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I.H
azard

P
ro

cess
A

p
p
roach

of
C

red
it

R
isk

:
A

T
oy

M
o
d
el

1.
T

he
M

odel

2.
T
oy

M
odel

and
M

artingales

3.
V

aluation
and

T
rading

D
efaultable

C
laim

s

2



T
h
e

M
o
d
e
l

3



T
h
e

M
arket

W
e

begin
w

ith
the

case
w

here
a

riskless
asset,

w
ith

d
eterm

in
istic

interest
rate

(r(s);s≥
0)

is
the

only
asset

available
in

the
default-free

m
arket.

R
(t)

=
exp (− ∫

t

0

r(s)d
s )

4



T
h
e

M
arket

W
e

begin
w

ith
the

case
w

here
a

riskless
asset,

w
ith

d
eterm

in
istic

interest
rate

(r(s);s≥
0)

is
the

only
asset

available
in

the
default-free

m
arket.

R
(t)

=
exp (− ∫

t

0

r(s)d
s )

T
he

tim
e-t

price
B

(t,T
)

of
a

risk-free
zero-coupon

bond
w

ith
m

aturity

T
is

B
(t,T

)
d
e
f

=
exp (− ∫

T

t

r(s)d
s )

.

5



D
efault

occurs
at

tim
e

τ,
w

here
τ

is
assum

ed
to

be
a

positive
random

variable
w

ith
density

f,
constructed

on
a

probability
space

(Ω
,G

,
P
).

F
(t)

=
P
(τ≤

t)
= ∫

t

0

f(s)d
s
.

W
e

assum
e

that
F

(t)
<

1,∀
t

6



D
efau

ltab
le

Z
ero-cou

p
on

w
ith

P
ay

m
en

t
at

M
atu

rity

A
d
efau

ltab
le

zero-cou
p
on

bond
(D

Z
C

in
short)-

or
a

corporate

bond-
w

ith
m

aturity
T

and
rebate

δ
paid

at
m

aturity,
consists

of

•
T

he
paym

ent
of

one
m

onetary
unit

at
tim

e
T

if
default

has
not

occurred
before

tim
e

T
,

•
A

paym
ent

of
δ

m
onetary

units,
m

ade
at

m
aturity,

if
τ

<
T

,
w

here

0≤
δ

<
1.

7



V
alu

e
of

th
e

d
efau

ltab
le

zero-cou
p
on

b
on

d

T
he

“value”
of

the
defaultable

zero-coupon
bond

is
defined

as

D
(δ,T

)(0,T
)

=
E (

B
(0,T

)(11{
T

<
τ}

+
δ11{

τ≤
T} ) )

=
B

(0,T
)

(1−
(1−

δ)F
(T

))
.

8



V
alu

e
of

th
e

d
efau

ltab
le

zero-cou
p
on

b
on

d

T
he

“value”
of

the
defaultable

zero-coupon
bond

is
defined

as

D
(δ,T

)(0,T
)

=
E (

B
(0,T

)(11{
T

<
τ}

+
δ11{

τ≤
T} ) )

=
B

(0,T
)

(1−
(1−

δ)F
(T

))
.

T
he

value
D

(δ,T
)(t,T

)
of

the
D

Z
C

is
the

conditional
expectation

of
the

discounted
payoff

B
(t,T

)[11{
T

<
τ}

+
δ11{

τ≤
T} ]

given
the

inform
ation:

D
(δ,T

)(t,T
)

=
11{

τ≤
t} B

(t,T
)δ

+
11{

t<
τ} D̃

(δ,T
)(t,T

)

9



V
alu

e
of

th
e

d
efau

ltab
le

zero-cou
p
on

b
on

d

T
he

“value”
of

the
defaultable

zero-coupon
bond

is
defined

as

D
(δ,T

)(0,T
)

=
E (

B
(0,T

)(11{
T

<
τ}

+
δ11{

τ≤
T} ) )

=
B

(0,T
)

(1−
(1−

δ)F
(T

))
.

T
he

value
D

(δ,T
)(t,T

)
of

the
D

Z
C

is
the

conditional
expectation

of
the

discounted
payoff

B
(t,T

)[11{
T

<
τ}

+
δ11{

τ≤
T} ]

given
the

inform
ation:

D
(δ,T

)(t,T
)

=
11{

τ≤
t} B

(t,T
)δ

+
11{

t<
τ} D̃

(δ,T
)(t,T

)

w
here

the
p
red

efau
lt

valu
e

D̃
(δ,T

)(t,T
)

is
defined

as

D̃
(δ,T

)(t,T
)

=
E (B

(t,T
)(11{

T
<

τ}
+

δ11{
τ≤

T} ) ∣∣t
<

τ )

1
0



D̃
(δ,T

)(t,T
)

=
E (B

(t,T
)(11{

T
<

τ}
+

δ11{
τ≤

T} ) ∣∣t
<

τ )
B

(t,T
) (1−

(1−
δ)P

(τ≤
T ∣∣t

<
τ) )

B
(t,T

) (
1−

(1−
δ)

P
(t

<
τ≤

T
)

P
(t

<
τ) )

B
(t,T

) (
1−

(1−
δ)

F
(T

)−
F

(t)
1−

F
(t) )

1
1



D̃
(δ,T

)(t,T
)

=
E (B

(t,T
)(11{

T
<

τ}
+

δ11{
τ≤

T} ) ∣∣t
<

τ )
=

B
(t,T

) (1−
(1−

δ)P
(τ≤

T ∣∣t
<

τ) )

B
(t,T

) (
1−

(1−
δ)

P
(t

<
τ≤

T
)

P
(t

<
τ) )

B
(t,T

) (
1−

(1−
δ)

F
(T

)−
F

(t)
1−

F
(t) )

1
2



D̃
(δ,T

)(t,T
)

=
E (B

(t,T
)(11{

T
<

τ}
+

δ11{
τ≤

T} ) ∣∣t
<

τ )
=

B
(t,T

) (1−
(1−

δ)P
(τ≤

T ∣∣t
<

τ) )

=
B

(t,T
) (

1−
(1−

δ)
P
(t

<
τ≤

T
)

P
(t

<
τ) )

1
3



D̃
(δ,T

)(t,T
)

=
E (B

(t,T
)(11{

T
<

τ}
+

δ11{
τ≤

T} ) ∣∣t
<

τ )
=

B
(t,T

) (1−
(1−

δ)P
(τ≤

T ∣∣t
<

τ) )

=
B

(t,T
) (

1−
(1−

δ)
P
(t

<
τ≤

T
)

P
(t

<
τ) )

=
B

(t,T
) (

1−
(1−

δ)
F

(T
)−

F
(t)

1−
F

(t) )

1
4



T
he

form
ulaD̃

(δ,T
)(t,T

)
=

B
(t,T

)−
B

(t,T
)(1−

δ)
P
(t

<
τ≤

T
)

P
(t

<
τ)

can
be

read
as

D̃
(δ,T

)(t,T
)

=
B

(t,T
)−

E
D

L
G

D
×

D
P

1
5



T
he

form
ulaD̃

(δ,T
)(t,T

)
=

B
(t,T

)−
B

(t,T
)(1−

δ)
P
(t

<
τ≤

T
)

P
(t

<
τ)

can
be

read
as

D̃
(δ,T

)(t,T
)

=
B

(t,T
)−

E
D

L
G

D
×

D
P

w
here

the
E
x
p
ected

D
iscou

n
ted

L
oss

G
iven

D
efau

lt
(E

D
L
G

D
)

is

defined
as

B
(t,T

)(1−
δ)

and
the

D
efau

lt
P

rob
ab

ility
(D

P
)

is

D
P

=
P
(t

<
τ≤

T
)

P
(t

<
τ)

=
P
(τ≤

T|t
<

τ)
.

1
6



In
case

the
paym

ent
is

a
function

of
the

default
tim

e,
say

δ(τ),
the

value
of

this
defaultable

zero-coupon
is

D
(δ,T

)(0,T
)

=
E (B

(0,T
)11{

T
<

τ}
+

B
(0,T

)δ(τ)11{
τ≤

T} )
=

B
(0,T

) [
P
(T

<
τ)

+ ∫
T

0

δ(s)f(s)d
s ]

.

1
7



In
case

the
paym

ent
is

a
function

of
the

default
tim

e,
say

δ(τ),
the

value
of

this
defaultable

zero-coupon
is

D
(δ,T

)(0,T
)

=
E (B

(0,T
)11{

T
<

τ}
+

B
(0,T

)δ(τ)11{
τ≤

T} )
=

B
(0,T

) [
P
(T

<
τ)

+ ∫
T

0

δ(s)f(s)d
s ]

.

T
he

predefault
price

D̃
(δ,T

)(t,T
)

is

D̃
(δ,T

)(t,T
)

=
B

(t,T
)E

(11{
T

<
τ}

+
δ(τ)11{

τ≤
T} ∣∣t

<
τ)

=
B

(t,T
) [

P
(T

<
τ)

P
(t

<
τ)

+
1

P
(t

<
τ) ∫

T

t

δ(s)f(s)d
s ]

.

1
8



W
e

introduce
the

increasing
h
azard

fu
n
ction

Γ
defined

by

Γ
(t)

=
−

ln(1−
F

(t))

and
its

derivative
γ(t)

=
f(t)

1−
F

(t)
w

here
f(t)

=
F

′(t),
i.e.,

1−
F

(t)
=

e −
Γ
(t)

=
exp (− ∫

t

0

γ(s)d
s )

=
P
(τ

>
t)

.

1
9



W
e

introduce
the

increasing
h
azard

fu
n
ction

Γ
defined

by

Γ
(t)

=
−

ln(1−
F

(t))

and
its

derivative
γ(t)

=
f(t)

1−
F

(t)
w

here
f(t)

=
F

′(t),
i.e.,

1−
F

(t)
=

e −
Γ
(t)

=
exp (− ∫

t

0

γ(s)d
s )

=
P
(τ

>
t)

.

T
he

quantity
γ(t)

called
the

h
azard

rate
is

the
probability

that
the

default
occurs

in
a

sm
all

interval
d
t

given
that

the
default

has
not

occured
before

tim
e

tγ(t)
=

lim
h→

0

1h
P

(τ≤
t+

h|τ
>

t)
.

2
0



For
δ

=
0,

D̃
(t,T

)
=

exp (− ∫
T

t

(r
+

γ)(s)d
s )

in
other

term
s,

the
spot

rate
has

to
be

adjusted
by

m
eans

of
a

sp
read

(γ)
in

order
to

evaluate
D

Z
C

s.

2
1



D
efau

ltab
le

Z
ero-cou

p
on

w
ith

P
ay

m
en

t
at

H
it

H
ere,

a
defaultable

zero-coupon
bond

w
ith

m
aturity

T
consists

of

•
T

he
paym

ent
of

one
m

onetary
unit

at
tim

e
T

if
default

has
not

yet

occurred,

•
A

paym
ent

of
δ(τ)

m
onetary

units,
w

here
δ

is
a

determ
inistic

function,
m

ade
at

tim
e

τ
if

τ
<

T
.

H
ere,

w
e

do
not

assum
e

that
F

is
differentiable.

2
2



V
alu

e
of

th
e

d
efau

ltab
le

zero-cou
p
on

T
he

value
of

this
defaultable

zero-coupon
bond

is

D
(δ

)(0,T
)

=
E

(B
(0,T

)11{
T

<
τ}

+
B

(0,τ)δ(τ)11{
τ≤

T} )

=
G

(T
)B

(0,T
)− ∫

T

0

B
(0,s)δ(s)d

G
(s)

,

w
here

G
(t)

=
1−

F
(t)

=
P
(t

<
τ)

is
the

su
rv

ival
p
rob

ab
ility

.

2
3



For
t
<

T
,

D
(δ

)(t,T
)

=
11

t<
τ D̃

(δ
)(t,T

)

w
here

D̃
(δ

)(t,T
)

is
called

the
p
red

efau
lt

p
rice

defined
by

B
(0,t)D̃

(δ
)(t,T

)
=

E
(B

(0,T
)11{

T
<

τ}
+

B
(0,τ)δ(τ)11{

τ≤
T} |t

<
τ)

=
P
(T

<
τ)

P
(t

<
τ)

B
(0,T

)
+

1
P
(t

<
τ) ∫

T

t

B
(0,s)δ(s)d

F
(s)

.

H
ence,B

(0,t)G
(t)D̃

(δ
)(t,T

)
=

G
(T

)B
(0,T

)− ∫
T

t

B
(0,s)δ(s)d

G
(s)

.

2
4



In
term

s
of

the
hazard

function,
the

tim
e-t

value
D̃

(δ
)(t,T

)
satisfies:

B
(0,t)e −

Γ
(t)D̃

(δ
)(t,T

)
=

e −
Γ
(T

)B
(0,T

)
+ ∫

T

t

B
(0,s)e −

Γ
(s

)δ(s)dΓ
(s)

.

2
5



A
p
articu

lar
case

If
F

is
differentiable,

the
function

γ
=

Γ
′
satisfies

f(t)
=

γ(t)e −
Γ
(t).

T
hen,

R
d (t)D̃

(δ
)(t,T

)
=

R
d (T

)
+ ∫

T

t

R
d (s)γ(s)δ(s)d

s

w
ith

R
d (t)

=
exp (− ∫

t

0

(r(s)
+

γ(s))
d
s )

T
he

defaultable
interest

rate
is

r
+

γ
and

is,
as

expected,
greater

than
r

(the
value

of
a

D
Z
C

w
ith

δ
=

0
is

sm
aller

than
the

value
of

a

default-free
zero-coupon).

2
6



T
he

dynam
ics

of
D̃

(δ
)(t,T

)
are

d
D̃

(δ
)(t,T

)
=

(r(t)
+

γ(t))D̃
(δ

)(t,T
)d

t−
δ(t)γ(t)d

t
.

T
he

dynam
ics

of
D

(δ
)

includes
a

jum
p

at
tim

e
τ.

2
7



S
p
read

s

A
term

structure
of

credit
spreads

associated
w

ith
the

zero-coupon

bonds
S

(t,T
)

is
defined

as

S
(t,T

)
=

−
1

T
−

t
ln

D
(t,T

)
B

(t,T
)

.

In
our

setting,
on

the
set{τ

>
t}

S
(t,T

)
=

−
1

T
−

t
ln

Q
(τ

>
T|τ

>
t)

,

w
hereas

S
(t,T

)
=

∞
on

the
set{τ≤

t}.

2
8



T
o
y

M
o
d
e
l
a
n
d

M
a
rtin

g
a
le

s

W
e

denote
by

(H
t ,t≥

0)
the

right-continuous
increasing

process

H
t
=

11{
t≥

τ}
and

by
(H

t )
its

natural
filtration.

A
ny

integrable

H
t -m

easurable
r.v.

H
is

of
the

form

H
=

h(τ∧
t)

=
h(τ)11{

τ≤
t}

+
h(t)11{

t<
τ}

w
here

h
is

a
B

orel
function.

2
9



K
ey

L
em

m
a

If
X

is
any

integrable,G
-m

easurable
r.v.

E
(X

|H
t )11{

t<
τ}

=
11{

t<
τ}

E
(X

11{
t<

τ} )
P
(t

<
τ)

.

3
0



K
ey

L
em

m
a

If
X

is
any

integrable,G
-m

easurable
r.v.

E
(X

|H
t )11{

t<
τ}

=
11{

t<
τ}

E
(X

11{
t<

τ} )
P
(t

<
τ)

.

Let
Y

=
h(τ)

be
a
H

-m
easurable

random
variable.

T
hen

E
(Y|H

t )
=

11{
τ≤

t} h(τ)
+

11{
t<

τ} ∫
∞t

h(u)e
Γ
(t)−

Γ
(u

)dΓ
(u)

3
1



A
n

im
p
ortan

t
M

artin
gale

T
he

process
(M

t ,t≥
0)

defined
as

M
t
=

H
t − ∫

τ∧
t

0

d
F

(s)
1−

F
(s)

=
H

t − ∫
t

0

(1−
H

s−
)

d
F

(s)
1−

F
(s)

is
a

H
-m

artingale.

3
2



H
azard

F
u
n
ction

T
he

h
azard

fu
n
ction

is

Γ
(t)

=
−

ln(1−
F

(t))
= ∫

t

0

d
F

(s)
1−

F
(s)

In
particular,

if
F

is
differentiable,

the
process

M
t
=

H
t − ∫

τ∧
t

0

γ(s)d
s

=
H

t − ∫
t

0

γ(s)(1−
H

s )d
s

is
a

m
artingale,

w
here

γ(s)
=

f(s)
1−

F
(s)

is
a

determ
inistic

non-negative

function,
called

th
e

in
ten

sity
of

τ.3
3



T
he

D
o
ob

-M
eyer

d
ecom

p
osition

of
the

su
b
m

artin
gale

H
is

H
t
=

M
t +

Γ
(t∧

τ)

T
he

predictable
process

A
t
=

Γ
t∧

τ
is

called
the

com
p
en

sator
of

H
.

3
4



T
he

process

L
t

d
e
f

=
11{

τ
>

t}
exp (∫

t

0

γ(s)d
s )

is
a

H
-m

artingale.

3
5



P
r
o
o
f
:
W

e
shallgive

3
different

argum
ents,each

of
w

hich
constitutes

a

proof.

a)
Since

the
function

γ
is

determ
inistic,

for
t
>

s

E
(L

t |H
s )

=
exp (∫

t

0

γ(u)d
u )

E
(11{

t<
τ} |H

s )
.

From
the

K
ey

L
em

m
a

E
(11{

t<
τ} |H

s )
=

11{
τ
>

s}
1−

F
(t)

1−
F

(s)
=

11{
τ
>

s}
exp

(−
Γ
(t)

+
Γ
(s))

.

H
ence,

E
(L

t |H
s )

=
11{

τ
>

s}
exp (∫

s

0

γ(u)d
u )

=
L

s .

3
6



b)
A

nother
m

ethod
is

to
apply

integration
by

parts
form

ula
to

the

process
L

t
=

(1−
H

t )exp (∫
t

0

γ(s)d
s )

If
U

and
V

are
tw

o
finite

variation
processes,

Stieltjes’
integration

by
parts

form
ula

can
be

w
ritten

as
follow

s

U
(t)V

(t)
=

U
(0)V

(0)
+ ∫

]0
,t] V

(s−
)d

U
(s)

+ ∫
]0

,t] U
(s−

)d
V

(s)

+ ∑s≤
t Δ

U
(s)Δ

V
(s)

.

d
L

t
=

−
d
H

t exp (∫
t

0

γ(s)d
s )

+
γ(t)exp (∫

t

0

γ(s)d
s )

(1−
H

t )d
t

=
−

exp (∫
t

0

γ(s)d
s )

d
M

t
.

3
7



c)
A

third
(sophisticated)

m
ethod

is
to

note
that

L
is

the
exponential

m
artingale

of
M

,
i.e.,

the
solution

of
the

SD
E

d
L

t
=

−
L

t−
d
M

t
,
L

0
=

1.

�

3
8



In
the

case
w

here
N

is
an

inhom
ogeneous

P
oisson

process
w

ith

determ
inistic

intensity
λ

and
τ

is
the

first
tim

e
w

hen
N

jum
ps,

let

H
t
=

N
t∧

τ .
It

is
w

ell
know

n
that

N
t − ∫

t

0

λ(s)d
s

is
a

m
artingale.

T
herefore,

the
process

stopped
at

tim
e

τ
is

also
a

m
artingale,

i.e.,

H
t − ∫

t∧
τ

0

λ(s)d
s

is
a

m
artingale.

3
9



C
h
an

ge
of

p
rob

ab
ility

L
et

P
∗

be
a

probability
equivalent

to
P

on
the

space
(Ω

,H
)

w
here

H
=

H
∞

is
the

σ-algebra
generated

by
τ.

T
hen,

d
P
∗

=
h(τ)

d
P

w
here

h
is

a
strictly

positive
fonction,

such
that

E
P (h(τ))

=
1.

L
et

Γ
∗(t)

=
−

ln
P
∗(τ

>
t).

If
Γ

is
continuous,

Γ
∗

is
continuous

and

dΓ
∗(t)

=
h(t)
g(t)

dΓ
(t)

w
here

g(t)
=

e
Γ
(t)E

P (11
t<

τ h(τ))
.

4
0



P
roof:

P
∗(τ

>
t)

=
E

P (11
t>

τ h(τ))
= ∫

∞t

h(u)d
F

(u)
=

e −
Γ
∗
(t)

H
ence

e −
Γ
∗
(t)dΓ

∗(t)
=

h(t)d
F

(t)
=

h(t)e −
Γ
(t)dΓ

(t)

T
herefore

E
P (11

t<
τ h(τ))dΓ

∗(t)
=

h(t)e −
Γ
(t)dΓ

(t)

It
follow

s
thatdΓ

∗(t)
=

h(t)
e
Γ
(t)E

P (11
t<

τ h(τ))
dΓ

(t)
=

h(t)
g(t)

dΓ
(t)

4
1



E
xercices:

L
et

η
t
=

E
P

(h(τ)|H
t ).

P
rove

that

η
t

= ∫
t

0

h(s)d
H

s
+

(1−
H

t )g(t)

P
rove

that
the

m
artingale

η
adm

its
a

representation
in

term
s

of
M

as

η
t

=
1

+ ∫
t

0

η
u−

(
h(t)
g(t) −

1)d
M

u

N
ote

that
γ ∗(t)

=
γ(t)(1−

(
h
(u

)
g
(u

) −
1))

4
2



In
com

p
leten

ess
of

th
e

T
oy

m
o
d
el

If
the

m
arket

consists
only

of
the

risk-free
zero-coupon

bond,
there

exists
infinitely

m
any

e.m
.m

’s.
T

he
discounted

asset
prices

are

constant,
hence

the
setQ

of
equivalent

m
artingale

m
easures

is
the

set

of
probabilities

equivalent
to

the
historical

one.
For

any
Q

∈
Q

,
w

e

denote
by

F
Q

the
cum

ulative
function

of
τ

under
Q

,
i.e.,

F
Q (t)

=
Q

(τ≤
t)

.

4
3



T
he

ran
ge

of
p
rices

is
defined

as
the

set
of

prices
w

hich
do

not
induce

arbitrage
opportunities.

For
a

D
Z
C

w
ith

a
constant

rebate
δ

paid
at

m
aturity,

the
range

of
prices

is
equal

to
the

set

{
E

Q (B
(0,T

)(11{
T

<
τ}

+
δ11{

τ
<

T} ) )
,
Q

∈
Q}

.

T
his

set
is

exactly
the

interval
]δR

T
,R

T
[.

4
4



R
isk

N
eu

tral
P

rob
ab

ility
M

easu
res

It
is

usual
to

interpret
the

absence
of

arbitrage
opportunities

as
the

existence
of

an
e.m

.m
.

.
If

D
Z
C

s
are

traded,
their

prices
are

given
by

the
m

arket,
and

the
equivalent

m
artingale

m
easure

Q
,
chosen

by
the

m
arket,

is
such

that,
on

the
set{t

<
τ},

D
(t,T

)
=

B
(t,T

)E
Q (

[11
T

<
τ

+
δ11

t<
τ≤

T
] ∣∣t

<
τ )

.

T
herefore,

w
e

can
characterize

the
cum

ulative
function

of
τ

under
Q

from
the

m
arket

prices
of

the
D

Z
C

as
follow

s.

4
5



Z
ero

R
ecovery

If
a

D
Z
C

w
ith

zero
recovery

of
m

aturity
T

is
traded

at

a
price

D
(t,T

)
w

hich
belongs

to
the

interval
]0,R

tT
[
,
then,

under
any

risk-neutral
probability

Q
,
the

process
R

(t)D
(t,T

)
is

a
m

artingale,
the

follow
ing

equality
holds

D
(t,T

)B
(0,t)

=
E

Q (B
(0,T

)11{
T

<
τ} |H

t )
=

B
(0,T

)11{
t<

τ}
exp (− ∫

T

t

γ
Q(s)d

s )

w
here

γ
Q(s)

=
d
F

Q (s)/d
s

1−
F

Q (s)
.

T
he

process
γ

Q
is

the
Q

-intensity
of

τ.

T
herefore

the
unique

risk-neutral
intensity

can
be

obtained
from

the

prices
of

D
Z
C

s
as

r(t)
+

γ
Q(t)

=
−

∂
T

ln
D

(t,T
)|T

=
t

4
6



F
ix

ed
P
ay

m
en

t
at

m
atu

rity
If

the
prices

of
D

Z
C

s
w

ith
different

m
aturities

are
know

n,
then

)

B
(0,T

)−
D

(0,T
)

B
(0,T

)(1−
δ)

=
F

Q (T
)

w
here

F
Q (t)

=
Q

(τ≤
t),

so
that

the
law

of
τ

is
know

n
under

the

e.m
.m

..

4
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P
ay

m
en

t
at

h
it

In
this

case,
denoting

by
∂

T
D

the
derivative

of
the

value
of

the
D

Z
C

at
tim

e
0

w
ith

respect
to

the
m

aturity,
w

e
obtain

∂
T
D

(0,T
)

=
g(T

)B
(0,T

)−
G

(T
)B

(0,T
)r(T

)−
δ(T

)g(T
)B

(0,T
)
,

w
here

g(t)
=

G
′(t).

T
herefore,

solving
this

equation
leads

to

Q
(τ

>
t)

=
G

(t)
=

Δ
(t) [1

+ ∫
t

0

∂
T
D

(0,s)
1

B
(0,s)(1−

δ(s)) (Δ
(s)) −

1d
s ]

,

w
here

Δ
(t)

=
exp (∫

t

0

r(u)
1−

δ(u)
d
u )

.4
8



R
ep

resen
tation

T
h
eorem

Let
h

be
a

(bounded)
B
orel

function.
T

hen,
the

m
artingale

M
ht

=
E

(h(τ)|H
t )

adm
its

the
representation

E
(h(τ)|H

t )
=

E
(h(τ))− ∫

t∧
τ

0

(h̃(s)−
h(s))

d
M

s
,

w
here

M
t
=

H
t −

Γ
(t∧

τ)
and

h̃(t)
=

− ∫
∞t

h
(u

)d
G

(u
)

G
(t)

.

4
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R
ep

resen
tation

T
h
eorem

Let
h

be
a

(bounded)
B
orel

function.
T

hen,
the

m
artingale

M
ht

=
E

(h(τ)|H
t )

adm
its

the
representation

E
(h(τ)|H

t )
=

E
(h(τ))

+ ∫
t∧

τ

0

(h(s)−
h̃(s))

d
M

s
,

w
here

M
t
=

H
t −

Γ
(t∧

τ)
and

h̃(t)
=

− ∫
∞t

h
(u

)d
G

(u
)

G
(t)

.

N
ote

that
h̃(t)

=
M

ht
on

t
<

τ.

5
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R
ep

resen
tation

T
h
eorem

Let
h

be
a

(bounded)
B
orel

function.
T

hen,
the

m
artingale

M
ht

=
E

(h(τ)|H
t )

adm
its

the
representation

E
(h(τ)|H

t )
=

E
(h(τ))− ∫

t∧
τ

0

(h̃(s)−
h(s))

d
M

s
,

w
here

M
t
=

H
t −

Γ
(t∧

τ)
and

h̃(t)
=

− ∫
∞t

h
(u

)d
G

(u
)

G
(t)

.

N
ote

that
h̃(t)

=
M

ht
on

t
<

τ.

In
particular,

any
square

integrable
H

-m
artingale

(X
t ,t≥

0)
can

be

w
ritten

as
X

t
=

X
0 + ∫

t0
x

s d
M

s
w
here

(x
t ,t≥

0)
is

a
predictable

process.

5
1



P
r
o
o
f
:
A

proof
consists

in
com

puting
the

conditional
expectation

E
(h(τ)|H

t )
=

h(τ)H
t +

(1−
H

t )e −
Γ
(t) ∫

∞t

h(s)d
F

(s)

and
to

use
integration

by
parts

form
ula.

5
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P
artial

in
form

ation
:

D
u
ffi

e
an

d
L
an

d
o’s

m
o
d
el

D
uffi

e
and

L
ando

study
the

case
w

here
τ

=
inf{t

:
V

t ≤
m
}

w
here

V

satisfies

d
V

t
=

μ(t,V
t )d

t+
σ(t,V

t )d
W

t
.

5
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P
artial

in
form

ation
:

D
u
ffi

e
an

d
L
an

d
o’s

m
o
d
el

D
uffi

e
and

L
ando

study
the

case
w

here
τ

=
inf{t

:
V

t ≤
m
}

w
here

V

satisfies

d
V

t
=

μ(t,V
t )d

t+
σ(t,V

t )d
W

t
.

H
ere

the
process

W
is

a
B

row
nian

m
otion.

If
the

inform
ation

is
the

B
row

nian
filtration,

the
tim

e
τ

is
a

stopping
tim

e
w

.r.t.
a

B
row

nian

filtration,
therefore

is
predictable

and
adm

its
no

intensity.

5
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P
artial

in
form

ation
:

D
u
ffi

e
an

d
L
an

d
o’s

m
o
d
el

D
uffi

e
and

L
ando

study
the

case
w

here
τ

=
inf{t

:
V

t ≤
m
}

w
here

V

satisfies

d
V

t
=

μ(t,V
t )d

t+
σ(t,V

t )d
W

t
.

H
ere

the
process

W
is

a
B

row
nian

m
otion.

If
the

inform
ation

is
the

B
row

nian
filtration,

the
tim

e
τ

is
a

stopping
tim

e
w

.r.t.
a

B
row

nian

filtration,
therefore

is
predictable

and
adm

its
no

intensity.
If

the
agent

does
not

know
the

behavior
of

V
,
but

only
the

m
inim

al
inform

ation
H

t ,

i.e.
he

know
s

w
hen

the
default

appears,
the

price
of

a
zero-coupon

is,in

the
case

w
here

the
default

is
not

yet
occurred,

exp (− ∫
T

t

γ(s)d
s )

w
here

γ(s)
=

f(s)
G

(s)
and

G
(s)

=
P
(τ

>
s),f

=
−

G
′,

as
soon

as
the

cum
ulative

function
of

τ
is

differentiable.

5
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V
a
lu

a
tio

n
a
n
d

T
ra

d
in

g
D

e
fa

u
lta

b
le

C
la

im
s

5
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W
e

assum
e

that
the

m
arket

has
chosen

a
risk-neutral

probability
Q

and

that
M

and
γ

are
com

puted
w

.r.t.
Q

.
W

e
assum

e
here

that
the

interest

rate
r

is
constant.

5
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W
e

assum
e

that
the

m
arket

has
chosen

a
risk-neutral

probability
Q

and

that
M

and
γ

are
com

puted
w

.r.t.
Q

.
W

e
assum

e
here

that
the

interest

rate
r

is
constant.

P
rice

d
y
n
am

ics
of

a
su

rv
ival

claim
(X

,0,τ).

L
et

(X
,0,τ)

be
a

survival
claim

.
T

he
price

of
the

payoff
11{

T
<

τ} X
that

settles
at

tim
e

T
is

Y
t
=

e
r
t
E

Q (11{
T

<
τ} e −

r
T
X

|H
t ).

5
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W
e

assum
e

that
the

m
arket

has
chosen

a
risk-neutral

probability
Q

and

that
M

and
γ

are
com

puted
w

.r.t.
Q

.
W

e
assum

e
here

that
the

interest

rate
r

is
constant.

P
rice

d
y
n
am

ics
of

a
su

rv
ival

claim
(X

,0,τ).

L
et

(X
,0,τ)

be
a

survival
claim

.
T

he
price

of
the

payoff
11{

T
<

τ} X
that

settles
at

tim
e

T
is

Y
t
=

e
r
t
E

Q (11{
T

<
τ} e −

r
T
X

|H
t ).

T
he

dynam
ics

of
the

price
process

is

d
Y

t
=

rY
t
d
t−

Y
t−

d
M

t

5
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P
rice

d
y
n
am

ics
of

a
recovery

claim
(0,Z

,τ).

T
he

recovery
Z

is
paid

at
the

tim
e

of
default.

T
he

ex
-d

iv
id

en
d

price
is

S
t
=

e
r
t
E

Q (11{
T≥

τ
>

t} e −
r
τ
Z

(τ)|H
t )

6
0



P
rice

d
y
n
am

ics
of

a
recovery

claim
(0,Z

,τ).

T
he

recovery
Z

is
paid

at
the

tim
e

of
default.

T
he

ex
-d

iv
id

en
d

price
is

S
t
=

e
r
t
E

Q (11{
T≥

τ
>

t} e −
r
τ
Z

(τ)|H
t )

H
ence

d
S

t
=

(rS
t −

Z
(t)γ(t))d

t+
(Z

(t)−
S

t−
)d

M
t −

Z
(t)(1−

H
t )γ(t)d

t
.

6
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P
rice

d
y
n
am

ics
of

a
recovery

claim
(0,Z

,τ).

T
he

recovery
Z

is
paid

at
the

tim
e

of
default.

T
he

ex
-d

iv
id

en
d

price
is

S
t
=

e
r
t
E

Q (11{
T≥

τ
>

t} e −
r
τ
Z

(τ)|H
t )

H
ence

d
S

t
=

(rS
t −

Z
(t)γ(t))d

t+
(Z

(t)−
S

t−
)d

M
t −

Z
(t)(1−

H
t )γ(t)d

t
.

T
he

cu
m

-d
iv

id
en

d
price

process
Y

of
(0,Z

,τ)
is

Y
t
=

e
r
t
E

Q (11{
T≥

τ} e −
r
τ
Z

(τ)|H
t )

,

and

d
Y

t
=

rY
t
d
t+

(Z
(t)−

Y
t−

)
d
M

t

6
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V
alu

ation
of

a
C

red
it

D
efau

lt
S
w

ap

A
credit

default
sw

ap
(C

D
S)

is
a

contract
betw

een
tw

o
counterparties

A
and

B
.
Som

e
m

aturity
T

is
fixed.

B
agrees

to
pay,

at
default

tim
e

τ,
a

default
paym

ent
Z

(τ)
to

A
if

a

default
of

the
obligor

C
occurs

before
m

aturity.
If

there
is

no
default

until
the

m
aturity

of
the

default
sw

ap,
B

pays
nothing.

A
pays

a
fee

for
the

default
protection.

T
he

fee
is

paid
till

the
m

aturity

or
till

the
default

event,
w

hichever
occurs

the
first.

A
can

not
cancel

the
contract.

U
sually,

the
fee

consists
of

C
i

paid
at

tim
e

T
i

(this
is

the
fixed

leg).
H

ow
ever,

here
w

e
shall

consider
a

continuous
paym

ent
κ

(
i.e.,

κ
d
t

is
paid

during
the

tim
e

interval
d
t).

T
he

default
paym

ent
is

called
the

default
leg.
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V
alu

ation
of

a
C

red
it

D
efau

lt
S
w

ap

A
credit

default
sw

ap
(C

D
S)

is
a

contract
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een
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A
and

B
.
Som

e
m

aturity
T

is
fixed.

B
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to
pay,
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default

tim
e

τ,
a

default
paym

ent
Z
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to

A
if

a

default
of
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obligor

C
occurs

before
m

aturity.
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there
is

no
default

until
the

m
aturity

of
the

default
sw

ap,
B

pays
nothing.

A
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a
fee

for
the

default
protection.

T
he

fee
is

paid
till

the
m

aturity

or
till

the
default

event,
w

hichever
occurs

the
first.

A
can

not
cancel

the
contract.

U
sually,

the
fee

consists
of

C
i

paid
at

tim
e

T
i

(this
is

the
fixed

leg).
H

ow
ever,

here
w

e
shall

consider
a

continuous
paym

ent
κ

(
i.e.,

κ
d
t

is
paid

during
the

tim
e

interval
d
t).

T
he

default
paym

ent
is

called
the

default
leg.
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For
sim

plicity,
w

e
assum

e
that

the
interest

rate
r

=
0,

so
that

the
price

of
a

savings
account

B
t
=

1
for

every
t.

O
ur

results
can

be
easily

extended
to

the
case

of
a

constant
r.6
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E
x
-d

iv
id

en
d

P
rice

of
a

C
D

S

T
he

ex-dividend
price

of
a

C
D

S
m

aturing
at

T
w

ith
spread

κ
is

given

by
the

form
ula

S
t (κ)

=
E

Q (
δ(τ)11{

t<
τ≤

T} −
11{

t<
τ} κ ((τ∧

T
)−

t ) ∣∣∣ H
t )

.
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E
x
-d

iv
id

en
d

P
rice

of
a

C
D

S

T
he

ex-dividend
price

of
a

C
D

S
m

aturing
at

T
w

ith
spread

κ
is

given

by
the

form
ula

S
t (κ)

=
E

Q (
δ(τ)11{

t<
τ≤

T} −
11{

t<
τ} κ ((τ∧

T
)−

t ) ∣∣∣ H
t )

.

T
he

ex-dividend
price

at
tim

e
t∈

[s,T
]
of

a
credit

default
sw

ap
w
ith

spread
κ

and
recovery

at
default

equals

S
t (κ)

=
11{

t<
τ}

1
G

(t) (− ∫
T

t

δ(u)
d
G

(u)−
κ ∫

T

t

G
(u)

d
u )

.
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P
r
o
o
f
:
W

e
have,

on
the

set{t
<

τ},

S
t (κ)

=
− ∫

Tt
δ(u)

d
G

(u)
G

(t)
−

κ (
− ∫

Tt
u

d
G

(u)
+

T
G

(T
)

G
(t)

−
t )

=
1

G
(t)) (− ∫

T

t

δ(u)
d
G

(u)−
κ (

T
G

(T
)−

tG
(t)− ∫

T

t

u
d
G

(u) ) )
.

It
rem

ains
to

note
that

∫
T

t

G
(u)

d
u

=
T

G
(T

)−
tG

(t)− ∫
T

t

u
d
G

(u),

�
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T
he

ex-dividend
price

of
a

C
D

S
can

also
be

represented
as

follow
s

S
t (κ)

=
11{

t<
τ} S̃

t (κ),
∀

t∈
[0,T

],

w
here

S̃
t (κ)

stands
for

the
ex-dividend

pre-default
price

of
a

C
D

S.
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P
rice

D
y
n
am

ics
of

a
C

D
S

In
w

hat
follow

s,
w

e
assum

e
that

G
(t)

=
Q

(τ
>

t)
=

exp (− ∫
t

0

γ(u)
d
u )

w
here

the
default

intensity
γ(t)

under
Q

is
determ

inistic.
W

e
first

focus

on
the

dynam
ics

of
the

ex-dividend
price

of
a

C
D

S
w

ith
spread

κ.

7
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T
he

dynam
ics

of
the

ex-dividend
price

S
t (κ)

on
[0,T

]
are

d
S

t (κ)
=

−
S

t−
(κ)

d
M

t +
(1−

H
t )(κ−

δ(t)γ(t))
d
t,

w
here

the
H

-m
artingale

M
under

Q
is

given
by

the
form

ula

M
t
=

H
t − ∫

t

0

(1−
H

u )γ(u)
d
u
,

∀
t∈

R
+

.
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P
r
o
o
f
:
It

suffi
ces

to
recall

that

S
t (κ)

=
11{

t<
τ} S̃

t (κ)
=

(1−
H

t )S̃
t (κ)

so
that

d
S

t (κ)
=

(1−
H

t )
d
S̃

t (κ)−
S̃

t−
(κ)

d
H

t .

U
sing

the
explicit

expression
of

S̃
t ,

w
e

find
easily

that
w

e
have

d
S̃

t (κ)
=

γ(t)S̃
t (κ)

d
t+

(κ(s)−
δ(t)γ(t))

d
t.

T
he

SD
E

for
S

follow
s.
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T
rad

in
g

S
trategies

w
ith

a
C

D
S

A
strategy

φ
t
=

(φ
0t ,φ

1t ),
t∈

[0,T
],is

self-financing
if

the
w

ealth
process

U
(φ),

defined
as

U
t (φ)

=
φ

0t
+

φ
1t S

t (κ),

satisfies

d
U

t (φ)
=

φ
1t
d
S

t (κ)
+

φ
1t
d
D

t ,

w
here

S
(κ)

is
the

ex-dividend
price

of
a

C
D

S
w

ith
the

dividend
stream

D
.

A
strategy

φ
replicates

a
contingent

claim
Y

if
U

T
(φ)

=
Y

.
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gin
g

of
a

C
on

tin
gen

t
C

laim
in

th
e

C
D

S
M

arket

O
ur

aim
is

to
find

a
rep

licatin
g

strategy
for

th
e

d
efau

ltab
le

claim

(X
,0,Z

,τ),
w

here
X

is
a

constant
and

Z
t
=

z(t).
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C
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D

S
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to
find

a
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g

strategy
for

th
e

d
efau

ltab
le

claim

(X
,0,Z

,τ),
w

here
X

is
a

constant
and

Z
t
=

z(t).

L
et

ỹ
and

φ
1

be
defined

as

ỹ(t)
=

1
G

(t) (
X

G
(T

)− ∫
T

t

z(s)d
G

(s) )

φ
1(t)

=
z(t)−

ỹ(t)

δ(t)−
S̃

t (κ)
,
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C
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a
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g
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for

th
e

d
efau

ltab
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claim

(X
,0,Z

,τ),
w

here
X

is
a

constant
and

Z
t
=

z(t).

L
et

ỹ
and

φ
1

be
defined

as

ỹ(t)
=

1
G

(t) (
X

G
(T

)− ∫
T

t

z(s)d
G

(s) )

φ
1(t)

=
z(t)−

ỹ(t)

δ(t)−
S̃

t (κ)
,

L
et

φ
0t

=
V

t (φ)−
φ

1(t)S
t (κ),

w
here

V
t (φ)

=
E

Q (Y|H
t )

and

Y
=

11{
T≥

τ} z(τ)
+

11{
T

<
τ} X
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is
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constant
and
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=
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et

ỹ
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φ
1

be
defined

as

ỹ(t)
=

1
G

(t) (
X

G
(T

)− ∫
T

t

z(s)d
G

(s) )

φ
1(t)

=
z(t)−

ỹ(t)

δ(t)−
S̃

t (κ)
,

L
et

φ
0t

=
V

t (φ)−
φ

1(t)S
t (κ),

w
here

V
t (φ)

=
E

Q (Y|H
t )

and

Y
=

11{
T≥

τ} z(τ)
+

11{
T

<
τ} X

T
hen

the
self-financing

strategy
φ

=
(φ

0,φ
1)

based
on

the
savings

account
and

the
C

D
S

is
a

replicating
strategy.
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P
roof:

T
he

term
inal

value
of

the
w

ealth
is

Y
=

z(τ)11{
τ
<

T}
+

X
11{

T
<

τ}

7
8



P
roof:

T
he

term
inal

value
of

the
w

ealth
is

Y
=

z(τ)11{
τ
<

T}
+

X
11{

T
<

τ}

O
n

the
one

hand

E
(Y|H

t )
=

Y
t

=
z(τ)11{

τ≤
t}

+
11{

t<
τ}

1
G

(t) (
X

G
(T

)− ∫
T

t

z(s)d
G

(s) )

= ∫
t

0

z(s)d
H

s
+

(1−
H

t )
1

G
(t) (

X
G

(T
)− ∫

T

t

z(s)d
G

(s) )
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value
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Y
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z(τ)11{
τ
<
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11{
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O
n
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one

hand

E
(Y|H
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=

Y
t

=
z(τ)11{

τ≤
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+
11{

τ
<
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1

G
(t) (

X
G

(T
)− ∫

T

t

z(s)d
G

(s) )

= ∫
t

0

z(s)d
H

s
+

(1−
H

t )
1

G
(t) (

X
G

(T
)− ∫

T

t

z(s)d
G

(s) )

hence
d
Y

t
=

(z(t)−
ỹ(t))

d
M

t
w

ith
ỹ(t)

=
1

G
(t) (X

G
(T

)− ∫
Tt

z(s)d
G

(s)).
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P
roof:

T
he

term
inal

value
of

the
w

ealth
is

Y
=

z(τ)11{
τ
<

T}
+

X
11{

T
<

τ}

O
n

the
one

hand

E
(Y|H

t )
=

Y
t

=
z(τ)11{

τ≤
t}

+
11{

t<
τ}

1
G

(t) (
X

G
(T

)
+ ∫

t

0

z(s)d
G

(s) )
= ∫

t

0

z(s)d
H

s
+

(1−
H

t )
1

G
(t) (

X
G

(T
)
+ ∫

t

0

z(s)d
G

(s) )
hence

d
Y

t
=

(z(t)−
ỹ(t))

d
M

t
w

ith
ỹ(t)

=
1

G
(t) (X

G
(T

)− ∫
Tt

z(s)d
G

(s)).

O
n

the
other

hand,

d
Y

t
=

φ
1t
(d

S
t (κ)−

κ(1−
H

t )d
t+

δ(t)d
H

t )
=

φ
1t (δ(t)−

S
t−

(κ))
d
M

t .
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