36) may be extended 
by inserting also a jump term; in this case the state variable process X is 
termed a jump-diffusion (cf. Sect. 7.6.1). 

Components X1, .  . . ,xd of the process X are referred to as the state 
variables; their economic interpretation, if any, is not always apparent, how- 
ever. A special class of multi-factor models is obtained by postulating that 
the state variables Xi  are directly related to yields of some bonds, with a 
preassigned finite set of maturities, as in Duffie and Singleton (1994b). 
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The short-term rate is now defined by setting rt = g(Xt) for some function 
g : lRd -+ R. A special class of such models is obtained by postulating that 
X solves a linear SDE with time-dependent coefficients 

where a : [O,T*] 4 E X d  and b,a : [0, T*] -+ iRdxd are bounded functions. 
Furthermore, it is common to set either rt = iIxtI2 or rt = y . Xt for 
some vector y E lRd. In the former case, we deal with the so-called squared- 
Gauss-Markov process; in the latter, the short-term rate is manifestly a Gaus- 
sian process. In the Gauss-Markov setting, multi-factor models were studied 
by Langetieg (1980), Jamshidian (1991a), ElKaroui and Lacoste (1992), and 
Duffie and Kan (1996) (see also ElKaroui et al. (1992, 1995) and Jamshidian 
(1996) for related results). 

Note that the generalized CIR model, which is essentially a single-factor 
model, can also be seen, at least for some parameters, as a multi-factor 
squared-Gauss-Markov (cf. (10.23)-(10.24)). This shows that the distinction 
between single-factor and multi-factor models is a bit ambiguous. Indeed, 
it refers to the postulated information structure (that is, to the underlying 
filtration), rather than to purely distributional properties of a model. 

10.2.2 Affine Models 

Recall that a Markovian model of the short term rate is called afine if the 
bond price admits the following representation 

B(t,  T )  = em(tlT)-n(tlT)rt, Vt E [0, TI, 

for some functions m and n. Duffie and Kan (1996) show that a multi-factor 
model of the term structure is affine if and only if the coefficients of the 
dynamics of X ,  and the function g, are affine, in a suitable sense. To be more 
specific, let us assume that X satisfies 

where p : iRd -+ lRd and a : lRd + iRdxd  are sufficiently regular, so that the 
SDE (10.37) has a unique, global solution. Then X is a time-homogeneous 
Markov process with some state space D C iRd. We postulate that rt = g(Xt) 
for some affine function g : D -+ lR. In other words, rt = yo + yl . Xt,  where 
yo E IR and yl E lRd are fixed. It  appears that such a model is affine if 
and only if p(x) = p0 + p1x for some po E iRd and p1 6 EXdxd. Finally, we 
postulate that a(x)ut(x) = a,’ + U;~X, where a t (x)  is the transpose of a(x) .  
Furthermore, a0 belongs to lRdxd  and d is in i R d x d x d .  

Duffie et al. (2000) (see also Duffie and Kan (1996), Dai and Singleton 
(2000), Singleton and Umantsev (2002), Duffie et al. (2003)) examine the case 
of an affine jump-diffusion X .  They show that the valuation of bonds and 
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bond options can be achieved via the inversion of the Fourier transform of Xt 
(or a related random variable). Filipovid (2001b) provides a complete char- 
acterization of all (not necessarily continuous) time-homogeneous Markovian 
short rate models that are affine. 

10.2.3 Yield Models 

As was indicated already, a detailed analysis of multi-factor models is beyond 
the scope of this text. We would like, however, to focus the reader’s attention 
on specific mathematical problems which arise in the context of two-factor 
models based on the short-term rate and the consol rate. 

At the intuitive level, the consol yield can be defined as the yield on a bond 
that has a constant continuous coupon and infinite maturity. To make this 
concept precise, we need to consider an economy with an infinite horizon date 
- that is, we set T* = +m. A consol (or consolidated bond) is a special kind 
of coupon-bearing bond with no final maturity date. An investor purchasing 
a consol is entitled to receive coupons from the issuer forever. 

In a continuous-time framework, it is convenient to view a consol as a risk- 
free security that continuously pays dividends at a constant rate, K say. In 
the framework of term structure models based on a (nonnegative) short-term 
interest rate r ,  the price of a consol at  time 0 equals 

00 00 

BX(O,m) = ~ p *  (1 ne - So8 " " ds) = 1 nB(0, s)  ds. 
0 

The last result can be carried over to the case of arbitrary t E R+, yielding 
the following equality for the price of a consol at  time t 

00 

BX(t, m )  = I E p  - '" " ds 1 F~) = 1 nB(t, s) ds. (10.38) 

It is clear that we may and do assume, without loss of generality, that the 
rate K equals 1. For brevity, we denote B1(t, co) by Dt in what follows. A 
substitution of r, by a .Ft-measurable random variable q in the last formula 
gives 

For this reason, the yield on a consol, called also the consol rate, is simply 
defined as the reciprocal of its price, Yt = DL’. The consol rate can be seen 
as a proxy of a long-term rate of interest. To extend the short-term rate 
model, we may take into account the natural interdependence between both 
rates. In this way, we arrive at a two-factor diffusion-type model, in which the 
short-term rate r and the consol yield Y are intertwined. Since Dt = q-', we 
may work directly with the price D of the consol equally well. Assume that 
the two-dimensional process (rt, Dt)  solves the following SDEs (cf. Brennan 
and Schwartz (1979)) 
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drt = p(rt,  Dt) dt + u(rt ,  Dt) . dWt,  

and 
dDt = v(rt, Dt) dt + y(rt,  Dt) . dW;, 

where W* is a two-dimensional standard Brownian motion under the martin- 
gale measure P*. Note that the drift coefficient u in the dynamics of D cannot 
be chosen arbitrarily. Indeed, an application of It6’s formula to (10.38) gives 
the following SDE governing a consol’s price dynamics 

dDt = (rtDt - K) dt + y(rt, Dt) . dWt* (10.39) 

under the martingale measure P*. SDEs for r and D should still be considered 
simultaneously with equality (10.38) linking the price D to the short-term 
rate r ,  since otherwise the term structure model would be inconsistent. A 
reasonable approach is therefore not to specify all coefficients in these SDEs, 
but rather to leave a certain degree of freedom, for instance in the choice 
of the diffusion coefficient y. It  was conjectured by Black that, under mild 
technical assumptions, for any choice of short-term rate coefficients p and a,  
a consistent choice of y is indeed possible. 

Duffie et al. (1995) have confirmed Black’s conjecture, by applying the 
technique of forward-backward SDEs over an infinite horizon. Furthermore, 
it appears that the consol price, and thus also the consol rate, is necessarily of 
the form Dt = g(rt)  for some function g. The function g = g(x) in question is 
shown to be a unique solution of the following ordinary differential equation 

Concluding, the model can be reduced to a model with a single state variable 
r,  in which the dynamics of the short-term rate are given by the SDE above, 
with Dt = g(rt).  Let us finally observe that if we start by postulating that 
the consol rate follows 

dYt = a ( r t ,  Yt) dt + P(rt,  Yt) . d ~ t  

under some probability measure P, where w is a Brownian motion and r is 
an as yet unspecified short-term rate process, then we necessarily have 

under the martingale measure P*. As pointed out by Hogan (1993), for some 
traditional choices of the drift coefficient in the dynamics of the short-term 
rate r, a solution of the last SDE explodes in a finite time. 

Remarks. An interesting issue which is not treated here is the asymptotic 
behavior of long-term yields. More exactly, we are interested in the dynamics 
of the process f i  obtained from the zero-coupon yield Y(t, T) by passing 
to the limit when the maturity date T tends to infinity. It  appears that in 
typical term structure models the long-term yield process ? is either constant 
or has non-decreasing sample paths. For alternative proofs of this property, 
see Dybvig et al. (1996), ElKaroui et al. (1996), and Hubalek et al. (2002). 
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10.3 Extended CIR Model 

In this section, in which we follow Szatzschneider (1998), we shall analyze 
the non-homogenous CIR model of the short-term rate, referred to as the 
extended CIR model. By assumption, the dynamics of the short-term rate r 
under P* are 

drt = (a(t) - b(t)rt) dt + a(t)fidW,*, (10.40) 
where W* is a standard Brownian motion under P* and a, b, a are positive 
and locally bounded functions. This model was considered by Hull and White 
(1990), who generalized the model put forward by Cox et al. (198513). We shall 
examine this model under an additional condition: * = constant, 

a2 (t) 
referred to as the constant dimension condition - this condition was consid- 
ered in the case of the extended CIR by Jamshidian (1995) (see also Rogers 
(1995) and Maghsoodi (1996)). In particular, we shall check that the model 
is affine in the short rate, in the sense that B(t ,  T )  = em(t>T)-n(t3T)rt, where 
B(t,  T )  is the price at  time t of the zero-coupon bond maturing at time T. 

10.3.1 Squared Bessel Process 

Let W = (W1,. . . , Wn) be a standard n-dimensional standard Brownian 
motion on (0, F, P) started at  x = (x l , .  . . , xn) E Rn. Then the process 
Xt = IWtI2 = (Wt1)2 + (Wt2)2 + ... + ( W P ) ~  can be written as the solution of 
the stochastic differential equation 

where 

It  follows easily from Lkvy’s theorem that the process w is a one-dimensional 
standard Brownian motion under P. For a fixed S > 0, let X be a 6- 
dimensional squared Bessel process BESQ~ started at x > 0, that is, the 
unique strong solution of the stochastic differential equation: 

where W follows a one-dimensional standard Brownian motion under P. By 
applying a suitable version of a comparison theorem for SDEs, we can deduce 
that the unique solution to the equation (10.42) is nonnegative, and thus we 
may omit the absolute value under the square root sign. 
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The Shiga and Watanabe theorem (see Shiga and Watanabe (1973) or 
Revuz and Yor (1991)) states that we have: X,6l @ X,62 5 ~ , 6 ~ + ~ ~ ,  where @ 
stands for the sum of two independent processes. Let us mention that for 
any y > 0 and 6 > 0 the square root of the process BESQ;, is called the 
6-dimensional Bessel process started at y, and it is denoted as BES;. 
Remarks. In case of fixed coefficients a, b and a ,  the process r can be repre- 
sented as rt = e - b t ~ f ( t ) ,  where X is the S-dimensional squared Bessel process 
with S = 4aaP2 and f (t) = (4b)-la2(ebt - 1). 

10.3.2 Model Construction 

Assume that X is a 6-dimensional squared Bessel process under P,  so that 

dXt = Sdt + 2 f i d w t ,  (10.43) 

where W is a standard Brownian motion under P. We will show in Sect. 10.3.3 
that by applying a suitable change of the underlying probability measure, we 
obtain under P* 

dXt = (6 + 2,B(t) Xt) dt + 2 6  d ~ : ,  (10.44) 

where P(t) < 0 is a locally bounded, continuously differentiable function (the 
last condition will be dropped later on). 

In the next step, we multiply the process X by a strictly positive, locally 
bounded function s : R+ -t R+. If the function s is continuously differen- 
tiable, then the process r ,  given as rt = s(t)Xt, satisfies 

Note that condition (10.41) is satisfied in the present framework. 

10.3.3 Change of a Probability Measure 

Since X is a 6-dimensional squared Bessel process under P, we have 

dMt = d(Xt - St) = 2 f i d ~ t ,  

where we set Mt = Xt - St for t E R+. Consider the continuous exponential 
local martingale: 

It  is easily seen that 

1 t t 
qt = exp {l  ( ~ ( t ) ~ t  - P(O)XO - 6 / ~ ( u )  du - 1 ( P ~ ( u )  + P’(~))XU du)). 

0 
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If the condition p2(u) + ,B’(u) > 0 is satisfied, then the local martingale 
7 is bounded (since Xt > 0 and P(t) < O), and thus it is a martingale. In the 
general situation, we can use a slightly more elaborated argument, known 
as Novikov’s condition, for small time intervals. We conclude that q always 
follows a martingale, and thus the change of drift via Girsanov’s theorem is 
justified. We introduce a probability measure P* by setting dP* = 7~ dP on 
(0, FT). A simple proof of the next lemma is based on a rather straight- 
forward application of the martingale property of the Doleans exponential 
process 7. 

Lemma 10.3.1. Assume that X is a 6-dimensional squared Bessel process 
under P. Then 

= ~ X P  [i (P (0)xo + 6 L P  (u) du) ] . 
More generally, for any t < T we have 

= exP [i (a( t )x t  + a lT p(u) du)] 

10.3.4 Zero-coupon Bond 

We shall now derive the valuation formula for a zero-coupon bond in the 
extended CIR model. For ease of notation, we consider the case of t = 0. 
Since r t  = s(t)Xt, we obtain 

After simple manipulations, we obtain 

( - P ( O ) X ~ - ~ J ~ ~  A(U) du) ( P ( T ) ~ T - J ~ ~ U ( U ) X .  du) B(0, T)  = e" 

where we denote 
U) + P1(u) + 2s(u). d u )  = P ( 

For a fixed, but otherwise arbitrary, T > 0, we search for an auxiliary function 
FT(u) = F(u)  that solves the following ordinary differential equation (known 
as the Riccati equation) 

F’(u) + F1(u) = P2(u) + P’(u) + ~ s ( u ) ,  (10.46) 

for u E [O,T), with the terminal condition: F(T)  = P(T). 
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If the function F is as described above, then we obtain 

We are in a position to apply Lemma 10.3.1 with the function ,B replaced 
by F. Note that Xo = ro/s(0). 

Proposition 10.3.1. Assume that P < 0. Then for any fixed T > 0 we have 

where the function FT : [0, T] -+ E% solves ODE (10.46) with the terminal 
condition FT (T) = P(T). 

The most convenient approach to the Riccati equation (10.46) is through 
the corresponding Sturm-Liouville equation. Let us write F(u)  = - for 
u E [0, T), where cp(0) = 1. Then for cp(.) = cpT(.) we obtain 

with the terminal condition: F(T)  = = /3(T), where cp; stands for the 
left-hand side derivative. Since the function s is strictly positive, it is not 
difficult to check that 

F(u)  < P(u) < 0, Vu E [0, T) .  (10.47) 

Observe that 

We thus obtain the following result. 

Corollary 10.3.1. The price at time 0 of a zero-coupon bond with maturity 
date T satisfies 

where Xo = ro/s(O). 

We write here c p ~  rather than cp since we wish to stress the dependence 
on the maturity date T of the solution cp in [O,T]. From (10.47), we obtain 
the intuitively obvious fact that the bond price is a decreasing function of 
the short-term rate, as well as an explicit form of its affine representation 
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10.3.5 Case of Constant Coefficients 

Note that the ordinary differential equation cp" = c2cp, where c is a positive 
constant, can be solved easily. Hence, if 

is a constant function, the bond price can be found explicitly. The solution 
of the second-order ODE 

cpU(u) = c2cp(u) 

in [0, T) is clearly q(u) = AeCU + Be-CU, where the constants A and B satisfy 
the following conditions: A + B = 1 (since cp(0) = 1) and 

Remarks. Assume that the dynamics of r under P* are 

where W* is a standard Brownian motion under P* and a,  b, a are strictly 
positive constants. It  is easy to check that we deal here with the following 
case 

P(t) = - i b ,  s(t) = aa2, 6 = ~ u u - ~ ,  c2 = a(b2 + 2a2). 

We conclude that (cf. (10.21)-(10.22)) 

and 
sinh yT  

n(0, T )  = 
ycoshyT + i b s i n h y ~ ’  

where in turn 27 = 2 G  = (b2 + 2a2)1/2. 

10.3.6 Case of Piecewise Constant Coefficients 

Our next goal is to show how to deal with the case of piecewise-constant 
functions p and s. This case was considered by Schlogl and Schlogl (1997), 
who used a different approach involving several X2 distributions. We will 
show how to find the bond price in the case of P(u) = Pi and s(u) = si for 
u E [ti, t i+l),  i = 0, . . . , n - 1, where to = 0, tn = T and P(T) = P,. As before 
pi < 0 and si > 0. Setting Aj3i = Pi - Pi-1, we obtain 
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The bond pricing formula 

where, as before, 
g(u) = P2(u) + Pt(u) + 25(’11), 

becomes 

' (-P(o)xo-s JOT P(u) d ~ )  B(0,T) = e 2  

where we denote yi-1 = P:-,+~S~-~. Notice that, as expected, Pn = P(T) has 
disappeared. Observe also that we have chosen the right-continuous version 
of the function p. 

We conclude that the problem of bond pricing would be completely solved 
if we were able to find the function cp(u), u E [0, TI, that satisfied the following 
conditions: 
(a) cp is continuous, with cp(0) = 1, 
(b) for every i = 1, . . . , n we have 

(c) for every i = I , . .  . , n -  1 we have 

(d) for i = n we have 

We write here pi and cpi to denote the right-hand-side and left-hand-side 
derivatives respectively. The general solution of the second-order ODE 

cpU(u) = c:- 1cp(u) 

is given by the formula 

Thus, the bond valuation problem is now reduced to the solution of a system 
of 2n linear equations for the coefficients Ai-1, Bi-l, i = 1,. . . , n. Recalling 
our general formula for B(0, T),  we need only find A. and An-1, since Bo = 
1 - Ao, and the constant B,-l is recovered from condition (d). 
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10.3.7 Dynamics of Zero-coupon Bond 

To deal with derivative contracts, such as bond options, we need to examine 
the dynamics of the bond price. Recall that for every 0 < t < T we set 

or equivalently, 

More explicitly 

where g ( u )  = P2(u) +,B1(u) + 2s (u ) .  The proof of the next result is analogous 
to the proof of Lemma 10.3.1 and so it is omitted. 

Proposition 10.3.2. For any dates 0 5 t 5 T ,  we have 

where the function FT : [O,T] -+ IR solves (10.46) with the terminal condition 
F T ( T )  = P(T). Put another way, the bond price equals 

~ ( t ,  T )  = em(t ,T)-n(t ,T)~t  

The following corollary is a straightforward consequence of ItG’s formula. 

Corollary 10.3.2. The dynamics of the bond price under P* are 

d B ( t , T )  = B ( t , T ) ( r t  dt + b ( t , T )  d ~ ; ) ,  

where the process 

is a standard Brownian motion under P* and the bond price volatility b(t ,  T )  
is given by the formula 
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Let us introduce the forward martingale measure PT on (0, FT) by setting 

1 T T 
f l ~  - -- b(u, T )  dW: - l b2(u, T )  du) . 
fl* BTB(O,T) 

Then the process 

is a standard Brownian motion under PT. Moreover, by combining the last 
equality with formula (10.44), we conclude that the following result holds. 

Lemma 10.3.2. Dynamics of X under the forward martingale measure PT 
are 

dXt = (6 + 2FT(t)Xt) dt + 22/XtdwtT. 

For a fixed t < T,  let @ : [t, TI -+ IR be the unique solution to the following 
ordinary differential equation: 

subject to the boundary conditions: @(t) = 1, = 4(T). It  is clear that 
for every u E [t,T] we have @(u) = -. Applying the same method as in 
the case t = 0, we obtain the following result. 

Proposition 10.3.3. The arbitrage price at time t E [0, TI of a zero-coupon 
bond with maturity date T equals 

10.3.8 Transition Densities 

Let us fix maturity date T > 0. We shall now find the transition density 
of an auxiliary process U, which is defined through the following stochastic 
differential equation: 

t t 
Ut = I  + J(I 2 G d w s  + J(I (~FT(s)U, + 6) ds, 

where W is a standard Brownian motion under P. Notice that the probability 
law of the process Ut, t 5 T under P coincides with the probability law of the 
process X under the forward martingale measure PT. Hence, to determine 
the probability distribution of the bond price under PT it suffices to find the 
law of U. To this end, we shall use a deterministic time change. For brevity, 
we shall write F and 4, rather than FT and q5~. 
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Case b = 1. Let w be a standard Brownian motion under P. Assume that 
V satisfies t 

v, = uo + % + 1 F(s)V, ds, 

or more explicitly 

Because the stochastic integral of a deterministic function is a Gaussian ran- 
dom variable, it is clear that & is a Gaussian random variable with expected 
value uocp(t) and variance g(t), where the increasing function g : EX+ -+ R+ 
is given by the formula g(t) = cp2(t) Sot cp-2(s) ds. Let us set Ut = K2 for 
t E [0, TI. Then the process U satisfies 

or equivalently 

where Wt = J,  sgnV, dWs is a standard Brownian motion under P. We con- 
clude that, given the initial condition Uo = x > 0, the probability density 
function of Ut under P can be written as pl(g(t), cp2(t)x, y), where pl(t ,  x, y) 
is the transition density of the square of a standard Brownian motion - that 
is, the squared Bessel process of dimension 1. 

Remarks. Recall that here F = FT and thus also cp = c p ~ .  For F = Fu ,  the 
corresponding function cp = cpu will be denoted briefly as in what follows. 
General case. In general, the transition density of the process U under P 
is pS(g(t), cp2(t)x, y), where p6(t, x, y) is the transition density of the squared 
6-dimensional Bessel process. This fact results easily from the Shiga and 
Watanabe theorem applied to the probability law of the process U .  The 
proof is exactly as for BESQ processes. Let us recall the well-known formula 
for the transition probability density function pb(t,x, y) of the squared b- 
dimensional Bessel process (see, for instance, Going-Jaeschke and Yor (1999) 
or Revuz and Yor (1991)). For every t > 0 and x > 0, we have 

where I ,  is the Bessel function of index v = - 1, that is, 
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10.3.9 Bond Option 

Consider a European call option with the expiration date T and exercise 
price K ,  which is written on a U-maturity zero-coupon bond. According to 
Proposition 10.3.3, for arbitrary two dates T < U ,  we have 

where the function Fu : [0, U ]  -+ R solves (10.46) with the terminal condition 
Fu(U)  = P(U).  The option’s payoff at expiry can be represented as follows 

or equivalently, 

where XT = TT/ s (T )  and the constant K > 0 is given by the formula. 

Forward martingale measures PT and P u have the following Radon-Nikod$m 
densities on (0, FT) with respect to the spot martingale measure P* 

Proposition 10.3.4. The arbitrage price i n  the extended CIR  model of a 
call option written on the U-maturity zero-coupon bond equals 

c o  = B ( 0 ,  U ) P U { X T  < K )  - K B ( O , T ) P T { X T  < R } ,  

where under PT the random variable XT has the density p 6 ( g ( T ) ,  (p2(T)xo,  y )  
with xo = r(O)/s(O) and g ( T )  = ( p 2 ( ~ )  fl (p-2(s) ds.  In  an analogous formula 
for the density of XT under P u  the function (p is replaced by $. 

Proof. The statement follows from results of Sect. 10.3.8. 0 

A similar valuation result holds for any European claim, as the next result 
shows. 

Proposition 10.3.5. Consider a contingent claim Y = h ( r T )  at time T .  Its 
arbitrage price at time t E [0, TI equals 

where the random variable XT has under the forward measure PT the proba- 
bility density function pb(g(T),  (p2(T)xo,  y) .  
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The Heath, Jarrow and Morton approach to term structure modelling is 
based on an exogenous specification of the dynamics of instantaneous, con- 
tinuously compounded forward rates f (t, T). For any fixed maturity T < T*, 
the dynamics of the forward rate f (t, T )  are (cf. Heath et al. (1990a1 1992a)) 

df (t, T )  = a ( t ,  T )  dt + a(t ,  T)  . dWt, (11.1) 

where a and a are adapted stochastic processes with values in IR and IRd 
respectively, and W is a d-dimensional standard Brownian motion with re- 
spect to the underlying probability measure P (to be interpreted as the actual 
probability). For any fixed maturity date T, the initial condition f (0,T) is 
determined by the current value of the continuously compounded forward 
rate for the future date T that prevails at time 0. The price B( t ,T)  of a 
zero-coupon bond maturing at the date T 5 T* can be recovered from the 
formula (cf. (9.4)) 

provided that the integral on the right-hand side of (11.2) exists (with prob- 
ability 1). Leaving the technical assumptions aside, the first question that 
should be addressed is the absence of arbitrage in a financial market model 
involving all bonds with differing maturities as primary traded securities. 
As expected, the answer to this question can be formulated in terms of the 
existence of a suitably defined martingale measure. It appears that in an 
arbitrage-free setting - that is, under the martingale probability - the drift 
coefficient cu in the dynamics (11.1) of the forward rate is uniquely deter- 
mined by the volatility coefficient a, and a stochastic process that can be 
interpreted as the risk premium. More importantly, if a follows a determin- 
istic function then the valuation results for interest rate-sensitive derivatives 
appear to be independent of the choice of the risk premium. In this sense, the 
choice of a particular model from the broad class of Heath-Jarrow-Morton 
(HJM) models hinges uniquely on the specification of the volatility coeffi- 
cient a .  For this specific feature of continuous-time forward rate modelling 
to hold, we need to restrict our attention to the class of HJM models with 
deterministic coefficient a; that is, to Gaussian HJM models. 
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In this chapter, the forward measure methodology is employed in arbitrage 
pricing of interest rate derivative securities in a Gaussian HJM framework. By 
a Gaussian HJM framework we mean in fact any model of the term structure, 
either based on the short-term rate or on forward rates, in which all bond 
price volatilities (as well as the volatility of any other underlying asset) follow 
deterministic functions. This assumption is made for expositional simplicity; 
it is not a necessary condition in order to obtain a closed-form solution for the 
price of a particular option, however. For instance, when a European option 
on a specific asset is examined in order to obtain an explicit expression for 
its arbitrage price, it is in fact enough to assume that the volatility of the 
forward price of the underlying asset for the settlement date coinciding with 
the option’s maturity date is deterministic. 

This chapter is organized as follows. In the first two section, we exam- 
ine the general HJM set-up and the Gaussian HJM set-up respectively. Sect. 
11.3 deals with issues related to the valuation of European options on stocks, 
zero-coupon bonds and coupon-bearing bonds. As was indicated already, we 
postulate that the bond price volatilities, as well as the volatility of the op- 
tion’s underlying asset, follow deterministic functions. The next section is 
devoted to the study of futures prices and to arbitrage valuation of futures 
options. We focus on a straightforward derivation of partial differential equa- 
tions associated with the arbitrage price of spot and futures contingent claims 
in a framework of stochastic interest rates. The fundamental valuation for- 
mulas for European options, established previously by means of the forward 
measure approach, are re-derived by solving the corresponding terminal value 
problems. It  is worth observing that the standard Black-Scholes PDE can be 
seen as a special case of the PDEs obtained in Sect. 11.6. 

Let us note that an efficient valuation of American-style options under un- 
certainty of interest rates is a rather difficult problem,1 and relatively little is 
known on this topic. It  appears that the rational exercise policy of an Amer- 
ican bond option or an American swaption cannot, in general, be described 
in terms of the short-term interest rate. For more details on this issue, we 
refer to Tanudjaja (1996), who examined various approximation techniques 
associated with the pricing of American-style options in a Gaussian HJM 
framework. 

11.1 Heath- Jarrow-Morton Methodology 

Let us first present briefly a discrete-time predecessor of the HJM model, in- 
troduced by Ho and Lee (1986). Basically, the idea is to model the uncertain 
behavior of the yield curve as a whole, as opposed to modelling the short-term 
rate representing a single point on this curve (specifically, its short side end). 

Putting aside some particular cases when the short-term interest rate follows a 
specific diffusion process (cf. Sect. 10.1.4). 
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In view of its discrete-time feature, the Ho and Lee model of the forward 
rate dynamics can also be seen as a distant relative of the CRR binomial 
model. In contrast to the real-valued CRR process, Ho and Lee take the class 
of all continuous functions on R+ as the state-space for their model; any 
such function represents a particular shape of the yield curve. Yield curve 
deformations over time are modelled by means of a binomial lattice. 

11.1.1 Ho and Lee Model 

To obtain relatively simple formulas for the values of bond options, Ho and 
Lee ensure that their model is path-independent. However, path-dependent 
versions of their model are considered by several authors. The original Ho 
and Lee approach is based on the assumption that, given an initial term 
structure B(0, T), the family B(n, T), n > 1, is defined by means of the 
recurrent relation 

B(n  - 1, T)  
B(n ,T)  = B(n  - 1, n) - )  YT E [n, m ) ,  (11.3) 

where {&),>o - is a sequence of independent Bernoulli random variables with 
the probability laws P*{& = u) = p, = 1 - P*{& = d) for some u # 
d. Furthermore, h(n, d, T)  and h(n, u, T )  are given perturbation functions 
that cannot be chosen freely. Actually, in order to make the family B(n,  T )  
arbitrage-free, the following condition must be imposed on the perturbation 
functions 

provided that the sequence (p,) represents the martingale measure for the 
model. For example, if we take as perturbation functions 

for some constants 0 < 6,p, < 1, then the martingale measure is determined 
by the binomial probabilities p, = p, for n 2 0. The major drawback of 
the Ho and Lee approach is the perfect correlation between the prices of 
zero-coupon bonds of different maturities. Indeed, this property manifestly 
contradicts the actual behavior of the yield curve. For a detailed study of 
the Ho and Lee model, we refer the reader to Turnbull and Milne (1991), 
ElKaroui and Saada (1992), and Jensen and Nielsen (1991). Let us mention 
only that Ji and Yin (1993) examine the convergence in law of the sequence 
of Ho and Lee models; they provide necessary and sufficient conditions for 
weak convergence of the appropriate sequence of the Ho and Lee models, and 
show that the limit corresponds to the following dynamics of the short-term 
rate r 

drt = b(t) dt + a dW:, 
where b is some function and a a constant (see also Jamshidian (1988) and 
Dybvig (1988) in this regard). 
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11.1.2 Heath-Jarrow-Morton Model 

Let W be a d-dimensional standard Brownian motion given on a filtered 
probability space (R, IF, P). As usual, the filtration IF = IFW is assumed to 
be the right-continuous and P-completed version of the natural filtration of 
W. We consider a continuous-time trading economy with a trading interval 
[0, T*] for the fixed horizon date T*. We are in a position to formulate the 
basic postulates of the HJM approach. 

(HJM.l) For every fixed T 5 T*, the dynamics of the instantaneous forward 
rate f (t, T)  are given as 

f ( t ,  T)  = f (0, T)  + lo a(u,  T)  du + "(u, T) . dWul ’dt E [O1TI1 (11.4) l o  
for a Borel-measurable function f (0, .) : [0, T*] -+ R, and some applications 
a : C x R ~ R a n d a : C x R - , R d , w h e r e C = { ( u , t ) ~ O ~ u < t ~ T * ) . I t  
is common to use the differential form of (11.4), namely, 

(HJM.2) For any maturity T ,  a(., T)  and a(., T)  follow adapted processes, 
such that 

The coefficients a and a can be introduced as the functions of the forward 
rate, so that 

In such a case, the problem of the existence and uniqueness of solutions of 
SDE (11.4) appears in a natural way. Since in what follows we do not pay 
much attention to such an approach, we refer to Morton (1989) and Miltersen 
(1994) for details. 

Though it is unnecessary, one may find it useful to introduce also a savings 
account as an additional primary security. For this purpose, assume that there 
exists a measurable version of the process f (t, t), t E [0, T*]. It is then natural 
to postulate that the short-term interest rate satisfies rt = f ( t ,  t )  for every t. 
Consequently, the savings account equals (cf. (9.7)) 

The following auxiliary lemma deals with the dynamics of the bond price 
process B(t ,T) under the actual probability P. It is interesting to observe 
that the drift and volatility coefficients in the dynamics of B( t ,T)  can be 
expressed in terms of the coefficients a and a of forward rate dynamics, and 
the short-term interest rate f (t, t).  
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Lemma 11.1.1. The dynamics of the bond price B(t, T) are determined by 
the expression 

where a and b are given by the following formulas 

and for any t E [0, TI we have 

Proof. Let us denote It = In B(t ,  T) .  According to formulae (11.2) and (11.4), 
we have that 

Applying Fubini’s standard and stochastic theorems (for the latter, see The- 
orem IV.45 in Protter (2003)), we find that 

or equivalently, 

Consequently, 

where we have used the representation 

Taking into account equations (11.8), we obtain 

To check that (11.6) holds, it suffices to apply Itti’s formula. 0 
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11.1.3 Absence of Arbitrage 

In the present setting, a continuum of bonds with different maturities is 
available for trade. We shall assume, however, that any particular port- 
folio involves investments in an arbitrary, but finite, number of bonds. 
An alternative approach, in which infinite portfolios are also allowed, can 
be found in Bjork et al. (1997a, 1997b). For any collection of maturities 
O < T l  <Tz < . . . < T k  = T * ,  wewri te7 todenote thevector  (TI, ..., Tk); 
similarly, B(., 7 )  stands for the JRk-valued process (B(t,  TI), . . . , B(t ,  Tk)). 
We find it convenient to extend the @-valued process B(., 7) over the time 
interval [0, T*] by setting B(t,  T) = 0 for any t E (T, T*] and any maturity 
0 < T < T*. By a bond trading strategy we mean a pair ($,I), where 4 
is a predictable IRk-valued stochastic process that satisfies Bf = 0 for every 
t E (Ti, T*] and any i = 1,. . . , k. A bond trading strategy ( 4 7 )  is said to 
be self-financing if the wealth process V($), which equals 

satisfies 

for every t E [O,T*]. To ensure the arbitrage-free properties of the bond 
market model, we need to examine the existence of a martingale measure for 
a suitable choice of a numeraire; in the present set-up, we can take either the 
bond price B(t ,  T*) or the savings account B. 

Assume, for simplicity, that the coefficient a in (11.4) is bounded. We are 
looking for a condition ensuring the absence of arbitrage opportunities across 
all bonds of different maturities. Let us introduce an auxiliary process FB by 
setting 

def B(t,  T )  FB(t ,T,T*) = --- 
B(t, T*) ' Vt E [O,T]. 

In view of (11.6), the dynamics of the process Fg(.,T, T*) are given by 

dFB(t, T, T*) = F B ( ~ ,  T, T*) (C(t, T) dt + (b(t, T) - b(t, T*)) . dwt) ,  

where for every t E [0, TI 

C(t, T )  = a(t,  T) - a(t,  T*) - b(t, T*) . (b(t, T) - b(t, T*)) .  

We know that any probability measure equivalent to P on (0, Fp) satisfies 
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for some predictable JRd-valued process h. Let us fix a maturity date T.  It  is 
easily seen from Girsanov’s theorem and the dynamics of F B ( ~ ,  T, T*) that 
F B ( ~ ,  T, T*) follows a martingale2 under @, provided that for every t E [0, TI 

a(t,  T) - a(t,  T*) = (b(t, T*) - ht) . (b(t, T) - b(t, T*)). (11.11) 

In order to rule out arbitrage opportunities between all bonds with different 
maturities, it suffices to assume that a martingale measure @ can be chosen 
simultaneously for all maturities. The following condition is thus sufficient for 
the absence of arbitrage between all bonds. As usual, we restrict our attention 
to the class of admissible trading strategies (cf. Sect. 8.1). 

Condition (M.l) There exists an adapted lRd-valued process h such that 

and, for every T 5 T*, equality (11.11) is satisfied, or equivalently, 

By taking the partial derivative with respect to T ,  we obtain 

for every 0 I t I T I T*. For any process h of condition (M.l), the prob- 
ability measure @ given by (11.10) will later be interpreted as the forward 
martingale measure for the date T* (see Sect. 9.6). Assume now, in addition, 
that one may invest also in the savings account given by (11.5). In view of 
(11.6), the relative bond price Z*(t, T )  = B(t ,  T)/Bt satisfies under P 

The following no-arbitrage condition excludes arbitrage not only across all 
bonds, but also between bonds and the savings account. 

Condition (M.2) There exists an adapted IRd-valued process X such that 

and, for any maturity T 5 T*, we have 

The martingale property of FB(~,T,T*) ,  as opposed to the local martingale 
property, follows from the assumed boundedness of a. 
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Differentiation of the last equality with respect to T yields the equality 

a ( t ,T )  = u(t,T)(u*(t,T) -At), Vt E [O,T], (11.13) 

which holds for any T 5 T*. A probability measure P* satisfying 

for some process X satisfying (M.2), can be seen as a spot martingale measure 
for the HJM model; in this context, the process X is associated with the risk 
premium. Define a P*-Brownian motion W* by setting 

The next result, whose proof is straightforward, deals with the dynamics of 
bond prices and interest rates under the spot martingale measure P*. 

Corollary 11.1.1. For any fixed maturity T 5 T*, the dynamics of the bond 
price B(t,  T)  under the spot martingale measure P* are 

and the forward rate f (t, T )  satisfies 

Finally, the short-term interest rate rt = f (t, t)  is given by the expression 

It  follows from (11.16) that the expectation of the future short-term rate 
under the spot martingale measure P* does not equal the current value f (0, T) 
of the instantaneous forward rate; that is, f (0, T) # IEp* (rT), in general. We 
shall see soon that f (0, T )  equals the expectation of rT under the forward 
martingale measure for the date T (see Corollary 11.3.1). In view of (11.14), 
the relative bond price Z* (t, T)  = B(t, T)/Bt satisfies 

and thus 
t t 

~ ’ ( t ,  T) = B(O, T) exp ( - l u*(u,T)dW: -iL I U * ( U , T ) I ~ ~ U ) ,  

or equivalently, 
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Remarks. It  is possible to go the other way around; that is, to assume a priori 
that the dynamics of B(t,  T )  under the martingale measure P* are 

where r is the short-term rate process, and the volatility coefficient b is dif- 
ferentiable with respect to the maturity T .  Then clearly 

By differentiating this equality with respect to T,  we find the dynamics of 
the forward rate under P*, namely 

where we write k(t ,T)  = Ib(t,T)I2. Note that we have interchanged the dif- 
ferentiation with the stochastic integration. This is essentially equivalent to 
an application of the stochastic Fubini theorem. 

It  is not hard to check that, under mild technical assumptions, the no- 
arbitrage conditions (M.l) and (M.2) are equivalent. 

Lemma 11.1.2. Conditions (M.l) and (M.2) are equivalent. 

Proof. Let us sketch the proof. Suppose first that condition (M.l) holds. Let 
us define X by setting 

T* 
def 

At = ht - b(t, T*) = ht + 1 o(t ,  u) du, Vt E [O, T*], 

and check that for such a process X condition (11.13) is satisfied. Indeed, for 
the right-hand side of (11.13), we obtain 

where the last equality follows from (11.12). Conversely, given a process X 
that satisfies (11.13), we define the process h by setting 

def ht = Xt + b(t, T*),  Vt € [0, T*]. 

Then h satisfies (1 1.12), since 

o(t,  T )  . (ht + J ~ *  o(t,  u) du) = g(t,  T) (At  - o*(t,  T))  = -a(t,  T) ,  
T  

where the last equality follows from (11.13). 0 
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We assume from now on that the following assumption is satisfied. 

(HJM.3) No-arbitrage condition (M.l) (or equivalently, (M.2)) is satisfied. 

It  is not essential to  assume that the martingale measure for the bond 
market is unique, so long as we are not concerned with the completeness of 
the model. Recall that if a market model is arbitrage-free, any attainable 
claim admits a unique arbitrage price anyway (it is uniquely determined by 
the replicating strategy), whether a market model is complete or not. For in- 
stance, in a Gaussian HJM setting, several claims - such as options on a bond 
or a stock - are attainable, with replicating strategies given by closed-form 
expressions. One may argue that from the practical viewpoint, the possibility 
of explicit replication of most typical claims is a more important feature of a 
model than its theoretical completeness. 

Remarks. As was mentioned before, it seems plausible that a might depend 
explicitly on the level of the forward rate. This corresponds to the following 
forward interest rate dynamics 

where the deterministic function a : C x R -+ R is sufficiently regular, so 
that SDE (11.19) (with the drift coefficient a! given by expression (11.20)) 
admits a unique strong solution for any fixed maturity T. Recall that the 
drift coefficient a satisfies, under the martingale measure P*, 

Consequently, under the martingale measure P*, SDE (11.19) may be rewrit- 
ten in the following way 

Let us assume, for instance, that the coefficient a satisfies 

where y is a fixed vector in EXd. Under such an assumption, (11.21) becomes 

for any maturity date T E [0, T*]. Since the drift coefficient grows rapidly as 
a function of the forward rate, the last stochastic differential equation does 
not admit a global solution; that is, its local solution explodes in a finite 
time. For more details on this important issue, we refer to Morton (1989) 
and Miltersen (1994). 
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11.1.4 Short-term Interest Rate 

It is interesting to note that under some regularity assumptions, the short- 
term interest rate process specified by the HJM model of instantaneous for- 
ward rates follows a continuous semimartingale, or even a diffusion p r o c e ~ s . ~  
the following proposition can be seen as the first step in this direction. Further 
results and typical examples are given in Sect. 11.2.1. 

Proposition 11.1.1. Suppose that the coeficients a ( t ,  T) and c( t ,  T)  and 
the initial forward curve f (0,T) are differentiable with respect to maturity 
T,  with bounded partial derivatives a ~ ( t ,  T) ,  c ~ ( t ,  T )  and f ~ ( 0 ,  T )  . Then the 
short-term interest rate r follows a continuous semimartingale under IP. More 
specifically, for any t E [0, T*] we have 

where C stands for the following process 

Proof. Observe first that r satisfies 

Applying the stochastic Fubini theorem to the It6 integral, we obtain 

Furthermore, 

and finally 

Combining these formulas, we obtain (11.22). 

If the regularity of a and a with respect to maturity T is not assumed, the 
behavior of the short-term rate is rather difficult to study. 
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11.2 Gaussian HJM Model 

In this section, we assume that the volatility a of the forward rate is deter- 
ministic; such a case will be referred to as the Gaussian HJM model. This 
terminology refers to the fact that the forward rate f ( t , T )  and the spot 
rate rt have Gaussian probability laws under the martingale measure P* (cf. 
(11.15)-(11.16)). Our aim is to show that the arbitrage price of any attain- 
able interest rate-sensitive claim can be evaluated by each of the following 
procedures. 

(I) We start with arbitrary dynamics of the forward rate such that condition 
(M.l) (or (M.2)) is satisfied. We then find a martingale measure P*, and apply 
the risk-neutral valuation formula. 

(11) We assume instead that the underlying probability measure P is actu- 
ally the spot (respectively, forward) martingale measure. In other words, we 
assume that condition (M.2) (respectively, condition (M.l)) is satisfied, with 
the process X (respectively, h) equal to zero. 

Since both procedures give the same valuation results, we conclude that 
the specification of the risk premium is not relevant in the context of ar- 
bitrage valuation of interest rate-sensitive derivatives in the Gaussian HJM 
framework. Put  differently, when the coefficient a is deterministic, we can 
assume, without loss of generality, that a ( t ,  T )  = a( t ,  T)a*(t,  T) .  Observe 
that by combining the last equality with (11.7), we find immediately that 
a ( t ,T)  = f (t, t)  = rt. To state a result that formally justifies the considera- 
tions above, we need to introduce some additional notation. Let a function 
a 0  be given by (11.13), with X = 0, i.e., 

so that 
1 

a o ( u , T ) d u = - l a * ( t , T ) 1 2 .  
2 

Finally, we denote by Bo(t, T )  the bond price specified by the equality 

where the dynamics under P of the instantaneous forward rate fo(t,  T) are 

Let us put 

Z*(t, 7) = B(t, I ) l B t ,  Z,*(t, 7) = Bo(4 7 ) l B t ,  

where 7 = (TI, . . . , Tk) is any finite collection of maturity dates. 
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Proposition 11.2.1. Suppose tha t  the coef icient  a i s  deterministic.  T h e n  
for a n y  choice 7 of matur i ty  dates and o f  a spot martingale measure IP, 
the probability law of the process Z*(t,’T), t E [0, T*], under  the martingale 
measure P* coincides with the probability law o f  the process Z:(t,’T), t E 
[0, T*], under  P. 

Proof. The assertion follows easily by Girsanov’s theorem. Indeed, for any 
fixed 0 < T 5 T* the dynamics of Z* ( t ,  T)  under a spot martingale measure 
P* = PA are 

dZ*(t,T) = -Z*( t ,T)a*( t ,T)  . d ~ > ,  (11.24) 

where wA follows a standard Brownian motion under PA. On the other hand, 
under P we have 

Moreover, for every 0 < T 5 T* 

Since a is deterministic, the assertion follows easily from (1 1.24)-(11.25). 

To show the independence of the arbitrage pricing of the market prices 
for risk in a slightly more general setting, it is convenient to make use of the 
savings account. Under any martingale measure P* we have 

We assume that the coefficient a satisfies regularity assumptions, so that the 
SDE (11.26) admits a unique strong global solution. Since 

it is clear that the joint probability distribution of processes B(., T) and B 
is uniquely determined under P*, and thus the arbitrage price .rrt(X) of any 
attainable European claim X depending on short-term rate and bond prices 
(or on the forward rates), which equals 

is obviously independent of the market prices for risk. This does not mean 
that the market prices for risk are neglected altogether in the HJM approach. 
They are still present in the specification of the actual bond price fluctuations. 
However, in contrast to traditional models of the short-term rate, in which the 
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dynamics of the short-term rate and bond processes are not jointly specified, 
the HJM methodology assumes a simultaneous influence of market prices for 
risk on the dynamics of the short-term rate and all bond prices. Consequently 
in this case, the market prices for risk drop out altogether from arbitrage 
values of interest rate-sensitive derivatives. 

11.2.1 Markovian Case 

The HJM approach typically produces models in which the short-term rate 
has path-dependent features. A discrete-time approximation within the HJM 
framework is therefore usually less efficient than in the path-independent case, 
since the number of operations rises exponentially with the number of steps. 
However, in some circumstances (see Jamshidian (1991a), Carverhill (1994), 
Jeffrey (1995), Ritchken and Sankarasubramanian (1995), and Hagan and 
Woodward (199913)) the implied short-term interest rate r has the Markov 
property. Assume that the bond price volatility b(t,T) is a deterministic 
function that is twice continuously differentiable with respect to maturity 
date T (equivalently, that o(t,  T )  is continuously differentiable with respect 
to T) .  Combining (11.9) with (11.13), we find that r satisfies 

To show that the short-term rate r has the Markov property with respect 
to the filtration IFW* under P*, it is enough to show that for any bounded 
Borel-measurable function h : R -t R, and any t < s < T*, we have 

where on the right-hand side we have the conditional expectation with respect 
to the a-field a ( r t ) ;  that is, the a-field generated by the random variable r t .  
For the sake of brevity, we say that r is Markovian if it has the Markov 
property with respect to the filtration IFW* under P*. 

Proposition 11.2.2. Suppose that the short-term rate r is Markovian. As- 
sume, i n  addition, that for any maturity T < T* we have a( t ,T)  # 0 for 
every t E [0, TI. Then there exist functions gi and hi such that 

for every i = 1 , .  . . , d.  Moreover, we have 

for every T E [O,T*] and every i = 1, .  . . , d. If the volatility u( t ,T)  is also 
time-homogeneous, then there exist constants ai and yi such that for every 
i = 1 , .  . . ,d we have 
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az 
bi(t, T) = - (1 - e - ~ ’ ( ~ - ~ ) ) ,  V t  5 T 5 T*. (11.29) 

YZ 

Proof. In view of (11.27), it is clear that the short-term rate r is Markovian 
if and only if the process Dt = Jot a(u,  t )  . dW,* is Markovian - that is, if 

for any bounded Borel-measurable function h : IR + R. Observe that 

and thus also 

In view of the last formula, (11.30) is valid if and only if, given the random 
variable Dt,  the integral 

I ( t ,  s) = (a(u, s) - a(u ,  t)) . dW,* = a(u ,  s) dW,* - Dt I' I' 
depends only on the increments of the Brownian motion W on [t, s]. But 
I ( t ,  s) is, for obvious reasons, independent of these increments, therefore we 
conclude that the integral J ( t ,  s) = Sot a(u ,  s) . dW,* is completely determined 
when Dt is given. Since the joint law of ( J ( t ,  s), It) is Gaussian, this means 
that the correlation factor I Corr ( J ( t ,  s),  Dt)l = 1, or more explicitly 

Using the standard properties of the It6 integral, we deduce from this that 

2 t  t ( I"  a(u,  t)  . o(u, s)  du) = 1 o ( u ,  t)12 du a ( u ,  s)12 du, 
0 

hence for every i = 1, . . . , d, the functions ai ( 9 ,  t)  and ai ( 9 ,  s) are collinear. 
The last property implies that we have, for every i and arbitrary s E [O,T*], 

aa( t ,  s)  = gi(s)ai(t, T*), Vt E [O, s], 

for a certain function gi : [O,T] -+ [O, TI. Finally, upon setting hi(t) = 
ai( t ,  T*),  we obtain (11.28). For the second statement, it is sufficient to note 

If, in addition, the coefficient ai( t ,  T )  is time-homogeneous then 
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By differentiating separately with respect to t and T, we find that 

and thus 
zf(T - t )  = j f ( t )  = hf (T) = const. (11.31) 

In view of the boundary condition b(t, t )  = 0, (11.31) implies (11.29). 

Example 11.2.1. Let us assume that the volatility of each forward rate is 
constant, i.e., independent of the maturity date and the level of the forward 
interest rate. Taking d = 1, we thus have a( t ,  T )  = a for a strictly positive 
constant a > 0. By virtue of (11.15), the dynamics of the forward rate process 
f (t, T )  under the martingale measure are given by the expression 

so that the dynamics of the bond price B(t ,  T )  are 

where the short-term rate of interest r satisfies 

It follows from the last formula that 

Since this agrees with the general form of the continuous-time Ho and Lee 
model, we conclude that in the HJM framework, the Ho and Lee model 
corresponds to the constant volatility of forward rates. Dynamics (11.32) 
make apparent that the only possible movements of the yield curve in the 
Ho and Lee model are parallel shifts; that is, all rates along the yield curve 
fluctuate in the same way. For the price B(t ,  T )  of a bond maturing at  T ,  we 
have that 

and it follows from (11.33) that yields on bonds of differing maturities are 
perfectly correlated. It  can also be expressed in terms of r, namely 

Example 11.2.2. It  is a conventional wisdom that forward rates of longer ma- 
turity fluctuate less than rates of shorter maturity. To account for this feature 
in the HJM framework, we assume now that the volatility of a forward rate 
is a decreasing function of the time to its effective date. For instance, we may 
assume that the volatility structure is exponentially dampened, specifically, 
a(t, T)  = ae-b(T-t) for strictly positive real numbers a, b > 0. 
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Then a* (t, T) equals 

and consequently 
df(t, T )  = -a2b-l  e-b(T-t)(e-b(T-t) - 1) dt + ae-b(T-t) dWt*. (11.35) 

It is thus clear that for any maturity T the bond price B(t,  T )  satisfies 

Substituting (1 1.34) into (11.16), we obtain 

so that, as in the previous example, the negative values of the short-term 
interest rate are not excluded. Denoting 

we arrive at  the following formula 

so that finally 
drt = (a(t) - brt)dt + adW,*, (11.37) 

where a( t)  = bm(t) + mt(t). This means that (11.34) leads to a generalized 
version of Vasicek’s model (cf. (10.5)). Note that in the present framework, 
the perfect fit of the initial term structure is trivial consequence. 

Example 11.2.3. By combining the models examined in preceding examples, 
we arrive at the Ho and Lee/Vasicek two-factor version of the Gaussian HJM 
model, originally put forward by Heath et al. (1992a). We assume that the 
underlying Brownian motion is two-dimensional, and the volatility coefficient 
a has two deterministic components a1 and a 2  that correspond to Ho and Lee 
and Vasicek’s models respectively. More explicitly, for any maturity T 5 T* 
we put 

where al, a 2  and y are strictly positive constants. Similarly, if a equals 

,-,(t, T) = (ale-bl(T-t),  a2e-b2(T-t) 1, vt  E [O,Tl, 
for some strictly positive constants al, 0 2 ,  bl and ba,  the model is referred 
to as the two-factor Vasicek model. Closed-form expressions for the prices of 
bonds and bond options are also easily available in both cases. Since general 
valuation formulas for the Gaussian HJM set-up (see Chap. 11) are directly 
applicable to the present models, we do not go into details here. 
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11.3 European Spot Options 

The first step towards explicit valuation of European options is to  observe 
that Lemma 9.6.3 provides a simple formula expressing the price of a Euro- 
pean call option written on a tradable asset, Z say, in terms of the forward 
price process Fz(t ,  T )  and the forward probability measure PT. Indeed, we 
have for every t E [0, T] 

since manifestly ZT = Fz(T, T). To evaluate the conditional expectation on 
the right-hand side of (11.38), we need first to  find the dynamics, under the 
forward probability measure PT, of the forward price Fz(t, T). The following 
auxiliary result is an easy consequence of (9.29)-(9.30) and (9.32). 

Lemma 11.3.1. For any fixed T > 0, the process wT given by the formula 

follows a standard d-dimensional Brownian motion under the forward mea- 
sure PT. The forward price process for the settlement date T of a zero-coupon 
bond that matures at time U satisfies 

subject to the terminal condition FB (T, U, T) = B(T, U). The forward price 
of a stock S satisfies Fs(T, T )  = ST, and 

dFs(t, T )  = Fs(t, T )  (at - b(t, T)) . dw?, 

where at is the instantaneous volatility of the stock price. 

The next result, which uses the HJM framework, shows that the yield- 
to-maturity expectations hypothesis (cf. Sect. 9.5.1) is satisfied for any fixed 
maturity T under the corresponding forward probability measure PT. This 
feature is merely a distant reminder of the classical hypothesis that for every 
maturity T, the instantaneous forward rate f (0, T) is an unbiased estimate, 
under the actual probability P, of the future short-term rate rT. 

Corollary 11.3.1. For any fixed T E [0, T*], the forward rate f (0, T) is 
equal to the expected value of the spot rate TT under the forward probability 
measure PT. 

Proof. Observe that in view of (11.16), we have 

since a* (t, T)  = -b(t, T) .  Consequently, IE pT (rT) = f (0, T), as expected. 
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11.3.1 Bond Options 

For the reader’s convenience, we shall examine separately options written on 
zero-coupon bonds and on stocks (a general valuation formula is given in 
Proposition 11.3.3). At expiry date T ,  the payoff of a European call option 
written on a zero-coupon bond maturing a t  time U > T equals 

Since B(T,  U) = FB(T, U, T ) ,  the payoff CT can alternatively be re-expressed 
in the following way 

where 
D = {B(T, U) > K )  = {FB (T, U, T )  > K )  

is the exercise set of the option. 
The next proposition provides a closed-from expression for the arbitrage 

price of a European bond option. Valuation results of this form were derived 
previously by several authors, including El Karoui and Rochet (1989), Amin 
and Jarrow (1992), Brace and Musiela (1994), and Madsen (1994a, 1994b), 
who all worked within the Gaussian HJM framework. It  should be pointed 
out, however, that the bond option valuation formula established by Jamshid- 
ian (1989a) for Vasicek’s model (cf. formula (10.16)) can also be seen as a 
special case of equality (1 1.43). 

For the sake of expositional simplicity, we assume that the volatilities are 
bounded; however, this assumption can be weakened. 

Proposition 11.3.1. Assume that the bond price volatilities b(.,T) and 
b(., U) are bounded deterministic functions. The arbitrage price at time 
t E [O,T] of a European call option with expiry date T and exercise price 
K ,  written on a zero-coupon bond maturing at time U 2 T,  equals 

where 
ln(b/K) - lnB( t ,T)  f $v;(t,T) 

h1,2(b, t ,  T )  = (11.44) 
vu (t, T )  

for (b, t)  E R+ x [0, TI, and 

The arbitrage price of the corresponding European put option written on a 
zero-coupon bond equals 
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Proof. In view of the general valuation formula (11.38), it is clear that we 
have to evaluate the conditional expectations 

We know from Lemma 11.3.1 that the dynamics of FB (t, U, T )  under PT are 
given by formula (11.40), so that 

with y(u, U, T )  = b(u, U )  - b(u, T).  This can be rewritten as follows 

T where FB(~,  U,T) is 3t-measurable, and ((t ,T) = St y(u,U,T) . dw; is 
under PT a real-valued Gaussian random variable, independent of the a-field 
3 t 1  with expected value 0 and variance Var p, (((t, T))  = vc ( t ,  T) .  Using the 
properties of conditional expectation, we obtain 

To evaluate Ill we introduce an auxiliary probability measure pT N PT on 
(R, FT) by setting 

By Girsanov’s theorem, it is clear that the process w T ,  which equals 
t 

w ~ = w ~ - ~  y(u,U,T)du, V ~ E [ O , T ] ,  

follows a standard Brownian motion under pT. Note also that the forward 
price FB(T, U, T )  admits the following representation under pT 
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where we denote t (t , T )  = f ~ ( u ,  U, T) . d ~ : .  The random variable t (t , T)  
has under pT a Gaussian law with expected value 0 and variance v$(t, T);  it 
is also independent of the a-field F t .  Furthermore, once again using Lemma 
11.3.1, we obtain 

and thus 
I1 = B ( ~ , T ) E B ~ ( @ T @ ~ ~  I D  1Ft). 

By virtue of Bayes’s rule (see (9.35)), we find that I1 = B(t, U) p T { ~  I Ft}. 
Taking into account (1 1.46), we conclude that 

and thus 

This completes the proof of the valuation formula (11.43). The formula that 
gives the price of the put option can be established along the same lines. Alter- 
natively, to find the price of a European put option written on a zero-coupon 
bond, one may combine formula (11.43) with the put-call parity relationship 
(11.57). CI 

Formula (11.43) can be re-expressed as follows 

where we write briefly Ft to denote the forward price F B ( ~ ,  U, T) ,  and 

for (F, t )  E EX+ x [0, TI, where vu(t, T )  is given by (11.45). Note also that we 
have 

It is thus apparent that the auxiliary probability measure pT is in fact the 
restriction of the forward measure P u  to the a-field FT. Since the exercise 
set D belongs to the a-field FT, we have PT (D I Ft ) = IP ( D  I F t ) .  Formula 
(1 1.43) thus admits the following alternative representation 

ct = B(t ,  U)Pu(D I Ft)  - KB(t ,  T ) h ( D  I Ft) ,  (1 1.49) 

which is the special case of the general formula established in Chap. 8. 
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11.3.2 Stock Options 

The payoff at expiry of a European call option written on a stock S equals 
CT = (ST - K)’, where T is the expiry date and K denotes the exercise 
price. The next result, which is a straightforward generalization of the Black- 
Scholes formula, provides an explicit formula for the arbitrage price of a 
stock call option (for related results, see Merton (1973) and Jarrow (1987)). 
We assume that the dynamics of S under the martingale measure P* are 

where a : [0, T*] 4 IR is a deterministic function. 

Proposition 11.3.2. Assume that the bond price volatility b(.,T) and the 
stock price volatility a are bounded deterministic functions. Then the arbi- 
trage price of a European call option with expiy date T and exercise price 
K ,  written on a stock S ,  equals 

where 
ln(s/K) - lnB( t ,T)  f i v2 ( t ,T )  

h1,2(~,  t ,  T)  = (11.51) 
.(t, T )  

for (s, t)  E R+ x [0, TI and 

Proof. The proof goes along similar lines to  the proof of Proposition 11.3.1, 
we shall therefore merely sketch its main steps. It is clear that 

where D = {ST > K )  = {Fs(T, T )  > K).  It  is therefore enough to  evaluate 
the conditional expectations 

where Fs(T, T )  is given by the formula 

and ~ ~ ( u ,  T )  = a, - b(u, T). Proceeding as for the proof of Proposition 11.3.1, 
one finds that 
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where v(t,T) is given by (11.52). We now define an auxiliary probability 
measure i?’~ by setting 

Then the process wT given by the formula 

follows the standard Brownian motion under pT. Furthermore, the forward 
price Fs (T, T )  satisfies 

T T 
St exp(l y s ( u , ~ ) . d w : + ; l  I W ( ~ , T ) I ~ ~ ~ )  Fs (T, T )  = - 

B(t ,  T )  

for every t E [0, TI. Since we have 

from Bayes’s rule we get I1 = St @T(D I 3 t ) .  Consequently, we obtain 

This completes the proof of the proposition. 

Example 11.3.1. Let us examine a very special case of the pricing formula es- 
tablished in Proposition 11.3.2. Let W* = (W1*, W2*) be a two-dimensional 
standard Brownian motion given on a probability space (0, IF, P*). We as- 
sume that the bond price B(t,  T)  satisfies, under P* 

where b(., T )  : [0, TI -+ R is a real-valued, bounded deterministic function, 
and the dynamics of the stock price S are 

for some function b : [0, T*] -t R. Let us introduce the real-valued stochastic 
processes w1 and w2 by setting W: = W:* and W: = P W t l * + J p  W:*. 
It  is not hard to check that w1 and w2 follow standard one-dimensional 
Brownian motions under the martingale measure P*, and their cross-variation 
equals (w’, w ~ ) ~  = pt for t E [O,T*]. It is evident that 
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and 
dSt = St (r t  dt + b(t) d ~ i ) .  (11.54) 

An application of Proposition 11.3.2 yields the following result, first estab- 
lished in Merton (1973). 

Corollary 11.3.2. Assume that the dynamics of a bond and a stock price 
are given by (11.53) and (11.54) respectively. If the volatility coeficients 6 
and b are deterministic functions, then the arbitrage price of a European call 
option written on a stock S is  given by (11.50)-(11.51), with 

v 2  ( t ,  T )  = (b2 (u)  - 2pb(u)6(u,  T )  + i2 (u, T ) )  du. IT 
We are in a position to formulate a result that encompasses both cases 

studied above. The dynamics of the spot price Z of a tradable asset are 
assumed to be given by the expression 

dZt = Zt (r t  dt + Et . dW,*). 
It  is essential to  assume that the volatility It - b(t ,  T )  of the forward price of 
Z for the settlement date T is deterministic. 

Proposition 11.3.3. The arbitrage price of a European call option with ex- 
piry date T and exercise price K ,  written on an asset Z ,  i s  given by the 
formula 

where 

for ( F ,  t )  E R+ x [0, TI, and 

Let Pt stand for the price at time t 5 T of a European put option written 
on an asset Z ,  with expiry date T and strike price K .  Then the following 
useful result is valid. The reader may find it instructive to derive (11.57) by 
constructing particular trading portfolios. 

Corollary 11.3.3. The following put-call parity relationship is valid 

C t - P t = Z t - B ( t , T ) K ,  V t € [ O , T ] .  (11.57) 
Proof. We make use of the forward measure method. We have 

and thus 

Ct - Pt = B ( t , T ) F z ( t ,  U ,  T )  - B ( t ,  T ) K  = Zt  - B ( t ,  T ) K  
for every t E [0, T I .  0 
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11.3.3 Option on a Coupon-bearing Bond 

For a given selection of dates TI < . . . < Tm 5 T* ,  we consider a coupon- 
bearing bond whose value Zt at time t < Tl is 

where cj  are real numbers. We shall study a European call option with expiry 
date T 5 T I ,  whose payoff at  expiry has the following form 

Proposition 11.3.4. Let ( c l , .  . . , C',) be a random variable whose law under 
Q is Gaussian, with zero expected value and the following variance-covariance 
matrix, for k ,  1 = 1 , .  . . , m (recall that y ( t ,  T k ,  T )  = b(t ,  T k )  - b(t ,  T ) )  

Let J{ = J{ ( ~ ( t ,  T I ) ,  . . . , ~ ( t ,  T,), ~ ( t ,  T ) )  where 

for j = 1 , .  . . ,m, and let J2 = J 2 ( B ( t , T 1 ) ,  . . . , B ( ~ , T ~ ) ,  B ( ~ , T ) )  where 

The arbitrage price of a European call option on a coupon-bearing bond is 
given by the formula 

Proof. We need to evaluate the conditional expectation 

where D stands for the exercise set 
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Let us first examine the conditional probability PT{D 1 Ft}. By virtue of 
Lemma 11.3.1, the process F;(t) = Fg(t,  3, T)  satisfies 

where ~ ( u ,  Tll T )  = b(u, q) - b(u1 T). In other words, 

FB (T, q ,  T )  = FB (t , q , T)  eET-vll/z, 

where JET is a random variable independent of the a-field Ft, and such that 
the probability law of JET under PT is the Gaussian law N(0,  vll). Hence, 

with xl = B(t, q )  and y = B(t, T). This proves that I2 = KB(t ,  T )  Jz. Let 
us show that Il = C> c j  B(t, T,) J!. To this end, it is sufficient to check 
that for any fixed j we have 

B(~,T)IEP, (FB(T,T~>T)  I Ft) = B(~ ,T~)J{ .  

This can be done by proceeding in much the same way as in the proof of 
Proposition - 11.3.1. 
PT, on ( 0 7 3 ~ )  by 

Let us fix j and introduce an auxiliary probability measure 
setting 

Then the process 

is a standard Brownian motion under &, . Recall that &-j = PT, on F T ,  

hence we shall write simply PTj in place of FTj in what follows. For any 1, 
the forward price FA (t) has the following representation under PT, 

For a fixed j, we define the random variable (J1, . . . , Em) by the formula 

The random variable (El,. . . , J,) is independent of Ftl with Gaussian law 
under PT,. In addition, the expected value of each random variable ti is zero, 
and for every k, 1 = 1, .  . . , m we have 

rT 
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On the other hand, using (11.59) we find that 

for every 1 = 1, .  . . , m. The abstract Bayes formula yields 

Furthermore, 

with xl = B(t,Tl) and y = B(t ,T) .  This completes the proof. 0 

The next result suggests an alternative way to prove Proposition 11.3.4. 

Lemma 11.3.2. Let us denote D = {ZT > K). Then the arbitrage price of 
a European call option written on a coupon bond satisfies 

Proof. We have ZT = CTZl cjBT Ep (B?; 1 FT) , and thus 

since D E FT. Using (9.35), we get for every j 

Since a similar relation holds for the last term, this ends the proof. 0 

In market practice, call options are also embedded in some bond issues - 
the so-called callable bonds. An issuer of a callable bond has the right, but 
not the obligation, to buy back the bond after the call date. The call date 
gives the issuer the right to refinance some of its debt once interest rates 
fall. The date at which a callable bond will be redeemed is uncertain. Call 
provisions are not usually operative during the first few years of a bond’s life, 
however. This feature is referred to as a deferred call, and the bond is said 
to be call protected during this period. The exercise price is variable (usually 
decreasing) in time. It appears that a call provision generally reduces the 
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sensitivity of a bond’s value to changes in the level of interest rates. From 
the theoretical viewpoint, a long position in a callable bond can be seen as 
a combination of a long position in an ordinary coupon-bearing bond with a 
short position in a deferred American call option written on the underlying 
bond (cf. Jarrow (1996), pp.126-129). Other typical classes of bond issues that 
involve option provisions include savings (or parity) bonds, retractable bonds, 
extendible bonds and convertible bonds. A savings bond can be cashed at par 
at  the discretion of the holder at  any time before maturity. A retractable 
bond is a long-term bond that may be redeemed at par at a specified date 
before maturity. It  is thus clear that the holder should retract the bond if, 
on the retraction date, the value of the unretracted bond is below par value. 
The option embedded in a savings bond is therefore of American type, while 
a retractable bond involves a European-style option. An extendible bond is 
a nominally shorter-term instrument that may be extended over a longer 
period at the holder’s discretion. Finally, a convertible bond is one that may 
be converted into another form of security, typically common stock, at the 
discretion of the holder at a specified price for a fixed period of time. We 
refer to Brennan and Schwarz (1977b, 1977c), Ingersoll (1977), Bodie and 
Taggart (1978), Athanassakos (1996), Buttler and Waldvogel (1996), Nyborg 
(1996), and Pikovsky and Shreve (1997a, 1997b) for further exploration of 
these classes of bonds. 

11.3.4 Pricing of General Contingent Claims 

Consider a European contingent claim X ,  at time T, of the form X = 
g(Z$, . . . , Z?), where g : Rn 4 R is a bounded Borel-measurable function. 
Assume that the price process Zi of the ith asset satisfies, under P* 

Then 

where yi(u, T )  = <; - b(u, T), or in short 

T T where <i(t, T )  = St yi(u, T) . d ~ z  and yii = St lyi(u, T)I2 du. The forward 
price FZi ( t ,  T )  is a random variable measurable with respect to the n-field F t ,  
while the random variable &(t,  T) is independent of this a-field. Moreover, 
it is clear that the probability distribution under the forward measure PT of 
the vector-valued random variable 
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is Gaussian N(0, r), where the entries of the n x n matrix r are 
T 

7, = 1 n ( u ,  T) r j (u ,  T) du. 

Introducing a k x n matrix O = [el, .  . . , O n ]  such that r = OtO leads to the 
following valuation result (cf. Brace and Musiela (1994)). 

Proposition 11.3.5. Assume that yi is a deterministic function for i = 
1,. . . , n .  Then the arbitrage price at time t E [0, TI of a European contingent 
claim X = g(Z+, . . . , ZF) at time T equals 

where nk is the standard k-dimensional Gaussian density 

nk(x) = (2.) -k/2e-1x12/2 , \ J X E I W ~ ,  

and the vectors 01,. . . , O n  E IRk are such that for every i, j = 1,. . . , n, we 
have 

T 
13,. Oj = 1 "(u,T).  7j(u,T)du. 

Proof. We have 

In view of the definition of the matrix O, it is clear that 

This ends the proof of the proposition. 0 

Representation r = OtO, where O = [el,. . . ,On] is a k x n matrix 
and Ot is the transpose of 0 ,  can be obtained easily from the eigenval- 
ues and the eigenvectors of the matrix r .  Let 61,. . . , dn be the eigenval- 
ues of r and wl, . . . , wn the corresponding orthonormal eigenvectors. Then 
with D = diag (dl,. . . ,d,) and V = [wl,. . . ,wn], we have r = VDVt = 
V D ’ / ~ ( V D ’ / ~ ) ~ ,  where Vt is the transpose of V. Let k 5 n be such that 
dl > 62 > . . . > dk are strictly positive numbers, and dk+l = . . . = dn = 0. 
Then 

and with Ot = [ A w l , .  . . , f i w k ] ,  we have r = OtO, as desired. 
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11.3.5 Replication of Options 

In preceding sections, we have valued options using a risk-neutral valuation 
approach, assuming implicitly that options correspond to attainable claims. 
In this section, we focus on the construction of a replicating portfolio. Con- 
sider a contingent claim X that settles at time T and is represented by a 
PT-integrable, strictly positive random variable X .  The forward price of X 
for the settlement date T satisfies 

for some predictable process y. Assume, in addition, that y is a deterministic 
function. Let us denote Fx(t, T )  simply by Ft. Our aim is to show, by means 
of a replicating strategy, that the arbitrage price of a European call option 
written on a claim X I  with expiry date T and strike price K, equals 

T where 21 and 2 2  are given by (11.55) with v2(t, T )  = v$ (t, T) = St lyu l 2  du. 
Equality (11.62) yields the following formula for the forward price of the 
option 

Note that by applying It6’s formula to (11.63), we obtain 

Forward asset/bond market. Let us consider a T-forward market, i.e., 
a financial market in which the forward contracts for settlement at time T 
play the role of primary securities. Consider a forward strategy + = (+I, +2), 
where 11,' and +' stand for the number of forward contracts on the underlying 
claim X and on the zero-coupon bond with maturity T respectively. Observe 
that the T-forward market differs in an essential way from a futures market. 
The forward wealth process of a T-forward market portfolio $J equals 

Since clearly FB(t, T, T )  = 1 for any t E [0, TI, a portfolio 11, is self-financing 
in the T-forward market if its forward wealth satisfies 

where the last equality follows from (11.61). Our aim is to find the forward 
portfolio + that replicates the forward contract written on the option, and 
subsequently to re-derive pricing formulas (1 1.62)-(11.63). 
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To replicate the forward contract written on the option, it is enough to 
take positions in forward contracts on a claim X and in forward contracts on 
T-maturity bonds. Suppose that the option’s forward price equals Fc(t, T )  = 
u(Fx(t,  T) ,  t)  for some function u. Arguing along similar lines to the first 
proof of Theorem 3.1.1, with constant interest rate r = 0 and time-variable 
deterministic volatility yt, one may derive the following PDE 

with u(x, T) = (x - K ) +  for x E R+. The solution u to this problem is given 
by the formula 

The corresponding strategy + = (+l,  G2) in the T-forward market is 

and +: = u(FX (t, T) ,  t)  - +tFx(t,  T) .  It  can be checked, using It6’s for- 
mula, that the strategy $ is self-financing in the T-forward market; moreover, 
VT(+) = VT($) = (X  - K)+ .  The forward price of the option is thus given 
by (11.63)) and consequently its spot price at time t equals 

The last formula coincides with (11.62). 

Forward/spot asset/bond market. It may be convenient to replicate the 
terminal payoff of an option by means of a combined spot/forward trading 
strategy (cf. Jamshidian (1994a)). Let the date t be fixed, but arbitrary. 
Consider an investor who purchases at time t the number Fc(t,T) of T- 
maturity bonds and holds them to maturity. In addition, at any date s > t 
she takes +: positions in T-maturity forward contracts on the underlying 
claim, where $I: is given by (11.66). The terminal wealth of such a strategy 
at  the date T equals 

Spot asset/bond market. To replicate an option in a spot market, we 
need to assume that it is written on an asset that is tradable in the spot 
market. As the second asset, we use a T-maturity bond, with the spot price 
B(t ,  T). Assume that a claim X corresponds to the value ZT of a tradable 
asset, whose spot price at  time t equals Zt. To replicate an option in the 
spot market, we consider the spot trading strategy 4 = +, where Z and a 
T-maturity bond are primary securities. We deduce easily from (11.67) that 
the wealth V(4) equals 
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so that the strategy $ replicates the option value at  any date t 5 T. It re- 
mains to check that $ is self-financing. The following property is a generic 
feature of self-financing strategies in the T-forward market: a T-forward trad- 
ing strategy 1C, is self-financing if and only if the spot market strategy $ = $ is 
self-financing (see Lemma 8.1.2). Replication of a European call option with 
terminal payoff (ZT - K)+ can thus be done using the spot trading strategy 
$ = ($I, $2), where 4; = N ( C ? ~ ( F ~ ( ~ ,  T),  t, T)) and 

Here, 4: and 4: represent the number of units of the underlying asset and of 
T-maturity bonds held at time t respectively. 

Spot assetlcash market. Let us show that since a savings account follows 
a process of finite variation, replication of an option written on Z in the 
spot assetlcash market is not always possible. Suppose that $ = ($l,J2) 
is an assetlcash self-financing trading strategy that replicates an option. In 
particular, we have 

$id& + $?dBt = dCt. (11.68) 
On the other hand, from the preceding paragraph, we know that 

A comparison of martingale parts in (11.68) and (11.69) yields 

When the underlying Brownian motion is multidimensional, we cannot solve 
the last equality for $:, in general. If, however, W* is one-dimensional and 
processes Z and J are strictly positive then we have 

$1 - $1 
t - t + $?b(t, T M ~ ,  T ) / ( t t ~ t ) .  

We put, in addition, $: = B,l(ct - &Zt). It is clear that such a strategy 
replicates the option. Moreover, it is self-financing, since simple calculations 
show that 

For instance, the stock/cash trading strategy that involves at time t 

shares of stock, and the amount Ct - $:Zt held in a savings account, is a 
self-financing strategy replicating a European call option written on Z.  The 
possibility of replication using the cash market is also examined in Sect. 11.6. 
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11.4 Volatilities and Correlations 

Let is comment briefly on empirical studies related to the validity of the 
HJM methodology of term structure modelling. Needless to say, the volatil- 
ity coefficient a ( t ,T )  is not directly observed in the market. On the con- 
trary, the market usually quotes interest rate derivatives in terms of implied 
Black volatilities. Practitioners typically work with a matrix of Black swap- 
tion volatilities; one axis is the length of the underlying swap, the other is the 
expiry of the swaption. In real-world markets only few swaptions are liquid, 
so that the market provides only a few entries of this matrix - the remaining 
entries are calculated by some method of interpolation. 

11.4.1 Volatilities 

Since a ( t ,  T) represents the volatility of the whole family f (t, T )  of forward 
interest rates, one should ideally use all traded instruments whose prices are 
sensitive with respect to the volatility of forward interest rates. In practical 
studies, it is essential to focus on some of them only, and thus a judicious 
choice of a family of instruments under study is of great importance. 

To the best of our knowledge, the first empirical studies of the HJM model 
were undertaken by Flesaker (1993a), who examined the single-factor Ho and 
Lee model. Subsequently, various HJM models were tested by, among others, 
Cohen (1991), who focused on Treasury bond futures and futures options; 
Amin and Morton (1994), who examined the prices of Eurodollar futures 
and futures options; Brace and Musiela (1994), who used exchange-traded 
options on bill futures and caps in the Australian market; and Heitmann and 
Trautmann (1995), who used data from the German bond market. At first 
glance, a major shortcoming of the Gaussian HJM model is the fact that 
it allows interest rates to become negative with positive probabilities. How- 
ever, in a judiciously constructed Gaussian HJM model, the probabilities of 
negative rates appear to be almost negligible (or, at least, are under control). 

In all of these papers, the authors postulate a priori a volatility a ( t ,  T )  
that depends on T - t only; also, the implied volatility structure is typically 
assumed to be a smooth function. In Amin and Morton (1994) specific func- 
tional forms of a depending on a finite number of parameters are assumed. 
They examine six particular cases of the function a that can all be expressed 
in the following form 

where ao, all X and y are unknown parameters, to be estimated on the ba- 
sis of market data. The smoothness of a is here automatically guaranteed, 
and the whole problem is thus reduced to the estimation of the unknown pa- 
rameters. It is important to observe that the underlying Brownian motion is 
one-dimensional; in this sense, all term structure models examined by Amin 
and Morton belong to the class of single-factor HJM models. 
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The first, essential and rather cumbersome step is the estimation of the 
parameters of the model, using the historical market prices of Eurodollar fu- 
tures options. First, one needs to estimate the forward interest rates using 
Eurodollar futures prices. The implied volatility is then derived by fitting 
the option prices predicted by the model to the market prices of Eurodollar 
futures options. The implied volatility parameters appear to vary over time, 
which of course is not surprising. The predictive power of each model is then 
tested by means of a day-by-day comparison of the option prices, which are 
calculated on the basis of the previous day’s implied forward rate volatility 
and the estimated term structure, using the current market prices of Eu- 
rodollar futures options. Since Eurodollar futures options are American, the 
option pricing procedure used by Amin and Morton was based on a discrete- 
time approximation of the HJM model by means of a non-recombining tree 
(cf. Heath et al. (1992a) and Amin and Bodurtha (1995)). 

A slightly different approach was adopted by Heitmann and Trautmann 
(1995), who examined the implementation of the HJM model using data 
from the German bond market. They focused on single-factor Ho and Lee 
and Vasicek’s models, as well as on two-factor combinations of these models. 
Firstly, they concluded that the single-factor Vasicek model describes the 
behavior of the observed forward rates better than the single-factor Ho-Lee 
model. More importantly, they found that the two-factor Vasicek model has 
greater explanatory power than the combined Ho and Lee/Vasicek model. 

At the intuitive level, from the models examined by Heitmann and Traut- 
mann, only the two-factor Vasicek model was able to produce three patterns 
of yield curve movements: parallel shift, reversion and a twist. The presence 
of the latter effect is related to the specific feature of forward rate volatility 
in the two-factor Vasicek model - namely, to the fact that the short-term and 
long-term volatilities can simultaneously dominate the medium-term volatil- 
ity of forward rates. In this sense, the Ho and Lee/Vasicek model also has 
a greater ability than other HJM models to explain the historical volatility 
structure of the German bond market. 

Brace and Musiela (1994) assume that the volatility is piecewise constant 
over some period of time. Such an approach gives more flexibility, but at  the 
obvious cost of losing the smoothness of a ( t ,  T). They use the prices of caps 
and options on bank bill futures in the Australian market to determine the 
parameters of the Gaussian HJM model. For some market data, a commonly 
postulated dependence of a ( t ,T)  on the difference T - t (that is, on the 
time to maturity) is found to be too restrictive. A second factor and an 
explicit dependence of the coefficient a( t ,  T )  on both variables, t and T ,  are 
introduced to deal with such cases. 

Amin and Ng (1997) examine the possibility of inferring future volatility 
from the information in implied volatility in Eurodollar options. They con- 
sider various specifications of the volatility function in the HJM framework, 
as was done in the aforementioned paper by Amin and Morton (1994). 
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A detailed comparison of the most popular forward and spot interest rate 
models is reported in Moraleda and Pelsser (1997) (see also Biihler et al. 
(1999)). They found - somewhat surprisingly - that short-term interest rate 
models usually outperform their direct counterparts that are based on the 
modelling of the forward rate dynamics. 

Let us finally mention the paper by Brace et al. (1997), who analyze 
a two-factor version of the lognormal model of the forward LIBOR, with 
piecewise constant volatility functions. The model is tested using the U.K. 
market prices of caps and swaptions and the historically estimated correlation 
between forward rates. It appears that the implied volatilities are not uniquely 
determined; that is, a given set of market data can be explained by different 
piecewise constant volatility functions. 

11 A.2  Correlations 

So far, we have assumed that the volatilities are IRd-valued deterministic 
functions and a term structure model is driven be a d-dimensional Brownian 
motion W = ( w l , .  . . , wd), so that the driving processes w l , .  . . , wd are 
mutually independent one-dimensional standard Brownian motions. Corre- 
lations between various interest rate processes were thus implicitly encoded 
in the corresponding d-dimensional volatilities, and they were not even men- 
tioned explicitly. 

When calibrating a term structure model driven by a multidimensional 
Brownian motion, it is more convenient to take a slightly different approach, 
and to examine one-dimensional (implied) volatilities and (historical) correla- 
tions separately. Let us present briefly the method of intoducing correlations. 

Let W = (W1,. . . , w d )  be a d-dimensional standard Brownian. Suppose 
that we deal with a finite family of n processes X1, .  . . , X n  that obey 

with one-dimensional drift coefficients p l ,  . . . , pn and d-dimensional volatili- 
ties C1,. . . , I n .  In our set-up, we take bond prices B(t,  Ti) as processes Xi.  

Our goal is to find real-valued volatilities t l , .  . . , ty and a family of cor- 
related one-dimensional standard Brownian motions W1,. . . , wn such that 
the processes X1, .  . . , X n  can be represented as follows: 

To this end, we define t j  = IjI<jI-l (by convention 010 = 0) and we set 

The processes W1, . . . , wn are one-dimensional Brownian motions and they 
satisfy d ( w i ,  wj) = pj’j dt, where the instantaneous (or local) correlation 

equals tt . (see Sect. 7.1.9). Finally, equality (11.70) is valid. 
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11.5 Futures Price 

Let us consider an arbitrary attainable contingent claim X that settles at  
time T.  Since the martingale measure P* for the spot market is assumed 
to be unique, it is natural to introduce the futures price by means of the 
following definition. In a discrete-time framework, this definition is formally 
justified by means of no-arbitrage arguments in Jarrow (1996) (see pp. 134- 
135 therein). For related studies of forward and futures prices, see Cornell 
and French (1983a, 1983b), Cakici and Chatterjee (1991), Amin and Jarrow 
(l992), Flesaker (l993b), and Grinblatt and Jegadeesh (1996). 

Definition 11.5.1. The futures price fx (t, T) of a claim X I  in the futures 
contract that expires at  time T ,  is given by the formula 

We are in a position to find the spread between the forward and futures 
prices of an arbitrary asset. Recall that the forward price of a claim X equals 
Fx(t,  T )  = r t (X) /B( t ,  T) .  Let B represent the savings account. The next 
result is fairly general, but not always convenient for explicit calculations. 

Lemma 11.5.1. The forward and futures prices of a claim X satisfy 

Proof. Indeed, the conditional covariance is defined as follows 

Thus, in our case, we obtain 

Formula (11.72) now follows easily. 0 

To get a more explicit representation of the spread Fx( t ,  T )  - fx ( t ,  T) ,  
let us now an arbitrary tradable asset, whose spot price Z has the dynamics 
given by the expression (11.60) (with index i omitted). The forward price of 
Z for settlement at the date T is already known to satisfy 

where ~ ( u ,  T) = Su. - b(u, T) ,  and W: = Wc - b(uI T )  du is a Brownian 
motion under the forward measure PT. The futures price is given by formula 
(11.71), that is, f ~ ( t ,  T )  = IEp* (ZT I Ft) ,  t E [0, TI. 

Our next goal is to establish a volatility-based relationship between the 
forward and the futures price of Z,  due to Jamshidian (1993a). 



11.5 Futures Price 417 

Proposition 11.5.1. Assume that the volatility yz(.,  T )  = J - b(., T)  of the 
forward price process Fz(t ,  T )  and the bond volatility b(., T )  are deterministic. 
Then the futures price fz (t, T )  equals 

Proof. It  is clear that 

where st stands for the following random variable 

The random variable St is independent of the a-field F t ,  and its expectation 
under IF"* is equal to 1 - that is, I E p  (st) = 1. Since by definition 

using the well-known properties of conditional expectation, we obtain 

which is the desired result. 0 

Observe that the dynamics of the futures price process fz (t, T), t E [0, TI, 
under the martingale measure IF'* are 

It is interesting to note that the dynamics of the forward price Fz(t,  T )  under 
the forward measure PT are given by the analogous expression 

11.5.1 Futures Options 

We shall now focus on an explicit formula for the arbitrage price of a Euro- 
pean call option written on a futures contract on a zero-coupon bond. Let 
us denote by fB(t,  U, T )  the futures price for settlement at the date T of a 
U-maturity zero-coupon bond. From (11.74), we have 

subject to the terminal condition fB(T, U, T )  = B(T, U). 
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The wealth process vf ($) of any futures trading strategy $ = ($I, $2) 
equals v ; ~  ($) = $zB(t,T). A futures trading strategy $ = ($I, $2) is said 
to be sey-financing if its wealth process vf = vf ($) satisfies the standard 
relationship 

We fix U and T, and we write briefly f t  instead of fB(t,  U, T )  in what follows. 
Let us consider the relative wealth process qf = V;f ($)B-’(t, T) .  As one 
might expect, the relative wealth of a self-financing futures trading strategy 
follows a local martingale under the forward measure PT. Indeed, using It6’s 
formula we get 

On the other hand, we have 

d(f, B-l( ,T)) t  = - ftB-l(t ,T)(b(t,  U) - b(t,T)) . b(t,T) dt. 

Combining these formulas, we arrive at  the expression 

dqf($)  = $,l f , ~ - l ( t , ~ ) ( b ( t ,  U) - b ( t , ~ ) )  . (dw; - b ( t , ~ )  dt), 

which is valid under P*, or equivalently, at the formula 

which in turn is satisfied under PT. We conclude that the relative wealth 
of any self-financing futures strategy follows a local martingale under the 
forward measure for the date T.  Hence, to find the arbitrage price T{(x) at 
time t E [0, TI of any Pr-integrable (attainable) contingent claim X of the 
form X = g(fT, T), we can make use of the formula 

To check this, note that if $ is a futures trading strategy replicating X ,  then 
the process vf ($) is a PT-martingale, and thus 

as expected. One may argue that equality (11.76) is trivial, since the equality 
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was already established in Lemma 9.6.3, and the arbitrage price of any at- 
tainable contingent claim is independent of the choice of financial instruments 
used in replication. For this argument to be valid, it is necessary to construct 
first a consistent financial model that encompasses both spot and futures 
contracts. In this section, for the sake of expositional simplicity, we assume 
that the expiry date of an option coincides with the settlement date of the 
underlying futures contract (this restriction is slightly modified in the next 
section, where the PDE approach is presented). 

Proposition 11.5.2. Assume that U 2 T.  The arbitrage price at time 
t E [0, T] of a European call option with expiry date T and exercise price 
K, written on the futures contract for a U-maturity zero-coupon bond with 
delivery date T ,  equals 

where 

91(fIt,T) = 
W f l K )  + ~T( lb (u ,  Wl2 - Ib(ulT)12)du 

.u(t, T )  I 

g2( f , t ,T)  = gl ( f , t ,T)  - vu(t,T), the function vu(t,T) is given by (11.45), 
and T 

hu(t,  T) = exp ( J (b(u, U) - b(u, T)) b(u, T) du) . 
t 

Proof. We need to evaluate 

Proceeding as in the proof of Proposition 11.3.1, we find that (cf. (11.47)- 
(11.48)) 

where Ft = FB (t, U, T),  

J 2 ( F , t , ~ )  = J l ( F , t , ~ )  - vU(t,T), and vu(t ,T) is given by (11.45). On the 
other hand, (1 1.73) yields 

Substituting the last formula into (11.77), we find the desired formula. 
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For ease of notation, we write f t  to denote the futures price fz(t,  T )  of 
a tradable security 2. We assume that the volatilities b(., T) and yz(., T) 
are deterministic functions. The proof of the next result is similar to that of 
Proposition 11.5.2, and is thus omitted. 

Proposition 11.5.3. The arbitrage price of a European call option with ex- 
piry date T and exercise price K ,  written on a futures contract settling at 
time T for delivery of one unit of security 2, is given by the formula 

where 
In(f/K) +In h(t,T) * iv2( t ,T)  

g1,2(frt,T) = 
v(t, T )  

for (f ,  t) E R+ x [0, TI, the function v(t, T )  is given by (11.56), and 

Assume that the bond volatility b(u, T )  vanishes identically for u E [0, TI 
and the asset volatility is constant; that is, (, = a for some real number a. 
In this case, the valuation formula provided by Proposition 11.5.3 reduces to 
the classical Black futures option formula. Let us examine the put-call parity 
for futures options. We write P,f to denote the price of a European futures 
put option with expiry date T and strike price K. Arguing as in the proof of 
Proposition 11.3.3, one may establish the following result. 

Proposition 11.5.4. Under the assumptions of Proposition 11.5.3, the fol- 
lowing put-call parity relationship is valid 

The put-call parity relationship (11.57) for European spot options can be 
easily established by a direct construction of two portfolios. Let us consider 
the following two portfolios: long call and short put option; and one unit 
of the underlying asset and K units of T-maturity zero-coupon bonds. The 
portfolios have manifestly the same value at time T, namely XT - K .  Conse- 
quently, if no arbitrage opportunities exist, they have the same value at  any 
time t 5 T;  that is, (11.57) holds. 

Due to the specific daily marking to market feature of the futures market, 
this simple reasoning is no longer valid for futures options under stochastic 
interest rates. It appears that the put-call parity for futures options has the 
form given in Proposition 11.5.4. Note that this relationship depends on the 
assumed dynamics of the underlying price processes - that is, on the choice 
of a market model. 
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11.6 PDE Approach to Interest Rate Derivatives 

This section presents the PDE approach to the hedging and valuation of 
contingent claims in the Gaussian HJM setting. As discussed in Chap. 9.5, 
PDEs play an important role in the pricing of term-structure derivatives 
in the framework of diffusion models of short-term interest rates. In such a 
case, one works with the PDE satisfied by the price process of an interest 
rate-sensitive security, considered as a function of the time parameter t and 
the current value of a short-term rate r t .  In the present setting, however, it is 
not assumed that the short-term rate follows a diffusion process. The PDEs 
examined in this section are directly related to the price dynamics of bonds 
and underlying assets. To be more specific, the arbitrage price of a derivative 
security is expressed in terms of the time parameter t, the current price of 
an underlying asset and the price of a certain zero-coupon bond. For ease of 
exposition, we focus on the case of spot and futures European call options. 

11.6.1 PDEs for Spot Derivatives 

We start by examining the case of a European call option with expiry date 
T written on a tradable asset Z. We assume throughout that the dynamics 
of the (spot) price process of Z are governed under a probability measure P 
by the expression4 

dZt = Zt ( ~ t  dt + <t . dwt) ,  (11.78) 

where p is a stochastic process. For a fixed date D > T,  the price of a bond 
maturing at time D is assumed to follow, under P 

dB(t, D)  = B(t, D)  (fit dt + b(t, D)  . dWt), (11.79) 

where fi is a stochastic process. Volatilities J and b(., D)  can also follow 
stochastic processes; we shall assume, however, that the volatility Ct - b(t, D)  
of the forward price of Z is deterministic. 

We consider a European option, with expiry date T ,  written on the for- 
ward price of Z for the date D l  where D > T. More precisely, by definition 
the option’s payoff at expiry equals 

When D = T, we deal with a standard option written on Z. For D > T ,  the 
option can be interpreted either as an option written on the forward price of 
Z ,  with deferred payoff at time D,  or simply as an option to exchange one 
unit of an asset Z for K units of D-maturity bonds. 

We wish to express the option price in terms of the spot prices of the 
underlying asset and the D-maturity bond. Suppose that the price Ct admits 

We assume implicitly that Z follows a strictly positive process. It should be 
stressed that P is not necessarily a martingale measure. 



422 11. Models of Instantaneous Forward Rates 

the representation Ct = v(Zt, B(t,  D) , t ) ,  where v : R+ x [ O , 1 ]  x [O,T] -t R 
is an unknown function satisfying the terminal condition (it is implicitly 
assumed that B(T, D )  5 1; this restriction is not essential, however) 

Let 4 = ($I, qh2) be a self-financing trading strategy that assumes continu- 
ous trading in the option’s underlying asset and in D-maturity bonds. As 
expected, 4: and 4: stand for the number of shares of the underlying as- 
set and the number of units of D-maturity bonds respectively. Assume that 
the terminal wealth of the portfolio 4 replicates the option payoff. Then the 
following chain of equalities is valid for any t E [0, T] 

Since 4 is self-financing, its wealth process also satisfies 

dvt (4) = 4; dZt + 4; dB(t, D). 

Substituting (11.78)-(11.79) into the last formula, we obtain 

It  is useful to note that the second component of the portfolio 4 is uniquely 
determined as soon as that the first component of 4 and the function v are 
known. Indeed, q52 can be then found from the equality 

In order to proceed further, we need to assume that the function v = v(x, y, t)  
is sufficiently smooth on the open domain (0, oo) x (0 , l )  x (0, T). Using It6’s 
formula, we obtain5 

where the argument (Zt, B(t,  T), t) is suppressed. Consequently, substitution 
of the dynamics of Z and B (cf. (11.78)-(11.79)) yields 

By equating the differential dCt given by the last formula and the previously 
found differential d& ($), we obtain 

Subscripts on v denote partial derivatives with respect to the corresponding 
variables. 



11.6 PDE Approach to Interest Rate Derivatives 423 

for every t E [0, TI. Eliminating qb2 and rearranging, we get 

for every t E [O,T]. Suppose now that 

For (11.81) to hold, it suffices to assume, in addition, that the equality 

v(Zt, B(t,  D) , t )  = Ztvx(Zt, B(t,  D),  t) + B(t, D)vy(Zt, B(t, D),  t) 

is satisfied for every t E [0, TI. In terms of the function v, we thus have 

which should hold for every (x, y, t)  E (0, co) x (0 , l )  x (0, T) .  Combining 
(11.83) with (11.80), we find immediately that 

Furthermore, by taking partial derivatives of relationship (11.83) with respect 
to x and y, we obtain 

Since we have assumed that Ct = K(q5), we arrive at the following PDE that 
is satisfied by the function v = v(x, y, t) 

It  should be stressed that we need to consider the last PDE together with 
the PDE (11.83). Making use of (11.85), we find that the function v solves 

subject to the terminal condition v(x,y,T) = y(x/y - K)+ for every 
(x, y) E R+ x (0, l ) .  Note that (11.83) implies that the function v admits 
the representation v(x, y, t)  = yH(x/y,t),  where H : R+ x [O,T] + R (it is 
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enough to set x = zy, and to check that the function h(z, y, t )  = y-lv(zy, y, t )  
does not depend on the second argument, since h,(z, y,t) = 0). Putting 
v(x, y, t )  = yH(x/y,t) into (11.86), we find the PDE satisfied by H 

with the terminal condition H(z ,T)  = (z - K ) +  for every z E R+. The 
solution to the last problem is well known to be given by the formula 

where 

and 
T 

v%(t, T) = 1 Itu - b(ul D) l 2  du. 

It  is now straightforward to derive the following formula6 for the function 
v(x1 Y, t) 

The replicating strategy q5 of a call option equals: $: = v, (Zt, B(t ,  D) ,  t) and 
$: = v, (Zt, B(t ,  D), t ) .  Put  more explicitly, at any time t 5 T, the replicating 
portfolio involves q5: = ~ ( k l ( Z ~ ,  B(t,  D), t ,  T)) units of the underlying asset, 
combined with 4: = - K N  (k2(Zt, B(t ,  D),  t ,  T)) units of D-maturity zero- 
coupon bonds. The PDE approach can be carried over to cover the case 
of more general European contingent claims which may depend on several 
assets - for instance, to European options on coupon-bearing bonds. We end 
this section by formulating a result that can be seen as a first step in this 
direction. For simplicity, we still consider only one underlying asset however. 

Proposition 11.6.1. Assume that the price processes Z and B(t,  D)  follow 
(11.78) and (11.79) respectively, and the volatility tt - b(t, D)  of the forward 
price is deterministic. Consider a European contingent claim X of the form 
X = B(T, D ) s ( Z ~ / B ( T ,  D))  settling at time T .  The arbitrage price of X 
equals 

T ~ ( x )  = v(z t ,  ~ ( t ,  ~ ) , t )  = ~ ( t ,  D)H(Z~B-’(~,  ~ ) , t )  
for every t E [0, TI, where the function H : R+ x [O,T] -, JR solves the 
following PDE 

For U = T, this result was already established by means of the forward measure 
approach (cf. Proposition 11.3.2). 
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with the terminal condition H(z,  T )  = g(z) for every z E R+. 

Remarks. A savings account can be used in the replication of European claims 
that settle at time T and have the form X = BTg(ZT/&) for some function 
g. Let us consider, for instance, a European option with expiry date T and 
terminal payoff (ZT -KBT)+. If the volatility of the underlying asset is deter- 
ministic, Proposition 11.6.1 is in force, and thus replication of such an option 
involves N (kl (Zt , Bt , t, T)) units of the underlying asset, combined with the 
amount - K B t N  (k2 (Zt , Bt , t, T)) held in a savings account. In general, a 
standard European option cannot be replicated using a savings account. 

11.6.2 PDEs for Futures Derivatives 

Let us fix three dates T, D and R, such that T < min {D, R). The futures 
price of an asset Z in a contract at time R satisfies 

where Ct = tt - b(t, R). We have assumed that the drift coefficient in the 
dynamics of fz(t, R) vanishes. This is not essential however. Indeed, suppose 
that a non-zero drift in the dynamics of the futures price is present. Then 
we may either modify all foregoing considerations in a suitable way, or, more 
conveniently, we may first make, using Girsanov’s theorem, an equivalent 
change of an underlying probability measure in such a way that the drift of 
the futures price will disappear. The drift of bond price will thus change - 
however, it is arbitrary (cf. (11.89)), and it does not enter the final result 
anyway. It  is convenient to assume that the volatility C of the futures price 
and the bond price volatility b(., D)  are deterministic functions. 

For convenience, we shall write ft instead of fz(t,  R). Consider a European 
option with the terminal payoff C; = B(T, D)(ft - K)+ at time T, or equiva- 
lently, (fT-K)+ at  time D (hence it is a standard futures option with deferred 
payoff). Assume that the price at time t of such an option admits the represen- 
tation C{ = v ( ft , B(t ,  D),  t)  for some function v : R+ x [O,1] x [0, TI -, R that 
satisfies the terminal condition v(x, y, T) = y(x- K)+ for (x, y) E R+ x (O,l]. 
We now consider a self-financing trading strategy + = where 
and +2 represent positions in futures contracts and D-maturity zero-coupon 
bonds respectively. It  is apparent that the wealth process vf (+) satisfies 

where the second equality is a consequence of the assumption that the trading 
strategy + replicates the value of the option. Furthermore, since + is self- 
financing, its wealth process vf (+) also satisfies 
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so that 

d&f ($1 = ~ t $ : ~ ( t ,  D )  dt + ($: ft& + $ : ~ ( t ,  D)b(t,  D ) )  . dWt. (11.89) 

On the other hand, assuming that the function v = v ( x ,  y, t )  is sufficiently 
smooth, and applying the It6 formula, we get (the argument ( f t ,  B ( t ,  D ) , t )  
is suppressed) 

Using the dynamics of f and B(t, D )  (cf. (11.79) and (11.87)), we get 

d ~ , f  = (vt + B ( t ,  D)rctvy + f t B ( t ,  D)Ct . b(t,  D)vx,) dt 
+ i(ft21~t12~xx + ~ ~ ( t , ~ ) l b ( t ,  D ) ~ ~ v , , )  dt 
+ (ftCtvX + B ( t ,  D)b(t,  D)v,) . dWt. 

Comparing this formula with (11.89), we obtain the following equality 

which is valid for every t E [O,T]. Using (11.88), we find that 

Suppose now that 

$4 = v ~ ( f t , B ( t , D ) , t ) ,  t . ' tE  [(),TI. (11.91) 

Then for (11.90) to  hold, it is enough to assume in addition that 

v ( f t ,  B ( t ,  D ) , t )  - B ( t ,  D)vy ( f t ,  B ( t ,  D ) ,  t )  = 0,  (11.92) 

or equivalently, that the equality 

~ ( x ,  Y ,  t )  = yvy(x, y, t )  (11.93) 

is satisfied. Combining (11.88) and (11.92), we find that 

4; = v , ( f t ,B( t ,  D ) , t ) ,  t.'t E [O,Tl. 

By taking partial derivatives of (11.93) with respect to x and y, we get 
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Using (11.91) and (11.92), we find that 

for every t E [0, TI. Since processes Cf and ~f ($) coincide, this leads to the 
following PDE 

Finally, taking into account (11.94), we find that v satisfies 

subject to the terminal condition v(x, y, T) = y (x - K ) +  for (x, y) E 
R+ x ( O , l ] .  In view of (11.93), we restrict our attention to those solutions of 
(11.95) admitting the representation v(x, y, t)  = yH(x, t )  for a certain func- 
tion H : R+ x [0, TI -+ R (indeed, if a function v satisfies (11.93) then the 
function h(x, y, t)  = y-lv(x, y, t)  does not depend on the second argument, 
since the partial derivative hy (x, y, t)  vanishes). Using (11.95), we deduce that 
H satisfies 

with the terminal condition H(x ,T)  = (x - K)+. In order to simplify the 
last equation, we define the function L : R+ x [0, T] -+ R by setting L(z, t )  = 
~ ( z e - ~ ( ~ > ~ )  , t ) ,  where 

It  is straightforward to verify that L solves the PDE 

with the terminal condition L(z,T) = (z - K)+ .  Arguing along the same 
lines as in the previous section, we find that 
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Recalling that v (x ,  y ,  t )  = yH(x,  t )  = y~ , t )  , we obtain 

for ( x ,  y ,  t )  E EX+ x [O,1] x [O,T], where 

At any date t ,  the replicating strategy $ involves $: positions in the under- 
lying futures contract, where $tl = v,(ft, B( t ,  D) , t ) ,  combined with holding 
$: D-maturity zero-coupon bonds, where 

$t2 = B - V ,  D)v( f t ,  B( t ,  Dl, t )  = vy ( f t ,  B ( t ,  D) ,  t ) .  
More explicitly, we have $: = B ( t ,  D) eq(t)T) ~ ( l ~ (  f t ,  t ,  T ) )  and 

Example 11.6.1. Assume that a futures contract has a zero-coupon bond ma- 
turing at time U 2 R as the underlying asset. Then <, = b(u, U )  and thus 

Moreover, in this case we have (writing f in place of x )  

where y(u, U, R )  = b(u, U )  - b(u, R) .  In particular, i f  D = R = T we obtain 
l l ( f ,  t ,  T )  = g l ( f ,  t ,  T )  and ~ ( t ,  T )  = h(t ,  T ) ,  where g l  and h are given by 
(11.5.2) and (1 1.5.2) respectively. 

Proposition 11.6.2. Suppose that the futures price ft  = Fz(t ,  R )  of an 
asset Z satisfies (11.87), where the volatility Ct = <t - b(t, R) is such that 
Ct . b(t, D)  is a deterministic function. Let X be a European contingent claim 
that settles at time T and has the form X = B(T ,  D ) g ( f ~ )  for some function 
g : R+ 4 R. The arbitrage price of X equals 

T : ( X )  = v ( f t ,  B( t ,  ~ ) , t )  = B ( t ,  ~ ) ~ ( f t e ~ ( ~ > ~ )  , t )  

for every t E [0, TI, where 

and the function L = L(z ,  t )  solves the PDE 

with the terminal condition L(z ,  T )  = g(z) for evey z E E%+. 
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11.7 Recent Developments 

Since we are not in a position to cover in detail recent developments of the 
HJM methodology, we shall only present a brief overview of existing lit- 
erature. An important stream of research in existing financial literature is 
associated with the so-called geometric properties of the HJM model. In or- 
der to deal with these properties, it is convenient to introduce a different 
parametrization of the model, specifically, the maturity date T is replaced by 
the time to maturity, denoted by x in what follows; this is frequently referred 
to as the Musiela parametrization (see Musiela (1993)). 

Let us set r ( t ,x )  = f ( t , t  + x )  for t 2 0 and x 2 0, so that r ( t ,x )  is the 
instantaneous forward rate as seen at time t for the future date t + x. Recall 
that for every t > 0 and x 2 0 we have 

B( t , t  + x )  = exp ( l x r ( t , u ) d u )  = exp ( - Y ( t , t  +x)x). 

Let us introduce an infinite-dimensional stochastic process r ( t ,  .) describing 
the fluctuations of the whole forward rate curve. The process r ( t ,  .) solves the 
following stochastic partial differential equation (SPDE)7 

Fundamental theoretical properties of this equation, such as, the existence 
and uniqueness of solutions in an appropriate functional space H and the ex- 
istence of invariant measures, were examined by Goldys and Musiela (1996, 
2001), Vargiolu (1999), Goldys et al. (2000), and Tehranchi (2004). Carmona 
and Tehranchi (2004) examine hedging strategies for infinite-factor HJM 
models (see also Kennedy (1994, 1997), Santa-Clara and Sornette (2001), 
and Galluccio et al. (2003b) for related studies). 
Consistency. Practical considerations have attracted attention to such fea- 
tures of solutions to (11.96) as the consistency and the finite-dimensional 
realization property. Suppose that we are given a finite-dimensional family 
K of forward rate curves. We say that a term structure model is consistent 
with K if, under the assumption that it starts from a curve belonging to K, 
it produces only yield curves belonging to this family. Practitioners are inter- 
ested in consistency of a particular HJM model with a given family of yield 
curves that is used to estimate in a parsimonious way the term structure of 
interest rates.For instance, the problem of consistency of a HJM model with 
the Nelson-Siege1 (1987) family, which can be represented as follows: 

f (t, T) = a 0  + ale-X(T-t) + a2X(T - t)e-X(T-t), 
was completely solved by FilipoviC (1999). For more details on consistency of 
a HJM model, see Bjork and Christensen (1999), FilipoviC (2000, 2001a), as 
well as the survey by Bjork (2004). 

For the general theory of SPDEs, see Da Prato and Zabczyk (1992). 
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Finite-dimensional realizations. A HJM term structure model is said 
to have the finite-dimensional realization property if there exists an n- 
dimensional diffusion process Z (interpreted as the state vector process), 
which satisfies 

dZt = a(Zt) dt + b(Zt) . dWt, 
and a map G from Rn to the Hilbert (or, more generally, FrBchet) space 
H such that r(t,  x) = G(Zt) for every t E R+. Let us note that the finite- 
dimensional realization property is important both for calibration and hedg- 
ing purposes, especially in the case where Z has a financial interpretation 
(for instance, Z may represent a vector of benchmark instantaneous forward 
rates). For more information on the finite-dimensional realization property 
of term structure models, we refer to Bjork and Gombani (1999), Bjork and 
Svensson (2001), FilipoviC and Teichmann (2002, 2003), Bjork and LandBn 
(2002), and Bjork et al. (2004). 

Stochastic volatility. Though formally the coefficient a( t ,T)  in the dy- 
namics (11.4) may follow a stochastic process, it is rather difficult to make a 
reasonable choice of stochastic volatility in a general HJM framework. 

A particular stochastic volatility extension of the HJM model was exam- 
ined by Andreasen et al. (1998), who formally introduced futures contracts 
on the instantaneous variance I b(T, U)I2 of zero-coupon bonds. Let us present 
the main lines of their approach. For any t 5 T 5 U, let V(t,T, U) stand 
for the futures prices at time t for delivery of the claim Ib(T, U)I2 at time T. 
Andreasen et al. (1998) postulate that, under the real-life probability P, we 
have 

They argue that although futures contracts on the instantaneous variance 
are not traded, they can be formally replicated by trading in futures on 
continuously compounded yields, and the latter contracts are indeed traded. 
They deduce that, under the spot martingale measure P*, we necessarily have 

Finally, they investigate the effects of the stochastic volatility b2(t,T) = 
V(t, t, T )  on prices of bond options for various specifications of volatilities 
and correlations. 

In a recent paper by Bjork et al. (2004), the authors take a completely 
different approach. They assume that the coefficient a( t ,T)  has the form 
a( t ,  f (t, T), x); that is, they allow for explicit dependence of the bond volatil- 
ity on some (hidden) Markov process Y that obeys 

FilipoviC and Teichmann (2004) extend this model by postulating that 

where r t  stands for the infinite-dimensional process r (t, .). 
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As was mentioned already, the acronym LIBOR stands for the London Inter- 
bank Offered Rate. It is the rate of interest offered by banks on deposits from 
other banks in eurocurrency markets. Also, it is the floating rate commonly 
used in interest rate swap agreements in international financial markets (in 
domestic financial markets as the reference interest rate for a floating rate 
loans it is customary to take a prime rate or a base rate). LIBOR is de- 
termined by trading between banks and changes continuously as economic 
conditions change. For more information on market conventions related to 
the LIBOR and Eurodollar futures, we refer to Sect. 9.3.4. 

In this chapter, we present an overview of recently developed methodolo- 
gies related to the arbitrage-free modelling of market rates, such as LIBORs. 
In contrast to more traditional aproaches, term structure models developed 
recently by, among others, Miltersen et al. (1997), Brace et al. (1997), Musiela 
and Rutkowski (1997), Jamshidian (1997a), Hunt et al. (1996, 2000), Hunt 
and Kennedy (1996, 1997, 1998a), and Andersen and Andreasen (2000b), 
are tailored to handle the most actively traded interest-rate options, such as 
caps and swaptions. For this reason, they typically enjoy a higher degree of 
tractability than the classical term structure models based on the diffusion- 
type behavior of instantaneous (spot or forward) rates. 

Recall that the Heath-Jarrow-Morton methodology of term structure 
modelling is based on the arbitrage-free dynamics of instantaneous, contin- 
uously compounded forward rates. The assumption that instantaneous rates 
exist is not always convenient, since it requires a certain degree of smoothness 
with respect to the tenor (i.e., maturity) of bond prices and their volatilities. 
An alternative construction of an arbitrage-free family of bond prices, mak- 
ing no reference to the instantaneous, continuously compounded rates, is in 
some circumstances more suitable. 

The first step in this direction was taken by Sandmann and Sondermann 
(1994), who focused on the effective annual interest rate (cf. Sect. 10.1.2). 
This idea was further developed by Goldys et al. (1994), Musiela (1994), 
Sandmann et al. (1995), Miltersen et al. (1997) and Brace et al. (1997). 

It is worth pointing out that in all these papers, the HJM framework is 
adopted (at least implicitly). For instance, Goldys et al. (1994) introduce a 
HJM-type model based on the rate j ( t ,T) ,  which is related to the instan- 
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taneous forward rate through the formula 1 + j ( t ,T)  = e f ( t lT) .  The model 
put forward in this paper assumes a deterministic volatility function for the 
process j ( t ,  T). A slightly more general case of nominal annual rates q(t, T), 
which satisfy (6 representing the duration of each compounding period) 

was studied by Musiela (1994), who assumes the deterministic volatility 
y(t,  T )  of each nominal annual rate q(t, T). This implies the following form 
of the coefficient a in the dynamics of the instantaneous forward rate 

so that the model is indeed well-defined (that is, instantaneous forward rates, 
and thus also the nominal annual rates, do not explode). Unfortunately, these 
models do not give closed-form solutions for zero-coupon bond options, and 
thus a numerical approach to option pricing is required. Miltersen et al. (1997) 
focus on the actuarial (or effective) forward rates a(t,  TI  U )  satisfying 

(1 + a(t,  T I  T + 6))& = exp (STT+& f (t, 21) d ~ )  . 

They show that a closed-form solution for the bond option price is avail- 
able when 6 = 1. More specifically, an interest rate cap is priced according 
to the market standard (see Sect. 12.4.1 for details). However, the model is 
not explicitly identified and its arbitrage-free features are not examined, thus 
leaving open the question of pricing other interest rate derivatives. These 
problems were addressed in part in a paper by Sandmann et al. (1995), 
where a lognormal-type model based on an add-on forward rate (add-on yield) 
f , ( t ,T ,T + 6), where 

was analyzed. Finally, using a different approach, Brace et al. (1997) explicitly 
identify the dynamics of all rates fs(t, TI  T+6) under the martingale measure 
P* and analyze the properties of the model. 

Let us summarize the content of this chapter. We start by describing in 
Sect. 12.1 forward and futures LIBORs. The properties of the LIBOR in the 
Gaussian HJM model are also dealt with in this section. Subsequently, in 
Sect. 12.4 we present various approaches to LIBOR market models. Further 
properties of these models are examined in Sect. 12.5. In Sect. 12.2 we describe 
interest rate cap and floor agreements. Next, we provide in Sect. 12.3 the 
valuation results for these contracts within the framework of the Gaussian 
HJM model. In Sect. 12.6, we deal with the valuation of contingent claims 
within the framework of the lognormal LIBOR market model. In the last 
section, we present briefly some extensions of this model. 
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12.1 Forward and Futures LIBORs 

We shall frequently assume that we are given a prespecified collection of 
resetlsettlement dates 0 5 To < TI < . . .  < T,, referred to as the tenor 
structure. Also, we shall write 6j = Tj - Tj-1 for j = 1,. . . , n. As usual, 
B(t,  T )  stands for the price at time t of a T-maturity zero-coupon bond, P* 
is the spot martingale measure, while PTj (respectively, IPTj+l) is the forward 
martingale measure associated with the date Tj (respectively, Tj+l). The 
corresponding Brownian motions are denoted by W* and WTj (respectively, 
wT3+1). Also, we write F B ( ~ , T ,  U) = B(t, T)/B(t, U). Finally, r t ( X )  is the 
value (that is, the arbitrage price) at time t of a European claim X. 

Our first task is to examine those properties of interest rate forward and 
futures contracts that are universal, in the sense that do not rely on specific 
assumptions imposed on a particular model of the term structure of interest 
rates. To this end, we fix an index j ,  and we consider various interest rates 
related to the period [Tj, Tj+1]. 

12.1.1 One-period Swap Settled in Arrears 

Let us first consider a one-period swap agreement settled in arrears; i.e., with 
the reset date Tj and the settlement date Tj+1 (more realistic multi-period 
swap agreements are examined in Chap. 13). By the contractual features, the 
long party pays 6 j + l ~  and receives B-I (Tj , Tj+1) - 1 at time Tj+1. Equiva- 
lently, he pays an amount Yl = 1 + 6 j + i ~  and receives Y2 = B-I (Tj, Tj+1) 
at this date. The values of these payoffs at time t 5 Tj are 

The second equality above is trivial, since the payoff Y2 is equivalent to the 
unit payoff at time Tj. Consequently, for any fixed t 5 Tj, the value of the 
fomuard swap rate that makes the contract worthless at time t can be found 
by solving for K = /ct the following equation 

It is thus apparent that 

Note that K~ coincides with the fomuard LIBOR L(t ,  Tj) which, by convention, 
is set to satisfy 

def B(t,Tj) 1 + G j + i  L(t, Tj) = 
B(t, T’.+l) ' 

It is also useful to observe that 
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where the last equality is a consequence of the definition of the forward 
measure PT3+, . We conclude that in order to determine the forward LIBOR 
L(., Tj), it is enough to find the forward price of the claim B-l(Tj,Tj+l) for 
the settlement date Tj+l. Furthermore, it is evident that the process L(., Tj) 
necessarily follows a martingale under the forward probability measure PTj+l. 
Recall that in the HJM framework, we have 

under P T ~ + ,  where b(., T )  is the price volatility of the T-maturity zero-coupon 
bond. On the other hand, L(.,Tj) can be shown to admit the following rep- 
resentation 

dL(t, Tj) = L(t, Tj)X(t, Tj) . dw,Tjtl 
for a certain adapted process A(., Tj). Combining the last two formulas with 
(12.1), we arrive at  the following fundamental relationship 

It is worth stressing that equality (12.3) will play an essential role in the 
construction of the so-called lognormal LIBOR market model. For instance, 
in the construction based on the backward induction, relationship (12.3) will 
allow us to specify uniquely the forward measure for the date Tj, provided 
that PTj+l, wT3+l and the volatility X(t, Tj) are known (we may postulate, 
for instance, that A(., Tj) is a given deterministic function). 

Recall that in the HJM framework the Radon-Nikod9m density of PTj 
with respect to PTj+l is known to satisfy 

In view of (12.3), we thus have 

For our further purposes, it is also useful to observe that this density admits 
the following representation 

where c > 0 is a normalizing constant, and thus we have that 

for any date t I Tj. 
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Finally, the dynamics of the process L(., Tj) under the probability measure 
PTj are given by a somewhat involved stochastic differential equation 

As we shall see in what follows, it is nevertheless not hard to determine the 
probability law of L(.,Tj) under the forward measure PTj - at least in the 
case of the deterministic volatility function A(., Tj). 

12.1.2 One-period Swap Settled in Advance 

Consider now a similar swap that is, however, settled in advance - that is, 
at time Tj. Our first goal is to determine the forward swap rate implied by 
such a contract. Note that under the present assumptions, the long party 
(formally) pays an amount Yl = 1 + 6j+i r; and receives Y2 = B-I (Tj , Tj+1) 
at the settlement date Tj (which coincides here with the reset date). The 
values of these payoffs at time t 5 Tj admit the following representations 

The value r; = kt of the modified forward swap rate that makes the swap 
agreement settled in advance worthless at  time t can be found from the 
equality rt (Yl) = rt (Y2), where 

It is clear that 

We are in a position to introduce the modified forward LIBOR z(t ,Tj)  by 
setting 

Let us make two remarks. First, it is clear that finding the modified LIBOR 
Z( . ,T~)  is essentially equivalent to pricing the claim B-l(Tj,Tj+l) at Tj 
(more precisely, we need to know the forward price of this claim for the date 
Tj). Second, it is useful to observe that 
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In particular, it is evident that at  the reset date Tj the two forward LIBORs 
introduced above coincide, since manifestly 

To summarize, the standard forward LIBOR L(., Tj) satisfies 

with the initial condition 

while for the modified LIBOR L(., Tj) we have 

with the initial condition 

Note that the last condition depends not only on the initial term structure, 
but also on the volatilities of bond prices (see, e.g., formula (12.11) below). 

12.1.3 Eurodollar Futures 

As was mentioned in Sect. 9.3, Eurodollar futures contract is a futures con- 
tract in which the LIBOR plays the role of an underlying asset. By conven- 
tion, at  the contract’s maturity date Tj, the quoted Eurodollar futures price 
E (Tj , Tj) is set to satisfy 

def E(Tj,Tj) = 1 - Gj+iL(Tj). 

Equivalently, in terms of the price of a zero-coupon bond we have E(Tj, Tj) = 
2 - BP1(Tj, Tj+l). From the general properties of futures contracts, it follows 
that the Eurodollar futures price at time t 5 Tj equals 

and thus 
E(t7Tj)  = 2 - E P * ( B - ~ ( T ~ , T ~ + ~ )  I&). (12.6) 

Recall that the probability measure IF'* represents the spot martingale mea- 
sure in a given model of the term structure. It seems natural to introduce 
the concept of the futures LIBOR, associated with the Eurodollar futures 
contract, through the following definition. 
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Definition 12.1.1. Let E( t ,  Tj) be the Eurodollar futures price at  time t for 
the settlement date Tj. The implied futures LIBOR Lf (t, Tj) satisfies 

It  follows immediately from (12.6)-(12.7) that the following equality is 
valid 

1 + G ~ + ~ L ~ ( ~ , T ~ )  = I E ~ *  ( B - ~ ( T ~ , T ~ + ~ )  I &). 
Equivalently, we have 

It  is thus clear that the futures LIBOR follows a martingale under the spot 
martingale measure P* . 

12.1.4 LIBOR in the Gaussian HJM Model 

In this section, we make a standing assumption that the bond price volatil- 
ities b(t, Tj) are deterministic functions, that is, we place ourselves within 
the Gaussian HJM framework. In this case, it is not hard to express forward 
and futures LIBORs in terms of bond prices and bond price volatilities. Fur- 
thermore, as soon as the dynamics of various rates under forward probability 
measures are known explicitly, it is straightforward to value interest-rate sen- 
sitive derivatives. Recall that in the HJM framework we have 

with the terminal condition FB(Tj, Tj, Tj+1) = BP1(Tj, Tj+1). Also, the spot 
and forward Brownian motions are known to satisfy 

and 
dW,* = dwt'j + b(s, Tj) dt.  

In view of the relationships above, it is quite standard to establish the follow- 
ing proposition (see Flesaker (1993b) for related results). It  is worth pointing 
out that in the present framework there are no ambiguities in the definition 
of the spot probability measure (this should be contrasted with the case of 
the discrete-tenor lognormal model of forward LIBORs, in which the spot 
measure is not uniquely defined). 

For conciseness, we shall frequently write FB(t) = F ~ ( t , T j , T j + l ) .  Also, 
we write, as usual, 

to denote the volatility of the process FB(t,  Tj, Tj+1). 
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Proposition 12.1.1. Assume the Gaussian HJM model of the term struc- 
ture of interest rates. Then the following relationships are valid 

Proof. For brevity, we shall write FB(t) = Fg(t ,  Tj, Tj+1). The first formula 
is in fact universal (see (12.1)). For the second, note that (cf. (12.2)) 

Consequently, 

where we write yu = y(u, Tj, Tjfl).  Since B-l(Tj, Tj+1) = FB(Tj), upon tak- 
ing conditional expectation with respect to the a-field .Ft, we obtain (12.11). 
Furthermore, we have 

and thus 

This leads to equality (12.12). 0 

Dynamics of the forward LIBORs are also easy to find, as the following 
corollary shows. 

Corollary 12.1.1. We have 

Proof. Formula (12.13) is an immediate consequence of (12.1) combined with 
(12.2). Expressions (12.14) and (12.15) can be derived by applying It6’s rule 
to equalities (12.11) and (12.12) respectively. 0 

From Corollary 12.1.1, it is rather clear that closed-form expressions for 
values of options written on forward or futures LIBORs are not available in 
the Gaussian HJM framework. 



12.2 Interest Rate Caps and Floors 439 

12.2 Interest Rate Caps and Floors 

An interest rate cap (known also as a ceiling rate agreement, or briefly CRA) 
is a contractual arrangement where the grantor (seller) has an obligation to 
pay cash to the holder (buyer) if a particular interest rate exceeds a mutually 
agreed level at some future date or dates. Similarly, in an interest rate floor, 
the grantor has an obligation to pay cash to the holder if the interest rate 
is below a preassigned level. When cash is paid to the holder, the holder’s 
net position is equivalent to borrowing (or depositing) at a rate fixed at that 
agreed level. This assumes that the holder of a cap (or floor) agreement also 
holds an underlying asset (such as a deposit) or an underlying liability (such 
as a loan). Finally, the holder is not affected by the agreement if the interest 
rate is ultimately more favorable to him than the agreed level. This feature 
of a cap (or floor) agreement makes it similar to an option. 

Specifically, a forward start cap (or a forward start floor) is a strip of 
caplets (floorlets), each of which is a call (put) option on a forward rate 
respectively. Let us denote by K, and by Sj the cap strike rate and the length 
of a caplet respectively. We shall check that an interest rate caplet (i.e., one 
leg of a cap) may also be seen as a put option with strike price 1 (per dollar 
of principal) that expires at the caplet start day on a discount bond with 
face value 1 + K S ~  maturing at the caplet end date. This property makes 
the valuation of a cap relatively simple; essentially, it can be reduced to the 
problem of option pricing on zero-coupon bonds. 

Similarly to the swap agreements examined in the next chapter, interest 
rate caps and floors may be settled either in arrears or i n  advance. In a 
forward cap or floor with the notional principal N  settled in arrears at dates 
Tj, j = 1, . . . ,  n, where Tj -Tj-1 = Sj the cash flows at times Tj are 

and + N ( K  - L ( T ~ - ~ , T ~ - ~ ) )  hj  
respectively, where the (spot) LIBOR L(Tj-l,Tj-l) is determined at the 
reset date Tj-1, and it formally satisfies 

The arbitrage price at time t 5 To of a forward cap, denoted by FCt,  is 

We have assumed here, without loss of generality, that the notional principal 
N  = 1. This convention will be in force throughout the rest of this chapter. 
Let us consider a caplet (i.e., one leg of a cap) with reset date Tj-l and 
settlement date Tj = Tj-1 + Sj. 
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The value at time t of a caplet equals (for simplicity, we write 8j = 1+6dj) 

where the last equality was deduced from Lemma 9.6.3. It is apparent that 
a caplet is essentially equivalent to a put option on a zero-coupon bond; it 
may also be seen as an option on a one-period forward swap. 

Since the cash flow of the jth caplet at time Tj is a .FTj_,-measurable 
random variable, we may also use Corollary 9.6.1 to express the value of the 
cap in terms of expectations under forward measures. Indeed, from (9.38) we 
have 

Consequently, using (12.16) we get once again the equality 

which is valid for every t E [0, Tj-11. 
Finally, the equivalence of a cap and a put option on a zero-coupon bond 

can be explained in an intuitive way. For this purpose, it is enough to examine 
two basic features of both contracts: the exercise set and the payoff value. 
Let us consider the jth caplet. A caplet is exercised at time Tj-l if and only 
if L(Tj-1) - K > 0, or equivalently, if 

The last inequality holds whenever B(Tj-l,Tj) < iJ~l. This shows that both 
of the considered options are exercised in the same circumstances. If exercised, 
the caplet pays dj(L(TjPl,TjFl) - K) at time Tj, or equivalently, 

at time Tj-1. This shows once again that the jth caplet, with strike level 
K and nominal value 1, is essentially equivalent to a put option with strike 
price (1 + r;Sj)-l and nominal value (1 + ~ 6 ~ )  written on the corresponding 
zero-coupon bond with maturity Tj. 
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The price of a forward floor at time t E [0, T] equals 

Using a trivial equality 

we find that the following cap-floor parity relationship is satisfied at any time 
t E [0, TI (the three contracts are assumed to have the same payment dates) 

Forward Cap (t) - Forward Floor (t) = Forward Swap (t), 

For a description of a (multi-period) forward swap, we refer to the next chap- 
ter. This relationship can also be verified by a straightforward comparison of 
the corresponding cash flows of both portfolios. Let us finally mention that 
by a cap (respectively, floor), we mean a forward cap (respectively, forward 
floor) with t = T. 

12.3 Valuation in the Gaussian HJM Model 

We assume that the bond price volatility is a deterministic function, that is, 
we place ourselves within the Gaussian HJM framework. Recall that for any 
two maturity dates U,T we write FB(t ,T,  U) = B(t ,T) /B( t ,  U), so that the 
function y(t, T, U) = b(t, T )  - b(t, U) represents the volatility of FB(t, TI U). 

12.3.1 Plain-vanilla Caps and Floors 

The following lemma is an immediate consequence of Proposition 11.3.1 and 
the equivalence of a caplet and a specific put option on a zero-coupon bond. 

Lemma 12.3.1. Consider a caplet with settlement date T, accrual period 6, 
and strike level a, that pays at time T + 6 the amount (L(T, T )  - a)+6. Its 
arbitrage price at time t E [0, TI in the Gaussian HJM set-up equals 

where b = 1 + a6 and 

with 



442 12. Models of LIBOR 

The next result, which is an almost immediate consequence of Lemma 
12.3.1, provides a generic pricing formula for a forward cap in the Gaussian 
HJM set-up. 

Proposition 12.3.1. Assume the Gaussian HJM framework, so that the 
volatilities y(t,Tjpl,  Tj) are deterministic. Then the arbitrage price at time 
t 5 To of an interest rate cap with strike level K ,  settled i n  arrears at times 
Tj, j = 1 , .  . . , n, equals 

where ij = 1 + ~ d j  and 

with 

Proof. We represent the price of a forward cap in the following way 

where cpl{ stands for the price at  time t of the jth caplet. The assertion 
now follows from Lemma 12.3.1. 0 

To derive the valuation formula for a floor, it is enough to make use of 
the cap-floor parity, that is, the universal relationship FCt - FFt = FSt. 
By combining the valuation formulas for caps and swaps, we find easily that, 
under the assumptions of Proposition 12.3.1, the arbitrage price of a floor is 
given by the expression 

In the derivation of the last formula we have used, in particular, the universal 
(i.e., model independent) valuation formula (13.2) for swaps, which will be 
established in Sect. 13.1.1 below. 
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12.3.2 Exotic Caps 

A large variety of exotic caps is offered to institutional clients of financial 
institutions. In this section, we develop pricing formulas for some of them 
within the Gaussian HJM set-up. 

Dual-strike caps. The dual-strike cap (known also as a N-cap) is an interest 
rate cap that has a lower strike 61, an upper strike n2 (with nl I n2), and 
a trigger, say 1. So long as the floating rate L is below the level 1, the N- 
cap owner enjoys protection at the lower strike nl .  For periods when L is 
at  or above the level 1, the N-cap owner has protection at  the upper strike 
level 6 2 .  Let us consider an N-cap on principal 1 settled in arrears at times 
Tj, j = 1,. . . , n, where Tj - Tj-1 = 6j and To = T. It is clear that the cash 
flow of the N-cap at time Tj equals 

where L(Tj-l) = L(TjWl, TjVl). It  is not hard to check that the N-cap price 
at time t E [0, T] is 

where 

and v2(t, Tj) is given in Proposition 12.3.1. 

Bounded caps. A bounded cap (or a B-cap) consists of a sequence of caplets 
in which the difference between the fixed and floating levels is paid only 
if the total payments to date are less than some prescribed level b (let us 
stress that other kinds of B-caps exist). Let us first consider a particular 
B-caplet maturing at  a reset date Tj-l. The corresponding cash flow will 
be paid in arrears at  time Tj only if the accumulated cash flows at time 
Tj-1, due to resets at times Tk and cash flows of the B-cap paid at  times 
Tk+l, k = 0, .  . . , j - 2, are still less than b. More formally, the cash flow of a 
B-caplet maturing at Tj-1 equals 
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where D stands for the following set 

where, as usual, gk = 1 + The amount cj (K, b) is paid at time Tj. The 
arbitrage price of a B-caplet at time t < T therefore equals 

or equivalently, 

Using the standard forward measure method, the last equality can be given 
the following form 

where IE p,. stands for the expectation under the forward measure P T ~ - ~ .  
3 - 1  

Furthermore, 

B(t1 T k )  
T k - 1  

B(Tk-l,Tk) = enp ( - 1 yk(u) . d ~ 3 - l  
B(t ,  Tk-1)  

where yk (u) = y (u, T k -  1, Tk). The random variable (61 (t), . . . , tj (t)), where 

for k = 1, .  . . , j ,  is independent of the a-field Ft under the forward measure 
PT,-l. Furthermore, its probability law under PT,-l is Gaussian N(O,r ) ,  
where the entries of the matrix r are (notice that ykk(t) = ~ ; ( t ) )  

It is apparent that 

where Dj-1 stands for the set 
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and 

Denoting 

we arrive at  the following expression 

12.3.3 Captions 

Since a caplet is essentially a put option on a zero-coupon bond, a European 
call option on a caplet is an example of a compound option. More exactly, it 
is a call option on a put option with a zero-coupon bond as the underlying 
asset of the put option. Hence, the valuation of a call option on a caplet 
can be done similarly as in Chap. 6 (provided, of course, that the model of 
a zero-coupon bond price has sufficiently nice properties). A call option on 
a cap, or a caption, is thus a call on a portfolio of put options. To price a 
caption observe that its payoff at  expiry is 

where as usual ~ p l ;  stands for the price at  time T of the jth caplet of the 
cap, T is the call option’s expiry date and K is its strike price. Suppose 
that we place ourselves within the framework of the spot rate models of 
Chap. 9.5 - for instance, the Hull and White model. Typically, the caplet 
price is an increasing function of the current value of the spot rate r t .  Let 
r* be the critical level of interest rate, which is implicitly determined by 
the equality ELl ~ p l $ ( r * )  = K .  It is clear that the option is exercised 
when the rate r~ is greater than r*. Let us introduce numbers K j  by setting 
K j  = ~ p l $ ( r * )  for j = 1 , .  . . , n. It is easily seen that the caption’s payoff is 
equal to the sum of the payoffs of n call options on particular caplets, with 
K j  being the corresponding strike prices. Consequently, the caption’s price 
C C t  at time t 5 TI is given by the formula C C t  = Cjn,, Ct(Cpl j ,  T, Kj) ,  
where Ct(Cpl j ,  T, Kj)  is the price at time t of a call option with expiry 
date T and strike level K j  written on the jth caplet (see Hull and White 
(1994)). An option on a cap (or floor) can also be studied within the Gaussian 
HJM framework (see Brace and Musiela (1997)). However, results concerning 
caption valuation within this framework are less explicit than in the case of 
the Hull and White model. 
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12.4 LIBOR Market Models 

The goal of this section is to present various approaches to the direct mod- 
elling of forward LIBORs. We focus here on the model’s construction, its 
basic properties, and the valuation of the most typical derivatives. For fur- 
ther details, the interested reader is referred to the papers by Musiela and 
Sondermann (l993), Sandmann and Sondermann (l993), Goldys et al. (l994), 
Sandmann et al. (1995), Brace et al. (1997), Jamshidian (1997a), Miltersen 
et al. (1997), Musiela and Rutkowski (1997), Rady (1997)’ Sandmann and 
Sondermann (1997), Rutkowski (1998b, 1999a), Yasuoka (2001), Galluccio 
and Hunter (2003, 2004), and Glasserman and Kou (2003). 

The issues related to the model’s implementation, including model cal- 
ibration and the valuation of exotic LIBOR and swap rate derivatives, 
are treated in Brace (1996), Brace et al. (1998, 2001a), Hull and White 
(1999), Schlogl (1999), Uratani and Utsunomiya (1999), Lotz and Schlogl 
(1999), Schoenmakers and Coffey (1999), Andersen (2000), Andersen and 
Andreasen (2000b), Brace and Womersley (2000), Dun et al. (2000), Hull 
and White (2000), Glasserman and Zhao (2000), Sidenius (2000), Andersen 
and Brotherton-Ratcliffe (2001), De Yong et al. (2001a, 2001b), Pelsser et al. 
(2002), Wu (2002)’ Wu and Zhang (2002), d’Aspremont (2OO3), Glasserman 
and Merener (2003), Galluccio et al. (2003a), Jackel and Rebonato (2003)’ 
Kawai (2003), Pelsser and Pietersz (2003)’ and Piterbarg (2003a’ 2003~). 

The main motivation for the introduction of the lognormal LIBOR model 
was the market practice of pricing caps (and swaptions) by means of Black- 
Scholes-like formulas. For this reason, we shall first describe how market 
practitioners value caps. The formulas commonly used by practitioners as- 
sume that the underlying instrument follows a geometric Brownian motion 
under some probability measure, Q say. Since the formal definition of this 
probability measure is not available, we shall informally refer to Q as the 
marke t  probability. 

12.4.1 Black's Formula for Caps 

Let us consider an interest rate cap with expiry date T and fixed strike level 6. 
Market practice is to price the option assuming that the underlying forward 
interest rate process is lognormally distributed with zero drift. Let us first 
consider a caplet - that is, one leg of a cap. Assume that the forward LIBOR 
L(t ,T),  t E [O,T], for the accrual period of length 6 follows a geometric 
Brownian motion under the ’market probability’, Q say. More specifically, 

where W follows a one-dimensional standard Brownian motion under Q, and 
a is a strictly positive constant. The unique solution of (12.19) is 
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The ’market price’ a t  time t of a caplet with expiry date T and strike level r; 

is now found from the formula 

More explicitly, for any t E [O,T] we have 

where 

and Cg(t, T )  = a 2 ( T  - t). This means that market practitioners price caplets 
using Black’s formula, with discount from the settlement date T + 6. A cap 
settled in arrears at times Tj, j = 1,. . . , n,  where Tj - Tj-1 = dj, To = T,  is 
priced by the formula 

n 

FCt = C d j ~ ( t i  Tj) ( ~ ( t ,  ~ j - l ) ~ ( ~ ~ ( t i  Tj-1)) - 6N(&(tI ~ j - I ) ) )  
j=1 

where for every j = 0, .  . . , n - 1 

and C2 (t, Tj-1) = a;(Tj-1 - t)  for some constants aj, j = 1, . . . , n.  The 
constant aj is referred to as the implied volatility of the jth caplet. Thus, for 
a fixed strike r; we obtain in this way the term structure of caplet volatilities. 
Since the implied caplet volatilities usually depend on the strike level, we 
also observe the volatility smile in the caplets market. In practice, caps are 
quoted in terms of implied volatilities, assuming a flat term structure for 
underlying caplets. The term structure of caplets volatilities can be stripped 
from market prices of caps. 

The market convention described above implicitly assumes (at least in 
the case of flat caplet volatilities) that for any maturity Tj the corresponding 
forward LIBOR has a lognormal probability law under the ’market proba- 
bility’. As we shall see in what follows, the valuation formula obtained for 
caps (and floors) in the lognormal LIBOR market model agrees with market 
practice. 

Recall that in the general framework of stochastic interest rates, the price 
of a forward cap equals (see formula (12.17)) 

where 
c p l i  = B(t, Tj) IEP, ( ( L ( T ~ - ~ )  - r;)+dj I Ft) (12.21) 

for every j = 1 , .  . . , n. 
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12.4.2 Miltersen, Sandmann and Sondermann Approach 

The first attempt to provide a rigorous construction a lognormal model of 
forward LIBORs was done by Miltersen, Sandmann and Sondermann in their 
paper published in 1997 (see also Musiela and Sondermann (1993), Goldys 
et al. (1994), and Sandmann et al. (1995) for related studies). As a starting 
point of their analysis, Miltersen et al. (1997) postulate that the forward 
LIBOR process L(t, T )  satisfies 

with a deterministic volatility function X(t, T+S). It is not difficult to deduce 
from the last formula that the forward price of a zero-coupon bond satisfies 

Subsequently, they focus on the partial differential equation satisfied by the 
function v = v(t,x) that expresses the forward price of the bond option in 
terms of the forward bond price. The PDE for the option’s price is 

with the terminal condition, v(T, x) = (K - x)+. 
It  is interesting to note that the PDE (12.22) was previously solved by 

Rady and Sandmann (1994) who worked within a different framework, how- 
ever. In fact, they were concerned with the valuation of a bond option for the 
Biihler and Kasler (1989) model. 

By solving the PDE (12.22), Miltersen et al. (1997) derived not only the 
closed-form solution for the price of a bond option (this goal was already 
achieved in Rady and Sandmann (1994)), but also the "market formula" for 
the caplet’s price. It  should be stressed, however, that the existence of a 
lognormal family of LIBORs L(t, T) with different maturities T was not for- 
mally established in a definitive manner by Miltersen et al. (1997) (although 
some partial results were provided). The positive answer to the problem of 
existence of such a model was given by Brace et al. (1997), who also start 
from the continuous-time HJM framework. 

12.4.3 Brace, Gqtarek and Musiela Approach 

To introduce formally the notion of a forward LIBOR, we assume that we are 
given a family B(t,  T) of bond prices, and thus also the collection FB (t, TI U )  
of forward processes. Let us fix a horizon date T*. In contrast to the previous 
section, we shall now assume that a strictly positive real number 6 < T* rep- 
resenting the length of the accrual period, is fixed throughout. By definition, 
the forward 6-LIBOR rate L(t, T )  for the future date T 5 T* - S prevailing 
at  time t is given by the conventional market formula 
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Comparing this formula with (9.40), we find that L(t, T )  = f,(t, T, T + 6), so 
that the forward LIBOR L(t, T )  represents in fact the add-on rate prevailing 
at  time t over the future time period [T, T + 61. We can also re-express L(t, T) 
directly in terms of bond prices, as for any T E [0, T* - 61 we have 

In particular, the initial term structure of forward LIBORs satisfies 

Assume that we are given a family FB (t, T, T*) of forward processes satisfying 

d F ~ ( t ,  T, T*) = Fg(t ,  T, T*)y(t, T, T*) . dw?’. 

on ( 0 ,  ( .Ft) tE(O,T*llP~*),  where wT* is a standard Brownian motion under 
PT*. Then it is not hard to derive the dynamics of the associated family 
of forward LIBORs. For instance, one finds that under the forward measure 
P T + ~  we have 

where w?+’ and PT+& are defined by (see (9.42)) 

w:+* = wT* t - y(u, T + 6, T*) du. 

The process wTf ' is a standard Brownian motion with respect the probabil- 
ity measure PT+’ PT* defined on (R,  &) by means of the Radon-NikodLm 
density (see (9.43) 

This means that L(t, T )  solves the equation 

dL(t, T )  = 6-l(1+ 6L(t, T) )  y(t, T, T + 6) . dwTS6 (12.25) 

subject to the initial condition (12.24). Suppose that forward LIBORs L(t,  T )  
are strictly positive. Then formula (12.25) can be rewritten as follows 

where for every t E [0, TI we have 

We thus see that the collection of forward processes uniquely specifies the 
family of forward LIBORs. 
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The construction of a model of forward LIBORs relies on the following 
set of assumptions. 

(LR.l) For any maturity T 5 T* - 6, we are given a IRd-valued, bounded 
IF-adapted process X(t, T )  representing the volatility of the forward LIBOR 
process L(t, T).  

(LR.2) We assume a strictly decreasing and strictly positive initial term 
structure B(0, T), T E [0, T*], and thus an initial term structure L(0, T)  of 
forward LIBORs 

Note that the volatility X is a stochastic process, in general. In the special 
case when X(t, T)  is a (bounded) deterministic function, a model we are going 
to construct is termed lognormal LIBOR market model for a fixed accrual 
period. 

Remarks. Needless to say that the boundedness of X can be weakened sub- 
stantially. In fact, we shall frequently postulate, to simplify the exposition, 
that a volatility process (or function) is bounded in order but it is clear that 
a suitable integrability conditions are sufficient. 

To construct a model satisfying (LR.l)-(LR.2), Brace et al. (1997) place 
themselves in the HJM set-up and they assume that for every T E [0, T*], 
the volatility b(t, T )  vanishes for every t E [(T - 6) V 0, TI. 

The construction presented in Brace et al. (1997) relies on forward in- 
duction, as opposed to the backward induction, which will be used in what 
follows. They start by postulating that the dynamics of L(t ,T) under the 
martingale measure P* are governed by the following SDE 

where X is known, but the drift coefficient p is unspecified. Recall that the 
arbitrage-free dynamics of the instantaneous forward rate f (t, T)  are 

df (t, T )  = a( t ,  T )  . a*(t ,  T)  dt + a( t ,  T)  . dW; 

In addition, we have the following relationship (cf. (12.23)) 

Applying It6’s formula to both sides of (12.28), and comparing the diffusion 
terms, we find that 

a* ( t ,T  + 6) - a*( t ,T)  = a( t ,  u) du = aL(t,T) X(t, T). 1 + 6L(t, T)  
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To solve the last equation for a* in terms of L, it is necessary to impose some 
kind of ’initial condition’ on the process a*, or, equivalently, on the coefficient 
a in the dynamics of f (t, T). 

For instance, by setting a ( t ,  T )  = 0 for 0 5 t 5 T 5 t + 6 (this choice was 
postulated in Brace et al. (1997)), we obtain the following relationship 

The existence and uniqueness of solutions to the SDEs that govern the in- 
stantaneous forward rate f (t, T) and the forward LIBOR L(t, T )  for a* given 
by (12.29) can be shown rather easily, using the forward induction. Taking 
this result for granted, we conclude that the process L(t, T )  satisfies, under 
the spot martingale measure P*, 

or equivalently, 
dL(t, T )  = L(t, T)X(t, T )  . ~ w , T + ~  

under the forward measure PT+6. In this way, Brace et al. (1997) were able to 
specify completely their generic model of forward LIBORs. In particular, in 
the case of deterministic volatilities X(t, T), we obtain the lognormal model of 
forward LIBORs, that is, the model in which the process L(t, T )  is lognormal 
under PT+& for any maturity T > 0 and for a fixed 6. 

Let us note that this model is sometimes referred to as the LLM model 
(that is, Lognormal LIBOR Market model) model or as the BGM model (that 
is, Brace-Gqtarek-Musiela model). 

12.4.4 Musiela and Rutkowski Approach 

As an alternative to forward induction, we describe the backward induction 
approach to the modelling of forward LIBORs. We shall now focus on the 
modelling of a finite family of forward LIBORs that are associated with a pre- 
specified collection To < . . . < T, of resetlsettlement dates. The construction 
presented below is based on the one given by Musiela and Rutkowski (1997). 

Let us start by recalling the notation. We assume that we are given a 
predetermined collection of resetlsettlement dates 0 5 To < TI < . . . < T, 
referred to as the tenor structure. Let us write Sj = Tj -Tj-1 for j = 1, .  . . , n, 
so that Tj = To + EL1 di for every j = 0, .  . . , n. 

Since 6j is not necessarily constant, the assumption of a fixed accrual 
period 6 is now relaxed, and thus a model will be more suitable for practical 
purposes. Indeed, in most LIBOR derivatives the accrual period (day-count 
fraction) varies over time, and thus it is essential to have a model of LIBORs 
that is capable of mimicking this important real-life feature. 
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We find it convenient to set T* = T - n and 

For any j = 0,. . . , n - 1, we define the forward LIBOR L(t, Tj) by setting 

Let us introduce the notion of a martingale probability associated with the 
forward LIBOR L(t, TjPl). 

Definition 12.4.1. Let us fix j = 1 , .  . . , n .  A probability measure PTj on 
(R,FTj), equivalent to PI is said to be the forward LIBOR measure for the 
date Tj if, for every k = 1,. . . , n, the relative bond price 

follows a local martingale under PTj. 

It is clear that the notion of forward LIBOR measure is formally identi- 
cal with that of a forward martingale measure for a given date. The slight 
modification of our previous terminology emphasizes our intention to make a 
clear distinction between various kinds of forward probabilities, which we are 
going to study in the sequel. Also, it is trivial to observe that the forward LI- 
BOR L(t, Tj) necessarily follows a local martingale under the forward LIBOR 
measure for the date Tj+l. If, in addition, it is a strictly positive process and 
the underlying filtration is generated by a Brownian motion, the existence of 
the associated volatility process can be justified easily. 

In our further development, we shall go the other way around; that is, we 
will assume that for any date Tj, the volatility X(t, Tj) of the forward LIBOR 
L(t, Tj) is exogenously given. Basically, it can be a deterministic IRd-valued 
function of time, an IEd-valued function of the underlying forward LIBORs, 
or a d-dimensional stochastic process adapted to a Brownian filtration. For 
simplicity, we assume that the volatilities of forward LIBORs are bounded 
(of course, this assumption can be relaxed). 

Our aim is to construct a family L(t, Tj), j = 0,. . . , n - 1 of forward 
LIBORs, a collection of mutually equivalent probability measures P T ~ ,  j = 
1 , .  . . , n, and a family wT3, j = 0,. . . , n-1 of processes in such a way that: (i) 
for any j = 1, .  . . , n the process wTj is a d-dimensional standard Brownian 
motion under the probability measure PTj, (ii) for any j = 1, .  . . , n - 1, the 
forward LIBOR L(t, Tj) satisfies the SDE 
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As was mentioned already, the construction of the model is based on back- 
ward induction. We start by defining the forward LIBOR with the longest 
maturity, Tn-1. We postulate that L(t, Tn-1) = L(t, T i )  is governed under 
the underlying probability measure P by the following SDE (note that, for 
simplicity, we have chosen the underlying probability measure P to  play the 
role of the forward LIBOR measure for the date T*) 

with the initial condition 
B(0, T i )  - B(0, T*) 

L(0,T;) = 
SnB(O1 T*) 

Put another way, we have 

L(t,T;) = 
B(0, Tf)  - B(0, T*) 

6nB(01 T*) 
for t E [0, Ti] .  Since B(0, T;*) > B(0, T*), it is clear that the L(t, T;*) follows 
a strictly positive martingale under PT. = P. 

The next step is to define the forward LIBOR for the date T,*. For this 
purpose, we need to introduce first the forward martingale measure for the 
date T i .  By definition, it is a probability measure Q, equivalent to IF', and 

are Q-local martingales. It  is important to observe that the process U2(t1 T;) 
admits the following representation 

The following auxiliary result is a straightforward consequence of It6’s rule. 

Lemma 12.4.1. Let G and H be real-valued adapted processes, such that 

Assume, in addition, that Ht > -1 for every t and write & = (1 + Ht)-’. 
Then 

d(KGt) = Yt (at - KGtPt) . (dWt - W t  dt). 

It  follows immediately from Lemma 12.4.1 that 

for a certain process r lk .  
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It is therefore enough to find a probability measure under which the pro- 
cess 

where t E [O,T:], follows a standard Brownian motion (the definition of 
y(t, T;) is clear from the context). This can easily be achieved using Gir- 
sanov’s theorem, as we may put 

We are in a position to specify the dynamics of the forward LIBOR for the 
date Tg under PT;, namely we postulate that 

with the initial condition 

Let us now assume that we have found processes L(t, T;), . . . , L(t, TA). In 
particular, the forward LIBOR measure PTA-l and the associated Brownian 
motion 
LIBOR 

wT;-1 are already specified. Our aim is to determine the forward 
measure P T ~ .  It  is easy to check that 

Using Lemma 12.4.1, we obtain the following relationship 

for t E [0, TA]. The forward LIBOR measure PT; can thus be found easily 
using Girsanov’s theorem. Finally, we define the process L(t ,Th+l)  as the 
solution to the SDE 

with the initial condition 

Remarks. If the volatility coefficient X(t, T,) : [0, T,] -+ EXd is deterministic, 
then, for each date t E [0, T,], the random variable L(t, T,) has a lognormal 
probability law under the forward martingale measure PTm+,. In this case, 
the model is referred to as the lognormal LIBOR model. 
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12.4.5 Jamshidian’s Approach 

The backward induction approach to modelling of forward LIBORs pre- 
sented in the preceding section was re-examined and modified by Jamshidian 
(1997a). In this section, we present briefly his alternative approach to the 
modelling of forward LIBORs. 

As was made apparent in the previous section, in the direct modelling of 
LIBORs, no explicit reference is made to the bond price processes, which are 
used to define formally a forward LIBOR through equality (12.23). Never- 
theless, to  explain the idea that underpins Jamshidian’s approach, we shall 
temporarily assume that we are given a family of bond prices B(t ,  Tj) for the 
future dates Tj, j = 0,. . . , n. By definition, the spot LIBOR measure is that 
probability measure equivalent to PI  under which all relative bond prices are 
local martingales, when the price process obtained by rolling over one-period 
bonds, is taken as a numeraire. The existence of such a measure can be either 
postulated, or derived from other conditions. Let us define 

for every t E [0, T*], where we set 

k 

m(t) = inf {k E N I To + 6i 2 t )  = inf { k  E N I Tk 2 t). 
i=l 

It is easily seen that Gt represents the wealth at time t of a portfolio that 
starts at time 0 with one unit of cash invested in a zero-coupon bond of matu- 
rity To, and whose wealth is then reinvested at each date Tj, j = 0,. . . , n - 1, 
in zero-coupon bonds maturing at  the next date; that is, at time Tj+l. 

Definition 12.4.2. A spot LIBOR measure PL is any probability measure 
on ( R , F p )  equivalent to a reference probability PI  and such that the relative 
prices B(t ,  Tj) /Gt, j = 1, . . . , n,  are local martingales under PL. 

Note that 

so that all relative bond prices B(t ,  Tj)/Gt, j = 1, . . . , n are uniquely deter- 
mined by a collection of forward LIBORs. In this sense, the rolling bond G is 
the correct choice of the numeraire asset in the present set-up. We shall now 
concentrate on the derivation of the dynamics under PL of forward LIBOR 
processes L(t, Tj), j = 1,. . . , n. Our aim is to show that the joint dynamics 
of forward LIBORs involve only the volatilities of these processes (as opposed 
to volatilities of bond prices or some other processes). 



456 12. Models of LIBOR 

Put differently, we shall show that it is possible to define the whole fam- 
ily of forward LIBORs simultaneously under a single probability measure 
(of course, this feature can also be deduced from the previously examined 
construction). To facilitate the derivation of the dynamics of L(t,Tj), we 
postulate temporarily that bond prices B(t,Tj) follow It6 processes under 
the underlying probability measure P, more explicitly 

for every j = 1 , .  . . , n, where, as before, W is a d-dimensional standard Brow- 
nian motion under an underlying probability measure P (it should be stressed, 
however, that we do not assume here that P is a forward (or spot) martingale 
measure). Combining (12.30) with (l2.31), we obtain 

Furthermore, by applying It6’s rule to equality 

we find that 
dL(t, T’) = p(t,  Tj) dt + <(t, Tj) . dWt, 

where 

and 

Using (12.32) and (12.33), we arrive at the following relationship 

By the definition of a spot LIBOR measure PL, each relative price process 
B(t,Tj)/Gt follows a local martingale under PL. Since, in addition, PL is 
assumed to be equivalent to P, it is clear (because of Girsanov’s theorem) 
that it is given by the Doleans exponential, that is, 

for some adapted process h. It  it not hard to check, using It6’s rule, that h 
needs to satisfy, for every t E [0, Tj] and every j = 1 , .  . . , n,  
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Combining (12.33) with the formula above, we obtain 

and this in turn yields 

Using the last formula, (12.34) and Girsanov’s theorem, we arrive at  the 
following result, due to Jamshidian (1997a). 

Proposition 12.4.1. For any j = 0, . . . , n - 1, the process L(t, Tj) satisfies 

where the process W t  = Wt - J: h, du is a d-dimensional standard Brownian 
motion under the spot LIBOR measure PL. 

To further specify the model, we postulate that the processes ((t, Tj), j = 
1, . . . , n are exogenously given. Specifically, let 

[(t, Tj) = X j  (t, L(t, Tj), L(t, Tj+l), . . . ,  L(t, Tn)), Vt E [O, T’], 
where X j  : [0, Tj] x IRn-jsl + JRd are given functions. This leads to the 
following system of SDEs 

where, for brevity, we write 

Lj(t) = (L(tl Tj), L(t1 Tj+l)l . . . , L(t, Tn)). 
Under standard regularity assumptions imposed on the set of coefficients 
X j ,  this system of SDEs can be solved recursively, starting from the SDE 
for the process L(t,Tn-1). In this way, one can produce a large variety of 
alternative versions of a forward LIBOR model, including the CEV LIBOR 
model and a simple version of displaced-diffusion model (these stochastic 
volatility versions of a LIBOR model are presented briefly in Sect. 12.7). 

Let us finally observe that the lognormal LIBOR market model corre- 
sponds to the choice of ((t, Tj) = X(t, Tj) L(t, Tj), where X(t, Tj) : [0, Tj] -+ EXd 
is a deterministic function for every j = 0,. . . n - 1. In this case we deal with 
the following system of SDEs 

If we decide to use the probability measure PL to value a given contingent 
claim X, its arbitrage price will be expressed in units of the rolling bond G. 



458 12. Models of LIBOR 

12.5 Properties of the Lognormal LIBOR Model 

We make the standing assumptions the volatilities of forward LIBORs L(t, Tj) 
for j = 0, .  . . , n - 1 are deterministic. In other words, we place ourselves 
within the framework of the lognormal LIBOR model. It  is interesting to 
note that in all approaches, there is a uniquely determined correspondence 
between forward measures (and forward Brownian motions) associated with 
different dates (it is based on relationships (12.3) and (12.8)). On the other 
hand, however, there is a considerable degree of ambiguity in the way in 
which the spot martingale measure is specified (in some instances, it is not 
introduced at all). Consequently, the futures LIBOR ~f (t, Tj), which equals 
(cf. Sect. 12.1.3) 

is not necessarily specified in the same way in various approaches to the 
LIBOR market model. 

For a given function g : R --+ R and a fixed date u 5 Tj, we are interested 
in the payoff of the form X = g ( ~ ( u ,  T,)) that settles at time Tj. Particular 
cases of such payoffs are 

Recall that 

The choice of the "pricing measure" is thus largely matter of convenience. 
Similarly, we have 

More generally, the forward price of a Tj+l-maturity bond for the settlement 
date Tj equals 

To value a European contigent claim X = g(L(u, Tj)) = ~ ( F B  (u, Tj+l, Tj)) 
settling at time Tj we may use the risk-neutral valuation formula 

It  is thus clear that to value a claim in the case u 5 Tj, it is enough to 
know the dynamics of either L(t, Tj) or FB(t, Tj+l, Tj) under the forward 
martingale measure PT3. When u = Tj, we may equally well use the dynamics 
under P T ~  of either the process L(t, Tj), or the Lf ( t ,  Tj). 
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where Z ( T j )  = L ( T j )  = L ( T ~ )  = ~f ( T ~ ) .  

12.5.1 Transition Density of the LIBOR 

We shall now derive the transition probability density function of the process 
L ( t , T j )  under the forward martingale measure PT3. Let us first prove the 
following related result that is of independent interest (it was first established 
by Jamshidian (1993)).  

Proposition 12.5.1. Let t 5 u 5 Tj . Then we have 

In  the case of the lognormal model offorward LIBORs, we have 

where 

2 v j ( t , u )  = Varp,. 3+1 (l" h ( s , T j ) .  ) = l" p ( s ,  T ~ ) \ ~  ds .  

Proof. Combining (12.5) with the martingale property of L ( t ,  T j )  under 
PTj+l ,  we obtain 

so that 
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where 
~ ( t ,  u )  = lY A(s, T j )  d ~ ? + l .  (12.38) 

Consequently, 

This gives the desired equality. 0 

To derive the transition probability density function of the process L ( t ,  Tj),  
note that for any t 5 u < Tj and any bounded Borel measurable function 
g : R 4 R we have 

The following simple lemma appears to be useful in what follows. 

Lemma 12.5.1. Let C be a nonnegative random variable on  a probability 
space (Q, F, P )  with the probability density function fp. Let Q be a probabil- 
i ty  measure equivalent t o  P. Suppose that for any bounded Borel measurable 
function g : R 4 R we have 

Then  the probability density function fQ of C under Q satisfies f ~ ( y )  = ( 1  + 
Y ) ~ Q ( Y ) .  

Proof. The assertion is in fact trivial since, by assumption, 

for any bounded Bore1 measurable function g : E% -. R. 0 

Assume the lognormal LIBOR model, and fix x E R. Recall that for any 
t > u we have 

where ~ ( t ,  u)  is given by (12.38) (so that it is independent of the a-field Ft). 
The Markovian property of L ( t ,  T j )  under the forward measure PTj+l is thus 
apparent. Denote by pL( t ,  x, u, y )  the transition probability density function 
under P T ~ + ~  of the process L ( t ,  T j ) .  Elementary calculations involving Gaus- 
sian densities yield 
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for any x, y > 0 and arbitrary t < u, where 

Taking into account Lemma 12.5.1, we conclude that the transition proba- 
bility density function of the process1 L(t, Tj), under the forward martingale 
measure PTj , satisfies 

We are now in a position to state the following result. 

Corollary 12.5.1. The transition probability density function under PT3 of 
the forward LIBOR L(t, Tj) equals 

for any t < u and arbitrary x, y > 0. 

12.5.2 Transition Density of the Forward Bond Price 

Observe that the forward bond price Fg(t ,  Tj+ll Tj) satisfies 

First, this implies that in the lognormal LIBOR model, the dynamics of the 
forward bond price FB(tl Tj+1, Tj) are governed by the following stochastic 
differential equation, under PTj , 

dFg(t) = -Fg(t)(l  - F ~ ( ~ ) ) x ( ~ , T ~ )  . d ~ t T ’ ,  (12.40) 

where we write FB(t) = FB(t, Tj+l, Tj). If the initial condition in (12.40) 
satisfies 0 < Fg(0) < 1, then this equation can be shown to admit a unique 
strong solution (it satisfies 0 < FB(t) < 1 for every t > 0). This makes it 
clear that the forward bond price F B ( ~ , T ~ + ~ , T ~ ) ,  and thus also the LIBOR 
L(t, Tj), are Markovian under PTj . 

Using the formula established in Corollary 12.5.1 and relationship (12.39), 
one can find the transition probability density function of the Markov process 
FB(t l  Tj+1, Tj) under PT3; that is, 

We have the following result (see Rady and Sandmann (1994), Miltersen et 
al. (1997) and Jamshidian (1997a)). 

The Markov property of L(t,  T j )  under Pr, follows from the properties of the 
forward price, which will be established in Sect. 12.5.2. 



462 12. Models of LIBOR 

Corollary 12.5.2. The transition probability density function under PTj of 
the forward bond price Fg ( t ,  Tj+l, Tj) equals 

for any t < u and arbitrary 0 < x, y < 1. 

Proof. Let us fix x E (0 , l ) .  Using (12.39), it is easy to show that 

where 6 = 6j+l. The formula now follows from Corollary 12.5.1. 0 

Goldys (1997) established the following result (we find it convenient to 
defer the proof of equality (12.42) to Sect. 12.6.3). 

Proposition 12.5.2. Let X be a solution of the following stochastic differ- 
ential equation 

dXt  = -xt(l - ~ t ) X ( t ) .  d W t ,  Xo = X, (12.41) 

where W follows a standard Brownian motion under P, and X : E%+ -, E% i s  a 
locally square integrable function. Then for any nonnegative Bore1 measurable 
function g : E% -, E% and any u > 0 we have 

where ( has, under Q, a Gaussian law with zero mean value and variance 

Furthermore, 

Before we end this chapter, we shall check that formula (12.39), which 
gives the transition probability density function of the forward bond price, 
can be re-derived using formula (12.42). According to (12.42), we have 
' aT j  (g(XU)) = ’1 + ’21 where 

and 
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First, let us set y = hl(z) in Ill so that dy = y(l  - y)dz. Then we obtain 

where we set 

Equivalently, we have 

where 
41-Y) 

(In + ;v2(0, 4) 
2v2 (0, u) 

Similarly, the change of variable y = h2(z) in I 2  (SO that once again dy = 
y( l  - y) dz) leads to the following equality 

Simple algebra now yields (recall that EpTj (g(Xu)) = I1 + 12) 

It is interesting to note that the formula above generalizes easily to the case 
0 5 t < u. Indeed, it is enough to consider the stochastic differential equation 
(12.41) with the initial condition Xt = x at time t. As a result, we obtain the 
following formula for the conditional expectation 

It is worth observing that an application of the last formula to the process 
Xt = FB(t, Tj+l, Tj) leads to an alternative derivation of the formula estab- 
lished in Corollary 12.5.2. 
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12.6 Valuation in the Lognormal LIBOR Model 

We start by considering the valuation of plain-vanilla caps and floors. Subse- 
quently, we shall study the case of a generic path-independent claim. 

12.6.1 Pricing of Caps and Floors 

We shall now examine the valuation of caps within the lognormal LIBOR 
model of Sect. 12.4.4. To this end, we formally assume that k 5 n. Dynam- 
ics of the forward LIBOR process L(t, Tj-1) under the forward martingale 
measure IPT3 are known to be 

where WT3 is a d-dimensional Brownian motion under the forward measure 
PT3 , and X(t, TjPl) : [0, TjPl] + EXd is a deterministic function. Consequently, 
for every t E [0, Tj- we have 

To the best of our knowledge, the cap valuation formula (12.44) was first 
established in a rigorous way by Miltersen et al. (1997), who focused on 
the dynamics of the forward LIBOR for a given date. Equality (12.44) was 
subsequently re-derived independently in Goldys (1997) and Rady (1997), 
who used probabilistic methods (though they dealt with a European bond 
option, their results are essentially equivalent to equality (12.44)). Finally, the 
same was established by means of the forward measure approach in Brace 
et al. (1997), where an arbitrage-free continuous-time model of all forward 
LIBORs was presented. It is instructive to compare the valuation formula 
(12.44) with the formula of Proposition 12.3.1, which holds for a Gaussian 
HJM case. The following proposition is an immediate consequence of formulas 
(12.20)-(12.21), combined with dynamics (12.43). Since the proof of the next 
result is rather standard, it is provided for the sake of completeness. 

Proposition 12.6.1. Consider an interest rate cap with strike level K ,  settled 
in arrears at times Tj, j = 1,. . . , k .  Assuming the lognormal LIBOR model, 
the price of a cap at time t E [0, TI equals 

k 

where 
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Proof. We fix j and we consider the jth caplet, with the payoff at  time Tj 

where D = {L(TjFl) > 6) is the exercise set. Since the caplet settles at  time 
Tj, it is convenient to use the forward measure PTj to find its arbitrage price. 
We have 

CP~: = B(t, T’) ElTJ  ( ~ p l $ ~  / Ft) ,  Vt E [O, Tj]. 

Obviously, it is enough to find the value of a caplet for t E [0, Tj-11. In view 
of (12.45), it suffices to compute the following conditional expectations 

where the meaning of Il and I2 is clear from the context. Recall that the 
spot LIBOR L(Tj-’) = L(Tj-1, Tj-1) is given by the formula 

Tj-1 
L(T’-I) = ~ ( t ,  T ~ - ~ )  exp A C ’ ~ W ? -  I A : - ’ ~ ~ u ) ,  

where we set At-’ = A(,, Tj-I). Since A’-I is a deterministic function, the 
probability law under PT3 of the It6 integral 

is Gaussian, with zero mean and the variance 

It  is thus straightforward to check that 

To evaluate 11, we introduce an auxiliary probability measure eTj, equivalent 
to P T ~  on (0, F T ~ - ~ ) ,  by setting 

Then the process wT3 , given by the formula 

is the d-dimensional standard Brownian motion under @ T ~ .  
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Furthermore, the forward price L(Tj-l) admits the following representa- 
tion under @’Tj, for t E [0, Tj-11, 

Since 

from the abstract Bayes rule we get Il = L(t,Tj-1) @’T~(D I Ft) .  Arguing in 
much the same way as for I2, we thus obtain 

This completes the proof of the proposition. 0 

As before, to  derive the valuation formula for a floor, it is enough to make 
use of the cap-floor parity. 

12.6.2 Hedging of Caps and Floors 

It is clear the replicating strategy for a cap is a simple sum of replicating 
strategies for caplets. It is therefore enough to focus on a particular caplet. Let 
us denote by Fc(t, Tj) the forward price of the jth caplet for the settlement 
date Tj. From (12.44), it is clear that 

so that an application of It6’s formula yields (the calculations here are essen- 
tially the same as in the classical Black-Scholes model) 

Let us consider the following self-financing trading strategy in the Tj-forward 
market, that is, with all values expressed in units of Tj-maturity zero-coupon 
bonds. We start our trade at  time 0 with Fc(O, Tj) units of zero-coupon 
bonds; we need thus to invest Cpl = Fc(O, Tj)B(O, Tj) of cash at time 0. 
At any time t < Tj-1, we take $5 = N ( ~ i ( t ) )  positions in one-period forward 
swaps over the period [Tj-1, Tj]. The associated gains process G, in the Tj 
forward market, satisfies Go = 0 and2 

To get a more intuitive insight into this formula, it is convenient to consider first 
a discretized version of 4. 
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Consequently, 

It should be stressed that dynamic trading is restricted to the interval 
[0, TjPl] only. The gains/losses (involving the initial investment) are incurred 
at  time Tj, however. All quantities in the last formula are expressed in units 
of Tj-maturity zero-coupon bonds. Also, the caplet’s payoff is known al- 
ready at time Tj-l, so that it is completely specified by its forward price 
Fc(Tj-l,Tj) = c ~ ~ $ ~ - ~ / B ( T ~ - ~ , T ~ ) .  It is thus clear that the strategy $ 
introduced above replicates the jth caplet. 

Formally, the replicating strategy also has the second component, qi say, 
representing the number of forward contracts, with the settlement date Tj, 
on Tj-maturity bond. Note that FB(t,Tj,Tj) = 1 for every t 5 Tj, and thus 
dFB(t, Tj, Tj) = 0. Hence, for the Tj-forward value of our strategy, we get 

and 

It should be stressed that, with the exception for the initial investment at  
time 0 in Tj-maturity bonds, no trading in bonds is required for replication of 
a caplet. In practical terms, the hedging of a cap within the framework of the 
lognormal LIBOR model in done exclusively through dynamic trading in the 
underlying one-period forward swaps. In this interpretation, the component 
$ represents simply the future (i.e., as of time Tj-1) effects of continuous 
trading in forward contracts. The same remarks (and similar calculations) 
apply also to floors. 

Alternatively, replication of a caplet can be done in the spot (that is, 
cash) market, using two simple portfolios of bonds. Indeed, it is easily seen 
that for the process 

we have 

and 

In this interpretation, the components $j and vj represent the number of 
units of portfolios B(t, Tj-1) - B(t ,  Tj) and B(t,  Tj) that are held at  time t. 
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12.6.3 Valuation of European Claims 

We follow here the approach due to Goldys (1997). Let X be a solution to 
the stochastic differential equation 

where we assume that the function X : [0, T*] -+ Rd is bounded and measur- 
able and, as usual, W is a standard Brownian motion defined on a filtered 
probability space (0, (Ft), P). For any x E (0, I ) ,  the existence of a unique 
global solution to (12.46) can be deduced easily from the general theory of 
stochastic differential equations. However, in Lemma 12.6.1 below we provide 
a direct proof by means of a simple transformation which is also crucial for the 
further calculations. Consider the following stochastic differential equation 

with the initial condition Zo = z.  Since the drift term in this equation is 
represented by a bounded and globally Lipschitz function, equation (12.47) is 
known to have a unique strong non-exploding solution for any initial condition 
z E R (see, e.g., Theorem 5.2.9 in Karatzas and Shreve (1998a)). 

Lemma 12.6.1. For any x E (0, I) ,  the process 

where z satisfies 

i s  the unique strong and non-exploding solution to equation (12.46). Moreover, 
0 < Xt < 1 for every t E [O,T*]. 

Proof. It  is easy to see that equation (12.47) can be rewritten in the form 

Hence, applying the It6 formula to the process X given by formula (12.48), 
we find that 

dXt = -Xt(l  - Xt)X(t) . dWt. 

Hence, the process X is indeed a solution to (12.46). Conversely, if X is any 
local (weak) solution to (12.46) then it is in fact a strong solution because 
the diffusion coefficient in (12.46) is locally Lipschitz. Moreover, using the It6 
formula again, one can check that the process 
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is a strong solution of (12.47). Thus, it can be continued to a global one 
which is unique. The last part of the lemma follows from the definition of the 
process X ,  and the uniqueness of solutions to (12.46). 0 

The next result provides a representation of the expected value IE p ( g ( X t ) )  
in terms of the integral with respect to the Gaussian probability law. 

Proposition 12.6.2. Let g : [O,  11 t JR be a nonnegative Bore1 function 
such that the random variable g ( X t )  i s  P-integrable for some initial condition 
x E ( 0 , l )  and some t > 0 .  Then  the expected value IEp (g (X t ) )  i s  given by the 
formula 

where 

and the random variable C has under Q a Gaussian law with zero mean value 
and the variance 

r t 

Proof. The proof of the proposition, due to Goldys (1997),  is based on a 
simple idea that for any P-integrable random variable, U say, we have 

where Yt = 1 - X t .  Next, it is essential to  observe that 

and 
Y, = ( 1  - x )  gt (l' X,h(u) . dw,) .  

Furthermore, from (12.47) it follows that 

dZt = -h(t) ( d w t  - (xt - $)h( t )  d t ) ,  

or equivalently, 

dZt = -h(t) . ( d w t  - (Y, + ;)X(t) d t ) .  

Let us introduce the auxiliary probability measures P and @' on (0, Ft) by 
setting 

dP 
- = Et (1' (x, - ; ) h ( u ) .  dw, )  C dP 0 

and 
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where the processes 

are known to be standard Brownian motions under and i?' respectively. 
Simple manipulations show that 

t 
f j t  = f t  (1' X,X(u) . dw,) exp ( - 1 h(u) . d k  + Jdt lh(u)12du) 

and thus, using (12.51), we obtain 

Similarly, we have 
t t 

A = ( Jd' Y,X(U) . d ~ u )  exp (i 1 ~ ( n )  . dw, + ~ ( u )  l2du). 

Hence, in view of (12.50), we get 

The last equality yields 

and (12.52) gives 

Using (12.48) and (12.49), we conclude that 
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where 5 is, under Q, a Gaussian random variable with zero mean value and 
variance v2(0, t ) .  The last formula is equivalent to the formula in the state- 
ment of the proposition. 0 

To establish directly formula (12.42), a slightly different change of the 
underlying probability measure P is convenient. Namely, we put 

Now, under i?' and i? we have 

respectively, where 

t E [0, T*], are standard Brownian motions under the corresponding probabil- 
ities. Formula (12.42) can thus be derived easily from representation (12.49) 
combined with equalities (12.50)-(12.51). 

Corollary 12.6.1. Let g : R -, R be a nonnegative Bore1 function. Then for 
every x E (0 , l )  and any 0 < t < T the conditional expectation iEp(g(X~)  I Ft) 
equals I E p ( g ( x ~ )  1 F t )  = k(Xt), where the function k : (0 , l )  -+ IR i s  given by 
the formula 

with z = lnx / ( l  - x), and the random variable < has under Q a Gaussian 
T law with zero mean value and variance v2(t,T) = St I X ( U ) ~ ~ ~ U .  

12.6.4 Bond Options 

Our next goal is to establish the bond option valuation formula within the 
framework of the lognormal LIBOR model. It is interesting to notice that an 
identical formula was previously established by Rady and Sandmann (1994), 
who adopted the PDE approach, and who worked with a different model, 
however. In this section, in which we follow Goldys (1997), we present a 
probabilistic approach to the bond option valuation. His derivation of the 
bond option price is based on Corollary 12.6.1. Note that this result can be 
used to the valuation of an arbitrary European claim. 
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Proposition 12.6.3. The  price Ct at t ime  t < Tj-1 of  a European call 
option, with expiration date Tj-1 and strike price 0 < K < 1,  written o n  a 
zero-coupon bond maturing a t  T j  = Tj-1 + S j ,  equals 

where 

and 
$( t )  = 4"-' ~ x ( u ,  ~ ~ - ~ ) l ~ d ~ .  

Proof. Let us write T = TjFl  and T + 6 = Tj .  In view of Corollary 12.6.1, it 
is clear that 

where x = F ( t ,  T + 6, T )  and g ( y )  = ( y  - K)+. Using the notation 6 = v j ( t )  
and 

we obtain 

where $ = z + c y ,  and n stands for the standard normal density. Let us set 

h(y)  = e - i ( z + c ~ )  + e $ ( ~ + c ~ ) .  

Then 

Equivalently, 
k ( x )  = J w e - Q G Z  (I1 - K12), 

where 
f i  = J_: ei(z+*)n(y) d y  = e:"+iz (I - N ( - 1  - $1)  

and 
1-2 I~ = lI + e ~ w  - i z  ( 1  - N( -1  + $ a ) ) .  

Consequently, we find that 

k ( x )  = J m ( 1 -  K ) e + ( l -  N ( -1  - $ a ) )  
- ~ J w e - i ~ ( l -  N( -1  + a d ) ) ,  
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or, after simplification, 

Since 
x = F( t ,  T + S, T )  = B( t ,T  + 6)/B(t, T), 

the proof of the proposition is completed. 0 

Using the put-call parity relationship for options written on a zero-coupon 
bond, 

Ct - Pt = B(t,Tj) - KB(t ,  Tj-i), 

it is easy to check that the price of the corresponding put option equals 

Recall that the jth caplet is equivalent to the put option written on a zero- 
coupon bond, with expiry date Tj-l and strike price K = $7’ = (1 + rcdj)-l. 
More precisely, the option’s payoff should be multiplied by the nominal value 
ij = 1 + rcdj. Hence, using the last formula, we obtain 

since clearly K - 1 = - ~ 6 , $ ~ 7 ~ .  TO show that the last formula coincides with 
(12.44), it is enough to check that if K = J;’, then the terms -li(t) and 
-1; (t) coincide with the terms E; (t) and Ei(t) of Proposition 12.6.1. In this 
way, we obtain an alternative probabilistic derivation of the cap valuation 
formula within the lognormal LIBOR market model. 
Remarks. Proposition 12.6.3 shows that the replication of the bond option 
using the underlying bonds of maturity Tj-i and Tj is not straightforward. 
This should be contrasted with the case of the Gaussian HJM set-up in which 
hedging of bond options with the use of the underlying bonds is done in a 
standard way. This illustrates our general observation that each particular 
model of the term structure should be tailored to a specific class of derivatives 
and hedging instruments. 

12.7 Extensions of the LLM Model 

Let us emphasize that the constructions of the LIBOR market model pre- 
sented in Sect. 12.4.4-12.4.5 do not require that the volatilities of LIBORs 
be deterministic functions. We have seen that they may be adapted stochas- 
tic processes, or some (deterministic or random) functions of the underlying 
forward LIBORs. The most popular choice of deterministic volatilities for 
forward LIBORs leads inevitably to the so-called lognormal LIBOR market 
model (also known as the LLM model or the BGM model). 
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Empirical studies have shown that the implied volatilities of market prices 
of caplets (and swaptions) tend to be decreasing functions of the strike level. 
Hence, it is of practical interest to develop stochastic volatility versions of 
the LIBOR market model capable of matching the observed volatility smiles 
of caplets. 

CEV LIBOR model. A straightforward generalization of the lognormal 
LIBOR market model was examined by Andersen and Andreasen (2000b). In 
their approach, the assumption that the volatilities are deterministic func- 
tions was replaced by a suitable functional form of the volatility coefficient. 
The main emphasis in Andersen and Andreasen (2000b) is put on the use of 
the CEV process3 as a model of a forward LIBOR. To be more specific, they 
postulate that, for every t E [O,Tj], 

where /? > 0 is a strictly positive constant. Under this specification of the dy- 
namics of forward LIBORs with the exponent /? # 1, they derive closed-form 
solutions for caplet prices in terms of the cumulative distribution function 
of a non-central X 2  probability distribution. They show also that, depending 
on the choice of the parameter 0, the implied Black volatilities for caplets, 
when considered as a function of the strike level K > 0, exhibit downward- or 
upward-sloping skew. 

Stochastic volatility LIBOR model. In a recent paper by Joshi and Re- 
bonato (2003), the authors examine a stochastic volatility displaced-diffusion 
extension of a LIBOR market model. Recall that the stochastic volatility 
displaced-diffusion approach to the modelling of stochastic volatility was pre- 
sented in Sect. 7.2.2. Basically, Joshi and Rebonato (2003 postulate that 

d(f ( t ~  Ti) + a)  = (f (t, Ti) + a)  (pa(t, Ti) dt + aa( t ,  Ti) dWt), 

where the drift term can be found explicitly, and where by assumption the 
volatility aa(t ,  Ti) is given by the expression: 

for some mean-reverting diffusion processes at, bt , In ct and In dt . They argue 
that such a model is sufficiently flexible to be capable of describing in a 
realistic way not only the today’s implied volatility surface, but also the 
observed changes in the market term structure of volatilities. 

For other examples of stochastic volatility extensions of a LIBOR mar- 
ket model, the interested reader is referred to Rebonato and Joshi (2001), 
G9tarek (2003), and Piterbarg (2003a). 

In the context of equity options, the CEV (constant elasticity of variance) process 
was introduced by Cox and Ross (1976). For more details, see Sect. 7.2. 
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The BGM market model, examined in some detail in the previous chapter, is 
clearly oriented toward a particular interest rate, LIBOR, and thus it serves 
well for the valuation and hedging of the LIBOR related derivatives, such 
as plain-vanilla and exotic caps and floors. It thus may be see as a good 
candidate for the role of the Black-Scholes-like benchmark model for this 
particular sector of the fixed-income market. Interest rate swaps are another 
class of interest-rate-sensitive contracts of great practical importance. In a 
generic fixed-for-floating swap, a fixed rate of interest is exchanged periodi- 
cally for some preassigned variable (floating) rate. Since swaps and derivative 
securities on the swap rate, termed swap derivatives, are in many markets 
more liquidly traded than LIBOR derivatives, there is an obvious demand for 
specific models capable of efficient handling this class of interest rate prod- 
ucts. Our goal is this chapter is the present some recent research focused on 
market models that are alternative to the market model for LIBORs. 

This chapter is organized as follows. First, in Sect. 13.1, we give a gen- 
eral description of interest rate swaps and we derive the universal valuation 
formula for a standard fixed-for-floating swap. We also examine the most 
typical examples of over-the-counter option contracts related to swap rates; 
that is, plain-vanilla and exotic swaptions. In the next section, the valuation 
formulas for some of these instruments are established within the framework 
of the Gaussian HJM model. In Sect. 13.3-13.5, three alternative versions of 
Jamshidian’s model of (co-terminal, co-initial and co-sliding) forward swap 
rates are presented. In all three models, the respective plain-vanilla swaptions 
are priced and hedged in a similar way that caps in the lognormal model of 
LIBORs (in fact, the co-sliding model of forward swap rates covers the mar- 
ket model of LIBORs as a special case). In the next section, we compare 
the lognormal model of forward LIBORs with the lognormal model of co- 
terminal forward swap rates, and we study the issue of swaption (respectively, 
caplet) valuation in the lognormal model of forward LIBORs (respectively, 
co-terminal forward swap rates). 

The final two sections, 13.7 and 13.8, are devoted to the Markov-functional 
approach, which was put forward by Hunt et al. (1996) (see also Hunt et al. 
(2000) and Hunt and Kennedy (1997, 1998)), and to the rational lognormal 
model, which was proposed by Flesaker and Hughston (1996). 



476 13. Alternative Market Models 

13.1 Swaps and Swaptions 

We first consider a fixed-for-floating forward start swap settled in arrears, 
with notional principal N. For conciseness, we shall frequently refer to such a 
contract as the payer swap. A long position in a payer swap corresponds to the 
situation when an investor makes periodic payments determined by a fixed 
interest rate, and receives in exchange payments specified by some floating 
rate. A short position in a payer swap defines a closely related contract, 
known as the receiver swap. 

13.1.1 Forward Swap Rates 

Let a finite collection of future dates Tj, j = 0, .  . . , n,  where To 2 0 and 
Tj - Tj- = Gj  > 0 for every j = 1, . . . , n be given. The floating rate L(Tj) 
received at  time Tjsl is set at time Tj by reference to the price of a zero- 
coupon bond over that period. Specifically, L(Tj) satisfies 

Formula (13.1) thus agrees with market quotations of LIBOR; we recognize 
that L(Tj) is the spot LIBOR that prevails at  time Tj and refers to the period 
of length G j + i  = Tj+l - Tj. 

In a payer swap, at any date Tj, j = 1, .  . . , n ,  the cash flows are 
L(Tj-l)G,+l N and - K G ~ + ~  N ,  where r; is a pre-agreed fixed rate of inter- 
est. It is obvious that the cash flows of a receiver swap are of the same size 
as that of a payer swap, but have the opposite signs. 

The number n that coincides with the number of payments, is referred 
to as the length of a swap; for instance, the length of a 3-year swap with 
quarterly settlement equals n = 12. The dates To,.  . . , Tn-1 are known as 
reset dates, and the dates Ti , .  . . , Tn are termed settlement dates. The first 
reset date, To, is called the start date of a swap. Finally, the time interval 
[Tj-i, Tj] is referred to as the jth accrual period (it is also known as day-count 
fraction or coverage). 

Before we proceed to the swap valuation, let us make a simple observation 
that the cash flows in a swap are linear functions of the nominal value N .  
Hence, we may and do assume, without loss of generality, that N = 1. 

Let us place ourselves within the framework of some arbitrage-free term 
structure model. Then the value at time t 5 To of a forward start payer swap, 
denoted by FSt or FSt(r;), equals 
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Consequently, writing ij = 1 + rc6j and noting that t 5 Tj-l, we get 

After rearranging, we obtain the following simple, but important, result. 

Lemma 13.1.1. We have, for every t E [0, To], 

- 
whereq =ridj f o r j  = 1, ..., n - 1  andc, = 6, = l+rcdn. 

Alternatively, formula (13.2) can be established using the forward measure 
approach. Indeed, since we have 

the process L(t, Tj-1) is a martingale under the forward measure PTj, and 
thus 

Equality (13.2) makes it clear that a forward swap settled in arrears is, 
essentially, a contract to deliver a specific coupon-bearing bond and to receive 
at the same time a zero-coupon bond. Hence, relationship (13.2) may also be 
inferred by a straightforward comparison of the future cash flows from these 
bonds. Note that (13.2) provides a simple method for the replication of a 
swap contract. Let us emphasize that this method of replication of a forward 
swap (and consequently, the method of arbitrage valuation of a forward swap) 
is thus independent of the term structure model. For this reason, it is referred 
to as a universal swap pricing formula. 
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In the forward start payer swap settled i n  advance - that is, in which 
each reset date is also a settlement date - the discounting method varies 
from country to country. Under one market convention, the cash flows of a 
swap settled in advance at reset dates Tj, j = 0, .  . . , n - 1 are 

and 
- ~ S j + l ( l +  L(Tj)Sj+l)-l. 

The value FS,*(K) at  time t of this swap therefore equals 

which coincides with the value of the swap settled in arrears. Once again, this 
is by no means surprising, since the payoffs L(Tj)Sj+l (1 + L(Tj)Sj+l)-l and 
-d j+l  (1 + L(Tj)dj+l)-l a t  time Tj are easily seen to be equivalent to payoffs 
L(Tj)Sj+l and - K S ~ + ~  respectively at time Tj+l (recall that 1 + L(Tj)Sj+1 = 
B-I (Tj, Tj+l)). Under an alternative convention, the cash flows at each reset 
date Tj are 

L(Tj)dj+l(l + ~(T’)Sj+l)-l 
and 

-KSj+l(l + KSjS1)-l. 
The value of such a forward swap at time t ,  denoted by FS,**(K), equals 

which is, of course, the value of the forward start payer swap settled in arrears, 
discounted at  the fixed rate K. 

In what follows, we shall restrict our attention to interest rate swaps 
settled in arrears. As was mentioned already, a swap agreement is worthless 
at initiation. This important feature of a swap leads to the following definition 
that refers in fact to the more general concept of a forward swap. 
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Definition 13.1.1. The forward swap rate ~ ( t ,  To, n) at  time t for the date 
To is that value of the fixed rate K that makes the value of the n-period 
forward swap zero, i.e., that value of K for which FS,(K) = 0. 

Using (13.2), we obtain an explicit formula for the n-period forward swap 
rate in terms of zero-coupon bonds 

A swap (respectively, swap rate) is the forward swap (respectively, forward 
swap rate) in which we set t = To. It  is thus clear that the swap rate, 
&(TO, n) = tc(TO, TO, n), is given by the formula 

n 

K(Toln) = (1 - B(To,Tn)) (x~j~(~o.~j))-l. (13.4) 
j=1 

Note that the definition of a forward swap rate implicitly refers to a 
swap contract of length n starting at time T .  It would thus be more correct 
to refer to tc(t,T, n) as the n-period forward swap rate prevailing at time t 
for the future date T. A forward swap rate is a rather theoretical concept, as 
opposed to swap rates, which are quoted daily (subject to an appropriate bid- 
ask spread) by financial institutions who offer interest rate swap contracts to 
their institutional clients. In practice, swap agreements of various lengths are 
offered. Also, typically, the length of the reference period varies over time; for 
instance, a 5-year swap may be settled quarterly during the first three years, 
and semi-annually during the last two. 

Remarks. Let us examine one leg of a swap - that is, an interest rate swap 
agreement with only one payment date. For n = 1, from (13.3) we get 

where we write T, U and ~ ( t ,  T, U) instead of To, TI and ~ ( t ,  To, 1) respec- 
tively. Using (9.3), we find that for t = 0 

exp(-TY (0, T))  - exp(-UY(0, U)) 
~ ( 0 ,  T, U) = 

(U - T)  exp(-UY (0, U)) I 

and thus 
~ ( 0 ,  T, U) = UY(0, U) - TY (0, T )  

U - T  = f (O,T, U), 

where " z " denotes approximate equality. This shows that the swap rate does 
not coincide with the forward interest rate f (t, TI  U) determined by a forward 
rate agreement. If instead of forward rates, one makes use of futures rates 
(implied by the Eurodollar futures contracts) to determine the swap rate, a 
systematic bias leading to arbitrage opportunities arises (cf. Burghardt and 
Hoskins (1995)). 
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13.1.2 Swaptions 

The owner of a payer (respectively, receiver) swaption with strike rate K ,  

maturing at  time T = To, has the right to enter at time T the underlying 
forward payer (respectively, receiver) swap settled in arrears. Because FST (K) 
is the value at time T of the payer swap with the fixed interest rate K, it is 
clear that the price of the payer swaption at time t equals 

More explicitly, we have 

For the receiver swaption, we have 

that is 

where we denote by RSt the price at  time t of a receiver swaption. We will 
now focus on a payer swaption. In view of (13.5), it is apparent that a payer 
swaption is exercised at  time T if and only if the value of the underlying swap 
is positive at this date. A swaption may be exercised by its owner only at  
its maturity date T. If exercised, a swaption gives rise to a sequence of cash 
flows at prescribed future dates. By considering the future cash flows from 
a swaption and from the corresponding market swap1 available at  time T, it 
is easily seen that the owner of a swaption is protected against the adverse 
movements of the swap rate that may occur before time T.  

Suppose, for instance, that the swap rate at time T is greater than K. Then 
by combining the swaption with a market swap, the owner of a swaption with 
exercise rate K is entitled to enter at time T ,  at no additional cost, a swap 
contract in which the fixed rate is K. If, on the contrary, the swap rate at  
time T is less than K then the swaption is worthless, but its owner is, of 
course, able to enter a market swap contract based on the current swap rate 
K(T, T, n) 5 K. We thus conclude that the fixed rate paid by the owner of 
a swaption who intends to initiate a swap contract at  time T will never be 
above the preassigned level K. 

At any time t ,  a market swap is that swap whose current market value equals 
zero. In other words, it is the swap in which the fixed rate 6 equals the current 
swap rate. 
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Swaption as a put option on a coupon-bond. Since we may rewrite 
(13.5) as follows 

the payer swaption may also be seen as a put option on a coupon-bearing 
bond. Similar remarks are valid for the receiver swaption. We conclude that 
formally a payer (respectively, receiver) swaption may be seen as a put (re- 
spectively, call) option on a coupon bond with strike price 1 and coupon rate 
equal to the strike rate K, of the underlying forward swap. Therefore, the ar- 
bitrage price of payer and receiver swaptions can be evaluated by applying 
the general valuation formula of Proposition 11.3.5 to the functions 

for a payer and a receiver swaption respectively. 
I t  follows easily from (13.5)-(13.6) that PSt - RSt = FSt, i.e., 

Payer Swaption (t) - Receiver Swaption ( t )  = Forward Swap (t) 

provided that both swaptions expire at the same date T (and have the same 
contractual features). 

Swaption as a call option on a swap rate. We shall now show that 
a payer (respectively, receiver) swaption can also be viewed as a sequence 
of call (respectively, put) options on a swap rate that are not allowed to be 
exercised separately. At time T the long party receives the value of a sequence 
of cash flows, discounted from time Tj, j = 1, . . . , n to the date T, defined by 
dy = dj (K,(T, T, n) - K)+ and djr = dj ( K  - K,(T, T, n))+ for the payer option 
and the receiver option respectively, where 

is the corresponding swap rate at the option’s expiry. Indeed, the price at  
time t of the call (payer) option on a swap rate is 

which is the payer swaption price PS t .  
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Equality Ct = PSt may also be derived by directly verifying that the 
future cash flows from the following portfolios established at  time T are 
identical: portfolio A - a swaption and a market swap; and portfolio B - an 
option on a swap rate and a market swap. Indeed, both portfolios correspond 
to a payer swap with the fixed rate equal to K. Similarly, for every t < T, the 
price of the put (receiver) option on a swap rate is (as before, cj = dj, j = 
1, ..., n - 1  a n d c , = l + r ; b n )  

which equals the price RSt of the receiver swaption. 
Let us re-derive the valuation formula for the payer swaption in a more 

intuitive way. Recall that a payer swaption is essentially a sequence of fixed 
payments dj = Gj(rc(T, T, n) - K)+ that are received at settlement dates 
TI , .  . . , Tn, but whose value is known already at  the expiry date T. The ran- 
dom variable dj is therefore FT-measurable, and thus we may apply Corollary 
9.6.1, directly obtaining 

for every t E [0, TI. After simple manipulations this yields, as expected, 

13.1.3 Exotic Swap Derivatives 

Within the framework of swap derivatives, the standard swaptions described 
in the preceding section play the role of plain-vanilla options. Needless to 
say, a plethora of more sophisticated contracts on swap rates are currently 
traded on financial markets. We shall now describe some of them, and we shall 
later show that the risks involved in each of these contracts are of a different 
nature, and thus they require product-specific approaches to the modelling 
of forward swap rates. In other words, owing to the complexity of a swap 
derivative market, it is unlikely that one could construct a universal model 
of forward swap rates that were sufficiently flexible to serve all purposes. 
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Forward start swaptions. In a forward start swaption (also known as the 
mid-curve option) the expiry date T of the swaption precedes the initiation 
date To of the underlying payer swap - that is, T < To. Note that if K is a 
fixed strike level then we have always 

as by the definition of the forward swap rate we have FSt(n(t,  To, n))  = 0. 
A direct application of valuation formula (13.2) to both members on the 
right-hand side of the last equality yields 

for t E [0, To]. It is thus clear that the payoff PST  at expiry T of the forward 
swaption (with strike 0) is either 0, if n > K(T, To, n),  or 

if, on the contrary, inequality n(T, To, n) > K holds. We conclude that the 
following result is valid. 

Lemma 13.1.2. The payoff PST  at expiration date T < To of a forward 
swaption equals 

Formula (13.8) shows that, if exercised, the forward swaption gives rise 
to a sequence of payments dj (K(T, To, n) - n) at  each settlement date Tj, j = 
1, .  . . , n. By setting T = To, we recover, in a more general framework, the 
previously observed dual nature of the swaption: it may be seen either as 
an option on the value of a particular (forward) swap or, equivalently, as an 
option on the corresponding (forward) swap rate. It  is also clear that the 
owner of a forward swaption is able to enter at time T (at no additional cost) 
into a forward payer swap with preassigned fixed interest rate n. 

Cons tant  matur i ty  swaps. Similarly as in the case of a plain-vanilla fixed- 
for-floating swap, in a constant maturity swap the fixed and floating payments 
occur at regularly spaced dates. The floating payments are not based on the 
LIBOR, but on some other swap rate. Formally, at  any of the settlement dates 
Tj, j = 1,. . . , n the fixed payment n is exchanged for the variable payment 
n(Tj-1, Tj-1, m) for a preassigned length m > 1. A constant maturity swap 
gives rise to an interest rate, which is termed the constant maturity swap 
rate, or briefly, the CMS rate. Let us first consider the case where n = land 
let us fix m. Then the following definition can be justified easily. 
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Definition 13.1.2. For any date t 5 To, the one-period forward constant 
maturity swap rate CMS(t ,  To, m) is formally defined as follows 

Note that CMS(To, To, m) = &(TO, TO, m) and that CMS(t ,  To, n) repre- 
sents the forward price at time t, for the settlement date TI, of the payoff 
K(T~ ,TO,  n) occurring at time TI. In general, for any natural number n, the 
n-period forward constant maturity swap rate CMS(t ,  To, m, n) equals 

It  is rather obvious (and easy to check) that CMS(t ,  To, 1, n) = ~ ( t ,  To, n). 

C M S  options. For ease of notation, we assume that n = 1. A holder of 
a CMS spread option has the right to exchange for one period of time the 
difference between two CMS rates minus a spread K. Hence, the payoff at 
time T = To equals (we set N = 6 = 1) 

for some ml # mz. A CMS spread option can be seen as a special case of a 
CMS basket option. A generic CMS basket option, written on k CMS rates 
that reset at  the option’s expiry date T = To, has the payoff 

where wi and K are constants, and ml,  . . . , mk are preassigned lengths of 
reference swaps. For instance, a CMS basket option on three underlying CMS 
rates may have the payoff given as 

Bermudan swaptions. Traded swaptions are of American rather than Eu- 
ropean style. More exactly, they typically have semi-American features, since 
exercising is allowed on a finite number of dates (for instance, on reset dates). 
As a simple example of such a contract, let us consider a Bermudan swaption. 
Consider a fixed collection of reset dates To, . . . , Tn-1 and an associated fam- 
ily of exercise dates tl ,  . . . , t l  with ti 5 Tj%. It  should be stressed that the 
exercise dates are known in advance; that is, they cannot be chosen freely 
by the long party. A Bermudan swaption gives its holder the right to enter 
at time ti a forward swap that starts at  Tjz and ends at time T,, provided 
that this right has not already been exercised at a previous time ti for some 
i < m. Bermudan swaptions are the most actively traded exotic swaptions; 
they also arise as embedded options in cancellable swaps. We shall analyze 
the valuation of Bermudan swaptions in Sect. 13.3.4. 
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13.2 Valuation in the Gaussian HJM Model 

In this section, plain-vanilla swaptions and some exotic swap derivatives are 
examined within the framework of the Gaussian HJM model. 

13.2.1 Swaptions 

Our next goal is to provide a quasi-explicit formula for the arbitrage price 
of a payer swaption in the Gaussian HJM framework (note that the price of 
a receiver swaption is given by an analogous formula). Recall that T = To 
stands for the start date of an underlying swap, as well as for the expiration 
date of a swaption. Using Proposition 11.3.5, we obtain without difficulties 
the following result. 

Proposition 13.2.1. Assume the Gaussian HJM model of the term struc- 
ture of interest rates. F o r t  E [O,T], the price of a payer swaption equals 

where n k  is  the standard k-dimensional Gaussian probability density function, 
and vectors e l , .  . . , O n  E IRk satisfy for every i ,  j = 1 , .  . . ,n 

Formula (13.9) can be generalized easily to the case of a forward swaption. 
To this end, it is enough to consider the following claim that settles at time 
T < To (cf. (13.8)) 

n 

PST = C ~ ~ , B ( T , T , )  B(T, TO) - B (T, Tn) 
Cy="=,iB (T, Ti) 

-.)+. 
j=1 

13.2.2 CMS Spread Options 

As was mentioned already, in contrast to a standard swaption, the payoff 
from a CMS spread option, maturing at T = To, is related to swap rates 
associated with interest rate swaps that have different number of payment 
dates. Let us consider the owner of a call option on a spread between the 
swap rates K(T, TI ml)  and &(TI T, mz), 

and the swap rate 
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j = 1  

where ml # ma. If the strike level is a ,  then the holder of a CMS spread 
option is entitled to receive at time T the following amount (as usual, the 
principal is set to  be equal to 1) 

It is thus evident that the arbitrage price of this contract at time t equals 

By applying the general valuation formula of Proposition 11.3.5 to the func- 

where ml V ma = max {ml ,  m2), we get the following result. 

Proposition 13.2.2. Assume the Gaussian HJM model of the t e r n  struc- 
ture of interest rates. Then  the arbitrage price at t ime t of a CMS spread call 
option equals 

CMSCt = 

where for 1 = 1,2 

f i b )  = 

and the vectors 01, . . . , OrnIvrn2 are implicitly specified by 
tionships 

PT 

the following rela- 

The corresponding put option pays at time T the amount 

Consequently, the arbitrage price at time t E [O,T] of this contract is given 
by the following formula 

or more explicitly 
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13.2.3 Yield Curve Swaps 

A one-period yield curve swap is a contract in which, at  time T, one party 
pays &(T, T, m2) + K and receives &(T, T, ml) on some notional principal. The 
payoff of the one-period yield-curve swap therefore satisfies (for the principal 
equal to 1) 

where we write KL = K(T,T, ml) for 1 = 1,2. It  is thus easily seen that its 
value at time t E [0, TI can be found from the following relationship 

YCS t = CMSCt - CMSPt. 

That is, the value YCS of a yield curve swap at time t is equal to the price 
difference between a call and a put CMS spread option. The margin rate is 
that value of a constant K that makes the value of the one-period yield curve 
swap zero. Using the results of Sect. 13.2.2, one can check directly that in 
the Gaussian HJM framework, the margin rate equals 

where 

for 1 = 1,2. More generally, a multi-period yield curve swap consists of n 
payments at times Ti, i = 1,. . . , n. At each settlement date Ti, the swap rate 

is received, and the swap rate &(Ti-1, Ti-l, ma) plus the margin rate K is 
paid. Under the assumptions of Proposition 13.2.2, the following result is 
valid. The vectors 81,. . . ,0,-1+, are determined, as usual, through (13.10). 

Proposition 13.2.3. The value of a yield curve swap at time t is given by 
the risk-neutral valuation formula 

Consequently, within the framework of the Gaussian HJM model we have 
n- 1 
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where for 1 = 1 ,2  and every x E IRk we set 

Proof. The proof of the proposition relies on a straightforward application of 
the valuation formula established in Proposition 11.3.5. 0 

13.3 Co-terminal Swap Rates 

The commonly used formula for pricing swaptions, based on the assumption 
that the underlying swap rate follows a geometric Brownian motion under 
the "market probability" Q, is given by the Black swaptions formula 

where 

for some constant volatility a > 0. For a long time, the Black swaptions 
formula was merely a popular market convention that used by practitioners 
as a convenient tool to quote swaption prices in terms of implied volatili- 
ties. Indeed, the use of this formula was not supported by any specific term 
structure model. 

On the theoretical side, Neuberger (1990a) analyzed the valuation and 
hedging of swaptions based on Black’s formula. However, the formal deriva- 
tion of these heuristic results within the set-up of a well-specified term struc- 
ture model was first achieved in Jamshidian (1997a). 

The goal of this section is to present Jamshidian’s model of forward swap 
rates, and to show that Black’s formula for swaptions can be easily obtained 
within this model. 

We assume, as before, that the tenor structure 0 5 To < Tl < . . . < 
Tn = T* is given. Recall that we denote S j  = Tj - Tj-l for j = 1,. . . , n, so 
that Tj = To + CjZo 6i for every j = 0 , .  . . , n. For ease of notation, we shall 
sometimes write Tic = TnV1 for 1 = 0, . . . , n. 
Co-terminal forward swaps. For any fixed j = 0, .  . . , n - 1, we consider 
a fixed-for-floating forward (payer) swap that starts at time Tj and has n - j 
accrual periods, whose consecutive lengths are 6 j + l , .  . . , 6,. The last settle- 
ment date of each swap is thus invariably Tn. This feature justifies the name 
of the co-terminal (or the fixed-maturity) forward swaps. 

In the jth co-terminal forward swap, the fixed interest rate K is paid at  
each of reset dates for 1 = j+l, . . . , n. The corresponding floating payments 
are based on LIBORs L(Z) ,  1 = j + 1 , .  . . , n. 
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It  is easy to see that the value of the jth co-terminal forward swap equals, 
for t E [0, Tj] (by convention, the notional principal equals 1) 

n 

FSt(6) = B(tlTj)  - C czB(t,Td, 
l=j+l 

where cl = 6Sl for 1 = j + 1,. . . , n  - 1 and c, = 1 + ~ 6 , .  The associated 
co-terminal forward swap rate ~ ( t , T j ,  n - j ) ,  which makes the jth forward 
swap worthless at  time t ,  is given by the formula 

for every t E [0, Tj], j = 0, .  . . , n - 1. In this section, we shall deal with the 
family of co-terminal forward swap rates ~ ( t ,  Tj, n - j), j = 0, .  . . , n - 1. Let 
us stress once again that the reference swaps have different lengths, but they 
all have a common expiration date Tn = T*. 

Suppose momentarily that we are given a family of bond prices B(t, Z), 
1 = 1 , .  . . , n, on a filtered probability space (0, IF, P) equipped with a Brown- 
ian motion W. We find it convenient to postulate that P = PT. is the forward 
measure for the date T*, and the process W = wT* is the corresponding 
Brownian motion. 

The next step is to introduce the level process, which is also termed the 
swap annuity or the present value of basis point (PVBP or PVO1). Formally, 
for any m = 1,. . . , n - 1, the level process G(m) is defined by setting 

for t E [0, Tn-,+l]. A forward swap measure (also known as a level measure) 
is a probability measure equivalent to P corresponding to the choice of the 
level process as a numeraire. 

Definition 13.3.1. For every j = 0, .  . . , n ,  a probability measure p~~ on 
(0, Fq), equivalent to P, is said to be the co-terminal forward swap measure 
for the date Tj if, for every k = 0, .  . . , n,  the relative bond price 

where t E [0, Tk A Tj], is a local martingale under pT3 
Put differently, for any fixed m = 1,. . . , n + 1, the relative bond prices 

B(tlTk*) - Zm(t, Tk*) = - - B(t1 T,*) 
Gt(m) 6,-,+1B(t, T&-,) + . . . + SnB(t, T*)  ' 

where t E [0, T i  A T&-l], are local martingales under the co-terminal forward - 
swap measure PT;-< 
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Let us write k(t,Tj) = rc(t,Tj, n - j ) .  It  follows immediately from (13.12) 
that the forward swap rate for the date T& equals, for t E [0, T&], 

B(t, T&) - B(t, T*) R(t, TA) = 
dn-m+iB(t, T&-,) + . . . + dnB(t, T*) ' 

or equivalently, 
q t ,  TA) = &(t, Tk)  - Zm(t, T*). 

Therefore - R(t, TA) is a local martingale under the forward swap measure 
PT;-, as well. Moreover, since obviously Gt( l )  = dnB(t, T*), it is evident 
that Zl(t, Tz) = 6;lFB(t, T i ,  T*),  and thus the probability measure pT* can 
be chosen to coincide with the forward martingale measure PT*. Our aim is 
to construct a model of forward swap rates through backward induction. As 
one might expect, the underlying bond price processes will not be specified 
explicitly. We make the following standing assumption. 
Assumption (SR). We assume that we are given a family of (bounded) 
adapted processes u(t, Tj), j = 0, . . . , n - 1 representing the volatilities of 
forward swap rates R(t, Tj). We are also given an initial term structure of 
forward swap rates k(0, Tj) > 0 for j = 0, .  . . , n - 1 (it can be specified 
by a family B(0, Tj), j = 0, .  . . , n of prices of zero-coupon bonds, such that 
B(O,Tj) > B(O,Tn) for j = 0 , . . . ,  n -  1). 

The lognormal model of forward swap rates was first constructed by 
Jamshidian (1997a) by means of suitable multidimensional SDEs. In this sec- 
tion, we start by presenting an equivalent construction given by Rutkowski 
(1999a). We wish to construct a family of forward swap rates in such a way 
that 

dk(t, Tj) = k(t, Tj)v(t, Tj) . dr?lP+' (13.14) 
for any j = 0, .  . . , n - 1, where each process r?lT3+l follows a standard Brown- 
ian motion under the corresponding forward swap measure pTj+, . The model 
should also be consistent with the initial term structure of interest rates, 
meaning that 

R(O, Tj) = 
B(0, T’) - B(O, T*) 

dj+lB(O, Tj+l) + . . . + dnB(O, T,) ' 
(13.15) 

First step. We proceed by backward induction. The first step is to introduce 
the forward swap rate for the date Tt by postulating that the forward swap 
rate R(t, TT) solves the SDE 

dR(t, T;) = R(t, T:)u(t, T:) . d~:’, Vt E [0, T:], (13.16) 
where WT* = wT* = W ,  with the initial condition 

B(0, TT) - B(0, T*) 
R(0,Tf) = 

dnB(0, T*) 
To specify the process R(t,T;), we need first to introduce a forward swap 
measure PT; and an associated Brownian motion w T ; .  
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To this end, notice that each process Zl(t, T,*) = B(t ,  T,*)/b,B(t, T*) is 
a strictly positive local martingale under PT. = PT*. More specifically, we 
have 

dZl(t,T,*) = Zl(t,T,*)yl(t,T,*) . dwT* (13.17) 
for some adapted process yl(t,T,*). According to the definition of a co- 
terminal forward swap measure, we postulate that for every k the process 

follows a local martingale under pT;. By applying Lemma 12.4.1 to processes 

it is easy to see that for this property to hold, it suffices to assume that the 
process wT;, which is given by the formula 

t E [0, Ti ] ,  follows a Brownian motion under PT; (the probability measure - 
Pr; is as yet unspecified, but will be soon found through Girsanov’s theorem). 
Note that 

Differentiating both sides of the last equality, we get (cf. (13.16) and (13.17)) 

Consequently, wT; is given explicitly by the formula 

for t E [0, Tf].  We are now in a position to define, using Girsanov’s theorem, 
the associated forward swap measure PT;. Subsequently, we introduce the 
process R(t, T;) by postulating that it solves the SDE 

dk(t, T,*) = k(t, T,*)v(t, T,*) . d ~ t ’ ; *  

with the initial condition 

R(O,T,*) = 
B(0, T i )  - B(0, T*) 

6,-lB(0, T;) + S,B(O, T*) ' 
Second step. For the reader’s convenience, let us consider one more induc- 
tive step, in which we are looking for k(t, T3*). We now consider the following 
processes: 
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Consequently, the process wT; satisfies 

for t E [0, Tz]. It  is useful to note that 

Z2(t, T;) = 
B(t,T,*) 

dn-lB(t, T;) + dnB(t, T*) 
= k(t, T i )  + Z2(t, T*), 

where in turn 

Z2(t, T*) = Zl (t, T*) 
1 + 6,-lZl(t,T*) + dn-lk(t,T;) 

and the process Zl(t,T*) is already known from the previous step (clearly, 
Zl( t ,T*) = I/&). Differentiating the last equality, we may thus find the 
volatility of the process Z2(t, T*), and consequently, to  define pT;. 

General step. We proceed by induction with respect to m. Suppose that 
we have found forward swap rates k(t, T;), . . . , k(t, T;), the forward swap 
measure p ~ ~ - ~  and the associated Brownian motion wT;-1. Our aim is to 
determine the forward swap measure pTk, the associated Brownian motion 
wT;, and the forward swap rate k(t, T;+l). To this end, we postulate that 
processes 

follow local martingales under pTA. In view of Lemma 12.4.1, applied to 
processes G = Zm(t, Ti) and H = Zm(t, T;), it is clear that we may set 

for t E [0, T;]. Therefore it is sufficient to analyze the process 

To conclude, it is enough to notice that 
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Indeed, from the preceding step, we know that the process 2,-l(t,T*) 
is a (rational) function of forward swap rates k(t, T;), . . . , k(t, T&-,). Conse- 
quently, the process under the integral sign on the right-hand side of (13.20) 
can be expressed using the terms k(t, TT), . . . , k(t, TA-,) and their volatilities 
(for the explicit formula, see Jamshidian’s approach below). Having found the 
process wT; and probability measure PT;, we introduce the forward swap 
rate k(t, TA+,) through (13.14)-(13.15), and so forth. If all volatility pro- 
cesses v(t, Tj), j = 0, .  . . , n - 1 are deterministic, the model is termed the 
lognormal model of co-terminal swap rates. 

13.3.1 Jamshidian's Approach 

Let us now present the original approach of Jamshidian (1997a). Recall that 
we write k(t,Tj) = K(~,T, ,  n - j )  for every j = 0, .  . . , n - 1. Let us set, for 
arbitrary 1 5 i 5 j 5 n, 

One can show by induction that Gt(n-j)  = B(t, ~ , )g? .  Observe that PTn = 
PTn is the forward measure for the date Tn. It is thus natural to set w T n  = 
wTn = W for some Brownian motion W. Suppose that for every j we have 

where jiy-l = 0 and the drifts ji5, j = 0, .  . . , n  - 2 are yet unspecified. 
Jamshidian (1997a) proves the following result. 

Proposition 13.3.1. The following recursive relationship is valid for every 
j = 0 ,  . . . ,  n - 1  

n- 1 j k  j k 
dk(t, Tj) = - C dkgt 4, 4, dt + . dw,T". 

,,+I (1 + &k(t, ~ k ) ) g ?  

In the special case of the lognormal model of co-terminal swap rates, 
Jamshidian’s construction runs as follows. We postulate that 

so that 4; = v(t, Tj)k(t, Tj). Using the recursive relationship of Proposition 
13.3.1, we obtain explicit expressions for the forward swap rates under the 
forward measure PTn , namely, 

and for every j = 1, . . . ,  n -  1 
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k(t, Tj) = k(0, ~ , ) h i  E~ (1' u(u, Tj) . dwTnu), 
0 

where the process ha is given by the formula 

13.3.2 Valuation of Co-terminal Swaptions 

For a fixed, but otherwise arbitrary, date Tj, j = 0, .  . . , n - 1, we consider 
a swaption with expiry date Tj, written on a forward payer swap settled in 
arrears. The underlying forward payer swap starts at date Tj, has the fixed 
rate 6, and n - j accrual periods. Such a swaption is referred to as the jth 
co-terminal swaption in what follows. The jth co-terminal swaption can be 
seen as a contract that pays to its holder the amount dk (~ (T j ,  Tj, n - j )  - K)+ 
at  each settlement date Tk, where k = j + 1,. . . , n (recall that we assume 
that the notional principal N = 1). Equivalently, the jth swaption pays the 
amount n 

9 = C d k ~ ( ~ j , ~ k ) ( ~ ( ~ j , ~ j )  - K ) t  
k=j+l 

at  maturity date Tj. It  is useful to observe that admits the following 
representation in terms of the level process G(n - j )  introduced in Sect. 13.3 
(cf. formula (13.13)) 

Recall that the model of co-terminal forward swap rates specifies the dynam- 
ics of the process k(t, Tj) through the following SDE: 

where w T 3 + l  is a standard d-dimensional Brownian motion under the corre- 
sponding forward swap measure pT3+, . Recall that by the definition of pT,+, 
any process of the form B(t,Tk)/Gt(n- j ) ,  k = 0, .  . . , n, is a local martingale 
under this probability. Furthermore, from the general considerations concern- 
ing the choice of a numeraire it is easy to see that the arbitrage price nt(X) 
of an attainable contingent claim X = g(B(Tj, T,+l), . . . , B(Tj, Tn)) equals, 
for t E [0, Tj], 

provided that X settles at  time Tj. Applying the last formula to the swap- 
tion’s payoff 9, we obtain the following representation for the arbitrage price 
P S ~  at  time t E [0, Tj] of the jth swaption 
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Assume that the swap rate volatility u(t,Tj) : [0, Tj] -+ EXd is deterministic 
for any j = 0, .  . . , n - 1. The following result is due to  Jamshidian (1997a). 

Proposition 13.3.2. Assume the lognormal market model of co-terminal 
forward swap rates. For any j = 0 , .  . . , n  - 1, the arbitrage price P S ~  of 
the jth co-terminal swaption equals, for every t E [0, Tj], 

where N stands for the standard Gaussian cumulative distribution function 
and 

with v2(t, T’) = J: Iu(u, Tj)12 du. 

Proof. The proof of the proposition is similar to that of Proposition 12.6.1, 
and thus it is omitted. 0 

13.3.3 Hedging of Swaptions 

The replicating strategy for a swaption within the present framework has 
features similar to those of the replicating strategy for a cap in the lognormal 
LIBOR model. For this reason, we shall focus mainly on differences between 
these two cases. Let us fix j, and let us denote by FSJ (t, T )  the relative price 
a t  time t 5 Tj of the jth swaption, when the level process 

is chosen as a numeraire asset. From Proposition 13.3.2, we find easily that 
for every t 5 Tj 

Applying ItB’s formula to the last expression, we obtain 

Let us consider the following self-financing trading strategy. We start our 
trade at time 0 with the amount P S ~  of cash, which is then immediately 
invested in the portfolio G(n - j ) .  Recall that one unit of portfolio G(n  - j) 
costs CF=j+l GkB(0, Tk) at time 0. At any time t 5 Tj we assume $: = 
N (hl (t, Tj)) positions in market forward swaps. 
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Of course, the market swaps should have the same starting date and 
tenor structure as the underlying forward swap. The associated gains process 
~ ( $ j ) ,  expressed in units of the swap annuity G(n - j) ,  satisfies GO(@) = 0 
and 

Consequently, 

Here the dynamic trading in market forward swaps is done at any date t E 
[O,Tj], and all gains/losses from trading (including the initial investment) 
are expressed in units of the swap annuity G(n - j). The last equality makes 
it clear that the strategy $j described above does indeed replicate the jth 
co-terminal swaption. 

13.3.4 Bermudan Swaptions 

One of the major motivations for the development of Jamshidian’s model 
of swap rates was the desire to have a model for valuation and hedging of 
Bermudan swaptions (see, Jamshidian (1997a) or Joshi and Theis (2002)). A 
Bermudan receiver swaption is the option, which at each given date t j  5 Tj 
gives the holder the right to enter the jth swap, provided this right has not 
yet been exercised at a previous date tl, 1 = 0, .  . . , j - 1. 

As was mentioned already, Bermudan swaptions frequently arise as em- 
bedded options in cancellable (callable) swaps. Since a Bermudan swaption 
can be seen as an example of a pseudo-American option, it is obvious that 
its valuation and hedging are closely related to an optimal stopping problem 
associated with the rational exercise policy. 

To start the analysis of a Bermudan swaption, let us notice that the jth 
swap is, a t  time t j ,  worth the amount Gtj (n - j ) ( ~  - k(tj, Tj)). An equivalent 
payoff Vj  at time Tn is thus given by the expression 

Assume that a holder decides to exercise a Bermudan swaption at time t j .  
We may formally assume that he will receive the equivalent payoff Vj  at time 
Tn. Let us define inductively a sequence Cj , j = 1, . . . , n of random variables 
by setting Cn = max (Vn, 0) = (Vn)+ and for j = 1, . . . , n 

It is not difficult to check, in view of the usual optimality criterion for pseudo- 
American claims, that a Bermudan swaption can be formally represented as 
a single payoff C1 that settles at  time Tn. Consequently, the arbitrage price 
at  any date t 5 to of a Bermudan swaption can be found by evaluating the 
conditional expectation B(t ,  Tn) IEiTn (C1 1 Ft) .  
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13.4 Co-initial Swap Rates 

In this section, we no longer postulate that the reference swaps have the same 
maturity date. We focus instead on a finite family of swaps with a common 
start date, but with different lengths. It  is thus natural to use the term co- 
initial swaps for this family of swap contracts. The presentation given below 
is largely based on Galluccio and Hunter (2003). 

Formally, given the family of resetlsettlement dates To,. . . , T, we define 
the co-initial forward swap rate ~ ( t ,  To, j)  by setting 

for every t E [0, To] and j = 1, .  . . , n. We wish to examine the family of co- 
initial forward swap rates ~ ( t ,  j) = ~ ( t ,  To, j )  for j = 1,. . . , n. The demand 
for a corresponding model is motivated by the desire to value and hedge such 
exotic contracts as CMS spread options (see Sect. 13.2.2) or forward start 
swaptions (see Sect. 13.1.3) in an efficient and practically appealing way. 

In order to deal with such swap derivatives, it is convenient to derive the 
joint arbitrage-free dynamics of processes ~ ( t ,  I),  . . . , k(t, n). Let us define the 
family of level processes 

As expected, the jth level process G( j )  will play the role of the numeraire 
for the jth rate E(t, j) in the sense that k(t, j )  is a (local) martingale under 
the corresponding probability pj. In order to determine the joint dynamics 
of co-initial forward swap rates, we shall choose the T-maturity bond as a 
numeraire. This simply means that we will work under the forward measure 
PT. As usual, wT stands for a d-dimensional standard Brownian motion 
under PT. Our goal is to determine the drift coefficients in the expression 

dE(t, j) = ,$ dt + 4: . d~:, (13.24) 

specifying the dynamics of k(t,Tj) under the forward measure PT. TO this 
end, let us first observe that manifestly 

. . 
where we set vi'3 = 4: + 4:. 

Before proceeding to the general result, let us notice that none of the 
forward rates ~ ( t ,  j) is a martingale under PT. For instance, the rate k(t, 1) 
equals the LIBOR L(t, To) and thus it is a martingale under PT,. We know 
already that the dynamics of this process under PT are 
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The following result, borrowed from Galluccio and Hunter (2003)) furnishes 
the general formula for the drift DJ. The reader is invited to check that for 
j = 1 the expression of Proposition 13.4.1 yields the drift in (13.25). 

Proposition 13.4.1. Assume that for each j = 1 , .  . . n the dynamics of the 
co-initial forward swap rate K(t, j )  under the forward martingale measure PT 
are governed by (13.24). Then the drij? coeficient pj is given by the expression 

Proof. We shall sketch the main steps of the derivation. Let us fix the index j 
and let us focus on the process K(t, j ) .  Since the product ~ ( t ,  j ) c ( j )  represents 
the value of a portfolio of zero-coupon bonds, it is clear that the process X J ,  

is necessarily a (local) martingale under PT. It6’s integration by parts formula 
yields 

d ~ l  = R(t, j) d e  + @ dE(t, j) + d(K(., j), yj)t, 

where the process k;' = c t ( j ) / ~ ( t , ~ )  is a strictly positive (local) martin- 
gale under PT. It is therefore easily seen that the finite variation part of X 
disappears if and only if 

pi dt + d(R(., j ) ,  Y ~ ) ,  = 0, Vt E [O,T], 
or more explicitly, if 

where FB (t, Ti, T)  = B(t, Ti)/B(t, T )  is the forward bond price. To continue 
the calculations, we need first to find the representation for the forward bond 
price F B ( ~ ,  Ti, T )  in terms of co-initial forward swap rates. To this end, we 
observe that 

i 

K(t, i)Gt(i) = ~ ( t ,  i) SIB(t,Tz) = B(t ,T)  - B(t,Ti) 
1=1 

and thus the equality 
i- 1 

B(t, Ti)(1 + &R(t, i ) )  + C 61R(t, i)B(t,  q) = B(t, T )  
1=1 

is valid for every i = 1 , .  . . , n. 
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Finally, we obtain, for i = 1, .  . . , n, 
i- 1 

FB(t,Ti,T)(l + diR(t1Ti)) + ~ d z E ( t , i ) ~ B ( t , ~ , ~ )  = 1. 
1=1 

By solving these equations iteratively for FB(t, Ti, T), we obtain 

Let us write, for 1 = 1, .  . . , i ,  

Then clearly 
i- 1 

1=1 
and thus (13.26) becomes 

An application of ItG’s formula yields 
d.vid dt 

d ( ~ ( . ,  j ) ,  Ziji), = - s ~ ( Z $ ~ ) ~  d ( ~ ( - ,  j), E(., Ti))t = - 
z t  

(1 + diE(t, i l l2 .  
Furthermore, again by It6’s formula, we obtain 

or more explicitly 

To conclude it suffices to combine the formulas above (in particular, we make 
use of equality (13.28)). 0 

Suppose that & = E(t, j)o(t, j) for some volatility processes (or functions) 
ii(., j) : [0, T] -+ iRd. Then each swap rate process E(t, j ) ,  j = 1, . . . , n is easily 
seen to satisfy 

dk(t, j )  = E(t, j)ii(t, j) . dWi, 
where Wj  is a d-dimensional standard Brownian motion under the martin- 
gale measure pj corresponding to the choice of the level process G( j )  as a 
numeraire. Notice that the probability measures pj are all defined on (0, &) 
and they are equivalent to the forward measure P T ~ + ~  = pl .  
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13.4.1 Valuation of Co-initial Swaptions 

For any date j = 1,. . . , n, we consider a payer swaption with expiration date 
T ,  which is written on a payer swap, with a fixed rate a, that starts at  time 
To = T and has j accrual periods. As usual, we assume that the notional 
principal equals N = 1. Hence, the jth swaption can be seen as a European 
claim paying at  time T the following amount: 

j 

Y = C 6 1 ~ ( ~ ,  T ~ ) ( R ( T , ~ )  - a)’. 

It is clear that the payoff Y has the following equivalent representation in 
terms of the level process G( j )  

From the general theory, we know that the price of any attainable claim X 
that settles at time T equals, for every t E [O,T], 

In particular, for the jth co-initial swaption we obtain 

Within the framework of the co-initial model of forward swap rates, the 
dynamics of the process ~ ( t ,  j) are 

where W j  is a d-dimensional standard Brownian motion under the proba- 
bility measure pj corresponding to the choice of the level process G( j )  as 
a numeraire asset. If the volatilities ~ ( t ,  j ) ,  j = 1, . . . , n are deterministic, 
then the probability law of E(T, j )  under pj is lognormal. The proof of the 
following valuation result is therefore straightforward. 

Proposi t ion 13.4.2. Assume the lognormal market model of co-initial for- 
ward swap rates. For any j = 1,. . . , n, the arbitrage price at time t E [0, T] 
of the jth co-initial swaption equals 

where N is the standard Gaussian probability distribution function and 

with v2(t, j) = lD(u, j)12 du. 
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13.4.2 Valuation of Exotic Options 

Recall that an option on a swap rate spread (see Sect. 13.2.2) with expiry date 
T = To is a contract that pays at  time T the (positive) difference between the 
rates x(T, T, j )  and x(T, T, k) for some j # k. Using the notation introduced 
in this section, it can be represented as follows 

where j and k are lengths of the underlying swaps, and x is a constant. 
It is clear that the valuation of this claim relies on the computation of the 
(conditional) expected value 

Since drift terms of processes E(T, j )  and R(T, k), derived in Proposition 
13.4.1, are rather complicated, no closed-form solution to the latter problem 
is available and thus an application of some numerical procedure (such as 
Monte Carlo simulation) is required. 

From Sect. 13.1.3, we know that the payoff of a forward-start swaption 
(known also as a mid-curve option), with expiration date T = To written 
on a swap with start date TI, can be represented in the following way (see 
formula (13.8)) 

To deal with this payoff within the framework of a (Gaussian or lognormal, 
say) model of co-initial forward swap rates, it is convenient to rewrite this 
payoff as follows 

t 
a(T, n) - x) - GT(1) (E(T, 1) - x)) 

In addition, we shall use the following representation of the level process 

which is an almost immediate consequence of (13.27). By combining the pre- 
ceding two formulas, we conclude that the forward start swaption was reex- 
pressed as a relatively simple European claim that settles at time T and has 
the form X = ~ ( E ( T ,  l), . . . , E(T, 2)). Again, the availability of a closed-form 
solution to the valuation problem is not evident. Nevertheless, the model is 
likely to be the most convenient tool to value and hedge (through numerical 
procedures) these swap derivatives that depend on the value at a given date 
of several swap rates. It  is not suitable, of course, to deal with claims with 
path-dependence and/or American features. 
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13.5 Co-sliding Swap Rates 

In this section, in which we follow Rutkowski (1999a) and Galluccio et al. 
(2003a), we no longer assume that the underlying swap agreements have dif- 
ferent lengths but the same start or maturity date. On the contrary, the 
length K of a swap will now be fixed, but the start (and thus also matu- 
rity) date will vary. As before, we assume that we are given a family of 
resetlsettlement dates To,. . . , T,. For a forward swap which starts at time 
Tj, j = 1, .  . . , n - K ,  the first settlement date is Tj+l, and its maturity date 
equals TK+j. It is clear that the value at time t E [0, Tj] of a swap with these 
features equals 

j+K 
FS{(K) = B(t,Tj) - C crB(t,%), 

l=j+l 
where cr = KSI for 1 = j + 1, .  . . , j + K - 1 and C ~ + K  = 1 + KS~+K.  The 
forward swap rate of length K ,  for the date Tj, is that value of the fixed rate 
that makes the underlying forward swap starting at Tj worthless at time t.  
Using the last formula, we find easily that 

Recall that the forward LIBOR L(t, Tj) coincides with the one-period forward 
swap rate over [Tj, Tj+l]. Hence, the model of forward LIBORs presented in 
Sect. 12.4.4 can be seen as a special case of the model of co-sliding forward 
swap rates (since in that case K = 1, its construction is simpler). 

13.5.1 Modelling of Co-sliding Swap Rates 

In this section, we examine a particular model of co-sliding swap rates. We 
shall write k(t, Tj) instead of ~ ( t ,  Tj, K )  and we set A = n - K + 1. For any 
j = 1, .  . . , A, we define the sliding level process ~ ( j )  by setting 

j+K-1 
&(j )  = C GlB(t,%), Vt E [0, Tj]. 

The forward swap measure is a martingale measure corresponding to the 
choice of a sliding coupon process as a numeraire asset. 

Definition 13.5.1. For a fixed j = 1,. . . , f i ,  a probability measure @'T~ on 
(R,FTj) ,  equivalent to the underlying probability measure P, is called the 
co-sliding forward swap measure for the date Tj if, for every k = 1,. . . , n,  the 
relative bond price 

def B(t,  T k )  
- Uj (t , Tk ) = ------ - B(t1 Tk) 

j+K-1 Vt E [O,Tk A Tj], 
G d j )  El+ W t ,  %) 

is a local martingale under kT3 
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Since R(t, Tj) = Uj(t, Tj) - Uj(t, T j + ~ ) ,  it is clear that each co-sliding 
forward swap rate R(t, Tj), j = 0, . . . , n - K ,  follows a local martingale under 
the co-sliding forward swap measure for the date Tj+1. If we assume, in 
addition, that k(t, Tj) is a strictly positive process, it is natural to postulate 
that it satisfies 

dR(t, Tj) = R(t, Tj);(t, Tj) . dW?+’, 

where w?" is a standard Brownian motion under @T~+,.  The initial condi- 

The construction of co-sliding forward swap rates model presented in this 
section relies on backward induction. 

We start by postulating that the underlying probability measure P rep- 
resents the forward swap measure for the date Tfi. Our goal is to define 
recursively the forward swap rates and probability measures corresponding 
to the dates Tfi-l, Tfi-2, . . . , To. To proceed further, we need to assume that 
we are given a family of processes C(t, Tj), j = 1,. . . , n - K representing the 
volatilities of forward swap rates k(t, Tj). 

In addition, the initial term structure of swap rates k(0, Tj), j = 0, . . . , n- 
K is known. In the first step, we postulate that R(t,Tfi-l) = R ( t , T n - ~ ) ,  
which equals 

satisfies 
dR(t, Tfi-1) = q t ,  Tfi-l)i.(t, Tfi-1) . dWt. 

This means, in particular, that we have @T, = P and wT% = W. Our next 
goal is to introduce the forward swap measure for the date Th-2. 

Case of equal accrual periods. Assume first, for simplicity, that Sj = S is 
constant. In this case the backward induction goes through without difficulty. 
Recall that 

We note that the relative bond price 

admits the following representation 
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In view of Lemma 12.4.1, it is obvious that the process U+.l(t, Tk) is a local 
martingale under an equivalent probability measure @T,, if and only if the 

is a standard Brownian motion under this probability. To find , it is 
thus enough to apply Girsanov’s theorem. 

Similarly, in a general induction step we use the following relationship 

that allows us to define the forward swap measure and the Brownian 
motion process wTm, provided that the forward swap measure kTm+,, the 
forward swap rate R(t, T,), and the Brownian motion WTm+l are already 
known. We set 

for t E [0, T,], and we specify @’T, through Girsanov’s theorem. Given wTm 
and PT,, we postulate that the forward swap rate R(t, Tm-1) is governed by 
the SDE 

dR(t, Tm-i) = k(t, Tm-l)D(t, Tm-i) . dwTm. 
This shows that the knowledge of all swap rate volatilities (and, of course, 
the initial term structure) is sufficient if the purpose is to determine uniquely 
an arbitrage-free family of forward swap rates. Somewhat surprisingly, this 
is no longer the case if the length of the accrual period varies over time. 
General case. We no longer assume that the accrual periods are equal. 
Assume that K 2 2 (the case K = 1 was examined in Sect. 12.4.4). For the 
date Tkv2, we now have 

Furthermore, for any k we have 

so that 

where we write Ah = Sfi-1 - S,, and the definition of the process V6 is clear 
from the context. To continue, we need to assume that the dynamics of the 
process Uh(t, T,) = B(t, T , ) / G ~ ( ~ )  under @Ti, are known. 
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More precisely, it is enough to specify volatility of this process, since it is 
clear that Ufi (t , T,) satisfies 

for some process <fi (t , T,) . Suppose that the volatility process <fi (t , T,) , and 
thus also the process Ufi(t, T,), are known. Let us write 

Then, using again Lemma 12.4.1, we conclude that 

and thus the forward swap measure @’T,-l can be found explicitly. Next, the 
swap rate R(t,Tfi-z) is defined by setting 

Let us now consider â  general induction step. We assume that we have al- 
ready found @Tm+I and WTm+l, and thus also the forward swap rate R(tl T,). 
In order to define R(t, T,-l), we need first to specify PTm and w T m .  We have 
the following relationship 

and Am+l = 6, - We have, as expected 

where 

and the process <m+l(t, T,+K) is the volatility of the i?’Tm+l-martingale 

Concluding, in order to construct a model of co-sliding forward swap rates 
through backward induction, we need to assume that not only the volatilities 
of co-sliding forward rates, but also the volatilities of processes 

Urn@, Tm+K) = ~ - l ( r n ) ~ ( t , ~ ~ + K ) ,  rn = I , .  . . ,TI - K - 1, 

are exogenously given. 
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As seen from above, in the case of variable accrual periods, the exogenous 
specification of volatilities (for instance, deterministic functions) of co-sliding 
forward swap rates k ( t ,  To), . . . , ~ ( t ,  TnPK) does not uniquely determine the 
joint probability law of these processes, except for the special case K = 1. 
This should be contrasted with the case of equal accrual periods, where the 
latter property was valid for any choice of the swap length K. 

Galluccio et al. (2003a) consider the following related question: under 
which assumptions does a given family of forward swap rates allow us to 
recover all relative bond prices for a given tenor structure To < TI < . . . < 
T,? It  appears that the following definition of admissibility of a family of 
forward swap rates with respect to a given tenor structure is useful in this 
context. 

Definition 13.5.2. Given a preassigned collection of resetlsettlement dates 
To < TI < . . . < T,, a family B of forward swap rates is said to be admissible 
if it satisfies the following properties: 
(a) the cardinality of the set of rates is equal to n,  
(b) any date Tj, j = 0, .  . . n coincides with a resetlsettlement date of at least 
one forward swap rate from B. 

The following result, due to Galluccio et al. (2003a), gives the answer 
to the aforementioned question. The proof of Proposition 13.5.1 is based on 
algebraic considerations, and thus is left to the reader. 

Proposition 13.5.1. The following conditions are equivalent: 
(i) a family of swap rates I3 is admissible with respect to reset/settlement 
dates To < Tl < . . .  < T,, 
(ii) we can recover the relative bond prices FB(t ,  Tk, Tj) = B(t ,  Tk)/B(t,  Tj), 
j, Ic = 0, .  . . , n,  uniquely i n  terms of forward swap rates belonging to the family 
B. 

Note that in a model of co-sliding forward swap rates, we deal with n - 
K rates and n reset-settlement dates, so that manifestly the definition of 
admissibility is not satisfied (unless, of course, K = 1). 

13.5.2 Valuation of Co-sliding Swaptions 

For any date Tj, j = 0, .  . . , n - K ,  we consider a payer swaption with expi- 
ration date Tj, written on a payer swap with fixed rate K., that starts at time 
Tj and has the length K. As usual, we set N = 1. Thus the jth co-sliding 
swaption may be seen as a contract paying at  time Tj the amount 

or equivalently, + Y = G ~ ( ~ + ~ ) ( R ( T ~ , T ~ ) - ~ ~ )  . 
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In the framework of a model of co-sliding swap rates, the forward swap 
rate R(t, Tj) satisfies 

where w T 3 + l  is a standard d-dimensional Brownian motion under @Tj+l. In 
view of the definition of the forward swap measure @’Tj+l , any process of the 
form B(t,  ~ h ) / ~ t ( j  + 1) is a local martingale under @ ’ T ~ + ~ .  Hence, the price 
of an attainable claim X that settles at time Tj and depends on bond prices 
equals 

% ( x )  = ~ t ( j  + l )&+q+l  ( ~ ? ~ l ( j  + l ) X  Ih) 
for t E [0, Tj]. In particular, for the jth co-sliding swaption we get, for every 
t E [O,Tjl, 

Let us place ourselves within the framework of the lognormal market model 
of co-sliding forward swap rates, in which the volatilities C(t, Tj) of forward 
swap rates are assumed to be bounded deterministic functions. Then we have 
the following result, which is a counterpart of Proposition 13.3.2. It  is useful 
to note that if K = 1 then the jth swaption may be identified with the 
jth caplet. Thus, Proposition 13.5.2 covers also the valuation of caplets (and 
caps) in the lognormal LIBOR market model presented in Sect. 12.4.4. 

Proposition 13.5.2. Assume the lognormal market model of co-sliding for- 
ward swap rates. For any j = 1 , .  . . , n - K, the arbitrage price at time 
t E [0, T - j] of the jth co-sliding swaption equals 

where N is the standard Gaussian probability distribution function and 

Note that the swaption price at time 0 depends only on the initial term 
structure and the volatility of the underlying forward swap rate. In particular, 
the volatilities <m+l(t, Tm+K), m = 1 , .  . . , n - K of relative bond prices that 
were used as auxiliary inputs in the model’s construction, do not enter the 
swaption valuation formula. As a consequence, in the valuation of plain- 
vanilla swaptions, we may disregard these volatilities altogether. The choice 
of volatilities cm+l(t, Tm+K) becomes relevant in the valuation of claims that 
depend simultaneously on several forward swap rates. 
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13.6 Swap Rate Model Versus LIBOR Model 

It should be emphasized that the lognormal version of a model of co-terminal 
forward swap rates and the lognormal LIBOR model are incompatible with 
each other. Indeed, it is not difficult to check that forward LIBORs and co- 
terminal swap rates are linked to each other through the following relationship 

Conversely, all forward LIBORs can be inferred from co-terminal forward 
swap rates since we have 

where 
. . + -1 wj,j+l = w?" d(st - st ) , t 

j+l -1 -d+’ (st - st ) (13.32) 

with (cf. (13.21)) 

. . 
Since, obviously, wi’j + w{’j+’ = 1 for every t E [0, Tj], we see that the LIBOR 
rate L(t, T j )  can be represented as the weighted sum of two consecutive swap 
rates (note, however, that the weights vary randomly and the second weight 
is negative). Formulas (13.30) and (13.32) above make it clear that forward 
LIBORs and forward swap rates cannot have simultaneously deterministic 
volatilities. We conclude that lognormal market models of forward LIBORs 
and forward swap rates are inherently inconsistent with each other. 

A challenging practical question of the choice of a benchmark model for 
simultaneous pricing and hedging of LIBOR and swap derivatives thus arises. 
Existing research in this area was predominantly focused either on the cal- 
ibration of the LLM model (and its extensions) to caplets and swaptions, 
or the derivation of approximate valuation formulas for swaptions within 
the LLM model. In other words, the LLM model has apparently been ac- 
cepted as a natural candidate for a benchmark model for LIBOR and swap 
derivatives. Since the analysis of calibration techniques is beyond the scope 
of this text, we refer the interested reader to original papers by Brace et al. 
(1997), Pedersen (1998), Rebonato (1999a, 1999b), Schoenmakers and Cof- 
fey (l999), Andersen and Andreasen (1999, 2000b), Hull and White (2000), 
Wu (2000), Andersen and Brotherton-Ratcliffe (2001), De Malherbe (2002), 
G9tarek (2002), Wu and Zhang (2002), d’Aspremont (2003), Pelsser et al. 
(2002), Brigo and Mercurio (2003), Glasserman and Merener (2003), Jackel 
and Rebonato (2OO3), Joshi and Rebonato (2OO3), and Piterbarg (200%). 
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Galluccio et al. (2003a) advocate a different approach, by arguing that 
the choice of a (lognormal) market model of forward swap rates as a bench- 
mark has some advantages over the choice of the LLM model. They motivate 
this choice not only by an easier and more stable calibration procedure, but 
also by pertinent arguments related to the hedging of exotic products. The 
procedure put forward by Galluccio et al. (2003a) relies on the calibration 
of the lognormal model of co-terminal swap rates to at-the-money swaptions 
and caplets. Let us stress that in the calibration we need to deal with the 
following issues that can be dealt with separately: the specification of the 
volatility and the choice of the correlation matrix. At the practical level, the 
first issue can be addressed by taking prices of swaptions as inputs, and the 
second problem can be resolved by adjusting the historical correlation matrix 
in a simultaneous calibration to swaptions and caplets. In this way, the joint 
law of forward swap rates and thus also, by virtue of relationship (13.30), 
of LIBORs can be inferred with a greater degree of confidence. The correct 
specification of the correlation structure of a model has a great importance 
for the valuation of exotic LIBOR and swap derivatives. 

13.6.1 Swaptions in the LLM Model 

In this section, we deal with approximate valuation of a swaption in the 
lognormal LIBOR model. To this end, let us recall that, within the general 
framework, the price at  time t E [O, To] of a payer swaption2 with expiry date 
T = To and strike level K equals 

Let D E FT be the exercise set of a swaption; that is 

Lemma 13.6.1. The following equality holds for every t E [O,T] 

Proof. Since 

Since the relationship PSt - RSt = FSt is always valid, and the value of a 
forward swap is given by (13.2), it is enough to examine the case of a payer 
swaption. 
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we have 

where L(Tj-1)  = L(Tj-1 ,  Tj-1). For any j = 1 , .  . . , n, we have 

= E P ~ ~  ( (L(T ,  ~ j - 1 )  - K ) ~ D  l ~ t ) ,  

since Ft c FT and the process L ( t ,  Tj- l )  is a JPrj -martingale. 0 

For any k = 1 , .  . . , n, we define the random variable Ck(t) by setting 

and we write 

$( t )  = I x ( u , T ~ - ~ ) ~ ~ ~ u ,  b't E [O,T]. 6' (13.35) 

Note that for every k = 1 , .  . . , n and t E [0,  TI we have 

L(TITk-l) = L ( t , T k - l )  e C k ( t ) - w / 2 .  

Recall also that the processes W T k  satisfy the following relationship 

for t E [0, Tk] and k = 0 ,  . . . , n-  1. For ease of notation, we formulate the next 
result for t = 0 only; the general case can be treated along the same lines. For 
any fixed j ,  we denote by G j  the joint probability distribution function of the 
n-dimensional random variable (C1 ( 0 )  , . . . , C', ( 0 ) )  under the forward measure 
PT, . 
Proposition 13.6.1. Assume the lognormal LIBOR model. The price at 
time 0 of a payer swaption with expiry date T = To and strike level rc equals 

- 
where Id = l o ( y l l . .  . , yn), and D stands for the set 
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Proof. Let us start by considering arbitrary t E [0, TI. Notice that,  

and thus, in view of (12.23), we have 

Consequently, the exercise set D can be re-expressed in terms of forward 
LIBORs. Indeed, we have 

or more explicitly 

Let us put t = 0. In view of Lemma 13.6.1, to find the arbitrage price of a 
swaption at time 0, it is sufficient to determine the joint law under the forward 
measure P T ~  of the random variable (C1 (0) , . . . , C n  (0)) , where C1 (0) , . . . , Cn (0) 
are given by (13.34). Note also that 

This shows the validity of the valuation formula for t = 0. It is clear that 
it admits a rather straightforward generalization to arbitrary 0 < t 5 T. 
When t > 0, one needs to examine the conditional probability law of 
(Cl(t), . . . , Cn(t)) with respect to the a-field Ft. 0 

We shall now examine a closed-form approximation of the swaption price 
proposed in Brace et al. (1997). Since 

we shall focus on a suitable approximation of the conditional expectation 

for a fixed, but otherwise arbitrary, j .  
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Note first that for any k we have 

and by virtue of (13.36) 
kvj-1 

&+lL(u, Ti) 
A(u, Ti) du, v t E [O, Tj A Tk]. 

1 + &+lL(u, Ti) 

By combining these formulas, we get the following equality that holds for any 
k = 1, . . . ,  n and every t E [O,T] 

where 

For any fixed j and arbitrary k = 1, . . . , n, we approximate the random 
variable Ck(t) by 

where T 
h i , k ( t ) = l  h(u,Ti-l).h(u,Tk-l)du, Vt�[O,T] .  

It is clear that for any fixed j the conditional probability law of the n- 
dimensional random variable (({ (t), . . . ,(: (t)) under IF’T~ , given the a-field 
Ft, is Gaussian N(pj(t),  A(t)) with the matrix A(t) = [Xi,k(t)]lli,kln and 
the expected value pj(t) E Rn having the following components 

f o r k =  1, . . . ,  n. 
It  is now straightforward to find a quasi-explicit formula that gives an 

approximate value of a swaption. Unfortunately, this formula involves inte- 
gration with respect to n-dimensional Gaussian density. 

An alternative approach to the valuation of swaptions in the LLM model, 
first proposed by Rebonato (199913) and later refined by Hull and White 
(2000), relies on the derivation of the approximate lognormal dynamics of 
forward swap rates in the LLM model, by the method of "freezing coeffi- 
cients." For the sake of simplicity, we present briefly these methods in the 
context of valuation of caplets in a model of swap rates. 
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13.6.2 Caplets in the Co-terminal Swap Market Model 

We place ourselves in the lognormal model of co-terminal forward swap rates. 
Recall that we write k(t, Tj) = ~ ( t ,  Tj, n - j ) .  In order to derive the approx- 
imate dynamics of LIBOR, we start from the representation (see (13.31)) 

Following the idea of Rebonato (199?), we freeze the weights wit’, wiJ at  
time 0 and we differentiate this equation with respect to t .  We obtain 

Hence, 

The last equality shows that under the forward measure JPTj+, we have 

where we set (see (13.32)) 

In this way, we obtain a rather crude lognormal approximation of forward 
LIBOR L(t, Tj) in the lognormal model of co-terminal forward swap rates. . . 
It was implicitly assumed here that the variability of stochastic weights w:’~ 
and wiJ" is small with respect to the volatilities of forward swap rates. 

A more precise approximation can be obtained by first differentiating 
(13.39) and subsequently freezing all stochastic terms in the volatility of 
L(t,Tj). This method was proposed by Hull and White (2000). It  ensues 
that 

n- 1 

dL(t, Tj) = L(t, Tj) ti$"u(t, n )dwTj+l ,  
l=j 

where - - w6 - j  1 "(0, - n)/L(O, Tj) and (for the definition of g;+'" see formula 
(13.21)) 

. 0’ otherwise. 
From the representation above, it is possible to find the volatility parameter 
to be plugged into Black’s caplet formula. 
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13.7 Markov-funct ional Models 

As was shown in Sect. 12.4.5, in a lognormal market model the forward LI- 
BORs (or forward swap rates) follow multidimensional Markov process under 
any of the associated forward (or swap) measures. In principle, lognormal 
market models can be calibrated in a natural way to market prices of caps 
(or swaptions) and this is a nice feature of this class of term structure models, 
as opposed to classical models based on the specification of the dynamics of 
(spot or forward) instantaneous rates. However, due to the high dimensional- 
ity of the underlying Markov process, the implementation of market models 
is not as straightforward as is might appear at  the first glance. 

An alternative approach was recently developed in a series of papers by 
Hunt and Kennedy (1997, 1998) and Hunt et al. (1996,2000) (for an indepen- 
dent research, see Hughston and Balland (2000)). It  hinges on a specification 
of a low-dimensional Markov process that by assumption governs, through a 
simple functional dependence, the dynamics of all other relevant processes. 
For this reason, term structure models of this type are referred to as Marlcov- 
functional interest rate models. In the economic interpretation, the underlying 
Markov process is assumed to represent the state of the economy. This can be 
seen as a drawback of this approach with respect to market models, since the 
natural interpretation of risk factors (i.e., volatilities and correlations) is lost. 
In fact, Markov-functional constructions are based on marginal distributions 
of market models, rather than on their volatilities. 

Formally, one starts by introducing a one- or multidimensional process 
M possessing the Markov property under the terminal measure, where the 
generic term terminal measure is intended to cover not only cases considered 
in previous sections, but also other suitable choices of the numeraire portfolio. 
As was mentioned already, the relevant processes such as, in particular, the 
value process of the numeraire portfolio and zero-coupon bond prices, are 
assumed to be functions of M. For instance, if T* > 0 is the horizon date 
then for any t 5 T we have 

where &(Mt), t I T*, is the value process of the numeraire portfolio, and @ is 
the associated martingale measure. The notation B(t,  T, Mt) emphasizes the 
dependence of the bond price on time variables, t and T I  and on the state 
variable represented by the random variable Mt. Note that the functional 
form B(t,  TI Mt) is not known explicitly, except for some very special choices 
of dates t and T.  For instance, if may appear convenient to postulate that 

for some constants A and Cr, and to derive further properties of a model 
from the martingale feature of relative prices. 
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We shall now present a particular example of such an approach, in which 
we focus on the derivation of a simple expression for the so-called convexity 
correction. Subsequently, we shall discuss the problem of calibration of the 
Markov-functional model. 

13.7.1 Terminal Swap Rate Model 

The terminal swap rate model - put forward by Hunt et al. (1996) - was 
primarily designed for the purpose of the comparative pricing of exotic swaps 
with respect to plain vanilla swaps. Let us consider a given collection of 
resetlsettlements dates To,. . . , Tn. As usual, we shall write T = To. We shall 
examine the family of bonds B(T, Si), where the maturity date Si > T, i = 
1 , .  . . , m belongs to some set S = IS1,. . . , S,) of dates. 

In what follows, we shall focus on the so-called linear model. Thus, we 
postulate that there exist constants A and Csi such that for any Si E S 

D(T, Si) ef B(T, s~)G,’ (n) = A + Cs, n(T, T, n). (13.40) 
Recall that for every t 5 T we have Gt(n) = ELl GjB(t, Tj) and (cf. (13.12)) 

Using the martingale property of the discounted bond price D(t,  Si) and the 
forward swap rate n(t, T, n) under the corresponding forward swap measure 
associated with the choice of the process Gt(n) as a numeraire, we get 

or equivalently, 

for every t E [0, TI. We thus see that condition (13.40) is rather stringent; it 
implies that the price of any bond of maturity Si from S can by represented as 
a linear combination of values of two particular portfolios of bonds, with one 
coefficient independent of maturity date Si. The problem whether such an 
assumption can be supported by an arbitrage-free model of the term structure 
is not addressed in Hunt et al. (1996). 

Let us now focus on the derivation of values of constants A and Cs,. 
To this end, we assume that equality (13.40) is satisfied for any maturity 
Tj, j = 1,. . . , n. In other words, we now take S = {TI, . . . , Tn). Then 

and thus n 

A = ( T ~ - T o ) - ’ ,  C G j ~ q = O .  (13.41) 
j=1 
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Consequently, using the first equality above and the martingale property 
of processes D(T, Tj) and ~ ( t ,  T, n),  we obtain 

~ ( 0 ,  T j ) ~ i 1 ( n )  = (Tn - To)-’ + CT, ~ ( 0 ,  T, n) ,  

so that for each maturity in question the constant CTj is also uniquely de- 
termined. Note that the second equality in (13.41) is also satisfied for this 
choice of CT, for j = 1 , .  . . , n. 

Hunt and Kennedy (1997) argue that under (13.40) the problem of pricing 
irregular cash flows becomes relatively easy to handle. To illustrate this point, 
let us assume that we wish to value a contingent claim X that settles at time 
T and has the following representation 

where cis are constants, and Si E S for i = 1, .  . . , m. We assume that a FT- 
measurable random variable F has the form F = F(B(T, S1), . . . , B(T, S,)) 
for some function : IW? --+ EX. To be conform with the notation introduced 
in Sect. 9.6.4, we denote 

Using (13.40) and (13.41)-(13.42), we obtain 

where m m 

i=l i= 1 

In view of the discussion in Sect. 9.6.4, it is clear that 

Under the assumption that the forward rate K ( ~ , T ,  n) follows a geometric 
Brownian motion under the forward swap measure P2, it follows also a log- 
normally distributed process under IP1 (see the discussion in Sect. 9.6.4). 
Consequently, under (13.40), the joint (conditional) probability law of ran- 
dom variables B(T, &), . . . , B(T, S,) under probability measures IP1 and IP2 
are known explicitly. We conclude that the conditional expectations in (13.43) 
can, in principle, be evaluated. 

Constant maturity swap. We assume that the market price at  time 0 of 
the (plain-vanilla) fixed-for-floating swaption is known. As an example, we 
shall consider a fixed-for-floating constant maturity swap. 
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To value one leg of the floating side of a constant maturity swap, consider 
a cash flow proportional to K(T, T, n) that occurs at some date U > T (notice 
that U = Tj for some j ) .  Ignoring the constant, such a payoff is equivalent to 
the claim X = B(T, U)n(T, T, n) that settles at time T .  Using representation 
(13.43) of the price, we obtain 

Consequently, at  time 0 we have 

ro(X) = Cu(B(0, T )  - ~ ( 0 ,  Tn))n(0, T, n)eUzT + AGo(~)K(O, T, n), 

where the constant a represents the implied volatility of the traded swaption, 
with maturity date T .  Using the formula for the constant Cu, we obtain 

so finally 
ro (X)  = B(0, U)n(0, T, n ) ( l +  (1 - w)euZT), (13.44) 

where we write w = A G o ( n ) ~ - l ( 0 ,  U). It should be stressed that the simple 
valuation result (13.44) hinges on the strong assumption (13.40). 

13.7.2 Calibration of Markov-functional Models 

The most important feature of a generic Markov-functional model is the fact 
that its calibration to market prices of plain-vanilla derivatives is relatively 
easy to achieve. For convenience, we shall focus here on the calibration of the 
Markov-functional model of fixed-maturity forward swap rates. The case of 
forward LIBORs can be dealt with analogously. A more extensive discussion 
of issues examined in this section can be found in Hunt et al. (1997). 

To start the calibration procedure, we postulate that the forward swap 
rate for the date Tn-l follows a lognormal martingale under the correspond- 
ing forward measure P T ~ .  More specifically, we assume that the process 
k(t, Tn-1) = n(t, Tn-1, 1) obeys the equation 

where W is a Brownian motion under PTn and u(t, TnP1) is a strictly positive 
deterministic function. Let us take the process 

as the driving Markov process for our model, and let us denote 
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Then clearly 

where the function h,-l : R -, R+ is known explicitly. 
Consequently, the bond price can be represented as follows 

This also means that 

where in turn g , - l ( M ~ ~ - , )  = dn, so that the function gn-1 : R -+ R+ is in 
fact constant. 

Suppose that we observe market prices of digital swaptions for all strikes 
IE > 0 and expiration dates TO,. . . , Tn-1. Our goal is to find the joint prob- 
ability distribution under PTn of the (n  - 1)-dimensional random variable 
(R(To,To), . . . , k(Tn-l,Tn-l)). This goal can be achieved by deriving the 
functional dependence of each rate R(Tj, Tj) on the underlying Markov pro- 
cess. To be more specific, we shall search for the function hj  : R+ -+ R+ such 
that R(Tj,Tj) = h j ( M ~ ~ ) .  TO this end, we assume that for any j = 0,. . . , n-1 
there exists a strictly increasing function hj such that this property is valid 
(notice that in view of (13.46), this statement is obviously true for j = n- 1). 

By the definition of the probability measure PTn, we have for i = j + 
1, . . . ,  n 

B(Tj, Ti) B (Ti, Ti) B(Ti, Ti) 
B(Tj Tn) = Eb (B(Ti, Tn) I 4 = B" &(Ti, Tn) I M?) 

since Frj = .Fc = FE. Hence, if B(Ti, T,) = B(Ti, T,, MTi) we obtain 

This means, of course, that the right-hand side of the last formula is a function 
of M T ~ .  Consequently, for 

we get f o r j  = 1, ..., n -  1 

where gj  : R --+ R is a measurable function with strictly positive values. 
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In particular, for j = n - 1 

and for j = n - 2 

where B(Tn-1, Tn, M T ~ - , )  is given by (13.48). In general, the right-hand side 
of (13.49) can be evaluated using the transition probability density function 
pM(t, m; u, x) of the Markov process M ,  provided that the functional form of 
B(Ti, Tn, M T ~ )  is known for every i = j + 1, .  . . , n. More explicitly 

n ~ i p ~ ( T j , m ; ~ i , x )  

g j (m)=  B(Ti,Tn,x) dx. i=j+l 

We work back iteratively from the last relevant date Tn-1. Recall that in the 
first step (that is, when j = n- 2) the functional form of B(Tn-1, Tn, MTn-,) 
is given by (13.48). 

Assume now that the functional form of B(Ti, Tn, MTZ) has already been 
found for i = j + 1 , .  . . , n  - 1. To determine B(Tj,Tn, MTj), it is enough to 
find the functional form of the swap rate k(Tj, Tj). Indeed, we have 

and thus 

Our next goal is to show how to find the function hj, under the assumption 
that the functional forms of bond prices B (Ti, Tn, MTZ ) are known for every 
i = j + 1, .  . . , n. To this end, we assume that we are given all market prices 
of digital swaptions with expiration date Tj and all strictly positive strikes 
K. By definition, the jth digital swaption, with unit notional principal, pays 
the amount at times Ti, i = j + 1, .  . . , n provided that k(Tj, Tj) > K. It  is 
convenient to represent the price at  time 0 of the jth digital swaption, with 
expiration date Tj and strike r;, in the following way 

for j = 0, . . . , n - 2. Under the present assumptions, we obtain 
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or equivalently, 

Finally, if we denote by f ~ ( x )  = p ~ ( 0 , O ;  Tj, x) the (Gaussian) p.d.f. of MTj 
under PTn then 

where we write hj = h;’. It  is natural to assume that the function3 D S ~  : 
R+ -+ R+ is strictly decreasing as a function of the strike level n, with 

and D S ~ ( + K I )  = 0. Since 

it can be deduced from (13.52) that hj(0) = -co. Furthermore, condi- 
tion D S $ ( + ~ )  = 0 implies that hj(+oo) = + X I .  Finally, the function 
hj  implicitly defined through equality (13.52) is strictly increasing, so that 
it admits the inverse function hj  with the desired properties. To wit, for 
hi = h ~ ’  we have: hj  : R -+ R+ is strictly increasing, with hj(-co) = 0 and 
hj(+co) = +co. This shows that the procedure above leads to a reasonable 
specification of the functional form k(Tj, Tj) = hj(MTj). 

Let us recapitulate the main steps of the calibration procedure. In the first 
step, we find the function hn-2 expressing k(Tn-2,Tn-2) in terms of MTn-, 
numerically. To this end, we need first to  evaluate the function gn-2 using 
formula (13.50) with B(Tn,Tn,x) = 1 and B(Tn-l,Tn,x) given by (13.48) 

In the second step, we first determine B(TnP2, Tn, x) using relationship 
(13.51), that is, 

Then, we find gn-3 using (13.50), and subsequently we determine the rate 
k(TnF3, TnP3), or rather the corresponding function hn-3. 

Continuing this procedure, we end up with the following representation 
of the finite family of swap rates 

This representation specifies the probability distribution of the considered 
family of swap rates uniquely under the terminal measure PTn. 

The function D S ~  represents the observed market prices of digital swaptions, 
and thus the foregoing assumptions concerning the behavior of this function are 
natural. 
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13.8 Flesaker and Hughston Approach 

We shall now analyze an approach proposed by Flesaker and Hughston 
(1996a, 199613) (see also Goldberg (1996), Rogers (1997b), Rutkowski (1997), 
Hughston and Rafailidis (2002), and Brody and Hughston (2003, 2004)). 

From the theoretical viewpoint, their approach is rather close to the clas- 
sical methodology that hinges on the specification of the short-term interest 
rate. An interesting feature of this method is the fact that it leads to closed- 
form solutions for the prices of caps and swaptions of all maturities. 

Let At, t E [O,T*], be a strictly positive supermartingale, defined on a 
filtered probability space (R,IF,P). For any maturity T E [O,T*], the bond 
price B(t,  T) is specified by means of the following pricing formula 

B( t ,T)  ef A t 1  13p(AT 1 3 ~ 1 ,  Vt E [O,T]. (13.53) 

For simplicity, the a-field F0 is assumed to be trivial, so that A. is a strictly 
positive constant; there is no loss of generality in setting A. = 1. The 
following statements are trivial: (a) B(T,T)  = 1 for any maturity T;  (b) 
B(t ,  U) < B(t ,  T) for every t E [0, TI, and all maturities U, T such that 
U 2 T. Note that in order to match the initial term structure, we need to 
specify A in such a way that B(0,T) = IEp(AT) for every t E [O,T*]. Putting 
Dt = A;’, t E [0, T*], we obtain 

B( t ,T)  = ~t IE~(D;’ 1 Ft), Vt E [0, TI. (13.54) 

Note that, under mild technical assumptions, D is a strictly positive sub- 
martingale under P. In particular, if D follows an increasing process then it 
can be interpreted as a savings account. 

Let us show that we may use an equivalent change of probability measure 
in order to get the standard risk-neutral valuation formula 

B( t ,T )  = B~IE~*(B? ’  IFt) ,  Vt E [O,T], (13.55) 

where B is an increasing process, to be specified later (of course, B admits 
a natural interpretation as a savings account implied by the family of bond 
prices). More generally, we will show that 

for any integrable contingent claim X that settles at time T .  For any proba- 
bility measure P* on (0, FT.), equivalent to P, we write 

We have the following auxiliary lemma. It should be stressed that the strictly 
positive supermartingale A, defined on a filtered probability space ( 0 ,  IF, P), 
is fixed throughout. 
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Lemma 13.8.1. Let P* be an arbitrary probability measure equivalent to P. 
Define the process B by setting Bt = 7 7 t ~ , 1  for every t E [O,T*], where 7 is 
the Radon-Nikody'm density of P* with respect to P. Then 

for any maturity T E [0, T*] 

Proof. We have 

where the first equality follows from Bayes’s rule, the second is a consequence 
of the definition of B, and the last follows from (13.53). 0 

We shall now focus on the absence of arbitrage between bonds with dif- 
ferent maturities and cash. In the present context, we find it convenient to 
say that a model is arbitrage-free if there exists a probability measure P* 
equivalent to P such that the corresponding process Bt = r l t ~ , l  is of finite 
variation (and thus B is an increasing process). In this case, B can be iden- 
tified as a savings account - that is, an additional tradable asset - and we 
are back in a standard set-up. It follows from (13.53) that all "discounted" 
processes 

are martingales under P. This does not imply immediately that the model is 
arbitrage-free, however, since the process A cannot in general be identified 
with the price process of a tradable asset. 

Proposition 13.8.1. Let A be a strictly positive supermartingale. Then 
there exists a unique strictly positive martingale 7, with = 1, such that the 
process Bt = rltA,l is an increasing process. The bond price model B(t ,T)  
is arbitrage-free, and the arbitrage price xt(X) of any attainable contingent 
claim X settling at time T equals 

for every t E [O,T], where the probability measure P* i s  given by formula 
(13.56). 

Proof. The first statement follows directly from the multiplicative decompo- 
sition of a strictly positive supermartingale A. The first equality in (13.57) is 
standard; the second is an immediate consequence of Bayes’s rule. 0 

From Proposition 13.8.1, we see that the bond pricing model based on 
(13.53) is equivalent to the construction that assumes the existence of an 
increasing savings account B.  
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13.8.1 Rational Lognormal Model 

Assume that the supermartingale A is given by the formula At = f (t)+g(t)Mt 
for t E [0, T*], where f ,  g : [0, T*] -+ R+ are strictly positive decreasing 
functions, and M is a strictly positive martingale, with Mo = 1. This model 
is commonly known as the rational lognormal model. It follows from (13.57) 
that 

for any maturity T E [0, T*] . To match the initial yield curve, it is sufficient 
to choose strictly positive decreasing functions f and g in such a way that 

To get explicit valuation formulas, we need to further specify the model. We 
postulate, in addition, that M solves the SDE dMt = atMt dWt, with Mo = 1, 
for some deterministic function a : [0, T*] -+ Rd, where W is a d-dimensional 
standard Brownian motion on (Q, IF, P). Equivalently, we assume that 

As we shall check now, such a specification of M leads to closed-form expres- 
sions for the prices of all caplets and swaptions. To this end, assume that 
IF = IFW. Then for any probability measure P* on ( Q , F p )  equivalent to 
the underlying probability measure P, there exists an adapted process y such 
that 

Suppose that the functions f and g are differentiable. It is not hard to check, 
using Itb’s formula and Girsanov’s theorem, that the process y, which equals 

atg(t)Mt v t E [0, T*], 
yt = f (t) + g(t)Mt 

gives the unique right choice of P* - that is, the probability measure P* for 
which the associated process Bt = r l t ~ ; l  is increasing. Under P*, we have 
dBt = r tBt  dt, where r equals 

Also, it is possible to check by direct differentiation that rt = f (t, t ) ,  where 

d ln  B(t,  T )  f (t, T )  = - d T  
and B(t,  T )  is given by (13.58). 
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13.8.2 Valuation of C a p s  a n d  Swaptions 

From now on, we work within the set-up of the lognormal rational model. 
Let us fix the expiry date T and the settlement date T + 6, where 6 > 0 is 
a fixed number. A caplet pays X = G(L(T, T )  - K)+ at the settlement date 
T + 6, or equivalently, 

a t  the expiry date T .  Straightforward calculations show that 

and thus the arbitrage price C p l t  of such a caplet equals 

Consequently, the arbitrage price F C t  of a cap, at any date t before expiry 
T = To, is 

where, as usual, Tj = TjPl + Sj for j = 1, . . . , n - 1. Since M is a martingale, 
for every u 5 T* - 6 we have 

Ep(AU+s I Fu) = f (u + 6) + g(u + wfu,  (13.61) 

for any 6 > 0, and thus 

C p l  = 
1 

f (4 + g(t)Mt EP{(f ( ~ ) - b f  ( T + ~ ) - ( $ ~ ( T + ~ ) - ~ ( T ) ) M T ) +  I Ft}, 

where b = 1 + x6, or equivalently, 

where 
a o =  f ( T ) - 6 f ( ~ + 6 ) ,  b 0 = 6 ~ ( ~ + 6 ) - ~ ( T ) .  

Consequently, the price of a cap admits the following representation 

n- 1 

FCt = ( f  (t) + g ( t ) ~ t ) - l  x ~ p ( ( a , -  - b j M ~ ~ ) +  I Ft), 
j=O 

where the constants a j  and bj satisfy, for j = 0, .  . . , n - 1, 
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Recall that a (payer) swaption is essentially equivalent to a contract that 
pays X j  = 6 j ( ~ ( T ,  T, n) - K)+ at each future date TI, .  . . , Tn. By discounting 
those payments to the date T, we observe that a swaption corresponds to the 
European claim X settling at  time T = To and given as 

In terms of the supermartingale A, we have 

and thus the arbitrage price of a swaption equals 

Using (l3.61), we find that 

where we write h(t) = f (t) + g(t)MT for every t E [0, T*]. After rearranging, 
this yields 

where the constants a and b satisfy 

We shall evaluate the cap price FCt and the swaption price PSt in terms of 
the underlying martingale M. Note that from (13.58) we obtain 

Similarly, simple algebra reveals that 

We thus conclude that in order to express cap and swaption prices in terms 
of the bond price B(t ,  T )  (or in terms of the forward LIBOR L(t ,T)) ,  it is 
enough to find closed-form solutions for these prices in terms of the driving 
martingale M. 
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It is worth noting that for small values of K (all other variables being 
fixed), we have a0 > 0 and bo < 0; that is, a caplet is always exercised. We 
assume from now on that a0 and bo are strictly positive (the case of negative 
values is left to the reader). We set 

Recall that we have assumed here the set-up of the rational lognormal model. 

Proposition 13.8.2. Assume that the coeficients a j  and bj are strictly pos- 
itive. Then  the price of a caplet maturing at t ime Tj equals, for t E [0, Tj], 

where 

Proof. We have 

where the random variable <, which is given by the formula 

is independent of the u-field Ft. The asserted formula follows by standard 
calculations. 0 

In order to price a cap, it is sufficient to add the prices of the underlying 
caplets (it is essential to determine first the signs of ajs and bjs). 

The standard proof of the next result is left to the reader. 

Proposition 13.8.3. Suppose that the coeficients a and b are strictly posi- 
tive. Then  the price PSt of a payer swaption, with expiry date T and strike 
level K ,  equals 

where 
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In this chapter, we deal with derivative securities related to at least two 
economies (a domestic market and a foreign market, say). Any such secu- 
rity will be referred to as a cross-currency derivative. In contrast to the 
model examined in Chap. 4, all interest rates and exchange rates are as- 
sumed to be random. It seems natural to expect that the fluctuations of in- 
terest rates and exchange rates will be highly correlated. This feature should 
be reflected in the valuation and hedging of foreign and cross-currency deriva- 
tive securities in the domestic market. Feiger and Jacquillat (1979) (see also 
Grabbe (1983)) were probably the first to study, in a systematic way, the val- 
uation of currency options within the framework of stochastic interest rates 
(they do not provide a closed-form solution for the price, however). More 
recently, Amin and Jarrow (1991) extended the HJM approach by incorpo- 
rating foreign economies. Frachot (1995) examined a special case of the HJM 
model with stochastic volatilities, in which the bond price and the exchange 
rate are assumed to be deterministic functions of a single state variable. 

The first section introduces the basic assumptions of the model along the 
same lines as in Amin and Jarrow (1991). In the next section, the model is 
further specified by postulating deterministic volatilities for all bond prices 
and exchange rates. We examine the arbitrage valuation of foreign market 
derivatives such as currency options, foreign equity options, cross-currency 
swaps and swaptions, and basket options (see Jamshidian (199313, 1994b), 
Turnbull (1994), Frey and Sommer (1996), Brace and Musiela (1997), and 
Dempster and Hutton (1997)). 

Let us explain briefly the last three contracts. A cross-currency swap is 
an interest rate swap agreement in which at least one of the reference interest 
rates is taken from a foreign market; the payments of a cross-currency swap 
can be denominated in units of any foreign currency, or in domestic currency. 
As one might guess, a cross-currency swaption is an option contract written 
on the value of a cross-currency swap. Finally, by a basket option we mean 
here an option written on a basket (i.e., weighted average) of foreign interest 
rates. Typical examples of such contracts are basket caps and basket floors. 
The final section is devoted to the valuation of foreign market interest rate 
derivatives in the framework of the lognormal model of forward LIBOR rates. 
It appears that closed-form expressions for the prices of such interest rate 
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derivatives as quanto caps and cross-currency swaps are not easily available 
in this case, since the bond price volatilities follow stochastic processes with 
rather involved dynamics. 

14.1 Arbitrage-free Cross-currency Markets 

To analyze cross-currency derivatives within the HJM framework, or in a 
general stochastic interest rate model, we need to expand our model so that 
it includes foreign assets and indices. Generally speaking, the superscript i 
indicates that a given process represents a quantity (e.g., an exchange rate, 
interest rate, stock price) related to the ith foreign market. The exchange rate 
Q: of currency i, which is denominated in domestic currency per unit of the 
currency i, establishes the direct link between the spot domestic market and 
the ith spot foreign market. As usual, we write P* to denote the domestic 
martingale measure, and W* stands for the d-dimensional standard Brow- 
nian motion under P. Our aim is to construct an arbitrage-free model of 
foreign markets in a similar way to that of Chap. 4. In order to avoid rather 
standard Girsanov-type transformations, we prefer to start by postulating 
the "right" (that is, arbitrage-free) dynamics of all relevant processes. For 
instance, in order to prevent arbitrage between investments in domestic and 
foreign bonds, we assume that the dynamics of the ith exchange rate Qi under 
the measure P* are 

where rt and rj stand for the spot interest rate in the domestic and the ith 
foreign market, respectively. The rationale behind expression (14.1) is similar 
to that which leads to formula (4.14) of Chap. 4. In the case of generalized 
HJM methodology, the interest rate risk will be modelled by the domestic and 
foreign market instantaneous forward rates, denoted by f (t ,  T )  and f i(t ,  T )  
respectively. We postulate that for any maturity T 5 T*, the dynamics under 
P* of the foreign forward rate f i(t, T )  are given by the following expression 

where 

We assume also that for every i we are given an initial foreign term structure 
f i(O, T) ,  T E [0, T*], and that the foreign spot rates ri satisfy r: = f i(t, t)  
for every t E [O,T*]. The price Bi( t ,T)  of a T-maturity foreign zero-coupon 
bond, denominated in foreign currency, is 
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Consequently, the dynamics of Bi(t, T) under the domestic martingale mea- 
sure P* are 

with Bi(T,T) = 1, or equivalently 

Similarly, we assume that the price of an arbitrary foreign asset Zi that pays 
no dividend satisfies1 

for some process Ei. For simplicity, the adapted volatility processes ui (t, T) ,  ui 
and t i ,  taking values in EXd, are assumed to be bounded. 

Remarks. Let us denote dWj = dW,* - u: dt. Then (14.2) and (14.3) become 

and 
d ~ ’ ( t ,  T) = ~ ’ ( t ,  T) (r: dt - of( t ,  T) . d ~ j )  (14.7) 

respectively, where Wi follows a Brownian motion under the spot probabil- 
ity measure Pi of the ith market, and where the probability measure Pi is 
obtained from Girsanov’s theorem (cf. (14.14)). It  is instructive to compare 
(14.6)-(14.7) with formulas (11.14)-(11.15) of Corollary 11.1.1. 

Let us verify that under (14.4)-(14.5), the combined market is arbitrage- 
free for both domestic and foreign-based investors. It  is easily seen that pro- 
cesses Bi (t, T)QI and Z:Qi , which represent prices of foreign assets expressed 
in domestic currency, satisfy 

Let Bt represent a domestic savings account. It follows immediately from 
(14.8)-(14.9) that the relative prices Bi (t, T)Q;/Bt and Z:Q!/Bt of foreign 
assets, expressed in units of domestic currency, are local martingales under 
the domestic martingale measure P*. Because of this property, it is clear that 
by proceeding along the same lines as in Chap. 8, it is possible to construct 
an arbitrage-free model of the cross-currency market after making a judicious 
choice of the class of admissible trading strategies. 

Recall that the superscript i refers to the fact that Z: is the price of a given asset 
at time t ,  expressed in units of the ith foreign currency. 
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Remarks. The existence of short-term rates in all markets is not an essen- 
tial condition if one wishes to construct an arbitrage-free model of a cross- 
currency market under uncertain interest rates. It  is enough to postulate 
suitable dynamics for all zero-coupon bonds in all markets, as well as for 
the corresponding exchange rates. In such an approach, it is natural to make 
use of forward measures, rather than spot martingale measures. Assume, for 
instance, that B(t ,  T*) models the price of a domestic bond for the horizon 
date T*, and PT* is the domestic forward measure for this date. For any 
fixed i,  we need to specify the dynamics of the foreign bond price Bi( t ,T) ,  
expressed in units of the ith currency, and the exchange rate process QZ. In 
such an approach, it is sufficient to assume that for every T,  the process 

follows a local martingale under PT.. One needs to impose the standard 
conditions that rule out arbitrage between foreign bonds, as seen from the 
perspective of a foreign-based investor (a similar remark applies to any foreign 
market asset). 

14.1.1 Forward Price of a Foreign Asset 

Let us start by analyzing the forward price of a foreign bond in the domestic 
market. It  is not hard to check that for any maturities T 5 U, the dynamics 
of the forward price FBi (t, U, T )  = Bi(t,  U)/Bi(t, T), under the domestic 
martingale measure P*, expressed in the ith foreign currency, satisfy 

where yi(t, U, T) = bi(t, U )  - bi(t, T). On the other hand, when expressed in 
units of the domestic currency, the forward price at  time t for settlement at 
date T of the U-maturity zero-coupon bond of the ith foreign market equals2 

Relationship (14.11) is in fact a universal property, meaning that it can be 
derived by simple no-arbitrage arguments, independently of the model of 
term structure. Notice that 

in general. This means that the domestic forward price of a foreign bond does 
not necessarily coincide with the foreign market forward price of the bond, 

It should be made clear that we consider here a forward contfact in which a 
U-maturity foreign bond is delivered at time T, in exchange for F&(t,  U, T) units 
of the domestic currency. 
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when the latter is converted into domestic currency at  the current exchange 
rate. It is useful to observe that in the special case when T = U, the forward 
price F; (t, TI T) satisfies 

i.e., it agrees with the forward exchange rate for the settlement date T (cf. 
formula (4.16) in Chap. 4). More generally, we have the following result, 
which is valid for any foreign market asset Zi (recall that the price Zl is 
expressed in units of the ith foreign currency). 

Lemma 14.1.1. The domestic forward price Pzi (t, T) for the settlement at 
time T of the foreign market security Zi (which pays no dividends) satisfies 

- ZlQf 
FZi(t ,T)  = - 

B(t1 T )  
= FZt (t , T) FQi (t , T). (14.13) 

Proof. The first equality follows by standard no-arbitrage arguments. For the 
second, notice that 

where FZi(t, T )  is the foreign forward price (in units of the i th currency). 
For our further purposes, it is useful to examine the dynamics of the 

forward price of a foreign market asset. Let us start by analyzing the case of 
a foreign zero-coupon bond. It is easily seen that for any choice of maturities 
T 5 U 5 T*, the dynamics of the forward price process F;(t, U, T )  under 
the domestic martingale measure P* are given by the expression 

or, in the standard HJM framework 

since b(t,T) = -a*(t,T). Similarly, the dynamics of the forward price 
flZ, (t, T )  under the domestic martingale measure P* are 

that is 

d F z i ( t , ~ )  = F z t ( t , ~ )  (v; + c: + o*(t,T)) . (dw; + o*(t, T )  dt). 

Let Pi be the probability measure on (Q,37-*) defined by the Doleans expo- 
nential 
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By virtue of Girsanov’s theorem, the process Wi, which is given by the for- 
mula 

t 
w ; = W ; - l  vtdu,  V t t  [O,T*], 

follows a Brownian motion under the probability measure Pi. Since 

we conclude that the probability measure Pi is the (spot) martingale measure 
of the ith foreign market (cf. formulas (4.7)-(4.8) of Chap. 4). Let us now 
examine the corresponding forward probability measures. Recall that the 
forward measure PT in the domestic market is given on (R, FT) by means of 
the following expression (cf. formula (9.32) in Sect. 9.6) 

Moreover, under the domestic forward measure PT, the process wT1 which 
equals 

t 
T Wt = W; - l b(u, T )  du = W; + a*(u,  T )  du, I' 

is a d-dimensional standard Brownian motion. Analogously, the forward mea- 
sure for the ith foreign market, denoted by P$, is defined on ( 0 ,  FT) by the 
formula 

The process WT>i, which satisfies 

follows a d-dimensional standard Brownian motion under P$. Furthermore, 
the foreign market forward rate f i(., T )  follows a local martingale under P$, 
more explicitly 

dfi(t, T) = ai( t l  T )  . dwTi .  

The next result links the forward measure of a foreign market to the domestic 
spot martingale measure. 
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Lemma 14.1.2. The Radon-Nikodym derivative o n  ( 0 , 3 ~ )  of the forward 
measure P$ of the ith foreign market with respect t o  the domestic spot mar- 
tingale measure P* equals 

Proof. For any two continuous semimartingales X, Y defined on a probability 
space (0,IF, Q),  with Xo = Yo = 0, we have (see Theorem 11.37 in Protter 
(1990)) 

E t ( X ) £ t ( Y ) = E t ( X + Y + ( X , Y ) ) ,  V t E  [O,T]. 
Applying this equality to the density 

Furthermore, by virtue of (14.14) and (14.15), we find that 

and thus for every t E [0, T] 
t 

uT1' + U; + (u’>~, ui), = 1 bi(u, T) . (dW;  - v: du) 
0 

Combining the last equality with (14.18), we obtain (14.17). 0 

The next auxiliary result, which gives the density of the foreign forward 
measure with respect to the domestic forward measure, can be proved along 
similar lines. 

Lemma 14.1.3. The following formula holds 

where 
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14.1.2 Valuation of Foreign Contingent Claims 

In this section, we deal with the valuation of general contingent claims de- 
nominated in foreign currency. Consider a time T contingent claim Yi in the 
ith foreign market - that is, a contingent claim denominated in the currency 
of market i .  We assume as usual that Yi is a random variable, measurable 
with respect to the a-field 3 ~ .  Under appropriate integrability conditions, 
its arbitrage price at time t ,  expressed in domestic currency, is 

where the second equality is a consequence of Lemma 9.6.3. Indeed, a claim 
XT = YiQ$, which is denominated in units of domestic currency, can be 
priced as any "usual" domestic contingent claim. An alternative way of valu- 
ing Yi is to first determine the price rI(Yi) in units of foreign currency, which 
is 

r:(yi) = BjIEpi (yi /B$ 1 3,) = B ~ ( ~ , T )  I E ~ ( Y ~  I Ft ) ,  (14.19) 

and then to convert it into domestic currency, using the current exchange 
rate. This means that we have 

The former method for the valuation of foreign market contingent claims 
is frequently referred to as the domestic market method, while the latter is 
known as the foreign market method. Since the arbitrage price is uniquely 
defined, both methods must necessarily give the same price for any given 
foreign claim. A comparison of (14.19) and (14.20) yields immediately an 
interesting equality 

which can alternatively be proved by standard arguments. To show more 
directly that (14.21) holds, observe that 

dPi def . 

dP* - = ET(ui) = [+, P*-a.s. 

On the other hand, the exchange rate Qi is easily seen to satisfy 

so that Q$ and Qe satisfy the following relationship 

Consequently, from Bayes rule we get 
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Finally, taking (14.22) into account, we obtain 

as expected. 

14.1.3 Cross-currency Rates 

In some instances it will be convenient to consider a cross-currency rate, 
which is simply the exchange rate between two foreign currencies. Consider 
two foreign markets, say 1 and m, and denote by QmlZ the corresponding 
cross-currency rate. More specifically, we assume that the exchange rate QmlZ 
is the price of one unit of currency 1 denominated in currency m. In terms of 
our previous notation, we have 

QY/’ sf Q ~ / Q ~ ,  Y t  E [O, T*], 

hence by the It6 formula 

which, after rearranging, gives 

where Wm is a Brownian motion of the mth foreign market under the spot 
martingale measure Pm. Concluding, we can identify the volatility urn/’ of 
the exchange rate Qm/’ in terms of the volatilities uz and urn of the exchange 
rates QZ and Qm, respectively, as 

$" =; - .2" 
for every t E [O,T*]. 

14.2 Gaussian Model 

We do not present here a systematic study of various option contracts based 
on foreign currencies, bonds and equities. We consider instead just a few typi- 
cal examples of foreign market options (cf. Chap. 4). For simplicity, we assume 
throughout that the volatilities of all prices and exchange rates involved in 
a given contract follow deterministic functions. This assumption, which can 
be substantially weakened in some circumstances, leads to closed-form so- 
lutions for the prices of typical cross-currency options. Results obtained in 
this section are straightforward generalizations of option valuation formulas 
established in Chap. 4. 



536 14. Cross-currency Derivatives 

14.2.1 Currency Options 

The first task is to examine the arbitrage valuation of European currency op- 
tions in a stochastic interest rate framework. Recall that the forward exchange 
rate FQi ( t ,  T)  may be interpreted as the forward price for the settlement date 
T of one unit of foreign currency (i.e., of a foreign zero-coupon bond that ma- 
tures at  T) .  This implies the martingale property of F4 under the domestic 
forward probability measure. More precisely, for any fixed T,  we have under 
the domestic forward measure lPT 

for a deterministic function aQi(.,T) : [O,T] + R. In view of (14.12), the 
volatility aQi can be expressed in terms of bond price volatilities and the 
volatility of the exchange rate. For any maturity T E [0, T*], we have 

Our goal is to value a European currency call option with the payoff at  expiry 

where N is a preassigned number of units of foreign currency (we set N = 1 in 
what follows), K is the strike exchange rate, and T is the option expiry date. 
The arbitrage price of such an option under deterministic interest rates was 
found in Chap. 4 (see Proposition 4.2.2). Under the present assumption - that 
is, when f f ~ i  (t, T )  is deterministic - the closed-form expression for the price 
of a currency option can be established using the forward measure approach. 
Since c:' is expressed in domestic currency, it is enough to find the expected 
value of the option’s payoff under the domestic forward probability measure 
PT for the date T. Since this involves no difficulties, we prefer instead to 
apply a simple approach to the replication of currency options, based on the 
idea employed in Sect. 11.3.5. We claim that for every t E [0, TI, we have 

where Fj = FQi (t, T )  is the forward exchange rate, 

and V Q ~  (t, T) represents the volatility of the forward exchange rate integrated 
over the time interval [t, TI - that is 

Formula (14.26) can be rewritten as follows 
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where 

ln(Qf/K) + l n ( B i ( t , T ) / ~ ( t , T ) )  k a u$,(t,T) 
h1,2(~: ,  t, T) = 

UQ" (t, T )  

To check, in an intuitive way, the validity of (14.26) for t = 0, let us consider 
the following combined spot-forward trading strategy: at  time 0 we purchase 
Fc(O, T) = C?’/Bd(O, T) zero-coupon domestic bonds maturing at T; in 
addition, at any time t E [0, TI, we are long $$ = N(&(F,~, t ,  T)) forward 
currency contracts. The wealth of this portfolio at  expiry equals 

since direct calculations yield 

where Fc(t, T )  = CFi/Bd(t,  T)  is the forward price of the option. We con- 
clude that formula (14.26) is valid for t = 0. A general formula can be estab- 
lished by similar arguments. For the valuation formula (14.27) to hold, it is 
sufficient to assume that the volatility of the forward exchange rate follows a 
deterministic function. 

14.2.2 Foreign Equity Options 

The following examples deal with various kinds of European options written 
on a foreign market asset. 

Option on a foreign asset struck in foreign currency. Let Zi stand 
for the price of a foreign asset (for instance, a bond or a stock). We consider 
a European call option with the payoff at expiry 

1 def CT = &$(Z$ - Ki)+,  

where K i  is the strike price, denominated in the ith foreign currency. To price 
this option, it is convenient to apply the foreign market method. It  appears 
that it is sufficient to convert the foreign price of the option into domes- 
tic currency at the current exchange rate. Therefore, we get an intuitively 
obvious result (cf. Sect. 4.5 and Corollary 11.3.3 of Sect. 11.3) 

where 
ln(Zj/Ki) - In Bi(t, T )  f $ v;, (t, T )  

gl,a(Z;, t, T) = 
vzi (t, T )  
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and 
T 

&. (t, T) = 1 16 
t 

Note that this result remains valid even 

- bi(u, T)[’ du. 

if the volatility of the exchange rate 
is random, provided that the volatility function of the asset’s foreign market 
forward price is deterministic. 

Option on a foreign asset struck in domestic currency. Suppose now 
that the option on a foreign asset has its strike price expressed in domestic 
currency, so that the payoff from the option at expiry equals 

2 def CT = (&$Z$- K)’, 

where K is expressed in units of the domestic currency. By applying the 
domestic market method to the synthetic domestic asset 2: = QdZ:, it is not 
hard to check that the arbitrage price of this option at time t E [0, T] is 

where 
ln(,@/K) - lnB( t ,T)  f ifi$(t,T) 

11,2(2t, t ,  T) = fizi (t , T) 
and 

T 

f i $ ( t , ~ )  = 1 Iv: + - b(u1~) I2du .  
t 

For instance, if the underlying asset of the option is a foreign zero-coupon 
bond with maturity U 2 T,  we obtain 

where 

il,z(Bi(t, U), t ,  T )  = 
ln(Qe/K) + ln(Bi(t, U)/B(t, T) )  f 6$(4 T) 

fiu (t, T )  

and T 
e $ ( t , ~ )  = 1 14 +bi (u ,u )  - b(u1~)12du.  

It  is not difficult to check that if we choose the maturity date U equal to the 
expiry date T, then the formula above agrees, as expected, with the currency 
option valuation formula (14.27). Also, it is clear that to establish equality 
(14.29), it is sufficient to assume that the volatility GZ2 (t, T) of the domestic 
forward price of the foreign asset Zi follows a deterministic function. 

Quanto option. As usual, let Zi denote the price process of a certain foreign 
asset. The payoff at expiry of a quanto call equals (in domestic currency) 

3 def - .  cT = Q"Z$ - K ~ ) + ,  (14.30) 
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where @ is the prescribed exchange rate that is used eventually to convert the 
terminal payoff into domestic currency. Therefore, Qi is specified in domestic 
currency per unit of the ith foreign currency. Moreover, the exercise price K i  
is expressed in units of the ith foreign currency. Let FZi (t, T) be the forward 
price of the asset Zi in the foreign market. Recall that we write FQi(t, T) 
to denote the forward exchange rate for the ith currency. Observe that the 
cross-variation of these processes satisfies 

where aQi,zi (., T) is a deterministic function. We find it convenient to denote 

T 
uQi,z.(t, T) = 1 C T Q ~ , ~ ~ ( U ,  T)  d ~ ,  Vt E [0, TI. 

t 

Assume, in addition, that the volatility Ji of an underlying asset Zi is also 
deterministic, and put 

T 

vi ,  (t, T) = (E:)~ du. 

Then the arbitrage price of a quanto call option at time t E [0, TI equals 

where 

The reader may find it instructive to compare this result with the formula 
established in Proposition 4.5.1. 

Equity-linked foreign exchange option. The payoff at expiry of an Elf-X 
option equals (see Sect. 4.5) 

where K is a fixed level of the ith exchange rate, and FZi (t, T) is the foreign 
market forward price of a foreign asset Zi. The dynamics of the price of the 
foreign asset Zi and foreign bond Bi(t, T )  under the domestic martingale 
measure P* are (see (14.4)-(14.5)) 

respectively. 



540 14. Cross-currency Derivatives 

Using It6’s formula, we find the dynamics of the foreign market forward 
price FZ, (t, T )  under the domestic martingale measure P*, namely 

Consequently, under the domestic forward measure PT, we have 

where (cf. (14.25)) 

For the sake of notational simplicity, we consider the case t = 0. Let us define 
an auxiliary probability measure QT by setting 

where ct = - bi(t, T) for t E [0, TI. It is easily seen that Z$ equals 

Z$ = FZi (T, T )  = Fzi (0, T )  VT eee(o,T), 

where we write 

The price of the option at time 0 equals 

c," = B(O,T)IE~,((Q& - K)+z&),  

or equivalently, 

To evaluate the expectation in (14.32), we need to analyze the dynamics of 
the forward exchange rate FQi (t, T) under the auxiliary probability measure 
QT. We know already that FQi (t, T )  satisfies, under PT, the following SDE 
(cf. (14.24)) 

dFQt (t, T) = FQi (t, T) a ~ i  (t, T) . ~ w , T .  
Therefore, under QT we have 

where the process W ,  given by the formula 
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follows a Brownian motion under QT. Consequently, the forward exchange 
rate FQi (t, T)  can be represented as follows 

Putting the last equality into (14.32), we obtain 

C: = B(O, T)Fzi (0, T)  IE q, ((FQ~ (0, T)  ,E - Ke-e(o,T) ) + ),  (14.33) 

where ( is a Gaussian random variable, with zero mean and the variance 
under QT 

T 

varQ,(() = u ~ , ( o ,  T) = / loP, (u, du. 
0 

Calculation of the expected value in (14.33) is standard. In general, we find 
that the price at time t E [0, T] of the Elf-X call option equals 

where Fj = FQi (t, T), 

and 
(bi(u,~)-(;).ff~i(u,T)d~, vtE[O,T] .  

After simple manipulations, we find that 

where 

ln(q/K) + ln(Bi(t,T)/B(t,T)) - Q(t,T) f % v$(t, T)  
51,2(q1 t ,  T) = 

VQ" (tl T) 

This ends the derivation of the option’s pricing formula. 
Remarks. Assume that the domestic and foreign interest rates rt and r; are 
deterministic for every t E [0, TI; that is, b(t, T)  = bi(t, T )  = 0. In this case, 
the value of C: given by the formula above agrees with the formula established 
in Proposition 4.5.2. Furthermore, if we take the foreign bond that pays one 
unit of the foreign currency at time T as the underlying foreign asset of 
the option, then 6 vanishes identically, and we recover the currency option 
valuation formula (14.27). 
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14.2.3 Cross-currency Swaps 

Cross-currency swaps are financial instruments that allow financial managers 
to capture existing and expected floating or money market rate spreads be- 
tween alternative currencies without incurring foreign exchange exposure. 
Let us briefly describe a typical cross-currency swap. The party entering into 
such a swap will typically agree to receive payment in a particular currency 
on a specific principal amount, for a specific term, at  the prevailing floating 
money market rate in that currency (such as, e.g., the LIBOR). In exchange, 
this party will make payments on the same principal amount, in the same 
currency, for the same term, based on the prevailing floating money market 
rate in another currency. Therefore, the major features of a typical cross- 
currency swap are that: (a) both payments and receipts (which are based on 
the same notional principal) are on a floating-rate basis, with the rate reset 
at  specified intervals (usually quarterly or semi-annually); (b) all payments 
under the transaction are made in the preassigned currency, thereby elimi- 
nating foreign exchange exposure; and (c) consistent with the transaction’s 
single-currency nature, no exchange of principal amounts is required. Our 
aim is to find valuation formulas for cross-currency swaps as well as for their 
derivatives, such as cross-currency swaptions - that is, options written on 
cross-currency swaps. 

Formally, by a cross-currency (or differential) swap we mean an interest 
rate swap agreement in which at  least one of the interest rates involved is 
related to a foreign market. In contrast to a classic fixed-for-floating (single- 
currency) swap agreement, in a typical cross-currency swap, both underlying 
interest rates are preassigned floating rates from two markets. To be more 
specific, a floating-for-floating cross-currency (k, 1; m) swap per unit of mth 
currency consists of swapping the floating rates of another two currencies. 
At each of the payment dates Tj, j = 1,. . . , n ,  the floating rate L ~ ( T ~ - ~ )  
of currency k is received and the corresponding floating rate L1(Tj-1) of 
currency 1 is paid. Let us emphasize that in the most general form of a 
swap, the payments are made in units of still another foreign currency, say 
m. Similarly, by a fixed-for-floating cross-currency (k; m) swap we mean a 
cross-currency swap with payments in the mth foreign currency, in which one 
of the underlying rates of interest is a prespecified fixed rate, while the other 
is a reference floating rate from currency k. 

Floating-for-floating (k, 0; 0) swaps. Let us first consider a floating-for- 
floating cross-currency (k, 0; 0) swap between two parties in which, at each of 
the payment dates, the buyer pays the seller a U.S. dollar3 amount equal to 
a fixed notional principal times the then level of a prespecified U.S. floating 
interest rate. The seller pays the buyer a U.S. dollar amount equal to the 
same principal times the then level of a prespecified foreign (e.g., Japanese, 

For ease of exposition, we assume hereafter that U.S. dollars play the role of the 
domestic currency. 
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German, Australian) floating interest rate. If foreign interest rates are higher 
than U.S. interest rates, one may expect that the buyer should pay the seller 
a positive up-front fee, negotiated between the counterparts at the time the 
contract is entered into. Our goal is to determine - following, in particu- 
lar, Jamshidian (1993b, 1994a) and Brace and Musiela (1997) - this up-front 
cost, called the value of the cross-currency swap. We will also examine a cor- 
responding hedging portfolio. It is clear that at each of the payment dates 
Tj, j = 1, .  . . , n, the interest determined by the floating rate Lk(TjPl) of the 
foreign currency k is received and the interest corresponding to the floating 
rate L(Tj-1) of the domestic currency is paid. In our framework, the rate 
levels Li(Tj- l), j = 1, . . . , n, are set by reference to the zero-coupon bond 
prices; namely, we have 

for i = 0, k. The time t value, in units of the domestic currency, of a floating- 
for-floating (k, 0; 0) cross-currency forward swap is 

or equivalently 

We define a (TI U) roll bond to be a dollar cash security that pays l /B(T, U )  
dollars at its maturity U. Similarly, by a (T, U) quanto roll bond we mean a 
security that pays ~/B’(T, U) dollars at time U. In view of the last equality, 
it is evident that a long position in a cross-currency swap is equivalent to 
being long a portfolio of (Tj, Tj+l) quanto roll bonds, and short a portfolio of 
(Tj, Tj+l) roll bonds. Therefore, we need to examine the following conditional 
expectation 

for any t 5 Tj-1. One can easily check that 

Indeed, to replicate the payoff of a (TjPl, Tj) roll bond it is sufficient to 
buy at time t 5 Tj-1 one bond with maturity Tj-1, and then reinvest the 
principal received at time Tj-1 by purchasing l/B(Tj-l, Tj) units of bonds 
with maturity Tj. The problem of the replication of a cross-currency swap 
thus reduces to replication of a quanto roll bond for t 5 Tj-1, supplemented 
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by a simple netting of positions at  payment dates. Observe that for t > TjPl, 
we have simply 

In particular, for t = TjVl this yields 

Therefore, our goal is now to find a replicating strategy for the contingent 
claim X that settles at time TjP1 and whose value is 

To simplify the notation, we denote T = TjPl and U = Tj. Let us consider 
a dynamic portfolio composed at any time t 5 T of 4: units of U-maturity 
domestic bonds, 4; units of U-maturity foreign bonds, and finally 4; units 
of T-maturity foreign bonds. The wealth of such a portfolio at  time t 5 T, 
expressed in domestic currency, equals 

where for any maturity date T ,  we write 

Note that Bk(t ,  T) and Bk(t ,  U) stand for the price at time t of the for- 
eign market zero-coupon bond, expressed in units of domestic currency, with 
maturities T and U respectively. As usual, we say that a portfolio q5 is self- 
financing when the relationship 

is valid. To provide an intuitive argument supporting (14.36), observe that 
in the case of a discretely adjusted portfolio we have 

if a portfolio is held fixed over the interval [tl, t2),  and revised at time t2. This 
shows that processes Bk (t, T) and Bk (t, U) can be formally seen as prices of 
domestic securities. Recall that 
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and 
d ~ ' " ( t ,  T )  = Bk(t ,  T )  ( r t  dt + bk( t ,  T )  . dW,*), 

where W* follows a Brownian motion under P*, and the exchange rate Q k  
satisfies (see formula (14.1)) 

Finally, recall that the forward exchange rate for the settlement date U is 

and the forward price of a T-maturity foreign market bond for settlement at  
time U equals 

FBk ( t ,  T ,  U )  = B k ( t ' T )  Q ~ E [ O , U ] ,  Bk(t ,  U )  ' 
where U 5 T .  Observe that we have the following expression for the forward 
price FBk ( t ,  T ,  U ) ,  under the domestic martingale measure P*, 

where y k ( t ,  T ,  U )  = bk( t ,  T )  - bk( t ,  U ) .  We will show that to replicate a short 
position in a cross-currency swap, it is enough to hold a continuously re- 
balanced portfolio involving domestic and foreign zero-coupon bonds with 
maturities corresponding to the payment dates of the underlying swap. The 
net value of positions in foreign bonds is assumed to be zero - that is, the 
instantaneous profits or losses from foreign market positions are immediately 
converted into domestic currency and invested in domestic bonds. We start 
with an auxiliary lemma. 

Lemma 14.2.1. Let vk(T, U )  stand for the following process 

where 
T 

(14.39) 

and 
d ( T 1  U )  = yk@, U1 T )  . (d  + bk@, U )  - b(t ,  U ) ) ,  (14.40) 

where y k ( t ,  U ,  T )  = bk( t ,  U )  - bk( t ,  T ) .  Suppose that the process G k ( T ,  U )  
is adapted. Then the It6 differential of V k ( T ,  U )  is given by the following 
expression 
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Proof. Since Gk(T, U) is an adapted process of finite variation, It6’s formula 
yields 

+ rk ( t ,T ,  U) . (vt + bk(t, U) - b(t, u))V,’"(T, U) dt, 

where we write Ft = FBk(t, T, U). The asserted formula now follows eas- 
ily from equality (14.37), combined with the dynamics of the forward price 
FBk (t, T, U) under the domestic martingale measure. 0 

Note that the adapted process gk(T, U) is linked to the instantaneous 
covariance between the U-delivery forward exchange rate and the T-delivery 
forward price of a U-maturity foreign market bond. More explicitly, the cross- 
variation equals 

Assumption. We assume from now on that Gk(T, U) follows an adapted 
process of finite variation (in particular, it can be a deterministic function). 

The above assumption is motivated by the following two arguments, each 
of a different nature. First, we can make use of Lemma 14.2.1. Second, it is 
evident that if Gk(T, U), and consequently the process Vk(T, U), were not 
adapted, then the process 4 that is given by formula (14.41) below, would 
fail to satisfy the definition of a trading strategy. 

Proposition 14.2.1. Let us consider the portfolio 4 = (4’, 42, 43) that 
equals 

Then the strategy 4 is self-financing and the wealth process V(4) equals 
V"T, U). 

Proof. For the last claim, it is enough to check that 

for every t E [O,T]. It remains to verify that the trading strategy 4 is self- 
financing. By virtue of (14.36) and (14.41), it is clear that we need to show 
the following equality 

For any maturity T, we have 
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d B k ( t , q  = Q: d ~ ~ ( t , ~ )  + B ~ ( ~ , T )  d ~ :  + ( Q ~ ,  B ( . , T ) ) ~ ,  

so that 

d S k ( t , ~ )  = Bk( t ,  T )  ( ( r t  + b k ( t , ~ )  . v:) dt + ( b k ( t , ~ )  + v:) . d ~ ; ) .  

A substitution of this relationship into the right-hand side of (14.42) gives 

- - d ~ ( t ,  U )  - d ~ ~ ( t ,  U )  d ~ ~ ( t ,  T )  
B(t ,  U )  Bk(t ,  U )  + Bk(t,T) + rk(t) . v: d t ,  

where rk(t)  = y k ( t , T ,  U ) .  Comparing this with the formula established in 
Lemma 14.2.1, we conclude that 4 is self-financing. 0 

Corollary 14.2.1. The arbitrage price at time t E [0, T jPl]  of a contingent 
claim X that is given by  formula (14.35), equals 

where 
T j - 1  

G:(T'-1, T j )  = exp k 

( 7 ( ~ ~ ~ j ~ ~ j - 1 )  - ( v t  + b k ( u , T j )  - ~ ( U , T ~ ) )  du) 

Proposition 14.2.2. The arbitrage price of the floating-for-floating cross- 
currency ( k ,  0; 0 )  swap at time t E [0, To] equals 

Proof. It  is enough to observe that 

and to apply Corollary 14.2.1. 0 
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Floating-for-floating (k, 1 ;  0) swaps. The next step is to examine the 
slightly more general case of a floating-for-floating cross-currency (k, I; 0) 
swap. The contractual conditions of a (k,1;0) swap agreement imply im- 
mediately that its arbitrage price CCFSt(k,  1; 0) at time t satisfies 

or equivalently 

It  is easily seen that the arbitrage price CCFS(k,  1; 0) also admits the fol- 
lowing representation 

Since we wish to apply the results of the previous section, we assume that 
for every j = 1 , .  . . , n ,  both Gk(Tj-l,Tj) and GE(TjPl,Tj) follow adapted 
processes of finite variation. Arguing along the same lines as in the proof of 
Proposition 14.2.2, we find the following equality, which holds for t E [0, To] 

where &k (Tj-1, Tj) and &’(Tj-1, Tj) are given by the expressions 

respectively. To visualize the replicating portfolio of the (k, I; 0) swap agree- 
ment, let us consider an arbitrary payment date Tj. Then the portfolio 
4 = (4’, 42, 43, 44, 45) that replicates a particular payoff of a swap that 
occurs at  time Ti involves, at time t ,  4; units of Tj-maturity domestic bonds, 
where 

and the following positions in foreign bonds ~ ~ ( t ,  Tj), B~ (t, TjP1), ~ ’ ( t ,  Tj) 
and B’ (t, Tj-1) respectively 



14.2 Gaussian Model 549 

where qk = &k(Tj-l, Tj) and = q(TjWl,  Tj). It  is not hard to verify that 
the trading strategy given by the last formula is self-financing. Moreover, 
for every t E [0, Tj-l], the wealth of such a portfolio, expressed in units of 
domestic currency, equals 

as expected. 
Fixed-for-floating (k;m) swaps. Before studying the general case of 
floating-for-floating cross-currency (k, 1; m) swaps, we find it convenient to 
examine the case of a fixed-for-floating cross-currency (k; m) swap. In such 
a contract, a floating rate Lk(Tj-1) is received at each payment date, and 
a prescribed fixed interest rate a is paid. Let us stress that the payments 
are made in units of the mth foreign currency. Consequently the price of the 
fixed-for-floating swap, expressed in units of domestic currency, equals (cf. 
(14.34)) 

for every t E [O,To]. Equivalently, 

where Jj = 1 + adj. Let us write the last representation as CCFSr(k;  m) = 
It - Jt, where the meaning of It and Jt is apparent from the context. We 
define 

T 
(14.47) 

where 
gfrn(T, U) = yk (t, U, T )  . ( v r l k  + bk (t, U) - bm(t, U)). 

Observe that in the special case when m = 0, the process GkO(T, U) given 
by (14.47) coincides with the process Gk(T, U )  introduced in the preceding 
section (see formula (14.39)). For notational simplicity, we write 

and 
~ , * ( k , m , j ) = b k ( t , ~ j ) - b m ( t , T j ) ,  Vt�[O,Tj] ,  (14.48) 

in what follows. Notice that 
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Lemma 14.2.2. The following equalities hold for eve? t E [0, To] 

(14.49) 

and 
n Q Y B ~ ( ~ ,  T ~ ) B ~ ( ~ ,  T ~ - ~ ) G ; ~ ( T ~ - ~ ,  T ~ )  

It = c (14.50) 
j=1 Bk(t7Tj) 

Proof. For the first formula, it is enough to observe that the equality 

Bt 
EL@* { BT, Q? I &  ) = QPBrn(t1 Tj) 

is valid for every t E [0, Tj]. To establish (14.50), observe first that 

Consequently, we obtain the following equality 

which expresses I t  in terms of the forward measure JPE_l for the market m. 
In order to evaluate this conditional expectation, observe that the dynamics 
of Bm(t ,  Tj) and Bk( t ,  Tj), k # m, as seen in the market m, are given by the 
following expressions 

dBm(t, Tj) = Bm(t,  Tj) (rY dt + bm(t, Tj) . dWtm) 

since d ~ , k  = dWF - vylk  dt. Let us denote 
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Using It6’s formula, we get 

and 

d ~ :  = H : ( T ~  - rr - bk(t,TjT1) . v?lk - bm(t,Tj-l). d;(k,m, j - 1)) dt 
+ ~ : d t ( k ,  m, j - 1) . dWy.  

Consequently, for the process H, which equals 

we obtain 

for every j = 1 , .  . . , n. Since the quantities gkmj are assumed to follow deter- 
ministic functions, taking into account the relationship 

and using the just-established expression for the differential of H ,  we obtain 

Note that the last equality is valid for every j = 1,. . . , n. Combining it with 
(14.51), we arrive at equality (14.50). 0 

The next result follows from Lemma 14.2.2 and formula (14.46). 

Proposition 14.2.3. The arbitrage price at time t E [O,To] of a fixed-for- 
floating cross-currency (k; m) swap with the underlying fixed interest rate 
equal to K is given by the expression (recall that Zj = 1 + rcdj) 

Consider a fixed-for-floating cross-currency (k; k) swap - that is, a swap 
in which the floating rate and the currency used for payments are those of 
the market k. Proposition 14.2.3 yields the following price of such a swap, 
expressed in units of domestic currency (cf. Sect. 13.1) 
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Similarly, for the (k; 0) fixed-for-floating swap (that is, an agreement in which 
the underlying floating rate is that of the market k, but where payments are 
made in domestic currency), we get 

Floating-for-floating (k, I ;  m) swaps. Let us now examine the case of a 
general floating-for-floating cross-currency (k, 1; m) swap per unit of the cur- 
rency m, which consists of swapping the floating rates of another two cur- 
rencies, say k and l. At each of the payment dates Tj, j = l , .  . . , n ,  the 
floating rate Lk(Tjel) of currency k is received and the corresponding float- 
ing rate L ’ ( T ~ - ~ )  of the currency 1 is paid. As usual, the underlying floating 
rates Li(TjFl), i = k,l ;  j = 1, .  . . , n  are set by reference to the price of a 
zero-coupon bond, so that 

B ~ ( T ~ & , T ~ ) - ~  = 1 + L ~ ( T ~ - ~ ) ( T ~  - T ~ - ~ )  = 1 + 6 j ~ i ( ~ j - l )  
for j = 1, . . . , n. The value at time t ,  in the domestic currency, of the floating- 
for-floating forward (k, 1; m) swap equals 

" Bt CCFSt(k ,  1; m) = ~ p *  { - (Lk(Tj-~)  - L ’ ( T ~ - ~ )  QR 6, Ft . 
j=1 B T ~  1 I }  

(14.54) 
Therefore, the following useful relationship 

CCFSt(k,  1; m) = CCFS,"(k; m) - CCFSr(1; m) (14.55) 
holds for any fixed level 6. The next result follows immediately from formula 
(14.55) and Proposition 14.2.3. 

Proposi t ion 14.2.4. The price CCFSt  = CCFSt(k,  1; m) at t ime t E 
[0, To] of the floating-for-floating cross-currency forward swap of type (k, I ;  m) 
i n  a Gaussian HJM model equals 

where 

for every k, m = 0,. . . , N, j = 1 , .  . . , n, and 

f o r p  = k,1. 

For the special case of a floating-for-floating cross-currency (k, 1; 0) swap 
(i.e., a swap agreement with payments in domestic currency), the above 
proposition yields the pricing result (14.45), which was previously derived 
by means of a replicating portfolio. 
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14.2.4 Cross-currency Swaptions 

By a cross-currency swaption (or differential swaption) we mean an option 
contract with a cross-currency forward swap being the option’s underlying 
asset. Note that the option expiry date, T, precedes the initial date (i.e., the 
first reset date) of the underlying swap agreement - that is, T 5 To. We first 
examine the case of a fixed-for-floating swaption, subsequently we turn our 
attention to a floating-for-floating swaption. 

A fixed-for-Boating (k; 0) cross-currency swaption is an option, with expiry 
date T 5 To, whose holder has the right to decide whether he wishes to pay 
at  some future dates T I ,  . . . , Tn a fixed interest rate, say K, on some notional 
principal, and receive simultaneously a floating rate Lk of currency k. Note 
that we assume here that all payments are made in units of the domestic 
currency. Using our terminological conventions, a cross-currency fixed-for- 
floating ( k ;  0) swaption may be seen as a call option (whose exercise price 
equals zero) with a fixed-for-floating (k; 0) cross-currency swap being the 
underlying financial instrument. Therefore, it is clear that the value at  time 
t E [0, T] of a fixed-for-floating (k; 0) cross-currency swaption, denoted by 
CCS;"(~; 0) or shortly CCSt  (k; 0), equals 

More explicitly, we have 

In view of (14.53), the formula above can also be rewritten in the following 
way 

where jj = 1 + K & ~  and (cf. (14.39)-(14.40)) 

for t E [0, TI. Under the forward measure PT, we have 

or equivalently CCSt(k; 0) = B(t, T )  IEp, (X I Ft) ,  where 
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Recall that the dynamics of the process Ft = F B ( ~ ,  Tj, T )  under the forward 
measure PT of the domestic market are (cf. (11.40)) 

dFt = Ft y(t ,Tj ,T) . dw,T, 

so that for any t E [0, TI, we have 
T T 

FT = Ft exp (1 y(u,T’,T)~d~~- il l y ( % ~ j , ~ ) I ~ d ~ ) $  

Furthermore, by virtue of (14.10), we get the following expression for the 
dynamics under PT of the process F,kj = F B k  (t, Tj-1, Tj) 

d ~ , k j  = ~ : ’ r * ( t , ~ ~ - l , ~ ~ ) .  (dwy + ( b ( t , ~ )  - V: - b * ( t , ~ ~ ) )  dt). 

Consequently, 

where L is given by the following expression 

By straightforward calculations, we obtain 

We conclude that 

We are in a position to state the following result, whose proof presents no 
difficulties. 
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Proposition 14.2.5. The arbitrage price CCS;"(~; 0) = CCSt(k; 0) of a 
fixed-for-floating cross-currency swaption at time t E [0, TI equals 

k where the vectors yf,. . . , yn, zl,  . . . , z, E E l d  satisfy for i ,  j = 1 , .  . . , n 

By a floating-for-floating cross-currency swaption we mean a call option, 
with strike price equal to  zero, to  receive the floating rate Lk of currency k 
plus margin p, and to  pay simultaneously the floating rate L1 of currency 1. 
At any time t before the swaption’s expiry date T ,  the value of a floating- 
for-floating cross-currency swaption is 

where Aj-l = dj ( L ~ ( T ~ - ~ )  + p-  L ’ ( T ~ - ~ ) ) .  From the definition of a floating- 
for-floating cross-currency swap, it is easily seen that the value CCS:(k, 1 ;  0) 
also equals 

Therefore, using representation (14.45), we get 

where 

Proposition 14.2.6. The arbitrage price of a floating-for-floating cross- 
currency swaption at time t E [O,T] equals 

where for every x E IRd 
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and nd is the standard d-dimensional Gaussian probability density function. 
k 1 I Moreover, the vectors yf,. . . , y,, yl, . . . , y,, 21,. . . , z, E Rd satisfy for h = 

k,1 a n d i , j = l ,  . . . ,  n 

rti . ruhj du, yt . zj = lT r~ . y(u, T, , T) du, 

T with rhi given by (14.58), and zi . zj = St y(u, Ti, T )  . ~ ( u ,  T’, T )  du. 

Proof. The proof goes along the same lines as in the case of a cross-currency 
fixed-for-floating swaption. 0 

14.2.5 Basket Caps 

As the next example of a foreign market interest rate derivative, we shall 
now consider a cap (settled in arrears) on a basket of floating rates L ~ ,  k = 
1,. . . , N of foreign markets; such an option is usually referred to as a basket 
cap. In this agreement, the cash flows received at times Tj, j = 1 , .  . . , n,  are 

where the weights wk, k = 1 , .  . . , N are assumed to be strictly positive con- 
stants, and K, is a preassigned rate of interest. The value of each particular 
basket caplet at  time t equals 

N where ij = ndj + C k = l  wk. Therefore, 

It is convenient to denote F? = FB(t,Tj-l,Tj) and F? = FBr,(t,Tj-i,Tj). 
Reasoning along the same lines as in Sect. 14.2.4, we find that (recall that 
G? is defined by (14.39)-(14.40), see also (14.57)) 
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where 

( t j  = y k ( u , ~ j l ~ j - l )  - ~ ( U , T ~ , T ~ - ~ ) ,  and 

The following result can thus be proved by standard arguments. 

Proposition 14.2.7. The  arbitrage price of a basket cap at  t ime t equals 
N 

k '  k '  + 
BC; = 2 B(~,T , )  1 (x W ~ F ,  ' ~ , ' n d ( x  + yx)  - 8 p d ( x  + yo))  d x ,  

j=1 Rd k=1 
N where 8 j  = I E ~ ~  + w k ,  the vectors y?,..  . , y? E IKd are such that for 

e v e y k , l  = 1 ,  . . .  , N  a n d j = l ,  . . . ,  n 

and 
y y / 2  = ST'-' I Y ( u , ~ j - l , ~ j ) 2  du .  

t 

14.3 Model of Forward LIBOR Rates 

A cross-currency extension of a market model of forward LIBOR rates can be 
constructed by proceeding along the same lines as in Sect. 14.1 - the details 
are omitted (see Mikkelsen (2002) and Schlogl (2002)) .  Let us only mention 
that the main notions we shall employ in what follows are the forward mea- 
sures and the corresponding Brownian motions. For each date TO, T I ,  . . . , T,, 
the dynamics of the forward LIBOR rate L i ( t ,  T j )  of the ith market are gov- 
erned by the SDE 

under the corresponding forward probability measure P$3, where the volatil- 
ities Xi(t, Tj-1) are assumed to follow deterministic functions. Furthermore, 
the process W T ~ > i  is related to the domestic forward Brownian motion wTj 

through the formula (cf. (14.16)) 
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14.3.1 Quanto Cap 

For simplicity, we consider only two dates, Tj = T and Tj+l = T + S; that 
is, we deal with a single caplet with reset date T and settlement date T + 6 
(note that we consider here the case of a fixed-length accrual period). A 
quanto caplet with expiry date T pays to its holder at  time T + S the amount 
(expressed in domestic currency) 

where Q is the preassigned level of the exchange rate and Li(T) is the (spot) 
LIBOR rate at  time T in the ith market. Consequently, the domestic arbitrage 
price of a quanto caplet at  time t equals 

per one unit of nominal value (the nominal value of a quanto cap is expressed 
in foreign currency). It  is thus clear that to value such a contract, we need to 
examine the dynamics of the foreign LIBOR rate under the domestic forward 
measure. The payoff of a quanto caplet, expressed in foreign currency, equals 
SQ(L~(T)-K)+/Q&+~. Consequently, its price at  time t ,  in domestic currency, 
admits the following representation 

where P&+a is the foreign market forward measure. The last representation 
makes clear that the volatility of the forward exchange rate FQi(t,T), and 
thus also bond price volatilities bi(t, T+6) and b(t, T+b) (cf. (14.24)-(14.25)), 
will enter the valuation formula. To uniquely specify these volatilities, we may 
adopt, for instance, the approach of Brace et al. (1997). In their approach, 
bond price volatilities are linked to forward LIBOR rates by means of the 
formula (cf. (12.29)) 

n(t) bLk(t, T - m6) 
b k ( t , ~ + 6 )  = - x ~ ’ " ( t ,  T - mb), (14.61) 

m=o 1 +6Lk( t ,T  - mS) 

where n(t)  = [F1(T-t)].  It  is thus clear that bond price volatilities bi(t, T+6) 
follow necessarily stochastic processes, and thus the Gaussian methodology 
examined in preceding sections is no longer applicable, even under deter- 
ministic volatilities of (spot) exchange rates. Therefore, we will examine an 
approximation of the caplet’s price. Combining the dynamics (14.59), which 
read 

d ~ ~ ( t ,  T) = ~ ~ ( t ,  T) Y( t ,  T) . ~ W , T + & > ~ ,  
with (l4.60), we obtain (recall that Li (T) = Li (T, T))  
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L ~ ( T )  = L i ( t ,  ~ ) e - ~ ~ ( ~ > ~ )  exp Xi(u, T )  . d w T S s  - - LT lXi(% T ) l 2 d ~ )  

where 

To derive a simple approximate formula for the price of a quanto caplet 
at  time t ,  it is convenient to substitute into (14.62) the term vi(t,T) with 

( t ,  T ) ,  where 

and bi(u, T + 6 )  and b(u, T + 6 )  are Ft-measurable random variables, namely 
(recall that Xk(t, T )  is a deterministic function) 

for k = 0, i and u E [t, TI. The following result provides an approximate 
valuation formula for a quanto caplet in a lognormal model of forward LIBOR 
rates. 

Proposition 14.3.1. The arbitrage price of a quanto caplet written on a 
L IBOR rate of the ith market satisfies 

where 

and 

Proof. It is enough to observe that 

where 
T 

~ ( t ,  T )  = exp (1 x ~ ( u , T )  . d ~ y ~ + '  - - 1 LT I A ~ ( ~ ,  T ) I ~  d u )  

and K: = ~ e q ' ( O > ~ ) .  The expected value can be evaluated in exactly the same 
way as in the case of a domestic caplet (see Proposition 12.6.1). 0 
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14.3.2 Cross-currency Swap 

As the next example, let us consider a floating-for-floating (k, 1; 0) swap. Re- 
call that the payoffs of such a swap are made in domestic currency. Therefore, 
its price at  time t,  denoted by CCFSt(k, 1; 0), equals (cf. (14.44)) 

per one unit of the nominal value (in domestic currency), where IPT~ is the 
forward measure of the domestic market for the date Tj. Notice that 

for i = k, 1 and j = 0, . . . , n - 1, where 

(t, T ~ )  = exp (lT3 hi(ol Tj) . - lT' I A ~ ( U ,  T,)IZ do) 

Applying an approximation similar to that of the previous section, we find 
that 

where jjk(t,Tj) and fjl(t,Tj) are given by (14.62)-(14.63). Let us end this 
section by commenting on the valuation of a floating-for-floating (k, I ;  m) 
swap, which is denominated in units of the mth currency. The price of such 
a swap at time t ,  in domestic currency, equals (cf. (14.54)) 

F’rom the results of Sect. 14.2.1, we know that the forward exchange rate 
satisfies F Q m ( T j + l ,  Tj+l) = &g+l and (see (14.24)-(14.25)) 

d F ~ m  (tl T.+l) = F Q m  (t, Tj+l)aQm (t, Tj+i) . d ~ ? " ,  

where a ~ m ( t ~ T j + l )  = v? + bm(t,Tj+l) - b(t,Tj+l). Replacing the term 
a Q m  (t, Tj+l) with 

it is possible to derive an approximate formula for the price of a floating-for- 
floating (k, 1; m) swap in a lognormal model of forward LIBOR rates. 
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14.4 Concluding Remarks 

Let us acknowledge that term structure models examined in this text do not 
cover all kinds of risks occurring in actual fixed-income markets. Indeed, we 
assumed throughout that all primary fixed-income securities (and derivative 
financial contracts) are default-free; that is, we concentrated on the market 
risk due to the uncertain future behavior of asset prices, as opposed to the 
credit risk (or default risk) that is known to play a non-negligible role in some 
sectors of financial markets. The latter kind of risk relates to the possibility of 
default by one party to a contract. If default risk is accounted for, one has to 
deal with such financial contracts as, for instance, defaultable (or credit-risky) 
bonds, vulnerable options, or options on credit spreads. 

In this regard, let us mention that in recent years, term structure models 
that take explicit account of the default risk has attracted growing interest. 
Generally speaking, this involves the study of the impact of credit ratings 
on the yield spread - that is, modelling the term structure of defaultable 
debt - as well as the valuation of other contingent claims that are subject to 
default risk. Mathematical tools that are used in this context have attracted 
attention of several researchers and, as a result, a considerable progress in 
the theory of default risk was achieved in recent years. From the practical 
perspective, the demand for more sophisticated mathematical models was 
further enhanced by a rapid growth of trading in credit derivatives, that is, 
financial contracts that are capable of transferring the credit (default) risk of 
some reference entity between the two counterparties. 

Since neither the modelling of defaultable term structure nor the valuation 
and hedging of credit derivatives were covered in this text, we refer the reader 
to the recent monographs by Ammann (1999), Cossin and Pirotte (2000), 
Bielecki and Rutkowski (2002), Duffie and Singleton (2OO3), Schonbucher 
(2003), and Lando (2004) for an introduction to this field. The interested 
readers may also consult original papers by Merton (1974), Geske (1977), 
Jonkhart (1979), Brennan and Schwartz (1980b), Ho and Singer (1982,1984), 
Titman and Torous (1989), Chance (1990), Artzner and Delbaen (1992,1995), 
Kim et al. (1993), Lando (1994), Hull and White (1995), Jarrow and Turn- 
bull (1995), Cooper and Martin (1996), Duffee (1996, 1998), Longstaff and 
Schwartz (1995, 1997), Duffie (1996b), Duffie and Huang (1996), Duffie and 
Singleton (1997, 1999), Jarrow et al. (1997), Duffie et al. (1997), Huge and 
Lando (1999), Kusuoka (1999), Elliott et al. (2000), Jeanblanc and Rutkowski 
(2002), BBlanger et al. (2004), and Bielecki et al. (2004a, 2004b). 

We have also implicitly assumed that the inflation plays no role in the 
valuation of interest rate derivatives. In fact, the distinction between nominal 
and real interest rates is not important for most interest rate derivatives, but, 
obviously, this is not true for the so-called inflation-based derivatives, such 
as inflation-linked bonds or options. Let us only mention that a few models 
aiming the valuation and hedging of inflation-based derivatives were recently 
developed (see, for instance, Jarrow and Yildirim (2000)). 
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APPENDICES 



A. Conditional Expectat ions 

Let us start by considering a finite decomposition of the underlying probabil- 
ity space. We say that a finite collection D = { D l , .  . . , D k )  of non-empty sub- 
sets of R is a decomposition of 62 if the sets D l , .  . . , Dk are pairwise disjoint; 
that is, if Di n D j  = 0 for every i # j, and the equality Dl U D2 U .  . . U Dk = R 
holds. A random variable + on R is called simple if it admits a representation 

where Di(+) = { w E R 1 +(w) = x i )  and xi ,  i = 1, .  . . , m are real numbers 
satisfying xi # xj for i # j .  For a simple random variable +, we denote by 
D(+) the decomposition {Dl (+) ,  . . . , Dm(+)) generated by +. It  is clear that 
if R is a finite set then any random variable + : R + IW is simple. 

Definition A.0.1. For any decomposition D of R and any event A E F, the 
conditional probability of A with respect to D is defined by the formula 

Moreover, if + is a simple random variable with the representation ( A . l ) ,  its 
conditional expectation given D equals 

Observe that the conditional expectation I E p ( +  I D )  is constant on each 
set D j  from D. Let 7 be another simple random variable on R ,  i.e., 

where Dl(q)  = { w  E 62 I ~ ( w )  = y l )  and yi # yj for i # j. Suppose that 7 
and + are simple random variables given from ( A . l )  and (A.4) respectively. 
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Then, by the definition of conditional expectation, Ep($ I 77) coincides with 
V(rl)), and thus 

where the second equality follows by (A.3). Consequently, 

where cl = CLl xi P(Di(11,) I Dl (77)) for 1 = 1, . . . , r. Note that IEp($ I 77) does 
not depend on the particular values of 77. More precisely, if for two random 
variables 71 and 772 we have V(q1) = V(772) then IEp(11, I 771) = Ep(11, 1 772). On 
the other hand, however, by virtue of (A.6) it is clear that IE ~(11, I 77) = g(q), 
where the function g : {yl, . . . , y,) -+ JR is given by the formula g(yl) = cl for 
1 = 1 ,2 ,  . . . , r.  It  is not difficult to check that the conditional expectation of a 
simple random variable with respect to a decomposition V has the following 
properties (11, and q stand here for arbitrary simple random variables): (i) if 
V(11,) 5 2, then IE p(11, I V) = 11,; (ii) for arbitrary real numbers c, d we have 

(iii) if Dl & V2, then 

(iv) if $ is independent of V - that is, if for every A E V($) and every 
B E V we have P(A n B )  = P(A)P(B) - then the equality IEp(11,ID) = IEp11, 
is satisfied; (v) if 11, is 23-measurable and is independent of V then for any 
function h : JR2 -+ JR we have 

where the function H : IR -, JR is given by the formula H(x) = IEph(x, 7). 

We shall now define the conditional expectation of a random variable with 
respect to an arbitrary a-field 6. 
Definition A.0.2. Suppose that 11, is an integrable random variable on 
( 0 , 3 , P )  (i.e., Ep(lll,l) < co). For an arbitrary a-field 6 of subsets of 0 sat- 
isfying 6 C 3 (i.e., a sub-a-field of 3), the conditional expectation Ep(11, I G) 
of 11, with respect to G is defined by the following conditions: (i) IEp(11, 16) is 
6-measurable, i.e., {w E 0 I IEp(11, I G)(w) 5 a)  E 6 for any a E IR; (ii) for an 
arbitrary event A E G, we have 
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It is well known that the conditional expectation exists and is unique (up 
to the P-a.s. equivalence of random variables). 
Remarks. If V is a (finite) decomposition of 0 ,  then the family of all unions of 
sets from V, together with an empty set, forms a a-field of subsets of 0 .  We 
denote it by a(V) and we call it the a-field generated by the decomposition1 
V. It  can be easily checked that if 6 = a(D) then P(A 1 6 )  = P(A I V), so that 
the conditional expectation with respect to the a-field a(V) coincides with 
the conditional expectation with respect to the decomposition V. 

Definition A.0.3. For an arbitrary simple random variable q, the a-field 
F (q )  = a(V(q)) is called the a-field generated by q, or briefly, the natural 
a-field of q. More generally, for any random variable q, the a-field generated 
by q is the least a-field of subsets of 0 with respect to which q is measurable. 
It is denoted by either a(q) or 3 ( q ) .  

In the case of a real-valued random variable q, it can be shown that 
the a-field 3 ( q )  is the smallest a-field that contains all events of the form 
{w E 0 I q(w) 5 x), where x is an arbitrary real number. More generally, if 
q = (ql,  . . . , qd) is a d-dimensional random variable then 

3 ( q )  = a({w E 0 I q1 I XI, .  . . ,qd I xd) I XI , .  . . ,xd E R). 
For any P-integrable random variable + and any random variable q, we define 
the conditional expectation of $J with respect to q by setting Ep(+ I q) = 
Ep($ I3(q)) .  It  is possible to show that for arbitrary real-valued random 
variables $ and q, there exists a Borel measurable function g : R + IR such 
that Ea($ I q) = g(q). The following result is standard (see, for instance, 
Chap. 2 in Shiryaev (1984)). 

Lemma A.0.1. Let $ and q be integrable random variables on ( 0 , 3 ,  P). 
Also let 6 and 7l be some sub-a-fields of 3. Then: (i) if $ is (2-measurable 
(or equivalently, if 3 ( + )  C (2) then Ep($ I 6 )  = +; (ii) for arbitrary real 
numbers c, d we have 

+ dq16) = c E d $  16) + m p ( q  I 6 ) ;  
(iii) if 7l G 6 then 

EP(EP($ I 6 )  I x) = EP(EP($ IN) I 6) = Ed+I3-t); 
(iv) if $ is independent of 6 ,  i e . ,  the a-fields 3($)  and 6 are independent2 
under IP then Ep($ 16) = IEp($); (v) if $ is 6-measurable and q is inde- 
pendent of 6 then for any Borel measurable function h : R2 -, IR we have 
E p(h(+, q) 1 6 )  = H($) ,  where H(x) = IE ph(x, q), provided that the inequality 
Eplh(+, q)l < rn holds. 

In the case of a finite 52, any u-field G of subsets of 52 is of this form; that is, 
G = u(D) for some decomposition D of 52. 
We say that two u-fields, G and 3-1, are independent under P whenever P(AnB) = 
P(A)P(B) for every A E 6 and every B E 3-1. 
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The next result is a version of Fatou’s lemma. 

Lemma A.0.2. Let J1, J2 . . . be integrable random variables o n  a probability 
space (6’,3, P). Assume that for every n we have Jn 2 rl, where rl is  some 
random variable with IEpq > -m. Then  for any sub-a-field 6 of 3 we have 

Ep(liminfJn I 6) 5 liminf EP(J, I 6 ) .  
n-03 n-03 

The following result, referred to as (conditional) Jensen's inequality, is 
also well known. 

Lemma A.0.3. Let h : R 4 R be a convex function, and J a random vari- 
able o n  ( R , F , P )  such that EpIg(J)I < m. Then for any sub-a-field 6 of 3, 
Jensen's inequality holds - that is, g(Ep(J1 6) )  I Ep(g(J) I 6 ) .  

The last result of this appendix refers to the situation where two mutu- 
ally equivalent probability measures, P and Q say, are defined on a common 
measurable space (fl, 3 ) .  Suppose that the Radon-Nikodjrm derivative of Q 

Note that the random variable rl is strictly positive P - a s ,  moreover rl is P- 
integrable, with Epr] = 1. Finally, by virtue of (A.8), it is clear that equality 
Eq+ = IEp(+q) holds for any Q-integrable random variable +. 
Lemma A.0.4. Let 6 be a sub-a-field of the a-field 3 ,  and let + be a random 
variable integrable with respect t o  Q. Then the following abstract version of 
Bayes's formula holds 

Proof. It  can be easily checked that E p ( ~  16) is strictly positive P - a s  so that 
the right-hand side of (A.9) is well-defined. By our assumption, the random 
variable J = +q is P-integrable, it is therefore enough to show that 

Since the right-hand side of the last formula defines a 6-measurable random 
variable, we need to verify that for any set A E 6, we have 

But for every A E 6 ,  we get 
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This section provides a very brief account of the It6 stochastic integration 
theory. We start by introducing the notion of the It6 stochastic integral with 
respect to a Brownian motion (i.e., a Wiener process). Then, we deal with 
the fundamental formula of stochastic calculus - the It6 formula, and with 
its most important (from our viewpoint) applications. We have in mind here 
the predictable representation property, and the LQvy characterization of the 
Brownian motion. Finally, the laws of certain functionals of the Brownian 
motion are examined. For more details on It6 stochastic integration with 
respect to a Brownian motion (more generally, with respect to continuous 
semimartingales) we refer the reader, for instance, to monographs by Durrett 
(1996), Karatzas and Shreve (1988), Revuz and Yor (1991), Mikosch (1999), 
Steele (2000), Oksendal (2003), or Jeanblanc et al. (2005). 

B.1 It6 Integral 

Let us consider a probability space (0, IF, P) equipped with a filtration IF = 
(Ft)tEIO,Tl (recall that a filtration is an increasing family of a-fields). 

Definition B.1.1. A sample-paths continuous, P-adapted process W, with 
Wo = 0, defined on a filtered probability space (Q,IF,P), is called a one- 
dimensional standard Brownian motion with respect to the filtration IF if, for 
every u < t < T,  the increment Wt - Wu is independent of the a-field Fu, 
and the probability distribution of Wt - Wu is Gaussian, with expected value 
0 and variance t - u. 

We shall describe only the most important properties of a Brownian mo- 
tion. Firstly, it can easily be seen that a Brownian motion is a continuous 
martingale with respect to the underlying filtration IF, since EpI Wt 1 < CXJ and 

if u 5 t < T. It is well known that almost all sample paths of a Brownian 
motion have infinite variation on every open interval, so classical Lebesgue- 
Stieltjes integration theory cannot be applied to define an integral of a 
stochastic process with respect to a Brownian motion. Finally, W is a process 
of finite quadratic variation, as the following result shows. 
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Proposition B.1.1. For every 0 5 u < t < T,  and an arbitrary sequence 
In} of finite partitions In = {tz = u < t’;l < .. . < t: = t} of the interval 
[u, t] satisfying limn,, 6(Tn) = 0, where 

b ( l n )  Ef max (t;;"+l - t!), k=O, ..., n-1 

we have 
n-1 

lim E(wtn - w ~ ; ) ~  = t  - 
n-00 k + l  

u , (B.2) 
k=O 

where the convergence in (B.2) is in L2(f2, FT,  P). 

Let W be a standard one-dimensional Brownian motion defined on a 
filtered probability space (0, P, P). For simplicity, the horizon date T > 0 
will be fixed throughout. We shall introduce the It6 stochastic integral as 
an isometry I from a certain space Li (W) of stochastic processes into the 
space L2 = L2(f2, FT,  P) of square-integrable, FT-measurable random vari- 
ables. To start with, let us denote by Lg(W) the class of those progressively 
measurable1 processes y defined on (0, PI  P) for which 

Also, let IC stand for the space of elementary processes, that is, processes of 
the form 

m- 1 

~ ( t )  = y-lno + C yin (tj:tj+,](t), v t  E [OlTl, (B.4) 
j=O 

where to = 0 < t l  < . . . < tm = T,  the random variables yj, j = 0, .  . . , m - 1 
are uniformly bounded and Ftj-measurable, and, finally, the random variable 
7-1 is Fo-measurable. For any process y E IC, the It6 stochastic integral jT(y) 
with respect to W over the time interval [0, T] is defined by the formula 

Similarly, the It6 stochastic integral of y with respect to W over any subin- 
terval [0, t], where t 5 T,  is defined by setting 

where x A y = min {x, y). It is easily seen that for any process y E IC the It6 
integral It(y),  t E [0, TI, is a continuous martingale on the space (0, F,  P); 
that is, Ep(It(y) 13%) = Iu(y) for u 5 t < T. 

A process y is progressively measurable with respect to the filtration F if, for every 
t ,  the map (u, w )  --t y,(w) from [0, t]  x 0 -+ R is B([O, t ] )  @ Ft-measurable. Any 
adapted process with right or left continuous paths is progressively measurable. 
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Lemma B.1.1. The class K: is a subset of L$(W), and 

for any process y from K:. The space Li(W) of progressively measurable 
stochastic processes, equipped with the norm 1 1  . / I w ,  is a complete normed 
linear space - that is, a Banach space. Moreover, the class K: of elementary 
stochastic processes is a dense linear subspace of L$(W). 

By virtue of Lemma B.1.1, the isometry i~ : (K:, 1 1 .  Ilw) -+ L 2 ( f 2 , F ~ , P )  
can be extended to an isometry IT : ( c ~ ( W ) ,  I (  . 1 1  W )  ~ ~ ( 0 ,  TT, P). This 
leads to the following definition. 

Definition B.1.2. For any process y E C$(W), the random variable IT(y) 
is called the It6 stochastic integral of y with respect to W over [0, TI, and it 

T is denoted by So yu dWu. 

More generally, for every y E C;(W) and every t E [0, TI, we set 

so that the It6 stochastic integral It(y) is a well-defined stochastic process. 
The next result summarizes the most important properties of this process. 
By (I(?)) we denote the stochastic process given by the formula 

t 
( I ( Y ) ) ~  @f / 2 du,  V t  E [O,T]. 

0 

Proposition B.1.2. For any process y E L$(W), the It6 stochastic integral 
I t (y)  i s  a square-integrable continuous martingale on  ( 0 ,  IF, P). Moreover, the 
process 

t 2  - t v t  E [OlTl, (B.lO) 
is a continuous martingale on (f2,IF, P). 

In a more general framework, if M is a continuous local martingale then we 
denote by (M) the unique, continuous, increasing adapted process vanishing 
at  zero such that M 2  - (M)  is a local martingale. The process (M)  is referred 
to as the quadratic variation of M .  In view of Lemma B.1.2, it is clear that 
formula (B.9) is consistent with this more general definition. 

By applying the optional stopping technique (known also as a localiza- 
tion), it is possible to extend the definition of It6 stochastic integral to the 
class of all progressively measurable processes y for which 
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In this case, the It6 integral I(y)  is known to follow a continuous local mar- 
tingale on (R,IF, P), in general. Recall that a process M is said to be a local 
martingale if there exists an increasing sequence rn of stopping times such 
that rn tends to T as . ,  and for every n the process Mn, given by the formula 

is a uniformly integrable martingale. 

Remarks. A random variable r : R + [O,T] is called a stopping t ime  with 
respect to the filtration P if, for every t E [O,T] the event {r < t )  belongs 
to the a-field Ft .  For any progressively measurable process y, and any stop- 
ping time r, the stopped process yT, which is defined by y: = yTr\t, is also 
progressively measurable. 

Let us denote by Cp(W) the class of all progressively measurable processes 
y satisfying the integrability condition (B.l l) .  It is clear that this space of 
stochastic processes is invariant with respect to the equivalent change of prob- 
ability measure; that is, Cp(W) = Cp(W) whenever P and @' are mutually 
equivalent probability measures on (R,FT) ,  and processes W and w are 
Brownian motions under IF’ and under respectively. Since we restrict our- 
selves to equivalent changes of probability measures, given a fixed underlying 
probability space (0, FT, P), we shall write shortly C(W) instead of Lp(W) 
in what follows. Thus, a process y is called integrable with respect t o  W if it 
belongs to the class C(W). 

ItB's lemma. In this section, we shall deal with the following problem: does 
the process g(Xt) follow a semimartingale if X is a semimartingale and g is 
a sufficiently regular function? It turns out that the class of continuous semi- 
martingales is invariant with respect to compositions with C2-functions (of 
course, much more general results are also available). We start by introducing 
a particular class of continuous semimartingales, referred to as It6 processes. 

Definition B. 1.3. An adapted continuous process X is called an It6 process 
if it admits a representation 

for some adapted processes a and P, defined on (0, IF, IF’), that satisfy suitable 
integrability conditions. 

For the sake of notational simplicity, it is customary to use a more con- 
densed differential notation in which (B.12) takes the following form 

A continuous adapted process X is called a continuous semimartingale if it 
admits a decomposition X = Xo + M + A, where Xo is a Fo-measurable 
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random variable, M is a continuous local martingale, and A is a continuous 
process whose sample paths are almost all of finite variation on [0, It  is 
clear that an It8 process follows a continuous semimartingale and (B.12) gives 
its canonical decomposition. We denote by SC(P) the class of all real-valued 
continuous semimartingales on the probability space (0, IF, P). 

One-dimensional case. Let us consider a function g = g(x, t ) ,  where x E IR 
is the space variable, and t E [0, T] is the time variable. It  is evident that if X 
is a continuous semimartingale, and g : IR x [0, TI -+ IR is a jointly continuous 
function, then the process Yt = g(Xt,t) is &adapted and has almost all 
sample paths continuous. The next result, which is a special case of It6’s 
lemma, states that Y follows a semimartingale, provided that the function g 
is sufficiently smooth. 

Theorem B.1.1. Suppose that g : IR x [O,T] -+ IR is a function of class 
C2?l(IR x [O,T],IR). Then for any It6 process X ,  the process Yt = g(Xt,t),  t E 
[0, TI, is an It6 process. Moreover, its canonical decomposition is given by the 
It6 formula 

More generally, if X = Xo+M+A is a real-valued continuous semimartin- 
gale, and g is a function of class C211(lR x [0, TI, IR) then Yt = g(Xt, t)  follows 
a continuous semimartingale with the following canonical decomposition 

Multidimensional case. Let us start by defining a d-dimensional Brown- 
ian motion. A IRd-valued stochastic process W = (W1,. . . , wd) defined on a 
filtered probability space ( 0 ,  IF, P) is called a d-dimensional standard Brow- 
nian motion if W1, W 2 , .  . . , wd are mutually independent one-dimensional 
standard Brownian motions. In this paragraph, W is a d-dimensional stan- 
dard Brownian motion. Let y be an adapted IRd-valued process satisfying the 
following condition 

(B.14) 

where 1 .  I stands for the Euclidean norm in IRd. Then the It8 stochastic integral 
of y with respect to W equals 

It is well known that the decomposition of X with these properties is unique, 
up to indistinguishability of stochastic processes. It is referred to the canonical 
decomposition of the continuous semimartingale X under B. If a probability mea- 
sure @' is equivalent to P, then X is a continuous semimartingale under p. Its 
canonical decompositions under P and under @ are distinct, however (cf. Theorem 
B.2.2). 
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Let X = (X1, X 2 , .  . . , x k )  be a k-dimensional process such that 

where ai are real-valued adapted processes, and Pi are JRd-valued processes 
for i = 1, .  . . , k, integrable in a suitable sense. Let g = g(x, t )  be a function 
g : Rk x [O,T] -, R. Before stating the next result, it will be convenient to 
introduce the notion of the cross-variation (or quadratic covariation) of two 
continuous semimartingales. If X i  = Xg + Mi + Ai are in S C ( P )  for i = 1,2, 
then (X1, X2)t  Ef (M1, M2)t ,  where in turn 

def 1 
(MI,  M ~ ) ,  = ((MI + M ~ ,  + M ~ ) ~  - (MI,  ~ l ) ~  - ( M ~ ,  M ~ ) ~ ) .  

For instance, if X1 and X 2  are the It6 processes given by 
easily seen that 

Proposition B.1.3. Suppose that g is a function of class 
the following form of It6's formula is valid 

(B.16) then it is 

C2 (JRk, R) . Then 

More generally, if processes X i  are i n  S C ( P )  for i = 1,. . . , k then 

or equivalently, 

A special case of the It6 formula, known as the integration by parts 
formula, is obtained by taking the function g(xl,x2) = xlx2. 

Corollary B.1.1. Suppose that X1,X2  are real-valued continuous semi- 
martingales. Then the following integration by parts formula is valid 
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LQvy's characterization theorem. The following useful characterization 
of a Brownian motion is due to Paul LBvy. Let us emphasize that the sample- 
path continuity of the process M is an essential assumption in this result, 
and thus it cannot be relaxed. 

Theorem B.1.2. Suppose that M is a continuous martingale on  a probabil- 
ity space ( 0 ,  IF, P) such that Mo = 0, and the process M: - t is a martingale; 
that is 

I E ~ ( M ~ - M , " ~ F , ) = ~ - U ,  V U < ~ < T .  (B.18) 

Then M is a Brownian motion on  ( 0 ,  IF, P). 

Note that since M is assumed to be a martingale, condition (B.18) can 
be given the following equivalent form 

On the other hand, (B.18) means also that we have (M)t  = t for every t E 
[0, TI. Theorem B. 1.2 can also be formulated in the multidimensional case: in 
this case, the components Mi  of a d-dimensional process M = (M1,. . . , M ~ )  
are assumed to be continuous local martingales, with (Mi, Mj)t = &t, where 
Jij = 1 if i = j and equals 0 otherwise. 
Predictable representation property. In this section we shall assume 
that the filtration IF = IFW is the standard augmentation3 of the natural 
filtration a{Wu 1 u 5 t )  of the Brownian motion W. In other words, we 
assume here that the underlying probability space is (0, IFW, P), where W is 
a one-dimensional Brownian motion. 

Theorem B.1.3. For any random variable X E ~ ~ ( 0 ,  FY, P), there exists 
a unique predictable process y from the class &(W) such that 

and the following equality is valid 

It  can be deduced from Proposition B.1.3 that any local martingale on the 
filtered probability space (0, FW, P) admits a modification with continuous 
sample paths. Thus, any Brownian (local) martingale is a continuous process. 

If a filtration IF is not P-complete, its IF-completion is achieved as follows. First, 
we put kt = u(Ft U N ) ,  where N is the class of all P-negligible sets from FT. 
Second, for any t we define ?t = Ft+, where Ft+ = n,,, Ft+,. Filtration i? 
is then P-complete and right-continuous; it is commonly referred to as the P- 
augmentation of IF. 
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B.2 Girsanov's Theorem 

Let W be a d-dimensional standard Brownian motion defined on a filtered 
probability space (0, P, P). For an adapted Rd-valued process y E C(W), we 
define the process U by setting 

The process U defined in this way follows, of course, a continuous local mar- 
tingale under P. One may check, using It6’s formula, that the Dole'ans expo- 
nential of U - that is, the unique solution E(U) of the stochastic differential 
equation 

dEt (U) = Et (U) yt . dWt = Et (U) dUt, (B.22) 
with the initial condition Eo(U) = 1 - is given by the formula 

i.e., Et(U) = exp(Ut - (U)t/2). Note that E(U) follows a strictly positive con- 
tinuous local martingale under P. For any probability measure p on ( 0 ,  FT), 
equivalent to P,  we define the density process q by setting 

It  is clear that q follows a strictly positive, uniformly integrable martingale 
under IP; in particular, qt = iEp(q~  I Ft) for every t E [0, TI. Observe that an 
adapted process X follows a martingale under @’ if and only if the product 
qX follows a martingale under P. We are in a position to state a version of 
Girsanov’s theorem. 

Theorem B.2.1. Let W be a standard d-dimensional Brownian motion on 
a filtered probability space (O,F, P). Suppose that y is an adapted IRd-valued 
process such that EP{&T(L"Y~ 'dwU)} = 1. (B.24) 

Define a probability measure p on (R,FT)  equivalent to P by means of the 
Radon-Nikodym derivative 

Then the process W ,  which is given by the formula 

(B. 26) 

follows a standard d-dimensional Brownian motion on  the space (0, IF, p). 
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Obviously, we always have @' C Ft, t E [0, TI. The filtrations generated 
by W and of w do not coincide, in general. In particular, if the underlying 
filtration IF is the P-augmentation of the natural filtration of W then we 
obtain .Ftw & F?, t E [0, TI. The next well-known result shows that, if 
the underlying filtration is the natural filtration of a Brownian motion, the 
density process of any probability measure equivalent to P has an exponential 
form. 

Proposition B.2.1. Assume that the filtration IF is the usual augmentation 
of the natural filtration of W; that is, P = PW. Then for any probability 
measure @' on  ( 0 ,  FT) equivalent to P, there exists a d-dimensional process 
y, adapted to the filtration lFW, and such that the Radon-Nikody'm derivative 
of p with respect to P equals 

Case of continuous semimartingales. We end this section by stating a 
generalization of Girsanov’s theorem to the case of continuous semimartin- 
gales. Let @' and P be two mutually equivalent probability measures on a 
common filtered probability space. We first assume, in addition, that the 
density process v, which is given by (B.23), is continuous (this holds, for 
instance, if IF = IFW for some Brownian motion W). Let us put 

so that U is a continuous local martingale, and vt = Et(U). 

Theorem B.2.2. Suppose that i s  a probability measure on  ( 0 ,  FT) equiv- 
alent to P and such that the density process v, which is given by formula 
(B.23), i s  continuous. Then every continuous real-valued P-semimartingale 
X is a continuous @'-semimartingale. If the canonical decomposition of X 
under P i s  X = Xo + M + A, then the canonical decomposition of X under 
p is X = Xo + M + A, where 

t 

n;r, = M t  -1 v;ld(v,M)u = M t  - (U1M)t, 

and t 

At = At + l ~ ; ~ d ( v ,  M). = At + (U, M)t.  

In particular, X follows a local martingale under p if and only i f  the process 
A + (U, M )  vanishes identically; At + (U, M ) t  = 0 for every t E [0, TI. 

More generally, if 7 = E(U), where U is a local martingale under P (not 
necessarily with continuous sample paths), the last theorem remains valid 
under the assumption that the cross-variation (U, M)  exists. 
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B .3 It 6-Tanaka-Meyer Formula 

Let Z be a real-valued, continuous semimartingale, with the canonical de- 
composition Z = Zo + M + A, where M is a continuous (local) martingale, 
and A is a continuous process of finite variation, with Mo = A. = 0. 

For any fixed a E R, we denote by L%(Z) the (right) semimartingale local 
time of Z at the level a ,  that is, the process given explicitly by the formula 

for every t E [0, TI, where sgn (x) = 1 for x > 0 and sgn (x) = -1 for x < 0. 
By convention, we set sgn (0) = -1 so that the function sgn (x -a) represents 
the left-hand side derivative of the function (x  - al. 

It is well known that the local time La(Z) of a continuous semimartingale 
Z is an adapted process whose sample paths are almost all continuous, non- 
decreasing functions, and we have 

In addition, for any bounded (or nonnegative) measurable function g : R -+ R 
the following density of occupation time formula holds: 

For an arbitrary convex function f : R -+ IR and a continuous semimartingale 
Z,  the following decomposition, referred to as the It6-Tanalca-Meyer formula, 
is valid 

where f i  is the left-hand-side derivative4 of f and the measure p = f" rep- 
resents the second order derivative of f ,  in the sense of distributions. If the 
function f belongs to the class C2(R,R),  then p(da) = fl’(a) da for a non- 
negative function f", and the density of occupation time formula yields 

Hence, in this case the It6-Tanaka-Meyer formula reduces to the classical It6 
formula. 
* Recall that the left-hand-side and right-hand-side derivatives of a convex function 

are non-decreasing functions. 
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B.4 Laws of Certain Functionals of a Brownian Motion 

In this section, we present the basic results concerning the functionals of 
Brownian motion (see Harrison (1985), Yor (1992a), and Borodin and Salmi- 
nen (1996) in this regard). Given a one-dimensional standard Brownian 
motion W, let us denote by Adtw and m y  the running maximum and 
minimum respectively. More explicitly, Mtw = maxuE p t ]  Wu and my = 
minuEIO,t] Wu. It  is well known that for every t > 0 we have 

The following well-known result, commonly referred to as the reflection prin- 
ciple, is a straightforward consequence of the strong Markov property of the 
Brownian motion (cf. Harrison (1985), Karatzas and Shreve (1988) or Revuz 
and Yor (1991)). 

Lemma B.4.1. T h e  formula 

i s  valid for  every t > 0, y 2 0 and x 5 y.  

We need to examine the case of a slightly more general process - 
namely, a Brownian motion with non-zero drift. Consider the process X 
that equals Xt = aWt + vt, where W is a standard Brownian motion un- 
der P, and a > 0, v are real numbers. We write M: = maxuE[o,tl Xu and 
mf = min uE[o,tl Xu. By virtue of Girsanov’s theorem (see Theorem B.2.1), 
the process X is a Brownian motion (up to an appropriate rescaling) under 
an equivalent probability measure and thus (cf. (B.28)) 

for every t > 0. 

Lemma B.4.2. For every t > 0, the joint distribution of Xt and M: is  
given by the formula 

for every x,  y E IR such that  y > 0 and x 5 y .  

Proof. Since 

where X," = Wt + vt la ,  it is clear that we may assume, without loss of gen- 
erality, that a = 1. It is convenient to employ the technique of an equivalent 
change of probability measure. It follows from Girsanov’s theorem that X is 
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a standard Brownian motion under the probability measure lb, which is given 
on (0, FT) by setting (recall that a = 1) 

Note also that 

Since X follows a standard Brownian motion under lb, an application of the 
reflection principle (B.29) gives 

since 2y - x 2 y.  Let us define still another equivalent probability measure 
@' by setting 

'@' e - ~ ~ T - ~ 2 ~ / 2  A - - 
dlb - 

, P-as. 

Is is clear that 

Furthermore, the process wt = Xt + vt follows a standard Brownian motion 
under @' and thus we have 

which in turn easily yields (B.31). 

It  is worthwhile to observe that (a similar remark applies to all formulas 
below) 

P{Xt < x, M: > y )  = P{Xt < x, M: > y ) .  
The following corollary is a straightforward consequence of Lemma B.4.2. 

Corollary B.4.1. For every x, y E R, satisfying y 2 0 and x 5 y, we have 

Hence, 

for every x, y E R such that x 5 y and y 2 0. 
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Proof. For the first equality, note that 

P { X ~  2 2y - x + 2vt) = P{-aWt 5 x - 2y - v t )  = N ( x  -:>; v t )  , 

since -aWt has Gaussian law with zero mean and variance a2t. For (B.33), 
it is enough to observe that 

~ { x t  I 2,  M? I y )  + P{Xt I x ,  M? L y)  = P{Xt I x )  

and to apply (B.32). This completes the proof. 

It  is clear that 

P{M? 2 Y )  =P{Xt  2 y)+P{Xt  I Y ,  M? L Y )  

for every y 2 0,  and thus 

Consequently, 

P{M? < y)  = 1 - P { M ~  2 y)  = P{Xt I y) - e 2vyo-2  P{Xt L y + 2vt).  

This leads to the following corollary. 

Corollary B.4.2. The following formula holds for every y 0 

Let us now focus on the law of the minimal value of X .  Observe that for 
any y I 0 we have 

P{ max ( a  Wu  -vu)  2 -y)  = P{ min (-aWu+vu) 5 y) = P{ min Xu I y) ,  
u E [ O , t l  ['At1 ~ € [ O , t l  

where the last equality follows from the symmetry of the Brownian motion. 
Consequently, for every y 5 0 we have ~ { m :  5 y )  = P{M? -y) ,  where 
the process x equals kt = aWt -vt.  The following corollaries are not difficult 
to prove. 

Corollary B.4.3. The joint distribution of ( X t ,  m?) satisfies 

for every x ,  y 6 JR such that y < 0 and y I x .  

Corollary B.4.4. For every y 5 0, the following formula is valid 
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Accrual period, 476 
Actual probability, 10 
Adapted process, 35, 42 
Affine term structure, 354 
American opt ion 
- continuation region, 183 
- Cox-Ross-Rubinstein model, 56-62 
- critical stock price, 183 
- dividend-paying stock, 191 
- early exercise premium, 183 
- free boundary problem, 185 
- Geske- Johnson method, 189 
- hedging, 178 
- method of lines, 190 
- one-period case, 27-31 
- perpetual put, 187 
- rational exercise time, 182 
- reward function, 175 
- smooth fit principle, 186 
- stopping region, 183 
- variational inequality, 188 
Appreciation rate, 84, 99 
Arbitrage 
- free, 15, 23, 65, 77, 176, 282 
- long o r  short, 176 
- opportunity, 15, 65, 77, 282 
- price, 15, 23, 67, 92, 284, 342, 409 
Asian option, see exotic option 
Asset, see security 
Average option, see Asian option 

B-cap, see cap, bounded 
Bachelier 
- equation, 125 
- formula, 123 
- model, 123 
- sensitivity, 125 
Backward SDE, 310 
Barrier option, see exotic option 
Basis, 323 
Bayes formula, 568 

Black’s 
- equation, 131 
- formula, 128 
- model, 128 
Black-Derman-Toy model, 362 
Black-Karasinski model, 362 
Black-Scholes 
- equation, 96 
- formula, 53, 94 
- model 
- - completeness, 300 
- - mean-variance hedging, 302 
- - multidimensional, 298 
- - one-dimensional, 84 
- - risk-minimizing hedging, 303-309 
-- robustness, 135 
-- transaction costs, 311 
- sensitivity, 109 
Bond 
- callable, 408 
- coupon-bearing, 318 
- defaultable, 561 
- discount, see zero-coupon 
- equivalent yield, 321 
- face value, see principal 
- maturity, 315 
- principal, 315 
- zero-coupon, 315 
Brace-G~tarek-Musiela model, see 

model of LIBOR 
Brownian motion 
- forward, 341 
- functionals of, 579 
- geometric, 84 
- LBvy’s characterization of, 575 
- maximum of, 579 
- multidimensional, 573 
- natural filtration, 86, 577 
- one-dimensional, 569 
- quadratic variation, 569 
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- reflection principle, 579 
BSDE, see backward SDE 
Buy-and-hold strategy, 175 

Cap, 439 
- basket, 556 
- bounded, 443 
- caplet, 439 
- cumulative, 443 
- dual strike, 443 
- quanto, 558 
- valuation formula 
- - Flesaker-Hughston model, 525 
-- Gaussian HJM model, 442 
- - lognormal LIBOR model, 464 
-- market, 446 
Caplet, see cap 
Caption, 445 
CBOT, 5 
Ceiling rate agreement, see cap 
CEV, see model of stock price 
Change of measure, see Girsanov’s 

theorem 
Change of variable, see It8’s formula 
Cheapest-to-deliver bond, 323 
Chooser option, see exotic option 
CIR, see Cox-Ingersoll-Ross 
CME, 6 
CMS, see swap, constant maturity 
Combined option, see exotic option 
Compound option, see exotic option 
Conditional 
- expectation, 565 
- probability, 565 
Consol, 369 
Contingent claim 
- American, 30, 60, 175 
- attainable, 14, 65 
- path-dependent, 39, 103 
- path-independent, 39, 60, 103 
Convexity, 321 
Coupon 
- rate, 319 
Cox-Ingersoll-Ross model, 356, 376 
Cox-Ross-Rubinstein 
- formula, 43 
- model, 36 
CRA, 439 
Credit risk, 561 
Critical stock price, 183 
Cross-currency 
- rate, see exchange rate 
- swap, see swap 

- swaption, see swaption 
Cross-variation, 574 
CRR, see Cox-Ross-Rubinstein 

Daily settlement, see marking to 
market 

Date 
- reset, 476 
- settlement, 476 
Decomposition of R, 47, 565 
Default risk, 561 
Defaultable bonds, 561 
Derivative security, 3 
Differential swap, see swap, cross- 

currency 
Digital option, see exotic option 
Discount 
- function, 316 
- rate, 324 
Dividend, 61, 116, 191 
Doleans exponential 
- Brownian case, 576 
- general case, 295 
Doob-Meyer decomposition, 178 
Dothan’s model, 356 
DSR, see Longstaff’s model 
Dynamic portfolio, see trading strategy 

Early exercise premium, 183 
Effective interest rate, see interest rate, 

actuarial 
Entropy-based valuation, 82 
Equilibrium 
- general, 13, 99, 333, 336, 356 
- partial, 13, 46 
- rational, 15 
Eurodollar futures 
- market conventions, 326 
- price, 436 
European option, see option 
Exchange rate 
- cross-currency, 535 
- forward, 153 
- process, 148, 528 
Exercise price, see strike price 
Exotic option 
- Asian, 206 
- barrier, 199 
- basket, 210 
- break forward, 194 
- chooser, 196 
- collar, 194 
- combined, 216 
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- compound, 197 
- digital, 198 
- Elf-X, 539 
- forward-start, 195, 234 
- gap, 198 
- knock-out, 199 
- lookback, 202 
- multi-asset, 216 
- package, 194 
- passport, 216 
- quantile, 213 
- quanto, 167, 538 
- range forward, 195 
- Russian, 216 
Expectations hypothesis, 332 
Expiry date, 9 

Follmer-Schweizer decomposition, 303 
Fatou’s lemma, 568 
Feynman-Kac formula, 103, 364 
Filtration, 14, 42, 47, 569 
- augmentation, 575 
- Brownian, 575 
- complete, 575 
- natural, 47 
- usual conditions, 280 
Fixed-for-float ing 
- cross-currency swap, 549-552 
- cross-currency swaption, 553-555 
- swap, 328, 476-479 
Fixed-income market, 315 
Flesaker-Hughston approach, 521 
Floating-for-fixed swap, 328 
Floating-for-floating 
- cross-currency swap, 542-549, 560 
- cross-currency swaption, 555-556 
- swap, 328 
Floor, 439 
Foreign market 
- forward contract, 158 
- futures contract, 160 
- option 
- - currency, 154, 536 
-- Elf-X, 169, 539 
-- equity, 164, 166, 537 
-- quanto, 167, 538 
- swap, 542 
- swaption, 553 
Formula 
- Bachelier, 123 
- Bayes, 568 
- Black, 128 
- Black-Scholes, 94 

- Cox-Ross-Rubinstein, 43 
- Feynman-Kac, 103, 364 
- integration by parts, 574 
- It8, 573 
- It8-Tanaka-Meyer, 180 
- Merton, 101 
Forward 
- Brownian motion, 341 
- contract, 7, 25, 339 
- interest rate, 317, 343, 388 
- martingale measure, 340, 388 
- price, 26, 80, 339, 341, 343, 530 
- rate agreement, 329 
- strategy, 292 
- swap measure 
-- co-sliding, 502 
- - co-terminal, 489 
- swap rate, 478 
- wealth, 292 
Forward neutral probability, see 

martingale measure 
Forward swap rate, 328 
Forward-start option, see exotic option 
FRA, see forward rate agreement 
Free boundary problem, 185 
Free lunch 
- with bounded risk, 297 
- with vanishing risk, 297 
Fundamental Theorem of Asset Pricing 
- First, 72, 82, 296 
- Second, 73, 82 
Futures 
- contract, 20 
- Eurodollar, 326, 436 
- margin account, 20 
- options, 419 
- price, 22, 126, 416 
- Treasury bill, 324 
- Treasury bond, 323 

General equilibrium approach, 13 
Geske- Johnson method, 189 
Girsanov’s theorem, 576 

Heath-Jarrow-Morton (HJM) 
- empirical study, 413 
- Gaussian, 392, 437 
- Ho and Lee, 396 
- methodology, 384-391 
- Vasicek, 397 
Hedge ratio, 11, 109, 125 
Hedging 
- mean-variance, 302 
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- perfect, 178 
- quantile, 82 
- risk-minimizing, 303 
- shortfall, 82 
HJM, see Heath-Jarrow-Morton 
Ho and Lee model, 383, 396 
Hull and White model, 359 

Indistinguishable processes, 282 
Infinitesimal generator, 185 
Inflation-based derivative, 561 
Interest rate 
- actuarial, 317 
- consol, 369 
- continuously compounded, 317 
- forward, 317, 343, 388 
- forward swap, 328 
- instantaneous, 317 
- LIBOR, 326, 433 
- short-term, 318, 388 
- swap, 328, 478 
It6 
- formula, 573 
- integral, 571 
- process, 572 

Jamshidian’s model, see model of swap 
rate 

Jensen’s inequality, 28, 568 
Jump-diffusion models, 279 

Level 
- measure, 489 
- process 
-- co-terminal, 489 
- process (sliding), 502 
LIBOR, 322 
- dynamics, 437-438, 458-461 
- forward, 433, 436 
- futures, 436 
- lognormal model, 448-457 
- spot measure, 455 
Local time, 180, 578 
Longstaff’s model, 358 
Lookback option, see exotic option 

Manufacturing cost, 11, 14 
Market 
- Black-Scholes, 91, 298 
- cash, see spot 
- complete, 65, 73, 300 
- domestic, 151 
- finite, 35 
- fixed-income, 315 

- foreign, 151, 528 
- frictionless, 8 
- futures, 20, 290 
- imperfections, 310 
- incomplete, 300 
- maker system, 4 
- spot, 9, 10 
-- standard model, 285 
Market price for risk, 336 
Marking to market, 6 
Martingale, 47 
- localization, 571 
- measure, 12 
- probability, 12 
- quadratic variation, 571 
- representation property, 575 
Martingale measure, 47, 67, 90, 283 
- domestic, 151 
- foreign, 151 
- forward, 340, 388 
- futures, 127 
- generalized, 67 
- minimal, 304 
- spot, 90, 388 
- strict, 297 
Maturity, see expiry date 
Mean reversion, 350 
Merton’s 
- formula, 101 
- model, 348 
Method 
- domestic market, 534 
- foreign market, 534 
- martingale, 12 
Miltersen-Sandmann-Sondermann 

model, see model of LIBOR 
Model 
- Flesaker-Hughston, 521 
- Heath-Jarrow-Morton, 384 
- Jamshidian’s, 488 
- mixture, 251 
- of implied volatility, 268 
- of LIBOR, 448-457 
- - bond option, 471 
- - cap, 464 
-- empirical study, 414 
-- extension, 473 
- of local volatility, 267 
- of short-term interest rate 
-- affine, 368 
-- Brennan and Schwartz, 356 
- - Cox-Ingersoll-Ross, 356 
-- Dothan, 356 
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-- extended CIR, 371 
-- Hull and White, 359 
-- lognormal, 362 
-- Longstaff, 358 
-- Merton, 348 
-- Vasicek, 350 
- of stochastic volatility 
-- Heston, 263 
-- Hull and White, 258 
-- SABR, 265 
- - Wiggins, 257 
- of stock price 
-- ARCH, 272 
- - autoregressive, 272 
-- Bachelier, 123 
- - Black-Scholes, 84 
- - COX (CEV), 238 
- - Cox-Ross-Rubinstein, 36 
- - dividend-paying, 116 
-- GARCH, 272 
- - jump-diffusion, 274 
-- LBvy process, 275 
- - stochastic volatility, 255 
- - subordinated process, 276 
-- variance gamma, 276 
- of swap rate, 502-505 
Money market account, see savings 

account 
Mortgage-backed security, 323 
Multi-asset option, see exotic option 

N-cap, see cap, dual strike 
Natural filtration, 47 
Numeraire asset, 291, 345 

Open interest, 4 
Option 
- American, see American option 
- at-the-money, 108 
- Bermudan, 189 
- bond, 399, 471 
- CMS spread, 486 
- coupon-bearing bond, 405 
- currency, 154, 536 
- exercise price, 4 
- exotic, see exotic option 
- expiry date, 9 
- foreign asset, 164, 537 
- forward contract, 132 
- in-the-money, 108 
- out-of-the-money, 108 
- replication, 410 
- sensitivity 

-- delta, 109, 125 
-- gamma, 111 
-- theta, 111 
-- vega, 112, 230 
- standard call o r  put 
-- European, 8, 43 
-- futures, 6, 128 
-- parity, 9, 19, 102 
- stock, stochastic interest rate case, 

402 
- strike price, 4 
Ornstein-Uhlenbeck process, 350 
OTC, see over-the-counter 
Over-the-counter, 3 

Package option, see exotic option 
Partial differential equation 
- Bachelier, 125 
- Black, 130 
- Black-Scholes, 96 
- Black-Scholes-Barenblatt, 145 
- bond price, 353, 356, 360, 364 
- forward bond price, 448 
- futures derivative, 425-428 
- spot derivative, 421-425 
Partial equilibrium approach, 13, 46 
Passport option, see exotic option 
Payer swap, see fixed-for-floating swap 
PDE, see partial differential equation 
Perpetual put, 187 
Posit ion 
- delta, 111 
- long or short, 25 
Predictable representation property, 

5 75 
Price 
- ask or bid, 4 
- forward, 339, 341, 343, 461-463 
- seller, 145 
- system, 70 
Probability 
- actual, 10 
- Martingale, 12 
- real-world, 10 
- risk-neutral, 13 
- statistical, 10 
- subjective, 10 
Probability measure 
- absolutely continuous, 67 
- equivalent, 67 
Process 
- adapted, 35, 42 
- arbitrage price, 77 
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- Bessel, 208, 357, 372 
- bond price, 388 
- Brownian motion, 573 
- density, 576 
- diffusion, 333 
- expected value, 284 
- forward risk-adjusted, 340 
- gains, 64, 76, 283, 290 
- It6, 572 
- LBvy, 275 
- level, 489 
- multidimensional diffusion, 368 
- Ornstein-Uhlenbeck, 350 
- predictable, 77 
- progressively measurable, 570 
- replicating, 65, 282 
- squared Bessel, 371 
- squared-Gauss-Markov, 368 
- subordinated, 276 
- variance gamma, 276 
- wealth, 63, 76 
Put-call parity, 19, 51, 102, 131, 404, 

420 

Q-cap, see cap, cumulative 
Quadratic covariation, see cross- 

variation 
Quadratic variation 
- of a Brownian motion, 569 
- of a continuous local martingale, 571 
- of a semimartingale, 295 
Quanto 
- caplet, 558 
- forward, 159 
- option, 167, 538 
- roll bond, 543 

Radon-NikodGm derivative, 576 
Random walk 
- arithmetic, 37 
- exponential, 37 
- geometric, 37 
Rational lognormal model, 521-526 
RCLL, 172 
Real-world probability, 10 
Realized variation, 278 
Receiver swap, see floating-for-fixed 

swap 
Region 
- continuation, 183 
- stopping, 183 
Reward function, 175 
Riccati equation, 357 

Risk 
- credit, 561 
- default, 561 
- market, 561 
- premium, 381 
Risk-free portfolio, 83, 105 
Risk-neutral 
- economy, 13 
- individual, 67 
- probability, 13, see martingale 

measure 
- valuation 
-- Black-Scholes model, 92 
- - Cox-Ross-Rubinstein model, 50 
-- discrete-time case, 79 
- stochastic interest rate, 342 
- world, 13 
Russian option, see exotic option 

Sandmann-Sondermann model, 362 
Savings account, 36, 84, 318 
SDE, 84 
Security 
- derivative, 3 
- primary, 3 
Semimartingale 
- canonical decomposition, 296 
- continuous, 280, 573 
- - canonical decomposition of, 573 
- special, 296 
Settlement 
- daily, 6 
- in advance, 439, 478 
- in arrears, 439, 476 
Short-term interest rate 
- Brennan and Schwartz, 356 
- CIR model, 356 
- Dothan’s model, 356 
- Hull and White model, 359 
- lognormal model, 362 
- Longstaff’s model, 358 
- Merton’s model, 348 
- Vasicek’s model, 350 
Smooth fit principle, 186 
Snell envelope, 177 
Spread 
- bear, 5 
- bull, 5 
- butterfly, 5 
- calendar, 5 
State-price vector, 70 
Statistical probability, 10 
Stock 
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- common, 3 
- dividend-paying, 61, 116, 191 
- index option, 305 
- preferred, 3 
Stock price 
- Black-Scholes model 
- - multidimensional, 298 
- - one-dimensional, 84 
- Cox (CEV) model, 238 
- CRR model, 36 
- stochastic volatility model, 255 
Stopping time, 30, 58, 174 
Strike price, 4, 8 
Subjective probability, 10 
Super-replication, 82, 141, 144 
Swap 
- accrual period, 476 
- annuity (level process), 489 
- CMS spread, 486 
- co-initial, 497 
- co-sliding, 502 
- co-terminal, 488 
- constant maturity, 483 
- cross-currency, 542-556, 560 
- forward-start, 328, 476 
- length, 476 
- notional principal, 328 
- payer, 328 
- rate, 328, 478, 502 
- receiver, 328 
- reset date, 476 
- settlement date, 476 
- swap option, see swaption 
- valuation, 433-436, 476-478 
- yield curve, 487 
Swapt ion 
- Bermudan, 484, 496 
- co-initial, 500 
- co-sliding, 507 
- co-terminal, 495 
- cross-currency, 542, 553 
- forward, 482 
- payer, 480 
- receiver, 480 
- valuation formula 
- - Flesaker-Hughston model, 526 
-- Gaussian HJM model, 485 
- - lognormal LIBOR model, 511 
-- market, 488 

Tenor, 432 
Term structure, 316 
- affine, 354 

- foreign, 528 
Trading and consumption strategy 
- admissible, 174 
- self-financing, 173 
Trading strategy, 88 
- admissible, 91, 282 
- bonds, 386 
- buy-and-hold, 175 
- currency, 154 
- futures, 75, 127, 418 
- instantaneously risk-free, 106 
- mean self-financing, 303 
- replicating, 43, 65 
- self-financing, 40, 42, 64, 88, 106, 418 
- simple predictable, 297 
Transaction costs 
- Black-Scholes model, 113, 311 
Treasury 
- bill, 324 
- bond, 323 

Utility-based valuation, 82, 146, 309 

Variance-covariance matrix, 405 
Variational inequality, 188 
Vasicek’s model, 350, 397 
Volatility 
- historical, 219 
- implied, 220-228 
-- asymptotic behavior, 226 
- - Black-Scholes, 220 
- - Brenner-Subrahmanyam formula, 

223 
-- CEV model, 240 
- - Corrado-Miller formula, 223 
- - smile effect, 221 
-- surface, 224 
- local, 242-254 
-- Dupire’s formula, 248 
- matrix, 298 
- of stock price, 84 
- stochastic, 255-278 
- uncertain, 135 
- - Black-Scholes-Barenblatt equation, 

145 
-- seller price, 138 
- - super-replication, 141 

Warrant, 3 
Wiener process, see Brownian motion 

Yield curve, see term structure 
Yield curve swap, 487 
Yield-to-maturity, 320 
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