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Abstract

We consider a factor copula appoach to the pricing of basket credit derivatives and
CDO tranches. Our purpose is to deal in a convenient way with dependent defaults
and credit spreads. We provide semi-explicit expressions of the stochastic intensities of
default times, credit spreads, and price of basket default swaps involving large number
of names. We also consider the explicit pricing of CDO tranches within our framework.
Two cases are studied in detail: mean-variance mixture models and Archimedean

copulas.

Introduction

We consider a factor copula appoach to the pricing of basket credit derivatives and CDO tranches. Our
purpose is to deal in a convenient way with dependent default dates, credit spreads and basket default
swap premiums associated with this modelling of dependence between default dates. A typical pattern
with a regular copula such as the Gaussian one is the following: credit spreads tend to decrease until
the first to default time since no defaults on the other underlyings usually means good news for a given
underlying!, while we observe jumps in credit spreads at default times: the default on one given name
usually provide some news for the remaining reference credits. We consider in greater detail the special case
of the factor copulas. The dimensionality issue is important for theoretical and practical reasons. When
pricing counterparty risk on derivatives, one usually needs only the joint distribution of two default dates,
but when dealing with synthetic CDO’s, we must consider up to one hundred names or more. It may even
be uneasy to specify simple models such as the multivariate exponential models of Marshall and Olkin in
large dimension. Moreover, it involves a large number of unknown parameters, while the factor approach is

usually more parcimonious, thus easing the calibration. Even in the simple Gaussian framework, one must
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usually rely on Monte Carlo techniques that prove to be costly and where acceleration techniques often
perform poorly. Thanks to the factor approach, we can provide semi-explicit expressions of the stochastic
intensities of default times, credit spreads, and basket default swap premiums involving large number of
names. We also consider the explicit pricing of CDO tranches within our framework.

The firm value approach to credit (see Bielecki and Rutkowki [2002] for a presentation) has been extended
to multi name pricing (see Arvanitis and Gregory [2001], Hull and White [2001]). This approach is suitable
for the pricing of hybrid equity credit products. However, it proves to be time-consuming for multi-name

basket structures, especially for risk analysis.

The framework of reduced form models has also been considered for the pricing of basket credit derivatives
(see Duffie [1998]) and leads to simple theoretical expressions of prices. Dependence of default times has
been firstly addressed through correlated stochastic risk intensities (see Duffie and Garleanu [1998] for an
application to the pricing of CDO). However, this usually results in low default times dependence as studied
in Andreasen [2001]. Another approach consists in relaxing the independence assumption of the latent
uniform random variables involved in the Cox process modelling. This results in a series of models such
as the Gaussian copula approach introduced for the pricing of basket credit derivatives by Li [1999, 2000].
The multivariate exponential copula of Marshall and Oklin [1967] (see Duffie and Singleton [1998], Wong
[1998], Kijima [2000], Li [2000]) provides another framework which allows for simultaneous defaults and
is associated with non smooth joint distribution functions. Schonbucher and Schubert [2001] study the
dynamics of default intensities and show that Clayton copulas, a member of the Archimedean copula family,
are related to the dependent intensities approaches of Kusuoka [1999], Davis and Lo [1999, 2001], Jarrow
and Yu [2001]). A related reference is Giesecke [2001]. Bouyé et al [2000], Durrleman et al [2000], Schmidt
and Ward [2002] also consider some applications of copulas for the pricing of basket credit derivatives.

On the other hand, latent factor models have been widely used for the computation of default events and
loan loss distributions (see Crouhy, Galai & Mark [2000], Belkin, Suchover and Forest [1998], Finger [1998,
1999], Koyluoglu and Hickman [1998], Lucas, Klaasen, Spreij and Staetmans [1999], Merino and Nyfeler
[2002], Schénbucher [2002], Vasicek [1997]). Frey, McNeil and Nyfeler [2001], Wang [1998], relate factor and
copula approaches. The new Basel agreement, popular models such as Credit Metrics, Credit Risk+, KMV
rely on such approaches. These models have been thoroughly used in the statistical literature (see Junker
and Ellis [1998] for some characterizations of one factor models and Gouriéroux and Monfort [2002] for some
application to credit risk). Moreover, de Finetti’s theorem for exchangable sequences of binary random
variables provide some theoretical background for the use of such factor models in the credit risk framework.
The main feature of these models is that default events, conditionally on some latent state variables are
independent. This eases the computation of aggregate loss distributions through dimensionality reduction.
This factor approach is nicely suited for large dimensional problems. Since semi-explicit expressions of most
relevant quantities can be obtained, it provides an alternative route to Monte Carlo approaches, while we
can still rely on the latter when useful. The main technical assumption in our paper is the smoothness of
the joint survival function. On economic grounds, this precludes simultaneous defaults. The smoothness
assumption is not fulfilled in some multivariate exponential models (associated with Marshall Olkin [1967]
copulas), that have been used by Duffie and Singleton [1998], Wong [2000].

The paper is organized as follows:
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e The first section defines marginal and conditional hazard rates of default times. We relate condi-
tional hazard rates from the joint survival function of default times. Eventually, some expressions
of conditional hazard rates as conditional probabilities are provided for regular joint distributions of
default times. marginal and conditional hazard rates can be related to stochastic intensities of default
times under different filtrations. The stated results will provide some building blocks for the pricing
of basket credit derivatives and CDO. The proofs are gathered in appendix A. We also recall some
standard results on copulas and also relates this approach to multivariate Cox processes.

e The second section considers the special case of factor copulas. We study the conditional survival
functions, hazard rates and the number of defaults under this assumption. We consider Gaussian
copulas, mean-variance mixtures and Archimedean copulas where semi-explicit expressions can be

provided.
e The third section deals with the computation of the various basket default swaps premiums.

e The fourth section considers the pricing of CDO tranches.

1 Swurvival function and hazard rates

1.1 Marginal hazard rates

We consider n underlying defaultable issuers, with associated default times, 7;, 7 = 1,... ;n. Forallty,... ,t,
in R, (t1,...,tn) — S(t1,...,t,) will denote the joint survival function of default times: S(t1,...,t,) =
Q(t1 > t1,... ,7n > t,) where Q denotes the risk-neutral probability?. Let us note that we consider here
unconditional probabilities. Similarly, the joint distribution function F' will be such that F(t1,...,t,) =
Q11 < ty,...,7yp < ty). S; and F; will be respectively the marginal survival and marginal distribution
function, S;(t;) = Q(7; > t;) and Fi(t;) = Q(7; < t;) = 1 — S;(t). We denote by 71 = min(71,... ,7,) =

71 A ... AT, the first to default time. The survival function of 7! is thus simply given by Q(r! > t) =

S(t,...,t). In the following, we will make the following convenient and simplifying assumption:

Assumption 1 The marginal distributions of default times 7;, i =1,... ,n, are absolutely continuous (wrt

t
to the Lebesgue measure), i.e. for alli =1,... ,n, with right continuous densities f;, i.e. F;(t) = / fi(u)du
0

for allt > 0 and f; are right continuous>.

Since the marginal distributions are absolutely continuous, the F; are continuous. Moreover, assuming right

continuity of the densities implies that the distribution functions F; are right differentiable?.

2We assume here the use of some pricing measure and do not discuss the existence or uniqueness of such

a measure. () characterizes an arbitrage free pricing model.

3it is presumably possible to state a slighly different and possibly weaker assumption, i.e. that the
distribution functions F; are right differentiable.

4The right continuity of f; implies that Ve > 0,3a. > 0 with u € [t,t + ac[=| fi(u) — fi(t) |< .
Let us consider « with 0 < a < a.. Yu € [t,t + af, we have f;(t) —e < fi(u) < fi(t) + €, which gives
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Definition 1 marginal hazard rates
Under the oustanding assumption (1), we define the following marginal hazard rates of default times T;,
i1=1,...,n as:

o QUueltt+dmi>t)  fi) 1 dSi(t)
hi(t) = lim pr =50 " 50 @t

Since the distribution of 7; is absolutely continuous and right differentiable, the h;(t) are well defined.

Indeed,
Qrielt,t+dt]m,>t) Q(r;>t)—Q(r; > t+dt) 1 Fy(t+dt) — F(t)

dt Q(7; > t)dt —Si(t) dt

fi(t)

From the previous footnote, the limit of the previous quantity as dt tends to 0 (by the right) is equal to Si0)
i

t
Assuming only right continuity of f; allows to deal with the following modelling: S;(t) = exp / —h;(u)du,
0

where h; is piecewise constant of the form h;(u) = Zhi7jI[(Lj’(Lj+l[(u) and aj,h;; € R, j € Nis an
jEN
increasing to infinity sequence with ag = 0. This modelling is common when stripping defaultable bonds or

credit default swaps®.

We can notice that since the marginal distributions of default times 7; are continuous, then a standard
probability result states that the joint distribution of default times S(t1,... ,t,) is continuous too. As a
consequence, under assumption (1), there is no point with a (strictly) positive probability®. However, it can
be that the marginal distributions of default times are absolutely continuous while the joint distribution is

not absolutely continuous (i.e. there does not exist a joint density)”.
t+a t+a
| J
filt) —e < L < fi(t) + €. The last equality states that 101%1 tt—&-T

that F;(t) is right differentiable and the associated derivative is f;(t). One point to check is the existence of

= f;(t), which means

some hazard rate under the sole assumption of absolute continuity
5 Assumption (1) may have to be further relaxed since the outcomes of some strippers are rather discrete

distributions with mass points at tenor dates.
6i.e. the joint distribution is atomless.
TA typical example is the following. Let us consider three independent exponentially distributed random

variables, denoted by 71, 7o and 7. with corresponding parameters 5\1, /_\2, Ae. Let us define two default
times as 71 = min(71,7.) and 72 = min(79, 7.). It can be seen that 71 and 79 are exponentially distributed
with parameters A\; + A, and Ay + A.. Thus, the marginal distributions are smooth. Moreover, the first to
default time min(71,72) = min(71, 79, 7.) is also exponentially distributed with parameter A; + Aa + A..
However, it appears that (71,72) does not admit a joint density. The probability of simultaneous defaults
of the two reference credits is provided by Q(71 = 72) = Q(7 < min(71,72)) > 0. It can be checked that if
(71,72) has a joint density, then Q(71 = 72) = 0, since the diagonal has zero Lebesgue measure in R2. It can
be easily checked that the joint survival function is given by S(t1,t2) = exp —(A1t1 + Aata + A max(t1, t2)),
which is indeed continuous but not absolutely continuous. From this example, we can also conclude that a
model where simultaneous defaults can occur cannot be associated with a joint density of default times.
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1.2 Conditional hazard rates up to first to default time

Typically, the pricing of basket default derivatives requires the joint distribution of default times. In this
subsection, we define the conditional hazard rates up to first to default time. We relate then to conditional
probabilities under some continuity assumption. We thus need to introduce the following assumption:

Assumption 2 The joint survival function (t1,... ,t,) — S(t1,... ,t,) is right differentiable in each coor-
dinate for every point of the first diagonal (t1,. .. ) =(t,...,t),t>0.

Definition 2 conditional hazard rates (before first to default time)

Under assumption (2), we define the conditional hazard rates A\;(t), i =1,... ,n as:
QUi t4dt| T >t T > 1) 1 0S8(t,....t)
() = 1 - _
Aut) = lim, dt St....t) ot

In the previous definition, the conditioning information set consists in the joint observation of default
times. \;(t) is interpreted as the probability of name i defaulting in the next small time interval [¢,¢ + dt]
provided that none of the reference credits have defaulted prior to ¢, which means that \;(¢) is defined on
{r1 > t,..., 7, > t}. Let us remark that while for notational convenience X;(¢) is indexed on ¢ only, it
depends on the whole joint distribution of default times. For instance, if the set of names in a basket is
modified, so does the conditional hazard rate of some given name. We can circumvent this difficulty by
defining a large set of relevant reference credits including the names in traded baskets, keeping this set
unchanged®. We consider hazard rates before the first default. We will consider later the effect of some
default on the remaining reference credits. Assumption (2) guarantees that the \;(¢) are well defined.

We can provide some interpretation of the marginal hazard rates and the conditional hazard rates as sto-
chastic intensities of default times under different filtrations. We denote by H;: the natural filtration of
the stopping time 7;. The marginal hazard rate h;(t) will be related to the H; stochastic intensity of ;.
More precisely, the stochastic intensity of 7; is h;(t)Z,,<;. We consider the filtration Hy = \/\_; Hi . Ni(t)
is related to the H; stochastic intensity of 7;. For instance on {T < t} the H; stochastic intensity of 7; is
equal to \;(t), where 7! is the first to default time.

In the special case where default times 71, ... , 7, are independent, we have:

Lemma 1.1 Under assumption (1), if default times T1,...,7, are independent, then h;(t) = \;(t), for
i=1,...,n
This is a consequence of:

Q(Ti € [t,t+dt[,7‘1 Zta yTn Zt) _ Q(TL € [t7t+dtD
Qri>t,..., T >1) N Q(r; >t) ’

the latter equality is due to the independence assumption. However, in the following examples, default times

Q(ri €ft,t+dt]| T >¢t,...,7n >1) =

will be correlated and the previous property may not hold. When default times are positively correlated,

8However, for pricing purpose, the conditional hazard rates associated with the set of reference names
in a basket or CDO structure are to be used. Later on, we show that these hazard rates are related to
stochastic intensities of 7; under different filtrations.
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we can expect that A;(¢) will be smaller than h;(¢). Indeed if none of the underlyings have defaulted,
this provides some extra good news about underlying i. Let us emphasize that we can still have “positive
correlation" between default times while h;(t) = A\;(¢). If we turn back to the example with simultaneous
defaults, we can check that S(t1,t2) is right-differentiable in each coordinate on the first diagonal and that
AL(t) = A1+ Ae = ha(2).

Assumption 3 The joint survival function (t1,... ,t,) — S(t1,... ,tn) is differentiable on R™.
We recall that if S(ty,... ,t,) is differentiable, then there exist derivatives in all directions. For instance,
under assumption (3) the function t — S(t,... ,t) is differentiable and:

d "~ 08

St )= ==2(t,... 1),

dt ( Y ) ) . 6tz< ? ? )

i=1
oS L .. . . . )
where %(t, ... ,t) denotes the derivative of the joint survival function with respect to the ith component
i
taken at point (¢,...,t). A sufficient condition for S(¢y,...,t¢,) to be differentiable is that there exists
continuous partial derivatives T (in this case, S(ty,...,t,) is continuously differentiable). We can also
i

state the useful technical lemma:

Lemma 1.2 Under assumption (3), we have:

oS

8_ti(t1’ e ,tn) = 7Q (Tj Z tJ,VJ %Z ‘ Ti = tz) fz(tz) (11)

Under the differentiability assumption, we now now write the conditional hazard rate using conditional
expectations :

Property 1.1 conditional hazard rate before the first to default time
Under assumption (3), the conditional hazard rates before the first to default time are given by:

Q(minj#Tj Zt‘Ti:t)
Q (min; 75 > t) ’

Ai(t) = fi(t) x

(1.2)

This is a direct consequence of previous lemma. The conditional hazard rates can be compared to the
marginal hazard rates h;(t):

Q(minj;giTj Zt|7‘2‘2t)
Q (min; 7; > t)

ha(t) = f;i?) — £i(t) x

(1.3)

If default times 7; are positively correlated, then {7; = ¢t} means worse news than {7; > ¢}. Thus, we can
expect that @ (minjz; 7; >t |7, =t) < Q (minjz; 7; >t | 7; > t), which then means that A;(t) < h;(t).
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1.3 Between first and second to default

The computation of hazard rates at and after the first to default times and the related credit spread curves
are useful to study the pricing of second to default swaps or counterparty risk on credit default swaps. We
start with a useful technical lemma:

Lemma 1.3 For gwen dates, t,t;,t;, 0 < t; <t < t; and a set of default times 71,... ,7,, we can write
the following conditional probability of default as:

Q(1i >ty mingz; 7 > | 75 =t)
Q(mink;,ngk 2t|7'j :tj)

Q <Ti >t | gﬂngm';g >t,7;= tj> = (1.4)

We can remark that @ (r; > t; | mingx; 7, > ¢, 7; = ¢;) is a conditional survival function, i.e. the conditional
probability that default on i occurs after time ;. However the conditioning set is no more {min7; >
K

t} = {r! >t} (that is before the first default on the basket) as was studied in the previous subsection
but {mingx; 7 > ¢,7; = t;}, which can be interpreted as follows for t; < ¢ < t;: first default has
occured on underlying j at time ¢; < ¢, ¢ is the current date and no other default has occured since t;
(we are between the first to default and the second to default time). The conditional survival functions
Q (1 > t; | mingo; 7 > t,7; =t;) (for i # j) will be involved in the computation of credit spread curves

between the first to default time 7' and the second to default time 72.

It is possible to go further in this analysis and compute survival functions and hazard rates given a series
of past defaults. This usually results in jumps of hazard rates at default times. The derivations involve
partial derivatives of the joint survival function’ and conditional distributions of default times. However,
these extra computations are not required for the pricing of basket credit derivatives and CDO.

1.4 First to default time hazard rates
Assumption 4 The function t — S(t,... ,t) is right differentiable for all t > 0.
Lemma 1.4 Under assumption (4), the hazard rate of the first to default time 7% defined as:

A(t) = d}ijré+ Q(rt e [t,it+dt[| Tt >t) = dthj}(}+ Q(rr e[t,t+dt]| 71 >t,...7, > 1),

1 dS(t,... .t
S(ty...,t) dtt '

18 equal to | —

1

Lemma 1.5 Under assumption (3) the hazard rate of the first to default time T+ is equal to the sum of the

conditional hazard rates:

() = Z Ai(t).

90ne can also use derivatives of the copula of default times as in Schonbucher and Schubert [2001].
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This lemma is a straightforward consequence of the previous lemmas. Let us notice that in the correlated

n
case, A\p(t) # th(t) This is rather unfortunate since the h;(t) are standard outputs from strippers
i=1

while the \;(¢) are more difficult to obtain. Let us remark that assumption (3) may not be satisfied in
practical examples. It can be that t — S(¢,... ,t) is differentiable while (¢1,...,t,) — S(t1,... ,t,) is not
differentiable. Since when default rates are correlated conditional hazard rates differ from marginal hazard
rates, the first to default time differs from the sum of the marginal hazard rates.

1.5 Copula functions and joint distributions

The use of Copula functions'® will allow to have some easy to implement results on the dynamics of credit
spreads and default times. Let us firstly recall the definition of a copula.

Definition 3 A copula function C on R™, n € N is a joint distribution function on R™ with marginal

distribution functions being uniform on [0,1].
We now state a useful result that relates continuous joint distributions to copulas:

Theorem 1.1 Sklar theorem for continuous marginal distributions
Let F be a joint distribution function on R™ with continuous marginal distributions F;. Then there ezist a
unique copula function C such that for all x1,... ,x, in R,

F(xy,...,x,) = C(Fi(21),...,Fu(zn)).

While keeping the assumption of continuity, Let us moreover assume that the F; are strictly increasing.
On financial grounds, this means that default can occur at all positive times. In this case, the cdf Fj,

i=1,...,n, have plain inverses'! Ffl we simply get:

Clug, ..., un) = F(F7 (1), ..., Ey  un)). (1.5)

1.6 Multivariate Cox Processes

We can easily relate the copula approach and the multivariate Cox process framework. Let us consider
a random vector U = (Uy,...,U,) with marginals uniformly distributed on [0, 1] and joint distribution

function C'(uy,... ,u,). We construct a set of default times 71,... ,7, as:

Ti :inf{u,/ hi(v)dv > —logUi}, i=1,...,n.
0

The h; are some positive deterministic functions'?. It can be checked that the marginal survival functions

are given by:

Sit:) = Q(r: > ;) — exp <— /O ’ hi(v)dv> .

19Gee Joe [1997], Frees and Valdez [1998], Nelsen [1999] for some general presentations and further details.
"For a general univariate distribution function F, we define F~! as the generalized inverse or quantile

function by F~1(u) = {supz, F(z) < u}. We can check that: * < F~1(u) & F(z) <wu, u,7 € R. As a
consequence, if U is uniformly distributed, F~1(U) has distribution F.
12These can be made stochastic but for simplicity, we rely on the deterministic assumption.
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Thus, h; are the marginal hazard rates introduced above. Similarly, the joint survival function is given by:

t1 tn
S(ty,... ,tn) =C <exp—/ hi(v)dv,... 7exp—/ hn(v)dv> .
0 0

We can notice that C' is the survival copula of default times'? and thus we can equally think of the dependence
structure of the default times and of the underlying uniform random variables.

2 Factor Copula approaches

We now detail various examples with practical importance.

2.1 Gaussian Copulas

The Gaussian Copula is given by:
Colur, ... up) = @,L’p(éfl(ul), .. ,(ID*I(un)), (2.1)

where ®,, , is the joint distribution function of a multivariate Gaussian vector with mean zero and covariance
matrix equal to p (where p is a correlation matrix) and ® is the distribution function of a standard Gaussian
random variable. It has been introduced by Li [1999, 2000] for the pricing of basket credit derivatives and
corresponds to the dependence structure underlying CreditMetrics and the New Basel Agreement. From
equations (1.5) and (2.1), we get :

Flty,...  ty) = P(11 <ti,... ,Tn <tp) = Py (@ (Fi(t1)), ..., H(Fu(tn))). (2.2)
We can rewrite the previous equation as :
P (O (Fi(r1)) < @71 (Fi(t1)),...) = Pnp(@ 7 (Fi(tr)), .. @7 (Fu(tn))), (2.3)

which states that (®~'(Fi(71)),..., P (Fu(ry))) is a Gaussian vector with mean zero and covariance
matrix p. However, even if the computation of default times is fairly easy, let us remark that for good quality
reference credits, simulated default times are usually much larger than maturity dates. Thus, Monte Carlo
convergence is very slow, especially regarding the computation of the greeks, and this calls for acceleration
techniques such as importance sampling. Another route is to provide some semi-explicit results and rely on

numerical integration in one or more dimensions.

One factor Gaussian copula: If we consider a Gaussian vector (X7, ..., X,,) where X; = p,V+ m Vi,
where V,V;, i =1,... ,n are independent standard Gaussian random variables'* we get cov(X;, X;) = p;p;
for i # j and cov(X;, X;) =1 fori=1,... ,n. Such a correlation structure is appropriate for computations:
it involves only n parameters and provides tractable expressions for survival functions. Let us consider the

Gaussian copula in that framework:

C(Ul,... ,un) = Q (Xl < <I>71(u1),... , Xn < (Ifl(un)) .

13This depends on the h;’s being deterministic.
“Here, we depart from the BIS notations, where X; = \/p;V + /T = p;Vi. In the BIS settings, if p; = p
is independent of 4, then cov(X;, X;) = p. Thus p can readily be seen as a correlation parameter.
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By iterated expectations theorem, we can write the previous term as:

E(Q(X1 <@ M(u),..., Xn <@ '(un))|V),

C(ul, e, U / (E(I) (ﬁ)) QD(”U)dU,

is the Gaussian density. Thus, the n-dimensional copula is computed through a

which leads to:

where p(v) = \/LQ_ﬂe*UQ/Q

one dimensional integral. Similarly, the joint distribution and the joint survival functions are provided by:

Flta,... \t) /(1_1 ( * % Piv ))«p(v)dv,

piv = 1 (Fi(t:))
S(ty, ...t / <H(I> ( ﬂ )) (v)dv.

The previous integrals can be easily computed through some quadrature.

and by:

2.2 One factor mean variance Gaussian mixtures

The previously described one factor Gaussian copula can be extended to a variety of one factor models with
easy implementation. This includes mean variance Gaussian mixtures and Archimedean copulas. In a mean
variance or location scale mixture model, we write X; = m;(0)+0;(0)e;, where 6 is a one dimensional mixing
latent variable with density function f and the ¢; are independent standard Gaussian random variables.
A special case to be discussed below is m;(0) = p,0 and o; = m . Conditionally on 6, the X;’s

are independent Gaussian random variables with mean m;(#) and standard deviation o;(6). Let us firstly

compute the marginal and joint distributions of the X;’s. G;(z;) = Q(X; < x;) = /<I> <$L%HZL‘)(U)> f(uw)du
oi

x; —m;(u)
g; (u)

n

and G(z1,...,z,) = QX1 < 21,..., X, < x,) = /Hq)(
i=1

the marginal cdf and G the joint cdf. From this, we derive the copula:

Clu,... ,u /H@( (i) )ml(u)> fw)du, Yug,...,u, €[0,1],

) f(u)du, where the G;’s denote

which involves the computation of a one dimensional integral. Let us remark (see below that the &; do
not need to be Gaussian in order to obtain this dimensionality reduction. By invariance of copulas under

monotonic transforms, the previous copula is also that of the default times 7;. The calibration to the

marginal distributions of default times consists in determining increasing real functions g;, i = 1,... ,n such
that and 7; has distribution function F;. We have F;(g;(t)) = Q(1; < gi(t)) = Q(X; < t) =
= / ( ) f(w)du. Thus, we have the calibrating equation:

)= 1 ([ o (S5 ) s, (2.4
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which completes the description of the model. Let us remark that the joint survival function of default times

is readily obtained as:

S(tseee b)) = Q(r1 > b1y T > 1) = /Hq> (%) F(u)du. (2.5)

2.3 One factor structure and Archimedean copulas

Let F; be the cdf of default time 7, f the density of a positive mixing variable 8 and ¢ (s) = / - e f(x)dx
the Laplace transform of f. We define G; as Vt > 0, G;(t) = exp (—wfl(Fi(t))). G; deﬁne(s), a distribution
function. Thus F;(t) = ¢ (—InG;(t)) = /oo G$(t) f(a)da. Let us remark that G is a proper distribution
function. Thus conditionally on «, the di(s)tribution of 7; is G. We define the joint distribution of default

fove) n

times by: F(t1,... ,t,) = / HG“ a)da. V... ity Q(T1 <t1,...,Tn <tn|a) = [[G ()
" i=1

conditionally on « the default times are independent. Thus Q (71 > t1,... ,7, > t,, | @) H (1 -Gt
=1

By iterated expectations theorem, this leads to the joint survival function:

S(ty,. .. tn /H (1—G%(t)) fla)da.

n

Since / H G (t;) fla)da = < ZlnG ) = (Zw 1 ) we conclude that the joint dis-

tribution functlon can be computed dlrectly as:

Fty,... ,ty) =1 (Zzpl (Fi(ti))> :
i=1
and the copula of default times is given by:

Clut, .., un) =9 (¥ () + ...+ (u)) .

Thus C is an Archimedean copula with generator ¢ = ¥~ '. We will see further that we can compute
the distribution of k-th to default times and loss distribution within this one factor framework. A typical

example is the Clayton copula, where the mixing variable has a Gamma distribution with parameter 1/6,
1

—x (1-0)/0 1 —1(0y _ _1, 1/0

1—1(1/9)6 z 9 7/’ (S) S w( ) ( + S) °

This leads to C(uq, ... ,un) = (ule—l—...—i—uge —n—|—1)71/0

where 8 > 0. More precisely, we have f(z) =

and G;(t) = exp (1 — Fi(t)™%).

2.4 Survival function of first to default time

We consider here the computation of the survival function of the first to default time that will be further
involved in computing basket default swap premiums under various dependence assumptions. The distrib-
ution of first to default time can be computed directly, while for more general kth to default time, we use a

moment generating function approach as discussed below.
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General Gaussian copula: The survival function of the first to default time 71, S(¢) = Q(7! > t) is equal
to:
St)y=580t,....t) =Q(r1 > t,... , 7 2 1) = Q (X1 = 2 (F1(1)),... , X, = P71 (F,(t))). Eventually, we
get:

S(t) = ,, (21 (F

)

) @7 (Fu (1))

1)), -
where p is the covariance matrix of (Xy,...,X,) and ®, . is the n Gaussian joint survival function with

covariance matrix p.

One factor Gaussian copula: Let us consider the previous one factor assumption for the correlation
structure and compute the distribution of the first to default time S(¢) = Q(r! > t). Since,

St)y=5(@t,....t) =Q (X1 = 27 (Fi(1),... , Xn = 7' (Fu(1))),
where X; = p;V + /1 — p?Vi, we can write:
S(t)=E[Q (X =@ (F(t),..., Xn =@ H(F,(1) | V)],

S UE (1) — pV

V2 piv = O (F(1)
I[lq) ( V- ) /H(I) ( Ny ) p(v)dv, (2.6)

is the Gaussian density. This permits to compute the premium leg of a first to

from iterated expectations theorem. Using that V; >

and the independence assumptions,

we obtain:

S(t) =

where ¢(v) = #6_“2/2

homogeneous'® default swap under the assumption of independence between defaults and interest rates.

One factor mean variance Gaussian mixture copula: We need once again to compute S(t) = Q(71 >
t,...,Tn > t). Since 7; = g;(X;), i = 1,...,n, we get the survival function of first to default time as:
St) =Q (X1 >g7'(t),...,Xn > g5 (t)). Conditioning on 0, we get:

St)=E[Q(X1=g7"(t),..., Xn>9,'1)|0)],

S(t) = / (ﬁ@ <%vg)l(t)>> F(v)dv. 2.7)

Archimedean copula: From the expression of the joint survival function, we get:

S(t) = / (H (1- G?(t))) f(e)da,

i=1

which leads to:

which in the case of the Clayton copula provides:

() =5 /9 / <H1 (1=F” 9)> e a0/ q,

15Equal nominal amounts and recovery rates of reference credits.
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2.5 Survival functions at and after the first to default time

We concentrate here on the conditional survival functions just after first to default time; thus 7' = ¢ where
t is the current time. This will allow to compute the jumps in the credit spreads at first to default time and
to study hedging effects. Moreover, we will obtain some further technical results useful in pricing of first
to default swaps. To make notations simpler, we assume that name one has defaulted first. Thus 71 = 71.

The time ¢ conditional survival function for name ¢ (i > 1) is then given by:

Sit(ti) =Q <Tz‘ >t | T = t,g1>irlwk > t) .

Thanks to lemma 1.3, we can alternatively write S; +(¢;) as:

Q (1 > t;, ming> 17, >t |71 =1)

Sit(t;) = -
’t<1) Q(mmk>17k2t|ﬁ:t)

In the Gaussian copula framework, this usually involves computations of n—1 dimensional survival Gaussian
distributions. The computations can be made simpler under a factor structure assumption. This allows to

reduce the dimension of the problem.
One factor Gaussian copula: Let us as before denote by:
(Xla cee aXn) = ((pil(Fl(Tl))a cee 7@71(}7‘”(7—")))’

the Gaussian vector associated with default times. We assume here that X; = p,V + /1 — p?V;. Let us

now compute the probabilities conditional on 71 = ¢t. We start with the following lemma:

Lemma 2.1 conditional Gaussian distribution, one factor case

Under the one factor Gaussian copula assumption, we have:

Using previous lemma 2.1, we get S; +(t;) = Q (1; > t; | 71 = t,ming~1 7 > t) (t2 > t), the survival function

n 1= 52 A —
QX > 2o, Xy > 20 | Xy =21) = / H@(’% PLT Pl x)so(u)dw (2.8)
1=2

on name ¢ just after default of name one. We have :

° 1=piu+p.pixy —
/H(D Pj P1 PiP1T1 j o(u)du
, / 2
S (t) Q(thtm mink>17—k2t|7—1:t) J=2 17pJ (29)
it(ti) = - = , .
' Q (ming>1 7 >t |71 =1) n 1— %u
/1 — + 0. — s
/H P Pj P1 PiP1Y1 — Yj o(u)du
Jj=2

1/1—/)?

for t; > t, with z; = y; = @71 (Fj(t)) for j #i and x; = @~ H(EF;(t;)), yi = @71 (F;(1)).

One factor mean-variance Gaussian mixture copula: Simple expressions can also be obtained in that

framework. We use here the connection between conditional probabilities and the partial derivatives of the
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joint survival function (see lemma (1.2)):

1 08
- >t 1 > = = . Gy sl),
Q(Tz_t“ min 7y >t|m t) f1( T ot —(t,...,t t)

for t; > t. Let us now compute the partial derivative. We start from:

n () — ,'_1 B
St i ,t):/Hq> (%) Fu)du,
=1 !

with ¢; = ¢ forj # 4. This leads to:

S dgy (1) 1 m 971(’53‘)
8_t1(t"" iseo o t) = = /01(U)(p< 1 )ch (—)> f(u)du,

with ¢; = ¢ forj # i. Eventually, the conditional survival function is provided by:
- mj(u) — g5 (t;) mi(u) — g7 () f(w)

/ 11 ( 75 ) ) o (M) A
T (MW 9 O (i) — gt (1) f(w)

/ 11 ( 7, (w) ) o) S

for t; > t, with ¢; = ¢ forj # 1.

Sialti) = (2.10)

)

Archimedean copulas: we assume here that the distributions G; admit some continuous hazard rates,

i.e. that we can write 1 — G;(t) = exp— fg w;(u)du, for some positive continuous functions w;. Since

S(t,... ot /1:[ (1 - G(t;)) f(a)d and dG;( ) — qun(®)(1 = G1(£))Go(¢) where £, = ¢ for
j # i, we get:
g—i(t, vty ) = —wi () (1 — Ga(t)) /aG‘f—l(t) H(l — G9(t)) f(@)da,

j=2

where t; =t for j # 7. Eventually,

/aG? Y H (1-G5(t)))f(a)da
j=2
/aG? o H (1-G5 () f(a)da

j=2

Sit(ts) =

(2.11)

)

[N

for t; > t, with ¢; =t forj #1 .

2.6 Conditional hazard rates until the first to default time

In the case of a Gaussian copula, the joint survival function is differentiable and thus fulfills assumption (3).
We can then use property (1.1) and we recall the expression of the conditional hazard rates before the first
to default time:

Q (minjx; 7, >t | 7 =1)

Q (minj Tj > t) (212)

Ai(t) = fi(t) x
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One factor Gaussian copula: Using lemma (2.1), we get:

(mmTJ >t T =1) /H(D ( V1 U+pjp¢33¢ - ) (), (2.13)
J#i \/1_103'

where x; = ®~1(Fj(t)) for j = 1,... ,n. Then from property (1.1), we write the following:

A()S(t) = / 1o |2 Tk B (2.14)
J#i A/ 1- P?

where h;(t), S;(t) are the marginal hazard rate and the marginal survival function (taken at time t) for name

i and as before where x; = ®~!(Fj(t)) for j =1,... ,n. Such an expression is useful for the computation of
non homogeneous'® first to default swaps.

One factor mean-variance Gaussian mixture copula: in order to get the conditional hazard rates up

to first default time, we rely the joint survival function since by definition:

aS(t, ... ,t)

Ai(t)S(t) = — ot

From equation (2.5), we have:

and:

M(b)S(H) = ~ 250 _ o () /SO <mi(U) —g{1<t)> I[o (mj(u) gﬁ(ﬂ) @

675@‘ dt g; (u) ki g (u)

Let us remark that from the calibrating equation (2.4), we get:

1 () — g7t U
RS0 = £.() = dgd_t@) /(p(mz(U()T (ug) (t)) i((u))duy

where f; is the marginal density of default time 7;. Thus:

[o (e (mJ o w) o

[

Archimedean copulas: using the above approach and the expression of the survival function, we get:

Ai(t)S(t) = fi(t) (2.15)

a0 =~ o - i) [ace o T[0 - GO @de|  216)

J#i

16Nominal amounts or recovery rates may differ.
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where w; is the hazard rate associated with the baseline distribution G;.

Lastly, under the assumption that the marginal densities f;(¢) are continuous, in our factor copula framework,

the joint survival function is differentiable and the hazard rate of the first to default time is equal to the

sum of the conditional hazard rates: )\ Z Ai(

2.7 Number of defaults: pgf and FFT approaches

When considering k out of n default swaps, it may be important to compute the probability of k couterparties
being in default at time ¢t where k = 0,... ,n. We thereafter denote by N (¢ ZI{T <t}, N(t) being the
counting process associated to the number of defaults If we denote by N;(t) the mdlcator of default of name

i at time t (N;(t) = Zy;,<4y), we have N(t ZN . We will compute the probabilities of &k defaults

at time ¢, i.e. P(N(t) =k),k=0,...,n through the probability generating function (or pgf) and discrete
Fourier transform (DFT) or FFT (Fast Fourier Transform).

2.7.1 Computation of the probability generating function of N(t)

One factor Gaussian correlation structure: We consider here the simple correlation structure with a
single common factor. We denote by p;‘v the probability of {r; <t} conditionally on V' (i.e. the probability
of name i to be in default at time ¢ conditionally on V). We have:

PV =Qr<t|V)=Q (piv /1= 2V < o (Re)) | v) — o (‘W +_1‘I>_‘;;Fi<”>> .

Let us compute the moment generating function (or probability generating fuention) of N(t):

Une(u) = [ N(t} i@ Jut.

k=0

Let us remark that N;(t) is a Bernoulli random variable and E [u™® | V] =1 — PV 4+ p!V x u. Using
that E [u¥®] = E[E [uN® | V]], and the conditional independence of the N;(t), we obtain: 1y (u) =

E H (1 fpilv eriIV X u)] . This leads to:

b /H( (mv 1<Fz«<t>>>+q,<pwml@(t)))u) (0o, 217

Pz

Since ¥y (u) can be written as £ [u"¢,, (V) + ... + ¢o(V)], where ¢, (V) is obtained by a formal expansion

of:
s pV — @ (F(t) —p,V + 21 (F(1)
H(q)( V1=p7 >w< V=7 >u>
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We can then obtain the probability of £ names being in default at time ¢ as :

QN (O =) = ElouV)] = [ 6y0)ee)de (218)
One factor mean-variance mixture model: We recall that 7; = ¢;(X;), i =1,... ,n and X; = m;(0) +
0;(0)e; where the mixing variable 6 has density f. As a consequence the conditional probability p;w can be

witionas: 5 = Q< 10) = Q (X, < 7)) = 0 (S0

This leads to the pgf of the number of defaults:

Yoy (1) = /1:[1 (cb <%99)_1(t)> +® (g_l(ta)—(_og”w» u) £(0)d0. (2.19)

io | ilo
) and ¥, (1) (u) = l—pt‘ +pt| U.

One factor Archimedean Copula: Here the conditional probability of default pila is given by G$(t)
where G;(t) = exp (— ' (Fi(t))) and ¢ is the Laplace transform of the density f of the mixing variable a.
This leads to the following expression of the pgf of the number of defaults:

Y (u) = /H (1 —exp (faw_l(Fi(t))) + exp (foa/J_l(Fi(t))) u) f(a)dev. (2.20)
i1

Let us remark that for practical purpose, the formal expansion approach to the computation of the pro-
babilities P(N(t) = k), k = 0,... ,n is well suited for small dimensional problems. More generally one can
use FFT approaches to obtain the distribution function from its pgf.

3 Pricing of basket default swaps

We consider thereafter the pricing of various basket default swaps. In a first to default swap, there is a
default payment at the first to default time. The payment corresponds to the non recovered part of bond in
default'”. In a m out of n basket default swap (m < n, where n is the number of names), there is a default
payment a the m-th default time. The payment corresponds to the non recovered part of the corresponding
bond in default. There are also some basket default swaps that provide protection for defaults ranking
between d,, and dy;, with 1 < d,;, < dp; < n. The default leg here is simply the sum of default legs of
m out of n default swaps, with d,, < m < dp;. We detail below the premium payments of such a basket
credit derivative. In an homogeneous basket, the nominals and the recovery rates of the reference credits

are assumed to be equal. However, the marginal default probabilities may differ.

We compute separately the price of the premium leg and of the default payment leg. The basket premium

is such that the prices of the two legs are equal.

1"More precisely, the recovery is based on the nominal plus the accrued coupon. In the following, we will
make the simplifying assumption of a recovery based on the nominal only. However, this assumption can
easily be relaxed by considering a time dependent nominal in the pricing formulas.
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e The premium payment leg computations only involve the distribution of the number of defaults N (¢).
In the case of first to default swaps, computations depend only on the survival function of the first
to default time.

e The price of the default leg of an homogeneous m out of n basket default swap only involves the
distribution of the number of defaults'®. Under the homogeneity assumption, first to default swaps
do not deserve a special treatment: the only point worth mentioning is that the survival function of
first to default time can be easily computed, without the use of the pgf of N(t). In the general case
of the default leg of a non homogeneous m out of n basket default swap, the computations are a bit

more involved. First to default swaps can also be valuated in a somehow more direct way.

We thereafter compute the price at time 0 as the expected discounted payoff at time 0. For simplicity, we
moreover assume independence between default dates and interest rates, since the important issue for basket

type credit derivatives is the modelling of dependence between default dates'®.

Since basket derivatives
payoffs do not depend on interest rates, we can then only consider the discount bond prices at time 0.
Similarly, we assume that the recovery rates on the underlying bonds are independent from default times
and interest rates. Since the payoffs of basket default swaps are linear in these recovery rates, only the
expected recovery rates are involved. For notational simplicity, we will thus confuse recovery rates and their

expectation®’.

3.1 m out of n basket default swaps: premium leg

We consider here a basket default swap on a set of n reference credits, with protection payment arising
between defaults of rank d,, (included) and djs (excluded). We denote by ¢;, ¢ = 1,...,I the premium
payments dates (with ¢; = T where T' is the maturity date of the basket default swap) and by X the
periodic premium. A;_;; represents the length of period [t;—1,t;] and B(0,¢;) is the discount factor for
maturity ¢;. For simplicity, we do not take into account accrued premium payments due to defaults between
premium payments dates. Let us firstly detail the premium payments and consider some payment date ;.
If N(t;) > dyy, the basket payments are exhausted?'. If N(t;) < d,,, the premium is due on a full nominal
of dys — dy,- In between, if d,,, < N(t;) < dps, the premium is payed on the oustanding protected nominal,
i.e. dM — N(tz)

From the distribution function of N(¢) we can compute the premium payment leg for m out of n basket

default swaps. The discounted expectation of premium payment of date ¢; can then be written as:

dn
A;—1;XB(0,t;) x ((d]w —dn)Q(N(t;) <dm) + Z (dy — B)Q(N(t;) = k:)) ,

k=dm

where the probabilities of k& names being in default at time ¢, Q(N(¢) = k) have already been computed.

We can eventually write the price of the premium payment leg by summing over possible premium payment

18More precisely the survival function of m-th default time.

YHowever, for such products as quanto default swaps, defaultable interest rate swaps, credit spread
options, the dependence between defaults and interest rates is an important issue.

20Let us remark that CDO tranches do not fulfill that linearity in the recovery rates. The distribution of
recovery rates can have some effect on the price of such tranches (see below).

21'We recall that N(t) is the number of names in default at time ¢.
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dates:

n dpy—1 ds
ZAifl,iXB(Oyti) X ((d]w —dm) Z Q(N(t;) =k)+ Z (dy — k)Q(N(t;) = k))) .
k=0

i=1

This price only involves semi explicit probabilities Q(N(t;) = k).

3.2 m out of n homogeneous default swaps: default leg

Similarly, let us consider the default payment leg of an homogeneous basket default swap: we denote by 1,
the nominal of a given reference credit and by § the unique recovery rate. The homogeneity assumption
allows the computation of the price of the default payment leg knowing the distribution of the number of
defaults only. We denote by 7% the time of the k-th default. We can write the distribution function of 7%
as:

Q(r" <t) = Q(N(t) > k).

Thus, the distribution function of 7% can be computed. We will consider the default payments at dates
rdmtl o rk . 79 provided that these dates are before the maturity of the basket default swap T = t;.
Straightforward algebra shows that the payoff of the default leg is equal to the sum of the payoffs of default
legs paying 1 — 6 at the k-th default, d,,, < k < djps, provided that the k-th default is before T' = t;. Then,
we simply have to compute the current price of a k-th to default payment and sum over possible k. We
denote by F¥(t) = Q(7% < t) and by S¥(t) the distribution and the survival functions of the k-th to default

time. We have:

k-1
SH) = Q> 1) = QIN(1) < k) = > QIN() =1),
=0

which involves only the known Q(N(¢t) = k), k =0,1,... ,n. Under the previous assumptions independence
assumptions on interest rates and recovery rates, we can then write the price of the k-th to default payment

leg as:

k

E |(1 - 8Tz () exp <— /0 r(s)ds)] _ —(1—5)/0 B(0, 1)dS* (1), (3.1)

where 7(s) denotes the short rate and —dS*(t) = S*(t) — S¥(t + dt) is the probability of the k-th default
to occur in [t,t + dt[. The previous pricing equation has straightforward financial interpretation and corre-
sponds to equation (5.18) in Bielecki and Rutkowksi [2002]. The price of the default leg of the m out of n
homogeneous default swap is obtained by summing up over the relevant ranks:

dy—1

-6 Y / " B(0.1)ds* 1), (3.2)
k=dp, V0

Integrating by parts, we can write the price of the payment leg of the k-th to default swap as:

(1—6) x (1 — S¥(T)B(0,T) + / ' S’“(t)dB(O,t)) . (3.3)
0
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dB(0,1)

Under the usual smoothness assumptions we have that f(0,¢)B(0,t) = — o

where f(0,t) is the spot
forward rate. Thus, we can also write the previous price as:

(1—6) x (1 — S¥(T)B(0,T) — /T f(O,t)B(O,t)Sk(t)dt> .
0

We now consider some boundaries of the price of the default payment leg. Since B(0,t) and S*(t) are

T
decreasing, it is possible to bound the integral / B(0,t)dS*(t) by discrete sums. We have:
0

BOL) x (S*(t-0) — 5*(t) < - | " BOS () < BO,t1) x (S*(t1) — $*(t)

This provides the following boundaries for the price of the default leg of the k-th to default swap:

J
Upper boundary = (1 —§) x ZB (0,t;-1) Sk(tj_l) — Sk(tj)) , (3.4)
7j=1

Lower boundary = (1 —§) x B(0,t;) x (Sk(tj_l) — Sk(tj)) , (3.5)

-

where | S¥(¢;_1) — S¥(t;) = Z Q(N(tj—1) =1) — Q(N(t;) = 1) |involves only known quantities, ty = 0 (thus

B(0,ty) = 1) and t; = T. Using these boundaries, we can easily control the size of the grid ¢;, j =1,...,J
in order to get a good accuracy?>

As an example let us consider a First to Default swap (we drop the 1 — § term):
T
| — S(T)B(0,T) — / F(0,6) B0, DS()dt,
0
where S(t) is the survival function of first to default date, B(0,t) is the discount factor for maturity ¢
and f(0,t) is the corresponding spot forward rate. From subsection (2.4), we can specialize the previous

expression to the one factor Gaussian, one factor mean-variance Gaussian mixture and Archimedean copulas.

For instance, in the one factor Gaussian copula case, the price of the default payment leg is provided by:

1-B 0T/H<I>< 11:)1)2 ) dfuf/ /f()t Ot[[l <_\/%p’>cp(v)dvdt,

2 (3.6)

22We might have worked through the second expression involving integrals with respect to B(0,t), which
leads to the same approximations.
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3.3 Default leg of first to default swap: non homogeneous case

We consider a series of n names with nominal N; and recovery rates 6;, i = 1,...,n. We denote by
M; = N; x (1 — ;) the payment in case of default?>. We consider a first to default swap with maturity
T. As before, let us denote by 7' the first to default time. If 7' < T, there is a default payment at that
time that depends on the name in default: if name ¢ is in default, the payment is equal to M;. Thus, the
default payment can be decomposed as the sum of n default payments, each of them corresponding to a
specific name being the first to default. We denote by N;(t) = Z{+, <, i = 1,... ,n, the indicator function
of default time of name i. Let us consider the price of the default payment leg as the limit of the price in
a discrete model?* We denote by 7y, k € N, a sequence of partitions of [0, 7] with mesh converging to zero.

The time zero price of the default leg is given by:

n

n T
lim S S MiBO,8)Q (74 € [t [ 75 > 1] # 1) = —;M,-/O 0,5t ... OBO,OAL|  (3.7)

k—o00 4
=1t Emg

where aLS(ty e 7t) = W

to the ith component at point (¢,...,t). Indeed —9;S(t,... ,t)dt ~ Q(1; > t,j #i,7; € [t,t + dt[)*’. From
the definition of the conditional hazard rates, we have \;(¢)S(t) = —09;S(¢, ... ,t), where S(¢) denotes the

survival function of first to default time. Thus, the price of the default payment leg can also be written as:

denotes the partial derivative of the joint survival function with respect

> / A OSOBO.
i=1 0

Fortunately, we can use the expressions of \;S(¢) for the one factor Gaussian, mean-variance Gaussian
mixture and Archimedean copulas stated in subsection (2.6), to readily obtain the price of the default
payment leg of a first to default swap in the non homogeneous case. For example, in the one factor Gaussian

copula case, using equation (2.14), we obtain:

T n /1 — p2u+ pipx; — x5
/ / S Mia(0)81(6) x J[ @ | 2P ) o) dur, (3.8)
0o J o i \V31—p5

where z; = ®~1(F}(¢)) for j = 1,... ,n. These expressions only involve simple numerical quadratures.

3.4 default leg of m out of n default swaps: general case

We consider a series of n names with nominal N; and recovery rates 6;, ¢ = 1,... ,n and the default leg of a m
out of n basket default swap (1 < m < n) with maturity 7. We consider here a single default payment ; more

23The nominals will normally be equal but the estimated recoveries may well differ.

24See below, default leg of a m out of n basket default swap, for a more detailed discussion.

2>We can provide a more rigorous, while more abstract, derivation of this statement. Let us denote by
(=9 = min;; 7, the first to default time for the set of reference credits, ¢ excluded. Under assumption (3),
there are no simultaneous defaults and Z,.(-i)~,, = Z;1>,, Q-a.s. where 7' = min; 7 is the first to default
date. Thus, the discounted first to default basket payoff can be written as > . | M;B(0,7;)Zr15,,Zr,<7-
From Fubini’s theorem, E [B(0,7:)Z 15, Ir,<7| = fOT B(0,)Q(tt >t | 7i = t)fi(t)dt. From lemma (1.2),
we get Q(tt >t |7, =t)fi(t) = —8;S(t,... ,t), which allows to conclude.
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general cases can be treated straightforwardly by summing up (see subsection on homogeneous baskets).
We denote by M; = N; x (1 — §;) the payment in case of default. 7™ denotes the m-th default time. If
7™ < T, there is a default payment at that time that depends on the name in default if name 7 is in

default, the payment is equal to M;. We recall that Ni(t) = I(; <) and N(t ZN . We define

NEI(t) = ZNj (t) and N™(t) = Zirm<yy-
i#i

Let us firstly compute the probability of name ¢ being the m-th to default time and that default time being
in the interval J¢,¢'], ¢’ > t. Let us remark that:

{r" =ri, 7" €lt, ]} = {N(t) =m —1,7; €]t,t']},

The latter set corresponding to m — 1 names being in default at time ¢ and default date of name i being in
the interval J¢,t']. Since {7; €]t,t']} = {N;(¢') — N;(t) = 1}, we can write:

{N@t)=m—1,7; €]t,t']} ={N(t) =m — 1, N;(t') — Ns(t) = 1}.
Lastly, for events such that 7; is after ¢, N(t) = N(=9(t). Thus, we need to compute:
Q (NCO(@) = m =1, Ni(t)) = Ni(t) = 1),

We consider the slightly more general issue of computing @ (N(_i)(t*) =m —1,N;(t') — N;(t) = 1), where
t* <t <. This can be for done by using the joint pgf of (N(_i) (t*), Ni(t') — N;(t)) defined by v (u,v) =
E [uNi@)=Ni@)y, NV (@) | We compute ¥ by conditioning on the latent variable V. Conditionally on V,
N;(t') — N;(t) is a Bernoulli random variable with Q (N;(#') — N;(t) =1|V) =Q(r; <t' | V) = Q(1; <t |
V)= pz‘,v pi‘v. We can write ¥(u, v) as:

ZQ( ~ Nit) = 0, N1 () = k) ot +ZQ( Ni(t) = 1, N () = k) un

On the other hand,

Y(u,v) =F {E [u

By conditional independence:

Y(u,v) = F {E [uNi(t/)_Ni(t) | V} x B [fu

/)

which leads to:
v v v 1% v v
Y(u,v)=E (1 —p "+ (pi‘f ~pi )U) x H( —pt¥ +pl! v)
J#
As a consequence, we obtain:

n—1

> e (Ni(t/) — Ni(t) = L, NCI(#7) = k‘) v =E (pilv Z'V) <11 ( —plV + pﬁvv) :

k=1 VE

where the term within the expectation can be computed by formal expansion.
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The price of the default payment leg is given by:

E

T n
/ B0,1)> MiINu)(t)_mldNi(t)] : (3.9)
0 i=1

where B(0,t) is the maturity ¢ discount factor. We can see N(=")(t) = m — 1 as an activating condition.
When m — 1 names apart from 4 are in default, then default of name ¢ triggers a payment of M;. We have
thus decomposed the default payments into n payoffs, each of them being similar to a plain CDS default
payment activated upon some event being satisfied. Let us now turn to the computation of the different
terms:

E

T
/ B(Ovt)MZIN(l)(t)_mldNt(t)] ’ 1=1,... ) T
0

T
/ B(0,t)In (- (1)=m—1dNi(t) is a plain stochastic integral with respect to the pure jump process N;(t).
0

Let us consider a given sequence of partitions of [0,7], 7, with mesh converging to zero. We define the

processes:
‘/vi,k(t) = Z IN“”(tl):7rL—1I]tz7tz+1](t)'

tiemy
Vi is an adapted process (with respect to the filtration generated by the set of default times) with
caglad paths. The sequence of processes V;  converges uniformly on compacts in probability?® towards
In(-i)()=m—1- By continuity properties of stochastic integrals,

T
/(; B(07 t)IN(*i)(t):m—ldNi(t) - kli»n;o Z B(O’ tl)IN(*”(tl,l):m—l (Ni(tlJrl) - Nl(tl)) ’
tiemy
where the limit is taken in probability?”. The random variables:
T
/O B(0, )y (ymm—1dNi(t), Y BO,t)Inc-o 4, yymm—1 (Nilti1) = Ni(t1))
tiETE

are uniformly integrable®®. Therefore, we conclude:

E

k—o0

T
/ B(O,t)INU)(t)_mldNi(t)] — lim B
0

> B0, t)TIn-o_)=m—1 (Ni(tig1) — Ni(tl))l ;

tIETE

or equivalently as klim Z B(0,t)Q (N(_i) (ti—1) =m— 1, N;(t;31) — N;(t;) = 1). Let us for instance con-
T hem

sider the partitions of [0,7] given by 7 = {0,L,... , l%, ..., T}. We can write:

) (@ (Nittr41) = Nitt) = 1, NCO () = k) = @ (Niltin) — Nift) = LN (t11) = k)| o,
k=1

26Under the standing assumption of a smooth joint survival function. This implies that there exists some

hazard rate for the different rank statistics.
2TWe do not need ucp here.
2 They take value in [0,1].
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as:
n—1 )
|4 14 1% %4 i v k
S|, o) o (TL (Y t2) - T (- ) ) | =0 (2).
k=1 J#i J#i
for smooth conditional default probabilities pt . As a consequence, we can consider the limit:

lim B(0,1)Q (N(_i)(tz) =m—1,N;i(ti1) — Ni(t;) = 1) .

k—o0
tETE

For smooth conditional default probabilities pi‘v, we define:

Zi(t) = lim ——Q (Ni(t’) — Ni(t) =1, NCI(t) = k) . k=1,...,n—1,i=1,...,n
n—1 ' z\V )
The Zj(t) are given by: Z Zi(tw* = t X H ( jlvv) . The price of the default pay-
k=1 Ve

ment leg is then given by:

T n
/ ZB (0,t)M; Z%,_(t)dt. (3.10)
0

We can provide some simple alternative expressions. Let us denote by:

i\v —i
AMOE hmth( () = Ni() = LNCI() =k | V)
Then,
n—1
Z 71V (1R dpt j\v
WVt = <[ (1 v),
k=1 VE)
and F [Z;W(t)} = Z}(t), where the expectation is taken upon V. Moreover,
dpy”
dt

ZIV(t) = % Q (N<—i>(t) — k| v) .

As a consequence the price of the default payment leg can be written as:

/Tzn:BOtMQ(N“(): —lV)dp”V], (3.11)

where the expectation is taken over V and Q (N(=9(¢) = m — 1| V) is obtained from the formal expansion
of the polynomial H (1 — pi‘v +p{‘vv).

J#i
As can be seen from the previous equations, one can readily compute the price of the default payment leg of
a general m out of n default swap, once the conditional (on the latent variable) probabilities of default are
given. Putting in the relevant probabilities provides the price of the default payment leg for the one factor

Gaussian model, the mean variance mixture model and the Archimedean copula model.
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4 Loss distributions and the pricing of CDQO'’s

Under the factor copula framework, it is easy to compute the characteristic function of the cumulative loss
at a given time. Here, we consider the losses due to defaults only and not the losses due to changes in credit
spreads. The knowledge of the loss distribution is useful in some CDO computations. We can obtain it by
inverting the characteristic function and we can also provide some explicit computations of moments of the
Loss distribution that can be useful for cross-checking the Monte Carlo or tree approaches.

We consider n reference credits, with nominal N;, i = 1,... ,n and recovery rate 6;. M; = (1 — §;)N; will
denote the Loss Given Default. In a first step, we will consider the recovery rates as determistic and further
show how the framework can easily be extended to stochastic recovery rates. We denote by 7; the default
time of name ¢ and by N;(t) the counting processes N;(t) = Z;,<; which jumps from 0 to 1 at default time
of name 4. L(t) will denote the cumulative loss on the credit portfolio at time ¢:

- i:M,»Ni(t), (4.1)

which is thus a pure jump process.

4.1 Probability Generating Function of Loss Distribution

Let us now compute the loss distribution of L(t) assuming a discrete grid for the values of M;, i =1,... ,n.

We proceed with the moment generating function ¢, (u):

Vr(uw) =F [UL(t)} :

As a starting point, we model the default times along the one factor Gaussian copula where V denotes
the Gaussian factor, for the sake of simplifying the presentation. We can thus write from iterated expec-
tations theorem: ¢ (u) = E [E [u*® | V]]. From the independence of N;(t) conditionally on V, we get

n
E [ult® | V] = Iy E [uMNi® | V], This gives : E [ul® | V] = H (1 PV +plVu M) where pil" =
i=1

1
Qi <t| V)= (_p 'VH; 2F’ ! ) The conditional moment generationg function can be computed re-
s

i

k
cursively as follows : let us define w]z‘(‘t/)( ) = H (1 p| +pilv M; ) Then, z/;lf(rslv( ) = 7/JIZ|(‘;)( ) X
i=1
(1 —pfﬂw +pk+1|v M’c“). We eventually get 1) (u) = E [WNon(V)+ ...+ ¢o(V)], where N =
S My and the ¢, (V) are obtained as the coefficients of the polynomial expansion of E [k ®) | V] Thus
we eventually obtain the probability distribution of L(t) as : Q(L(t) = k) = E[¢,(V)) = [ ¢p(v)e(v)dv,

where ¢(v) = \/L—e_”z/ 2 denotes the Gaussian density. Let us also remark that the probablhty of no loss

; f10-)]

i=1

occuring is given by: Q(L(t) =0)=F
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4.2 Pricing the default payment leg of a CDO tranche

Let us consider a tranche of a CDO, where the default payment leg pays all losses that occur on the credit

portfolio, above a threshold A and below a threshold B where 0 < A < B < ZNi' When A = 0,

i=1
n

we usually speak of the equity tranche. If A > 0 and B < ZN“ we consider mezzanine tranches and

i=1
n

when B = ZNi’ we consider senior or super-senior tranches. In order to simplify notations, we use a
i=1
unique terminology M (t) to denote the cumulative losses on a given tranche. These losses are equal to

zero if L(t) < A, to L(t) — Aif A < L(t) < B and to B — A if L(t) > B. This can be summerized as :
M(t) = (L(t) — A)Zja,)(L(1)) + (B — A)By> n,)(L(t)). We can notice that as L(t), M(t) is a pure jump
process. The default payments are simply the increments of M(¢). In other words, there is a payment
of M(tT) — M(t) at every jump time of M (t) (which is such that M(¢T) — M(t) > 0). Since M(t) is an
increasing process, we can define Stieltjes integrals with respect to M (t). Here, since M(t) is constant apart
from jump times, any integral with respect to M(t), [ g(t)dM(t) (where g is some function) turns out to be
a discrete sum Z g(t;) (M(t;) — M(t;)), where the ¢; denotes the jump times. From the previous remarks,

i
we can write the price of the default payment leg of the given tranche as:

T
/ B(0, t)dM(t)] ,
0

where B(0,t) stands for the discount factor for maturity ¢ and T is the maturity of the CDO. We assume here

E<

deterministic interest rates. Let us again insist that the term within the brackets is the sum of discounted
default payments on the tranche. Using the Stieltjes framework allows to use the integration by parts
formula. This allows to write [, B(0,¢)dM(t) = B(0,T)M(T) + [ £(0,¢)B(0,¢)M(t)dt, where f(0,t)
denotes the spot forward rate. Using Fubini theorem, we then have:

E<

/ TB(O,t)dM(t) = B(0,T)E°[M(T] + / ' £(0,4)B(0,t)EC[M (t)]dt.
0 0

Let us remark that we only need the first moment of the cumulative loss on the tranche. This can be
computed knowing the distribution of total losses. Indeed, we have:

B
EOM(1)] =) (k= A)QL(t) = k) + (B~ AQL(t) > B),
k=A
or equivalently as:
B > N;
ECIM@®)] =) (k= AQLE) = k) + (B=A) > QL(t) = k),
k=A k=B+1

Here, we have assumed that A and B were corresponding to some possible values of the cumulative loss at
time ¢, L(t). We then can compute the price of the default payment leg of the tranche, since we already
know how to compute the probabilites Q(L(t) = k) for k =1,... ,Z N;.
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Appendix A: Proofs related to section 1

Proof of lemma (1.2): Q(71 > t1,... ,7n > tn) = E[E [L;,5¢, v | 7i]] = B [Zr,54,E [LIr, 54552 | 73] ]
Let us remark that E [Z; >4, vjzi | 7] = Q(7j >t;,Vj #i|7;) is a measurable function of 7;. Thus,
Sty ytn) / Q(t; >t;,¥j #1|7; =u;) fi(u;)du;. The previous equation can also be seen as a

direct consequence of Fubini’s theorem. Assuming that @ (7; > t;,Vj # ¢ | 7; = u;) is continuous at ¢;, we
obtain the stated result by differentiation H

Proof of lemma (1.3): Q <7’Z‘ > ti,r]giénm >t|7j= tj> =F [I{q—i>ti7mink¢7‘ Tk>t}| 7j = t;]. From iterated
: > JTRS

Tj:tj:|.

Tj = t]}. It can be

expectation theorem:

E [I{Tiztmmink# Tth}’ Ty = tj] =F |:E |:I{Ti2ti7mink¢j Tth}| rkn;lj’l Tk 2 1, Tj:|

The previous term can be expressed as: E | Ziin,_; 7>t} F |:I{7—i>ti}‘ gcnén TE > t, Tj:|
= = J

checked that E |:I{'ri>ti}| Enén Tk > t, Tj:| = h(7;) where h is a measurable function. Thus:
- J

E |:I{Inink¢j >ty B [I{Tpti}! I]?;?Tk > t,n}

Tj = t]:l = h’(t])E [I{Inink¢j Tkzt} | Tj = tj] )
which can be written as:
Q (Ti >t | r]ggwk >t 1= tj> X Q <rkn;517'k >t|1; = tj> ,

which proves the stated result H
Proof of lemma (1.4): Let us firstly remark that {7! >t} = {71 > ¢,...7, > t}. Thus Q(v} > t) =
S(t,...,t). Then, we simply remark that:

Q' >t) —Q(rt >t+dt)  St+dt,... t+dt)—S(,...
Q(rr >1) T S(t,...,t)

Q(rt e t,it+dt]| ' >t) = 1) -

Proof of lemma (2.1): It can be seen that X; = p;p, X1 + ¢;, where ¢; is Gaussian and independent

from X;. A quick expansion shows in turn that e; = p;1/1 — p? (\/1 —p2V — ,01‘_/1) + /1 — p?V;, where
= /1 —p?V — p, V4 and V; are standard Gaussian independent random variables and also independent

from X;. As a consequence, we get:
Q(Xa>xa... . Xp>x, | X1 =21) =Q (62 > Ta — p1P3T1, -+ ,En = T — P1PpT1) -
Let us denote by z; = z; — p;p;x1. From iterated expectations theorem, we get:
Q(ea > To,...60 > 3,) =E[Q(e2 > Ta,...60 =Ty | Wh)].

Using the independence properties, we have:

1— p*W-
Q(€22~%2a-~~5n2jnwl)H(I)< pl\l/\/—p—;h 1)
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where ®(r) = 1 — ®(z) is the survival Gaussian distribution function. We can thus write:

_ 3 /1 — p2u— i
Qg2 > T2,...60 2 Ty) = /H‘P ('0 i > ) o(u)du,
i=2 V1-=p;

Eventually, we obtain the stated result:

n
V1 — ptu+ pipre1 —
Q(XQng,...7X,,L2xn|X1:m1):/H<I> P P 051 ! o(u)du W
i=2 V31=p;
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