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Abstract

We study a BSDE with random terminal time that appears in the modeling of
counterparty risk in finance. We proceed by reduction of the original BSDE into a
simpler BSDE posed with respect to a smaller filtration and a changed probability
measure. This is done under a relaxation of the classical immersion hypothesis, stated in
terms of the changed probability measure, of which we characterize the Radon-Nikodym
derivative. Our study reveals the importance of a new class of so-called invariant times
that we characterize in terms of their Azéma supermartingale.
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1 Introduction

We study a BSDE with random terminal time 9 = T'A @, where T is a positive constant and
the stopping time # has an intensity. As developed in the companion papers by |Crépey and
Song| (2014al 2014b) (following up on Crépey (2012))), this BSDE is key to the modeling
of counterparty risk in finance (see Brigo, Morini, and Pallavicini (2013) for general coun-
terparty risk references and Crépey, Bielecki, and Brigo (2014]) for a more mathematical
perspective). But this BSDE comes in a rather unusual form. Our approach in this work
is to reduce the problem to simpler BSDEs relative to a smaller filtration and a possibly
changed probability measure. Moreover, we want to achieve this under minimal assumptions
on 6, so that the model stays as flexible and can fit as many counterparty risk scenarios and
features as possible (notably bilateral counterparty risk and the related nonlinear funding
issue, wrong-way risk and gap risk). This leads us to introduce and study a new class of so-
called invariant times that appear in the follow-up papers |Crépey and Song (2014a;, 2014b))
as the appropriate notion to model an arbitrary nature and level of dependence between the
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reference filtration and the default time 6 (as opposed to the weak or indirect dependence
that would be implied by a basic immersion setup).

The paper is organized as follows. Sect.[2|deals with the compensator of ¥ and measur-
ability issues in relation with a single step martingale that corresponds to the compensation
of a jump process associated with the terminal condition of our BSDE. In Sect. 3| the orig-
inal BSDE is rewritten in terms of an auxiliary BSDE with solution continuous at ¢. The
two BSDEs are posed with respect to a common stochastic basis (2, G, Q). After revisiting
the Barlow-Jeulin-Yor theory under a condition (B) relative to a subfiltration F of G, Sect.
reduces the auxiliary (G, Q) BSDE with random terminal time 9 to an (F,Q) BSDE with a
null terminal condition at the fixed time T'. Next, an even simpler (F,P) BSDE is obtained
under an additional condition (A) on a changed probability measure P. In Sect. [5|invariant
times are introduced and studied based on a characterization of the condition (A) in terms
of the Radon-Nikodym density % and of the Azéma supermartingale S of 6.

1.1 Standing Assumptions and Notation

We work on a space () equipped with a o-field B, with a probability measure Q on B and
with a filtration G = (Gi)ier, of sub-o-fields of B, satisfying the usual conditions. We
use the terminology of the general theory of processes and of filtrations as given in the
books by |Dellacherie and Meyer (1975) and He, Wang, and Yan (1992). In particular,
we use the notions of predictable and optional processes, and of predictable and optional
projections and dual projections (or compensator, in case of the dual predictable projection
of a finite variation adapted process). Sometimes we say projection of a stopping time 7 for
projection of its indicator process 1(; ). As also implicit in all these notions of projections,
we work with the notion of generalized conditional expectation that is applicable to any
locally integrable random variable (see Sect. 1.4 in He, Wang, and Yan (1992))). We denote
by P(F) and O(FF) the predictable and optional o-fields with respect to a filtration F. All
semimartingales are taken in a cadlag version. For any semimartingale Y and predictable
Y-integrable process L, the stochastic integral process of L with respect to Y is denoted by
L.Y (with the usual precedence convention KL.Y = (KL).Y, if K is another predictable
Y -integrable process). For any cadlag process Y, for any random time (nonnegative random
variable) 7, we write A;Y for the jump of Y at 7 (with the convention AgY = Yj). We use
the Dellacherie and Meyer (1975) notation Y7~ to represent the process Y stopped “right
before 77 or “at 7—7, i.e.

Y™ = Y]l[oﬂ_) + YT*]]‘[T,—"-OO); (1.1)

d-(dt) denotes the Dirac measure at (a possibly random) time 7; a Lebesgue measure is
denoted by A; the real line and half-line and the nonnegative integers are respectively
denoted by R, R; and N. Unless otherwise stated, a function (or process) is real-valued;
order relationships between random variables (respectively processes) are meant almost
surely (respectively in the indistinguishable sense). We don’t explicitly mention the domain
of definition of a variable x in h(z) when it is implied by the measurability, writing e.g. “a
B(R) measurable function h (or h(z))” rather than “a B(R) measurable function h defined
on R”. As is usual, for a function h(w,x) defined on a product space 2 x E, we often write
h(z) without w.



2 Preparatory Results

Throughout the paper ¥ denotes a G stopping time with indicator process H = 1y 1)
and J =1 — H, so that YU~ =Y J +Yy_H (cf. (L.T)).

2.1 Stopping Time and Compensator

For A € Gy, we denote by ¥4 the following random time (see Definition 3.8 in He, Wang,
and Yan (1992)):
I (w), if we A,
Va(w) =
00, ifwé¢ A.

Note that ¥4 is again a G stopping time. Therefore, so is also ¥ 4. According to Theorem
4.20 in |He, Wang, and Yan (1992), there exists A € Gy_ such that ¥4 is accessible and ¥ 4¢
is totally inaccessible. Writing 9% = ¥4, 9" = ¥ 4¢, we have, for any bounded G predictable
process h,

Elholgcoo}] = Elhgapngiligangicoo}] = ElhgeLigacocy] + Elhgi Ligicooy]s (2.1)
i.e. in terms of the compensators v of ¥, v® of ¥4 and v* of ¥ 4c,

E[fjg.00) s dvs] = E[fjg o0y his AVl +E[fjg oo his V] = E[[ig o) hs d(v + V'),

so that v = v® +v*. More precisely, we have the following result regarding the structure of
the compensator v of .

Lemma 2.1 The processes v' and v® are the continuous component and the pure jump
component of v.

Proof. In view of Corollary 5.28 in |[He, Wang, and Yan (1992), v* is continuous. As for v¢,
by definition of an accessible time, there exists an at most countable family of predictable
stopping times (7;);er such that [94] C Uier[n] and [r;] N [r;] = 0 for i # j. Consequently,

E[hﬁAﬂ{ﬂA<oo}] = ZE[hTi]l{ﬁA:n}ﬂ{Ti<oo}] = ZE[hTiAT¢V]1{Ti<oo}]7 (22)
el el

where we make use of

Q{4 = 7i}|Gr -] = QY = 7:}|Gr -] = Arv,

which holds by Theorem 5.27 in|He, Wang, and Yan (1992)). By Theorem 3.33 in He, Wang,
and Yan (1992), the process ) ;. ; Az, vl ) is predictable. Moreover, being nondecreasing
(recall v itself is nondecreasing as the compensator of the nondecreasing process H), it is

integrable since
t
ZASV < / |dv| = v,
s<t 0

where v itself is integrable as the compensator of the bounded, hence integrable process H.
Now, the identity ([2.2)), for a predictable integrable process >, ; Az, vl ), proves that
this process is equal to v®. O



2.2 Parameterized Conditioning

To solve our BSDEs we need to compute conditional expectations of the form E[h(£)|Gy—]
for a nonnegative measurable function h(w,z) and a Gy_ measurable random variable &
depending on a real z. The intuition suggests that, under the conditioning, the random
variable £ can be treated as a constant, so that the computation can be performed in two
steps: first for a constant x instead of £, then by substituting £ for x, i.e.

“E[R(¢)|Gs-] = Elh(2)|Go—]o—e-

However, this is not well defined because the conditional expectation E[h(z)|Gy_] is an
equivalence class depending on the real z. A “bad” choice of the class (one for each z) in
the first step may result in a nonmeasurable expression in the second step.

Example 2.1 Let B denote the Borel o-field over [0, 1], considered as a sub-o-field of the
Borel o-field over Q = [0, 1]? equipped with the Lebesgue measure (“sub-o-field” through
the inverse of the first coordinate projection p). Let h(w, z) be a nonnegative Borel function
on  x R. By Fubini’s theorem, there exists a Borel function A’ on € x R, such that, for
any x, w — h/'(w, ) is a version of E[h(x)|B](w) (“expectation with respect to v for u frozen
inw=(u,v) € 2=1[0,1?"). Let

W' w,z) = h'(w,2) + Ty (@)1 (p(w)),

where V' is the Vitali set in [0, 1] (assuming the axiom of choice). Since z is fixed here,
R (-,x) and h"(-,z) are almost surely equal, i.e. h”(-,x) is a version of E[h(x)|B] (for fixed
x). However, since the Vitali set is not Lebesgue measurable, the function

R (w, p(w)) = h(w,w) + Ty (p(w))
is not Borel.

Several appoaches exist to deal with this version choice problem. By the same mono-
tone class argument as in |Stricker and Yor (1978)), there exists a Gy ® B(R) measurable
function h(w, z) such that

E[h(€)|Gy—_] = h(€), © € R.

But the function T obtained in this way only works for a fixed random variable £ (i.e. the
function h depends on &), whereas we need it below in an equation for an unknown random
variable £ (i.e. we need a common function h that works for all €). This motivates the
following development.

Definition 2.1 For any measurable space (E,E&), for any nonnegative B ® & measurable
function h(w, ), we say that hi(w,z) exists and that a nonnegative P(G) ® £ measurable
function g;(w, z) is a version of hy(w,z) (h = g in a shorthand notation) if, for any E valued
Gy_ measurable random variable &,

E[R()|Go-]19<o0r = 99(§) L f9<oo}-

For a general (not necessarily nonnegative) B®E measurable function h, we say that T exists

ggd equgls hi— hg if ﬂlere /e\xist two nonnegative functions hy and hg such that h = hy — ho,
h1 and hsy exist and hy — hy is well defined.



The following result establishes the existence of h by monotone class arguments. Under
suitable topological conditions, A can be computed using the notion of regular conditional
distribution with respect to Gy_ (see the paragraphs 88 to 90, Sect. II.6 in Rogers and
Williams (2000))).

Lemma 2.2 For any measurable space (E, ), for any nonnegative B& E measurable func-
tion h(w,x), h exists.

Proof. Let € denote the class of all bounded B&®E measurable function h for which h exists.
Obviously, the class € contains the constants and is stable by multiplication by constants.
Given two nonnegative functions h,h’ € €, we can check directly from the definition that
h+ R is a version of m . Given two real valued bounded functions h, k' € €, let h; and
ho (respectively b} and hf) be two nonnegative functions such that h = hy — hy and a and
T exist (respectively same properties with /). Hence hq + h} > 0, ha + b}, > 0, h1/+\h’1 and
h;i—\hé exist, and
h+h" = hy + b} — (he + hb).

This shows that h + h' € €. The class € is a linear space of real functions.
Let (hp)nen be a nondecreasing uniformly bounded sequence of nonnegative functions
in €. For any n € N, for any F valued Gy_ measurable random variable &,

E[hn(€)|Go-11 t9<00) = (hn) 9 (€)1 {9<oe)-

By the monotone convergence theorem,

—~

E[sup 7 (€)|Go- 1 (9<oc} = SUp E[Rn()|Go— T {9<ooy = (SUP )9 (§) 1 {9<oc}-
neN neN neN

This formula shows that sup,,cy hyn is an element in € and

—_— —_
sup h,, = sup h,,.
neN neN

Finally, let’s consider A € B,B € £. The random variable Q[A|Gy_] is Gy_ measurable.
There exists a G predictable process L such that (cf. Corollary 3.22 in |He, Wang, and Yan
(1992))

Ly = Q[A|Gy- 1 {9<o0)-

We check directly that Li(w)1lp(z) is a version of 1415, which shows that 1 Alw)lp(x) is
an element in €. We can now apply the monotone class theorem (cf. Theorem 1.4 in He,
Wang, and Yan (1992))) to say that € contains all bounded B ® £ measurable functions.
Last, by taking suprema over sequences, the result is extended to general (non necessarily
bounded) nonnegative B ® £ measurable functions. o

In this paper the function his mainly used to compute compensation martingales
through the following lemma (classical after the above clarification regarding the definition
of h).

Lemma 2.3 Let vi,t € Ry, be the compensator of the nondecreasing process H. Given
a B ® B(R?) measurable function h(w,z), we set h = ht —h~. Let Y be a G adapted



cadlag process in R. If h >0 or |h|(Yy_)11y<oc} is integrable, then, for every G predictable
bounded process L,

E[Loh(Yy-)19<o0)] = E /[ )Lvﬁv(n_)dvv].
0,00

If |h|(Yo- )1 (9<ocy is integrable, the process
h(Yo_)H — 1 gh.(Y-) . v
is a G uniformly integrable martingale. O

The following result gives an explicit formula for % in the case, used in the application
paper Crépey and Song (2014b)), of a so-called marked stopping time. Namely, we consider
a stopping time ¥(w) taking, for every w, the value of one of the ¥¢(w), where for every e
in an at most countable space of marks E endowed with some g-algebra £, ¢ represents a
totally inaccessible stopping time with intensity ~f, such that Q¢ # 196/] =1for e #e.

Lemma 2.4 Let r4(w,e,x) be a nonnegative P(G)®E @ B(R) measurable function. Writing
(W) = X cer Live(w)=v(w)1 &5 which is Gy measurable, let

h(wvx) = Fﬁ(w)(wvg(w)ax)- (23)

A wversion ofﬁt(w, x) is given by Y . p qfxi(e, ), where, for every e € E, ¢° is a [0, 1] valued
G predictable process (which exists) such that ¢§ = Q[{V° = 9}|Gy_] on {1V < oo}.

Proof. On {¥ < oo}, we have

Eh(2)|Gs-] = Elra (¢, 2)[Go-] = Y QY = 9}|GsJra(e,x) = > gjrale, z).

ecE ecF
Od

The following result shows that the shape (2.3) that is postulated for the function
h(w, ) in the example is, in fact, general under the structural condition ([2.4)) below on
Gy and Gy_.

Lemma 2.5 Let (E,E) be a measurable space. Suppose that there exists a random variable
¢ taking at most countably many values in E such that

Gy = Gy V 0(C). (2.4)

Then, for any nonnegative Gy R@B(R) measurable function h(w,x), there exists a nonnegative
P(G) ® £ @ B(R) measurable function ri(w, e, x) such that

hw, z) = ty(w) (W, ((w), z).

A version ofiALt(w, x) is given by Y- g ¢f (w)re(w, e, x), where E = ((2) and, for every e € E,
q° is a [0,1] valued G predictable process such that ¢§ = Q[{¢ = e}|Gy_] on {¥ < oo}.



Proof. The existence of r;(w,e,x) is a consequence of the monotone class theorem. The
second part of the result follows by an application of Lemma [2.4] O

We now give a concrete specification for in case where G is the progressive
enlargement of a reference filtration F by n random times ¥4, ...,4,, assuming the optional
splitting formula of [Song (2012) holds (as is the case under the density hypothesis or under
the immersion hypothesis), i.e. for any G optional process Y, there exist O(F) ® B0, oo]™-
measurable functions YO, Y . V(™ guch that

Y = Z Y(Z) (191 "'19(1), R 1’ ﬁ(i))]l[ﬂ(i)aﬂ(wrl))’ (25)
1=0

where the ;) are a nondecreasing reordering of the ¥; with () = 0 and 9, 4.1) = oo.
Lemma 2.6 Suppose that the 9; don’t intercept each other. Let ¥ = 91 AN J2. Then
Gy = Gy— Vo({d =01}, {0 = 0a}).

Proof. For a,b € [0,00], let atb denote a isa < b and co ifa >b. Let I ={1,2,3,...,n}.
By the optional splitting formula (2.5)),

Yolgo—p,y = Y01 19,. .. ,(1?)n T )L to=v,})
Z[g:#[:i—l Yﬂl (191 Jfﬁv ) 1’ 79, oy Un f 29)IL{VjeI,ﬁj<19}]l{Vje:[\I,ﬁgﬂj}
ik .
= Y1 Y rcrar—io Y (9,9, € Dlgvjer;<oylivien\r,9<o,3 L{o=o,}s

where Y;(i’l’k) (w,z,y;,7 € I) is O(F) @ B[0, 00] @ B[0, 00]*~! measurable and such that

Yéi’l’k) (0,9;,5 € DLyyjern; <oy Livjeni9<o;}

18 Gy— measurable. O

3 Full BSDEs

In addition to our standing G stopping time ¥, let g:(w,z) be a P(G) ® B(R) measurable
function and G(w, z) be a Gy ® B(R) measurable function. We consider the backward mar-
tingale problem consisting of the following integrability, equation and terminal conditions:

I3 19s(Xs-)|ds < 0o for t € [0, 9],

X7+ fg/\ﬂ 9s(Xs—)ds defines a (G, Q) local martingale, (3.1)
Xy = G(Xy_).

The motivation for such problems is the study of backward stochastic differential appli-
cations (BSDEs) that arise in counterparty risk applications (see Sect. . Therefore we
refer to such problems as BSDEs henceforth. Of course, is a rather unusual BSDE,
due in particular to the generality of the terminal condition G(Xy_), which depends on
the solution and with, for fixed x, G(w,z) only Gy measurable, as opposed to Gy_ mea-
surable in standard credit risk problems (where, in addition, the terminal condition would



not depend on x). But this generality is needed to fit all the specifications of counterparty
risk problems. Our goal is to reduce the “full” BSDE to simpler BSDEs relative to
a reduced filtration F, with constant terminal time 7" and exogenous terminal condition
(a given random variable at time 7'). Moreover, we want to achieve this under minimal
assumptions on 1, so that the model stays as flexible and can fit as many situations as
possible.

Remark 3.1 At the abstract level of this paper, with unspecified structure of the (G, Q)
local martingales, considering a more general (or more standard from a BSDE point of
view) coefficient “g¢(x,w)”, where w would correspond to some integrand in a martingale
representation of the martingale part of X, would make no difference (except for the fact
that we would need to define a solution as a pair process (X, W) in a suitable space).

Remark 3.2 BSDEs with random terminal time (given as first exit time of a domain by
a diffusion) were first introduced in |Darling and Pardoux (1997)), in order to give a BSDE
formulation to semilinear elliptic PDE. This and the present work are completely unrelated.

The main findings of this section can be summarized in the form of the following result,
which is an immediate consequence of lemmas [3.2] and

Theorem 3.1 If the BSDE has a solution X, then the process Z = X J is a solution
to the following BSDE:

f(f l9s(Zs—)|ds + fg \as(Zs_)\dvs < oo fortel0,v],

Zf_ + f(fm? 9s(Zs—)ds + f(fm? (@S(ZS_) — ZS_)dvS defines a (G, Q) local martingale,
or equivalently when the accessible component 9% of ¥ is predictable:

fot lgs(Zs_)|ds + fot |éS(Zs,)|dvS < oo fortel0,9,
zZ0 + fg/\ﬁ 9s(Zs—)ds + fg/\ﬁ(@s(Zs,) — Zs_)dv: defines a (G,Q) local martingale,

1 gacon)(Goa(Zga_) — Zga_) = 0.

Conversely, if Z is a solution to the above BSDE such that the process G(Zy_)H has locally
integrable total variation, then the process

X=2ZJ+G(Zy_)H
18 a solution to the BSDE . O

3.1 BSDE Transformations
Assuming ({3.1]), we denote by

tAY
Rt = Xt + / gs(Xs—)dsat € R—i— (3'2)
0

the (G, Q) local martingale component of X, so that
AgR = ApX = G(Xy_) — Xg_. (3.3)



Lemma 3.1 Assuming (-) the processes AyRH and G(Xy_)H have locally integrable
total variation, the dual predictable projection of AyRH is given by (G (X_)—X_).v and
we have

/ 1Gy(X,)|dvs < 00 fort € [0,4]. (3.4)

In particular, we can decompose R as the sum of the two following local martingales:
R* = AyRH — (G.(X_)—X_).v, R° =R-R".

Proof. Let (1,) denote an increasing sequence of stopping times such that each R™ is a
uniformly integrable martingale and each R~ is bounded. We have

(AﬁRH)T" = ﬂgSTnAﬂRH
= ﬂgSTnAﬁ(RT")H
= ly<r,(Ry, — Ry, )H

which is integrable by construction of (7,,). Therefore, the process AyRH has locally inte-
grable total variation and admits as such a dual predictable projection. For any G stopping
time 7 such that

(ApRH)" = (G(Xy-) — Xy ) Ly<r H
has integrable total variation, Lemma implies that

(G(Xp-) = Xo ) yenH — (G(X) = X MgV

is a G uniformly integrable martingale. This shows that (G.(X_) — X_).v is the dual
predictable projection of AyRH. As a consequence, for any G predictable bounded process
L,

E[LyAgR1L 0] = IE[/[ ) Ly(Go(Xs_) — X )dvy],
0,00

Since [, | Xs—|dv is finite (by left-continuity of X_), ([3.4) follows by taking L = sgn(G.(X_)—
X_). 0

We consider the following BSDE:

I 1gs(Va)lds + [11Gs(Yao)|dvs < 00 for ¢ € [0, 9],
VY + ftw —)ds + ftw Ys_)dv, defines a (G, Q) local martingale. (3.5)
Yy = 0.

Lemma 3.2 If X is a solution to the BSDE , then Y = X J is a solution to the BSDE
. Conversely, if Y is a solution to the BSDE such that the process G(Yy_)H has

locally integrable total variation, then the process
X=YJ+G(Yy_)H

1s a solution to the BSDE .
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Proof. Assuming (3.1)), the It6 formula yields (recall XV~ = X.J 4+ Xy_H)

dXP~ = d(XJ)i+d(Xy_H);

= Ji_dX; — Xt(sﬁ(dt) + Xg_(sﬁ(dt)

= Jt_th — Jt_gt(Xt_)dt — Xﬁéﬁ(dt) + Xﬁf(sﬁ(dt)

= J—dR} + Ji—dR} — Ji—gi(Xi—)dt — Ay X y(dl)

= Jt_ng — Jt_ (@t(Xt—) — Xt_)th — Jt_gt(Xt_)dt.
Hence

ay, = d(XJ)
= Jt_ng - d(XﬁfH)t - Jt_ (ét(Xt_) — Xt_ldvt — Jt_gt(Xt_)dt

Jt_ng - (d(Xﬁ_H)t - Jt_Xt_dVQ - Jt_Gt(Xt_)th - Jt_gt(Xt_)dt
thde — ththd(H — V)t — thGt(th)th — thgt(Xt,)dt.

The process (H — v) being a local martingale, this computation and show that the
process Y = X .J solves .
Conversely, given Y solving such that G(Yy_)H has locally integrable total vari-
ation, let
X=YJ+G(Yy_)H.

Hence, by Lemma [2.3
R=G(Ys_)H — J_G.(Y_).v (3.6)
is a (G, Q) local martingale. Set
R=Y"4+J g(X_) A+ J-G.(Y_).v, (3.7)
another (G, Q) local martingale. The It6 formula gives
dX,
=d(YJ); +d(G(Yy-)H):
= Ji_dY, — Y;by(dt) + dR, + J,_G(Y;_)dv,
= Ji_dR, — Jo_g (Vi )dt — Jo_G(Y;_)dvy — Yyby(dt)
+ dR; + thét(nf)dvt
= Ji—dR; — Ji—g+(Y:—)dt + dR,

thus
dX; + thgt(th)dt = thng + dRy, (38)
which shows that X is a solution to the BSDE (3.1)). O

For the application of the previous lemma in the reduced form models of Sect. we
need another form of the BSDE ([3.5)).

Lemma 3.3 Given a (G,Q) semimartingale Z, the process Y = ZJ solves the BSDE
if and only if

[ 195(Zs=)|ds + [i |Gs(Zs-)|dvs < o0 fort € [0,9],

Zf_ + fot/\ﬁ 9s(Zs—)ds + fgmg @S(ZS_)de — (;fm? Zs_dvs defines a (G,Q) local martingale.

(3.9)
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When the accessible component 9* of 9 is predictable, the BSDE @) for Z becomes
[5195(Zs)ds + [ |Gs(Zs=)|dvs < 0o fort € [0,9)],
z0 + ftw 9s(Zs_)ds + ftw (Zs—) — Zs_)dv: defines a (G,Q) local martingale,

1 g <o} (Goa(Zga_) — Zga_) = 0.
(3.10)

Remark 3.3 The BSDE (3.9) has a solution if and only if the following BSDE has a
solution (with Z = ZV~ as a particular solution below if Z solves (3.9))

fo 19s(Zs—)|ds + fo 1Gy(Z_)|dvs <oo for t € [0,9],
Zy + ft/\ﬁ _)ds + ft/\ﬁ (Zs_)dv, t/\ﬂ Zs_dv, defines a (G, Q) local martingale(3.11)
AyZ = 0.

In particular, the integrability conditions (on [0,4]) for Z to solve (3.9) and for Z = ZV~
to solve (3.11)) are clearly equivalent.

Proof. Let R/ denote the semimartingale

tAD A tAD
Ri=zi+ [ g(zoast [ Gzoav - [ Zeav. (312)
0 0

0

The Ito formula applied to Y = ZJ yields

dY; = d(ZJ)=d(Z°~J),
= J,_dzZ)” - Z)~dH,
= J_dR} — Ji_gi(Zs_)dt — J;_ Gt( dvi + Ji_Zs_dvi — Zy_dH;
= Ji_dR! — J_gi(Z_)dt — J_Gy(Ze_)dvy — Jo— Zy_d(H — V),

which proves the first part of the lemma. If 9 is predictable, then v* = 1{ya ). Hence,

tAY tAY
R} = Zf_ + / 9s(Zs—)ds + / (Gs(Zs—) = Zs—)dvg + (Gya(Zya_) — Zga_ )1 jga o)
0 0
As a consequence,

Apa R (gocooy = Ligacooy(Goa(Zoe_) = Zpa_).

Therefore (3.10) obviously implies (3.9). Conversely, assuming (3.9), so that R} is a local
martingale, taking the (generalized) conditional expectation given Gga_ both sides of the
above identity, we obtain since ¢ is predictable:

1gacoo}(Goa(Zga_) — Zga_) = 0,

hence (3.10)) follows. O
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Remark 3.4 By combining (3.7) and (3.12), if Z solves (3.9), so that Y = ZJ solves
(3.5) and X =Y J+ G(Yy—)H solves (3.1 (assuming G(Yy_)H has locally integrable total

variation), then
tAY
R, =R} — Zy_H,; +/ Zs_dvg, t>0. (3.13)
0

Therefore, in view of (3.2), (3.8)) and (3.6)), the local martingale component R of X satisfies

dR, = J,_dR,+ dR,
= Jt_ng — Jt_Zt_ (dH - th) + G(Zﬁf)dHt — Jt_Gt(Zt)th,

which, in case 9% is predictable, reduces, in view of the terminal condition in (3.10)), to:

AR, = Jy_ (dR;’ — Zy (dH — dvi) + G(Zy_)dH, — ét(zt)dvg) . (3.14)

4 Reduction of Filtration

In Sect. the auxiliary BSDE (3.10) (in the case of Sect. where 9% is predictable)
will be transformed into a reduced BSDE relative to a smaller filtration F C G, under the
following assumption on F.

Condition (B). For any G predictable process L, there exists an I predictable process K,
which we call the F predictable representative of L, such that K coincides with L until 1,
ie. J_K=J_L.

Note that J_ could equivalently be replaced by J in this condition, since the predictable
o-field is generated by left-continuous processes. Also, if L is bounded, K may and will be
chosen bounded. A similar statement applies and will not be repeated regarding the various
notions of F representative introduced later.

The following is an immediate consequence of the condition (B):

{19<OO}ﬂg19_ :{19<OO}0}—19_.

But we can say more. The next result establishes the connection between the condition (B)
and a classical condition in the theory of enlargement of filtrations, stated in terms of the
auxiliary filtration F = (F})ser, (Jeulin (1980) writes G, whereas Dellacherie, Maisonneuve,
and Meyer (1992) use §%), where

.Tt = {B(t) eB: E|A(t) € Ft, A(t) N {t < 19} = B(t) N {t < 19}} (4.1)

Lemma 4.1 The filtration F satisfies the condition (B) if and only if G is a subfiltration
of F = (Ft)ter, -

Proof. As seen in n°75 Chapitre XX in Dellacherie, Maisonneuve, and Meyer (1992), F is
a filtration satisfying the usual conditions. Suppose the condition (B). For any ¢ € R, for
any By € G, 1 By Lt,00) 15 @ G predictable process, with F predictable representative
L such that J—]]-B(t>]l(t,oo) = J_L1(; ). In particular, Iy Lipcs<oy = Liliics<yy, or
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liminfsit ]lB(t)n{t<5§19} = liminfsu Ls]l{t<5§19}- But liminfsit ﬂB(t)]l{t<s§19} = ]lB(t)]l{t<19}
while lim infsit Ltﬂ{t<s§q9} = (lim infsit Ls)]l{t<19}, which proves B(t) € 7(15)

Conversely (note that this converse is already known as Lemma 1 in |Jeulin and Yor
(1978)), suppose that G is a subfiltration of F. For any t € R, for any By € Gy, let
A(t) € ]:(t) satisfy B(t) N{t <9} = A(t) N {t < ¥}, so that

J LAy Loy = J-1By, Lt 00)-

Note that 1 A(t)]l(t,oo) is an F predictable process. Similarly, for By € G(q), there exists
Ay € Fo) such that B N {0 < J} = A N{0 < I} and therefore J_1p, 1y =
J_]lA(O)]l{O}. Again we note that ]lA(0>]l{0} is an [F predictable process. Since the processes
LI, L0 and 1p, 11y generate the G predictable o-algebra (cf. Theorem 3.21 in He,
Wang, and Yan (1992)), this proves the condition (B). O

The condition (B) is henceforth postulated. Let © denote the F optional projection.
In particular, let S = °J denote the Azéma supermartingale of ¥ with respect to F, with F
canonical nondecreasing predictable component A. The part 2 in the lemma below is known
as the “key lemma” (see Bielecki, Jeanblanc, and Rutkowski (2009)). The part 3 is stated
as Remarque (4,5)3) in [Jeulin (1980). The semimartingale decomposition formula in the
part 5, in which the jump of @ at ¥ is removed by stopping @) at ¥—, is a celebrated result,
sometimes called the Jeulin-Yor theorem, stated as no 77 Remarques b) in Dellacherie,
Maisonneuve, and Meyer (1992)).

Lemma 4.2 1. For any G stopping time 7, there exists an F stopping time o, which we
call the F representative of T, such that {T < 9} = {0 <9} C {1 =0}.

2. For any positive t and nonnegative Goo, measurable random variable ¥,

1
JE[x|G:] = thtE[JtX‘ft]-

3. The G compensator of H is given by J_s% .A. The IF dual predictable projection of H

is given by A.

4. For any G optional process Y, there exists an F optional process X, which we call the
F optional representative of Y, such that X coincides with Y before ¥, i.e. JX = JY.

5. For any bounded F martingale @), the process
_ 1
Q'™ =T (@8) (4.2)

is a G uniformly integrable martingale. In particular, any F semimartingale stopped
at ¥ is G semimartingale.

Proof We notice that, even if the filtration F was introduced in |Jeulin and Yor (1978)
or Chapitre XX in Dellacherie, Maisonneuve, and Meyer (1992)) for a classical progressive
enlargement setting, their study on the filtration F depends only on the relation G C F.
Hence, in view of Lemma we can repeat the arguments in Jeulin and Yor (1978) or
Chapitre XX in Dellacherie, Maisonneuve, and Meyer (1992)) to get all the results. However,
regarding the part 4, they state it without demonstration. Since this result is key in the
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sequel, we give a proof as follows. Let x be a bounded G, measurable random variable.
Let Y be any (cadlag) G martingale with terminal variable x. By the key lemma, for every
t € Ry, we can write the almost sure identity

1
JtY: = JtE[X\gt] = thQ[JtX‘Ft] = Ji X,
t

where
AIx)t

St
By Lemma 3.1 in|Jeanblanc and Song (2010) and Lemma 3.1 in|Jeanblanc and Song (2012),
the process J ]l{s>0}% is indistinguishably a cadlag process. So is also the process 4Jx),
by Problem 4.13 in He, Wang, and Yan (1992). Therefore, JY = JX holds in the indis-
tinguishable sense. This shows that the G martingale Y has an F optional representative,
which is also true for any deterministic process (obviously). Now, let € denote the family of
all the bounded B[0, 00) ® Go, measurable functions Y such that there exists a version of °Y
admitting an F optional representative, where % denotes the G optional projection. We can
verify that € is a functional monotone class in the sense of Theorem 1.4 in |He, Wang, and
Yan (1992)). It results from above that € contains all the random variables L(ap)x, where
a,b € Ry and x is a bounded G, measurable random variable. Therefore, by the monotone
class theorem, € contains all the bounded B0, 00) ® Go-measurable random variables, so
that every bounded G optional process Y admits a (bounded) F optional representative. By
taking suprema over sequences and then differences between positive and negative parts,
the result is extended to nonnegative and in turn general G optional processes. O

Xt = 1yig,>0)

Lemma 4.3 Any P(G) @ B(R) (respectively O(G) @ B(R)) measurable function hi(w,x)
admits a P(F)®@B(R) (respectively O(F) @ B(R)) representative, i.e. a P(F)®B(R) (respec-
tively O(F)@B(R) measurable) function fi(w, ) such that Lo (. fi(w, ) = Ljg gy he(w, )
everywhere.

Proof. Since F satisfies the usual conditions, any evanescent measurable process is [F pre-
dictable (Theorem 4.26 in |He, Wang, and Yan (1992)). Therefore, all indistinguishable
identities between processes can be established everywhere for suitably modified versions.
In particular, in the condition (B), one can achieve J_K = J_L everywhere (not only
outside an evanescent set) by taking another version of K. Likewise, in Lemma 4, one
can achieve JX = JY everywhere (not only outside an evanescent set) by taking another
version of X. Therefore, the statement in the lemma holds for any function h given as the
product of a G predictable (respectively optional) process by a Borel function. The proof
is completed by a standard monotone class argument. O

The Jeulin-Yor theorem stated as Lemmal4.2l5 above establishes the relation between F
martingales and G semimartingales. The next result addresses the partial “inverse problem”
of knowing when an F semimartingale P is such that = PV~ is a G local martingale. Note
that p below yields an I predictable process by n°90 Chapitre IV in |Dellacherie and Meyer
(1975)), whereas the left-limit process of P does not need to exist on the right of ¥, for lack
of regularity of P that is only the F optional representative of R.

Lemma 4.4 Let R be a G local martingale without jump at ¥, i.e. AyR = 0, with F optional
representative of R denoted by P. Fort > 0, we write p; = liminfyy Ps. There exists an
increasing sequence (op)nen of F stopping times such that S, = 0 and (°R)°", (PS+p,A)7".
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are F martingales, for every n. Conversely, if P is an F semimartingale such that S_. P +
[P,S] is an F local martingale, then the process R = P~ is a G local martingale.

Proof.

= Let (7n)n>0 be a sequence of bounded G stopping times reducing R to a martingale in
H! (the space of local martingales with %—times integrable bracket) and R_ to a bounded
process, with F representatives of the 7,, denoted by o, which can be assumed to form an
nondecreasing sequence with a limit 0. Omitting the subscript n, we have

TRV = ARP) = (RO)”) = AR7J + RGH) = (R7.] + R5_H)

because AyR = 0. For t > 0, we write p; = liminfyy PJ, and R = pyH — pJ,S% A aG
martingale. We compute

ART) = AP7J + pyH)
= P'S+AR) + (ApJ-g-+A) —p.A) +p.A,
= P7S7 +R) + ((pJ-g- - A) peb)+Lgpe A
+PU(S—S")+]I(UOO) A
= AR%)+ (ApJ-g-+h) —p. &)+ (PS+p.A)
+Py(S—8% +A—A%),

where the last equality holds because p = p on (0,0] and p = P, on (0,00). Since the
processes (RV"T), R, ((pJ_5-+A) — p.A), and P,(S — S° + A — A%) are F martingales, so
is the process (PS + p.A)?. Note that

E[S,,] = Q[on, < ¥] = Q[r, < 9] — 0,

which, since S is a nonnegative ' supermartingale, implies S, = 0. This completes the
proof of the first assertion of the lemma.

<= Let R be defined as in the second assertion of the lemma. For any F stopping time o
and t € Ry, we have RY = (P?)Y~. Hence, we may and do restrict attention to the case
where S_ . P + [P,S] is an F martingale in H! and P_ is a bounded process. Using both
statements in Lemma [£.2]3,

1 1
E[Py_Hy ~ P+ ho] =E[Py_Hy — P_J_ Ay + P_J_ By — P A;] = 0.

As a consequence, for a bounded G stopping time 7 with F reduction o,

E[R,] = E[P.J, + Py_H,]
E[P,J, + Py_H,]
— E[(PS+ P_.A),]
E[(8— . P +[P,S]),]
E[(S—« P+ [P,8])o] = E[PySo],

a constant, so that by Theorem 4.40 in He, Wang, and Yan (1992), R is a G uniformly
integrable martingale. o

Remark 4.1 In view of this result and of the Jeulin-Yor Theorem stated as Lemma [£.215
above (see the comments preceding the lemma), the transform -~ seems more natural than
YU (though the latter is more commonly used in the enlargement of filtration literature).
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This explains the relevance of Lemma for our BSDE problem. In particular, working
with -Y~ allows us to consistently work with the dual predictable projection A of H, which
is more practical than the dual optional projection also used in |Jeulin (1980) (and not
only also, but even exclusively in the pseudo-stopping times theory of [Nikeghbali and Yor
(2005)).

4.1 Reduced BSDEs

We are now in the position to derive reduced forms of the BSDE (3.1 relative to the
filtration F. Let 8 be a G stopping time with ' dual predictable projection of the form .,
for some F predictable process «, which implies that 0 is a G totally inaccessible stopping
time with G compensator 1 g7« A, where v = 1s_~0g>. We assume the condition (B) for
0, so that it also holds for ¥ = 0 AT < 0, where T > 0 is any fixed real number. In the
notation already used in (2.1]), ¥ = O10<1y,9* = Tyr<gy (which is predictable) and
v =Toalory-A v = Lo lre)-

In the sequel we suppose a terminal function G of the form 1y F(x) in (3.1), so that
ét(:v) = ]lt<Tﬁt(a:). Since ¥ = Typ<py, this yields the terminal condition

]l{TSG}ZT* == 0 (43)

in (3.10]), which is equivalent to (3.1) (as ¥* is predictable). Now, if the BSDE (3.10) has
a solution Z, then

tAONT AONT '
R} =z~ 4 / 9s(Zs_)ds + / (Go(Zs_) — Zs_)dv'
0 0

is a (G,Q) local martingale. Let f and F be P(F) ® B(R) representatives of g and G.
Denoting by U an F optional representative of Z, for t € R,

Rilgyconry = <Ut + fo f(Us=)ds + [y (Fo(Us-) — Us—)]l[o,T]’stS> Tyconty -

In view of Lemma [£.4] this suggests to consider the following F BSDE for an F semimartin-
gale U:

JINT| F (U] + [Fo(Us—)rslds < o0, t € Ry,

4.4
S_.P +[P,8] is an IF local martingale, (44)
\ UT* = 07
where, in the second line,
tAT o
P = UtT +/ (fs(Us—) + (Fs(Us—) - Us—)’)/s) ds. (45)
0

Theorem 4.1 If an F semimartingale U solves the F BSDE (4.4)), then the process Z =
U T= s a solution, stopped at @ AT = 1, to the BSDE . As a consequence, if the
process Lignr ooy Lio<r) F'(Ugnr—) is locally integrable, the process

X =Tgoar)U + Loar,00) Lio<ry F'(Usnr-)
solves the BSDE with the data v =0NT,g= f and G = Lg7F.
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Proof. Clearly, the process Z satisfies the integrability condition in (3.10f). According to
Lemma P9"T= is a G local martingale, such that (with H = 119,00) = Ligar,00))

PtO/\T— — PtG/\T _ (AG/\TP)Ht
(U7 + [ (£uU) + (Fu(U)
= U 4 [P (Us-) + (Gs(U-)
Gy(Zs_

— 0
= 720N 4 [T (g (Ze-) + (

=

— Uy )) ds) = (BonrU) Hy
- Us—)’Ys ds

— Zs_)vs ) ds,

so that the martingale condition in ([3.10)) is satisfied. Finally,

Lir<oyZr— = Lir<gyUr— = 0,

which is the terminal condition (4.3) in (3.10)). O

In the F BSDE (4.4), the martingale condition is quite involved. Next, we study the
reduction of the BSDE (3.1)) under the following additional assumption (on top of the con-
dition (B)), given a probability measure P equivalent to Q on Fr.

Condition (A). For any (F,P) local martingale P, P%~ is a (G, Q)-local martingale on
[0,0 AT (or [0,T7).

The condition (A) is nonstandard in the enlargement of filtration literature. Its statement
immediately raises questions such as the materiality of stopping at #— rather than at 6 in
this definition (in other words, can the condition (A) be satisfied in cases where (F,P) mar-
tingales really jump at #) and its connection with the classical notions of pseudo-stopping
times (see Nikeghbali and Yor (2005)), or initial times satisfying Jacod’s condition (see e.g.
Jeanblanc and Le Cam (2009)). To address these issues, we need a characterization of this
condition in terms of the Azéma supermartingale of 6. This will be the topic of Sect. 5] For
now, we consider the following (F,P) BSDE for an (F,P) semimartingale V :

Jo [£s(Vam)lds + J§ [Fs(Vsm)lysds < oo for t € 0,0 AT,
v+ fJAT (fs(Vee) + (Fs(Vs—) = Vs—)7s) ds is an (F,P) local martingale, (4.6)
Vr =0.
Theorem 4.2 If V solves the (F,P) BSDE @, then Z = VO"T= is a solution, stopped
at O AT, to the BSDE . As a consequence, if the process Ligar o) Lig<Ty F'(Vorr-) is

locally integrable, then the process

X =Vipenr) + 1{9<T}]1[9/\T,<><>)F(V0/\T7)

solves the BSDE with the data ¥ =0NT,g= f and G = Ly.F.

Proof. By the martingale condition in (4.6)),

tAT
P=VI+ [ (flVer) + (FulVi) = Vi) ds
0
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is an (F,P) local martingale. Hence, the condition (A) implies that P?~ is a (G, Q) local
martingale on [0,6 A T]. Note that

ArP =ApV = -Vp_.

As T is predictable and P is an (F,P) local martingale, taking conditional expectation with
respect to Fp_ yields Vp_ = 0 and in turn ApP = 0, so that

PO~ = PONT= = Z00T= 4 15 gar(9.(Z2) + (G(Z2) — Z_)y o A

Therefore, the martingale condition is satisfied in the BSDE (3.10f), where the integrability
condition is clearly satisfied, while the terminal condition, which reduces to (4.3]), holds
because 1ir<gy V- = 0. O

Corollary 4.1 Under the conditions of Theorem[].3,

dR, = Ji_ (deAT— + (Lggery F(Zo_) — Zo_)AH; — gy (Fy(Z) — Zt)%dt) L (47)
Proof. In the present setup, implies

dR, = J_ (ng' — Zy(dH; — ydt) + W ggopy F(Zy_)dH; — ]1{t<T}ﬁt(Zt)%dt) :
which is (4.7) since R" = PO"T—. O

Remark 4.2 Formally, the BSDE (4.6) is the BSDE with 9 there replaced by T
(i.e. 6 replaced by 400 in 9 = 6 AT). From the financial point of view, Theorem
can be interpreted as an invariance principle, stating a consistency relation between a non-
arbitrable pre-default pricing model (F,P) and a non-arbitrable “full” pricing model (G, Q).

5 Invariant Times

The condition (A) is nonstandard in the enlargement of filtration literature. The aim of
this section is to introduce invariant times, based on a characterization of this condition
in terms of the (F,Q) Azéma supermartingale S of 6 in J = 0 AT (so that § = 15 7)S).
As before, superscripts P and © (respectively P and ©) are used for the (F,Q) (respectively
(G,Q)) projections; E represents the Q expectation, whereas the P expectation will be
denoted by E; the (F,Q) predictable bracket is denoted by (-,-) (cf. (.2)), whereas the
(F,P)) predictable bracket will be denoted by (-,-) (in fact, it is enough to know that all
the predictable brackets in this paper are relative to (F,P) when both arguments are (F,P)
local martingales and relative to (F,Q) otherwise; of course, when both arguments are
continuous, the two brackets coincide). The continuous and discontinuous components of
a local martingale (with respect to a given stochastic basis) are denoted by ¢ and ¢. Let

q= % denote the (F,Q) martingale of the density functions Ll ,t € Ry. Let P be a

AQ|Fynr
bounded (F,P) martingale null at the origin. By the Girsanov theorem,

P=P—q_.{(p,P) (5.1)

is an (F, Q) local martingale on [0, 7.
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Lemma 5.1 Let Q be an (F, Q) uniformly integrable martingale null at the origin such that
PQ is an (F,Q) local martingale, for any bounded (F,P) martingale P null at the origin.
Then @ =0 on [0,T].

Proof. For any F stopping time o < T reducing the concerned processes into integrable
processes,

0=E[PQs] = E[P,Qops] = E[(P— g« (p, P))sQopo]
E{@p, P), — Q- . (p, P),] =E[Qp— Q- .p, Pls],

where the (F,P) local martingale property of @Qp was used to pass to the second line. This
computation shows that

Qp—Q-.p=0Qp—(Qp)-g—-.p=0, on[0,T].
By uniqueness of the solution to the exponential stochastic differential equation, we conclude

that @ =0 on [0, 7. O

Lemma 5.2 For any bounded (F,P) martingale P null at the origin, P¢ and P4 are a
continuous (F,Q) martingale and a purely discontinuous (F,Q) martingale on [0,T], re-
spectively.

Proof. We prove the assertion about P¢ (the one about Pe s clear). Let @ be any
continuous (F, Q) martingale null at the origin, hence an (F,P) continuous semimartingale
on [0,T]. For any F stopping time o < T reducing the concerned processes into integrable
processes, as in the proof of Lemma we can write

E[P{Q,] = E[[Qp — Q- . p, P,
where, by the integration by parts formula on [0, 77,

[Qp = Q- .p, P = [p- . Q +[Q.p], P/ =0,
because p_ . @ + [Q, p] is continuous. O

Let @ denote the martingale part of the (F,Q) Azéma supermartingale S of 6 (with
Qo = 0). Note that, for any [F predictable stopping time o < T,

E[KUQUAUP] = E[KO'AO'p] =0,

so that by Theorem 7.42 in He, Wang, and Yan (1992), there exists an (F,Q) purely
discontinuous local martingale q on [0, 7] such that Asq = gsAsp.

Lemma 5.3 For any bounded (F,P) martingale P null at the origin, we have
(p, P) = (p°, P°) +p— (q, P?) (5.2)
and the (G, Q) dual predictable projection of the process 1 g)q— « {p, P) is given by

_ . . pS
(Ljo.0)a— - (p, P))" = Lp 00— « (p°, P°) + Logg - (q, P%). (5.3)

The process P'~ is a (G, Q) local martingale if and only if
S—q—« (p°, Py +7S . (q, P") + (Q,P) = 0 (5.4)
on [0,T].
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Proof. For any bounded F predictable process K, for any F stopping time ¢ < T reducing
the concerned processes into integrable processes,

EK - (p, P),] = E[K.[p,Pl,]
= E[Kq-[p, Pl
= E[K.(q.[p, P)}]
= ElKp_(q-[p. P)}]
= EKp- - (4=« (0% P, + (Docc asAPAPIS ).

This computation implies

(pa P) = <pc’Pc> + p— ( Z QSAspAsP)p
0<s<-

which yields (5.2). Now we compute the (G, Q) dual predictable projection of 1}y ). (q, P
on [0,T]. For any bounded G predictable process L null outside of [0, 7], with F predictable
representative (until §) denoted by K, and for any G stopping time 7:

E[L1jg) . (q, PY) ] = E[Kljg)-.(q,P%),]
[KS.{q, P ]
[KPS . (q,P?) ]
K1
[

E
E
E

OQ]SS <q7Pd> ]
LILOG]S <q7 Pd>T]'

&=

This shows that the (G, Q) dual predictable projection of 1) .« (q, P%) on [0,T] is given

by
p

S
Lo - (a r?)
on the time interval [0, T, hence (5.3) follows from (5.2). Combining Lemma [4.2|5 with the
Girsanov formula (|5.1)), we obtain that
P__]]-[09 <p’P> 09]5%'<Q7P>

is a (G, Q) local martingale on [0, T]. If P%~ is a (G, Q) local martingale on [0, 7], so is in
turn the G optional process with finite variation

]1[0,9)q—'<pap>+]l[ s 7'<Q7P>7 (55)
the (G, Q) dual predictable projection of which must therefore vanish, i.e. by (/5.3])

1
(a P>+]1[09

g (QP) =0

C C pS
Ljogq—« {p°, P°) + Lpg g {a

on [0, 7] under both probability measures P and Q. Taking the (F, Q) dual predictable pro-
jection of the above equation, we obtain the equivalent equation ([5.4) (under the condition
(B)). O

Let us write the processes p and ¢ = 1/p on [0, 7] in stochastic exponential form

p=2£&@p), ¢==£(a), (5.6)
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where p is an (I, P) local martingale on [0,7] and q is an (F, Q) local martingale on [0, T].
By Lemma 3.4 in Karatzas and Kardaras (2007)), we have the following relation between ¢
and p:

Agp)?
a=—p+ PP+ 1(+ Z) b (5.7)
s<- s

We are now in the position to derive the following characterization of the condition (A).
Lemma 5.4 The condition (A) holds if and only if on [0, T
S_.q°=Q° PS.q' = Q" (5-8)

Proof. In view of the second assertion in Lemma the condition (A) holds if and only
if any bounded (FF,P) martingale P null at the origin satisfies ([5.4]), or, equivalently in view
of Lemma 5.2

S_q_ . (pt, P¢) +75 . (q, P4) + (Q°, P%) + (Q7, P4) = 0. (5.9)

For any bounded (I, P) local martingale P null at the origin, the formula (5.9 applied with
P¢ instead of P yields

0=5_q_.(p°, Pe) + (Q°, P¢) = (S_q_ . p* + Q°, P°) = (S_q_ . p° + Q°, P)

on [0,7] under the probability measure P and also Q. So, under the probability measure
Q, the (F, Q) local martingales S_q_ . p¢ + Q€ is orthogonal to P on [0, T]. Since this holds
for any P bounded (F,P) local martingale P null at the origin, an application of Lemma

yields that
S_q-p*+Q°=0. (5.10)
Likewise, the formula applied with P? instead of P yields
0="5.{q, P4 + (Q". P! = ("S.q + Q" PY) = S .q + Q. P)

on [0, 7] under the probability measure P and Q. So, under the probability measure Q, the
(F, Q) local martingales 7S . q + Q¢ is orthogonal to P on [0, T], for any P bounded (I, P)
local martingale P null at the origin, which implies as above that

PS.q+QY=0. (5.11)

We note that p is a positive (F, Q) semimartingale and ¢ is a positive (F, Q) martingale on
[0,T]. In terms of the process p, we can write, on the time interval [0, T,

S_q_.p®=S_q_p_.p°=5_.p",

Ap — p-Dip  Agp

Avg =2t = — ,
tq Dt pi— +Ap 14+ Agp

(5.12)

and the Girsanov formula (5.1) appears as

P=P-q .(p,P)=P—(p,P),
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where, using (5.2)) in the second line,
(0, P) = q-(p,P) . .
= ¢« (p% P°) + (q, P?) = (p, P°) + (q, P?).
Now, by (5.7),
q = —p°+(p°p°) —p?+ [q,p]
= —p¢—p?—(q,p?) + [q, p7].
As a consequence, q° = —p¢, whereas, by ,

2
(Ap)® Ayp —Aq,

Aad = Avg = —A _ _
tq 14 th+ 1+Atp 1+Atp

by (5.12)). Since q% and q are both (F, Q) purely discontinuous local martingales, according
to Corollary 7.23 in [He, Wang, and Yan (1992),

' =-qa

Hence, q° = —p¢ and q¢ = —q, so that (5.10) and (5.11)) can be rewritten as (5.8). O

The condition (A) is stated relative to a fixed reduced stochastic basis (F,P). But, in
applications, such as the one of Theorem further developed in |Crépey and Song (2014al)
and (Crépey and Song (2014b)), the choice of a reduced stochastic basis (IF, P) is a degree of
freedom of the modeler. Thus, our next aim is to characterize stopping times 6 such that the
conditions (A) and (B) (recall (B) was postulated everywhere before in this section) hold
for at least one reduced basis (F,P). First, echoing the remark we state the following:

Definition 5.1 A G stopping time 6 is said to be invariant if there exists a filtration
F satisfying the usual conditions, along with a probability measure P equivalent to the
probability measure Q on Fr, such that the conditions (A) and (B) are satisfied.

Comparing invariant times with other classical notions of random times, such as
pseudo-stopping times (see Nikeghbali and Yor (2005)) or initial times (see [Jeanblanc and
Le Cam (2009) or El Karoui, Jeanblanc, and Jiao (2010))), is not easy in general. Pseudo-
stopping times are defined with respect to a fixed probability measure QQ and admit several
equivalent characterizations, e.g. (F, Q) local martingales stopped at 0 are (G, Q) local mar-
tingale, or H, = 1, where H = 1}y ). It’s only in the case where P = Q that a few things
can be said regarding the corresponding condition (A) (also assuming (B) as before) versus
pseudo-stopping times. So, for # avoiding F-stopping times, the two notions are equivalent
(and obviously hold under immersion from F into G). In the case where P = Q, we have
q = 0, so that, by , the condition (A) is equivalent to = 0, which means that S is an F
nonincreasing predictable process, i.e. S has no [ local martingale component. Hence, still
in the case where P = QQ, we can also say that when S is nonincreasing, the predictability
of S is equivalent to the condition (A), whereas it is the continuity of S that implies (only)
that 6 is a pseudo-stopping time (see Nikeghbali and Yor (2005)). But all these remarks are
of limited interest since the flexibility of invariant times lies precisely in the possibility to
use a changed measure P on top of a reduced filtration F (see Crépey and Song (2014b) for
concrete illustrations). The connection with initial times seems even less clear. However,
based on Lemma [5.4] we can state the following theoretical characterization of invariance.
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Theorem 5.1 A G stopping time 6 is invariant if and only if there exists a filtration F
satisfying the usual conditions such that F C G C F, S% (F,Q) integrates Q°, % (F,Q)

integrates Q% and q = E(S% . QC)E(% . Q%) is a positive (F,Q) true martingale on [0,T).
In this case, a probability measure P such that (F,P) fulfills all the required conditions is
uniquely characterized on Fr by the Q density q given as above.

Proof. In view of Lemma [4.1] and Definition [5.1} one is reduced to show that, given a
filtration F satisfying the usual conditions and F C G C F (i.e. the condition (B)), there
exists a probability measure P equivalent to Q on Fr and satisfying the condition (A) if
and only if & (F,Q) integrates Q°, 75 (F,Q) integrates Q¢ and ¢ = (- . Q9)E(75 . Q%)
is a positive (F,Q) true martingale on [0,7] (a probability measure P equivalent to Q on
Fr granting the condition (A) being then characterized on Fp by the Q density ¢ in view
of Lemma . Assuming some P ~ Q on Fr satisfies (A), by the necessity in Lemma
q, the stochastic logarithm of the Q density ¢ of P has to solve the equation . By
Theorem 9.3 in He, Wang, and Yan (1992), this implies the stated integrabilities, hence
the stochastic exponential formula for ¢ follows from ([5.8). Therefore, this formula must
yield an (F,Q) true martingale on [0, 7], positive for the sake of the equivalence of P and
Q on Fr. Conversely, if q is given as the solution to (5.8) under the stated integrabilities,
then, by the sufficiency in Lemma the condition (A) holds for the equivalent probability
measure P on Fr defined by the Q density ¢ = £(q) (under the postulated positivity and
(F,Q) true martingality of ¢ = £(q) on [0,7). O

What follows illustrates the role of the positivity condition, studied theoretically in
Sect. on the Doleans-Dade exponential in Theorem i.e. the role of the equivalence
between P and Q on Fr.

Example 5.1 Take for F = G (so that the condition (B) holds trivially) the augmentation
of the natural filtration of a Poisson process stopped at its first time of jump @, with survival
process J = 1jg4), relative to some probability measure Q. For any P equivalent to Q on
Gr, any (G,P) local martingale P can be represented as a (G, Q) local martingale minus
some predictable bracket deterministic until 6, so that P?~ is a nonconstant finite variation
process, predictable as a cadlag predictable process stopped before a totally inaccessible
stopping time (Theorem 3.33 in He, Wang, and Yan (1992))), hence not a (G, Q) local mar-
tingale. Therefore, (G, P) does not satisfy the condition (A). Consistent with this conclusion
in regard of Lemma note (this is general) S = J_ + AA = J_ (since A; =t A 6 here).
Also, in this case, S = J = J4+ A — A, so that Q = Q% = J + A, which is stopped at 0,
whereas S = J_ =1 on [0, §]. Consequently,

1
5(@ Q) = E(Q)y = et~ @ H(l +AQ)e 240 = HHNO=1 Y o(1=d1) — A0y

s<t

a (G, Q) true martingale but vanishing on [6 A T, T.

Now, for F trivial and P = Q in this example, any G predictable process coincides with
a Borel function before 6, hence the condition (B) is satisfied. The constants are the only
(F,Q) local martingales, so that the condition (A) holds. In particular, # is an invariant
time. Consistent with these conclusions in regard of Lemma and Theorem [5.1] S is
deterministic (equal to the survival function of 6), @ is constant, ¢ =0 and ¢ = 1.

Theorem can help us to answer the questions we were asking after the statement
of the condition (A), i.e. what is the materiality of stopping at §— rather than 6 in this
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condition, and to understand a little bit more of the above-mentioned connections between
invariance, the condition (A) and pseudo-stopping times. The following stopping time 6
is an invariant time that intersects F stopping times in a reduced basis (F,PP) satisfying
the condition (A). This invariant time 6 is a also a pseudo-stopping time, a feature that is
removed by considering the modified time 6.

Example 5.2 For ¢ = 1,2, let u; = v; A C;, where C; is a positive constant and v; is a
totally inaccessible F stopping time with bounded compensator. Assuming puo > T, define
0 = 1 g1 + 1 gc o, which intersects the F stopping times p;, for some A € G, independent
from Fo such that « = Q(A) € (0,1). On [0,7T],

St = ]lt<“104 + ]1t<,u,2(1 - Oz) > (1 - Ck)7 S_ >1—-a.

Moreover, we have Q@ = Q% and, by Theorem I.8 in [Lepingle and Mémin (1978)), £ (% Q%) is
a positive Q true martingale that defines the Q density of a probability measure P equivalent
to Q on Fr. By construction, the reduced basis (F,]P) satisfies the condition (A), which
shows that 0 is an invariant time. Note that, writing H = 1 o),

He = ]l[m,OO)O‘ + ]l[ug,oo)(l — 04)7 Hgo =1,

so that, by application of Theorem 1 (3) in Nikeghbali and Yor (2005), € is also a pseudo-
stopping time.
Now, to obtain an invariant time 7 intersecting I stopping times without being a
pseudo-stopping time, set
T =141+ Layp2 + Laym,
for a non pseudo-stopping time 7 and a partition A;,7 = 1,2, 3, independent from F,, and
n. Writing K = 1}, o), L =1 a; = Q(4;), we have

7,00)>

K? =1, 00)1 + Ly 0)2 + L%as, L3, # a1 + a2 + a3 = 1 with positive Q probability,

so that, by the converse part in the above-quoted theorem, 7 is not a pseudo-stopping time.
But the Azéma supermartingale of 7 is given by

St = Licpyon + Licpp0 + Ziaz > a,

where Z; is the Azéma supermartingale of 1. Hence, the other computations above do not
change, which shows that 7 is an invariant time.

5.1 Positivity of the Dolean-Dade exponential

In Theorem [5.1] the strongest requirements are the martingality and positivity conditions on
the Dolean-Dade exponential £(g—.Q°)€ (55.Q%). We assume the existence of the stochastic
integrals S% . Q¢ and % . Q% In this concluding section we show that the positivity of
& (% . Q%) (the one of £ (S% . Q°) is obvious) reduces to the predictability of the stopping
time ¢r.<7y, where ¢ = inf{s > 0;.55 = 0}.

Lemma 5.5 Let o be a predictable stopping time. Then PS, = 0 if and only if 0 > <.

Proof. PS, =0<PS, =E[S;|Fo_]=0& S, =00 >. O
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Lemma 5.6 (..o ps.—0} @5 a predictable stopping time.

Proof. Let A be the drift (nondecreasing predictable component) in the canonical decom-
position of S. Since 7S = S_ —AA, therefore Sc_ = AcA > 0 on {¢ < 00,PS. =0, A A > 0}.
The set

A={"S=0,AA4>0}

is thin and predictable. If Q[ # @] > 0, by the section theorem 4.8 in [He, Wang, and Yan
(1992)), there exists a sequence of predictable stopping times o, such that [o,] C 2 and
limy, 00 Qo < 00] = Q[mr(2A)] > 0, where w(A) = {2 # (0} is the projection of A onto 2.
Note that AA = 0 on (g, 00), thus 0,(w) < oo implies 0, (w) < ¢(w). But by Lemma
on(w) > ¢(w). We conclude that o, = ¢ on {0, < o0}, i.e. [o,] C [¢]. Set 0o = inf,, oy,.
Since 0, (w) can only take two values (0o and ¢(w)), 0o is a stationary infimum of predictable
stopping times, hence a predictable stopping time by Theorem 3.29 in [He, Wang, and Yan
(1992)). Clearly, Ay, A > 0 on {00 < 00}, [0ac] C [s], {000 < o0} C {2 # 0} and
Qoo < 0] = Q[AF# 0]. As ¢ < 0co; (Too) {c<o0,rS.=0,5._ >0} 18 predictable by Theorem 3.29
in He, Wang, and Yan (1992). Therefore,

¢<00,PS.=0,AA>0 = ¢<oo,A#PPS.=0,5_>0
= ¢< 00,000 < 00,75 =0,5_>0
= ¢ = (0c0){c<o0,p8.=0,5._ >0} < OO
and
¢ <00, PS5 =0,AdA=0 = ¢<00,P5 =0,5_=0
= § = S{c<00,,S.=0,5._=0} < OO.

As a consequence,

Sle<00,,5c=0} = (T00) {c¢<00,p5.=0,5._ >0} \ S{c<o0,7S.=0,5_ =0}

The stopping time (0o ) {c<o00,p5.=0,5._ >0} is predictable because o is predictable and {¢ <
0,PS; = 0,5~ > 0} € Fy,—. The stopping time ¢jcco0 rs.—0,5._—0} is predictable by the
proof of Theorem 9.41 in He, Wang, and Yan (1992) (to clarify the connection with their
setup, note that ¢ = inf{s > 0; 55 = 0} = inf{s > 0; S = Ss_}, because S is a nonnegative
supermartingale). Hence, S{c<oo,pS.=0} 18 predictable as the minimum of two predictable
stopping times. O

Last, we can state the following characterization (consistent with the findings of ex-
ample |5.1)) of the positivity of the Dolean-Dade exponential in Theorem

Theorem 5.2 £(55.Q%) > 0 on [0,T] <= PS. =0 on {¢ < T} <= <1y} is a predictable
stopping time.

Proof. We know that £(7% . Q%) > 0 on [0, 7] if and only if

1
—AQ > -1, t€[0,T 5.13
pSt tQ ’ [ ’ ] ( )
(with the convention 3 = 0). We know that S —PS = AQ (see page 79 in |Jeulin and Yor
(1978))). Hence, for ¢t € [0,¢),
Sy —=PS S

1
CAQ=2t PPt s,
rS, tQ rS; rS, >
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At ¢, whenever it is finite and that PS. > 0, the above computation again applies, which
implies

1

IfrPS. =0, AQ = S. —PS. = 0. Fort > ¢, AyQQ = 0. Putting together these three
observations yields that the condition (5.13)) is equivalent to

PSc=0o0n {¢c <T}. (5.14)

By Lemma the condition 1' implies that ¢r.<7y is predictable. Conversely, if ¢fc<7y
is predictable, as it is greater than ¢, the condition (5.14)) holds by Lemma O
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