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1 Approximation Formulae of American op-
tions

In this section we present quasi-analytical solution for American options.

1.1 Barone-Adesi Whaley Approximation of the Amer-
ican Put

We now

present MacMillan’s, or Barone-Adesi and Whaley’s approximation

formula (see MacMillan [6], Barone-Adesi and Whaley [3]). Let (W;,t > 0)
be a (F})-Brownian motion. Let r,6 and ¢ be three positive real numbers.
Again, we suppose that the price of the risky asset obeys the Black and
Scholes model under the risk neutral probability:

dSt = St ((T — (S)dt + Uth> .

Let us denote by ¢(x) := (K — x), the payoff function of the American Put.

Let

Vo := IE(e”""¢(Sr)),
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be the price at time 0 of the European Put option price with maturity 7" and
let
Vi = sup B 76(S,))
T€To, T
be the price at time 0 of the American Put option price with maturity 7'
For all smooth function f, let us recall the infinitesimal generator associated
with the Black-Scholes diffusion process:
of(x)

Af(z) == "; aaf;f) +(r = 8a=5

Let us recall also that Vy = u(0,.Sy) where u(t, x) is the classical solution to

ou i

u(T, z) = ¢(x)

Suppose that there exists a nice solution u*(t, ) (which means that one can
apply It?’s formula to u*(¢, S;) and that the first derivative in x of u*(¢, x) is
uniformly bounded in (¢, z) € [0,7] x IRy) to the variational inequality

Ou

max <¢(x) —ult,2), 5

u(T', z) = ¢(x)

(t,x) + Au(t,z) — ru(t,x)) =0,in[0,7) x Ry,

(2)

It can be shown that Vj* = u*(0,.S). Besides, if
7o :=1nf{0 <t < T, u(t,S;) = ¢(S¢)},

then Vi = E[e "™ ¢(S5,)].
The quadratic method proposed by Barone-Adesi and Whaley is based on
exact solutions to approximations of the variational inequality (2).
Set v(z) := u*(0,2) — u(0,x). One approximates v(z) owing to a one step
time discretization (of length 7') and a fully implicit method. Thus, the
approximation v of v is solution to

—u(z) + T(Av(z) —rov(z)) <0 in Ry,

v(r) > p(x) = (K —x), —u(0,2) in Ry, (3)

(0(2) = ¥(2)) (~0(x) + T(Av(z) — ro(x))) =0 in R
There exists a continuous solution to (3) with a continuous first derivative:
_ Azx®if x > x¥,
o) = { Y (x) otherwise, (4)

where A\, a and z*, which is assumed to be lower than K, are characterized
as follows:
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e the constant « is such that v(z) = 2 is solution to
—v(z) + T(Av(z) — rv(x)) =0
and such that lim,_, ;», v(x) = 0 which implies that & must be negative.

e besides, as v needs to be continuous with a continuous derivative, A, «
and x* must solve the following system:

{A(w*)“zdx*) u(0,z7)
Aa(zr)eY — 52(0,27).

Thus, we deduce that z* must be a solution to f(z) = 0 where

K —u(0,x)

f(@) = o |8 (O:U)+1+\0z|

There exists a unique such z*. Indeed, from the Black and Scholes formula
u(0,2) = Ke "' N(—dy) — e T N(—d;)
with

‘ log(i)+(r—(5+‘ﬁ)T
d1 = K O-\/T 2 dg—dl—O'\/_ \/%/

it is easy to check that f(0) > 0, f(K) < 0 (since u(0, z) is a convex function),
and that f(x) is a decreasing function. Therefore, there exists a unique
solution to the equation f(z) = 0.

To compute x*, one can use a classical iterative method for nonlinear
equations.

ey

)

Similarly, the American Put value at time ¢ is

. ou(t )+ Ay(z /) if > ax
u'(t ) = { K — z otherwise

where




14 pages 4

—(N=1) = /(N =12+ 4M/h
2

G2 =

_2r N:2(r—5)

T—t)
M = 2

—5 ,h=1—exp "
o o

and the critical price z* is solution of

1
K—a" =u(t,z*) — (1 — e T"N(=dy(z*))z*—
42

Remark 1 Under the condition 6 > 0 which guarantees that the American
Call option price is different from the European one, we proceed analogously
as above to compute the American Call value at time t,C*(t,S;). Thus,

Ct,x) + As(z /") if o < x*
x — K otherwise

C*(t,z) = {

where §

Ay = _”’;(1 — TN (—dy (%))
1

~(N=1)+ /(N =12 +4M/h
2

B =

and the critical price x* is solution of
1
ot — K =Ct,z") + (1 — e *TION(dy (z*))a* —

1.2 MacMillan Approximation

The MacMillan’approximation formula [0] is the same of Whaley with the
exponent

—(N = 1)+ /(N = 1)2 +8(1 +16) /(c20)
2

—(N = 1) = /(N = 1)2+8(1 + r6)/(c20)
2

g1 =

g2 =
where 0 =T — t.
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1.3 Ho-Stapleton-Subrahmanyam Approximation of the
American Put

Let u*(t, S;) the value of the American Put option on a dividend-paying stock
with maturity 7". Let u(t,x) the value of the European Put option, us(t, S;)
the value of a Put option which can be exercised at time % and T

The idea of this algorithm is to to look at a sequences of prices of american
options wich can be exercised only at discrete times taken on regular grid
with n steps. Then the authors conjecture that the convergence as n goes to
infinity is of the type

P, = Pexp(—%).

The Ho-Stapleton-Subrahmanyam approximation formula [9], which is a kind
of Richardson extrapolation, consists in approximating the American option
value by

2
w(t7) = [Uz(zg}
with
us(t, ) = n(Kwy — xw)
with n = 1 for a put option and n = —1 for a call option and where

wy = e"%Nl(—nd/l) + 675TN2(T)d/17 —77d/1/a —p)
Wy = e””%Nl(—ndlz) + e " No(ndy, —ndy, —p)

with Ny and N, are, respectively, the standard cumulative univariate and
bivariate normal distribution, with parameters

d1/=log(;ig—i_(T_(S_|_U;)g , d2/=d1/—0\/z

g

[N

10g(%)+(7‘—5+%2)T
ovT

p=v0.5

The critical stock price, x7, is obtained by solving the relationship

d1// _ 7 d2// — dl// . O'ﬁ

and

T
*,K,T,(;,O')
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with a classical iterative method for nonlinear equations.

The price of the european option u(z7, %, K,r,d,0) is computed with Black-
Sholes formula.

The estimated delta is obtained by differentiating to obtain

ou* Ag A
S O —
ox w Us u)
where Ay = % = —nw; and A = % are the hedge ratios of the twice-

exercisable and the European option, respectively.

1.4 Bunch-Johnson Approximation of the American
Put

The Bunch-Johnson approximation [1] is a modification of of Geske-Johnson
procedure [3]. Idea involved in their procedure is to construct a recursive
sequence of option’s prices P, such that:

Py = u(t, z) the value of the European Put and P, is the value of an option
which can be only exercised at time ¢!, = % The sequence (P,),ey converges
to the American Put value. In case there is polynomial expansion of the price
in power of %, it is easy(Richardson extrapolation) to get the limiting price as
a linear combination of a set of P,,’s. For computing the limit, Geske-Johnson
use the Richardson extrapolation as follows:

7 1
u*(t,:r;):P3—|—§(P3—P2)—§(P2—P1)

Bunch-Johnson prefer to use a two-points formula as follows:
U*(t,l') = 2P2 — Pl.

The estimated delta is obtained by differentiating to obtain

ou*
835 == QAQ - Al
where Ay = % and A} = ?TZ are the hedge ratios of the twice-exercisable

and the European option, respectively.

1.5 Bjerksund-Stensland Approximation

The Bjerksund-Stensland method is based on a exercise strategy correspond-
ing to a flat boundary I (trigger price) [2]. The price of a call american
option is

C=ar’ —ad(z,0,8,1,1)+ ¢(x,0,1,1,1)
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—(2,0,1,K,1) — Ké(x,0,0,1,1) + Ké(,0,0, K, )

where

a=1—-K)I7"

-0 -0
52(;—T )+\/(T02 —;)2+2T

o2 o2

The function ¢(z,t,~y, H,I) is given by

oz, t, 7y, 1,1) = ez (N(d) — (

A= (—r+7(r—20)+ ;7(1 —y)o’)t

_log (%) + (r— O+ (v — %02)>t

d= d
oVt o
2(r—9
k= (7"0_2 ) @y 1)
and the trigger price [ is defined as
I = By + (Bs — By)(1 — ")
h(t) = —((r — 8)t + 20V/H( =20 ))
Boo - BO
s

By =K(——

(5=7)
By = max(K, %K)

If > I it is optimal to exercise the option immediately, and the value must
be equal to x — K.

If b=1r—9 > r it will never be optimal to exercise the American call option
before expiration, and the value can be found using the generalized Black-
Sholes formula.

The value of the american put is given by the put-call transformation.

C(z,K,0,r,6,0) = P(K,x,0,0,r,0)

The delta is computed with a finite difference method.
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1.6 Ju’s piecewise exponential approximation of the
exercise boundary

This method, described in [7], is based on the early exercise premium formula:
T
Py = PptK(1—eT)—S(1—eT) K / re " N (ds(S, By, 1)) dt
0
T
+5 / 3¢ N (dy (S, By, 1))dt
0

where

beyt) — log(z/y) + (r — 0 + <72/2)t7

o/t
dQ(xayat) = dl(w7y>t)_o—\/%>

Pg, is the Black and Scholes (1973) price of the European put option, and B,
the exercise boundary at time t.

As the boundary appears only through log (S/B;) in the definitions of d;
and d», it is reasonable to approximate the function ¢ — B; by exponential
pieces.

The advantage of this approach is that the integrals [/* re "N (da(S, Be®, t))dt
and [;2 6e N (d;(S, Be, t))dt, involved in equation (1), can be evaluated
in closed form.

They become respectively I(ty,ts,S, B,b,—1,r) and I(t1,t5, S, B,b,1,6)
where [ is defined by :

I(t1,t2, 8, B,b,¢,v) = e """ N(a1v/ti + &) — e "N (a1v/ty + F£)
+5(2 + e (N (2 v + ) = Ny + 2))
+5(2 = e =t (N (230 — 22) — N2/l — 22)) with

r—0—>b+ ¢o?/2
o
log (5/B)

[

23 = 212+ 20

By convention, when t = 0, N (zv/f + %) = 0.5 Iyy—oy + Ly>0y-

Ju suggests to make the Richardson extrapolation Py = % — 4P, + %
between the prices P;, P, and P3 obtained respectively for one, two and three

1 =

Z9 =
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exponential pieces. The coefficients of the exponential functions are obtained
by checking the smooth fit conditions. For instance, in the case of two pieces
: Byjeb2! during [T'/2, T and Bapeb?! during [0,T/2], these conditions are :

K — Bye""/? = Pg(Bye""? K, T/2) + K(1—e"/?)
+B21€b21T/2(1 _ e*(ST/Q)
—KI(0,T/2, By1e"2T/2 By T/2 by, —1,7)
+Bgleb21T/2](07 T/2, B21€b21T/27 B21€b21T/2, b21, ]_, 5)

—1 = —e TPN(=di(Bye™? K, T/2)) — (1 — e °T7?)
ol
_K$<O7 7”/27 B216b21T/2, BQleble/Q, b21’ _1’ T)

+1(0,T/2, By "2 By e 7/? by, 1,6)

ol
+Bz1€b21T/2$(07 T/2, By " T/2 By "7/ by, 1, 6)

K — Byy = Pg(Byp, K, T)+ K(1—e") — By(1 —e™°7)
—KI(0,T/2, By, Bag, bya, —1,7)
+ByI(0,T/2, Bya, By, by, 1,6)

—KI(T/2,T, Bys, By, bay, —1,7)
+ByI(T/2,T, Bys, Boy, by, 1,0)

-1 = —e_‘STN(—dl(Bm, K, T)) - (1~ 6_6T)
I
_K%(O’T/2’322’B227b22’ —1,7)
+I<O,T/2,B2278227b227175)
ol

Bos——(0.T/2, Bos, Bos, boo, 1,6
+2285(7/,227 92,022, 1,0)

ol
_K%(I‘/Q)Tu Baa, Bay, bay, —177")
+1(T/2,T, Ba, Ba1, b1, 1,9)
ol
+Bay - (T/2,T, By, By1, b1, 1,0)
oS
These systems are solved numerically thanks to the Newton-Raphson al-
gorithm with initial values Mc Millan’s critical price and 0 for the computa-

tion of By, and byy, and the obtained values of By and by; for the calculus
of B22 and bgg.
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1.7 Carr’s method of randomization of the maturity

In order to approximate the price of the american put option with determinis-
tic maturity 7', Carr [1] suggests to randomize the maturity and consider
the american put option with maturity = + 7 + ... + 7, where 7, ..., 7,, are
random variables I.I.D. according to the exponential distribution with pa-
rameter A\ = n/T and independent of the Brownian motion governing the
stock dynamics S¥ = xexp(cW; + (r — § — %Q)t) For 1 < k < n, let P®
denote the price of the option with maturity 7 + ... + 7. The expressions
for P*) are obtained inductively by dynamic programmation.

We first deal with P, Conditionaly on {7; > t}, 71 —t is an exponential
variable with parameter A\ independent of the events occured before time ¢
and the price of the randomized american put option is P (S#). This option
is rationally exercised if and only if S¥ < s; where s; = sup{z : PW(z) =
(K — x),}. Hence for z > s,

P () = BT (K - 570" )

where vs, = inf{t : S¥ < s;}. If D(¢,x) denotes the price of the Down and
Out Put with barrier s, rebate K — s; and maturity ¢, integration according
to the exponential distribution of 7 yields

+o0o
Vo > sy, PY(z) = / e MD(t, z)dLt.
0
Making use of the integration by parts formula and of the Black and Scholes
P.D.E. satisfied by D(t,z) : {V (t,z) € (0,+00) X [s1, +00), Dy = #quL
(r—68)xD, —rD
Vo > s1, D(0,2) = (K — )", one gets the following O.D.E.:
2,2
5 P (@) + (r = 6)a PV (@) = r PO (z) = A(PY(2) = (K — 2)").
()
The boundary conditions are lim,_ . P (x) = 0 and the smooth fit con-
ditions : lim, ,, PV (7) = (K — 51), lim,~ 5, PY(2) = —1. Taking expecta-

xT

tions in It’s formula gives E(e™ ™ P((S2 )) = P (x)
n E< T o=rs(A(PD(S7) — (K — 7)) + (557 — TK)1{5g<sl})dS> _As by Fu-

o
Vo > sq,

bini’s theorem, E(/\ s eTS(P(l)(Sf)—(K—S§)+)ds> =[F® e M S Ae T E(PW(S7)—
(K — S¥)")dsdt

= [ e e E(PW(S?) — (K — S%)T)ds

= BE(e7(PW(52) — (K — S%)*)) the early exercice premium formula
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holds for the american put option with randomized maturity P(l)(x) =
E(em(K - Sfl)Jr) + E<f71 e (rK — 55?)1{Sg§51}ds> The price p™M ()
of the european put option with random maturity 7 satisfies the O.D.E. :

o> 0, (@) + (- 0)ap(w) - (r+ Ap(a) = MK - )"

with boundary condition lim, ;. p"(x) = 0. Since the r.h.s. is nil for
r > K, by computation of p(K) one gets

y—€ y—€
Vo > K, pW(z) = (‘r) p<”<K>=(x) (KR — GKD),
K K
whereR:Air,D:ﬁé,v 7+02,e:\/'y?+2(/\+r)/02and
€ — . e—v+1 R .
p= qul—p,pZL,aquzl—p

2¢

To compute pM) () for # < K, Carr makes use of the call-put parity p™")(z) =
cM(z) + KR — xD. Since the O.D.E. satisfied by the price c¢(!)(z) of the
european call option with random maturity 7; is homogeneous for z < K,
one gets ¢ (x) = (x/K)"*(pK D — pKR). After calculation of the present
value of interests less dividends received below the critical price s; before 7

b (z) = <x>7_e< oiT G )
S1 A+r  A+0

equation (1.7) writes PO (z) = {pW (2) + bW (z) if sp=K <=z
KR— 2D+ cWM(x) + bW (z) if s <z < s
K—z if z<s.
The critical price s; is obtained from the value-matching condition K — s; =
KR — 51D+ cW(s1) + bW (s;). Without dividends, D = 1 and this equation
has an explicit solution. If § # 0, it is solved numerically by an iterative
method.

We now turn to P*), k > 2. Conditionally on t < 74, 7, — ¢ is an ex-
ponential variable with parameter A; the price of the american put option
with maturity 7 + ... + 7 is P®(S¥) and the exercise price is s, = sup{w :
P®)(z) = (r — K),}. Hence for x > sy, the option is equivalent to the euro-
pean Down and Out option with barrier sj, rebate K — sy, payoff P~ (x)
and random maturity 7;,. Hence P*) satisfies the O.D.E. analogous to (5)

xT

2.2
Yz > s, %P;g;) (2) + (r — 8)zPW (z) — rP®) (z) = A(P®)(z) — P*V ().
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with boundary conditions lim,_ ., P* (z) = 0 and the smooth fit condi-
tions : limy,, PP (z) = (K — sp), lim, s, PP (z) = —1. Since A = 2,
this formulation shows that the randomization approach is equivalent to the
approximation of the free boundary problem satisfied by the price of the
american put option by a scheme implicit in the discretized time variable
and with no discretization in space (semi-discretization or method of lines).
By computations similar to the one made for P®) one obtains P*) in terms
of the exercice prices $i,...,S,. The continuity conditions give an equation
that links si,...,sx_1 and s;. This equation can be solved explicitly when
0 = 0 or numerically otherwise to get sy.

Considering that the error is a smooth function of the time discretization
parameter T'/n, Carr suggests to make a three point Richardson extrapola-
tion.

1.8 Broadie and Detemple’s LBA and LUBA approx-
imations

1.8.1 Lowerbound Approximation (LBA)

Broadie and Detemple have developped a new methode for pricing standard
american options in [5]. This methode is based on the price of a european
up and out call option with strike K barrier L and rebate (L — K).

This option price is given by the following formula :

Clz,L) = (L—K)NFN(do) + Ao N(do + 2/ *T)]
t+a.e T[N (dy (L) — ov/T) = N(dy (K) — oVT)]
N2F LeTIN(dH (L) — oV/T) — N(dF (K) — ov/T))]
—K.e7™ [N(dy (L)) = N(d (K))

1—21=70
—A

= [N(d (L)) = N(d{ (K))]

log(N\)—log(L)+log(x)+b.T
diF(x) _ log(V) 92\)/—% g(z)+
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dl_ (1‘) _ flog(/\)floi(\[})%rlog(z)+b.T

Since the call up and out with rebate (L — K) corresponds to exercise
at the minimum of the hitting time of the boundary L and the maturity 7',
its price is smaller than the price of the American call option. Therefore,
C' = max, C(z, L) provides a lower bownd for the price of the American
call.

So the lower bound is :

Cl(z) = max C(z, L)

To obtain the approximation from this bound, Broadie and Detemple
apply a coefficient A\, which they have obtained after a linear regression
uppon 10 parameters on 2500 options.

The Lower bound approximation is :

Olba - )\1 .Cl

1.8.2 Lower and Upperbound Approximation (LUBA)

This approximation depends on the lower bound C!, and an upperbound
C". Tt was developped by Broadie and Detemple in [5]. First, Broadie and
Detemple define a function L* as follows :

86} (ZL’, L)
oL
This function is a lower bound for the optimal exercise boundary.

From the optimal exercise boundary B, we can compute the price of the
american call option using the early exercise premium formula :

Vt € [0,T] let L} the solution of li/n} =0

V(z,B) =c(z)+ [L, [0.z.e % N(dy(z,Bs,s))
—r.K.e7"*N(ds(x, By, s))]ds

With :
c(x) the european call option price

0g(-&)+(r—6+L52)(s
dar, B,, ) = “AEL A0

ds(x, B, ) = da(x, By, 8) — 04/s

Broadie an Detemple show that since the boundary L* is under the op-
timal exercise boundary B, C*(x) = V/(z, L*) is an upper bound of the price
of the American call.
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To obtain the approximation using both the lowerbound C! and the up-

perbound C", Broadie and Detemple apply a coefficient Ay which they have
obtained by making a regression uppon 14 parameters on 2500 options.

The lower and upperbound approximation for the call option price is :

Oluba = /\gcl + (1 — /\Q)Ou
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