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1 Introduction

A barrier option is activated or extinguished when a specified asset price,
index, or rates reaches a specified level. Some models of barrier option as-
sume continuous monitoring of the barrier, others specify fixed times for
monitoring of the barrier (typically daily closing). In this last case, the
price can not be computed in closed form. Indeed, the price is equal to a
n-dimensional integral on a multivariate normal distribution (where n is the
number of monitoring instants), and the classical analytical methods become
rapidly inefficient. Even Monte Carlo methods imply times of computing too
important to be a real tradind tool.

In their paper “A continuity correction for discrete barrier options” (Math-
ematical Finance, vol 7, N°4 (october 1997)) Broadie, Glasserman and kou
[1] (henceforth BGK) propose to lie the “discrete price” to the “continuous
price” for which there exists a closed formula. In a first part we recall this
result and from this, we obtain an operational closed formula. In a second
part we look at the profils of the price and delta of the option at some date
before a monitoring instant, and then display the real hedging problem that
raise such options.

2 Integration of the BGK’s formula

We are under the usual Black-Scholes market assumptions. In particular, the
asset price follows the stochastic differential equation

as

—t = pdt + ocdW,

St
where (W;);>0 is a standard brownian motion, and we denote r the con-
stant instantancous risk-free interest rate. In their article (BGK) introduce

a continuity correction for approximate pricing of discrete barrier options.
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Theorem 1 Let V,,(H) be the price of a discretely monitored knock-in or
knock-out down call or up put with barrier H. Let V(H) be the price of the
price of the corresponding continuously monitored barrier option. Then

Voo (H) = V(He207V ) to(—)

3

(3
I

~

where + applies if H;Sy, - applies if HjSy, and 3 = ~ 0.5826, with ¢ the

riemann zeta function.

ﬁ

However the above formula is not operational for all that to the extent
that the price and delta can only be computed at monitoring instant.Starting
from this result, our aim is to obtain a value for each of these two quantities
at every instant of the life of the option.

We denote: VZ.(L,t) =price at time t of a “down and out” call option with
maturity T, barrier L, and n monitoring instant t; _t, uniformly distributed
on [0,T], the underlying asset starting from x. VI, (L,t) =price at time t of a
“down and out” call option with maturity T, continuous barrier L., the under-
lying asset starting from x. BSy(x) =price at time 0 of a standard call option
with maturity T, the underlying asset starting from x. FF7 (L) =price of a
“down and out” call option with maturity T, barrier L and one monitoring
instant t, the underlying asset starting from x.

In the sequel, the strike K is fixed and E* [| denote the expectation under the
risk neutral probability. Let t € [0,7], for instance tjt;

V(L 1) = e " DB (VPR (L, )|

but <
VI‘?()(L,tl) = Tiltl(La 0)1(5151 > L)

and from the theorem

Vi, (L,0) = Vi, (L)1)
then
Vi(L,t) = e [V, (L 01(S,, > L)|F] (0)
I (L')?
= e "R [BSr_, (S:,)1(Sy, > L)|F] — e "M g (S—h)*BST_tl(S—tl)l(Stl > I

where A = (2;) — 1 we look at the firts term of the (RHS) of (0)
Siy Sty
E* [BSr-,($u)1(S, > L)|Fi] = E* | BS7_ (S 1S5 > L)|Ft] (1)
t t
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Define
SOV = St
SY = Syexp((r—o*)u+oB,)
then
(1) = E°|BSp 4 (SY 1S, > L)]
= B [BSr—t-(u-0(S_)1(SY_, > L)]
= e TR 1S, > L)(SY, — K)4]
hence

SV
(1) - FFtloft,Tft(L)
Now we look at the second term of the (RHS) of (0)

L (L'y LS wr s, S,
E* (5 )BSr—i,(5—)U(S, > L)|F| = E*|(5g)BSrn ()15
Sy St St Sy St S St
L, St (h? Sy, St
= (=)VE* [(=)""BS+_; (——)1(=2
(St) (St1> ST tl( St Stl) (St

we recall theorems of Girsanov and Levy

Theorem 2 (Girsanov)Let L and M be two P-local martingales such that

e(L) is a real martingale, then M~(M, L) is a Q-locale martingale where 9% =

e(L) .

Theorem 3 (Lévy) Let X be aQ-continuous local martingale with (X, X), =
t,, then X is a brownian motion.

So by Girsanov’s theorem applied with
M =B,L=-XoB

we know that B
(Bu = By, + )‘Uu)[)utl—t

is Q-local martingale where

d
CUC;%JFtl_t = 5(—)\0'Bt1_t)




6 pages 4

but (B, Bvu> = u so by Lévy’s theorem (éu)oml,t is a Q-brownian motion.

Hence with
/ 2

e = (g P exp((=hr+ A) + X5 (1 = 1)

we can rewrite (2) as

(L')? o2 o2 _
(2) = cE“ BST—tl(Tt exp(—(r — o = A=)(ti = t) =By, 1))
1(Stexp((r — 022 — )\0—2)(151 —t)4+ 0By, > L)|F)]
(L')? o? o2 _
= cE¥| BST—tl(Tt exp(—(2r — (A +1)=)(t1 = t)) exp((r — )(tr = t) = 0By 1))
(L')? o2 o2 N (L')?
1(@ exp(—(2r — (A +1)=)(t: — 1)) exp((r — ) (t1 =) = 0By, ) < ~—~|F]
Define
(') 2
SyV = 5 exp(—(2r — (A +1)—)(t1 — 1))

2 ~
SYV = SyVexp((r — %)u +oB,)

since —Bu and Eu have the same distribution we have

L')?
2) = eBOBS . (STST < L)
L')?
= BOBS . (ST%)] ~ eBO[BS_ (STTUST, > )
on one hand E9[BSy_, (SYY,)] = e" """ BSr_,(SyV) on the other hand
Q vv \YAY (L/)2
E [BST_tl(Stl—t)]‘(Stl—t > L )]
—r(t—t1) pQr,—r(T—t) gVV \AY (L’)2
= € E%[e (72 — K) 4+ 1(Sp 2 > )]

L

2

—r(t—t1 SyY (L)
= 7t )FFtlo—t,T—t( i )
Finaly we can write V3°(L,t) = FF{?(Z’T%(L)—cBST,t(SOVV)—i-cFFg(ZZT%(%)
From this formula we can obtain a value for the delta of the option: define

Sy
aFFtl—t,T—t(L)

0 = s,
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SVV 2
aFFhoft,Tft((LL) )

0S5,
5. — OBST_+(SyV)
o S,
Syv L')?
b2 = FFtl—t,T—t((L))
ps = BSr_(SyY)
hence we have
OV (L, t) dc o(SyY) = Oc o(SyV)
— L = — —p3 — ¢ — P, — ¢b
a5, S T R T TR P )

3 Profils of the price

Let’s now look at the profils of the price (and corresponding delta) of discrete
barrier option through the example of a “down and out” call option with
maturity T, strike K, barrier L and one monitoring instant t. We consider
its price at time t as a function of the spot S;. The map V:S; — V(S;) =
e "TD1(S;, > L)E*[(Sr — K),|F}] is obviously not continuous on L, that
distinguish stongly continuous barrier option (for wich the price goes to 0
on L1) from discrete barrier option. Here the price is equal to 0 on L and
its value on L™ is the price of a standard call option with maturity T-t and
initial asset price LT.

On the other hand, the price at time t-¢ can be expressed as follows

V(Si—e) = e BT [V(S)|F—]
e E* [1(S, > L)BSr_o(S))|Fr_.]

We can see this price as these of a digital call option with maturity that pays
BS7r_(S;) if S; > L and 0 otherwise. This is a function of the spot S;_. wich
is C* in spite of the discontinuity of the price at time t. However the effects
of this discontinuity are all the more visible because ¢ is small. To illustrate
this phenomenon, we give 5 pairs of graphics illustrations of the price and
delta varying the spot, with 5 differents monitoring instants going from 0.002
to 0.01.

Let us place at time 0: -Both a “time area” on the left of the monitoring
instant and a “spot area” appear for wich the price is unstable in so far as
the slope takes bigger and bigger values as the pricing date is close to the
monitoring instant. -as a consequence the corresponding values of delta are
typically too large for the real trading life. This last fact brings the limits of
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the Black Scholes models to light, and induce us to consider others models,
especially with constraints on the delta.
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