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T
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e
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u
lts
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T
w

o
D

efa
u
lts

•
F

is
a

reference
filtration,

•
τ
i ,i

=
1,2

are
tw

o
default

tim
es,

•
H

it
=

11
τ

i ≤
t

are
the

default
processes,

•
H

i
is

the
natural

filtration
of
H

i,
•

G
i

is
the

filtration
G

it
=

F
t ∨

H
it

•
G

is
the

filtration
G

t
=

F
t ∨

H
1t ∨

H
2t

W
e

assum
e

that
the

interest
rate

is
null

3



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

T
w

o
D

e
fa

u
lts,

T
riv

ia
l
re

fe
re

n
ce

fi
ltra

tio
n

W
e

assum
e

that
F

is
trivial

(as
in

the
toy

m
odel)

W
e

introduce
the

joint
survival

process
G

(u
,v):

for
every

u
,v∈

R
+
,

G
(u
,v)

=
Q

(τ
1
>
u
,τ

2
>
v)

W
e

w
rite

∂
1 G

(u
,v)

=
∂
G∂
u

(u
,v),

∂
1
2 G

(u
,v)

=
∂

2G

∂
u
∂
v

(u
,v).

W
e

assum
e

that
the

joint
density

f(u
,v)

=
∂
1
2 G

(u
,v)

exists.
In

other
w

ords,
w

e
postulate

that
G

(u
,v)

can
be

represented
as

follow
s

G
(u
,v)

= ∫
∞u ( ∫

∞v

f(x
,y)

d
y )
d
x
.

4
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w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

W
e

com
pute

conditional
expectation

in
the

filtration
G

=
H

1∨
H

2:
For

t
<
T

P
(T

<
τ
1 |H

1t ∨
H

2t )
=

11
t<

τ
1

P
(T

<
τ
1 |H

2t )
P
(t
<
τ
1 |H

2t )

=
11

t<
τ
1 (

11
t<

τ
2

P
(T

<
τ
1 ,t

<
τ
2 )

P
(t
<
τ
1 ,t

<
τ
2 )

+
11

τ
2 ≤

t
P
(T

<
τ
1 |τ

2 )
P
(t
<
τ
1 |τ

2 ) )
=

11
t<

τ
1 (

11
t<

τ
2

G
(T
,t)

G
(t,t)

+
11

τ
2 ≤

t
P
(T

<
τ
1 |τ

2 )
P
(t
<
τ
1 |τ

2 ) )

5
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w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

•
T

he
com

putation
of

P
(T

<
τ
1 |τ

2 )
can

be
done

as
follow

s:

P
(T

<
τ
1 |τ

2
=
v)

=
P
(T

<
τ
1 ,τ

2 ∈
d
v)

P
(τ

2 ∈
d
v)

=
∂
2 G

(T
,v)

∂
2 G

(0,v)

hence,
on

the
set

τ
2
<
T

,

P
(T

<
τ
1 |τ

2 )
=
∂
2 G

(T
,τ

2 )
∂
2 G

(0,τ
2 )

6



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

V
alu

e
of

cred
it

d
erivatives

W
e

introduce
different

credit
derivatives

A
d
efau

ltab
le

zero-cou
p
on

related
to

the
default

tim
es
τ
i

delivers
1

m
onetary

unit
if
τ
i

is
greater

that
T

:
D

i(t,T
)

=
E

(11{
T

<
τ

i } |H
1t ∨

H
2t )

W
e

obtain

D
1(t,T

)
=

11{
τ
1
>

t} (
11{

τ
2 ≤

t}
∂
2 G

(T
,τ

2 )
∂
2 G

(t,τ
2 )

+
11{

τ
2
>

t}
G

(T
,t)

G
(t,t) )

7
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w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

A
contract

w
hich

pays
R

1
is

one
default

occurs
before

T
and

R
2

if
the

tw
o

defaults
occur

before
T

:

C
D

t
=

E
(R

1 11{
0
<

τ
(1

) ≤
T}

+
R

2 11{
0
<

τ
(2

) ≤
T} |H

1t ∨
H

2t )

=
R

1 11{
τ
(1

) >
t} (

G
(t,t)−

G
(T
,T

)
G

(t,t)

)
+
R

2 11{
τ
(2

) ≤
t}

+
R

1 11{
τ
(1

) ≤
t}

+
R

2 11{
τ
(2

) >
t} {

I
t (0,1) (

1−
∂
2 G

(T
,τ

2 )
∂
2 G

(t,τ
2 ) )

+
I
t (1,0) (

1−
∂
1 G

(τ
1 ,T

)
∂
1 G

(τ
1 ,t) )

+
I
t (0,0) (

1−
G

(t,T
)
+
G

(T
,t)−

G
(T
,T

)
G

(t,t)

)}
w

here
by

I
t (1,1)

=
11{

τ
1 ≤

t,τ
2 ≤

t}
,

I
t (0,0)

=
11{

τ
1
>

t,τ
2
>

t}

I
t (1,0)

=
11{

τ
1 ≤

t,τ
2
>

t}
,

I
t (0,1)

=
11{

τ
1
>

t,τ
2 ≤

t}

8
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w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

M
ore

generally,
som

e
easy

com
putation

leads
to

E
(h(τ

1 ,τ
2 )|H

t )
=
I
t (1,1)h(τ

1 ,τ
2 )+

I
t (1,0)Ψ

1
,0 (τ

1 )+
I
t (0,1)Ψ

0
,1 (τ

2 )+
I
t (0,0)Ψ

0
,0

w
here

Ψ
1
,0 (u)

=
−

1
∂
1 G

(u
,t) ∫

∞t

h(u
,v)∂

1 G
(u
,d
v)

Ψ
0
,1 (v)

=
−

1
∂
2 G

(t,v) ∫
∞t

h(u
,v)∂

2 G
(d
u
,v)

Ψ
0
,0

=
1

G
(t,t) ∫

∞t ∫
∞t

h(u
,v)G

(d
u
,d
v)

9
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u
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T
riv

ia
l
referen
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fi
ltra

tio
n

In
ten

sities

T
he

processM
1t

:=
H

1t − ∫
t∧

τ
1 ∧

τ
2

0

λ̃
1u
d
u− ∫

t∧
τ
1

t∧
τ
1 ∧

τ
2

λ
1|2(u

,τ
2 )
d
u
,

is
a

G
-m

artingale
w

here

λ̃
1t

=
−
∂
1 G

(t,t)
G

(t,t)
,

λ
1|2(t,s)

=
−

f(t,s)
∂
2 G

(t,s)

O
n

the
set

t
<
τ
1 ∧

τ
2 ,

the
G

-intensity
of
τ
1

is
equal

to

lim
h→

0

1h

Q
(t
<
τ
1 ≤

t+
h
,τ

2
>
t)

Q
(τ

1
>
t,τ

2
>
t)

=
−
∂
1 G

(t,t)
G

(t,t)

O
n

the
set

τ
2 ≤

t
<
τ
1 ,

the
G

-intensity
of
τ
1

is
equal

to

lim
h→

0

1h
Q

(τ
1 ∈

[t,t+
h]|τ

2 )
=

−
f(t,τ

2 )
∂
2 G

(t,τ
2 )

1
0
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T
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l
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n

T
he

process

M̂
1t

:=
H

1t − ∫
t∧

τ
1

0

−
∂
1 G

(s,0)
G

(s,0)
d
s

is
a

H
1-m

artingale.
In

a
general

setting,
it

is
not

a
G

-m
artingale.

1
1



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

T
he

D
oob-M

eyer
decom

position
of

the
H

2-superm
artingale

G
1|2
t

=
P
(τ

1
>
t|H

2t )
=

(1−
H

2t )
G

(s,t)
G

(0,t)
+
H

2t

∂
2 G

(s,τ
2 )

∂
2 G

(0,τ
2 )

isd
G

1|2
t

= (
G

(t,t)
G

(0,t) −
∂
2 G

(t,t)
∂
2 G

(0,t) )
d
M̂

2t + (
H

2t

∂
1
,2 G

(t,τ
2 )

∂
2 G

(0,τ
2 )

−
(1−

H
2t )
∂
1 G

(t,t)
G

(0,t) )
d
t

1
2
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u
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T
riv

ia
l
referen

ce
fi
ltra

tio
n

V
alu

ation
of

a
D

efau
ltab

le
claim

L
et

us
now

exam
ine

the
valuation

of
a

sim
ple

defaultable
claim

w
hich

delivers
δ(τ

1 )
at

tim
e
τ
1

if
τ
1 ≤

T
,
w

here
δ

is
a

determ
inistic

function.

T
he

value
S

of
this

claim
,com

puted
in

the
filtration

G
,i.e.,taking

care
on

the
inform

ation
on

the
second

default
contained

in
that

filtration,
is

S
t
=

11
t<

τ
1 E

(δ(τ
1 )11

τ
1 ≤

T |G
t )

1
3
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w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

L
et

us
denote

by
τ
(1

)
=
τ
1 ∧

τ
2

the
m

om
ent

of
the

first
default.

T
hen,

11{
t<

τ
(1

) } S
t
=

11{
t<

τ
(1

) } S̃
t ,

w
here

S̃
t

=
11

t<
τ
1

1
G

(t,t)
E

(δ(τ
1 )11

τ
1 ≤

T
)

S̃
t
=

1
G

(t,t) (− ∫
T

t

δ(u)∂
1 G

(u
,t)

d
u )

w
here

G
(t,t)

=
Q

(τ
(1

)
>
t).

1
4
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T
riv
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l
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fi
ltra

tio
n

H
ence

the
dynam

ics
of

the
pre-default

ex-dividend
price

S̃
t

are

d
S̃

t
= ((λ̃

1 (t)
+
λ̃

2 (t) )S̃
t −

λ̃
1 (t)δ(t)−

λ̃
2 (t)S

1|2
t )

d
t,

w
here

for
i
=

1,2
the

function
λ̃

i (t)
is

the
(determ

inistic)
pre-default

intensity
of
τ
i

and
S

1|2
t

is
given

by
the

expression

S
1|2
t

=
1

∂
2 G

(t,t) (− ∫
T

t

δ(u)f(u
,t)

d
u )

.

In
the

financial
interpretation,

S
1|2
t

is
the

ex-dividend
price

at
tim

e
t

of
the

claim
on

the
first

credit
nam

e,
under

the
assum

ption
that

the
default

τ
2

occurs
at

tim
e
t

and
the

first
nam

e
has

not
yet

defaulted
(recall

that
sim

ultaneous
defaults

are
excluded).

1
5
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efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

L
et

us
now

consider
the

event{τ
2 ≤

t
<
τ
1 }.

T
he

ex-dividend
price

of
the

claim
equalsS

t
=

1
∂
2 G

(t,τ
2 ) (− ∫

T

t

δ(u)f(u
,τ

2 )
d
u )

.

C
onsequently,

on
the

event{τ
2 ≤

t
<
τ
1 }

w
e

obtain

d
S

t
=
λ

1|2(t,τ
2 )(S

t −
δ(t))

d
t

1
6
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efa
u
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T
riv

ia
l
referen

ce
fi
ltra

tio
n

D
y
n
am

ic
of

C
D

S
s

W
e

consider
a

C
D

S

•
w

ith
a

constant
spread

κ

•
w

hich
delivers

δ(τ
1 )

at
tim

e
τ
1

if
τ
1
<
T

,
w

here
δ

is
a

determ
inistic

function.

T
he

value
of

the
C

D
S

takes
the

form

V
t (κ)

=
Ṽ

t (κ)11
t<

τ
2 ∧

τ
1
+
V̂

t (κ)11
τ
1 ∧

τ
2 ≤

t<
τ
1
.

1
7



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

F
irst,

w
e

restrict
our

attention
to

the
case

t
<
τ
2 ∧

τ
1 .

O
n

the
set

t
<
τ
2 ∧

τ
1 ,

the
value

of
the

C
D

S
is

Ṽ
t (κ)

=
1

G
(t,t) (− ∫

T

t

δ(u)∂
1 G

(u
,t)

d
u−

κ ∫
T

t

G
(u
,t)

d
u )

.

1
8



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

P
roof

T
he

value
V

(κ)
of

this
C

D
S,

com
puted

in
the

filtration
H

,
i.e.,

taking
care

on
the

inform
ation

on
the

second
default

contained
in

that
filtration,

isV
t (κ)

=
11

t<
τ
1 E

(δ(τ
1 )11

τ
1 ≤

T −
κ((T

∧
τ
1 )−

t)|H
t )

L
et

us
denote

by
τ

=
τ
1 ∧

τ
2

the
first

default
tim

e.
T

hen,
11{

t<
τ} V

t (κ)
=

11{
t<

τ} Ṽ
t (κ),

w
here

Ṽ
t (κ)

=
1

Q
(τ
>
t)

E
(δ(τ

1 )11
τ
1 ≤

T
11

t<
τ −

κ((T
∧
τ
1 )−

t)11
t<

τ )

=
1

G
(t,t)

E
(δ(τ

1 )11
τ
1 ≤

T
11

t<
τ −

κ((T
∧
τ
1 )−

t)11
t<

τ )

=
1

G
(t,t) (∫

T

t

δ(u)Q
(τ

1 ∈
d
u
,τ

2
>
t)

−
κ ∫

T

t

(u−
t)Q

(τ
1 ∈

d
u
,τ

2
>
t)−

(T
−
t)κ ∫

∞T

Q
(τ

1 ∈
d
u
,τ

2
>
t) )

1
9
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u
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T
riv
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l
referen

ce
fi
ltra

tio
n

In
other

term
s,

using
integration

by
parts

form
ula

Ṽ
t (κ)

=
1

G
(t,t) (− ∫

T

t

δ(u)∂
1 G

(u
,t)

d
u−

κ ∫
T

t

G
(u
,t)

d
u )

2
0



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

O
n

the
event{τ

2 ≤
t
<
τ
1 },

the
C

D
S

price
equals

V
t (κ)

=
V̂

t
=

11
t<

τ
1 E

(δ(τ
1 )11

τ
1 ≤

T −
κ((T

∧
τ
1 )−

t)|σ(τ
2 ))

=
1

∂
2 G

(t,τ
2 ) (− ∫

T

t

δ(u)f(u
,τ

2 )
d
u−

κ ∫
T

t

∂
2 G

(u
,τ

2 )
d
u )

:=
V

1|2
t

(τ
2 )

w
here

V
1|2
t

(s)
=

1
∂
2 G

(t,s) (− ∫
T

t

δ(u)f(u
,s)

d
u−

κ ∫
T

t

∂
2 G

(u
,s)

d
u )

.

2
1



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

T
he

price
of

a
C

D
S

is
V

t
=
Ṽ

t 11
t<

τ
2 ∧

τ
1
+
V̂

t 11
τ
2 ∧

τ
1 ≤

t<
τ
1 .

D
ifferentiating

the
determ

inistic
function

w
hich

gives
the

value
of

the
C

D
S,

w
e

obtain

d
Ṽ

t (κ)
= ((λ̃

1 (t)
+
λ̃

2 (t) )Ṽ
t (κ)

+
κ−

λ̃
1 (t)δ(t)−

λ̃
2 (t)V

1|2
t

(t) )
d
t,

d
V̂

t (κ)
= (

λ̃
1|2
t

(τ
2 ) (

V̂
t (κ)−

δ(t) )
+
κ )

d
t

2
2



T
w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

T
he

price
of

a
C

D
S

follow
s

d
V

t
=

(1−
H

1t )(1−
H

2t )(κ−
δ(t)λ̃

1(t))d
t+

(1−
H

1t )H
2t (κ−

δ(t)λ̃
1|2
t

)d
t

−
V

t−
d
M

1t
+

(1−
H

1t )(V
1|2
t

(t)−
V

t−
)d
M

2t

2
3
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w

o
D

efa
u
lts,

T
riv

ia
l
referen

ce
fi
ltra

tio
n

P
roof:

D
ifferentiating

V
t
=
Ṽ

t (1−
H

1t )(1−
H

2t )
+
V̂

t (1−
H

1t )H
2t

one
obtainsd

V
t

=
(1−

H
1t )(1−

H
2t )d

Ṽ
t +

(1−
H

1t )H
2t
d
V̂

t −
V

t−
d
H

1t

+
(1−

H
1t )(V

1|2
t

(t)−
Ṽ

t )d
H

2t

w
hich

leads
to

the
result

after
light

com
putations

�

2
4



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

E
x
a
m

p
le

:
J
a
rro

w
a
n
d

Y
u
’s

M
o
d
e
l

L
et
τ
i
=

inf{t
:

Λ
i (t)≥

Θ
i },i

=
1,2

w
here

Λ
i (t)

= ∫
t0
λ

i (s)d
s

and
Θ

i

are
independent

random
variables

w
ith

exponential
law

of
param

eter
1.

Jarrow
and

Y
u

study
the

case
w

here
λ

1
is

a
constant

and

λ
2 (t)

=
λ

2
+

(α
2 −

λ
2 )11{

τ
1 ≤

t}
=
λ

2 11{
t<

τ
1 }

+
α

2 11{
τ
1 ≤

t}
.

A
ssum

e
for

sim
plicity

that
r

=
0

and
com

pute
the

value
of

a
defaultable

zero-coupon
w

ith
default

tim
e
τ
i ,

w
ith

a
rebate

δ
i :

D
i,d (t,T

)
=

E
(11{

τ
i >

T}
+
δ
i 11{

τ
i <

T} |G
t ),

for
G

t
=

H
1t ∨

H
2t
.

L
et
G

(s,t)
=

P
(τ

1
>
s,τ

2
>
t)

2
5



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

C
ase

t≤
s

For
t
<
s
<
τ
1 ,

one
has

λ
2 (t)

=
λ

2 t.
H

ence,
the

follow
ing

equality

{τ
1
>
s}∩

{τ
2
>
t}

=
{τ

1
>
s}∩

{Λ
2 (t)

<
Θ

2 }
=

{τ
1
>
s}∩

{λ
2 t
<

Θ
2 }

=
{λ

1 s
<

Θ
1 }∩

{λ
2 t
<

Θ
2 }

leads
to

for
t
<
s,
P

(τ
1
>
s,τ

2
>
t)

=
e −

λ
1
se −

λ
2
t

2
6



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

C
ase

t
>
s

{τ
1
>
s}∩

{τ
2
>
t}

=
{{
t
>
τ
1
>
s}∩

{τ
2
>
t}}

∪
{∩{τ

1
>
t}∩

{τ
2
>
t}}

{t
>
τ
1
>
s}∩

{τ
2
>
t}

=
{t
>
τ
1
>
s}∩

{Λ
2 (t)

<
Θ

2 }
=

{t
>
τ
1
>
s}∩

{λ
2 τ

1
+
α

2 (t−
τ
1 )
<

Θ
2 }

2
7



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

C
ase

t
>
s

{τ
1
>
s}∩

{τ
2
>
t}

=
{{
t
>
τ
1
>
s}∩

{τ
2
>
t}}

∪
{∩{τ

1
>
t}∩

{τ
2
>
t}}

{t
>
τ
1
>
s}∩

{τ
2
>
t}

=
{t
>
τ
1
>
s}∩

{Λ
2 (t)

<
Θ

2 }
=

{t
>
τ
1
>
s}∩

{λ
2 τ

1
+
α

2 (t−
τ
1 )
<

Θ
2 }

T
he

independence
betw

een
Θ

1
and

Θ
2

im
plies

that
the

r.v.
τ
1

is
independent

from
Θ

2

2
8



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

C
ase

t
>
s

{τ
1
>
s}∩

{τ
2
>
t}

=
{{
t
>
τ
1
>
s}∩

{τ
2
>
t}}

∪
{∩{τ

1
>
t}∩

{τ
2
>
t}}

{t
>
τ
1
>
s}∩

{τ
2
>
t}

=
{t
>
τ
1
>
s}∩

{Λ
2 (t)

<
Θ

2 }
=

{t
>
τ
1
>
s}∩

{λ
2 τ

1
+
α

2 (t−
τ
1 )
<

Θ
2 }

T
he

independence
betw

een
Θ

1
and

Θ
2

im
plies

that
the

r.v.
τ
1

is
independent

from
Θ

2 ,
hence

P
(t
>
τ
1
>
s,τ

2
>
t)

=
E (11{

t>
τ
1
>

s} e −
(λ

2
τ
1
+

α
2
(t−

τ
1
)) )

= ∫
d
u

11{
t>

u
>

s} e −
(λ

2
u
+

α
2
(t−

u
))λ

1 e −
λ

1
u

=
1

λ
1

+
λ

2 −
α

2
λ

1 e −
α

2
t (
e −

s
(λ

1
+

λ
2 −

α
2
)−

e −
t(λ

1
+

λ
2 −

α
2
) )

2
9



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

Setting
Δ

=
λ

1
+
λ

2 −
α

2 ,
it

follow
s

that

P
(τ

1
>
s,τ

2
>
t)

=
1Δ
λ

1 e −
α

2
t (e −

s
Δ
−
e −

tΔ )
+
e −

λ
1
te −

λ
2
t
.

In
particular,

for
s

=
0,

P
(τ

2
>
t)

=
1Δ (

λ
1 (
e −

α
2
t−

e −
(λ

1
+

λ
2
)t )

+
Δ
e −

λ
1
t )

3
0



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

•
T

he
com

putation
of
D

1
,d

reduces
to

that
of

P
(τ

1
>
T|G

t )
=

P
(τ

1
>
T|F

t ∨
H

1t )

w
hereF

t
=

H
2t .

From
the

key
lem

m
a,

P
(τ

1
>
T|F

t ∨
H

1t )
=

11{
t<

τ
1 }

P
(τ

1
>
T|F

t )
P
(τ

1
>
t|F

t )
.

T
herefore,

P
1
,d (t,T

)
=
δ
1

+
11{

τ
1
>

t} (1−
δ
1 )e −

λ
1
(T−

t)
.

O
ne

can
also

use
that

P
(τ

1
>
T|G

t )
=

1−
D
Z
C

1t
=

11{
τ
1
>

t} (
11{

τ
2 ≤

t}
∂
2 G

(T
,τ

2 )
∂
2 G

(t,τ
2 )

+
11{

τ
2
>

t}
G

(T
,t)

G
(t,t) )3

1



E
x
a
m

p
le:

J
a
rrow

a
n
d

Y
u
’s

M
o
d
el

•
T

he
com

putation
of
D

2
,d

follow
s

D
2
,d (t,T

)
=

δ
2

+
(1−

δ
2 )11{

τ
2
>

t} (11{
τ
1 ≤

t} e −
α

2
(T−

t)

+
11{

τ
1
>

t}
1Δ

(λ
1 e −

α
2
(T−

t)+
(λ

2 −
α

2 )e −
(λ

1
+

λ
2
)(T−

t)) )

3
2



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

C
o
p
u
la

-B
a
se

d
A

p
p
ro

a
ch

e
s

T
he

concept
of

a
copula

function
allow

s
to

produce
various

m
ultidim

ensional
probability

distributions
w

ith
prespecified

univariate
m

arginal
law

s.

3
3



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

C
o
p
u
la

-B
a
se

d
A

p
p
ro

a
ch

e
s

T
he

concept
of

a
copula

function
allow

s
to

produce
various

m
ultidim

ensional
probability

distributions
w

ith
prespecified

univariate
m

arginal
law

s.

A
function

C
:[0,1] n→

[0,1]
is

called
a

cop
u
la

if
the

follow
ing

conditions
are

satisfied:
(i)

C
(1,...,1,v

i ,1,...,1)
=
v

i
for

any
i

and
any

v
i ∈

[0,1],

3
4



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

C
o
p
u
la

-B
a
se

d
A

p
p
ro

a
ch

e
s

T
he

concept
of

a
copula

function
allow

s
to

produce
various

m
ultidim

ensional
probability

distributions
w

ith
prespecified

univariate
m

arginal
law

s.

A
function

C
:[0,1] n→

[0,1]
is

called
a

cop
u
la

if
the

follow
ing

conditions
are

satisfied:
(i)

C
(1,...,1,v

i ,1,...,1)
=
v

i
for

any
i

and
any

v
i ∈

[0,1],
(ii)

C
(u

1 ,...,u
n )

is
increasing

w
ith

respect
to

each
com

ponent
u

i

3
5



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

C
o
p
u
la

-B
a
se

d
A

p
p
ro

a
ch

e
s

T
he

concept
of

a
copula

function
allow

s
to

produce
various

m
ultidim

ensional
probability

distributions
w

ith
prespecified

univariate
m

arginal
law

s.

A
function

C
:[0,1] n→

[0,1]
is

called
a

cop
u
la

if
the

follow
ing

conditions
are

satisfied:
(i)

C
(1,...,1,v

i ,1,...,1)
=
v

i
for

any
i

and
any

v
i ∈

[0,1],
(ii)

C
(u

1 ,...,u
n )

is
increasing

w
ith

respect
to

each
com

ponent
u

i

(iii)
For

any
a
,b∈

[0,1] n
w

ith
a≤

b
(i.e.,

a
i ≤

b
i ,∀

i)

2
∑i1

=
1

...

2
∑i
n
=

1 (−
1)

i1
+

...+
i
n
C

(u
1
,i1 ,...,u

n
,i

n )≥
0
,

w
here

u
j,1

=
a

j ,
u

j,2
=
b
j .

3
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C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

L
et

us
give

few
exam

ples
of

copulas:

•
P

roduct
copula:

Π
(u

1 ,...,u
n )

=
Π

ni=
1 u

i ,

•
G

um
bel

copula:
for

θ∈
[1,∞

)
w

e
set

C
(u

1 ,...,u
n )

=
exp ⎛⎝

− [
n
∑i=

1 (−
ln
u

i )
θ ]

1
/
θ ⎞⎠

,

•
G

aussian
copula:

C
(u

1 ,...,u
n )

=
N

nΣ (N
−

1(u
1 ),...,N

−
1(u

n ) )
,

w
here

N
nΣ

is
the

c.d.f
for

the
n-variate

central
norm

al
distribution

w
ith

the
linear

correlation
m

atrix
Σ

,
and

N
−

1
is

the
inverse

of
the

c.d.f.
for

the
univariate

standard
norm

al
distribution.

3
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C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

Sklar
T

heorem
:

F
or

an
y

cu
m

u
lative

d
istrib

u
tion

fu
n
ction

F
on

R
n

th
ere

ex
ists

a
cop

u
la

fu
n
ction

C
su

ch
th

at

F
(x

1 ,...,x
n )

=
C

(F
1 (x

1 ),...,F
n (x

n ))

w
h
ere

F
i
is

th
e
i th

m
argin

al
cu

m
u
lative

d
istrib

u
tion

fu
n
ction

.
If,

in
addition,

F
is

continuous
then

C
is

unique.

3
8



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

D
irect

A
p
p
lication

L
et
F

i
be

the
probability

distribution
for

τ
i .

A
copula

function
C

is
chosen

in
order

to
introduce

a
dependence

structure
of

the
random

vector
(τ

1 ,τ
2 ,...,τ

n ).
T

he
joint

distribution
of

the
random

vector
(τ

1 ,τ
2 ,...,τ

n )
is

derived
by

P{τ
i ≤

t
i ,
i
=

1,2,...,n}
=
C (F

1 (t
1 ),...,F

n (t
n ) ).

3
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C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

In
d
irect

A
p
p
lication

A
ssum

e
that

the
cum

ulative
distribution

function
of

(ξ
1 ,...,ξ

n )
is

given
by

an
n-dim

ensional
copula

C
,
and

that
the

univariate
m

arginal
law

s
are

uniform
on

[0,1].

4
0



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

In
d
irect

A
p
p
lication

A
ssum

e
that

the
cum

ulative
distribution

function
of

(ξ
1 ,...,ξ

n )
is

given
by

an
n-dim

ensional
copula

C
,
and

that
the

univariate
m

arginal
law

s
are

uniform
on

[0,1].
W

e
postulate

that
(ξ

1 ,...,ξ
n )

are
independent

of
F
,
and

w
e

set
τ
i
=

inf{
t

:
Γ

it ≥
−

ln
ξ
i }.

T
hen,{τ

i
>
t
i }

=
{e −

Γ
it
i
>
ξ
i }.

4
1



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

T
hen:
•

T
he

case
of

default
tim

es
conditionally

independent
w

ith
respect

to
F

corresponds
to

the
choice

of
the

product
copula

Π
.
In

this
case,

for
t
1 ,...,t

n ≤
T

w
e

have

P{τ
1
>
t
1 ,...,τ

n
>
t
n |F

T }
=

Π
(Z

1t1 ,...,Z
nt
n ),

w
here

w
e

set
Z

it
=
e −

Γ
it.

•
In

general,
for

t
1 ,...,t

n ≤
T

w
e

obtain

P{τ
1
>
t
1 ,...,τ

n
>
t
n |F

T }
=
C

(Z
1t1 ,...,Z

nt
n ),

w
here

C
is

the
copula

used
in

the
construction

of
ξ
1 ,...,ξ

n
.

4
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C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

A
n

ex
am

p
le

T
his

exam
ple

describes
the

use
of

one-factor
G

aussian
copula

(B
ank

of
International

Settlem
ents

(B
IS)

standard).

L
et
q
i

be
a

decreasing
function

taking
values

in
[0,1]

w
ith

q
i (0)

=
1.

τ
i
=

inf{t
:
q
i (t)

<
U

i }

T
hen,

q
i (t)

=
P

(τ
i
>
t)

=
1−

p
i (t).

C
orrelation

sp
ecifi

cation
of

th
e

th
resh

old
s
U

i :
L
et
Y

1 ,···,Y
n

and
Y

be
independent

random
variables

and
X

i
=
ρ

i Y
+ √

1−
ρ
2i Y

i .
T

he
default

thresholds
are

defined
by

U
i
=

1−
F

i (X
i )

w
here

F
i

is
the

cum
ulative

distribution
function

of
X

i .
T

hen

τ
i
=

inf{t
:
ρ

i Y
+ √

1−
ρ
2i Y

i ≤
F

−
1

i
(1−

q
i (t))}

.

4
3



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

C
onditioned

on
the

com
m

on
factor

Y
,

p
i(t|Y

)
=
F

Yi (
F

−
1

i
(p

i (t))−
ρ

i Y
√

1−
ρ
2i

)

w
here

F
Yi

is
the

cum
ulative

distribution
function

of
Y

i .

4
4



C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

L
et

us
consider

the
particular

case
w

here

X
i
=
ρ

i Y
+ √

1−
ρ
2i Y

i ,

w
here

Y
,
Y

i ,
i
=

1,2,...,n
,
are

independent
standard

G
aussian

variables.
In

that
case,

X
i

is
also

a
standard

G
aussian

law
and

p
i(t|Y

)
=

N (
N

−
1(p

i (t))−
ρ

i Y
√

1−
ρ
2i

)
and

P
(τ

i ≤
t
i ,∀

i≤
n)

= ∫∏
i

N (
N

−
1(F

i (t
i ))−

ρ
i y

√
1−

ρ
2i

)
f(y)d

y
.

w
here

f
is

the
density

of
Y

.
T

he
one-factor

G
aussian

copula
m

odel
w

as
proposed

in
the

context
of

C
D

O
s

(C
ollateralized

debt
obligations)

by
L
i

(2000).
It

is
now

considered
as

the
benchm

ark
m

odel.
H

ow
ever,

it
does

not
fit

w
ell

the
m

arket
data.

4
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C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

L
et

us
consider

the
particular

case
w

here

X
i
=
ρ

i Y
+ √

1−
ρ
2i Y

i ,

w
here

Y
,
Y

i ,
i
=

1,2,...,n
,
are

independent
standard

G
aussian

variables.
In

that
case,

X
i

is
also

a
standard

G
aussian

law
and

p
i(t|Y

)
=

N (
N

−
1(p

i (t))−
ρ

i Y
√

1−
ρ
2i

)
and

P
(τ

i ≤
t
i ,∀

i≤
n)

= ∫∏
i

N (
N

−
1(F

i (t
i ))−

ρ
i y

√
1−

ρ
2i

)
f(y)d

y
.

w
here

f
is

the
density

of
Y

.
T

he
one-factor

G
aussian

copula
m

odel
w

as
proposed

in
the

context
of

C
D

O
s

(C
ollateralized

debt
obligations)

by
L
i

(2000).
It

is
now

considered
as

the
benchm

ark
m

odel.
H

ow
ever,

it
does

not
fit

w
ell

the
m

arket
data.

4
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C
o
p
u
la

-B
a
sed

A
p
p
ro

a
ch

es

R
ecent

alternative:
L
év

y
C

op
u
lae

L
et
X
,Y

(i)
be

independent
L
évy

processes
w

ith
sam

e
law

and
such

that

E
(X

1 )
=

0,V
ar(X

1 )
=

1

W
e

set
X

i
=
X

ρ
+
Y

(i)
1−

ρ .

B
y

properties
of

L
évy

processes,
X

i
has

the
sam

e
law

as
X

1
and

C
or(X

i ,X
j )

=
ρ

4
7



C
D

O

C
D

O

•
A

C
D

O
consists

of
a

set
of

assets
(its

collateral
portfolio)

and
a

set
of

liabilities
(the

issued
notes).

•
A

C
D

O
cash

flow
structure

allocates
interest

incom
e

and
principal

repaym
ent

from
a

collateral
pool

of
different

debt
instrum

ents
to

a
prioritized

collection
of

securities
notes,

w
hich

are
com

m
only

called
tranches

.

•
A

standard
prioritizing

structure
is

a
sim

ple
subordination,

i.e.
senior

C
D

O
notes

are
paid

before
m

ezzanine
and

low
er

subordinated
notes

are
paid,

w
ith

any
residual

cash
flow

to
an

equity
piece.

•
T

he
tranches

are
ordered

so
that

losses
in

interest
or

principal
to

the
collateralare

absorbed
first

by
the

low
est

leveltranche
and

then
in

order
to

the
next

tranche
and

so
on.

T
he

low
est

tranche
is

the
riskiest

one,
because

has
to

respond
im

m
ediately

to
the

incurred
losses,

and
it

is
called

the
equity

tranche.

4
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C
D

O

L
et
L

t
be

the
accum

ulated
loss

on
the

credit
portfolio

at
tim

e
t.

T
hen

w
e

have
the

follow
ing

natural
expression

for
L

t .

L
t
=

n
∑j
=

1

M
j H

jt
=

n
∑j
=

1 (1−
δ
j )N

j 11{
τ

j ≤
t} .

L
is

a
pure

jum
p

process
w

ith
jum

ps
at

defaults
and

the
jum

p
size

equal
to

the
non-recovered

part
of

the
credit,

that
is,

(1−
δ
j )N

j .

4
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C
D

O

O
n
e-F

actor
M

o
d
el

•
L
et

us
consider

a
one-factor

m
odel.

L
et
V

be
the

latent
factor,such

that
conditionally

on
V

the
default

tim
es

are
independent.

W
e

assum
e

that
recoveries

δ
1 ,δ

2 ,...,δ
n

are
independent

of
V

and
τ
1 ,τ

2 ,...,τ
n .

•
L
et

us
denote

the
counting

process
associated

w
ith

the
num

ber
of

defaults
by

H
t
= ∑

nj
=

1
H

jt
.

•
W

e
first

consider
the

probability
generating

function
of
H

t ,
w

hich
w

e
w

ill
later

use
in

the
calculation

of
the

characteristic
function

for
the

accum
ulated

loss.
W

e
have

ψ
H

t (u)
=

E
P (e

u
H

t )
=

E
P (

e
u ∑

nj
=

1
H

jt )
=

E
P [

E
P (

e
u ∑

nj
=

1
H

jt|V )]
.

5
0



C
D

O

•
B

y
noting

that
H

jt
is

a
B

ernoulli
random

variable
and

by
denoting

P
(τ

j ≤
t|V

)
=
p

j|V
t

an
d

P
(τ

j ≥
t|V

)
=
q

j|V
t

w
e

can
w

rite
E

P
(e

u
H

jt|V
)

=
q

j|V
t

+
p

j|V
t

e
u
.

•
R

ecalling
that

H
1t
,...,H

nt
are

conditionally
independent

given
V

,
w

e
obtain

ψ
H

t (u)
=

E
P ⎧⎨⎩

E
P ⎡⎣

exp ⎛⎝
u

n
∑j
=

1

H
jt ⎞⎠ ∣∣∣ V ⎤⎦ ⎫⎬⎭

=
E

P {
E

P [e
u

H
1te

u
H

2t···e
u

H
nt|V ]}

=
E

P [
E

P (
e
u

H
1t|V )

E
P (

e
u

H
2t|V )···

E
P (

e
u

H
nt|V )]

.

5
1



C
D

O

•
F
inally,

w
e

get
the

follow
ing

representation

ψ
H

t (u)
=

E
P ⎡⎣

n
∏j
=

1

E
P (

e
u

H
jt|V ) ⎤⎦

=
E

P ⎡⎣
n
∏j
=

1

q
j|V
t

+
p

j|V
t

e
u ⎤⎦

= ∫
n
∏j
=

1 (
q

j|V
t

+
p

j|V
t

e
u )
f(v)

d
v

w
here

f(v)
is

the
density

function
of

the
factor

V
.

5
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C
D

O

C
h
aracteristic

F
u
n
ction

of
L
oss

P
ro

cess

•
W

e
w

ill
now

use
this

result
to

com
pute

the
characteristic

function
of

loss
process

L
t ,

for
different

tim
e

horizons.

•
T

he
ultim

ate
goal

is
to

be
able

to
find

the
distribution

function
of

the
loss

process
L

t ,w
hich

is
used

in
pricing

C
D

O
tranches.

W
e

have

ϕ
L

t (u)
=

E
P

(exp(iu
L

t ))

=
E

P
[E

P
(exp(iu

L
t )|V

)]

=
E

P {
E

P [
exp (

iu

n
∑j
=

1

M
j H

jt ) ∣∣∣ V ]}
=

E
P {

E
P [

exp (
iu

n
∑j
=

1 (1−
δ
j )N

j H
jt ) ∣∣∣ V ]}

=
E

P {
E

P [(
e
iu

(1−
δ
1
)N

1
H

1t···e
iu

(1−
δ

n
)N

n
H

nt ) ∣∣∣ V ]}
.

5
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C
D

O

•
R

ecall
that

the
random

variable
H

1t
,...,H

nt
are

conditionally
independent

given
V

.

•
H

ence
w

e
obtain

ϕ
L

t (u)
=

E
P {

E
P [e

iu
(1−

δ
1
)N

1
H

1t|V ]···
E

P [e
iu

(1−
δ

n
)N

n
H

nt|V ]}
=

E
P ⎡⎣

n
∏j
=

1

E
P (

e
iu

(1−
δ

j
)N

j
H

jt|V ) ⎤⎦
=

E
P ⎡⎣

n
∏j
=

1 (
q

j|V
t

+
p

j|V
t

e
iu

(1−
δ

j
)N

j ) ⎤⎦
.

•
N

ote
that

w
e

can
w

ritee
iu

(1−
δ

j
)N

j
=
ϕ

1−
δ

j (u
N

j ).

5
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C
D

O

•
L
et
f(v)

be
the

density
function

of
V

.
T

hen

ϕ
L

t (u)
=

E
P ⎡⎣

n
∏j
=

1 (
q

j|V
t

+
p

j|V
t

ϕ
1−

δ
j (u

N
j ) ) ⎤⎦

= ∫
R

n
∏j
=

1 (
q

j|V
t

+
p

j|V
t

ϕ
1−

δ
j (u

N
j ) )

f(v)
d
v
.

•
T

he
last

integral
can

be
calculated

through
num

erical
integration

over
the

distribution
of

the
latent

factor
V

.

•
T

he
distribution

of
the

accum
ulated

loss
L

t
can

be
obtained

by
som

e
Fourier

inversion
techniques.

•
O

bserve
that

the
only

input
to

the
m

odel
are

the
conditional

default
and

survival
probabilities.

5
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C
D

O

P
ricin

g
of

th
e

M
ezzan

in
e

T
ran

ch
e

•
W

e
can

now
exam

ine
the

pricing
of

a
particular

leg
of

a
C

D
O

.
T

he
default

paym
ents

on
the

different
tranches

of
a

C
D

O
are

obtained
as

functions
of

the
accum

ulated
losses

L
t .

•
C

onsider
tw

o
thresholds

A
and

B
on

the
synthetic

C
D

O
w

here

0
<
A
<
B
<

n
∑j
=

1

N
j

=
C
.

•
L
et

the
cum

ulative
default

paym
ents

on
the

m
ezzanine

tranche
be

denoted
by

M
t .

W
e

know
the

m
ezzanine

tranche
only

bears
losses

betw
een

A
and

B
.

T
hus

M
t

equals

M
t
=

(L
t −

A
)11

[A
,B

] (L
t )

+
(B

−
A

)11
[B

,C
] (L

t ).

•
W

e
can

w
rite

sim
ilar

expressions
for

equity
and

senior
tranches.

5
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C
D

O

•
M

ore
im

portantly
w

e
can

now
represent

the
discounted

payoff
corresponding

to
default

paym
ents

as
follow

s
∫

T

0

β
t
d
M

t

w
here

β
t

is
the

discount
factor

for
m

aturity
t

β
t
=

exp (− ∫
t

0

r(u)
d
u )
.

•
For

sim
plicity,

w
e

assum
e

determ
inistic

interest
rates.

•
T

he
integration

by
parts

form
ula

yields
∫

T

0

β
t
d
M

t
=
β

T
M

T
+ ∫

T

0

r(t)β
t M

t
d
t.

5
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C
D

O

•
R

ecall
that

in
order

to
price

the
m

ezzanine
tranche,

w
e

need
to

com
pute

the
follow

ing
expectation

E
P ( ∫

T

0

β
t
d
M

t )
.

•
U

sing
Fubini’s

theorem
,
w

e
obtain

E
P ( ∫

T

0

β
t
d
M

t )
=
β

T
E

P
(M

T
)
+ ∫

T

0

r(t)β
t
E

P
(M

t )
d
t.

•
T

hus
the

pricing
problem

for
the

m
ezzanine

tranche
has

been
reduced

to
finding

the
expectation

E
P

(M
t ).

5
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C
D

O

•
U

sing
the

expression
for

M
t

derived
before,

w
e

can
now

w
rite

E
P

(M
t )

=
E

P [(L
t −

A
)11

[A
,B

] (L
t ) ]

+
E

P [(B
−
A

)11
[B

,C
] (L

t ) ]
=

E
P [(L

t −
A

)11
[A

,B
] (L

t ) ]
+

(B
−
A

)
E

P [11
[B

,C
] (L

t ) ]
= ∫

B

A

(z−
A

)
d
F

L
t (z)

+
(B

−
A

)
P
(B

<
L

t ≤
C

)

= ∫
B

A

(z−
A

)
d
F

L
t (z)

+
(B

−
A

)(F
L

t (C
)−

F
L

t (B
))

w
here

F
L

t
is

the
cum

ulative
distribution

function
of
L

t .

•
It

can
be

checked
that

for
the

com
putation

of
the

value
of

the
fee

leg
of

a
C

D
O

,w
e

stillonly
need

the
distribution

of
the

accum
ulated

losses
L

t .

•
For

details,
see

the
papers

by
L
aurent

and
G

regory
(2003)

and
B

urtschell
et

al.
(2005).
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C
red

it
R

a
tin

g
s

C
re

d
it

R
a
tin

g
s

W
e

consider
n

credit
nam

es
and

w
e

assum
e

that
the

credit
quality

of
each

reference
entity

falls
to

the
setK

=
{1,2,...,K

}
of
K

rating
categories,w

here,by
convention,the

category
K

corresponds
to

default.

L
et
X

i,
i
=

1,2,...,n
be

som
e

stochastic
processes

defined
on

(Ω
,G
,
Q

)
and

taking
values

in
the

finite
state

spaceK
,
w

here
the

process
X

i

represents
the

evolution
of

credit
ratings

of
the

ith
underlying

entity.
T

hen
w

e
define

the
default

tim
e
τ
i

of
the

ith
credit

nam
e

by
setting

τ
i
=

inf{
t∈

R
+

:
X

it
=
K
}.

W
e

postulate
that

the
default

state
K

is
absorbing,

so
that

for
each

credit
nam

e
the

default
event

can
only

occur
once.

6
0



C
red

it
R

a
tin

g
s

M
arkov

C
h
ain

C
red

it
R

atin
gs

P
ro

cess
H

ere,
X

is
a

birth-and-death
process

w
ith

absorption
at

state
K

.

T
he

intensity
m

atrix
Λ

is
tri-diagonal.

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
2

···
K

−
1

K

1
λ(1,1)

λ(1,2)
···

0
0

2
λ(2,1)

λ(2,2)
···

0
3

0
λ(3,2)

···
0

...
...

...
...

...
...

K
−

1
0

0
···

λ(K
−

1,K
−

1)
λ(K

−
1,K

)
K

0
0

···
0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

6
1



C
red

it
R

a
tin

g
s

L
et
p

t (k
,k ′)

=
Q

(X
s
+

t
=
k ′|X

s
=
k).

T
he

transition
probabilities

p
t (k
,k ′)

satisfy
the

follow
ing

system
for

t∈
R

+
and

k ′=
1,2,...,K

,

d
p

t (1,k ′)
d
t

=
−
λ(1,2)p

t (1,k ′)
+
λ(1,2)p

t (2,k ′),

d
p

t (k
,k ′)

d
t

=
λ(k

,k−
1)p

t (k−
1,k ′)−

(λ(k
,k−

1)
+
λ(k

,k
+

1))p
t (k
,k ′)

+
λ(k

,k
+

1)p
t (k

+
1,k ′)

for
k

=
2,3,...,K

−
1,

w
hereas

for
k

=
K

w
e

sim
ply

have
that

d
p

t (K
,k ′)

d
t

=
0,

w
ith

the
initial

conditions
p
0 (k

,k ′)
=

11{
k
=

k
′} .

O
nce

the
transition

intensities
λ(k

,k ′)
are

specified,
the

above
system

can
be

easily
solved.

N
ote,

in
particular,

that
p

t (K
,k ′)

=
0

for
every

t
if
k ′=

K
.

T
he

advantage
of

this
representation

is
that

the
num

ber
of

param
eters

can
be

kept
relatively

sm
all.

6
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C
red

it
R

a
tin

g
s

A
m

ore
flexible

credit
ratings

m
odelis

obtained
if

w
e

allow
for

jum
ps

to
the

default
state

K
from

any
other

state.
In

that
case,

the
intensity

m
atrix

is
no

longer
tri-diagonal

and
the

ordinary
differential

equations
for

transition
probabilities

take
the

follow
ing

form
,
for

t∈
R

+
and

k ′=
1,2,...,K

,

d
p

t (1,k ′)
d
t

=
−

(λ(1,2)+
λ(1,K

))p
t (1,k ′)+

λ(1,2)p
t (2,k ′)+

λ(1,K
)p

t (K
,k ′)

d
p

t (k
,k ′)

d
t

)
=

λ(k
,k−

1)p
t (k−

1,k ′)−
(λ(k

,k−
1)

+
λ(k

,k+
1))p

t (k
,k ′)

+
λ(k

,K
)p

t (k
,k ′)+

λ(k
,k+

1)p
t (k+

1,k ′)+
λ(k

,K
)p

t (K
,k ′)

for
k

=
2,3,...,K

−
1

and
for

k
=
K

d
p

t (K
,k ′)

d
t

=
0,

w
ith

initial
conditions

p
0 (k

,k ′)
=

11{
k
=

k
′} .
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C
red

it
R

a
tin

g
s

S
u
rv

ival
In

ten
sities

For
arbitrary

s≤
t

on
the

set{τ
1
>
s,...,τ

n
>
s}

=
{τ

(1
)
>
s}

w
e

have

P{τ
i
>
t|G

s }
=

E
P (

C
(Z

1s
,...,Z

it ,...,Z
ns
)

C
(Z

1s
,...,Z

ns
)

∣∣∣ F
s )

.

6
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C
red

it
R

a
tin

g
s

S
u
rv

ival
In

ten
sities

For
arbitrary

s≤
t

on
the

set{τ
1
>
s,...,τ

n
>
s}

=
{τ

(1
)
>
s}

w
e

have

P{τ
i
>
t|G

s }
=

E
P (

C
(Z

1s
,...,Z

it ,...,Z
ns
)

C
(Z

1s
,...,Z

ns
)

∣∣∣ F
s )

.

P
r
o
o
f
:
T

he
proof

is
straightforw

ard,
and

follow
s

from
the

key
lem

m
a

P{τ
i
>
t|G

s }11{
τ
(1

) >
s}

=
11{

τ
(1

) >
s}
P

(τ
1
>
s,...,τ

i
>
t,...,τ

n
>
s|F

s )
P

(τ
1
>
s,...,τ

i
>
s,...,τ

n
>
s|F

s )�

6
5



C
red

it
R

a
tin

g
s

C
onsequently,

assum
ing

that
the

derivatives
γ

it
=

d
Γ

it

d
t

exist,
the

i-th
intensity

of
survival

equals,
on

the
set{τ

1
>
t,...,τ

n
>
t},

λ
it
=
γ

it
Z

it

∂
∂

v
i
C

(Z
1t
,...,Z

nt
)

C
(Z

1t
,...,Z

nt
)

=
γ

it
Z

it

∂∂
v

i
ln
C

(Z
1t
,...,Z

nt
),

w
here

λ
it

is
understood

as
the

lim
it:

λ
it
=

limh↓
0
h −

1
Q{t

<
τ
i ≤

t+
h|F

t ,τ
1
>
t,...,τ

n
>
t}.

6
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C
red

it
R

a
tin

g
s

It
appears

that,in
general,the

i-th
intensity

of
survivaljum

ps
at

tim
e
t,

if
the

j-th
entity

defaults
at

tim
e
t

for
som

e
j=

i.
In

fact,
it

holds
that

λ
i,j
t

=
γ

it
Z

it

∂
2

∂
v

i ∂
v

j
C

(Z
1t
,...,Z

nt
)

∂
∂

v
j
C

(Z
1t
,...,Z

nt
)
,

w
here

λ
i,j
t

=
limh↓

0
h −

1
Q{t

<
τ
i ≤

t+
h|F

t ,τ
k
>
t,k=

j,τ
j

=
t}.
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C
red

it
R

a
tin

g
s

Schönbucher
and

Schubert
(2001)

also
exam

ine
the

intensities
of

survival
after

the
default

tim
es

of
som

e
entities.

L
et

us
fix

s,
and

let
t
i ≤

s
for

i
=

1,2,...,k
<
n,

and
T

i ≥
s

for
i
=
k

+
1,k

+
2,...,n

.

T
hen,Q {

τ
i
>
T

i ,
i
=
k

+
1,k

+
2,...,n|F

s ,
τ
j

=
t
j ,
j

=
1,2,...,k

,

τ
i
>
s,
i
=
k

+
1,k

+
2,...,n }

=
E

Q (
∂

k

∂
v
1
...∂

v
k
C

(Z
1t1 ,...,Z

kt
k ,Z

k
+

1
T

k
+

1 ,...,Z
nT

n ) ∣∣∣ F
s )

∂
k

∂
v
1
...∂

v
k
C

(Z
1t1 ,...,Z

kt
k ,Z

k
+

1
s

,...,Z
ns
)

.
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B
row

n
ien

referen
ce

fi
ltra

tio
n

B
ro

w
n
ie

n
re

fe
re

n
ce

fi
ltra

tio
n

H
ere

F
is

a
B

row
nian

filtration.
W

e
w

ork
under

the
hypothesis

that
F

is
im

m
ersed

in
G

,
i.e.,

F
m

artingales
are

G
m

artingales.
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B
row

n
ien

referen
ce

fi
ltra

tio
n

W
e

introduce
the

con
d
ition

al
join

t
su

rv
ival

p
ro

cess
G

(u
,v;t)

G
(u
,v;t)

=
Q

(τ
1
>
u
,τ

2
>
v|F

t ).

W
e

w
rite

∂
1 G

(u
,v;t)

=
∂∂
u
G

(u
,v;t),

∂
1
2 G

(u
,v;t)

=
∂

2

∂
u
∂
v
G

(u
,v;t)

=
f(u

,v;t)

so
that

G
(u
,v;t)

= ∫
∞u (∫

∞v
f(x

,y;t)
d
y )
d
x

w
here

(f(x
,y;t),t≥

0)
is

a
fam

ily
of

F
-predictable

processes
(in

fact
(F
,
Q

)-m
artingales).

7
0



B
row

n
ien

referen
ce

fi
ltra

tio
n

For
any

fixed
(u
,v)∈

R
2+
,
the

F
-m

artingale
G

(u
,v;t)

=
Q

(τ
1
>
u
,τ

2
>
v|F

t )
adm

its
the

integral
representation

G
(u
,v;t)

=
Q

(τ
1
>
u
,τ

2
>
v)

+ ∫
t

0

g(u
,v;s)

d
W

s

7
1



B
row

n
ien

referen
ce

fi
ltra

tio
n

V
alu

ation
of

S
in

gle-N
am

e
C

D
S
s

L
et

us
now

exam
ine

the
valuation

of
single-nam

e
C

D
Ss.

W
e

consider
the

C
D

S
•

w
ith

the
constant

spread
κ,

•
w

hich
delivers

δ(τ
1 )

at
tim

e
τ
1

if
τ
1 ≤

T
,
w

here
δ

is
a

determ
inistic

function.

T
he

value
S

1(κ)
of

this
C

D
S,

com
puted

in
the

filtration
G

,
i.e.,

taking
care

on
the

inform
ation

on
the

second
default

contained
in

that
filtration,

E
(δ(τ

1 )11
τ
1 ≤

T −
κ((T

∧
τ
1 )−

t)|G
t )

is
com

puted
in

tw
o

successive
steps.

7
2



B
row

n
ien

referen
ce

fi
ltra

tio
n

O
n

th
e

set
t
<
τ
(1

) ,the
ex-dividend

price
of

the
C

D
S

is
S

1t (κ)
=
S̃

1t (κ)
w

here
S̃

1(κ)
is

an
F

-adapted
process

defined
as

S̃
1t (κ)

=
1

P
(τ

1
>
t,τ

2
>
t|F

t )
E

(δ(τ
1 )11

τ
1 ≤

T −
κ((T

∧
τ
1 )−

t)|F
t )

=
1

G
(t,t;t) (− ∫

T

t

δ(u)∂
1 G

(u
,t;t)

d
u−

κ ∫
T

t

G
(u
,t;t)

d
u )

.

7
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B
row

n
ien

referen
ce

fi
ltra

tio
n

O
n

th
e

even
t{τ

2 ≤
t
<
τ
1 },

w
e

have
that

S
1t (κ)

=
1

P
(τ

1
>
t|F

t ∨
σ(τ

2 ))
E

(δ(τ
1 )11

τ
1 ≤

T −
κ((T

∧
τ
1 )−

t)|F
t ∨

σ(τ
2 ))

=
1

∂
2 G

(t,τ
2 ;t) (− ∫

T

t

δ(u)f(u
,τ

2 ;t)
d
u−

κ ∫
T

t

∂
2 G

(u
,τ

2 ;t)
d
u )

.7
4



B
row

n
ien

referen
ce

fi
ltra

tio
n

P
rice

D
y
n
am

ics
of

S
in

gle-N
am

e
C

D
S
s

B
y

applying
the

Itô-W
entzell

theorem
,
w

e
get

G
(u
,t;t)

=
G

(u
,0;0)

+ ∫
t

0

g(u
,s;s)

d
W

s
+ ∫

t

0

∂
2 G

(u
,s;s)

d
s

G
(t,t;t)

=
G

(0,0;0)
+ ∫

t

0

g(s,s;s)
d
W

s
+ ∫

t

0

(∂
1 G

(s,s;s)
+
∂
2 G

(s,s;s))
d
s

=
G

(0,0;0)
+ ∫

t

0

(∂
1 G

(s,s;s)
+
∂
2 G

(s,s;s))
d
s

w
here

the
last

equality
is

a
consequence

of
the

im
m

ersion
hypothesis.

7
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B
row

n
ien

referen
ce

fi
ltra

tio
n

T
he

processM
1t

=
H

1t − ∫
t∧

τ
(1

)

0

λ̃
1u
d
u− ∫

t∧
τ
1

t∧
τ
(1

)

λ
1|2(u

,τ
2 )d

u
,

is
a

G
-m

artingale.
H

ere

λ̃
it
=

−
∂

i G
(t,t;t)

G
(t,t;t)

,i
=

1,2
λ

1|2(t,s)
=

−
f(t,s;t)
∂
2 G

(t,s;t)

N
ote

that
λ̃

=
λ̃

1
+
λ̃

2
is

the
intensity

of
τ
(1

)
=
τ
1 ∧

τ
2 :

the
process

11
τ
(1

) ≤
t − ∫

t∧
τ
(1

)

0

λ̃
u
d
u

is
a

G
-m

artingale.

D
efine

S
1|2
t

(κ
1 )

=
1

∂
2 G

(t,t;t) (− ∫
T

t

δ(u)f(u
,t;t)

d
u

+
κ ∫

T
1

t

∂
2 G

(u
,t;t)

d
u )

the
tim

e-t
value

of
the

C
D

S
if

default
τ
2

occurs
at

tim
e
t.

7
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B
row

n
ien

referen
ce

fi
ltra

tio
n

T
he

dynam
ics

of
the

process
S̃

1(κ)
are

d
S̃

1t (κ)
= (−

λ̃
1t δ(t)

+
κ

+
λ̃

t S̃
1t (κ)−

λ̃
2t S

1|2
t

(κ) )
d
t+

σ
1(t,T

)
d
W

t

w
hereσ

1(t,T
)

=
−

1
G

(t,t;t) ∫
T

t (δ(u)
∂
1 g(u

,t;t)
+
κ
g(u

,t;t) )
d
u

7
7



B
row

n
ien

referen
ce

fi
ltra

tio
n

T
he

cum
ulative

price

S
c
u
m

,1(κ)
=
S

1t (κ)
+
B

t ∫
]0

,t] B
−

1
u
d
D

u

w
here

D
t
=
D

t (κ
,δ,T

,τ
1 )

=
δ(τ

1 )11{
τ
1 ≤

t} −
κ(t∧

(T
∧
τ
1 ))

satisfies,
on

[0,T
∧
τ
(1

) ],

d
S

c
u
m

,1
t

(κ)
=

(δ(t)−
S̃

1t (κ))
d
M

1t
+

(S
1|2
t

(κ)−
S̃

1t (κ))
d
M

2t
+
σ

1(t,T
)d
W

t
.7
8



B
row

n
ien

referen
ce

fi
ltra

tio
n

O
n
τ
1
>
t
>
τ
2

d
S

1t
=
σ

1|2 (t,T
)d
W

t +
(κ−

δ(t)λ
1|2
t

(τ
2 )

+
S

1t
λ

1|2
t

(τ
2 ))d

t

w
here

σ
1|2 (t,T

)
=

− ∫
T

t

δ
1 (u)∂

1 ∂
2 g(u

,τ
2 ;t)d

u−
κ

1 ∫
T

t

∂
2 g(u

,τ
2 ;t)d

u

λ
1|2(t,s)

=
−

f(t,s;t)
∂
2 G

(t,s;t)
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

R
e
p
lica

tio
n

o
f
a

F
irst-to

-D
e
fa

u
lt

C
la

im

A
fi
rst-to-d

efau
lt

claim
w

ith
m

aturity
T

is
a

claim
(X
,A
,Z
,τ

(1
) )

w
here

•
X

is
an

F
T
-m

easurable
am

ount
payable

at
m

aturity
if

no
default

occurs
•
A

:[0,T
]→

R
w

ith
A

0
=

0
represents

the
dividend

stream
up

to
τ
(1

) ,
•
Z

=
(Z

1,Z
2,...,Z

n)
is

the
vector

of
F

-predictable,
real-valued

processes,
w

here
Z

iτ
(1

)
specifies

the
recovery

received
at

tim
e
τ
(1

)
if

the
ith

nam
e

is
the

first
defaulted

nam
e,

that
is,

on
the

event
{τ

i
=
τ
(1

) ≤
T}.

•
W

e
denote

by
G

(1
) (t;t)

=
G

(t,···,t;t)

8
0



R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

T
he

cum
ulative

price
S

c
u

m
of

the
first

to
default

claim
is

given
by

d
S

c
u

m
t

=
n
∑i=

1 (Z
it −

S
t−

)
d
M

it
+

(1−
H

(1
)

t
)(G

(1
) (t;t)) −

1
d
m

t ,

w
here

the
F

-m
artingale

m
is

given
by

the
form

ula
m

t
=

E
Q (

G
(1

) (T
;T

)X
+

n
∑i=

1 ∫
T

0

G
(1

) (u;u)Z
iu
λ̃

iu
d
u− ∫

T

0

G
(1

) (u;u)
d
A

u ∣∣∣ F
t )

.
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

Since
F

is
generated

by
a

B
row

nian
m

otion,
there

exists
an

F
-predictable

process
ζ

such
that

d
S

c
u

m
t

=
n
∑i=

1 (Z
it −

S
t−

)
d
M

it
+

(1−
H

(1
)

t
)(G

(1
) (t;t)) −

1ζ
t
d
W

t .

8
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

W
e

say
that

a
self-financing

strategy
φ

=
(φ

0,φ
1,...,φ

n)
rep

licates
a

first-to-default
claim

(X
,A
,Z
,τ

(1
) )

if
its

w
ealth

process
V

(φ)
satisfies

the
equality

V
t∧

τ
(1

) (φ)
=
S

t∧
τ
(1

)
for

any
t∈

[0,T
].

W
e

have,
for

any
t∈

[0,T
],

d
V

t (φ)
=

n
∑	=

1

φ
it ((δ

	t −
S̃

	t (κ
	 ) )

d
M

	t
+

n
∑j

=
1

,j�=
	 (S

	t|j −
S̃

	t (κ
	 ) )

d
M

jt

+
(1−

H
t )(G

(1
) (t;t)) −

1
d
n

	t )
w

here

n
	t
=

E
Q ⎛⎝ ∫

T
�

0

G
(u
,u;u) (

δ
	u
λ̃

iu
+

n
∑j

=
1
,j�=

	

S
	u|j λ̃

ju )
d
u−

κ
	 ∫

T
�

0

G
(1

) (u;u)
d
u ∣∣∣ F

t ⎞⎠
.
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

L
et
φ̃

t
=

(φ̃
1t ,φ̃

2t ,...,φ̃
nt )

be
a

solution
to

the
follow

ing
equations

φ̃
	t (δ

	t −
S̃

	t (κ
	 ) )

+
n
∑j

=
1
,
j�=

	

φ̃
jt (S

jt|	 (κ
j )−

S̃
jt (κ

j ) )
=
Z

	t −
S̃

t

and ∑
k	=

1
φ̃

	t ζ
	t
=
ζ
t .

L
et

us
set

φ
	t
=
φ̃

	(τ
(1

) ∧
t)

for
�

=
1,2,...,n

and
t∈

[0,T
].

T
hen

the
self-financing

trading
strategy

φ
=

((V
(φ)−

φ·S
),...,φ

k)
replicates

the
first-to-default

claim
(X
,A
,Z
,τ

(1
) ).

8
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

R
ep

lication
w

ith
M

arket
C

D
S
s

W
hen

considering
trading

strategies
involving

C
D

Ss
issued

in
the

past,
one

encounters
a

practical
diffi

culty
regarding

their
liquidity.

R
ecall

that
for

each
m

aturity
T

i
by

the
C
D
S

issued
at

tim
e
t

w
e

m
ean

the
C

D
S

over
[t,T

]
w

ith
the

spread
κ(t,T

i )
=
κ

i .

W
e

now
define

a
m

arket
C

D
S

—
w

hich
at

any
tim

e
t

has
sim

ilar
features

as
the

T
i -m

aturity
C

D
S

issued
at

this
date

t,
in

particular,
it

has
the

ex-dividend
price

equal
to

zero.

8
5



R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

A
T

i -m
atu

rity
m

arket
C

D
S

has
the

dividend
process

equal
to

∗D
it
= ∫

]0
,t] B

u
d(B

−
1

u
S

iu (κ
i ))

+
D

it ,

w
here

D
i
=
D

(κ
i ,δ

i,T
i ,τ)

for
som

e
fixed

spread
κ

i .

T
h
e

ex
-d

iv
id

en
d

p
rice

∗S
i
of

th
e
T

i -m
atu

rity
m

arket
C

D
S

eq
u
als

zero
for

an
y
t∈

[0,T
i ].

8
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

Since
m

arket
C

D
Ss

are
traded

on
the

ex-dividend
basis,

to
describe

the
self-financing

trading
strategies

in
the

savings
account

B
and

the
m

arket
C

D
Ss

w
ith

ex-dividend
prices

∗S
i.

A
strategy

φ
=

(φ
0,...,φ

n)
in

the
savings

account
B

and
the

m
arket

C
D

Ss
w

ith
dividends

∗D
i

is
said

to
be

self-financing
if

its
w

ealth
V

t (φ)
=
φ

0t B
t

satisfies
V

t (φ)
=
V

0 (φ)
+
G

t (φ)
for

every
t∈

[0,T
],

w
here

the
gains

process
G

(φ)
is

defined
as

follow
s

G
t (φ)

= ∫
]0

,t] φ
0u
d
B

u
+

n
∑i=

1 ∫
]0

,t] φ
iu
d
∗D

iu
.
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

L
et
φ

be
a

self-financing
strategy

in
the

savings
account

B
and

ex-dividend
prices

S
i(κ

i ),
i
=

1,...,n.

T
hen

the
strategy

ψ
=

(ψ
0,...,ψ

n)
w

here
ψ

i
=
φ

i
for

i
=

1,...,n
and

ψ
0t

=
B

−
1

t
V

t (φ)
is

a
self-financing

strategy
in

the
savings

account
B

and
the

m
arket

C
D

Ss
w

ith
dividends

∗D
i

and
its

w
ealth

process
satisfies

V
(ψ

)
=
V

(φ).

8
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

T
he

cum
ulative

price
of

the
T

i -m
aturity

m
arket

C
D

S
satisfies

∗S
c
,i

t
=

∗S
it
+
B

t ∫
]0

,t] B
−

1
u
d
∗D

iu

=
11{

t<
τ} (κ

it −
κ

i )Ã
(t,T

)−
B

t S
i0 (κ

i )
+
B

t ∫
]0

,t] B
−

1
u
d
D

iu

w
here

Ã
(t,T

)
=
B

t

G
t

E
Q

∗ (∫
T∧

τ

t

B
−

1
u
d
u ∣∣∣ F

t )
.
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

If
w

e
choose

κ
i
=
κ

i0
then

∗S
c
,i

t
=

11{
t<

τ} (κ
it −

κ
i0 )Ã

(t,T
)
+
B

t ∫
]0

,t] B
−

1
u
d
D

iu
=
S

c
,i

t
(κ

i0 ).
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R
ep

lica
tio

n
o
f
a

F
irst-to

-D
efa

u
lt

C
la

im

A
ssum

e
that

there
exist

F
-predictable

processes
φ

1,...,φ
n

satisfying
the

follow
ing

conditions,
for

any
t∈

[0,T
],

k
∑i=

1

φ
it (δ

it −
S̃

it (κ
i ) )

=
Z

t −
S̃

t ,
k
∑i=

1

φ
it ζ

it
=
ξ
t .

L
et

the
process

V
(φ)

be
given

by

d
V

t (φ)
=

k
∑i=

1

φ
it ((δ

it −
S̃

it (κ
i ) )

d
M

t +
(1−

H
t )B

t G
−

1
t
d
n

it )
w

ith
the

initial
condition

V
0 (φ)

=
Y

0
and

let
φ

0
be

given
by,

for
t∈

[0,T
],

φ
0t

=
B

−
1

t
V

t (φ).

T
hen

the
self-financing

trading
strategy

φ
=

(φ
0,...,φ

n)
in

the
savings

account
B

and
m

arket
C

D
Ss

w
ith

dividends
∗D

i,
i
=

1,...,n
replicates

the
defaultable

claim
(X
,A
,Z
,τ).
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